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DETERMINACY OF SUFFICIENTLY
DIFFERENTIABLE MAPS

ALAN M. SELBY

ABSTRACT. Variants of the algebraic conditions of Mather are shown to be
sufficient for the k-determinacy of C* maps with respect to j-flat, contact
(or right) C” equivalence relations where u —k <r <u—k+j+1 and
0 < j < k < u. The required changes of coordinates and matrix-valued func-
tions are constructed from the variation of coefficients in polynomials. The
main result follows from a finite-dimensional, polynomial pertubation argument
which employs a parameter-dependent polynomial representation of functions
based on Taylor’s formula. For r > k, the algebraic conditions are seen to be
necessary.

1. INTRODUCTION

Algebraic conditions for the k-determinacy of C™ mappings, or rather the
germs thereof, with respect to C® contact and right equivalence relations are
given in Mather [1969a]. They have since been reproduced in several intro-
ductory texts. In Deakin [1977], a C*™ real-valued map-germ f: R” — R
which satisfies Mather’s algebraic condition for right k-determinacy is said to
be k-complete. Deakin [1977] shows by a tangent space (or directional deriva-
tive) argument that right k-determinacy with differentiable dependence on a
small parameter implies (k + 1)-completeness. This gives a partial converse
to Mather’s result. The 1974 lecture notes in Martinet [1982] in an exercise
observe that the algebraic condition of Mather for right k-determinacy is suf-
ficient for a local form of (k — 1)-determinacy. In the exercise, the distance
between two function germs is given by the distance between their respective
k-jets. A tangent space argument clearly implies the converse. Hence for germs
of C* maps f: R" — R, k-completeness is necessary and sufficient for the
local form of (k — 1)-determinacy described in Martinet [1982].

Elliptic-like coercive conditions for a C 0 , alias topological, right k-determi-
nacy of C™° mappings are given in Kuo [1969a). In Takens [1971] these elliptic-
like coercive conditions of Kuo [1969a] are generalized to obtain k-determinacy
results for a C’ right equivalence relation between sufficiently differentiable
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maps. The best results with coercive conditions appear to be in Lefebvre and
Pourprix [1984]. The latter paper presents coercive conditions sufficient for the
k-determinacy of C* maps with respect to two j-flat, C" contact equivalence
relations.

The k-jet of amap of a C* or smoother map f: R” — R™ is here identified
with the sum of terms of order k or less in the Taylor series expansion of f
about the origin x = 0 of its domain. We say the map f satisfies the algebraic
conditions of Mather for right and contact k-determinacy of C* maps iff its
k-jet satisfies the conditions.

In the present article, variants AR, j( f) and AC, j( f) of the algebraic
conditions of Mather for right and contact k-determinacy are shown to be
sufficient for local and nonlocal forms of (k — 1)-determinacy with respect to
C", j-flat, equivalence relations between C* maps where u —k < r < u —
k+ j+ 1. For r > k, converse results hold by tangent space arguments. The
algebraic conditions are seen to be necessary.

This article is composed as follows. §2 gives a few definitions. §3 states the
results and indicates the proofs of all assertions but for the main determinacy
result Theorem 3.1. Preparations for its proof are given in §§4 and 5. The proof
is presented in §6.

§4 in particular presents in two lemmas, Lemmas 4.1 and 4.2, the kth-order
polynomial approximations that are consequences of the algebraic conditions.
These polynomial approximations establish the contact and right determinacy
results in this article, modulo terms of order k. The demonstrations of the
lemmas might be skipped on first-reading. §5 represents each C* or smoother
map by a parameter-dependent family of polynomials of degree k. The rep-
resentation is based on Taylor’s formula. The representation reproduces the
original map when the parameter coincides with the argument of the polyno-
mial. This map reproducing property and a further diagonal-value reproducing
property are also described in §5.

The proof of Theorem 3.1 given in §6 combines the kth-order polynomial
approximations in §4 and the polynomial representation in §5 to obtain a k-
determinacy theorem via a finite-dimensional polynomial perturbation argu-
ment. The proof is a consequence of the ordinary, that is not generalized,
implicit function theorem. The initial model for this proof was the generalized
Morse lemma of Hormander [1971] as reproduced in Nirenberg [1973-1974]
and the two-timing or two-variable method in perturbation theory as described
in Nayfeh [1973]. Further remarks on the origin of the present article are given
in §7 and at various other points below.

2. DEFINITIONS

Two R”-valued functions f(x) and g(x) of x in R" are said to be j-flat,
C" contact equivalent at the origin iff the following hold.
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(1) there is a C" change of variables on the domain space R", y(x) =
x +O(x"™"); and
(2) there is a m x m matrix-valued C" function A(x) with A(x) = I, +
O(|x’*") and A(0) nonsingular
such that A(x)- f(y(x)) = g(x) on some neighbourhood of the origin.

The change of variables y(x) required above differs from the identity map
I(x) = x by a j-flat perturbation. That is, a function of the form 0(|x|j +l) as
x — 0. The required matrix A(x) also differs from the m x m identity matrix
I, by a j-flat perturbation. Note y(x) fixes the origin (that is, y(0) = 0).
Also if j >0 then A(0) coincides with the identity matrix 7, .

Two R™-valued functions f(x) and g(x) of x in R" are said to be j-flat,
C’ right equivalent iff there is a C” change of variables y(x) = x + O(|x|'*")
on the domain space R" such that f(y(x)) = g(x) on some neighbourhood of
the origin. This is the special case given by A(x) = I,, identically, of the c’,
Jj-flat contact equivalence relation.

A C" map f is said to be j-flat, contact (or right) C" k-determined at
x =0 in R" iffeach of its C* perturbations g(x) = f(x)+h(x) are j-flat, C"
contact (respectively right) equivalent to the given map f on a neighbourhood
of the origin when the disturbance A(x) = 0(|x|k+l ) is C* and of order k+1.

A C" map is finitely determined with respect to the j-flat, C" contact (or
right) equivalence relation iffitis C" j-flat, contact (resp., right) k-determined
whenever k < u is sufficiently large.

3. RESULTS

Notation. Let j and k be integers with 0 < j < k. Let u > k denote a positive
integer, +oo or w. Let m and n denote positive integers. Let R denotes
the field of real (or complex) numbers. For each multi-index a = (o, ... ,a,)
with nonnegative integer components, let

8% = [9/ox,1" ---[0™" /ox,]™"

be a mixed, partial differential operator of order ¢ = |a| = a; + ~-++a,. The
factorial of the multi-index a is (@)! = (a,)!-(a,)! - (a,)!. The corresponding
multinomial coefficient is

()~ &= mrier
o) T @ (@) (o)l (a,)!

The corresponding monomial of order |a| is x® = x{"x5*---x.".

Chain-rule, k-jet operators and Jacobians. Let f be a C* map of an open
neighbourhood of the origin x = 0 in the space R" with values in the space
R™ . The polynomial k-jet of f(x) is denoted by

)= S0 Y 0% (0) 1"

la|<k (o)t
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below. The sum involves all terms in the Taylor series of f at the origin up
to and including the terms of order k. The Jacobian matrix of the k-jet p is
denoted by D, p(x). Its components are polynomials.

The iterated chain-rule says J, {uov} = J, {(J,u)o(J,v)} whenever u: R" -
R" and v: R” — R" are polynomials or C* maps with v(0) = 0. Further, the
product rule implies J {B(u,v)} = J {B(J,u,J,v)} if B(u,v) is a bilinear
form and both u and v are polynomials or C k maps. These observations are
useful in many calculations. In particular, they allow the insertion or omission
of the k-jet and polynomial truncation operator J, in the arguments below.

The algebraic conditions. In the case u = co and j = 0, the following algebraic
condition AC, j( f) is equivalent to that given by Mather for the contact k-
determinacy of f.

Algebraic condition AC, ( f). For each homogeneous polynomial map of order
k, h(x)=h(x,,...,x,) = Ea,|a|=khaxa with R™-valued coefficients h, there

n

is an n-vector W(x) = (W (x), ..., W, (x)) and a m x m matrix A(x) =

[4,;(0)]i<; j<m both with polynomial components such that

h(x) = J [{D,p(x)}- W(x) + A(x) - f(x)],
JW(x)=0 and JA(x) =

In the above condition, the k-jet p(x) may be replaced by the function f(x)
when f is at least ckt, (If f(x) is only c*, then J, Df (x) is undefined.)
The condition AC, j( f) is equivalent to AC, j( D).

