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INFIX CONGRUENCES ON A FREE MONOID

C. M. REIS

ABSTRACT. A congruence p on a free monoid X* is said to be infix if each
class C of p satisfies u € C and xuy € C imply xy =1.

The main purpose of this paper is a characterization of commutative maxi-
mal infix congruences. These turn out to be congruences induced by homomor-
phisms 7 from X* to NO, the monoid of nonnegative integers under addition,
with t=1(0) = 1.

1. INTRODUCTION

Let X be a finite alphabet and X" the free monoid on X . A subset T
of X* is an infix code if u and xuy in T imply xy = 1. A congruence p
on X" is said to be infix (resp. f-disjunctive) if each p-class is an infix code
(resp. a finite infix code). f-disjunctive congruences, which form a subset of
the set of infix congruences, were introduced in [6] and it is, in part, the purpose
of this paper to further study these congruences within the broader context of
infix congruences. In addition, results analogous to those obtained in [6] for
f-disjunctive congruences will be proved for infix congruences.

In §2 we prove some general results on infix congruences. In particular we
show that the class of infix congruences is strictly larger than the class of f-
disjunctive congruences. We also prove that commutative infix congruences
are in fact f-disjunctive and that commutative maximal infix congruences are
cancellative.

A congruence p on X' ={a, .,a,,...,a,}" issaidtobe p-linear if there ex-
ist positive integers /,,/,, ... [, such that u =v(p) if and only if Zl : l|u|
=3, l|vl,, , where |w|, denotes the number of occurrences of the letter q;

in the word w . §3 is devoted to the characterization of commutative max1mal
infix congruences. These turn out to be precisely the p-linear congruences.
Throughout this paper, R will denote the real numbers, Z the integers and
N the natural numbers. The length of a word w € X" will be denoted by |w|
while the syntactic congruence of a language L over X~ will be denoted by
P, . Recall that P, is defined by u =v(P,) if, forall x,y € X", xuy € L if
and only if xvy € L. A congruence p will be said to be principal if p = P,
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728 C. M. REIS

for some language L. If f:M — T is a monoid homomorphism, then ker f
is the congruence defined by u = v(ker f) if f(u) = f(v).
As a general reference we recommend G. Lallement’s book [5].

2. GENERAL RESULTS ON INFIX CONGRUENCES

In [6], it was shown that, given an f-disjunctive congruence p, there ex-
ists a principal f-disjunctive congruence P, with p < P, . Here we prove a
somewhat weaker result for infix congruences. Although the proof is similar,
we include it for the sake of completeness. We begin with a lemma.

Lemma 2.1. Let p be an infix congruence on X*. Then any nontrivial sub-
monoid M of X" meets infinitely many p-classes.

Proof. Suppose M meets only finitely many p-classes, say w,,w,, ..., W,

where W, is the p-class of the word w, € M. Then {w, ,®@,,...,w,} isa
submonoid of X*/p. Hence, w j> Say, is idempotent, whence wf =w j(p).

Since p is infix, w =11t follows that for each w,, sz =1 for some k.
Hence w; =1 forall i. Thus M is the trivial monoid, a contradiction. O

Definition 2.2. A language L C X" is said to be dense if X*wX* NL # @& for
all we X*.

Theorem 2.3. Let p be an infix congruence. Then there exists a dense language
L such that p < P, and the restriction of p to L is P, .

Proof. Let C,,C,, ... be the classes of p, so numbered that m(C;) < m(C;)
if i < j where m(C,) = min{|w||w € C;}. Let w;, < w, < --- be a total
ordering of X", the free semigroup on X, and choose a certain subset of the
set of all p-classes as follows:

