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INFIX CONGRUENCES ON A FREE MONOID

C. M. REIS

Abstract. A congruence p on a free monoid X*  is said to be infix if each

class C of p satisfies u e C and xuy € C imply xy = 1 .

The main purpose of this paper is a characterization of commutative maxi-

mal infix congruences. These turn out to be congruences induced by homomor-

phisms t from X* to N° , the monoid of nonnegative integers under addition,

with T"1(0) = 1.

1. INTRODUCTION

Let X be a finite alphabet and X* the free monoid on X. A subset T

of X* is an infix code if u and xuy in T imply xy = 1. A congruence p

on X* is said to be infix (resp. f-disjunctive) if each p-class is an infix code

(resp. a finite infix code), /-disjunctive congruences, which form a subset of

the set of infix congruences, were introduced in [6] and it is, in part, the purpose

of this paper to further study these congruences within the broader context of

infix congruences. In addition, results analogous to those obtained in [6] for

/-disjunctive congruences will be proved for infix congruences.

In §2 we prove some general results on infix congruences. In particular we

show that the class of infix congruences is strictly larger than the class of /-

disjunctive congruences. We also prove that commutative infix congruences

are in fact /-disjunctive and that commutative maximal infix congruences are

cancellative.

A congruence p on X* = {ax ,a2, ... , an}* is said to be p-linear if there ex-

ist positive integers lx,l2, ... ,ln such that u = v(p) if and only if ¿Z"i=x l¿\u\a

= Y^i=xli\v\a , where |tt;|a denotes the number of occurrences of the letter a¡

in the word w . §3 is devoted to the characterization of commutative maximal

infix congruences. These turn out to be precisely the p-linear congruences.

Throughout this paper, R will denote the real numbers, Z the integers and

N the natural numbers. The length of a word w; e ^* will be denoted by \w\

while the syntactic congruence of a language L over X* will be denoted by

PL . Recall that PL is defined by u = v(PL) if, for all x , y E X*, xuy E L if

and only if xvy E L . A congruence p will be said to be principal if p = PL
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for some language L . If /: M —► T is a monoid homomorphism, then ker/

is the congruence defined by u = v(kerf) if f'u) = f(v).

As a general reference we recommend G. Lallement's book [5].

2. General results on infix congruences

In [6], it was shown that, given an /-disjunctive congruence p, there ex-

ists a principal /-disjunctive congruence PL with p < PL. Here we prove a

somewhat weaker result for infix congruences. Although the proof is similar,

we include it for the sake of completeness. We begin with a lemma.

Lemma 2.1. Let p be an infix congruence on X*. Then any nontrivial sub-

monoid M of X* meets infinitely many p-classes.

Proof. Suppose M meets only finitely many p-classes, say Wl,w2, ... ,W

where wj is the p-class of the word wtE M. Then {wx ,w2, ... ,wn} is a

submonoid of X*/p.  Hence, w., say, is idempotent, whence wj = wAp).

Since p is infix, w = 1. It follows that for each wi, w¡. = 1 for some k.

Hence w¡ — 1 for all i. Thus M is the trivial monoid, a contradiction.     D

Definition 2.2. A language L c X* is said to be dense if X*wX* nL/0 for

all tu 6 X*.

Theorem 2.3. Let p be an infix congruence. Then there exists a dense language

L such that p < PL and the restriction of p to L is PL .

Proof. Let Cx ,C2, ... be the classes of p, so numbered that m(C¡) <m(Cß

if / < j where m(C¡) = min{\w\\w E C(}. Let wx < w2 < ■■■ be a total

ordering of X+ , the free semigroup on X, and choose a certain subset of the

set of all p-classes as follows:

Choose Dx = Ci such that X*wxX* n Ci ¿ 0 and let ax = uxwxvx E Dx.

Choose D2 = Ci such that X*axw2X*nC¡2 ^ 0 and let a2 = u2axw2v2 E D2 .