The requirements J ; Wi(x)=0 and J jA(x) = 0 entail that all the polynomial

components of W (x) and A(x) are 0(|x|j+') and hence j-flat.

The corresponding algebraic condition ARk (f) for right determinacy is
obtained by taking the matrix-valued polynomlal A(x) to be the m x m zero
matrix. In this case, due to the presence of good and bad dimensions, the condi-
tion AR, j( f) is of interest only when (a) the range space R has dimension
m =1 or (b) the map f is locally a submersion about the origin x = 0. In
any appearance of AR, . j( f) below, we assume m = 1.

The implications

Aij(f) = ACk+l j+|(f) and ARkj(f) = ARk+|_j+|(f)

hold when f is at C k*!' " In accordance with the use of the phrase Siersma
shadow property in Poston and Stewart [1978], these implications are herein
called the Siersma shadow properties. For sufficiently differentiable maps f
these Siersma shadow properties permit the nonnegative integers k and j to
both be incremented by one. When j > 0 some of the arguments below sim-
plify.

For each positive number a, let Ba(R") denote the ball of radius a centered
at the origin in R". Given positive integers k and u with kK < u < oo,
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let C*(B,(R"),R™) be the Banach space of C* maps h: B,(R") - R".
Further, let (1 -J,_,)C*(B,(R"),R™) be the closed subspace consisting of
those maps # with vanishing (k —1)-jet J, _,h = 0. This subspace is the range
of the projection operator (1 —J,_,) when this operator acts on the space
C“(Ba(R") ,R™).

Theorem 3.1. On contact determinacy. Let 0< j<k<u<oo. Set r=u-k.
Assume f isa C", R™-valued, map defined on an open neighbourhood of the
origin x = 0 in R". Assume f satisfies the algebraic condition AC, ( f).
Then for a> 0 and ¢ > 0 sufficiently small, there are C' maps

(A (x.,h), Y (x.h): B,(R") x (1-J,)C*(B,(R"),R™) - R™" x R",
vanishing whenever h = 0 such that the m x m matrix-valued map

Ax by =I1,+ 3 A (x,h)x" =1, +0(x/""")

laf=j+1
and the R"-valued map
e =x+ Y Y (x,h)x*=x+0(x|")

lal=j+1

are both C" maps which satisfy the following properties whenever ||x|| < a and
Aller < c.
L f(x)+h(x)=A(x,h)- f(y(x,h)),
II. A(0,h) is nonsingular,
IIL. y(x,0)=x,
IV. A(x,0) =1, and
V. the partial x-Fréchet derivative represented by the Jacobian matrix
D, y(0,h) exists and is nonsingular.

The full proof of Theorem 3.1 is given in §6 following some preliminaries in
§§4 and 5. Most of the remaining assertions in this section are consequences or
special cases of Theorem 3.1.

Differentiability notes.

(1) Observe the presence of the C* norm in the conclusion. The proof
below of Theorem 3.1 shows the maps in its conclusion have a domain in-
dependent of ¥ when u > k. The functions in the conclusions are defined
and continuous on a neighbourhood of the origin in the product Banach space
R'x(1-J k_,)Ck(Ba(R") ,R™). The latter is equipped with the usual product
norm. The restriction of the maps to the intersection of the above domain with
the product Banach spaces R" x (1 -J,_,)C*(B,(R"),R™) yields C" = c+k
maps when u > k. In the latter spaces, with respect to a product norm based on
those of R" and C“(B,(R"),R™), the domain of the restricted mappings is a
neighbourhood of their common origin. Finally, if the map f in Theorem 3.1
is a polynomial, for instance a k-jet, or an analytic function, then for x fixed in
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the ball ||x|| < a, the maps in the conclusion and all their partial x-derivatives
of order < r = u—k determine analytic R"- and R™*"-valued functions of 4
in the Banach space (1—J,_,)C*(B,(R"),R™). The text Berger [1977] gives
a brief description of analytic functions on Banach spaces.

(2) In the event 4 = oo or ¥ = w, we may regard the function space
C*(B,(R"),R™) and its subspace (1 —J,)C*(B,(R"),R™) as Fréchet spaces
equipped with the C? norms where g > 0. In this case for 4 fixed, the maps
in the conclusion are C* functions on the ball ||x|| < a in R". Description of
the further differentiability properties in this Fréchet space context is omitted
because the lack of an appropriate terminology.

(3) If u=w and R is the complex number field, the associated spaces and
subspaces of C“ maps on the ball (or polydisc) ||x|| < a equipped with the ck
norm, form complex Banach spaces. The elements of these spaces are required
say to be continuous on the interior of the ball or polydisc, and to be continuous
upto the boundary of this domain together with their partial derivatives of order
k or less. Whence the C* norm is finite.

At the cost of decreasing the radius a of the ball ||x|| < a, the Cauchy
formula for functions of several complex variables permits the c? , that is the
sup-norm, to be employed instead. In either case, that is with either the ck
norm or the sup-norm the conclusions of Theorem 3.1 hold as stated when
a>0 and ¢ > 0 are sufficiently small.

(4) The case where ¥ = w and R is the real number field by a complexifi-
cation argument can be regarded as a special case of the situation in (3).

(5) An alternative in the analytic case ¥ = w which works whenever R
is the field of real or complex, and which even holds more generally when R
is a Banach algebra with a unit 1, is to consider power series in n-variables
x = (x,,...,x,) in the product Banach space R" which converge absolutely
on a sufficiently small ball ||x|| < a. In particular, for Theorem 3.1 to hold
as stated with u = w, take C“(B,(R"),R™) to be the space of power series
h(x)=3,50h, - x* with coefficients /_ in R™ such that the weighted norm

def |a|
I Y iy llgn - @

a>0

is finite. The sum here is over all multi-indices o > 0. These power series
for h(x) are absolutely convergent on the ball ||x|| < a. The coefficients
h, = & 8°h(0) can be identified with the partial a-(Fréchet) derivative of
h(x) in the Banach algebra case.

In the Banach algebra case, the power series /(x) provide what I will call
Lorch-analytic functions of several Banach algebra variables. The text Hille
and Philips [1957] defines Lorch-analytic functions of a single variable. The
definition can be generalized in an obvious manner to functions of a single or
several variables in real or complex Banach algebras.
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With the weighted norm above, the two spaces C“(B,(R"),R) and
(1-J,_)C?(B,(R"),R) of R-valued power series are Banach algebras.

In the Banach algebra case, the maps in the conclusions of Theorem 3.1 will
be analytic functions, albeit not Lorch-analytic functions of the point

(x,h)=(x;,....x,,h,....h,)

in the product Banach space R" x (1-J,_,)C*(B,(r"),R™). For fixed &, the
maps will have power series expansion in x € R™ which converge absolutely
say on the ball ||x||<a.

The perturbation arguments, the polynomial approximations, and the poly-
nomial representation of analytic maps below all hold for Lorch-analytic maps
f(x) given by power series in several Banach algebra variables which are ab-
solutely convergent on a neighbourhood of the origin in R". The extension
indicated here of k-determinacy results to functions of Banach algebra vari-
ables is thus feasible. But while Banach algebras abound, the utility of the
indicated extension is at present unknown to me.

Sufficiency of k-jets. In the Theorem 3.1, the value of either @ or ¢ may be
diminished without decreasing the other. Now f(x) = J, f(x) + h(x) where
the k-jet of h vanishes. So for a > 0 sufficiently small, the C* norm of h(x)
on the ball ||x|| < a is less than ¢. This implies f is j-flat, C", contact
equivalent to its k-jet p(x) =J, f(x).

Loss of fewer derivatives. In Theorem 3.1, there is a loss of k derivatives in
the construction of the change of variables and/or required matrix-valued maps
when u is finite. This loss stems from the polynomial representation of C*
based on Taylor’s formula in §5. Theorem 3.2 below restricts this loss to the
origin x = 0, and ensures the loss there is of at most k — j — 1 derivatives.
This result in the case of the Morse lemma was first given in the paper Ang and
Vi-Trong-Tuan [1979].