Choose D, = C; such that X"w, X" NC,; #J and let o) = u,w,v, €D,.
Choose D, = C, such that X' w,X"NC, #2 andlet a, = u)a,w,v, €D,.
Now, by Lemma 2.1, X" a,w,X" meets infinitely many p-classes; hence we
may choose D; = C, with X'a,ws X" NC, # @ and |uya,w,v,| < m(Dy).
Let a; = u;a,w,v; € Dy. Having chosen Dj , 3<j<n with a; € Dj ,
ujo W, eD and |uj 1M 2 uzaj_lw2v2~-wj_lvj_l| <m(Dj),choose
D, = C,.”+I w1th X anwnHX nCim #@ and |u,u, |- U0, W0, W, |
<m(D,,,). Again, this can be done since X a,w,, X" meets infinitely many

p-classes by Lemma 2.1. Let Xy = U, oW, Y, € Dn+l Now set
L=U% = lD Clearly p < P, since p saturates L and P, is the coarsest
congruence saturating L. We now show that D, # D (P,) if r # 5. Assuming
r< s, we have

ag=uUl_ U W U WU E L

and thus (v u _ ---u w,, v, W) is a context of a,. Now

r+17’ r+l17r+1

y=u U oW Uy W ¢ Dj
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if j <s since a i is a proper factor of y for j < s and each Dj is infix.
Moreover, |y| < |uu,_, - -u,aw,v,... wv | < m(D,) forall > s by our
choice of the DJ. ’s. Hence y ¢ L and D, # D (P,) proving that the D; ’s are
P, -classes. By our construction, it is clear that L is dense. O

Remark. This construction of L does not always yield an infix congruence P, .

Corollary 2.4. Let p be an infix, cancellative congruence on X*. Then p is
principal.

Proof. Let L be as in Theorem 2.3 and let u = v(P,). Since L is dense, there
exist x,y € X" with xuy € L. But xuy = xuy(p) since the restriction of p
to L is P, . Since p is cancellative, u = v(p), whence p=P,. O

It is tempting to conjecture that every infix congruence is f-disjunctive. The
following shows that this is not the case.

ms

Example 2.5. Let w € X', w = a;"'a;"2-~-as where, for all i, m; > 0,
a,€ X and a; # a,,. Then the skeleton of w, denoted sk(w), is the word
a,a,---a;. Define sk(1) = 1. For w as above, let I(w) denote a;"‘ and let
F(w) denote a;"‘. Set I(1) = F(1) = 1. Now define a congruence p on X"
as follows:

u=v(p) if I(u)=1(v), F(u) = F(v) and sk(u) = sk(v).

We prove that each p-class is infix. Let u = v(p). If u =1, sk(v) =1
whence v = 1 and thus [1], = {1}. If |sk(u)| = 1, then |sk(v)| =1 and
since I(u) = I(v), it follows that u = v. If |sk(u)| = 2, since I(u) = I(v)
and F(u) = F(v), we have u =v . Thus assume |sk(x)| > 2. Then

u=>b'by b’ v=>5]'b}- b lb"

n’ n—=1%n
where all the exponents are positive, the b’s are letters of X and b; # b, ,
for all i. Suppose u = pvg. If p contains a letter other than b, , the skeleton
of v is changed, which is not possible. Hence p is a power of b,. But p
cannot be a positive power of b, since I(u) = I(v). Thus p = 1. Similarly,
g = 1. Clearly p has infinitely many infinite classes and is therefore infix but
not f-disjunctive.

As a particular example of the above, let X = {a,b}. Then the p-classes
are as follows:

(1) Singleton classes: [1],, [a’],J , [b’]p , [a’b']p , [b'as]p where s and ¢
are positive integers. (2) Classes of the following four types, all infinite:

(i) [a'(ba)'d],,

(ii) [6'(ab)’d’],, i,j,s positive;

(iii) [a'(ba)'ba’],,

(iv) [b'(ab)’ab’] ,» 1.J positive; s nonnegative.

We now consider maximal infix congruences and set the stage for a charac-
terization in §3 of commutative maximal infix congruences.

i,j,s positive;

i,j positive; s nonnegative;
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Theorem 2.6. Let p be an infix congruence of X" . Then there exists a congru-
ence u containing p such that u is maximal subject to being infix.

Proof. Let & = {t|7 is an infix congruence, t O p} and let {t,} be a chain
in & . Then {Jt, is a congruence and if u = puq(lJ7,), then u = puq(z,) for
some i, whence p =g = 1. Hence |J7, € ¥ . By Zorn, & has a maximal
element . O

Example 2.7. Referring back to Example 2.5 in the case X = {a, b} it is easy
to show, though tedious, that the congruence p is maximal infix. For, suppose
that u is an infix congruence with u 2 p. There are various cases to consider.
We check here only two cases to give the flavour of the other computations
necessary to establish the maximality of p.

