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CHARACTERIZATION OF NONLINEAR SEMIGROUPS
ASSOCIATED WITH SEMILINEAR EVOLUTION EQUATIONS

SHINNOSUKE OHARU AND TADAYASU TAKAHASHI

ABSTRACT. Nonlinear continuous perturbations of linear dissipative operators
are considered from the point of view of the nonlinear semigroup theory. A
general class of nonlinear perturbations of linear contraction semigroups in a
Banach space X is introduced by means of a lower semicontinuous convex
functional ,»: X — [0, c0] and two notions of semilinear infinitesimal genera-
tors of the associated nonlinear semigroups are formulated. Four types of nec-
essary and sufficient conditions are given for a semilinear operator 4+ B of the
class to be the infinitesimal generator of a nonlinear semigroup {S(¢): ¢ > 0}
on the domain C of B such that for x € C the C-valued function S(+)x on
[0, 00) provides a unique mild solution of the semilinear evolution equation
u'(t) = (A + B)u(t) satisfying a growth condition for the function . (u(-)).
It turns out that various types of characterizations of nonlinear semigroups as-
sociated with semilinear evolution equations are obtained and, in particular, a
semilinear version of the Hille-Yosida theorem is established in a considerably
general form.

INTRODUCTION

This paper is concerned with nonlinear semigroups which provide mild so-
lutions of semilinear evolution equations in Banach spaces of the form

(DE) u'(t)=(A+Bu(t), t>0.

In (DE) the operator A is assumed to be the infinitesimal generator of a lin-
ear (C,)-semigroup {7'(¢):¢ > 0} in a Banach space X, and B a nonlinear
operator from a convex subset C of X into X which is continuous and quasi-
dissipative in a local sense.

The importance of semilinear equations of the type (DE) has constantly been
recognized for many years in various branches of mathematical analysis. How-
ever most of the literature dealing with such semilinear equations is devoted to
the study of existence and various qualitative properties of the solutions. So
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far many kinds of sufficient conditions have been given for semilinear equa-
tions of the type (DE) to possess global solutions, but it seems to the authors
that very little is known about necessary and sufficient conditions on 4 and
B for the solutions of (DE) to exist in a global sense. This problem is impor-
tant from both theoretical and practical points of view, and it is interesting to
discuss a general class of nonlinear perturbations of linear (C,)-semigroups in
this direction. In this paper we interpret the above-mentioned problem as a
characterization problem of a nonlinear semigroup which provides “mild” so-
lutions of (DE) satisfying an appropriate growth condition, and we discuss the
characterization of such nonlinear semigroups in terms of the corresponding
“semilinear” infinitesimal generators.

Equation (DE) does not necessarily admit strong solutions and the variation
of parameters formula

(IE) u(t)=T(t)x + /' T(t - s)Bu(s)ds, t>0,
0

is employed to define the generalized solutions that are called mild solutions of
(DE). Further, the integral equation (IE) may have only local solutions provided
B is locally Lipschitz continuous on C (our assumption on the nonlinear oper-
ator B is considerably weaker than the usual local Lipschitz continuity). Here
we employ a lower semicontinuous functional ~ on X into [0,o0] to define
the local quasi-dissipativity of B and specify the growth of a solution u(-) of
(IE) in terms of the real-valued function ,(u(-)). In case of concrete partial
differential equations the use of such a functional - corresponds to a priori
estimates or energy estimates which ensure the global existence of the solutions
as well as their asymptotic properties.

Our objective here is twofold. First, we discuss a new notion of weak solution
which is eventually equivalent to the notion of mild solution but more conve-
nient for discussing the characterization problem. These two notions suggest
two natural notions of “semilinear” infinitesimal generators of a nonlinear semi-
group which provides the mild solutions. It should be mentioned that the ordi-
nary notion of infinitesimal generator is inadequate to characterize such semi-
groups. In view of these observations we introduce a general class of nonlinear
perturbations of linear (C)-semigroups by using a functional ,: X — [0, o0]
and we establish four types of necessary and sufficient conditions for a semi-
linear operator 4 + B of the class to be the semilinear infinitesimal generator
of a nonlinear semigroup {S(¢): ¢t > 0} on C such that for x € C the C-
valued continuous function u(t) = S(¢)x on [0, 00) is a unique mild solution
of (DE) satisfying a certain growth condition on the function ,(u(-)). The
sufficiency of each condition yields a distinct generation theorem for nonlinear
semigroups associated with semilinear evolution equations, while the necessity
implies that the infinitesimal generator of a nonlinear semigroup {S(¢)} on C
as mentioned above is densely defined in C and exactly equal to the semilinear
operator A + B. The sufficiency can be proved by applying recent results on
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time-dependent evolution equations in Banach spaces. The proof of the ne-
cessity needs a new idea and the central part of this paper is devoted to this
argument. It should be noted here that convexity conditions on C and , are
necessary for the proof. Consequently, four types of characterizations of the
nonlinear semigroup associated with (DE) are obtained, and it turns out that a
semilinear Hille-Yosida theorem is established in a considerably general form.

1. MAIN RESULTS

In this section we outline the main results of this paper. Let X be a Banach
space with norm |-| and C a fixed subset of X . Let {7T'(¢): ¢t > 0} be a linear
(C,)-semigroup in X, A the infinitesimal generator with domain D(4), and
let B be a nonlinear operator from C into X . In this paper we are concerned
with the semilinear operator 4+ B with domain D(A4)NC which is generically
called a nonlinear perturbation of a (C,)-semigroup.

Let x € C and consider the initial-value problem for (DE):

(1.1) W(t)=(A+Bu), t>0; u0)=x.

An X-valued continuous function u(-) on [0, 00) is called a mild solution of
(1.1) if u(¢) € C for t > 0, Bu(-) is continuous on [0, 00), and u(-) satisfies

(1.2) u(t)=T({)x + /t T(t—s)Bu(s)ds fort>0.
0

On the other hand, a function u(-): [0,00) — C is said to be a weak solution
of (1.1) if u(-) and Bu(-) are continuous on [0, o0) and for every f € D(A4")
the function (u(-), f) is of class c'io, oo) and satisfies the equation

(1.3) (d/de)(u(t), f) = (u(t), A" f) + (Bu(t) , f) fort>0.

We are concerned with a nonlinear semigroup {S(¢): ¢ > 0} on C such that
for each x € C the function u(¢) = S(¢)x gives a mild solution of (1.1). Equa-
tions (1.2) and (1.3) suggest two notions of “semilinear” infinitesimal generators
of {S(#)}. Relation (1.2) implies

(1.4) 12%1h“(3(h)x —T(h)x)=Bx forxeC,

and formula (1.3) (together with Proposition 2.4) implies
(1.5)

l’fflol(h_'(S(h)x -x),f)=(x.A4"f)+(Bx,f) forxeCand feD(4").

A semilinear operator 4+ B is called the full infinitesimal generator of {S(¢)}
if (1.4) holds; and A4 + B is said to be the weak tangential operator of {S(¢)}
if (1.5) holds. For the semilinear infinitesimal generators as mentioned above
we obtain the following result (Theorem 3.1).

Theorem 1. The following four statements are equivalent.
(1) For x € C the function S(-)x is a mild solution of (1.1).
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(ii) For x € C the function S(-)x is a weak solution of (1.1).
(iii) A + B is the full infinitesimal generator of {S(t)}.
(iv) A+ B is the weak tangential operator of {S(t)}.

In view of Theorem 1 we introduce a general class of nonlinear perturbations
of (C,)-semigroups such that to each semilinear operator of the class there
corresponds a nonlinear semigroup which provides a unique mild solution of
(1.1) for each x € C. We consider a proper lower semicontinuous functional
2 X —[0,00] such that C is contained in the effective domain D( 2) = {x €
X: p(x) < oo} and the level set C, = {x € C: (x) < a} isclosed in X for
a > 0. We say that a semilinear operator 4 + B is of the class &(C, ) if 4
and B satisfy the three conditions below:

(H1) A - wl is dissipative in X for some w € R.

(H2) For each a >0, B is continuous on C, .

(H3) For each o > 0 there is w_ € R such that B —w I is dissipative on
C .

aBecause of the localized condition (H3) problem (1.1) may have only local
mild solutions, and it is necessary to consider the growth of mild solutions.
Here we specify the growth of a mild solution u(-) of (1.1) by means of the
function ,(u(-)). A nonnegative continuous function g on [0, 00) is called a
comparison function if for each a > 0 the initial-value problem

w'(t)=gw(), t>0; w0)=a

has a maximal solution m(z;a) on [0,00). We choose such a comparison
function g and consider global mild solutions u(-) of (1.1) satisfying

(1.6) Lr(u(t)) < m(t; p(x)) fort>0.