Theorem 3.2. On loss of fewer derivatives. Let 0 < j<k <u<oo. Let a> 0
and ¢ >0 be as in Theorem 3.1. Let r=u—k+j+1>u—k. Assume f is
a C*** | R™-valued, map defined on an open neighbourhood of the ball B (R")
in R". Further assume f satisfies the algebraic condition AC, «( f). Let h be
a map in the space (1 -J,)C*(B,(R"),R™). Let s be a real variable. Then for

b> 0 sufficiently small, there are C*~* maps
(4,(x.5),Y (x,5): B,(R")x R— R™ "™ x R",

which are C* functions of their arguments when x # 0, which vanish at s =0,
and are such that the m x m matrix-valued map

A(_x ,s) déf]m + Z Aa(X ,S)Xa = Im + 0(|X|j+l)

lal=j+1
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and the R"-valued map

yix,s)x + z Y (x,8)x" =x+ o(x’™h

lal=j+1

are both C' functions, C* when x # 0, satisfying the following properties
whenever ||x||<a, 0<s<1,and ||h]|.. <b.
L f(x)+s-h(x)=A(x,s)- f(y(x.5)),

II. A(0,s) is nonsingular,

III. y(x,0)=x,

IV. A(x,0)=1,, and

V. the partial x-Fréchet derivative represented by the Jacobian D, y(0,s)

exists and is nonsingular.

Note the presence of the C* norm in the conclusion. Also note the hypothe-
ses hold for the k-jet p(x) = J,[f(x)] of any function f(x) satisfying the
algebraic conditions AC; ( f).

In the following proof (J, —J, _, YR™[x] stands for the space of homogeneous
polynomials of degree and order k with values in R™.

Proof. Let z(x) denote an homogeneous polynomial in the finite-dimensional
subspace (J, —J,_,)R"[x] of (1 —Jk)C'”k(Ba(R") ,R™). Let a and ¢ be as
in the conclusion of Theorem 3.1. Then for ||z|| < ¢,

f(x)+z(x)=A(x,z)- f(y(x,2))
where the vector-valued map y(x,z) = x + 0(|x|j +l) and the m x m matrix
Ax,z)=1,+ O(Ix"*') have a C* dependence on x and the coefficients of
the polynomial z(x). Note the employment here of the assumption that f is
C*** rather than C"“.

Theorem 1.2.1 in Ang and Vi-Trong-Tuédn [1979] is expressed in terms of
Fréchet derivatives and multi-linear maps in a coordinate-free form. It implies
the following in terms of coordinates. Let h(x) = 0(|x|k) be an element of the
subspace (1 —J,_,)C*(B,(R"),R™). Then by Theorem 1.2.1

h(x)= Y h(x)-x"

|a|=k

where the coefficients A (x) are C “=k functions on the ball B,(R"), which
are also C* when x # 0, and which further satisfy the limit conditions

0 = Iim ||x||"""™*8% r (x)
x—0

where k < |B| <u. Here g =(B,,...,pB,) is a multi-index with nonnegative
integer components.

For ¢ € Ba(R"), we next define a ¢-dependent polynomial z(¢)(x). Put
z(1)(X) = 2=k 1 (0) -x". Then z(#)(x) a homogeneous polynomial of order
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k in x with coefficients depending continuously on ¢ in the ball Ba(R"). The
parameter-dependent family of polynomials z(¢)(x) in x gives a representation
of the map A that reproduces A(x) or A(t) on the substitution x = ¢. Another
parameter-dependent polynomial representation of polynomials is introduced in
§5.

The division-based representation for the remainder term in Taylor’s formula
from Ang and Vi-Trong-Tudn [1979] implies the coefficients of the polyno-
mial z(t)(x) are elements of the Banach space Co(Ba(R”) ,R™). As functions
valued in the last Banach space of c® maps, the coefficients 4 () are given
(by construction) by continuous linear functions of 4 in the Banach space
(1-J,_,)C*(B,(R"),R™). Hence when the C* norm of 4 sufficiently small,

say ||h||c. < b for some positive b, then for each fixed ¢ in B (R"), the c*
norm of the associated polynomial map z(¢)(-) in (1-J,_,)C*(B,(R"),R")
satisfies ||z(2)(")||cx <c.

The foregoing entails f(x)+s-z(¢)(x) = A(x,s-z(t))- f(y(x,s-z(t))) for
[Ix|| < a and 0 <s < 1. The substitution x = ¢ in conjunction with the above
map reproducing property yields

S(@O)+s-h(t)=A(t,s-z(t)- f(¥(2,5-2(2))).
With a small change in notation, including the replacement of x by ¢, the last
equality yields the change of variables and matrix-valued map required in the
conclusion.

The required C* dependence for x # 0 follows easily from the chain-rule.

The required C” dependence where r = u—k+j+1 follows from the iterated
chain-rule and the partial converse to Taylor’s formula given in Theorem 1.2.2 of
Ang and Vi-Trong-Tudn [1979]. The satisfaction of the hypotheses of Theorem
1.2.2 follow from the above limit conditions. O

Right determinacy. Satisfaction of right rather than contact determinacy con-
ditions above produces the next theorem.

Theorem 3.3. On right determinacy. In Theorem 3.1 and in Theorem 3.2 as-
sume m = 1. Further assume the right determinacy condition AR, i f). Then
the conclusions of both Theorem 3.1 and Theorem 3.2 hold with the matrix
A(x,h)=1€R.
Necessity of the algebraic conditions. A map f: R" — R™ is here said to be
differentiably, j-flat, C" contact k-determined at the origin in the class of C*
perturbations A(x) = 0([x|k+1) iff for each such C* perturbation A(x)
(1) there is a C" map y(x,s) on the space R” x R with y(x) = x +
O(|x’*") for s fixed; and
(2) there is a m x m matrix-valued C" function A(x,s) with A(x,s) =
I, + 0(|x|j+') and A4(0,s) nonsingular for s fixed
such that A(x,s)- f(y(x,s)) = f(x) +s-h(x) on some neighbourhood of
the origin in R” x R. The corresponding definition of differentiably, j-flat,
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C’ right k-determinacy is obtained by taking A(x,s) = I, . Converses to the
foregoing C" determinacy Theorems 3.1, 3,2 and 3.3 when r > k are implied
by the following.

Theorem 3.4. On necessity of algebraic conditions. Ler 0 < j < k < r and
k < u. Further, assume the C* map f: R" — R™ is j-flat, differentiably C"
contact (resp., right) k-determined at the origin in the class of C" perturbations
h(x) = 0(|x|k+'). Then the algebraic condition AC, ‘j(f) [resp., AR, j(f)]
holds. ’

Proof. Consider the following tangent space argument. Let h(x) = Z|al=k h, -

x® be an R™-valued homogeneous polynomial in x. Then for s real and
sufficiently small,

Sx)+s-h(x)=[,+a(x,s)] f(x+w(x,s))

where a(x,s) = O(|x|j+l) and w(a,s) = 0(|x|j+1) are both C" maps van-
ishing when s = 0. Differentiation with respect to the parameter s at s =0
yields

hx)= 5| abe.s)- 100+ DU 5

Apply the J, operator to this last equality. Then set

w(x,s).
s=0

a(x,s) and W(x)=J, 0

—| w(x,s).
520 0s

)
A(x) = J, 5 .

Condition AC, i f) follows immediately since h is arbitrary. The necessity of
AR, j( f) is shown similarly simply by taking a(x,s)=1. 0O

Robustness. For a given C* function f: R” — R™ , say the algebraic condition
AC, (f) [resp., AR, .(f)]is robust with respect to kth order perturbations iff
for each C* (or polynomial) map A: R” — R™ with (k—1)-jet J,_ h =0, the
algebraic condition AC, ( Sf+h) [resp., AR, 5 f+h)]also holds. The algebraic
conditions AC, j( f) and 4R, j( f) are easily seen to be robust whenever j >
0. Theorem 3.5 follows or extends the corresponding assertions in Wasserman
[1974].

Theorem 3.5. On (k — 1)-determinacy. Assume 0 < j < k and suppose k <
u<oo oru=w. Set r=u—-k+j+1. Assume f isa C*, R"-valued,
map defined on an open neighbourhood of the origin x =0 in R". Finally, the
algebraic condition AC, i f) lresp, AR, i )] is robust. Then f and all of

its C" perturbations f + g with g(x) = 0(|x|k—') are differentiably, j-flat,
C" contact (resp., right) (k — 1)-determined in the class of C* perturbations
f+h:R" = R™ where h(x) = O(x|*"") is C*.