Now, by Lemma 2.1, X*a2w^X* meets infinitely many p-classes; hence we

may choose £>3 = C( with X*a2wyX* n C¡ ^ 0 and \u2a2w2v2\ < m(D2).

Let a3 = uia2w3v} E Di . Having chosen D., 3 < j < n with a. E D¡, a^ =

UjCXj_xWjVj E Dj and \uj_xuj_2 ■ ■ ■ u2atj_xw2v2 ■ ■■wj_xvj_x\ < m(Dj), choose

D„,,=C¡     with X*aw„..X*r\C;    / 0 and I« u    . • --u2aw2v2 ■ ■•wnv\
n+\ i„+i n    n+\ i„+\  ' '   n   n—\ ¿nil n   n<

< m(Dn+x). Again, this can be done since X*anwn+xX* meets infinitely many

p-classes by Lemma 2.1. Let an+x = un+xanwn+xvn+x E Dn+X . Now set

L - U°l, Dj. Clearly p < PL since p saturates L and PL is the coarsest

congruence saturating L. We now show that Dr^Ds(PL) if r ^ s. Assuming

r < s, we have

as = ",",-. • • ■ Ur+larWr+lVr+l ' ' " WsVs € L

and thus (usus_x ■ ■ ■ ur+x , wr+xvr+x ■ ■ ■ wsvs) is a context of ar. Now

y = UsUs-l---Ur+lasWr+lVr+l—WsVs  *  Dj
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if j < s since a. is a proper factor of y for j < s and each D. is infix.

Moreover, \y\ < \usus_x ■ ■ ■u2asw2v2...wsvs\ < m(Dt) for all t > s by our

choice of the D,As. Hence y é L and Dr^D(P.) proving that the D,As are
J r S       L, J

/'¿-classes. By our construction, it is clear that L is dense.   D

Remark. This construction of L does not always yield an infix congruence PL .

Corollary 2.4. Let p be an infix, cancellative congruence on X*.   Then p is

principal.

Proof. Let L be as in Theorem 2.3 and let u = v(PL). Since L is dense, there

exist x,y E X* with xuy E L . But xuy = xuy(p) since the restriction of p

to L is PL . Since p is cancellative, u = v(p), whence p — PL.   D

It is tempting to conjecture that every infix congruence is /-disjunctive. The

following shows that this is not the case.

Example 2.5. Let w E X+, w — aj"' a22 ■ ■ ■ a™s where, for all i, mi > 0,

a( E X and ai ^ ai+x. Then the skeleton of w, denoted sk(t<;), is the word

axa2--as. Define sk(l) = 1. For w as above, let I(w) denote a™' and let

F(w) denote a™s. Set 1(1) = F(I) = 1. Now define a congruence p on X*

as follows:

u = v(p)   if I(u) — I(v), F(u) = F(v) and sk(w) = sk(v).

We prove that each p-class is infix. Let u = v(p). If u = 1, sk(u) = 1

whence v = 1 and thus [lh = {1}. If |sk(«)| = 1, then |sk(v)| = 1 and

since I(u) - I(v), it follows that u = v. If |sk(w)| = 2, since I(u) = I(v)

and F(u) = F(v), we have u = v. Thus assume | sk(«)| > 2. Then

u = bs;b---bs:,    v = bW...bt\bs;,

where all the exponents are positive, the b 's are letters of X and b¡ / bi+x

for all i. Suppose u = pvq. If p contains a letter other than bx, the skeleton

of v is changed, which is not possible. Hence p is a power of b{. But p

cannot be a positive power of bx since I(u) = I(v). Thus p = 1 . Similarly,

q = 1. Clearly p has infinitely many infinite classes and is therefore infix but

not /-disjunctive.