For mild solutions satisfying the growth condition (1.6) we obtain the following
uniqueness theorem (Proposition 5.1).

Theorem 2. Let A+ B be of the class S(C, ) and let {S(t):t > 0} be a
nonlinear semigroup on C such that for x € C the function u(-) = S(-)x
satisfies (1.2) and (1.6). Then for each a >0 and each © > 0 we have

(1.7) IS()x = S(1)y| <e® Y |x—y| fortel0,t]andx,y € C,.

where w(a,1) = w + wy and B = m(t;a). Moreover, for each x € C, the
function S(-)x gives a unique mild solution of (1.1) on [0, o) satisfying (1.6).

By a continuous semigroup on C is meant a semigroup of (possibly nonlin-
ear) continuous operators from C into itself. A continuous semigroup {S(¢)}
on C is said to be locally equi-Lipschitz continuous on C if for each a > 0
and each t > 0 there is a constant w(a, t) for which (1.7) holds. Theorem 2
states that a continuous semigroup {S(z)} on C satisfying the growth condi-
tion (1.6) is uniquely determined by the operators 4 and B, and that {S(¢)}
is locally equi-Lipschitz continuous on C. We then state a part of the main
result (Theorem 6.3).
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Theorem 3. Let A+B be a semilinear operator of the class &(C , ) and suppose
that C isconvexin X and , isconvexon X . Then the following two conditions
are equivalent:

(I) There exists a continuous semigroup {S(t): t > 0} on C such that for
each t >0 and each x € C
(La) S(t)x =T(t)x + [, T(t — s)BS(s)x ds, and
(ILb) ,(S(1)x) < m(t; 2(x)).

(V) D(A)NC is dense in C; for a > 0 and & > 0 there exists A, =
Ao(a,€) > 0 such that to each x € C, and each 4 € (0,4,) there corresponds
an element x, € D(A)N C satisfying

(V.a) x; —A(4+ B)x, =x, and
(V.b) o(x)) < po(x) + A8 (x)) + 2.

Therefore, the infinitesimal generator of {S(t)} satisfying (1a) and (Lb) is

exactly the semilinear operator A+ B and the domain D(A)NC isdensein C.

It is not possible to characterize a nonlinear semigroup {S(¢)} satisfying
(I.a) and (I.b) in terms of the infinitesimal generator in the usual sense (see §§3
and 7). But combining Theorems 1 and 3, we obtain the following semilinear
Hille-Yosida theorem (Theorem 7.2).

Theorem 4. A semilinear operator A+B of the class &(C , r) is the full infinites-
imal generator of a continuous semigroup {S(t)} on C satisfying ,(S(t)x) <
m(t; 2(x)) for t > 0 and x € C iff the domain D(A) N C is dense in C
and for a > 0 and ¢ > O there exists Ay = Ay(a,€) > O such that for
B 2 a+Almax, .., &(£) + €] we have R(I —A(4 + By)) > C, and

/(I = AMA+Bg)™'x) < p(x) + g2 (x)) + €]
Jor 2€(0,4,) and x € C_, where B, denotes the restriction of B to C 5

The semigroup {S(¢)} is determined through the exponential formula
—n
S(t)x:nlingo<l—%(A+Bﬁ)) x, xeC, ,tel0,1],

where a >0, 1> 0 and B> m(tr;a). If in particular ~ =0 and g(r) =0 in
the above theorem, then B is continuous and quasi-dissipative on all of C (i.e.,
B—wl is dissipative for some € R) and condition (V) reads as follows: A+ B
is densely defined in C and satisfies the range condition R(I —A(A+ B)) > C
Sfor 2 > 0 sufficiently small. Finally, in §7, a variety of observations on the
above-mentioned results are given.

2. GENERALIZED SOLUTIONS OF SEMILINEAR EVOLUTION EQUATIONS

In this section we introduce two notions of generalized solutions to (DE) and
investigate basic properties of the generalized solutions.

Let X be a real Banach space with norm |-|. The dual space of X is denoted
by X*. For x € X and f € X" the value of f at x is written as (x,f). The
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duality mapping of X is the mapping F from X into the power set of X*
which assigns to each y € X the weak-star compact convex set F(y) = {f €
X (y.f)=y*=1|f"}. For x,y € X the symbols (x,y); and (x,y),
stand for the infimum and the supremum of {(x,y): f € F(y)}, respectively.
Given a subset D of X, we write D for the closure of D and d(x, D) for the
distance from x € X to D, i.e., d(x,D)=inf{|x — y|: y € D}. The domain
and the range of a (possibly nonlinear) operator B in X are denoted by D(B)
and R(B), respectively. The identity operator on X is denoted by I.

Let {T(¢): ¢t > 0} be a semigroup of linear operators of class (C;) on X.
The infinitesimal generator 4 of {7T'(¢)} is defined through the relation Ax =
limhwh_l(T(h)x — x) on the set D(A4) of all elements x € X for which the
limits on the right-hand side exist. It is well known (see [3, 5, 15, 17]) that 4
is a densely defined closed linear operator in X . For the adjoint operator 4"
of A we have (Ax, f)=(x,A"f) for x € D(4) and f e D(A4").

We begin with three elementary results which were effectively applied to dis-
cuss weak solutions of linear evolution equations with inhomogeneous terms in
the work of Ball [1].

Lemma 2.1. If v,z € X and (z,f) = (v,A"f) for all f € D(A"), then
v€ED(A) and z = Av.

Proof. Suppose that the ordered pair [v, z] does not belong to the graph G(A)
of A. Since G(A) is closed in the product space X x X, the Hahn-Banach
theorem would assert that there is a pair f, g € X" such that (z, f)+(v, g) #0
and (Ax,f)+ (x,g) =0 for x € D(4). Hence (4Ax,f) = (x, — g) for
x € D(A), which means that f € D(4") and g = —4" f. Therefore it would
follow that (z, f) # (v, A" f). This is a contradiction, and we conclude that
[v,z]€ G(4). QE.D.

Lemma 2.2. An X-valued function v(-) on [0,00) with v(0) = 0 is a c'-
solution of the equation v'(t) = Av(t) on [0,00) if and only if v(t) = 0 on
[0, 00).

Proof. The function v(z) =0 is a trivial C !_solution of the initial-value prob-
lem. Conversely, let v(:) bea C !_solution of the initial-value problem. Then

(8/0s)T (s)v(t —s) = AT (s)v(t —s) — T(s)Av(t —s5) =0

for 0 <s<t,andso

(t) = T(0)v(t) — T(t)v(0) = —/0 (%) T(s)v(t —s)ds = 0

for t >0. Q.E.D.

Lemma 2.3. For x € X and f € D(A"), the real-valued function (T (-)x, f) is
of class C'[0,00) and (d/dt)(T(t)x . f) = (T(t)x,A*f) for t >0.
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Proof. Let t >0 and let £ # 0 be such that t+ 2 > 0. Then
R (T(t+h)x, f) = (T()x, f))
—1 t+h 1 t+h .
—h <A T(s)xds,f> —h / (T(s)x, A" f) ds
t t

for f € D(A"). Passing to the limit as # — 0, we see that the derivative of
(T(-)x, f) coincides with the continuous function (7T(-)x,4"f). Q.E.D.

We now introduce a notion of semilinear operator with which we are con-
cerned in this paper. Let 4 be the infinitesimal generator of a (C,)-semigroup
{T(¢t):t > 0} on X, C asubset of X, and let B be a nonlinear operator
from C into X. If D(4)NC # &, then the sum A4 + B defines an operator
in X with domain D(4 + B) = D(A) N C. In this case we call the operator
A+ B a semilinear operator in X . The domain D(A4)NC is empty in general,
but we use the symbol 4+ B to denote the semilinear operator determined by
a pair of operators 4 and B even though the domain may be empty.

We then consider the initial-value problem for the semilinear evolution equa-
tion (DE):

(2.1) W)= (A+Bu(t), t>0; wu0=xeC.

Problem (2.1) does not necessarily admit strong solutions in the usual sense
even if x € D(4), C = X, and B is continuous on all of X. Hence it is
required to think of appropriate notions of generalized solutions of (2.1), and
the following is known as the most natural notion of such generalized solutions.