Case (i). Suppose a'(ba)’b’ = a“(ba)'b"(n), i,j and s positive. Then
ba(ba)*ba = ba(ba)'ba(y).
Hence (ba)**? = (ba)'**(u). Since u is infix, s = and we have
a'(ba)’b’ = a"(ba)’b" ().
Hence (ba)**'b’ = (ba)**'b"(u). Again, since u is infix, j = v. Similarly
i=u.

Case (ii). Suppose a'(ba)'ba’ = b“(ab)'ab’(u) where i,j,u and v are posi-
tive, s and ¢ nonnegative.

Then aba(ba)’ baba = ab(ab)" aba(,u) Hence (ab)*3a = (ab)**a(y) . Since
i isinfix, s+ 3 =1¢+2. Thus a'(ba)’ba’ = b*(ab)**'ab’ (). Therefore
ba(ba)’ba’ = b"*' (ab)’*'ab’ (n)
and thus ,
b(ab)*'a’ = b*  (ab) T ab (u).

Hence
b(ab)“'ab = bu+|(ab)s+labv+l(ﬂ).

This contradicts the fact that u is infix since u+1 and v+1 areatleast 2. O

We remark that the congruence p above is not cancellative. For example
ab’a = aba(p) but ba # a(p).

This is in sharp contrast to the situation when the congruence is commutative
and maximal subject to being infix.

Theorem 2.8. Let u be a commutative congruence maximal subject to being
infix. Then u is cancellative.

Proof. Define a congruence 4 on X* by u=wv(fi) if there exists w € X~ with
wu = wv(u). Clearly u < i and [ is a congruence which is cancellative. Sup-
pose now that u = xuy(fi). Then there exists w € X~ with wu = wxuy(u).
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Since u is commutative, uw = wuxy(u), thus proving that xy = 1 since u
is infix. Hence [ is infix, whence u=u. O

We now give an example of a class of commutative congruences which are
maximal infix. It will be seen in the next section that this class constitutes all
commutative maximal infix congruences.

Example 2.9. Let X = {a,,a,,...,a,} andlet [, ,I,, ... [ be positive inte-
gers. Let [u|, denote the number of occurrences of a; in the word u. Define a
congruence p by u=v(p) if 3 [|ul, =3 [|v|, . p isin fact f-disjunctive
since the /; are all positive. It is clearly commutative and cancellative. Maxi-
mality will be proved in §3.

Definition 2.10. A congruence of the type described above will be called p-
linear.

Given two words # and v in X we may ask under what conditions there
exists an infix congruence p such that u = v(p). Clearly a necessary condition
is that neither word be a factor of the other. That this is not sufficient is shown
by the following example.

Example 2.11. Let X = {a,b}, u = ababa, v = baba*ba and let p be any
congruence with u = v(p). Thus

v = babaabababaaba
= babababaababaaba(p)
= babababababaabaaba(p)

= babvzaba( p)
showing that p is not infix.

At this writing, the author does not know of a necessary and sufficient con-
dition for two words ¥ and v to be congruent modulo an infix congruence.
There is however a simple sufficient condition which we prove in Theorem 2.15
below.

Definition 2.12. On X" define the partial order < by u <v if u=uu,---u
V=0U0Uy UV, s U,V € X

This partial order was studied in [3] by Haines. In particular, he proved that
any collection of elements in X* which are incomparable with respect to this

partial order must be finite.

Definition 2.13 [7]. A subset T of X~ is a hypercode if T is a set of incom-
parable words relative to the partial order <.

n’

Theorem 2.14. Let p be a commutative infix congruence on X" . Then each
p-class is a hypercode, whence p is f-disjunctive.

Proof. If wu,---u, =vuvyu, --u,v,  (p),then
Uy U, = uluz---unvlv2~-~vn+|(p).

