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HARNACK'S INEQUALITY FOR DEGENERATE

SCHRÖDINGER OPERATORS

CRISTIAN E. GUTIERREZ

Abstract. We prove a Harnack inequality for nonnegative weak solutions of

certain Schrödinger equations of the form Lu — Vu = 0 where L is a second

order degenerate elliptic operator in divergence form and F is a potential in

certain class.

1. Introduction

The purpose of this paper is to establish a Harnack inequality for nonnegative

weak solutions of certain degenerate Schrödinger equations of the form

;i.l) Lu - Vu = J2 Dx,(aij(x)Dxu) -Vu = 0,

x G R" . The coefficients a¡. are measurable real-valued functions, the coeffi-

cient matrix a = (a..) is symmetric and

r ' w(x)\¿;\2 < (a(x)í, í) < Xw(x)|¿|2,

where X > 0, £ = (£, , ... ,Çn), (,) is the Euclidean inner product and w is

a weight satisfying either

(i) w G A2, that is

sup ( -j- w(x)dx) Í + w(x)    dx J = c.0<oo,

where the supremum is taken over all balls B in R" and fBw(x)dx denotes

the average of w over B. The constant c0 is referred to as the A2 constant

of w ; or

(ii) w(x) = \f'(x)\ ~ '", where /; R" —>• R" is a quasiconformal map-

ping and \f'(x)\ denotes the absolute value of the Jacobian determinant of

/. Quasiconformal means f = (fx , ■ ■ ■ , fn) is one-to-one, the distributional

derivatives of f. belong to LXoc(R") and there is a constant C0 > 0, called the
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dilation constant of /, such that a.e.

i,j=l

<CQ\f'(x)\x/n.

We shall assume that the potential V satisfies the following condition

(1.2) lim  sup   / \V(y)\fR    _*l*rfy = o.
»^Bm(xa)J\x-y\<5 J\x-y\w(Bs(X))  S

for every xQ G Rn and R > 0, Bs(x) denotes the ball centered at x with

radius s.

Let fi be an open, bounded and connected set in Rn.   We say that the

function « is a weak solution of Lu - Vu = 0 in Í2 if « G HXoc(Sl, w) and

- I (a(x)Vu(x) ,Vy/(x))dx = / F(x)M(jt)yr(;t)a';c

for every ^ e /z"q(Q , u;) (see definitions in §2).

Given Q an open bounded subset of R" let BR be the smallest ball con-

taining ÍÍ. If t] is a nondecreasing function defined for r > 0 and such that

um,-_o n(r) = 0 then we set

*, = {k:suP/ |K(y)|/4J    —l—^dy < n(r), r > ol.
'        (^ x€BR J\x-y\<r J\x-y\ W(BS(X))S J

By c0 we denote either the A2 constant of w or the dilation constant of / if

w satisfies (ii). The main result is the following:

Theorem. Let Q be an open, bounded subset of Rn , w is a weight satisfying (i)

or (ii) and V g K . Then there exist positive constants r0 and y only depending

on X,n ,c0,Cl and n such that if u is any nonnegative solution of (1.1) in Q,

then for any ball Br with B%r c fi and 0 < r < r0 we have

supu < yinftt.
Br/2 B'ß

The theorem in the nondegenerate case, i.e. w = 1, was obtained by

Chiarenza, Fabes and Garofalo in [1]. In this case (1.2) means that V be-

longs to the Kato-Stummel class. In the degenerate case (1.2) is suggested by

the following approximate formula for the Green's function GL(x ,y) for L

in BR(x0) valid when w satisfies (i) or (ii),

fR ,2
(1.3) GL(x,y)c

J\x-

for x , y G BR/4(x0) (see [4] for a proof of this formula). It is easy to see that

if V/w G Lpw locally for p> (n/2)p then V satisfies (1.2). Here p means the

doubling order of w , i.e. w G D   (see §2 for definitions).

y\ W(BS(X))   S   '
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The proof of our Theorem is based on the method developed in [1] and [6]

which basically consists of estimating powers of the solution u. One of the

ingredients used in the proof is a weighted interpolation inequality (Lemma

(3.3)) having some independent interest.