Definition 2.1. An X-valued continuous function u(-) on [0, oc0) is said to be
a mild solution of (2.1) if u(t) € C for ¢t >0, Bu(-) is continuous on [0, 0c0),
and u(-) satisfies

(2.2) u(t)=T()x + /' T(t —s)Bu(s)ds, t>0.
0

We also employ the following notion of generalized solution which is in fact
equivalent to that of mild solution.

Definition 2.2. An X-valued continuous function u(-) on [0,00) is said to be
a weak solution of (2.1) if u(t) € C for t > 0, Bu(-) is continuous on [0, 00),
u(0) = x, the function (u(-), f) is of class C'[O,oo) , forevery f € D(A"),
and

(2.3) (d/dt)(u(t), f) = (u(t) . A" f) + (Bu(1), f) forz20.

The above notion is a modified version of Ball’s weak solution [1] and is
useful for later arguments. Using Ball’s argument, we obtain

Proposition 2.4, Let x € C and let u(-) be an X-valued continuous function on
[0,00) with u(0) =x. Then u(-) is a mild solution of (1.1) if and only if it is
a weak solution of (1.1).
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Proof. Suppose that u(-) is a mild solution of problem (2.1). Then

(u), f)=(T@)x,f) +[)t(T(t —8)Bu(s), f)ds fort>0and f e D(A").

Since Bu(-) is continuous on [0, o0), we infer from Lemma 2.3 that for every
f € D(A") the real-valued function (u(-), f) is of class C'[0,o0) and
(2.4)

(&) wo.n= (&) wox.n+(4) [ae-omus.nas

=(T(t)x, A f) + /OI<T(t —5)Bu(s), A" f)ds + (Bu(t) , f)
= (u(t), A" f) + (Bu(1), f)

for ¢ > 0. This shows that u(-) is a weak solution of (2.1). Conversely, let u(-)
be a weak solution of (2.1) and define

a(t)=T()x + /t T(t—s)Bu(s)ds fort>0.
0

Then, in the same way as in the derivation of (2.4), we see that for every
fe€ D( , (a(-), f) is of class c'io ,00) and (d/dt)(a(t), f) = (a(t), A" f)+
(Bu(t) ) for t > 0. Hence

(d/dt)(a(t) — u(t) . f) = (@(t) — u(t), 4" f)
for t >0 and f eD( ). Let z(t) =u(t)—u(t) for t > 0. Then z(0) =0 and
we have (z(2) (fo z(s)ds, A" f) for t >0 and f € D(A"). Therefore
= [y z(s) ds e D(A) and (d/dt)v(t) = z(t) = Av(t) for t > 0 by Lemma
2 1 Since v(:) is of class c' ([0,00);X), it follows from Lemma 2.2 that
v(t) =0 on [0,00) and hence #(¢) = u(t) for ¢t > 0. This means that u(-) is
a mild solution of (2.1). Q.E.D.
The following useful fact may be an oral tradition, although we have no
references which contain the explicit mention.

Proposition 2.5. Let w € R, x € C, and let u(-) be an X-valued continuous
Sunction on [0,00) such that u(t) € C for t > 0 and Bu(-) is continuous on
[0,00). If u(-) satisfies the integral equation

(2.5) u(t)=e “'T(t)x+ / t eI T (1 — 5)[Bu(s) + wu(s)]ds, t>0,
0

then it is a mild solution of (2.1).

PROOF. Suppose that u(-) satisfies (2.5). Let f € D(A4"). Then we infer
from (2.5) that (u(-), f) is of class C'[0,00) and (d/dt){u(t), f) is computed
as

(%) €T (t)x . f) + (%) /O (e IT(t - 5)[Bu(s) + ou(s)], f) ds

= (u(t), A" f — of) + (Bu(t) + wu(t) . f) = (u(t) , A" f) + (Bu(t) . f)
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for ¢t > 0. By Proposition 2.4, this implies that #(-) is a mild solution of (2.1).
Q.E.D.

Remark 2.1. It follows from Proposition 2.5 that #(-) is a mild solution of (2.1)
if and only if for some w € R it is a mild solution of the initial-value problem

() =[(A-wl)+(B+olui), t>0; ul0)=xeC.

This fact is also convenient for the discussion on the relatively continuous per-
turbations of analytic semigroups. It is possible to extend Proposition 2.5 to
the case in which the semigroup {e""'T(t)} is replaced by the semigroups
generated by bounded linear perturbations of 4.

Remark 2.2. As will be seen later, the variation of parameters formula (2.2) is
convenient for verifying the unicity of solutions, while the weak form (2.3) of
equation (DE) is useful for investigating the generators of nonlinear semigroups
associated with semilinear evolution equations of the type (DE).

3. INFINITESIMAL GENERATORS OF
NONLINEARLY PERTURBED (C))-SEMIGROUPS

In this section we consider nonlinear semigroups which provide mild solu-
tions of semilinear evolution equations of the type (DE) and discuss the in-
finitesimal generators of such nonlinear semigroups.

Let A be the infinitesimal generator of a (C,)-semigroup {7'(¢): ¢ > 0} on
X and B a nonlinear operator from a subset C of X into X . Suppose for
the moment that for each x € C the initial-value problem (2.1) has a unique
mild solution u(-;x) on [0,00). Then one can define operators S(¢), t >0,
in X by

(3.1) S(t)x =u(t;x) fort>0and xeC.

The operators S(¢) map C into itself and are necessarily nonlinear. Also, they
have the two properties below:

(S1) SO)x=x, S(t+s)x=S(t)S(s)x for s,t >0 and x € C.

(S2) For each x € C, the X-valued function S(-)x is continuous over
[0,00).

The first property is obtained through the uniqueness of mild solutions and
is called the semigroup property; the second property states that S(¢) depends
continuously upon the parameter ¢.

By a nonlinear semigroup on C is meant a one-parameter family {S(¢): ¢t >
0} of nonlinear operators from C into itself with the above-mentioned prop-
erties (S1) and (S2). If in particular a semigroup on C provides mild solutions
of (DE) in the sense of (3.1), we call it the nonlinear semigroup on C associated
with the semilinear evolution equation (DE).

Let {S(¢)} be a nonlinear semigroup on C associated with (DE). Then

t
(3.2) St)x=T(t)x +/ T(t —s)BS(s)xds fort>0and xe C.
0
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From this we see that lim, , h! (S(h)x —x) exists if and only if x € D(A)NC,
and that

(3.3) lﬂgh_'(S(h)x—x) —(A+B)x forxeD(4A)NC.

These propositions make sense provided that D(A4) N C # <. This means that
A+ B gives exactly the infinitesimal generator of {S(¢)} in the usual sense.
Hence it might be natural to expect that condition (3.2) for a semigroup {S(¢)}
is equivalent to the condition that D(A)N C is dense in C and (3.3) holds for
the semilinear operator 4+ B . In fact, as shown in Proposition 6.2, condition
(3.2) implies the denseness in C of the domain D(A4) N C of the infinitesimal
generator 4 + B under the assumption that C is convex and 4 + B is of
a certain class of semilinear operators. However, as we mention in the next
paragraph, it seems that the converse does not hold in general.

First we observe that a semilinear operator 4+ B is not uniquely represented
and may be decomposed into a different form A’ + B’ in such a way that 4’ is
no longer the infinitesimal generator of a (C,)-semigroup on X, D(B') S C,
and B’ loses the continuity even if B itself is continuous over C . In this sense
the combination of (3.3) and the denseness of D(4)N C in C yields only a
single nonlinear operator and does not necessarily provide the exact form of
semilinear operator 4 + B. Accordingly, it seems to be insufficient to think
of only the infinitesimal generator in the usual sense in order to discuss the
characterization of a nonlinear semigroup associated with (DE).

Accordingly, it is crucial to specify the infinitesimal generator as a semilinear
operator A + B. Here we introduce two notions of “semilinear” infinitesimal
generators. First relation (3.2) implies

(3.4) lim h~'(S(h)x — T(h)x) = Bx forxeC.

Further, formula (3.3) together with Proposition 2.4 implies
(3.5)
l’jfg(h_l(S(h)x —x),f)=(x,A"f)+(Bx,f) forxeCand feD(4).

It should be noted that relations (3.4) and (3.5) hold on all of C and make
sense even if D(A+ B) = D(A)NC =& . Relation (3.5) may be interpreted as
follows: The vector field generated by 4 + B is tangential in a weak sense to
the continuous curve S(-)x in X for each x € C. These facts lead us to the
following definitions.

Definition 3.1. Let {S(f): ¢ > 0} be a nonlinear semigroup on C such that
BS(-)x is continuous on [0,00) for each x € C. Then 4+ B is said to be the
full infinitesimal generator of {S(t)} if (3.4) holds.