The converse to Theorem 3.5 holds when r > k. The proof is omitted. It is
similar to that of Theorem 3.4.
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Proof. Equip the vector space of kth-order C* maps h: R" — R™ with a
topology induced by the k-jet (semi)norm ||/, A||. By Theorem 3.2, the col-
lection of maps /4 in this vector space for which f + A is j-flat, C" contact
equivalent to f is easily seen to be nonvoid and open. Its complement is also
open. The claim follows immediately by the connectedness of topological vector
spaces. 0O

Remark A. The survey article Wall [1981] presents an assertion Theorem 8.1
on the right and contact C* determinacy of C™ and sufficiently differentiable
maps, but its proof is flawed. Let r > 1 denote an integer. The proof of Theo-
rem 8.1 assumes a map of the form w(x) = O(|x|""") which is C*®® for x # 0
tobe C". The map y(x)=x"""sin(x~"*") = O(Jx|"*") gives a counterexam-
ple. It is C™ except at the origin. It is once differentiable everywhere, but it
is not continously differentiable as y'(x) = 0(]%[) when x — 0. Hence y(x)

isnot C' nor C”. Theorem 8.1 and the error in its proof were brought to my
attention by the referee.

Remark B. With the elliptic-like coercive hypotheses for C", j-flat, contact
k-determinacy as in Lefebvre and Pourprix [1984], the construction of the re-
quired changes variables and/or matrix transformation required in right and
contact determinacy arguments involves the integration of C” systems of ordi-
nary differential equations. The construction results in families of changes of
variables and/or matrix transformations with a C’ dependence on a small pa-
rameter. So the required maps have a C' dependence on the small parameter.
Now for r > k necessity result Theorem 3.4 applies and hence the algebraic
condition AC, , j( f) holds. If 0 < r < k, the result, Theorem 3.4 does not
apply. There are C™ functions which satisfy the elliptic-condition of Kuo
[1979a] and others, but not the algebraic conditions of Mather.

Remark C. Conjecture. Theorem 3.1 may also holds with r = u — k + j +
1 instead of r = u — k. This could follow from the converse to Taylor’s
formula and a generalization of Theorem 1.2.2 in Ang and Vi-Trong-Tuin
[1979]. (Applications of the converse to Taylor’s formula are given in Abraham
and Robbin [1967]. A short and neat proof of the converse is given in Nelson
[1969].)

Remark D. The ideas for the proof of a k-determinacy result stem from read-
ing the introductory text Poston and Stewart [1978]. During this introduction,
I hoped the demonstration of right determinacy and versal unfolding would fol-
low the model provided by the generalised Morse lemma of Hormander [1971]
or rather its demonstration, as presented in the lecture notes Nirenberg [1973-
1974]. The latter is in part reminiscent of the usually formal two-timing or
two-variable method described say in Nayfeh [1973].
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Remark E. The versal unfolding of analytic maps with respect to contact and
right equivalence relations can also be obtained from the the ordinary im-
plicit function theorem in an infinite-dimensional perturbation argument. This
derivation appears to be new. So details may be given in a forthcoming article.

Remark F. The blowing up method from algebraic geometry, along with some
nondegeneracy assumptions on the blown-up equations are employed in Bucher,
Marsden and Schecter [1983] to obtain determinacy results for kth-order maps.
The differentiability assertions in the article are based on the paper Ang and Vii-
Trong-Tuan [1979].

4. POLYNOMIAL APPROXIMATIONS TO kKTH-ORDER

Notation. Let x = (x,...,x,) denote a vector of n variables or indetermi-
nates. For each finite-dimensional vector space V', let V[x] = V[x , ..., x,]
be the collection of polynomials v(x) =Y v _x* in the variables (x,,...,x,)

with coefficients v_ in the vector space V. Only finitely many coefficients are
allowed to be nonzero. Let R™™™ denote the set of matrices with m rows
and m columns. The two cases ¥ = R” and ¥V = R™ ™ result in spaces of
vector-valued polynomials R"[x] and matrix-valued polynomials R™*™[x],
respectively.

The jet operators J, and J ; act on V[x] as truncation and projection
operators. The finite-dimensional vector space of V-valued polynomials in
(x,,...,x,) of degree at most k is denoted by J, V[x]. It consists of the
range of the projection operator J, : V[x] — V[x]. This space is finite dimen-
sional. It can be equipped with a norm. Any norm will suffice.

The operator J, acts as the identity on its range J, V[x]. The operator
(= j) acts as a projection operator on J, V'[x]. The subspace (J, —J j) Vix] =
(1-J j)JkV[x] in J, V[x] consists of j-flat, V-valued, polynomials v(x) =
> <Jal<k v x* = O(|x[’*") of order j+ 1 and degree at most k. The subspace
(J, = J_)V[x] is the collection of V-valued polynomials h(x) =3, _; h,x"
which are homogeneous and of order k with coefficients 4 in the space V.
The subspace (J, — J,)V[x] consists of polynomials which are O(|x|) and
which therefore vanish at the origin.

The addition of the m x m identity matrix I, to each element of the sub-
space (J,—J,)R™"[x] yields the linear submanifold 1, +(J, —J HR™M[x] in
the polynomial space J kR'”x'"[x] . The addition of the identity map Id(x) = x
to each element of the subspace (J, —J j)R"[x] yields a linear submanifold
x+(J, - Jj)R"[x] in the polynomial space J, R"[x].

The approximations. Lemmas 4.1 and 4.2 provide the approximations needed
for our contact and right determinacy arguments.
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Lemma 4.1. kth-order contact determinacy. Suppose the C* map f: R" — R™
satisfies the algebraic condition AC, i f). Then there are analytic polynomial-
valued functions

(D(h) ,¥(h)): (T, = T _)R7[x] = (J, = T )R"[x] x (J, — T )R™ " [x]
and an ¢; >0 and < oo such that
Ji S (x) + h(x) = T [, + ¥(h)(x)]- f(x + P(h)(x))
det(I,, + ¥(h)(0)) # 0 and det(D, (x + ®(h)(0))) # 0 whenever the norm ||h||
of the homogeneous polynomial h: R* — R™ in (J, — J,_,)R"[x] satisfies
|lk|| < &;. Moreover, (®(h),¥(h)) = (0,0) when h =0. Moreover, if j >0
then the foregoing holds with ¢ ;= 00.

Lemma 4.2. kth-order right determinacy. Suppose a ct map f: R" — R satis-
fies the algebraic condition AR, .(f). Then Lemma 4.1 holds with ¥(h)(x) =0
identically, and m = 1.

The ranges of the maps in Lemma 4.1 and Lemma 4.2 form submanifolds
in finite-dimensionsal spaces or product spaces of polynomials. The construc-
tion of the required submanifolds follows below from the integration of systems
of ordinary differential equations. An alternative method is to employ an ex-
ponential maps on Lie groups of polynomial maps equipped with a truncated
compostion operation. For a discussion of the Lie group aspects of Lemmas
4.1 and 4.2, see the appendix to the present section and see Martinet [1982]
or Selby [1983]. The Lie group aspects of the calculations are superflous here
but they are included here as a link to the Lie group perspective taken in the
literature.

Proof of Lemma 4.1.
Step A: Linear polynomial-valued functions.

The finite-dimensional space (J, —J, _,)R™[x] of R™-valued, homogeneous
polynomials of order k£ by hypothesis lies in the range of the linear map L
defined by

L[A(), W(')](x)déka[A(x) - p(x) + (D p(x)) - W(x)].
Here A(x) and W(x) are polynomials of order j + 1 in (J, —Jj)R'"x'"[x]
and in (J, —J j)R"[x] respectively.

Let e, ... ,e, denote a basis of R™ . Then the monomials x® - e; where
la) = k and 1 < i < m form a basis of the space (J, —J,_,)R"[x]. Let
h(X) = cicm jaj=k Pi o * x“ - e;. By hypothesis, each

x* e, =J 4, (%) p(x) + (D .p(x))- W, ()]
for some polynomials 4; (x)= 0(|x|j “) and W, (x)= 0(|x|j+') . Now put

ahyx)= Y. k-4, (x)=0(x""")

1<i<m., |a|=k
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and '
wh)(x)= > bW, (x)=0(x"").