As in the nondegenerate case our result implies the continuity of solutions.

The paper is organized as follows: in §2 we state some preliminary definitions

and results, in §3 we show an L°°-estimate for solutions and in §4 we establish

some properties of the Green's function for L - V and the infimum estimate.

At this time it is a pleasure to thank E. B. Fabes for his encouragement and

many helpful discussions. The author wants to express also his gratitude to the

University of Rochester for their kindness and hospitality during his residency

for the academic year of 1986-1987.

2. Preliminaries

Q, denotes a bounded, open and connected subset of Rn . Lp(il,w) denotes

the class of functions / such that

11/11;«,= f \f(x)\Pw(x)dx<oo.
Ja

Lip(Q) denotes the class of Lipschitz functions in Q. We say y/ G Lip0(í!) if

y/ G Lip(Q) and y/ has compact support contained in Í2. For y/ g Lip(fí) we

define the norm

(2.1) f \y/(x)\2w(x)dx+ Í \Vy/(x)\2w(x)dx.
Ja Ja

Hx(Çi,w) denotes the closure of Lip(i2) under the norm (2.1).   Hq(CI,w)

denotes the closure of Lip0(fi) under the norm (2.1). H~X(Q, w) denotes the

dual space of Hq(Q,w). When w satisfies (i) or (ii) and u G Hx(íl,w) the

gradient of u is uniquely defined (see [5, §2]). It can be shown (see [4, p. 154])

that

H~X(Q,w) = { f0 - div f:f=(fx.fn) ,f/w G L2(il ,w),

/ = 0,1.n}.

We say u G HXoc(Q, ,w) if u G H (fí', w) for every ß' with closure contained

in ß. Let u G Hx (ß, w), E c ß, then u > 0 on E in the sense of Hx (ß, w)

if there exists a sequence un G Lip(ß) such that un(x) > 0 for x G E and

un —> u in H (£l,w). If w satisfies (i) or (ii) then Poincaré's inequality holds,

i.e. there exist constants C and x > 1 depending only on c0 such that

(2.2) lj\u-uB\2xw(x)dx\       <C\B\x/n ( I \Vu\2w(x)dx\

for all u G H (Cl, w), uB = jAfa fB uw dx. Also, if u G HXQ (Q., w) we have

Sobolev's inequality

(2.3) lj\u\2rw(x)dx)       <C\B\x/n(j- \Vu\2wdx)     .
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For a proof of (2.2) and (2.3) see [5]. We say that the weight w satisfies a

doubling condition of order p if there exists a constant C > 0 such that

w(Blr(xQ)) < CtnMw(Br(x0))

for every x0G Rn , r > 0 and / > 1. In this case we write w G D . It is well

known that if w satisfies (i) or (ii) in §1 then w G D   for some p > 1 .

3. The L°°-estimate

In this section we will show the following

Theorem (3.1). Given p > 0 there exist positive constants r0 and C only de-

pending on p ,X,n ,n and ß such that if u is any solution of Lu- Vu = 0 in

ß and Br is any ball with r < r0 and B2r c ß then we have

sup|w|<C(  f   \u\pw(x)dx )
Br,2 V   JB, /

1/7'

The proof will be a consequence of the following lemmas.

Lemma (3.2). Let u be a solution of Lu - Vu = 0 in ß. Then there exists a

positive constant C = C(X, n , c0 , n , ß) such that if0<s<t and 5(cfi then

we have

/   |Vm(x)| w(x)dx <C-r- /   u(x) w(x)dx.
Jb, (t - s)  Jb,

Proof. Take </> G C~(5,) such that 0 < <f> < 1, cf> = 1 on Bs and HV«^ <

j3j. We have

Í \Vu(x)\2<p(x)2w(x) dx<X f(a(Vu), Vu)<f>(x)2 dx

= X I\a(Vu), V(u(p2)) dx - 2X Í(a(Vu), V<p)(j)(x)u(x) dx

= -X Í u(x)2(j>(x)2 V(x) dx - 2X f (a(Vu), V<j))<p(x)u(x) dx.

To estimate the second term we use the fact that for every e > 0 we have

\(a(<pVu), uV<p)\ < Ua((j>Vu), 4>Vu) + ^-(a(wVr¿), uVcp).