As a particular example of the above, let X = {a ,b} . Then the p-classes

are as follows:

(1) Singleton classes: [1]^,, [as]p, [bs]p, [asb')p, [b'as]p where 5 and /

are positive integers. (2) Classes of the following four types, all infinite:

(i) [a'(ba)sbJ]p, i,j,s positive;

(ii) [b'(ab)saJ]  , i.j.s positive;

(iii) [a'(ba)sbaJ] , i,j positive; s nonnegative;

(iv) [b'(ab)sabJ]  , i,j positive; s nonnegative.

We now consider maximal infix congruences and set the stage for a charac-

terization in §3 of commutative maximal infix congruences.
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Theorem 2.6. Let p be an infix congruence of X*. Then there exists a congru-

ence p containing p such that p is maximal subject to being infix.

Proof. Let &~ = {t | t is an infix congruence, x D p} and let {t(} be a chain

in &. Then (j t( is a congruence and if u = puq(\J t.) , then u = puq(x¡) for

some i, whence p = q - 1. Hence \J xt E SF. By Zorn, & has a maximal

element p.   D

Example 2.7. Referring back to Example 2.5 in the case X = {a ,b} it is easy

to show, though tedious, that the congruence p is maximal infix. For, suppose

that p is an infix congruence with p^ P ■ There are various cases to consider.

We check here only two cases to give the flavour of the other computations

necessary to establish the maximality of p.

Case (i). Suppose a'(ba)sbJ = a"(ba)1bv(p), i,j and 5 positive. Then

ba(ba)sba = ba(ba)' ba(p).

Hence (ba)s+ = (ba)'+ (p). Since p is infix, s = t and we have

a(ba)sbJ =au(ba)sbv(p).

Hence (ba)s+ b1 = (ba)s+ bv(p). Again, since p is infix, j = v. Similarly

i = u.

Case (ii). Suppose a'(ba)sbaJ = bu(ab)'abv(p) where i,j ,u and v are posi-

tive, s and t nonnegative.

Then aba(ba)sbaba = ab(ab)'aba(p). Hence (ab)s+ a = (ab)t+ a(p). Since

p is infix, 5 + 3 = t + 2. Thus al(ba)sbaJ = bu(ab)s+xabv(p). Therefore

ba(ba)sbaJ = bu+X(ab)s+Xabv(p)

and thus
b(ab)5+xaJ = bu+x(ab)s+xabv(p).

Hence
b(ab)s+xab = bu+x(ab)s+xabv+x(p).

This contradicts the fact that p is infix since u+1 and v + 1 are at least 2.   D

We remark that the congruence p above is not cancellative. For example

ab a = aba(p)   but ba ^ a(p).

This is in sharp contrast to the situation when the congruence is commutative

and maximal subject to being infix.

Theorem 2.8. Let p be a commutative congruence maximal subject to being

infix. Then p is cancellative.

Proof. Define a congruence p. on X* by u = v(p) if there exists w E X* with

wu = wv(p). Clearly p < p and p is a congruence which is cancellative. Sup-

pose now that u = xuy(p). Then there exists w E X* with wu = wxuy(p).
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Since p is commutative, uw = wuxy(p), thus proving that xy = 1 since p

is infix. Hence p is infix, whence p = p.   D

We now give an example of a class of commutative congruences which are

maximal infix. It will be seen in the next section that this class constitutes all

commutative maximal infix congruences.

Example 2.9. Let X - {ax ,a2, ... ,an} and let /, ,l2, ... ,ln be positive inte-

gers. Let \u\ denote the number of occurrences of a in the word u. Define a

congruence p by u = v(p) if ¿Zl¡\u\a. =¿Z^\v\a ■ P is in fact /-disjunctive

since the /( are all positive. It is clearly commutative and cancellative. Maxi-

mality will be proved in §3.

Definition 2.10. A congruence of the type described above will be called p-

linear.

Given two words u and v in X* we may ask under what conditions there

exists an infix congruence p such that u = v(p). Clearly a necessary condition

is that neither word be a factor of the other. That this is not sufficient is shown

by the following example.