1<i<m, |a|=k
Then by linearity, L(a(h)(-),w(h)(-))(x) = h(x). The coefficients of the poly-
nomials a(h)(x) and w(h)(x) are linear functions of those of A(x). These
polynomial-valued maps (a(-)(x),w(-)(x)) together define a right inverse of
the linear operator L.

Step B: Definition of the function ®(h)(x).

For a real parameter ¢, which we may refer to as time, we define in this step
acurve Y(#)(x) in the linear submanifold x+(J, —J;)R"[x] of (J,—J;)R"[x]
so that Y(0)(x) = x and Y(1)(x) = x + ®(h)(x). The construction of Y (¢)(x)
follows.

Consider the initial value problem given by the nonlinear first-order system
of ordinary differential equations
(ODEI) WD) Jtwi(¥ (o)
together with the initial condition Y (0)(x) = x . This single equation represents
a first-order system for the coefficients of the polynomial Y . A few words follow
about (ODE1). In (ODE!) the polynomial Y (x) = Y(¢)(x) replaces the variable
x in the h-dependent polynomial w(h)(x). Next the operator J, truncates
terms of order k + 1 and greater. The resulting polynomial J, [w(h) o Y](x)
is of degree k in x = (x,,...,x,). In this polynomial, the coefficient of each
monomial x“ is a polynomial expression itself in the coefficients of the polyno-
mial Y (x) and on the coefficients of the polynomial w(#)(x). Recall here, the
linear dependence of w(/)(x) on the homogeneous polynomial 4. Therefore,
the equation (ODEL!) represents a parameter-dependent, analytic, and nonlinear
first-order system of ordinary differential equations for the coefficients of the
t-dependent polynomial Y. The parameters are the coefficients of 4.

Let Y(x) belong to the linear submanifold x + (J, —J j)R"[x] of the space

(Jy = JO)R"[x]. The latter space consists of polynomials v(x) = 0(|x|0+') of
degree k or less. Here Y (x) = O(|x| + Ix[’*h = o(x]).
Now w(h)(x) = O(|x|'*") implies the polynomial

Jaw)(Y(x) = 0(Y (x)""") = 0(xl"™).

Therefore the polynomial J, w(h)(Y (x)) lies in the tangent space (J,—J j)R"[x]
of the linear manifold x + (J, —J /.)R"[x]. Equivalently, the coefficients of the
monomial x“ on the right-hand side of the first-order system (ODE1) vanish
whenever 0 < |a| < j. So the linear submanifold x+(J, —J j)R"[x] is invariant
under the flow of the above first-order equation.

Let Y(z)(x) be the solution of (ODEI) determined by the initial condition
Y(0)(x) = x. Then by the above considerations, Y (¢)(x) lies in the invariant




DETERMINANCY OF SUFFICIENTLY DIFFERENTIABLE MAPS 99

linear manifold x+(J, —J j)R"[x] . Thus, whenever it is defined, the polynomial

Y(0)(x) = x + O(lx").
The exponential property of the curve Y (¢)(x) is a truncated, polynomial
composition property

Y(+s)(x)=J[Y(t)o Y(s)(x)]

which holds whenever both sides are defined. The exponential property fol-
lows from the next calculation. Suppose Y(s)(x) is defined. Now define a
t-dependent curve

Z(t)(x) = J [Y () 0 Y (5)(x)] = J, [Y (£)(Y (s)(x))]-
With a prime indicating differentiation with respect to ¢,

Z'(t)(x) = JIY' () (Y (5)(x))] = T [{T,w o Y (1) () }(Y (5)(x))]
=J [w(Y(t) o (Y(5)(x)))].

Hence Z'(t) = J [w(h)(Z(t)(x))]. Now the curve z(f)(x) = Y (¢t + 5)(x) and
the curve Z(¢)(x) satisfy the same ordinary differential equation (ODE1), and
both initially pass through Y (s)(x) at ¢ = 0. By uniqueness theory for initial
value problems, the two curves coincide. Hence, the exponential property which
can be written as Z(¢) = z(¢) holds.

The above exponential property implies the curve Y (¢)(x) can be defined for
all real ¢. (Proof: From uniqueness theory for analytic, ordinary differential
equations, the solution curve Y(¢)(x) exists for ¢ sufficiently small, say for
t in an interval [0,b] where b > 0. From the exponential property, the
solution curve Y(¢)(x) can be continued onto the interval [b,2b] by setting
Y(b+1t)(x)=J,Y(t)oY(b)(x) for t in the interval [0,b]. The interval of
definition [0,b] of Y(¢)(x) can be doubled and then redoubled repeatedly
until it contains all real ¢ > 0. Existence for ¢ < 0 follows similarly.)

By the theory of analytic ordinary differential equations, the solution curve
Y(£)(x) = x + ®y(h,t)(x) for some analytic map ®,(4,t)(x) valued in the
linear manifold x + (J, —J j)R"[x] . The coefficients of the (¢, /)-dependent
polynomial @ (4 ,¢)(x) here are analytic functions of time ¢ and the coeffi-
cients of the homogeneous polynomial 4.

Linearity of the map # — w(h)(x) and in particular the property
w(s-h)(x) =s-w(h)(x) of w(h)(x) for s real implies the rescaling property
X + @y(h,st)(x) = x + Py(sh,t)(x) since both sides satisfy the same initial
conditions and the same rescaled version of equation (ODE1). Multiplication
of the right-hand side of (ODEI1) by the real factor s provides the rescaled
version,

Let

O(h)(x) € Y(1)(x) - x = ®y(h, )(x) € (J, —J)R"[x].

Then ®(h)(x) = O(|x|’*") for each fixed A .
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Substep: On the nonsingularity of the Jacobian matrix D [x + <I>(h)(x)]|x=0

If j>0 then D [x + ®(h)(x)]| _, =1, = the n x n identity matrix since
O(h)(x) = O(lejH) = 0(|x|2) . In the case j =0 observe (ODE1) implies the
linear cofficient D Y (#)(0) in Y(¢)(x) =D Y (£)(0)-x + 0(|x|2) satisfies

w — wa(h)(Y(t)(O)) . DxY(t)(O) = Dx’w(h)(o) . DxY(t)(O).

The initial condition Y (0)(x) = x now entails D, Y (¢)(0) = exp(- D, w(h)(0))
is the exponential of a matrix. Thus the Jacobian matrix D, [x + D(h)(x)]| =0
= D Y(1)(0) is nonsingular.

Step C: Definition of the function ¥(h)(x).

For a real parameter ¢, which may again be referred to as time, we define in
this step a curve A(f)(x) in the linear submanifold 7, + (J, —J j)R'”x'"[x] of
J,R™"[x].

Consider the initial value problem given by the first-order system of ordinary
differential equations

(ODE2) (Z—f(x) = Ji {A4(x) - a(h)(Y (1)(x))} ,

together with the initial and the initial condition A(0)(x) = I,, at ¢ = 0.
Here the analytic map Y(¢)(x) = x + ®(h,t)(x) was defined in Step B. The
coefficients of Y (¢)(x) = x + ®(h,¢t)(x) depend analytically on ¢ and those of
the homogeneous polynomial 4. The initial condition determines a polynomial-
valued curve A(t)(x) which passes through the m x m identity matrix I, at
the initial time ¢ =0.

The equation (ODE2) defines a linear nonautonomous first-order system
for the coefficients of the polynomial A(z)(x) with analytic dependence on
time ¢t and the coefficients of the polynomial parameter h(x). Therefore
the solution curve A(f)(x) in J, R™*™[x] exists for all time ¢ and has ana-
lytic dependence on time ¢ and the polynomial parameter 4. Further from
a(h)(Y(1)(x)) = O(Y()(x)™") = O(x'*"), the j-jet of the polynomial-
curve A(t)(x) is t-independent. To see this, note the right-hand side of the
system (ODE2) is 0(|x|j+'). Therefore J jA'(t)(x) = 0. Integration yields
J jA(t)(x) = J;4(0)(x) = x . Hence, the initial condition implies that A(¢)(x) =
I +y,(h,t)(x) for some polynomial y(h,?)(x) = 0(|x|’+') with analytic de-
pendence on ¢t and the coefficients of 4. Let

V))& A~ T, = w1 Bx) = O™,
Substep: The nonsingularity of [I,, +¥(h)(x)]l,_,-

It is obvious [I, +¥(h)(x)]|,_, = I,, when j >0 since ¥(h)(x) = 0(|x|j+l)
= 0(|x|?). In the case j = 0, observe (ODE2) implies

‘2—1;1(0) = [JA(x) - a(h)(Y (£)(x)]| ,_o = A4(0) - a(h)(0).
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Hence A(t)(0) = exp(ta(h)(0))) is a the exponential of a matrix. So [/, +
®(h)(0)] = [4(1)(0)] is nonsingular.
Step D: Conclusions when j> 0.