Hence by taking eX  =1/2 we obtain

Í \Vu\24>2wdx< -2X f u<p2Vdx + AX^ f u2\V<f>\2w dx.

To estimate the second integral in the last inequality we use the following em-

bedding lemma. (For a proof of this lemma in the unweighted case see [9, p.

138].)
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Lemma (3.3). Let ß be an open, bounded and connected set in Rn and let

V be a potential satisfying (1.2). Then given e > 0 there exists a constant

Ce — C(e ,Q,w ,n ,V ,X) such that for any ug HQ(£l,w) we have

j u(x)\V(x)\dx<e ( \Vu\2w(x)dx + Ce ( uw(x)dx.

Proof. Given D an open and bounded set in R" let BR be a ball such that

D c BR/4 and let G(x , y) be the Green's function for L in BR . We define

nD(s) = sup i \V(y)\G(x,y)dy.
x€Dj\x-v\<s\x-y\<s

By (1.3) we have that (1.2) is equivalent to

limnn(s) = 0
i—*0   D

for every bounded and open set D c Rn. It is enough to prove the lemma

for u G Lip0(ß), then the desired result follows by passing to the limit. Let

us suppose first that u has support contained in a ball ßrcfl, then we claim

that for every e > 0 there exists a constant C£ independent of u and V such

that

¡u2Vdx<e f\Vu\2wdx + Ce  nB(3r) fuVdx+ nB(3r)2 f \Vu\2wdx .

To prove the claim assume V has support contained in Br, V > 0, and set

F(x)^jv(y)G(x,y)dy

where G is the Green's function of a ball B such that \B d ß. Then F is

the solution of LF = -V in B and F g h!(B ,w) . This is because since V

satisfies (1.2) then

f f G(x, y)V(x)V(y)dxdy < oo,
JbJb

and therefore as in the proof of Theorem 4.8 of [4] we can conclude that XBV G

H~ (B ,w), (xB denotes the characteristic function of B ). Therefore

( u2Vdx= j (a(VF),Vu)dx = 2 Í (a(uVF) ,Vu)dx

< e i(a(Vu), Vu) dx + - f (a(uVF), uVF) dx

<Xe Í |Vu\2w(x) dx + - f \VF\2u2w dx.
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Now observe that

Í |VF| Vw dx<X ((a(VF), VF)u2 dx

= X f{a(VF), V(Fu))dx - 2X i(a(VF), Vu)uF dx

= X Í uFV dx - 2X f(a(uVF), FVu) dx

< X Í u2F(x) V(x) dx+XS Í |VF\2uw dx + ^ ÍF2\Vu\2w dx

for every ô > 0. Note that for x G Br, F(x) < nB (3r) and then by taking

ô — (2X)~   we get

Í |VF| Viu dx < 2nBr(3r)X I uVdx + AX2nB(3r)2 Í \Vu\2w dx.

The claim follows with C£ = 4X /e .

To complete the proof of the lemma, given 0 < S < 1, let {y/2}1? be a

finite partition of unity of ß such that suppy ç Br(x.) with x G ß and

0 < rj < ô. Set ß = {x: d(x, ß) < 1} . Therefore

/' 2 £ 2
(uy/j) Vdx < ~\V(uy/j)\ wdx

+ Ce [n^prß^y/jufvdx + n^prf j \V(uWj)\2w dx

€    f 2    2 £    f    2 2
< 5 / l^Ml <PjWdx + -z / u \Vy/\ wdx

+ CE^,ù(3ô)J(yyJu)2Vdx

+ na(3ô)2 / \Vu\2y/2wdx + na(3ô)   / |V^.| u wdx  .

We now choose S = S(e) < 1 such that

Hence

Cena(3S)<^    and   C£^(3r5)2<|.

f 2 f 2    2 f    2 2
- / (uy/j) V dx < e / |V«| y/jWdx + e / u |Vw| wdx.
2

By summing in j it follows that

i Í u2V dx < e Í \Vu\2w dx + e^l Iuwdx.

Remarks. ( 1 ) The constant C£ only depends on e , ß, n , n , c0 and X.