Since p isinfix, vv,---v,,,=1. O

n
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Theorem 2.15. Let u and v be words of X, u # v. Then there exists a
commutative, cancellative infix congruence with u = v(p) if and only if either
|ul = [v| or there exist letters a_,a, € X with |u|, > |v|, and |u|, <|v],

Proof. Suppose p is a commutative, cancellative infix congruence with u =
v(p) and suppose. [u| # [v| with [u| > |v|, say. Let |u|, =x;, [v|, =y, for
all /. Then

X) Xn __ V1 _Y2 Yn
a a2 ea)=apay ca, (p).

Since Y- x;, > > y,, there exists s with x, > y . If x, > y, forall i, by
cancellativity we would have

X1=Y1 X2—)2 Xs— . Xn=Yn _
a; a, @t @ " =1(p),

s n

contradicting infixity of p. Hence there exists ¢ with x, < y,. Conversely,
if |u| = |v|, then the length congruence A defined by w = x(4) if |w| = |x|
will do. Suppose now |u| # |v| and |u|, > |v|, , |u|, < |v]|, . Again, letting
|ul,, s |vl, —y,,letS_{z|x—y > 0} andlet T—{zlx—y < 0}.

By hypothe51s S # & # T . Consider the nontrivial words H,es ; Y and

[lier a ' (the order in which the a, appear is immaterial). Let x, -y, =s,,
for all teS and let y, — x;, = ¢, forall ieT.Let !l L,... [, bepositive
integers satisfying E:es S = z:eT l;t;. Then for some permutation 7 of
1,2, ...,n the p-linear congruence p defined by w = x(p) if Zln(i)|w|a’ =

2 lyiyxl,, 1is the required congruence identifying ¥ and v. O

3. A CHARACTERIZATION OF COMMUTATIVE, MAXIMAL INFIX CONGRUENCES

It is the purpose of this section to prove that the commutative maximal infix
congruences are precisely the p-linear congruences defined in 2.10. We begin
by proving the easier half of this result.

Theorem 3.1. Every p-linear congruence p of X" is maximal infix.

Proof. Let X ={a, ,a,,...,a,} andlet [, ,[,,... [ be n positive integers.
Let p be the p-linear congruence defined by u =v(p) if - [|ul, =31 |v|,

Let x4 be a maximal infix congruence with x4 > p. By Theorem 2.8, u is
cancellative. Since u > p, there exist v,w € X* with v = w(u) but v #
w(p). Let v=a{"ay’--a,", w=aj'ay ---a," . Since v #£w(p), |, x,+L,x,+
w4l x, #Lu +Luy+---+1u, . Assume w.lo.g. that [\ x, +Lx,+ -+, x, >

Liu +---+1u, . Since ak[2 = aé‘l'( ) for all positive integers k,
x| +kly Xn uy, _kli+uy; us Un
a; a2 ea)" =a; a, a,”---a," (1)

for all k. We may thus assume w.l.o.g. that x; > u, . Similarly, since a;‘"

ag‘lz(u) for all positive k,

x2+kl3 Uy up u3+k12 Un
aI 'a, a3 a)" =a; a, a, —a," (@)
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for all k. Thus, again, we may assume that x, > u,, x, > u,. Continuing in

this fashion, we may assume that x, >u,, i=1,2,... ,n—-1.If x, >u,,
uy ux Un Xy —uyp Xa—Uy Xn—Un __ U U Un
a‘a,---a,-a; " a, ea, =a,a,  --a, (4

contradicting the fact that u is infix. Thus assume that x, < u,. Since 4 is
cancellative we have

afn—ulagz-uz . _a:n_—ll—un—l = a:n_xn (#)
where [,(x, —u,)+ -+ _(x,_,—u,_) > 1, (u,—x,). Let s, = x;, —u;,
i=1,2,...,n-1,s, =u,—x,. Then we have
al'ay---a' " =a"(u) withls +---+1 s, >1s,.

Now l;s;i Ins; .

a, =a""'(u), i=1,2,...,n-1.
Thus

i"s' .a;"sz... ininl—l = a:lsl+1252+“'+1n—13n—l(#).
But Insy s InSn— Ins

ln Iaznln. nn_nl 1 Ea”nn( )’

whence

afllsl+1252+"'+1n—lsn—l = aflnsn (#) .
But /;s, +L,s,+---+1 s, | > Is,, contradicting the fact that u is infix.
Hence p is maximal infix. O

Remark. If p is commutative, cancellative and infix, then p is not necessarily
maximal infix. For example, the congruence p defined by u = v(p) if |y| 4=
|v|a'_ forall a, € X is clearly commutative, cancellative and infix but p <4, 4
the length congruence.