Fix a homogeneous polynomial map A(x) = O(|x|k—') with values in R™ .
Let Y(¢)(x) and A(f)(x) be the solutions of the initial value problems given
above. Then

414400 FYOE)

=% {ADx) - (L)Y (0)(x))}, by iterated chain-rule,

= %Jk{A(t)(x) -p(Y(t)(x))}, sincep=J,f,

= J {4 (1)(x) - p(Y (1)(x)) + A(t)(x) - (D, p)(Y (£)(x)) - Y (£)(x)}
by the product and chain-rules,

= J [T A@)(x)a(h)(Y (t)(x))]} - (Y (t)(x)), by Steps B and C,

+ A(t)(x) - (D, p)(Y ()(x)) - [T, w(R)(Y (£)(x))]}
= J {A(t)(x) - [a(h)()1p(:) + (D, p)(Yw(h)(-)] o Y (£)(x)},

on omitting superfluous J,’s and then factoring,

= J {A(t)(x) - [L(a(h)(-) ,w(h)(-))] o Y (t)(x)}, by Step A,
=J {A(t)(x) - [h] o Y(£)(x)} as h(x)= L(a(h)(-),w(h)(-))(x),
=J AL, +O(xI"*)} - [h(x + O(|xI"*'))1}, by Steps B and C,
= J AL, + O(Ix")] - [h(x + O(Ix")T} . as j >0,
= T {Lh(x)+O(x|"*")}, since h(x) = O(|x["),
=h(x), since h(x) = O(|x[").

Observe the above equalities hold for j > 0 as well until the third to last
equality where j > 0 is needed. This observation is useful in the examination
of the case j = 0 in Step E below.

Integration with respect to ¢ in the interval [0,1] yields

TAME) - S (D) = 100} = L A0 - F X O
1
- [ fda00) - Fr ey d

=/Ih(x)dt=h(x).
0

From this, the equalities x + ®(4)(x) = Y(1)(x) and I, +¥(h)(x) = A(1)(x)
together imply

Jlll, + ¥(R)(x)] - f (x + D(h)(x))} = I, f (X) + h(x)

as required. The conclusions when j > 0 have been established.




102 A. M. SELBY

Step E: Conclusion when j=0.

The following argument for the case j = 0 involves a reparameterization of
the polynomial-valued functions (¥(h)(x),®(h)(x)) of h in the space
Je—=J k_l)R'"[x]. The argument 4 is replaced by a map z(h)(-) of the poly-
nomial space (J, —J k_])R'"[x] into itself.

For the reparameterization, consider the polynomial-valued function F(h)
given by

F(h)(x) € T {1, +¥(h)(x)] - f(x + D(h)(x)) - f(x)}.

This map has the four properties. It is analytic. It maps the polynomial space
Je = k_l)R'"[x] into the same space. It fixes the origin & = 0 of this space.
At the origin A = 0 its h-Fréchet derivative is the identity map on the space
(=T, )R™[x]. These properties are established below after their application.
The application is next.

Let z = z(x) also denote a homogeneous polynomial of degree k in the
space (J, —J,_, )R™[x]. The single equation or polynomial identity F(z)(x) =
h(x) stands for an finite number of simulataneous equations with analytic or
polynomial dependence on the coefficients of z(x) and h(x). These simulta-
neous equations are obtained by equating coefficients of monomials x* when
|a| = k. Given the four properties, the finite-dimensional, implicit function
theorem applied to the equation F(z) = & yields an analytic function z(h)(-)
valued in polynomial space (J, — Jk_l)R'"[x] with z(0)(x) = 0 identically, so
the origin of (J, —J k_])Rm[x] is fixed, and such that F(z(h)) = h whenever
[|h]| is sufficiently small. The latter says

JedlL, +P(2(h) (0] - f(x + D(2(h)(x))} = T, f(x) + h(x).

The analytic polynomial-valued function z(h)(-) of the coefficients of ~ pro-
vides the reparameterization needed to meet the conclusions of the lemma in
the case j=0. ’

The following demonstrations of the four properties complete this step and
end the proof of the lemma.

The map is analytic for the following reasons. The polynomial-valued map
F(h)(-) is obtained from the composition of analytic polynomial-valued func-
tions of the coefficients of the polynomial 4. The appearance of c* map
S in the definition of F(h)(x) can be replaced by its k-jet p(x) = J, f(x).
In consequence, the cofficients of the polynomial-valued map F(h)(x) depend
analytically on the coefficients of the homogeneous polynomial 4.

The origin of (J, — Jk_l)R'"[x] is a fixed point of the map F . That is,
F(0)(x) = 0, since by Steps B and C, (A(1)(x),Y(1)(x)) = ({,,,x) when
h = 0 is the identically zero polynomial.

The space (J, —J, k_l)R"'[x] is mapped into itself due to the following. For
each 4 in (J, — Jk_l)R'"[x], the polynomial F(h)(x) by its definition has
degree k in the indeterminates x = (x,, ..., Xx,). By the calculations in Step




DETERMINANCY OF SUFFICIENTLY DIFFERENTIABLE MAPS 103

D until the assumption j > 0 is utilised,

Ya
F(h)(x) = /0 7/ AWD) - S (Y (1)(x))]dt

1
- / T LA(t)(x) - [A] 0 Y(£)(x)]dt .

Now the integrand is a ¢-dependent polynomial curve. From Y (2)( x) o(lx]),
the integrand 4 o Y(¢)(x) = A(Y (¢)(x)) = O(|Y (¢)( )| ) = 0(|x| ) lies in the
vector space (J, — Jk_l)R [x]. Thus for each &, the polynomial F(k)(x)
belongs to the subspace (J, —J, k_l)R'”[x] as required.

Analyticity allows the required Fréchet derivative to be obtained from a direc-
tional derivative. At A in (J, —J, 1) R"[x], the Fréchet derivative D, F(0)(-)
is provided by the following calculation.

(DFO)-hy0) = 2| (F(e-h)

t=0

= 1| _ k(U + ¥R x4+ D(th)(x) = ()}

= |, A0SO - | )
= Jk{A (0)(x) - p(Y(0)(x)) + A(0)(x) - (D, p)(Y (0)(x)) - Y'(0)(x)}
= J {7, 4(0)(x)a(h)(Y (0)(x))Ip(¥ (0)(x))
+ A(0)(x)(D, p)(Y (0)(x))[J, w(h)(Y (0)(x))]}
=S {lJi 1, - a(h)(X)]- p(x) + 1, - (D, p)(x) - [J, w(h)(x)]}
= Ji {7 a(h)(x)]- p(x) + (D, p)(x) - [T, w(h)(x)]}
= h(x)
by the properties of (a(h)(x),w(h)(x)) in Step A. The proof is complete. DO

Proof of Lemma 4.2. Take the linear, polynomial map a(h)(x) to be identically
zero in Step A. This entails in step C that A(f)(x) = I, = 1 identically, and
hence ¥(h)(x) = A(1)(x) —I,, = 0 as required in Lemma 4.1. O

APPENDIX: LIE GROUP ASPECTS OF THE POLYNOMIAL CALCULATIONS
Let G be the collection of elements (A(x), Y(x)) in the the product space
J R™"[x1x(J,=J,)R"[x] such that A(0) and D_Y(0) are nonsingular mxm
and n x n matrices respectively. Note Y (0) =0 as (J, - JO)R”[x] consists of
all polynomial maps Y: R" — R™ such that Y(x) = O(|x|). The product of
two elements (A(x),Y(x)) and (B(x),Z(x)) in G is say

(A(X), Y(x) - (B(x), Z(x)) € (J,[4(x) - BY ()], JIZ(Y (%))

This product takes values in G. The product is associative. Equipped with
this product, G forms a Lie group. Its identity element is 1 = (4(x),Y(x)) =
(I,,,x). The multiplicative inverse of (A(x),Y(x)) exists and is given by
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(J [A(x)"'1,J [Y "' (x)]). The matrix inverse A4(x)”' of the A(x) can be
calculated by Cramer’s rule. Its components are polynomials in x divided by
the polynomial det[A4(x)]. The latter of course is nonzero at x = 0 since
A(0) is nonsingular. The components of the matrix inverse are thus analytic
functions of x defined on a common neighbourhood of the origin x = 0 in
R". So the k-jet operator can be applied. Similarly, the inverse Y_l(x) of
the polynomial map Y (x) is an analytic map on a neighbourhood of the origin
x =0 in R" with Y"'(O) = 0. So its k-jet is also defined. The components of
the polynomials (J,[A(x) N.J LY ! (x)]) are polynomial expressions in those
of (A(x),Y(x)). Thus G is a Lie group.