(2) By Sobolev's inequality (2.3) Lemma (3.3) implies the following two-

weights Sobolev inequality

Í u(x)V(x)dx < C Í \Vu\2w(x) dx.
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Lemma (3.4). There exists a constant C = C(n , X, n, ß, c0) such that if u is a

solution of Lu- Vu = 0 in ß and B2r(x0) c ß then

Ou w dx 1     < C f       \u\w dx.
Br/2(X0) ) JbAXo)

Proof. We claim that it is enough to prove the lemma when r — 1 and x0 = 0.

In fact   uXq(x)   =   u(x - x0)   is defined in   ß + x0   and if  aXo(x)   =

a(x - xQ), VXo(x) = V(x - x0) and w  (x) = w(x - xQ) then u    is a so-

lution of div(ax (x)V) -Vx -0 in ß + x0 . Note that the constant c0 of to

does not change and Vr  is in K„ defined with iu   . Therefore by translations
° xts t] Xo *

we can assume x0 = 0. Set ur(x) = u(rx), then wr is defined in ¿ß (in partic-

ular in B2 ) and if we set ar(x) = a(rx), Vr(x) - r2V(rx) and wr(x) - w(rx)

then ur is a solution of div(ar(jc)V) - Vr = 0 in iß. Note again that the

constant cQ of to,, does not change. Also by changing variables is easy to see

that

f f4R/r       s
sup   / \Vr(y)\ /       „,,RiY^dsdy

x€l/raJ\x-y\<6 J\x-y\ wr(Bs(X))

= sup/ \V(y)\C    —?—dsdy,
x€aJ\x-y\<Sr J\x-y\ w(iisKX))

which if r < 1 implies that Vr belongs to the class K defined with wr. Let

us assume fB \u\wdx - I and for ¿ < s < 1 consider

I(s)={—7S—7/  uwdx]     .
\w(Bx/2) JBs )

If I(j) < 1 then there is nothing to show, so suppose I(¿) > I. We want to

show I(\) < C, C only depends on n , X, n , ß and cQ . Let x be the exponent

in the Poincaré inequality and choose 0 < 9 < 1 such that (2-0)/(l — 8) = 2t .

By doubling and Poincaré we have

,.„.//• , x((l-e)/2)r x    , x((l-9)/2)r

<Cs{x~e)Tlj   \Vu\wdx) +C(j  \u\wdx)

If 5 < ä < < <  1   then by Lemma (3.2) and doubling we obtain I(s) <

C[(t-s)~xI(t)]{X~6)z which implies I({-) <C. (See Lemma 1.2 of [1].)

Lemma (3.5). Let ß = B2(0), w gD   and p > (n/2)p. There exist constants

<50 = S0(X ,n,n ,cQ) and C = C(X ,n ,n ,c0) such that if

sup f\V(y)\fS     —^-dsdy<30
B2   Jßb J\x-y\ w(lis^X>)
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then given f/w g Lpw(£l) there exists a unigue u G H^(Q,w) such that Lu -

Vu = f in ß and
c

IMI,«Voï ^ -Tr\\flw\\iPinvw(B )llp "KW

Proof. The bilinear form

a(u,v)= / (a(Vu) ,Vv)dx+ / uvVdx
Ja Ja

is continuous and coercive in H0(Q,w) provided S0 is small enough. This

follows by the claim made in the proof of Lemma (3.3). Now if p > 2 and

/ G L^,_p(ß) implies / G H~ (Cl,w) and consequently the existence and

uniqueness of « is a consequence of the Lax-Milgram theorem, (see [7]).

Let u0 be the solution of the problem Lu - f in ß, w/dß = 0 (i.e.

u G Hq(Q , w)), and for j > 1, let w be the solution of Lu - VUj_x = f in

ß, u/dCl = 0. Then we have

u0(x)= [ GL(x,y)f(y)dy,
Ja

where GL(x ,y) is the Green's function of L in ß. By the maximum principle

It is easy to see that

{la Gl{X 'y/w(y) dy)l/P = n-J^yjrp =Cx<œ'    f0TP> V

Then

\uJ\x)\<Cx\\f/w\\K(ay       xgQ.