To prove that every commutative maximal congruence is p-linear, we need
several lemmas, some involving ideas from linear topological spaces.

We start with the following simple lemma.

Lemma 3.2. Let p be a commutative cancellative congruence on X . Then p
is infix if and only if (11, = {1}.
Proof. The necessity is clear. Assume that [1] )= {1}. If u = xuy(p), then, by

commutativity, ¥ = uxy(p), whence xy = 1(p) by cancellativity. Therefore
xy =1 and p isinfix. O

We now start proving a series of results which properly belong to functional
analysis. We refer the reader to [4] for a more general discussion.

Definition 3.3. (a) Let R denote the real numbers. A cone C is a subset of R”
such that (i) C + C c C; (ii) aC c C for all nonnegative real numbers a.

(b) Let a € R", a # 0. The set of vectors y such that a-y > 0 is called a
half-space. Here “-” denotes the usual dot product.
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Lemma 3.4 [4]. Let C be a cone of R", C # R". Then C is contained in a
half-space.

Proof. We may assume w.l.o.g. that the interior C° of C isnot empty. Choose
& e cl. It —£e€C,then 0 =¢+(-¢) € C° since translation by —¢ isa
homeomorphism. Thus an open neighbourhood of 0 is contained in C. But
since aC c C for all nonnegative real numbers a, it follows that C = R",
a contradiction. Therefore —¢ ¢ C. Applying Zorn’s Lemma, there exists a
cone M maximal subject to —¢ ¢ M and & € M°. Now let a ¢ M. Then
by the maximality of M, —€ € M +sp*{a} where sp"{T} denotes the set of
all linear combinations of vectors of 7" with nonnegative coefficients. Hence
—E=p+ba, ue€ M, b>0. Therefore —a = (1/b)(& + u). Since & € M°
and both translation by x4 and multiplication by 1/b are homeomorphisms it
follows that —a € M°. Thus

R'=MUu-MYn(-MuM®) = Mn(-M)uM’u-M°

We prove that M N(-M), M % and —M° are mutually disjoint and that M N
(=M) is a hyperplane, i.e., a subspace of dimension n—1. Let ae MN-M 0
Then a € M and —ae M 0 , showing that 0 € M° , whence, as before M =
R", a contradiction. Therefore M N—-M =2 and consequently —M NM 0=
@ . Hence the three sets MN—M , M® and —M 0 are disjoint. Clearly MNn-M
is a subspace. We show that it is a hyperplane by proving that each o« € R" isa
linear combination of ¢ and some element of MN(—M). Let a € - M % Then
{t|ta+ (1 -t) € MO} and {t|ta+(1-t) € MO} are nonintersecting sets,
open in [0, 1] and which do not cover [0, 1] since [0, 1] is connected Hence
there exists ¢, with 0 < ¢, < 1 such that fya+ (1 —£,)¢ ¢ M°U-M°. Hence
oo+ (1 - zo)c € M N (~M) since R" = M n(-M)uU M° U —M°. Therefore,
a is a linear combination of the fixed vector ¢ and a vector of M N(—M). If
aeM° , —a € -M % and again —a, and thus «a, is a linear combination of
¢ and an element of M N —M . Hence M N —M is indeed a hyperplane and
C lies in the half-space M. O

Definition 3.5. Let o, ,,, ..., o, be vectors of R” and let S be a subset
of R containing 0. We shall say that the set {a,,a,, ... ,a,} of vectors has
property P with respect to S if the following holds: ) c,a;, =0 and ¢, € S
forall i imply ¢, =0 forall /.

Corollary 3.6. Let {a,,a,, ... ,a,} be a set of vectors of R" having property
P with respect to R*, where R" denotes the nonnegative real numbers. Then
there exists a nonzero vector o such that o-a, >0 forall i.