Example 2.11. Let X = {a , b} , u = ababa, v = baba ba and let p be any

congruence with u = v(p). Thus

v  = babaabababaaba

= babababaababaaba(p)

= babababababaabaaba(p)

= babv aba(p)

showing that p is not infix.

At this writing, the author does not know of a necessary and sufficient con-

dition for two words u and v to be congruent modulo an infix congruence.

There is however a simple sufficient condition which we prove in Theorem 2.15

below.

Definition 2.12. On X* define the partial order < by u < v if u = uxu2 ■ ■ un ,

v = vxuxv2u2---unvn+x, uilViEX\

This partial order was studied in [3] by Haines. In particular, he proved that

any collection of elements in X* which are incomparable with respect to this

partial order must be finite.

Definition 2.13 [7]. A subset T of X* is a hypercode if T is a set of incom-

parable words relative to the partial order < .

Theorem 2.14. Let p be a commutative infix congruence on X*. Then each

p-class is a hypercode, whence p is f-disjunctive.

Proof. If uxu2--un = v xuxv2u2- ■ ■ unvn+x(p), then

uxu2--un = uxu2--unvxv2--vn+x(p).

Since p is infix, vxv2 ■ ■ ■ vn+x = 1 .   G
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Theorem 2.15. Let u and v be words of X+, u ^ v. Then there exists a

commutative, cancellative infix congruence with u = v(p) if and only if either

lui = \v\ or there exist letters a, ,a, E X with lui    > lui    and lui    < \v\   .
"iii st i   iflj       i   iflj i   la,       i   *at

Proof. Suppose p is a commutative, cancellative infix congruence with u =

v(p) and suppose. \u\ ^ \v\ with \u\ > \v\, say. Let |u|a = x¡, \v\a = yi for

all i. Then
xl    x2 X„ Vi     Vi y„ i    ,

ax a22---a;=ayxlay2---ayn"(p).

Since ¿Zxi > ¿Z y i > there exists s with xs > ys. If xi > yi for all i, by

cancellativity we would have

ax   y'a2      ■■■as      ■■■an   y" = l(p),

contradicting infixity of p. Hence there exists t with xt < yt. Conversely,

if \u\ = \v\, then the length congruence X defined by w = x(X) if \w\ = \x\

will do. Suppose now \u\ ^ \v\ and |u|flj > \v\a¡, \u\ai < \v\a¡. Again, letting

l"U = xi ' \v\a, = y i » let 5 = (i I x(. - y. > 0} and let T = {i \ xt - yi < 0} .

By hypothesis S ¿ 0 ^ T. Consider the nontrivial words Y\i€S a*'~y' and

Y\i€T ay'~x' (the order in which the ai appear is immaterial). Let xi - v( = s(.,

for all i e S , and let v. - x¡ = t¡ for all i E T. Let /, ,l2, ... , ln be positive

integers satisfying ¿Zi€S 1^, — ¿,er ',-',- • Then for some permutation n of

1,2,...,« the p-linear congruence p defined by w = x(p) if X]/n{/)|w|a =

^^(iil^la, is the required congruence identifying u and u.   D

3.  A CHARACTERIZATION OF COMMUTATIVE, MAXIMAL INFIX CONGRUENCES

It is the purpose of this section to prove that the commutative maximal infix

congruences are precisely the p-linear congruences defined in 2.10. We begin

by proving the easier half of this result.

Theorem 3.1. Every p-linear congruence p of X* is maximal infix.

Proof. Let X = {ax ,a2, ... ,an} and let /, ,l2, ... ,ln be n positive integers.