We also have

ux(x)= íGL(x,y)f(y)dy+ [ GL(x ,y)V(y)u0(y)dy
Ja Ja

which implies

\ux(x)\<Cx\\f\\LP     +CxS\\f\\LP     ,
w]-P w'-P

provided supn /GL(x , y)\V(y)\dy < ô . Continuing in this manner we obtain

(3.6)        u(x)= f GL(x,y)f(y)dy+ f GL(x , y)V (y)u     (y) dy
1 Ja Ja

and

|k/*)| < C, • Cs\\flw\\Li{Q),    for ; = 2, 3.

We claim that w is a Cauchy sequence in H0(Q,w) and w —» u in

Hq(ÍI,w). By (3.6) we have

Uj+i(x)-Uj(x) = j  GL(x,y)V(y)[Uj(y) - Uj_x(y)]dy
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and therefore

llM;+l ~ uj\\L°°(a) - à\\uj - "y-illz."^)-

m-l

(Um~ Un)(Um-\- Un-l)V(X)dx

1/2   /   r \ 1/2

Consequently for m> n

\\um-unh"(a)^T,\\uj+i-ujh°°(t
j=n

m-l

SK-»il.L-<Q)aC^-
j=n

Therefore for S < 1   {u,} is a Cauchy sequence in L°°(ß) and therefore in

L2(n,w). Also

/ lv("m - "„)|2^W rfJf < A / (fl(V(«m - «„)), V(Mm - un)) dx
Ja Ja

-¡

<{JK-^\2v(x)dx)'\j\um_l-unJv(x)dxy\

and since VgL (ß) we have \\V(um-un)\\Li,aw) tends to 0 as m,«—>oo.

Consequently w. —► ü in H0(£l, w) and by (3.6) u = u.

Remark (3.7). Lemma (3.5) implies the existence and integrability of the Green's

function G(x ,y) of L - V. In fact, if p > (n/2)p then

f G(x,y)w(yf-X)lpf(y)w(y)(X-p)lpdy < -^L^\\fw^lp\\L
Ja w(Bx)   *

which implies

,  G(x ,y)Hw(y)dy]     =-tt- < co   forl<r/<——
la / */;(£,) np-2

and a.e. x e ß (^ + 5 = 1).

Theorem 3.8. There exist rQ = r0(X, n , c0 , n) and for each p > 0 a constant

C = C(p,X,n,c0,n) such that if u is a solution of Lu - Vu = 0 in ß and

tt

B2r c ß with r < r0 then

sup|w|<C(  f   \u(x)\"w(x)dx)
B,n \ Jb, )

i/p

Proof. By translation we may assume Br is centered at 0. As before ur(x) =

u(rx) is a solution in B2 = B2(0) of Lrur - Vrur = 0 where Lr and Vr are

defined in Lemma (3.4). Also observe that

f \V(y)\ f      ---dsdy
J\x-y\<Sl   r(ynJ\x-y\Wr(Bs(x)) *

J|rx-z|<r<5J|rjt-z| ^(¿^(X))
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Therefore

sup / \Vr(y)\ f     —^—dsdy < »(or).
x€B2J\x-y\<S J\x-y\Wr(ßs(X)>

Since n(Sr) -* 0 as S -» 0 then it is enough to show that if S0 is the number

specified in Lemma (3.5) and

sup/V(y)|/8     —'dsdy<S0
Bi   Jb6 J\x-y\ U>(BS(X))

then we have

sup|u|<C( f   \u\"w(y)dy 1
«1/2 \ JB, )

with C = C(X ,r\ ,p ,n ,c0).