Given a polynomial (or C*) map f: R" — R™, the action of an element
(A(x),Y(x)) in G on the k-jet J, f(x) is given by

(A(x), Y (x)) - f(x) = S, [A(x) - £(Y (x))].

The orbit G-J, j is a submanifold of the polynomial space J,R™[x]. This
orbit passes through the k-jet J, f(x). The tangent space at J, f(x) of this
orbit consists of all elements of the form

L(a,w)(x) = Jila(x) - f(x)]1+ D,[J, f(x)]- w(x)
where (a(x),w(x)) belong to the tangent space
T,G=J,R""[x] x (J, - Jy)R"[x]

of G.
Let G, = G. For 0 < j <k, the set

G;={I,+(J, —JPR™"[x]} x {x + (J, = JR"[x]}

is a subset of G. Then for 0 < j < k, the sets Gj are proper or improper
Lie subgroups of the Lie group G, = G. Each algebraic conditions AC, ; @h)
say that the tangent space at the origin J, f of the orbit G -J, f includes
the linear space (J, — Jk_l)R'”[x] of homogeneous polynomial maps A(x) =
Yaj=k ho - x* of R" into R™. Lemma 4.2 implies there is a submanifold
M, of each Gj passing through the common identity element of G and Gj
such that M IE J, f(x) is a neigbourhood of J, f(x) in the linear manifold
Jo f(x)+(J, — Jk_,)R'”[x] of kth-order polynomial perturbations of the k-
jet J, f(x). The polynomial calculations in the proof of Lemma 4.2 can be
expressed in terms of exponential maps on the Lie algebras of the groups G I
For (a(x),w(x)) in the tangent space of

T,G=J,R" " [x] x (J, — J,)R"[x]

of G;,a left invariant vector field on G ;s given by

P, (A4, Y)=(J,A(x)-aoY(x),JywoY(x)).

(a ., w)




DETERMINANCY OF SUFFICIENTLY DIFFERENTIABLE MAPS 105

The exponential map on the lie algebra of Gj is denoted here by EXP. The
exponential map EXP at V( 2.w) in the tangent space

TlGj = {(Jk - Jj)Rmxm[x]} X {(Jk - Jj)Rn[x]}
is determined by the time 1 map of the initial value problem

dB(t)
dt

(x) = L [B(t)(x) - a(Z(t)(x))],  B(O)(x)=1,,

dzZ(t

20 () = Blw(z N, ZO)x) = x.
The two equations in this initial value problem are equations (ODE2) and
(ODE1) met earlier in Steps C and B respectively. Here for all real ¢,
EXP(t - V(a 'w))(x) = (B(t)(x),Z(t)(x)) is a polynomial of degree k in x
which has an analytic dependence on ¢ and the coefficients of the polynomials
(a(x),w(x)). Further, for s and ¢ real, the exponential property

EXP(t-V, ))(x) *EXP(s -V, 4,))(x) =EXP((t +5) -V, ,,))(X)

(a,w (a,w)
holds.

Verification of the exponential property follows from the theory of ordinary

differential equations. The ordinary differential equations in the above initial
value problem is associated with a left-invariant vector-field on each of the Lie
groups Gj.
_ In the case of right determinacy, the foregoing considerations simplify. Take
G to be the Lie group consisting of polynomials maps Y(x) in the space
(e = Jo)R”[x] such that the Jacobian matrix D, Y(0) is nonsingular. The
group operation is composition followed by truncation of terms of order k + 1
or greater. The exponential map EXP at w in the tangent space T,G =
(J, = Jp)R"[x] is given by EXP(¢t- P ) = Z(t)(x) where

w(*)
dzZ (1)
dt
(¥) = J,[w(y(x))] defines a left-invariant vector field on G.

(x) =Jw(Z()(x)),  Z(0)(x)=x.

Here 7

w()

5. POLYNOMIAL REPRESENTATION OF MAPS

Univariate Taylor’s formula. Let m ,n and k be positive integers as before. Let
g(q) be a C* real- or R™-valued function of a real variable q in the closed
interval [0, 1]. Then the univariate form of Taylor’s formula says

k .
g1 =Y 78" (1) +R(g)
i=0

where an integral representation of the remainder

1 k-1
R(g):/0 %T[g(k)(q)—g(k)(o)]dq’
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The ith derivative of the function g(q) is denoted by g“’(g). The zeroth
derivative g(o)(q)d=°fg(q) is the original function.

Multivariate Taylor’s formula. Let #: R” — R™ be a C* or smoother map de-
fined on a convex neighbourhood of the origin or a domain starred with respect
to the origin. For each x in a the domain of 4/, the C* function g(q) = h(gx)
of the single real variable g in the interval [0, 1] satisfies g(1) = A(x). The

univariate Taylor formula, the chain-rule, and the multinomial formula together
imply the multivariate Taylor formula

k .
-3 26”1+ R(g)
k

> l, (—) ' (4x)|,_, + R(8)

i=0

Xk%l,[z (i)c’)“h(O)-xa] +R(g)

|a|=i

= [J h)(x) + R(g)-
The integral representation of the remainder term becomes

_ ¢! “q)k_l k\(qe a a
R(g)—/o W%::k (a)[a h(gx) —8"h(0)]-x"dq.

~

The representation and its properties. For every point ¢ = (¢,, ... ,¢,) in the
(convex) domain of 4, let

1 k—1

om0 L + 5 5 (8) [ 5Lt htan - o°hoda - 5"
|a|=k ’

The operator Q(t) has several properties.

First, the map reproducing property, [Q(?)k](¢t) = h(t) follows immediately
from Taylor’s formula.

Second, [Q(?)h](x) is a polynomial of degree k in x with coefficients de-
pending at least continuously on the auxiliary parameter ¢ and the function 4.
In the event that & lies in a second polynomial space J KRm[x] where K > k,
the coefficients of [Q(t)h](x) are themselves polynomial expressions in ¢ and
the coefficients of 4. The dependence on £ is linear. The ¢-dependence is
C** when h is C*.

Third, Q(0)h = J, h. So [Q(t)h](x) belongs to the linear manifold [V, hl+
i — Jk_l)R'"[x]. The polynomial [Q(t)h](x) is therefore an 0(|x|k), t-
dependent, perturbation or disturbance of the polynomial k-jet [Q(0)h](x) =
[V, Al(x) .

Fourth, adopt the convention that the operators Q(f) and J, act only on
the x-dependence of any map or polynomial. Thus Q(¢) applied to the ¢-
dependent polynomial [Q(¢)h](x) ignores the t-dependence of the latter, and
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yields [Q(t)[Q(t)h]](x) = [Q(t)h](x). For t fixed, the operator Q(t) is a
projection: [Q(t)]2 = Q(¢). It projects each C* or smoother map h(x): R" —
R™ into a t-determined element [Q(¢)A](x) in the polynomial space JkR'"[x].

For each function A(z,x) of two variables which for fixed z is at least
k-times continuously differentiable with respect to the variable x, we obtain
a z-dependent family H(z)(-) of functions H(z)(x) = h(z,x) on which the
operator Q(t) acts. [Q(t)H(z)(:))(x) = [Q(¢)h(z,-)](x) is a family of (z,¢)-
dependent polynomials in x with the property that the substitution x = ¢
yields h(z,t).