Definition 3.2. Let {S(¢)} be as in Definition 3.1. A+ B is said to be the weak
tangential operator to {S(t)} if (3.5) holds.
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A nonlinear semigroup {S(¢)} on C associated with (DE) can be character-
ized in terms of full infinitesimal generator, weak tangential operator and weak
solution in the following way.

Theorem 3.1. Let {S(t):t > 0} be a nonlinear semigroup on C such that
BS(-)x is continuous on [0,00) for each x € C. The following are equivalent:
i) Stx=T(t)x+ fo' T(t—s)BS(s)xds for t >0 and x€ C.
(ii) lim,,oh ™" (S(h)x — T(h)x) = Bx for x€ C.
(iii) limhw(h_l(S(h)x -x), )=, A"f)+(Bx,f) for xeC and f €
D(A4").
(iv) (d/dt)(S(t)x N=SOx,Af)+(BS{t)x,f) for t>0, xeC, and
feDA).
(v) [y S(s)xds € D(A4) and

t t
S(t)x=x+A/ S(s)xds+/ BS(s)xds fort>0and xe€C.
0 0

Proof. 1t is obvious that (i) implies (ii). Suppose that (ii) holds. Let x € C
and f € D(4"). Then we have

(R~ (Sh)x —x), f) = (h~ (S(h)x = T(h)x), f) + (h~ (T (h)x - x), f)

= (h"'(S(h)x - T(h)x), f) + < / T(s)xds, A f>

Therefore we obtain (iii) by taking the limits as 4 | O of both sides of the
above identity and applying (ii). Assume that (iii) is valid. Using the semigroup
property, we get

d*/dn)(S()x, f) = (S()x, A" f) + (BS()x., f)
fort>0, xeC, and fe D(4")

where the left side denotes the right-hand derivative of (S(-)x,f). But the
right side of the above relation is continuous in ¢ > 0, and so the function
(S()x, f) turns out to be of class C I[0 ,00) and the left side can be replaced
by the ordinary derivative of (S(-)x, f). This means that (iv) holds. It is easy
to see that (iv) is equivalent to (v). Finally, by Propositien 2.4, (iv) implies (i).
Q.E.D.

Remark 3.1. Condition (v) above states that u(z;x) = S(¢)x satisfies (DE) for
a.e. t > 0 and gives a strong solution of problem (2.1) provided that Au(-;Xx)
is Bochner integrable over bounded subintervals of [0, co). There is an example
of semigroups {S(t)} associated with semilinear equations of type (DE) such
that S(t)x ¢ D(A) for t > 0 and x € C, although it should be noted that
fOS( s)xds € D(A) forall t>0 andall xeC.

4. NONLINEAR PERTURBATIONS OF LINEAR (C;)-SEMIGROUPS

In this section we introduce a general class (denoted hereinafter &(C, 1))
of semilinear operators with which we are mainly concerned in this paper. We



604 SHINNOSUKE OHARU AND TADAYASU TAKAHASHI

show that to each semilinear operator of the class there corresponds a unique
nonlinear semigroup which provides mild solutions to the associated semilinear
evolution equation. In order to introduce the class of operators we employ
a proper, lower semicontinuous functional »~ on X into [0,o0]. In concrete
problems for nonlinear partial differential equations such functionals often arise
and play an important role in deriving a priori estimates or various energy
estimates for the solutions, and they are also useful for specifying the growth
order and investigating asymptotic properties of the solutions. For instance the

L%®-norm ,(-) =|-| of summable functions on a domain Q in R" defines

such a functional on the usual Lebesgue space L'(Q); the functional which
assigns to each element v of the Lebesgue space L™ (Q) the smallest Lipschitz
constant »(v) = Lip(v) gives a typical example of such functionals on L*(Q);
and the total variation ,(-) = Var(-) of summable functions on Q is another
useful functional on L' (Q).

In a system (X, ) of a Banach space X and a functional , as mentioned
above we introduce the following class of semilinear operators. Let C be a
subset of X . Without loss of generality we may assume that C is contained
in the effective domain D( ) = {x € X: r(x) < oo} of , (if it is not the
case, we take D( )N C instead of C). By a semilinear operator of the class
&(C, ) we mean the sum 4+ B of a linear operator 4 in X and a nonlinear
operator B from C into X satisfying the following conditions:

(H1) A4 is the infinitesimal generator of a (C,)-semigroup {7'(¢): ¢ > 0} on
X such that |T(t)x| < e“|x| for t >0, x € X, and some w € R.

(H2) For each a > 0 the level set C = {x € C: £(x) < a} in C is closed
and B is continuous on C, .

(H3) For each a > 0 there exists @, € R such that B — w_/ is dissipative
on C_ in the sense that

(Bx—By,x—y),.Swalx—y|2 forx,yeC,.

In particular, we write &(C) for &(C, ) provided ,(x) = 0. In case
2 = 0, condition (H2) means that C itself is closed and B is continuous on
all of C.

A few remarks on the class §(C, ) are in order. Let 4+ B be of the class
&(C, ). Then by (H1) 4 — wl is strictly dissipative in the sense that

(Ax,x), < ca|x|2 for x € D(A).

Hence if D(A)NC, # &, then A+ B~ (w+w,)I is dissipative on D(4A)NC,, .
As is well known, for each 4 > 0 with Aw < 1 the resolvent (I — AA)_l exists
as a bounded linear operator on X and satisfies

(I-44)"'x| <(1-Aw) x| forxeX.
On the other hand, condition (H3) implies that
x = | < (1 - 4w,)”'|(x — ABx) — (y — ABY)|

fora>0, x,yeC, ,and A>0 with do, <1.
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We now consider the initial-value problem (2.1) for a semilinear operator
A+ B of the class 6(C, ). Because of the localized condition (H3) on B,
(2.1) may admit only local mild solutions. Hence it is necessary to consider the
growth order of mild solutions in order to discuss global mild solutions of (2.1),
and here we think of specifying the growth of a mild solution u(-) by means
of the real-valued function . (u(-)).

Let g be a nonnegative continuous function on [0, oc) such that for each
a > 0 the initial-value problem

!

(4.1) w'(t)=gw(), t>0; w(0)=a

has a maximal solution m(t;a) on [0,o00). In what follows, we fix such a
function g and investigate global mild solutions u(-) of (2.1) satisfying

(42) fu() S mt; p(x), 120,

The function g is sometimes called a comparison function or else a unique-
ness function. In view of the localized condition (H3) and the growth condition
of the form (4.2), we can deal with a broad class of semilinear evolution equa-
tions. In practice, the function g must be chosen in accordance with properties
of the function space X as well as the operators 4 and B under consideration.
A typical example of comparison functions is the linear function g(r) = ar,
r> 0, a being a positive constant, and in this case m(t;a) = ae® for a > 0
and ¢ > 0. For a detailed discussion of this particular case, see the authors’
previous paper [11].

We then show that mild solutions u(:) of (2.1) satisfying (4.2) are uniquely
determined by and depend continuously upon initial data in each C .

Uniqueness Theorem. Let A + B be a semilinear operator of the class
S(C, ). Then given x € C there exists at most one mild solution u(-) of
(2.1) satisfying (4.2).

Proof. Let « >0, >0, B =m(t;a), and wy denote the constant given for
the B by condition (H3). Let x,y € C_ and let u(-), v(:) be the correspond-
ing global mild solutions of (2.1) satisfying (4.2). Then u(t), v(t) € C 5 for
te[0,7]. Since B-w Iy is dissipative on Cj , we have

(1= hewy)lu(t +h) —v(t + h)| < |(I — hB)u(t + h) - (I — hB)u(t + h)|

for t€[0,7) and A >0 with 1+ h < 7. But (I — hB)u(t + h) can be written
as

+h
T(h)u(t) + /l [T(¢t+ h —s)Bu(s) — Bu(t + h)]ds
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and (I — hB)v(t + h) is also written in the same way. Hence we have

(1- ha)ﬂ)lu(t +h)—v(t+h)|
3) < e“Mu(t) - v(0)| + /tHh \T(t + h — 5)Bu(s) — Bu(t + h)| ds
+ [+h T(t + h — 5)Bu(s) — Bu(t + )| ds
for t€[0,7) and h € (0,7~ 1]. Since

t+h
(4.4) lim % / IT(¢ + h — 5)Bu(s) — Bu(t + h)| ds = 0
t

and (4.4) holds for v(-) as well, (4.3) implies
(4.5) DY |u(t) —v(1)| < (0w + wﬂ)lu(t) —v(t)] fortel[0,1),

where D*¢(t) stands for the Dini upper right derivative of an R-valued func-
tion ¢ on [0,7) at t. Solving the differential inequality (4.5), one obtains

(4.6) lu(t) — v(0)] < e“**|x - y| forte[0,7]and x,y € C,.