Let G(x , y) be the Green's function of L - V in B2. Given j <s < t < 1,

let y/ be in C~(fi,_(f_j)/4(0)) such that 0 < y/ < 1, y/ = 1 on 5(,+i)/2(0) and

|Vy| < C/(i - s). We have

M(*M*)=  / (a(V C7(x,y)),V^(y))«(y)riy
Jb2

- f (a(Vu),Vy/)G(x,y)dy = Jx-J2.
Jb2

Jx=  f (a(VG(x,-)),Vy/)u(y)dy
J Bi-u-s)/*\B{i+S)ft

\l/2

VB,-«-,

\VyG(x,y)\2w(y)dy
-(i-j)/4\*i/+s)/2 ;

1/2

« |V^| w(y)dy
i/AB(l«l/2

1/2

<~-(í \VyG(x , y)|2™(y) ¿y )     f f uw(y) dy)

Analogously

\ 1/2

1/2

C      /   f ,„, „2 /

1/2

/2<Tf-    / |G(x,y)| w(y)r/y

x j / |Vtr| w(y)dy
\J B,-u-,)/4\Bu+t)l2 J

Now by Lemma (3.2)

í \Vu\2w(y)dy< Í |Vw|2«;(y)a*y
J B,-ii-si/i\B(n..,i/2 J B,-U-Síi¡¡

<--j /  u2w(y)dy.
(t - s)2 Jb,
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We cover the annulus Bt_{t_s)/4 \ B{l+Sy2 by a union of N balls ^(í_í)/4(^,),

with \zt\ = (t + s)/2 + (t- i)/8 (observe that the annulus has width (t -s)/4 ).

Therefore if x G Bs then x £ Btt-S)n(zi) an<^tnen f°r X e &$ we nave

r N   c
j \VyG(x,y)\2w(y)dy<J2 \VG(x ,y)\2w(y)dy

JBi-ii-s)/*\B{i+s)/2 i=l JB{,-s)/4(zi)

<ET-^TI / \G(x,y)\2

= 77^2¿Zw(B{,-sy2^i)) / \G(x,y)\2w(y)dy

which by Lemma (3.4) is less than

C

(Í-5)2

¿wii^z,.))   '•(/ Gi*.jOti>(jO</y)
,= i \A-'<") /

Now by doubling we have w(Bx(0))(t - s)n,i < c • w(Bt_s(zj)) and then by

Remark (3.7) we obtain

(f \VG(x,y)\2w(y)dy)     <-%rn*-l—m.
{Jb,-v-s)/4\bu+J ™ V      -(t-s)l+^»w(Bx)x'2

Analogously we have

/ G(x,y)2w(y)dy
■^l-(l-J)/4V<l+J)/2

< cjhwiB^iz,)) I / G(x,y)w(y)dy]  .
Í-1 V  J*V-)ft(*l) /

Collecting estimates we obtain

l«ll, oo,„, <
c

L °° (Bs) - 77_ í)2+(«/2)/í {wjB7)Lu2w{y)äy)
1/2

For j < s < 1 we set /(s) = (l/w(Bx) fB u2wdx)x/2. Let p > 0 and assume

/B i/tu ay = 1, then if p < 2 we have

/(*)<  (sup|M|)     , ö=l-|,

and therefore

'« * (,_j)(£(,./2),o«'(')'•

By the argument in [6, p. 1004] we obtain the theorem.
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4. The infimum estimate

We begin with the following

Lemma (4.1). Let m > 0 be a solution of Lu - Vu = 0 in ß. Then there exists

a constant C = C(X ,n,c0) independent of u such that if B4r c ß then for

every e > 0 we have

2

w(y)dy < C.
1

— /    log(w-f-e)- f  log(u + e)w(y)dy
r) Jb,\ Jb,w(B,

Proof. Let  y/ G C™(B3r/2),  y/ = 1  on Br  and 0 < y/ < 1,  \Vy/\ < c/r,

Br = Br(x) and set ue = u + e . Then

/ | V log ue | w dy = / —j— y/ wdy

2

<X í(a(VuE),VuE)^jdy

= 2xj(a(Vu),Vw)^dy-xjL(Vu),V^j\dy

= 2X f(a(Vu),Vy/)—dy + X Í V(y) — y/2 dy
J Ue J Ue

<2xf(a(Vu),Vy/)^dy + xf\V(y)\y/2dy.

We have

Jv(y)y/2(y)dy

If y € B2r then by doubling we have

-4 2

J\x-,\x_yxw(Bs(x))      -       w(Br(x)Y

Consequently by the assumption on V we have

Also as in the proof of Lemma (3.2) we have for every S > 0

j(a(Vu) ,Vy/)^-dy<U \Vlogu£\2y/2w(y)dy + S ■ CW^X)).