Let p be the p-linear congruence defined by u = v(p) if Y/l¡\u\a =X^,Ma •

Let p be a maximal infix congruence with p > p. By Theorem 2.8, p is

cancellative. Since p > p, there exist v ,w E X* with v = w(p) but v ^

w(p). Let v = a",a22 ---a"", w = axxa2   •aXñ. Since v ¿w(p), lxxx+l2x2 +

—*~Lxn ^ lxux+l2u2-\-\-lnun. Assume w.l.o.g. that /,x, -r-/2x2-l-h/nxn >

/,u, +-^Kun- Since akx'2 = ak2 (p) for all positive integers k,

Xi+kl,    Xi X„ U¡     W|+«2     «3 ui /     \
a\ a2 an   -a\ai al     -an 0*)

for all k. We may thus assume w.l.o.g. that xx > u, . Similarly, since a23 =

a32(p) for all positive k ,

Xi   Xi+kli   x-t x„ U\    ui   ui+kli u„,   ,
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for all k . Thus, again, we may assume that x, > u, , x2 > u2. Continuing in

this fashion, we may assume that x¡> u¡, i - I ,2, ... ,n- I. If xn>un,

U\     U-i U„ X\— U\     X1 — U2 X„ — U„ U¡     «2 U„ ,     ,
aia2-an'ai a2 --"n = ÜX «2   ' ' ' ün  00

contradicting the fact that p is infix. Thus assume that xn < un. Since p is

cancellative we have

ax>-»'a?-"2 ■ ■•a*-,1"""-' = an"'x"(p)

where lx(xx -«,) + ••• + /„_,(*„_, - «„_,) > /„(«„ - ■*„) • Let 5,. = xt - u,,

1 = 1,2,...,«—1, s„ = u„ - x„. Then we have
'     n n n

a*a2 ■ ■ ■ a"Z\ = a"(p)   with lxsx + ••• + /„-xsn_, > /„J„.

Now

Thus

But

whence

al^ = afSi(p),       1 = 1,2.«-1,

/„i| l„S2 lnSn-\ J\S\+hSlA-\-l„-\S„-X,    v
al      "a2       ""n-1     — "n vMJ-

fl1"flJJi--«ÍÍT,saJ*'^),

/|íl+/2Í2+-+^-|ín-l   _   J"S"(..\
ln — Un     {ri •

But /¡s, + /252 + • • • + ln_xsn_x > lnsn , contradicting the fact that p is infix.

Hence p is maximal infix.   D

Remark. If p is commutative, cancellative and infix, then p is not necessarily

maximal infix. For example, the congruence p defined by u = v(p) if |u|a. =

\v\a, for all <a/ el is clearly commutative, cancellative and infix but p < X, X

the length congruence.

To prove that every commutative maximal congruence is p-linear, we need

several lemmas, some involving ideas from linear topological spaces.

We start with the following simple lemma.

Lemma 3.2. Let p be a commutative cancellative congruence on X*. Then p

is infix if and only if [ 1 ]   = {1} .

Proof. The necessity is clear. Assume that [1] = {1}. If u = xuy(p), then, by

commutativity, u = uxy(p), whence xy = l(p) by cancellativity. Therefore

xy = 1 and p is infix.   D

We now start proving a series of results which properly belong to functional

analysis. We refer the reader to [4] for a more general discussion.

Definition 3.3. (a) Let R denote the real numbers. A cone C is a subset of R"

such that (i) C + C c C ; (ii) aC c C for all nonnegative real numbers a .

(b) Let a G R", a / 0. The set of vectors y such that a • y > 0 is called a

half-space. Here " • " denotes the usual dot product.
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Lemma 3.4 [4]. Let C be a cone of R" , C ¿ R" . Then C is contained in a

half-space.