From this we obtain the desired assertion. Q.E.D.

Estimate (4.6) not only proves the uniqueness of mild solutions, but also it
shows the Lipschitz continuous dependence (in a local sense) of mild solutions
on initial-data. We have employed the differential inequality (4.5) to get (4.6);
it is possible to derive (4.6) for mild solutions by different methods (see [14,
§5.3]). By Proposition 2.4, (4.6) also holds for every pair of weak solutions of
(2.1) with (4.2). But it would be an interesting problem to give a direct proof
of the uniqueness of weak solutions.

5. GENERATION OF NONLINEAR SEMIGROUPS ASSOCIATED WITH (DE)

In this section we discuss two sufficient conditions for a semilinear operator
A+ B of the class §(C, ) to generate a nonlinear semigroup {S(¢): ¢ > 0}
on C satisfying

(5.1) SHx=T(t)x+ /l T(t—-s)BS(s)xds fort>0and xe C,
0
(5.2) 2(S(t)x) <m(t; p(x)) fort>0and x € C.

Notice that the integral on the right side of (5.1) is taken in the sense of
Bochner and makes sense for every x € C since BS(-)x € C([0,00);X) for
x € C by condition (H2) and (5.2).

A nonlinear semigroup {S(¢):¢ > 0} on C satisfying (5.1) and (5.2) is

Lipschitz continuous on ,-bounded sets in the following sense.
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Proposition 5.1. Let A+ B be of the class &(C, r) and let {S(t):t > 0} be
a nonlinear semigroup on C satisfying (5.1) and (5.2). Then for each a > 0
and © > 0 there is a number w(a,t) such that

(5.3) IS()x - S(1)y| < e”*Vx—y| forte[0,7]andx,yeC,.

Moreover, for each x € C, the function S(-)x on [0,00) gives a unique mild
solution of (2.1) satisfying (4.2).

The above proposition is a restatement of the Uniqueness Theorem given in
the preceding section. From (4.6) we infer that w(a, 7) appearing in (5.3) may
be taken as w + wy , where B=m(1;a).

Let 4+ B be a semilinear operator of the class &(C, ~) and consider the
following two “subtangential” conditions.

(R1) For each x € C there exist a null sequence {A,} of positive numbers
and a sequence {x,} in C such that

(La) lim,_ hn_llT(hn)x +h,Bx —x,| =0, and

(1b) limsup, [ 2(x,) = £(X)] < g(2(x)).

(R2) For each x € C there exist a null sequence {4,} of positive numbers
and a sequence {x,} in D(4)N C such that

(2.a) lim,_ k- '|x, —h (A+B)x, — x| =0,

(2b) limsup, k' 2(x,) - 2(x)] < g(2(x)), and

(2.¢) lim,_, _|x, —x|=0.

Condition (l.a) may be called an “explicit” subtangential condition, while
condition (2.a) may be called an “implicit” subtangential condition.

Remark 5.1. Condition (2.c) implies that D(A)NC is dense in C . Conversely,
if D(A)NC is dense in C, then condition (2.c) follows from (2.a) and (2.b).
In fact, let x € C and let {h,}, {x,} be sequences satisfying (2.a) and (2.b).
Let ¢ >0, y € D(4)NC, and assume that |y — x| < ¢. Choose a > 0 so
that x,y € C, and the sequence {x,} satisfying (2.a) and (2.b) belong to C_ .
Since 4+ B — (w+ w,)I is dissipative on D(4)NC,, we have

X, = x| < |x, =yl + 1y — x|
< =hy(@+0,)"'|(I - h,(4+B)x, — (I - h,(A+B)y| +|y - x|
< (1= hy(@+@,) lIx, = h,(4+ B)x, — x| + |y = x| + h,|(4 + B)yl]
+y —x|
for n sufficiently large, where @ and w_ denote the numbers given by (H1)

and (H3), respectively. Hence limsup,  |x, — x| < 2|y — x| < 2¢. Since
& > 0 is arbitrary, this shows that (2.c) holds.

Remark 5.2. Since (I —AA)"'x - x as 4| 0 for x € X and B is contin-
uous on each C_, it is seen that condition (R2) is equivalent to the following
condition:
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(R3) For each x € C there exist a null sequence {A,} of positive numbers
and a sequence {x,} in D(4)NC such that

(3.a) lim,__h~'|x, — h,Ax, — (x +h Bx) =0, and

(3.b) limsup,_ k[ 2(x,) = 2(x)] < &( £(x)).

In comparison with conditions (1.a) and (2.a), condition (3.a) may be called
a “semi-implicit” subtangential condition.

By applying the recent results on time-dependent evolution equations of the
form

(5.4) W(t)y=A+B)ut), >0,
we obtain the following generation theorem.

Theorem 5.2. Suppose that either of (R1) and (R2) is satisfied. Then there
exists a nonlinear semigroup {S(t): t > 0} on C satisfying (5.1) and (5.2).
Proof. In view of the uniqueness theorem it suffices to show that for any positive
number 7 > 0 and any element z € C there exists an X-valued continuous
function u(-) on [0, 7] satisfying the properties below:

(5.5) utyeC, tel0,1],

(5.6) u(t) = T(t)z + /' T(t—s)Bu(s)ds, tel[0,1],
0

(5.7) () <m(t; 2(2)), tel0,1].

Let 1 > 0 and z € C. We first recall (see [8]) that there is a number { =
{(t, (z)) > 0 such that for ¢ € (0, (] the initial-value problem

w'(t)=gw®)+e, >0,  w(0) = p(z)

has a maximal solution m,(¢; ~(z)) on [0,7]. Let ¢ € (0,(]. Set a =
m.(t; (z)) and let w, denote the constant given by (H3). Also, for each
t€[0,1], we write D (t) for the set {x € C: (x) < m,(t; ~(z))} and define
an operator B(t) from Z(¢) into X by B(t)x = Bx for x € Z(t). Then the
following are valid for the operators B(¢):

(i) Each of 2 (t) is closed and Z(s) c Z(¢t) for 0<s<t<T.

(ii) B(t)x is continuous with respect to (¢,x) in & =y, {5} x Z(s).

(iii) For each ¢t € [0, 7], B(t) — w,I is dissipative on 2 (r).

We first suppose that (R1) holds. Let x € C, let {h,} be a null sequence of
positive numbers, and let {x,} be a sequence in C. Then

lim A '(x, — T(h,)x)=Bx
n—oo
if and only if
"lirgo h"_l(xn —exp(—wh,)T (h,)x) = (B + wl)x

for every w € T . Hence, in view of Proposition 2.5, we may assume without
loss of generality that condition (H1) holds with w = 0. Let ¢t € [0,7) and
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x € Z(t). Then by (R1) there exist sequences {h,} and {x,} satisfying (1.a)
and (1.b). Hence, by the continuity of g and condition (1.b) we have

r(x,) < 2(x)+h,[g(r(x)) +¢/2]
hn
< ,(x)+ A g(m(s; r2(x)))ds

hy
+ /0 [ 2(x)) — g(m,(s; £(x))) + /2] ds
<m,(h,; (X))

for n sufficiently large. Since ,(x) < m,(t; 2(z)), it follows that

(5.8) (%) < my(hyim (1 2(2)) S my (2 + by o(2))

for n sufficiently large. From this and (1.a) we infer that

(iv) liminfhwh"d(T(h)x +hB(t)x ,2(t+h))=0 for t€[0,7) and x €
().

By virtue of facts (i)-(iv) mentioned above, we can apply the results of
Iwamiya [4] and Pavel [14] to conclude that there exists a function u(-) €
C([0,7]; X) such that u(t) € Z(t) and (5.6) holds for ¢ € [0,7]. Since
u(t) € C, for t € [0, 1], it follows from the unicity of u(-) that u(-) is in-
dependent of ¢ € (0,{]. The fact that u(t) € Z(¢) for ¢t € [0,1] means
that

,u(t)) <my(t; 2(z)) forte[0,7]and e€(0,L].

Further, lim, ,m(¢; 2(z)) = m(t; r(2)) for ¢ € [0,7], and so the function
u(-) satisfies (5.7). This completes the proof under condition (R1).