Hence if ó is large we have

/iVlog^l^riy^C^^.
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Now since logw£ G Hx(B2r ,w) then by Poincaré the lemma follows.

Remark (4.2). Note that if w G A^ then by Theorem 5 of [8], Lemma (4.1)

implies that log(w + s) G BMO, e > 0.

Lemma (4.3). Let u > 0 be a solution of Lu- Vu = 0 in ß and let r0 be the

number in Theorem (3.8) then there exists a constant C = C(X ,r\ ,n ,c0) such

that

/    u(x)w(x)dx<C     u(x)w(x)dx
3b2, Jb,

for 0 <r <r0 and B%r c ß.

Proof. By Lemma (4.1 ) and Theorem 5 of [8] there exist S > 0 and C > 0

such that

( —77-T- /   uwdx\[ —77TT- /   uZ w dx ) < C,
\w(Br) JBr  £       ; \w(Br) JBr  £ )-

for B4r c ß, i.e.   m£ G A2(w), for every s > 0.  Since w is doubling this

implies

/    uEw dx < C      u£wdx.
Jb..   ' Jb.<B2r jb,

Hence by Theorem (3.8) and S < 1 we have

\/s
— /    uw dx < C I —7-=-^- /    ir^ u; a"x )
2,)./*, \w(B4r)jB4r £    y

< C ( /    i/wax)     <    ,D, /  uwdx
\w(Br/2)JBrp   £ 7 w(Br)JBr   e

by letting e —► 0 this implies the lemma.

Lemma (4.4). Set F+ = max(F,0) and let G(x,y) denote the Green's function

of L - V+ in ß. Then for any 1 < g < np/(np -2) (we D ) ¿Titre ex/sta a

constant C = C(g , X , r\, c0) swcA í/zaí

(sètf A G(* • y)"w{y) dy)"* - C™W) i G^x ■ ">"<» dy •

for BSr c ß and 0 < r < rQ   (rQ is as in Theorem (3.8)).

Proof. First observe that G(x, •) is a solution of L - V+ = 0 for y ^ x,

x G ß. Suppose first that x <£ 2?8r, then by Theorem (3.8) we have for every

g > 0 that

( -I G(x,y)qw(y)dy]     < sup G(x ,y) < C /   C7(x .jOwOOdjr
\ Tfi, / y£Br Jb2,

which by Lemma (4.3) is less than

G(x,y)w(y)dy.
i
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Now assume x G BSr and let Gr(x , y) = GL_V+ B (x, y). By the maximum

principle Gr(x, y) < G(x ,y) for x, y g Bir. Then

£ G(x, y)qw(y) dy < 2q { £ [G(x, y) - Gr(x, y)]qw(y) dy

+ jBGr(x,y)qw(y)dyy

Since G(x , ■) - Gr(x, •) is a nonnegative solution of L - V+ = 0 in BSr then

arguing as before we obtain

£ [G(x,y) - Gr(x,y)]qw(y)dy < C { £ [G(x,y) - Gr(x ,y)]w(y)dy^.

By translation we can assume that Br is centered at 0. Let Lr and Fr+ be

defined as in Lemma (3.4) and let G(x, y) be the Green's function to Lr - V*

in Bg. Then for x G 5gr and z G Bs we have

Gr(x,rz) = r2~nG(x,z).

Therefore

and

£ Gr(x, y)qw(y) dy = ^ (j^ G(x, z)qw(rz) r/z) r^q

£ Gr(x . y)w(y) dy = —^ (£ G(x, z)w(rz) dz^j r2~n.

Then if we set

u(x) = /   G(x, z)w(rz) dz
Jßi

then (Lr - V+)u = ~XBlwr  (wr(z) = w(rz)). Since u/dBg = 0 then we have

u(x)=  i GL Bt(x,y)wr(y)dy
J B\

- Í GLrBs(x,y)V;(y)u(y)dy,
J B\
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where GL B is the Green's function to Lr in Z?g. By the estimates (1.3) for

G,   „  we have

L ̂ >->Awrf >- c£ (Slñ7^md°)WÁy)dy

f*        s
= C I   —,„ ,  ssw(B. nB(x))ds

J0 wr(Bs(x))   rK  '      iV "

f%       s
> C \       .1. „w(Bx n Blx)) ds.