Proof. C = sp*{a,.a,, ... .0, } isacone. If g and —f € C, then f =
Y ba,, —f =Y bla,, with b, and b/ nonnegative. Thus 0 = 3(b, + b)),
whence b, + b; = 0 for all /. Since b, and b; are nonnegative for all 7, it
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follows that b, = b; = 0 for all i. Hence, forall ye C, y #0, -y ¢
C showing that C # R". By Lemma 3.4, C is contained in a half-space

determined by the hyperplane o - & = 0. By choosing o with the appropriate
sign, we may assume a-a; >0 forall ;. O

Corollary 3.7. Let {a,,a,, ... ,a,} be vectors of R" with property P with
respect to R . Then there exists a vector B such that B - a,>0 forall i.

Proof. By the previous result, there exists a # 0 with a-a; >0 forall i. Let
B be a vector with f-a; > 0 for the largest number of o,’s. Let S be the set
of those ; with f-a; >0 and T the set of those a, with B-a;=0 (note
that S could be &). Let V =sp{a;|a, € T}. Then dim¥V =t <n-1. By
the previous result, there exists a hyperplane H of V with T contained in the
half-space determined by H . Now H = HNV where H isa hyperplane of R
given by y-{ =0, say. Clearly T lies on one side of A and we may assume
ya; 20 forall ;€ T.If y-a; =0 forall o;€ T, V =sp{a,|a, e T} C H,
whence V=HNV =H , a contradiction. Thus y-a; > 0 for some a,€T.
By multiplying y by a suitable positive scalar we may assume ||y|| < B-a,/||a;||
forall a, € S. (Here, || || denotes the usual Euclidean norm). Consider now
B+y. f o, €T, (B+7)-a,=B-0;+7-q,=y-0;, and if a, € §,
(B+7)-a;=p-a;+7-a,. But by the Cauchy-Schwarz inequality,

[7- ol < A2I el < B - a/llel] - llall = B - ;.
Henceif o, €S, (B+y)-0;=B-0;+7-a;>0. But foratleastone o, € T,

B-a ; >0, whence (B +7y)a; > 0. The maximality of S is thus contradicted
proving that -, >0 forall /. O

Corollary 3.8. Givenvectors a, ,a,, ... ,q; in Z" with property P with respect
to N°, then there exists a vector « € Z" such that o - a,>0 forall i.
Proof. We first need to show that property P with respect to N° implies prop-

erty P with respect to R* . Suppose by way of contradiction that this is not the
case. We may assume w.l.o.g. that there exist real numbers r,, i =1,2, ... ,k,
all nonzero, such that ) r.a; = 0. Define a linear transformation T:R* -
sp{a,,a,, ... .4} by T:(c,.c,,....c,)— Ef.;, c;a;. The kernel of T has
a basis B,,B,,...,B, where B, € Z5. Let (ryory,....r,) =2bp and let
N((ry.ry,....r,);0) be a neighbourhood of (r,,r,,...,r,) of radius 6 > 0
such that N((r,,ry, ... ,r);0) C{(x,,x,,...,x.)|x; >0}. Choose rationals
p;/q; sothat |p,/q,— b, < J/leﬂju for all i. Then

"(rl Ty e ,rn) - Z(P,/Q,)ﬂ,—“ = "Z(bl - pi/qi)ﬂi”
<> b, - p,/gllIBl <.

Hence
y=2(pi/qi)B1€N((r| Iy ,rk);é)c{(xl Xy e ,Xk)lx, >0}
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But y e kerT and y has positive rational coordinates. Therefore some posi-
tive multiple of y, say (c,.c,, ... ,c,), has positive integral coordinates. But
>_¢;a; =0, a contradiction. Therefore spJ'{al .0y, ... ,a;} has the property
in the hypothesis of Corollary 3.7. Hence, by Corollary 3.7, there exists € R”
with B-a; > 0 for all ;. But, by continuity of the dot product, there exists a
vector o with rational coordinates such that o' -, > 0 for all i. Multiplying
o' by a suitable positive integer yields a vector a € Z" with a- a; > 0 for all
i. O

The next theorem is the cornerstone of the proof that each commutative
maximal infix congruence is p-linear.

Theorem 3.9. Let M = (m ,m,, ... ,m,) be a finitely generated cancellative,
commutative monoid with trivial group of units. Then there exists a homomor-
phism y:M — N? given by

k
x:H(mf’) — Z lic;, I, positive integers.