Next, suppose that (R2) holds. By the same reasoning as in the above ar-
gument we may assume again that (H1) holds with @w = 0. In this case the
operators A4 + B(¢) with domains D(A4 + B(t)) = D(A) N (¢t) satisfy

(v) For s,t€[0,1], x€ D(A+ B(s)), and y € D(4 + B(t)),

(A+B()x - (A+B(1)y.x - ), <w|x -y’

Further, in a way similar to the derivation of (iv), we infer from (2.a) and
(2.b) that

(vi) liminfhwh"d(x,R(I —h(A+B(t+h))))=0 for t€[0,7) and x €
().

In view of facts (i), (v), and (vi), the results of Kobayasi et al. [7] and Pavel
[12] can be applied to conclude that the following holds:

(W) There exist a sequence {A,} of partitions of [0, 7], a sequence {¢,(-)}
of X-valued step functions on (0, 7], and a sequence {u,(-)} of X-valued step
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functions on [0, 7] such that
(w,) forevery n>1,

- A ={0=t << <ty ST,
e,(t)=¢, forte(t_,,t;]and 1 <k < N(n),
u,(0)=x, =2z, u,(t)=x, forte(t,_,.t;]and 1 <k < N(n),
-t ) xf —xi_ ) —ep = (A+B(t})x; for 1 <k < N(n);

(wy) lim, max v (t — ) = 0, lim ty.. = T, and

n—oo “N(n)
lim,_,  [;le,(¢)|dt =0;

(w;) u,(t) converges to some X-valued continuous function u(¢) on [0, 7]
as n — oo and the convergence is uniform for ¢ € [0, 1].

Let u(-) be the function obtained by (w;). Then u(t) e D(A)ND (1) C D (1)
for ¢ € [0,7]. By the same reasoning as in the proof under condition (R1),
this implies that u(-) satisfies (5.7). It now remains to show that u(-) satisfies
(5.6). To this end, let f € D(4A”). From (w,) it follows that

o f) = 0oy )+ (5 = 5 DUxg A7) +(Bx L f) + (g )]

for n>1 and 1 <k < N(n). Hence an induction argument implies that

w,(0). /) = (z. /) + | “Uu,(s), 4" f) + (Bu(s), f) + (&,(s) , )] ds

for t € (t;_,.t], n>1,and 1 < k < N(n). Taking any ¢ € [0,7] and
passing to the limit as #; — ¢ and n — co, we obtain

), f)=(z. 1)+ [ u(s), A" f) + (Bu(s) , f)1ds for 1€ [0,1].

This together with Proposition 2.4 implies that u(-) satisfies (5.6). Thus the
proof under condition (R2) is obtained. Q.E.D.

6. CHARACTERIZATION OF NONLINEARLY PERTURBED (C,,)-SEMIGROUPS

In this section necessary and sufficient conditions are given for a semilin-
ear operator 4 + B of the class G(C, ~) to generate a nonlinear semigroup
{S(t): t > 0} on C satisfying (5.1) and (5.2). For each >0 and 7 >0, we
define an operator J, , from C into X by

T
(6.1) J, x=(a, )" /0 e "S(t)xdt forxeC,
where a, . = [Fe " dt = h(1 — e~**). The right-hand side of (6.1) may be
h.,t 0

regarded as a local Laplace transform of S(-)x and the operators J, . are used
to investigate the ranges of the operators I —A(4+ B), A>0.
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Proposition 6.1. Suppose that both C and .. are convex, and let J, , be defined
by (6.1). Then the operators J, . have the five properties below:

(i) For h>0, t1>0,and xeC, J, x€D(A)NC and (I —hA)J, x
can be written as

x+ha, )" / e " BS(t)xdt - he (@, )7\ (S(t)x - x).
0

(ii) lim, oA~ |(I — h4)J, .x — (x+hBx)| =0 for t>0 and x€C.

(iii) lim, ,|J, . x —x|=0 for t>0 and x€ C.

(iv) limsup, o h™'[ £(J, %) = £(x)] < g(2(x)) for 1> 0 and x € C.

(v) lim, o 2(J,, X)= (x) for T>0 and x €C.
Proof. Let h>0, 7> 0 and let J, . be defined by (6.1). Let x € C. Then it
follows from (5.2) and the convexity of ,» that J, .x € C, for some a > 0.
To show (i), we employ Theorem 3.1(v) which states that for every t > 0,
fo S(s)xds € D(A) and 4 fo S(s)xds=S(t)x—x— fo BS(s)x ds . Multiplying
both sides of this relation by (a, t)_'e_'
with respect to ¢ over (0, 1], we have

(@, )" /0 T [e"/”A / "S(s)x ds] dt
= (a, ")_l/o e ™ (S(t)x - x)dt - (a, _r)_'/or [e_'/h /IBS(s)xds] dt

T
=3, x=x+he” @, )" [ BS(s)xds— hia, )" / ~"BS(1)x dt.
’ ’ 0 ’ 0

/" and integrating the resultant equality

We apply Theorem 3.1(v) again to replace the third term on the right side by
T
(a, ;) [S(t)x -X- A/ S(s)xds] .
0

On the other hand, the left side can be written as

T t T
A [(a,, )7 /0 e /0 S(s)xdsdt] =hAl, x—he Ma, )7'4 /0 S(t)xdt,

—t/h

so that we obtain the first assertion (i). Since e h(ah .t)"l — 0 and

(a, 1)'1 / '/hBS(t)xdt — Bx ash— 0+,
' 0
assertion (ii) is obtained from the relation given in (i). Since
Wy X = x| <, x = (I —hA)™ (x + hBx)| + |(I — h4)~" (x + hBx) — x|

and |(I - hA)_ll < (1 - wh)™", assertion (iii) is a direct consequence of (ii).
We next show that (iv) holds. Let > 0 and x € C. Since , is convex and
lower semicontinuous, we see from (5.2) and the definition of J, X that

T, X) < (a, )7 /O "Mt o(x)) dt
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and
WL, ) - el <k, ) /0 e Mme; (%)) - (X))t

By integration by parts, the right-hand side can be written as

—e @, )7 (m(x; () = 2 (0) + (g, )7 /Ote"/ "g(m(t; p(x))

and so we have

lin’}lsouph_'[ Uy X) = (0] < 8( (X))

which proves (iv). Finally, (iii) and (iv) together yield
r(x) < lirirlllgnf/&(.]h X) <limsup 2(J, x) < 2(x),
: 110 ,

from which assertion (v) follows. Q.E.D.
The next result is an immediate consequence of Proposition 6.1.

Proposition 6.2. Let A+ B be of the class &(C , ) and let {S(t):t >0} bea
nonlinear semigroup on C satisfying (5.1) and (5.2). If both C and , are
convex, then

(6.2) UDA)nc, =c.

a>0

In particular, D(A)N C is dense in C.
We are now in a position to prove the main result of this paper.

Theorem 6.3. Let A+ B be a semilinear operator of the class &(C, ) and
suppose that C is convex in X and , is convex on X . Then the following are
equivalent.

(I) There exists a nonlinear semigroup {S(t): t > 0} on C satisfying
(La) S(t)x = T(t)x + [y T(t - s)BS(s)xds,
(Ib) ,(S(t)x) <m(t; 2(x)) for t >0 and x e C.
(II) For each x € C and each € > 0 there exists a pair (h,x,) € (0,¢]xC
such that
(ILa) |T(h)x + hBx — x,| < he,
(ILb) ,e(x,) < (x) + hlg( (x)) +e].
(III) For each x € C there exist a null sequence {h,} of positive numbers

and a sequence {x } in C such that
(IIL.a) lim |T(h )X +h,Bx —x,| =0

n—oo "

(IILb) limsup,_, h,'[2(x,) = 2(x )]Sg(/»(x))~
(IV) For each x € C there exist a null sequence {h,} of positive numbers
and a sequence {x } in D(A)N C such that

(IV.a) Lim,__ h '|(x, —h,Ax,) — (x + h,Bx)| =0
(IV.b) limsup, k. '[ (x )= (X)) < 8((x ))-
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(V) D(A)NC isdensein C;given a >0 and € > 0 there exists a number
Ay = Ag(a, &) > 0 and to each x € C, and each i € (0,4,) there corresponds
an element x, € D(A)N C satisfying
(V.a) x,—A(4+B)x, = x,
(V.b) (x;) < (x) +A[8( (X)) + €]
Proof. It is easy to see that (I) implies (II). In fact, let (I) hold and fix any
x€C. Set x, =S(h)x for h>0. Then

Limh™'|T(h)x + hBx — x,| = lim Ih~'(S(h)x — T(h)x) — Bx| =0,
linhlL%uph_][/&(x;,) - £(0)] < u%uph-‘[m(h (X)) = ()] = g( (x)).
This shows that (II) holds. The implication (II) — (III) is obvious. Next,
it is seen from Remarks 5.1 and 5.2 that (V) implies (IV). The implication
(III) — (I) is a restatement of Theorem 5.2. Also, the implication (IV) — (I)
is obtained from Remark 5.2 and Theorem 5.2. It should be noted that the
convexity assumption on C and , is not necessary for the proofs of the above
implications. We now show that (I) implies (V). Suppose (I) holds. Since
D(A)Nn C is dense in C by Proposition 6.2, it suffices to show that the latter
half of condition (V) hold. Fix any o > 0 and ¢ > 0. Then one can choose a
number J € (0, 1] so that

(6.3) 18(8) —g(n)| <e/2 forg,nel0,a+ 1] with |- 7| <4.