Finally, consider a map A(¢,x) with c* dependence on x when ¢ is
fixed. This map yields a family of ¢-determined C* functions H (£)(-) de-
fined at x by H(t)(x) = h(t,x). For each ¢, Q(¢) acts on the x-dependence
only of the function H(t¢)(x). The resulting family of ¢-dependent polyno-
mials [Q(1)H(2)(-)](x) = [Q(t)h(t,)](x) in JkR"'[x] now depends on ¢ in
R" due to (i) the original dependence of A(f,x) on ¢ and (ii) the definition
of the operators Q(¢). Further for each ¢, the substitution x = ¢ into the
t-determined polynomial [Q(¢)H(t)(-)](x) = [Q(¢)h(¢,-)](x) produces the t-
determined function H(¢)(-) = h(t,-) of x evaluated at the point x = ¢ in
R" . That is, the substitution x =t yields [QOAD)(NX),_, =H@®)(X)|,_, =
h(t,t) = the diagonal value of the map A(z,x) at (x,t)=(t,1).

Remark A. In the proof of Theorem 3.1, a map A(t,x) = A(t,x)- f(y(t,x))
appears. The function f here is at least C* where u > k. A(t,x) denotes
an m x m square matrix. The map y(f,x) takes values in R". Both A(f,x)
and y(¢,x) are given by polynomials in x with z-dependent coefficients. The
diagonal values of the map h(t,x) are h(t,t) = A(t,t)- f(y(t,t)). Thus

[QOABO(NX)| ., = [QOAE.) - f(¥(t. NIX)|,_, = At 1) - f(¥(2.1).

The employment of this diagonal-value reproducing property is vital. The
matrix-valued function and the change of variables required in the conclusions
of Theorem 3.1 are given by the diagonal values A(¢,¢) and y(t,t) of t-
dependent polynomials A(¢,x) and y(t,x) respectively.

Remark B. A parameter-dependent representation of sufficiently differentiable
functions is implicit in the proofs of the Morse lemma in Martinet [1982] and
Hormander [1971] (or Nirenberg [1973-1974]). In these proofs, C? functions
h with a Morse singularity at the origin of R" are identified with symmetric
n x n matrix-valued maps. If k = 2, the matrix-valued functions provide the
coefficients of a z-dependent, quadratic polynomial Q(¢)h[x]. These proofs of
the Morse lemma illustrate the diagonal-value reproducing property.

6. PROOF OF THEOREM 3.1

Let z(x) and h(x) denote elements of the space (J, —J k_l)R'"[x] of ho-
mogeneous polynomials of order and degree k in x with values in R™. Let
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z replace A in the statement of Lemma 4.1 to obtain polynomial-valued maps
®(z)(x) and ¥(z)(x) with analytic dependence on the coefficients of the poly-
nomial z. These maps satisfy the kth-order approximation property

(1) Jo f () + 2(x) = AL, +¥(2)(x)]- f(x + D(z)(x))}
for ||z|| < & ; where 0 < &, < oo. This polynomial identity gives to order k,
the conclusions of Theorem 3.1.

Let Id(x) = x denote the identity map on R". The application of the Q(¢)
operator to the C* map

(I, +¥(2)(x)) - f(1d(x) + ¥(2)(x)) - f(x)

yields a polynomial-valued map

F(t,2)(x) E[Q{(, +¥(2)())f o (1d + ¥(2)(-) = £()}](x).

The coefficients of the polynomial F(¢,z)(x) have a cv* dependence on

the coefficients of the polynomial z(x) and the R"-valued, variable ¢. Here
Q(0) = J, and the kth-order polynomial approximation (1) imply F (0, z)(x)
=z(x). So F(0, z) belongs to the polynomial space (J, — k_l)R'"[x]. Now
F(t,z)y=F(0,z)+ 0(|x|k) for each fixed ¢. So F(¢,z) belongs to this poly-
nomial space (J, — Jk_I)R'"[x] as well. Now F(0,0)=0 since F(0,z)=z.
The latter also implies partial z-Fréchet of F(0, z) is the identity map on
the polynomial (J, — Jk_])R'"[x] . The hypotheses of the finite-dimensional,
inverse function theorem are satisfied.

For a special case of the conclusion let A(x) = 0(|x|k) first denote a poly-
nomial in the space (J, —J, k_l)R'"[x]. Its norm is say

1
o o =0}

Regard the equation F(¢,z)(x) = h(x) as a polynomial identity in x with
coefficients possessing a cvk dependence on the coefficients of z and 4, and
on the components of the variable ¢. By equating coefficients of the monomials
x® (where |a| = k), this identity may further be viewed as a finite-dimensional
system of cvk equations involving ¢t and the coefficients of both z(x) and
h(x).

By the kth-order approximation property (1), the polynomial identity
F(t,z)(x) = h(x) holds at h = z = 0 in (J, — J,_,)R"[x] when ¢ =
0 in R". Therefore the polynomial identity implicitly determines a C*~*
polynomial-valued map z(x) = z(h,t)(x) with z(0,h)(x) = h(x) such that
F(z(h,t))(x) = h(x) whenever ||t]| < a and ||h|| < ¢ for some positive num-
bers a and c.

It is clear that a can be diminished without changing ¢, and vice versa.

The polynomial identity A(x) = F(z(h,t))(x) written in full stands for the
equality

h(x) = [QO{(,, +¥(z(t . 1)(-)).f o (Id +¥(z(t. M)(-) = f()}](x).

111 ma {
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The substitution x = ¢ in this polynomial identity yields

h(t) = (1, +¥(z(t, W) £ ([t + ¥(z(t, ))D)]) - f(O)

due to the map and diagonal-value reproducing properties of the Q(¢) operator
discussed earlier. Let

At YE T +¥(z(2, b))

and

y(t, )t +d(z(t, ).

Then A(t,h) and y(¢,h) have the form required in conclusion in the special
case that A is a polynomial since both ¥(z(z, h))(x) and W¥(z(t,h))(x) are
polynomials of order O(|x|’ “) . Their coefficients possess cv* dependence on
the components and coefficients of the arguments (¢, /) . Finally, the foregoing
definitions give
At h)- f(y(t.h))=f(t)+h(2)

as required, albeit with the variable ¢ in place of the variable x and a polyno-
mial in place of a C* map.

For the general case, assume /(x) belongs to the complete, normed, function
space (1 —J,_,)C*(B,(R"),R™). Recall the latter space consists of C*, R"-
valued, 0(|x|k) (thatis (k—1)-flat) maps defined on the ball ||x|| < a. Suppose
the C* norm of h satisfies

def 1 3ah
. = . : < < < .
> hlles < sup { oty Son0: Il < a and O < ol < k)
Then for each ¢ satisfying ||¢|| < a, the norm of the polynomial [Q(¢)]A(x)
in the space (J, —J, k_,)Rm[x] is also less than ¢ . This follows from Taylor’s

formula and the definition of the operator Q(z). Now z(¢,[Q(¢))h) is defined
and

AL [QOIR) - f(y(1, QO)R) = () +[QDAI() = f(1) + h(2)

for ||¢|| < a. This yields the required changes of variables and matrix-valued
functions in the conclusion of Theorem 3.1 after an obvious change of notation.
The required properties (I), (III) and (IV) follow immediately.

The forms of

y(t,[Q()h]) =t + ®(z(2, [Q(1)A]))(X)|, _,
and

AL, [Q(A]) = 1, +¥(z(t. [Q(NA])) ()], _,

imply their respective ¢-Fréchet derivatives exist at ¢t = 0 even if u = k.
Further at ¢t = 0 the partial ¢-Fréchet derivative

D, y(t.[Q(0)hD)],_o = 1, + D, (®(2(0,[Q(AD)(x))|,_o = DY (1)(x).
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This partial ¢-Fréchet derivative is nonsingular by the substep ending Step B
in the proof of Lemma 4.1. Hence D,y(t,[Q(t)h]) is nonsingular at ¢ = 0
as required. The foregoing yields property (V). The matrix A(¢,[Q(¢)]h) =
I, +¥(z(t,[Q(1)]h))(t) is also nonsingular at ¢ = 0 by the substep ending
Step C in the proof of Lemma 4.1. (Alternatively, note A(z,[Q(t)h]) is a
perturbation of the identity matrix /,, with continuous dependence on (¢, h4).
Hence it is nonsingular if a and ¢ are sufficiently small.) The preceding gives
property (II). So Theorem 3.1 is proven.
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