Proof. Let G be the group of fractions of M. Then G is generated, qua
group, by m,.,m,, ... ,mk. Thus G ~ T ®Z" where k > n, T is a finite
abelian group and n > 1 since M is aperiodic. Let ¢(m,) = (t;,¢a,), i =
1,2, ...,k. Suppose that Z, 6o =0, c,.eNO and let p € N with pT =
(0). Then o( l'[mf’”) = (0, 3 pc,a;) = (0,0). Since ¢ is injective, it follows
that [T m;'” = 1. But since the group of units of M is trivial, we have ¢,p =0
for all i and thus ¢, = 0 for all ;. Letting n denote the projection of G
onto Z", the mapping v = 7t¢| » 1is a monoid homomorphism of M to
Z". Let V = {2 i1 €% |c eN’ }. We now prove that there exists a monoid
homomorphism 7: ¥ — N° glven by r(zk ca;) = Ek l,c;, where the [, are

=17 =17
positive integers. Since {Z: a;|r,€R} = R we may assume w.l.o.g. that

i=1 1 1

{a,.a,,...,a,} formsabasis. Let o, =y, b,a;,forall j, j>n+l where
the bj,. are rational since the a’s are all in Z". Let Bi=(b;.b,.....b,),
j > n+ 1. We now show that the system of inequalltlcs ,8 E>0, j 2
n+1, has a solultion ¢ = (p,,p,,...,p,) whereeach p, isa positive integer.
Let 8’, , i=1,2,...,n, be the standard basis of R” and consider the set
{& . ﬁn+l"‘ B} Let ¢ &+, &+ -+, &+, B+t
ckﬁk—O ¢; € N°. Then c, +ZJ np1 by =0 for i=1,2,...,n. Now

k n k

Zciai = Zciai + Z Zc bﬂa,

i=1 i=1 j=n+1i=1

n k
= Zl (Ci + Z cjbji>ai =0.

j=n+1
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Hence ¢; =0 forall i, 1 <i <k, since {a,,qa,, ... o} has property P
with respect to N°. Thus the set of vectors {&.8,....8,.B,.1 - B}
has property P with respect to N°. By Corollary 3.8, there exists a vector
X =(4,.95,....4,) € Z" such that #-& >0 forall i, 1 <i<k,and
Z"ﬂj >0 forall j, n+1<j<k.Since #-& = q,, it follows that all the g,
are positive integers. Since # - f j is rational for all j, an appropriate positive
integral multiple, say (p,,p,,....p,),of # issuchthat (p ,p,,... ,pn)-ﬂj
is a positive integer for all j. Now define a linear transformation T:R" — R by
setting T'(e;) = p;, i=1,2,...,n. Then T(a;) = (P, Dy --- ,p,,)-ﬂj eN
for j > n+1. Hence the restriction 7 of 7 to V' is a monoid homomorphism
from V to N°. Let x =ty . Then

n k

Ci

X(nm,')=zpic,'+ Z[(p]’pzt---rpn)'ﬂj]‘:j-
i=1 Jj=n+1

Hence, setting /; = p,, i=1,2,...,n,and 1j=(P,,... ,pn)-ﬂj, j>n+1,

.. . ¢ k
we have that the /; are positive integers and x([[m;')=3_,_,/c;. O

We are now able to prove the result we have been aiming for.

Theorem 3.10. Let u be a commutative maximal infix congruence on
X" ={a,.,a,,....a,}" . Then u is p-linear.

Proof. By Theorem 2.8, X" /u is cancellative. Also, since u is infix, the group
of units is trivial. By the preceding theorem, there exists a homomorphism
x: X" /u — N° given by x(I] a@;') = Y_l.c; where the [; are positive integers and
a, is the p-class of a;. Let v:X" — X"/u be the quotient homomorphism.
Then keryv > u and keryv is cancellative. But since [1],., w = {1}, by
Lemma 3.2, keryv is infix. Hence ker yy = u by maximality of u. Thus
ay'ay’---a, =a\'ay’---a, (u) if and only if

X X X, u u u,
xv(a,'ay ---a,") = xv(a,'ay, ---a,")

Y olx;=> lLu,. O
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