Using the numbers «, ¢ and J, we define

(6.4) Ay =min { l/a),é/ (ogr?gai(n g+ 8)} .

where @ = max{0,w + w_,,} and @,w,,, denote the numbers given by
conditions (H1) and (H3), respectively. Let x€ C,, A€(0,4,), and set

(6.5) B = p(x) +Alg( 2(x)) +ée].
We wish to show that there exists x; in the set D(A)NCy satisfying the relation

(V.a). Once this is done, then it is concluded that the latter half of (V) is valid.
Let >0, yeCﬂ,andset

yo=W0-h)J,, . y+hJ, x forhe(0,1],

where the J,, . denote the operators defined by (6.1). Then, by Proposition
6.1,

(6.6) y,€DA)NC forhe(0,1], V,— Yy ash—0+,
and
|y, —AhAy, — (y + AhBy — hy + hx)|
< =h)J,, .y - kAT, v — (y + AhBY)|
+h|J,, x —hAJ,, x — (x + AhBx)| + Ah*|Bx - By|
= A0(h) + Ah*|Bx — By| ash — O+.

(6.7)
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We then demonstrate that
(6.8) Y, € Cﬂ for sufficiently small 2 € (0, 1].
If p(y) < B, then (6.8) follows from the fact that

lirill%up r(y,) < lin;l%up[(l +h) (T V) +hey, X)]=,0).

(In the above estimate the last equality is seen from Proposition 6.1(v).) If
»2(y) = B, then the application of Proposition 6.1 yields the estimate

W) S =h)p(Jyy V) +he(Ty, X)
S (1 =hl,(y)+Ah(g( () + /4] + Al £(x) + Ae/4]
S(1=h)e(y)+hlL(x)+A8( () +¢/2)]

for h € (0, 1] sufficiently small. From (6.4) and (6.5) we see that -(y) = f <
a+d <a+1 and |2(y) - £(X)] < 6. Hence (6.3) implies g( 2(y)) <
g((x)) + ¢/2 and the extreme right-hand side of the above inequality is
bounded above by

(1=h)e(y)+hl2(x)+A(g(2(x))+E)]=B.

This shows that (6.8) is valid. We now denote by B, the restriction of the
operator B to the set C 8- Then lBﬂ — I + x is an operator from Cﬂ into X,
where +x denotes the translation by x; and we infer from (6.6), (6.7), (6.8)
and Remark 5.2 that 14 + ABB — I + x is a semilinear operator of the class

6(C4) = 6(Cy,0) satisfying D(AA + 4B, — 1 +x) = D(A)NC, = C, and

lhifx(}h"d(y R(I —h(A4+ 1By, I +x)))=0 foryeC,.

Hence we can apply Theorem 5.2 and Proposition 5.1 (see also [6]) to conclude
that there exists a nonlinear semigroup {S,(¢): ¢ > 0} on Cy such that

(6.9) S,(y=T@A)y+ /0 T (A(t — 5))[ABS,(s)y — S,(s)y + x]ds,

(6.10)
1S,(0)y = S,()z] < e’y —z| fort>0, yeCyand z€Cy,

where @ = max{0,w+w,_,,}. Since A® < 1, (6.10) ensures that {S,(¢)} has
a common fixed point. Namely, there exists a unique element x, in Cﬂ such
that

(6.11) S,(H)x, =x, forallt>0.

Since A4+AB;—I+x is the infinitesimal generator of {S,(¢): ¢ > 0}, it follows
from (6.11) that x;, € D(4) N C; and

AMA+B)x, —x;, +x=0.
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This shows that x, satisfies (V.a) and (V.b). Since x € C, and A€ (0,4,) are
arbitrary, it is concluded that (V) holds under (I). Thus conditions (I)-(V) are
equivalent. Q.E.D.

7. NOTES AND REMARKS

In this section we give a variety of observations of the results obtained in the
previous sections.

7.1. We have shown in Proposition 6.2 that the infinitesimal generator 4+ B
of the semigroup {S(¢)} on C satisfying (I.a) and (L.b) is densely defined in
C . However the proof of Theorem 6.3 (more precisely, the argument for the
derivation of (6.8)) implies a stronger denseness condition for the domain of
A+B.

Proposition 7.1. Let A+ B be a semilinear operator of the class &(C, ) and
assume that both C and , are convex. Let C, # & for some a > 0 and
suppose that condition (I) holds. Then

(7.1 D(A)nCp=Cﬂ for B> a.

7.2. Let A+ B be a semilinear operator of the class &(C, ). If we denote
by By the restriction of B to Cy for g > 0, then condition (V) can be
rewritten in the following form:

(R) D(A)NC is dense in C and for every o > 0 and ¢ > 0 there is a
number 4, = A,(a,€) > 0 such that for g > a +,1[maxOS e<a 8(8) + €] we have

R(I—A(A+B;))>C, forie(0,4),

(I = A(A+By)"'x) < p(x) + Mg( 2(x) +¢] for A€ (0,4,) and x € C,.

Furthermore, it is seen from the proof of Theorem 5.2 that if the “range
condition (R)” holds for the semilinear operator 4+ B, then A+ B determines
a unique nonlinear semigroup {S(¢)} on C satisfying condition (I) in such a
way that for « >0, 7> 0 and B> m(t;a) the exponential formula

(7.2) S(t)x = lim (1 - %(A + Bﬂ)) e

holds for ¢ € [0,7] and x € C,. Notice that m,(1;a) < B for sufficiently
small ¢ > 0. Thus, combining Theorem 3.1 and Theorem 6.3, we obtain the
following semilinear Hille-Yosida theorem.

Theorem 7.2. Suppose that C and ,. are convex. Then a semilinear operator
A+ B of the class S(C, ,) is the full infinitesimal generator of a continuous
semigroup {S(t)} on C satisfying ,(S(t)x) < m(t; r(x)) for t > 0 and
x € C iff the range condition (R) holds. Moreover, in this case, {S(t)} is
determined through the exponential formula (7.2).

From the above theorem two results below are deduced. The first result shows
that the correspondence between nonlinear semigroups satisfying the growth
condition (I.b) and their full infinitesimal generators is one-to-one.
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Corollary 7.3. Let C and , be convex. Let A + B, and A, + B, be two
semilinear operators of the the class &(C , r) and assume that they are the full
infinitesimal generators of nonlinear semigroups {S,(t): t > 0} and {S,(t): t >
0} on C satisfying the growth condition (1.b), respectively. Then S,(t) = S,(t)
Jor t>0 if A +B =A4,+B,.

The second result is a direct consequence of Theorem 7.2, and it may be
understood as a semilinear version of the Lumer-Phillips theorem.

Corollary 7.4. Let A be the infinitesimal generator of a (C,))-semigroup {T(t): t
> 0} of linear contractions on X . Let C be a closed convex subset of X and let
B be a continuous operator from C into X such that B — wl is dissipative on
C for some w € R. Then A+ B is the full infinitesimal generator of a nonlinear
semigroup {S(t):t >0} on C iff D(A)NC isdensein C and A+ B satisfies
the range condition R(I —A(A+ B)) D> C for A >0 with Aw < 1. Moreover, in
this case, {S(t)} is determined via the exponential formula

S(t)x = lim (I — (¢/n)(4 + B) "x fort>0andxeC

and it satisfies |S(t)x — x,| < e (|x — Xyl +t|(A+B)x,|) for t >0, x € C and
x, €D(A)NC.

7.3. Let A+ B be a semilinear operator of the class &(C, ~) and consider
the semilinear problem (2.1). Assume that A is dissipative in X . In this case
one can think of another notion of generalized solution of (2.1) which plays an
important role in the theory of nonlinear semigroups in Banach spaces.