Proof. We may assume w.l.o.g. that the interior C° of C is not empty. Choose

£ 6 C°. If -<* € C, then 0 = £ + (-{) g C° since translation by -£ is a

homeomorphism. Jhus an open neighbourhood of 0 is contained in C . But

since aC c C for all nonnegative real numbers a, it follows that C = R",

a contradiction. Therefore -<* £ C. Applying Zorn's Lemma, there exists a

cone Af maximal subject to -<* <£ A/ and £ G M°. Now let a £ M. Then

by the maximality of M, -Ç e M + sp+{a} where sp+{T} denotes the set of

all linear combinations of vectors of T with nonnegative coefficients. Hence

-t] = p + ba, pEM, b>0. Therefore -a = (l/¿>)(¿ + ß) ■ Since { G M0

and both translation by p and multiplication by l/b are homeomorphisms it

follows that -a G M° . Thus

R" = (M U -M°) n (-M U M°) = (Mn (-M)) U A/° U -A/0.

We prove that Afn(-Af), A/0 and -Af° are mutually disjoint and that A/n

(-A/) is a hyperplane, i.e., a subspace of dimension « - 1 . Let a E Mn-M .

Then a E M and -a E M , showing that 0 G M , whence, as before M =

R", a contradiction. Therefore Mn-M — 0 and consequently -MnM =

0. Hence the three sets Mn-M, M° and -M are disjoint. Clearly Mn-M

is a subspace. We show that it is a hyperplane by proving that each a G R" is a

linear combination of ¿j and some element of Mn(-M). Let a E -M . Then

{t | ta + (1 - t)Ç G M0} and {t \ ta + (1 - t)£, G -M0} are nonintersecting sets,

open in [0,1] and which do not cover [0,1] since [0,1] is connected. Hence

there exists t0 with 0 < t0 < 1 such that tQa + ( 1 - t0)c¡ £ M° u - M ° . Hence

í0q + (1 - t0)Z EMn (-M) since R"=Mn (-M) UM°U -A/0 . Therefore,

a is a linear combination of the fixed vector c; and a vector of M n (-A/). If

a G A/0 , -a G -A/0 and again -a , and thus a , is a linear combination of

c\ and an element of M n -A/ . Hence Af n -A/ is indeed a hyperplane and

C lies in the half-space M.   o

Definition 3.5. Let a, ,a2.ak  be vectors of R"  and let 5  be a subset

of R containing 0. We shall say that the set {a, , a2, ... , ak} of vectors has

property P with respect to S if the following holds: Z)C,Q, = 0 and c, e ^

for all i imply c( = 0 for all i.

Corollary 3.6. Let {ax ,a2, ... ,ak) be a set of vectors of R" having property

P with respect to R+ , where R+ denotes the nonnegative real numbers. Then

there exists a nonzero vector a such that a- ai >0 for all i.

Proof.   C = sp+{a, ,a2.ak}  is a cone.   If ß  and  -ß E C, then ß =

£¿>,a,, -ß - 5Z^,'Q,. with b¡ and b\ nonnegative. Thus 0 = X)(¿>,- + b'j)a¡

whence b + b' = 0 for all i. Since ¿>( and b¡ are nonnegative for all i, it
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follows that bl = b\ = 0 for all i. Hence, for all y E C, y ¿ 0, -y <£

C showing that C / R". By Lemma 3.4, C is contained in a half-space

determined by the hyperplane a ■ t% = 0. By choosing a with the appropriate

sign, we may assume a ■ a. > 0 for all /.    D

Corollary 3.7. Let {a, ,a2, ... ,ak} be vectors of R" with property P with

respect to R+ . Then there exists a vector ß such that ß •a¡ > 0 for all i.