JA wr(Bs(x)) rv '    *v

If x G B3 and s> 4 then 5, c 55(jc) and by doubling we have

x%jBGLr,Bt(x,y)wr(y)dy>C

C independent of r. Also by (1.2) we have

/ GLr Bi(x ,y)V+(y)u(y)dy <S\\u\\Loo {Bi).

Now by Lemma (3.5) (with f = Xb wr) we ^ave llMllz,°° ib) - G with C =
C(X ,n,t],c0). This implies that there exist â , C > 0 depending only on the

parameters such that if

sup/ \Vr(y)\f     — *dsdy<S
A4   •/£, J\x-y\ W(BS(X))

then we have

inf w > C

Consequently for 1 < a < np/(np - 2) we have

l!

xlf     G(x,z)qwr(z)dz\.

By Remark (3.7) we have

c
[      G(x,z)qw(z)dz<

J\z\<\M<l ~ wr(Bx)"-1 '

and since wr(B{) = r nw(Br) then the lemma follows.



418 C. E. GUTIERREZ

We are now in a position to show

Theorem (4.5). Let u be a nonnegative solution of Lu- Vu = 0 in ß. There

exist positive constants r0 = r0(X ,r¡ ,n ,c0), p0 = p0(X, c0) and C =

C(X,n,n,c0) all independent of u such that

(K£uPow(y)dy^
l/Po

< Cinfu
Br/2

for B%r c ß and r <r0.

Proof. By translation and dilation we can assume ß = 52(0) and as in the

proof of Theorem (3.8) we can assume r - 1 and all balls are centered at 0.

We show that if u > 1 on a closed set reí, in the sense of HX(B2) then we

have
M

(4.6) inf u > C
»1/2

w(T)

[w(Bx)\

where C and M only depend on X, n and c0. Set

z(x)= I GL_V+ Bi(x,y)w(y)dy ,

then (L - V+)z - ~xTw in B2. Also by Remark (3.7) we have

z(x)<
tt>- ■

(x,y)qw(y)dy
1/9

w(T)xlq' < Cx a.e. in B,

here Cx only depends on X,n,n and c0. Consequently (l/Cx)z(x) < 1 in

the Hx sense in B2 and therefore (l/Cx)z(x) < 1 in the Hx sense in T.

Then u(x) > (l/Cx)z(x) in H sense in T. Since z/dB2 = 0 and u >

0 in B2 a.e. then we have u > (l/Cx)z in the H sense in dB2. Also

(L - V+)(u - (1/C,)z) = -V~u - (l/Cx)xrw < 0, in B2\T, then by the

maximum principle we have u(x) > (l/Cx)z(x) in H sense in B2 and con-

sequently a.e. in B2. Now Lemma (4.4) implies that there exists C > 0 and

M > 0 such that

¡7'L-V+ ,B (x,y)w(y)dy > C
w(T)

/    GL_y+ B(x,y)w(y)dy.
[w(Bx)_

By the argument used to prove Lemma (4.4) and (1.2) we obtain

inf   /     GL_V+ B(x, y)w(y)dy > C,
<€Bi/2JB

where C = C(X,n,n,c0). This implies (4.6). We claim that

inf « > C
'1/4

w{x G Bx: u(x) > 2 a.e.}

w(Bx)

M

In fact, since u G Hx(B3/2)  there is a sequence un G Lip(B3/2)  such that

un -> u in the Hx(B3/2) sense and a.e.  Let F = {x G Bx : u(x) > 2 a.e.},
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then by Egorov's theorem given e > 0 there exist a closed set Fe c F such

that w(F - Fe) < e and un —> u uniformly in F£. Therefore u > 1 in the

HX(B3,2) sense in F£ and then

inf « > C
B\ß [w(Bx)

M

>c w(F)
-¡M

L «W
Now letting e —> 0 the claim follows. By taking u/t we obtain that

inf « > Ct
B\/2

w{x G Bx : u(x) > 2t a.e.}

w(Bx)

M

and consequently the theorem follows for 0 < p0 < l/M.
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