DEFINITION 7.1. An X-valued continuous function u(-) on [0,00) is said
to be an integral solution of (2.1) if u(t) € C for t > 0, Bu(-) is continuous
on [0,00), u(0)=Xx and u(-) satisfies

(03) ) - 2| - u(s) = 2| < [ (Az + Bu(@), &) - 2), ¢
for s,¢t with 0<s<t<oo and z€ D(4). 4

Proposition 7.5. Let x € C and let u(-) be an X-valued continuous function on
[0,00) with u(0) = x. Then u(-) is an integral solution of (2.1) iff it is a mild
solution of (2.1).

Proof. Suppose that u(-) is a mild solution of (2.1). Then it is a weak solution
of (2.1) by Proposition 2.4. Let & > 0 and set u,(t) = h! ,'“' u(€)dé and
AGE ! f,”h Bu(&)dé for t > 0. Then we have

(ute+ - u) - ™ Bue) de 2 ={] e &.Af)

for t >0 and f € D(A"). Hence it follows from Lemma 2.1 that «,(-) satisfies
u;,(t) = Au,(t)+ f,(¢t) for t > 0. Since 4 is strictly dissipative and lu, (-) — z|
is absolutely continuous on compact subintervals of [0, c0), we get

(d/dt)|uy, (1) = 2| = (u, (1), u, (1) = 2); < (Az + £, (1), u, (1) = 2);

t



CHARACTERIZATION OF NONLINEAR SEMIGROUPS 617

for z € D(4) and a.e. ¢t > 0. Therefore for s,¢ with 0 < s <t < oo and
z € D(A) we have

a(6) = 21 = uy(5) = 21 < [ (Az 4 1,8). 4, ) = 2), e for >0,

Letting 4 | 0 and using the upper semicontinuity of (-,-) , we obtain the
integral inequality (7.3). Conversely, let u(-) be an integral solution of (2.1)
and set f(z) = Bu(t) for t > 0. Then u(-) is regarded as an integral solution
of the initial-value problem

(7.4) W(t)=Au(t)+ f(t), t>0; u(0)=x.

Let 7> 0 and, foreach n € N, put h, =t/n and ¢; = ih, for i=1,...,n.
Since A is m-dissipative in X , the approximate difference equation

(1.5) (b)) —up_ ) =Aul+f(6)), k=1,...,n; u0)=x,

has a solution (uZ: k=1, ...,n) and is represented as

k .
wy = (I —h, ) x+h,> (I -h A" 100

i=1

for k=1,...,n and n € N. Hence we have
t

(7.6) limuZ=u(l;x)5T(l)x+/ T(t-s)f(s)ds forte[0,1],
0

where the limit is taken as kk, — ¢ in [0, 7] and n — co. On the other hand,
(uZ) satisfies the relations

(Up — 2) — (U _, — z) = h,(Au} — Az) + h (Az + f(1})),
and so the dissipativity of 4 implies

|u: -z| - |“Z-1 —-z|<h (Az+f(t,':),u2 - z),

for k=1,...,n and z € D(A). In view of this and (7.6) we see that the
X-valued continuous function u(-;x) is an integral solution of (7.4). But the
limit function u(-;x) of the solutions of (7.5) is unique in the class of integral
solutions of (7.4), so that u(¢;x) = u(¢) and it is concluded that u(-) becomes
the mild solution of (2.1). Q.E.D.

7.4. It is possible to develop a general theory for locally equi-Lipschitz con-
tinuous semigroups on convex sets in X which implies the following result
related to Corollary 7.3 as its simple consequence.

Proposition 7.6. Let A+ B be a semilinear operator of the class &(C, ).
Suppose that C and . are both convex, and that A is dissipative in X . If
A+ B is the full infinitesimal generator of a continuous semigroup {S(t)} on C
satisfying the growth condition

(ILb) ~(S(t)x) < m(t; 2(x)) for t 20 and x € C,
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then {S(t)} is the only continuous semigroup on C which satisfies the growth
condition (1.b) and whose infinitesimal generator is A+ B.

For the general result we shall publish it elsewhere.

7.5. Let A+ B be a semilinear operator of the class &(C, ). In order
to construct a continuous semigroup on C satisfying condition (I), the explicit
subtangential condition (R1) (as stated in §5) or condition (II) (as stated in
Theorem 6.3) for 4 + B can be replaced by the following tangency condition
(II)" for the nonlinear operator B, provided that A is dissipative in X, the
convex set C is invariant under the linear contraction semigroup {7°(¢)} on
X and (T (t)x) < r(x) for t >0 and x e C:

(I1)" For each x € C and each & > 0 there exists a pair (h ,x,) €(0,e]xC
such that

(ILa)" |x +hBx — x,| < he,

(ILb)" ,(x,) < o(x) + h[g( 2 (x)) +€].

In fact, suppose that 7'(¢) maps C into itself for ¢ > 0, and that B satisfies
condition (II)'. Let x € C and & > 0. Then there is an h(e) € (0, ¢] such
that

|T(h)Bx — Bx| <¢&/2 for he(0,h(e)].
Further, condition (II)’ implies that there is (A ,%,) € (0, h(e)] x C such that
|, —(x+hBx)| < eh/2 and ,(X,) < (x)+h[g( 2(x))+e]. By the assumptions
on {T(0)}, x, =T(h)%, €C, £(x;) < £(%,) < (x) + h[g( (%)) + €], and

|T(h)x + hBx — x,| < |T(h)(x + hBx — %,)| + h|T (h)Bx — Bx|
<|x+hBx — %,| + h|T (h)Bx — Bx| < he.

This shows that condition (II) holds for the semilinear operator 4 + B.
Condition (II)’ was employed in [9] by Martin.

REFERENCES

1. J. Ball, Strongly continuous semigroups, weak solutions, and the variation of constants formula,
Proc. Amer. Math. Soc. 63 (1977), 370-373.

2. M. Crandall and T. Liggett, Generation of semigroups of nonlinear transformations on general
Banach spaces, Amer. J. Math. 93 (1971), 265-298.

3. E. Hille and R. Phillips, Functional analysis and semi-groups, Amer. Math. Soc. Colloq. Publ.,
vol. 31, Amer. Math. Soc., Providence, R. I, 1957.

4. T. Iwamiya, Global existence of mild solutions to semilinear differential equations in Banach
spaces, Hiroshima Math. J. 16 (1986), 499-530.

5. T. Kato, Perturbation theory for linear operators, Springer-Verlag, New York, 1966.

6. Y. Kobayashi, Difference approximation of Cauchy problems for quasi-dissipative operators and
generation of nonlinear semigroups, J. Math. Soc. Japan 27 (1975), 640-665.

7. K. Kobayasi, Y. Kobayashi and S. Oharu, Nonlinear evolution operators in Banach spaces,
Osaka J. Math. 21 (1984), 281-310.

8. V. Lakshmikantham and S. Leela, Differential and integral inequalities, Academic Press, New
York, 1969.

9. R. Martin, Jr., Invariant sets for perturbed semigroups of linear operators, Ann. Mat. Pura
Appl. 150 (1975), 221-239.



CHARACTERIZATION OF NONLINEAR SEMIGROUPS 619

10. —, Nonlinear operators and differential equations in Banach spaces, Wiley-Interscience, New
York, 1976.

11. S. Oharu and T. Takahashi, Locally Lipschitz continuous perturbations of linear dissipative
operators and nonlinear semigroups, Proc. Amer. Math. Soc. 97 (1987), 139-145.

12. N. Pavel, Nonlinear evolution equations governed by f-quasi-dissipative operators, Nonlinear
Anal. § (1981), 449-468.

13. —, Semilinear equations with dissipative t-dependent domain perturbations, Israel J. Math.
46 (1983), 103-122.
14. ., Differential equations, flow invariance and applications, Pitman, London, 1984.

15. A. Pazy, Semigroups of linear operators and applications to partial dqferential equations, Appl.
Math. Sci., vol. 44, Springer-Verlag, New York, 1983.

16. G. Webb, Continuous nonlinear perturbations of linear accretive operators in Banach spaces, J.
Funct. Anal. 10 (1972), 191-203.

17. K. Yosida, Functional analysis, Springer-Verlag, New York, 1968.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, HIROSHIMA UNIVERSITY, HIROSHIMA
730, JAPAN

NATIONAL AEROSPACE LABORATORY, CHOFU, ToKYO 182, JAPAN