Proof. By the previous result, there exists a ^ 0 with a • a( > 0 for all /. Let

ß be a vector with ß • a¡ > 0 for the largest number of a( 's. Let S be the set

of those a; with /? • a( > 0 and T the set of those a; with ß • a¡ = 0 (note

that 5" could be 0 ). Let V = sp{a( | q( g T}. Then dim V = t < n - 1. By

the previous result, there exists a hyperplane H of V with T contained in the

half-space determined by H. Now H = HnV where H is a hyperplane of R*

given by y ■ Ç - 0, say. Clearly T lies on one side of H and we may assume

y-a,. > 0 for all a;. G 7\ If y-a¡ = 0 for all a, G 7\ V = sp{a(. | a(. G T} c tf,

whence V = H nV — H, a contradiction. Thus y • a. > 0 for some a( G 7\

By multiplying y by a suitable positive scalar we may assume ||y|| < /?-a./||a;||

for all a¡ E S. (Here, || || denotes the usual Euclidean norm). Consider now

ß + y. If a( G T, (ß + y) ■ a/■ - ß • a(. + y • a(. = y • a. and if a(. G S,

(ß + y) •a¡ = ß • a; + y • a,. But by the Cauchy-Schwarz inequality,

\yai\<\\y\\\\ai\\<ß-ai/\\ai\\-\\ai\\ = ß-ai.

Hence if a¡ES, (ß + y)-a¡ = ß ■ai + y-ai>Q. But for at least one a. e 7,

/? • a. > 0, whence (ß + y)aj > 0. The maximality of 5 is thus contradicted

proving that ß ■ a¡ > 0 for all i.   o

Corollary 3.8. Given vectors ax ,a2, ... ,ak in Z" with property P with respect

to N , then there exists a vector «eZ   such that a ■ a > 0 for all i.i        j

Proof. We first need to show that property P with respect to N implies prop-

erty P with respect to R+ . Suppose by way of contradiction that this is not the

case. We may assume w.l.o.g. that there exist real numbers r¡, i = I ,2 , ... ,k ,
t,

all nonzero, such that J2 r¡aj = 0. Define a linear transformation T: R —►

sp{a, ,a2.q^} by T:(cx ,c2, ... ,ck) -» ¿Zi=x cia¡. The kernel of T has

a basis ßx,ß2.ßs where ß{ E Zk . Let (rx,r2.rk) = ¿Z M< and let

N((rx ,r2, ... ,rk);ö) be a neighbourhood of (r¡ ,r2.rk) of radius S > 0

such that N((rx ,r2, ... ,rk);S) E {(xx ,x2, ... ,xk) \xt> 0} . Choose rationals

pi/qi so that |p./9).- b¡\ < S/EWßjW f«r all i. Then

(rt.r2.r„) - ^WWil = \\T,V>i ~ PJWi
<E\b,-pJaM\ß,\\<o-

Hence

r = E^//fl/)^ € ^((ri -r2.rk)'¿) C {(*! >X2.Xk)\xt > 0}
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But y G ker T and y has positive rational coordinates. Therefore some posi-

tive multiple of y, say (cx ,c2, ... ,ck), has positive integral coordinates. But

¿Z,ciai = 0, a contradiction. Therefore sp+{a1 ,a2, ... ,ak} has the property

in the hypothesis of Corollary 3.7. Hence, by Corollary 3.7, there exists ß E R"

with ß • at > 0 for all i. But, by continuity of the dot product, there exists a

vector a with rational coordinates such that a' •aj > 0 for all i. Multiplying

a1 by a suitable positive integer yields a vector a e Z" with a ■ aJ. > 0 for all

/'.   □

The next theorem is the cornerstone of the proof that each commutative

maximal infix congruence is p-linear.

Theorem 3.9. Let M — (mx ,m2, ... , mk) be a finitely generated cancellative,

commutative monoid with trivial group of units. Then there exists a homomor-

phism x'. M —* N   given by

k

x: Y\(m(¡') ~~* E hci '       h P°sitive integers.
7=1

Proof. Let G be the group of fractions of M.   Then G is generated, qua
a

group, by ml ,m2, ... ,mk. Thus G « T © Z" where k > n, T is a finite

abelian group and n > 1  since M is aperiodic.  Let <p(m¡) - (t¡ ,a¡), i =

I ,2, ... ,k. Suppose that £*=1 cja¡ = 0, c, G N° and let p G N with pT =

(0). Then <p(J[mc¡p) — (0, 2~2Pcia¡) = (0,0). Since <p is injective, it follows

that fi m<¡iP - 1 • But since the group of units of M is trivial, we have c^p = 0

for all i and thus ci = 0 for all i. Letting n denote the projection of G

onto Z" , the mapping ip = ntp \ M is a monoid homomorphism of M to

Z" . Let V = {2~2¡=i c¡a¡ \ci E N0} . We now prove that there exists a monoid

homomorphism t:F-»N° given by t(£/=i c,a,) = H;=i ^c, where the /; are

positive integers. Since {£/=i r,«,-1 r; G R} = R" , we may assume w.l.o.g. that

{a,, q2 , ... , an} forms a basis. Let a^ = 5Z"=1 bjiai, for all j, j > n+1 where

the 6.. are rational since the a's are all in Z" . Let p\ = (6., ,bj2, ... , bjn),

j > « + 1. We now show that the system of inequalities ßj • c¡ > 0, j >

n + 1, has a solultion t = (px , p2, ... , pn) where each p( is a positive integer.

Let ^,  i = 1 ,2,...,«, be the standard basis of R"  and consider the set

{*1.«2.K-ßn+l.ßk}-l*tCl*l+C2g'2 + - + C&+CH+lß*+l+- +

ckßk = 0, c, G N°. Then ci + E¡í=n+i c;¿»;, = 0 for i = 1,2.« . Now

fc n A:        n

i=l i=l j=n+l ¡=1

= E^+ Eca)q, = °-
,=1   v j=„+i '
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Hence c( = 0 for all i,  1 < i < k, since {ax,a2, ... ,ak} has property P

with respect to N° .  Thus the set of vectors {%x , JP2 , ... , %n , ßn+x.ßk}

has property P with respect to N . By Corollary 3.8, there exists a vector

X = (qx , q2, ... , qn) E Zn such that X • g. > 0 for all i, 1 < i < k, and

¿T • ßj > 0 for all j, n + l <j <k. Since %f ■ ̂ = qx,, it follows that all the qi

are positive integers. Since %? • /? is rational for all j , an appropriate positive

integral multiple, say (p, , p2, ... , pn), of %? is such that (px ,P2, ■■■ ,P„)-ßj

is a positive integer for all j. Now define a linear transformation F: R" —» R by

setting r^,.) = p,., i = 1,2.« . Then T(a}) = (p, , p2, ... , pn) ■ ß} G N

for 7 > n +1 . Hence the restriction t of T to F is a monoid homomorphism

from V to N° . Let x — xx¥ ■ Then
n k

X(nmcl) = £Pfi + E [(^i 'Pi.Pn)'ßj\cj■
7=1 7 = 71+1

Hence, setting /, = P(, 1 = 1,2,...,«, and /. = (p,, ... ,pn)-ßr j > n + 1,

we have that the /( are positive integers and ^(fl mf) = S,=i ^,- •   n

We are now able to prove the result we have been aiming for.

Theorem 3.10. Let p be a commutative maximal infix congruence on

X* = {ax ,a2, ... ,an}*. Then p is p-linear.

Proof. By Theorem 2.8, X* /p is cancellative. Also, since p is infix, the group

of units is trivial. By the preceding theorem, there exists a homomorphism

X'.X* /p —>■ N° given by xdltf) - H^c, where the /( are positive integers and

ai is the /¿-class of ai. Let v:X* —* X*/p be the quotient homomorphism.

Then ker^zv > p and ker/i/ is cancellative. But since [l]kerjfl, = {1}, by

Lemma 3.2, ker^u is infix. Hence ker;^ = p by maximality of p. Thus

ax'ax22 ■ ■ • ax" = a"'a\2 ■■■au;(p) if and only if

Xu(ax'a22-an ) = xv{axa22 ■ ■-an )

i.e., if and only if
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