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HARNACK’S INEQUALITY FOR DEGENERATE
SCHRODINGER OPERATORS

CRISTIAN E. GUTIERREZ

ABSTRACT. We prove a Harnack inequality for nonnegative weak solutions of
certain Schrodinger equations of the form Lu — Vu = 0 where L is a second
order degenerate elliptic operator in divergence form and V is a potential in
certain class.

1. INTRODUCTION

The purpose of this paper is to establish a Harnack inequality for nonnegative
weak solutions of certain degenerate Schrodinger equations of the form

n
(1.1) Lu—Vu=Y D, (a,(x)D u)-Vu=0,

ij=1

x € R". The coefficients a;; are measurable real-valued functions, the coeffi-
cient matrix a = (g, ;) is symmetric and

wx)E < (a(x)E L&) < dw(x))el

where A >0, {=(,,...,¢,), (,) is the Euclidean inner product and w is
a weight satisfying either
(i) w e 4,, that is

sgp ( ]{?w(x) dx) (]{?w(x)-l dx) =¢y <0,

where the supremum is taken over all balls B in R” and f, w(x)dx denotes
the average of w over B. The constant c, is referred to as the 4, constant
of w;or

(i) w(x) = |f'(x)|'""%", where f: R" — R" is a quasiconformal map-
ping and |f'(x)| denotes the absolute value of the Jacobian determinant of
S . Quasiconformal means f = (f, ..., f,) is one-to-one, the distributional
derivatives of f; belong to L; (R") and there is a constant C, > 0, called the
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dilation constant of f, such that a.e.

> (@ f)

ij=1

1/2
< Glf N

We shall assume that the potential V' satisfies the following condition

(1.2) lim sup / |V(y)|/R s ds, g
=0 Byya(x0) J1x—yI<s Ix—y| W(By(X)) s

for every x, € R" and R > 0, B (x) denotes the ball centered at x with
radius s.
Let Q be an open, bounded and connected set in R" We say that the

function u is a weak solution of Lu—~Vu=0 in Q if ue HlOC(Q ,w) and

—/(a(x)Vu(x),Vw(x))dx =/V(x)u(x)y/(x) dx

for every v € H(; (Q,w) (see definitions in §2).

Given Q an open bounded subset of R” let B be the smallest ball con-
taining Q. If n is a nondecreasing function defined for r > 0 and such that
lim,_ n(r) =0 then we set

4R s> ds
K =<{V:s / |4 / ————dy<n(r), r>0;.
" { xéllli)x |x—y|$r| (y)l |x—y| ’UJ(BS(X)) s y n( ) ’ }

By ¢, we denote either the 4, constant of w or the dilation constant of f if
w satisfies (i1). The main result is the following:

Theorem. Let Q be an open, bounded subset of R", w is a weight satisfying (i)
or(il)and V € K 0 Then there exist positive constants r, and y only depending
on A,n,c,,Q and n such that if u is any nonnegative solution of (1.1) in Q
then for any ball B, with By, C Q and 0 <r <r, we have

supu < yinfu.

B, ;%]

The theorem in the nondegenerate case, i.e. w = 1, was obtained by
Chiarenza, Fabes and Garofalo in [1]. In this case (1.2) means that V' be-
longs to the Kato-Stummel class. In the degenerate case (1.2) is suggested by
the following approximate formula for the Green’s function G, (x,y) for L
in Bp(x,) valid when w satisfies (i) or (ii),

R 2
(1.3) GL(x,y):/| ﬁ'ﬁ%i’

x—y| W

for x,y € By, 4(%o) (see [4] for a proof of this formula). It is easy to see that
if V/jwe L" locally for p > (n/2)u then V satisfies (1.2). Here x4 means the
doubling order of w,ie we D (see §2 for definitions).
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The proof of our Theorem is based on the method developed in [1] and [6]
which basically consists of estimating powers of the solution u#. One of the
ingredients used in the proof is a weighted interpolation inequality (Lemma
(3.3)) having some independent interest.

As in the nondegenerate case our result implies the continuity of solutions.

The paper is organized as follows: in §2 we state some preliminary definitions
and results, in §3 we show an L*-estimate for solutions and in §4 we establish
some properties of the Green’s function for L — ¥V and the infimum estimate.

At this time it is a pleasure to thank E. B. Fabes for his encouragement and
many helpful discussions. The author wants to express also his gratitude to the
University of Rochester for their kindness and hospitality during his residency
for the academic year of 1986-1987.

2. PRELIMINARIES

Q denotes a bounded, open and connected subset of R". L?(Q,w) denotes
the class of functions f such that

WIe, = /Q 17 (0) P (x) dx < co.

Lip(Q) denotes the class of Lipschitz functions in Q. We say y € Lip,(Q) if
w € Lip(Q) and y has compact support contained in Q. For y € Lip(Q) we
define the norm

(2.1) /Q|n//(x)|2w(x)dx+/Q|V|//(x)|2w(x)dx.

H l(Q,w) denotes the closure of Lip(Q) under the norm (2.1). Hol (Q,w)
denotes the closure of Lip,({2) under the norm (2.1). H "(Q ,w) denotes the
dual space of H(:(Q,w) . When w satisfies (i) or (ii) and u € H'(Q,w) the
gradient of u is uniquely defined (see [5, §2]). It can be shown (see [4, p. 154])
that
H'Qw) ={f,-divf: =(f,,....1,). f,/we L} (Q,w),
i=0,1,...,n}

Wesay ue H, (Q,w) if ue H'(Q',w) for every Q' with closure contained

in Q. Let ue H'(Q,w), ECQ,then u>0 on E inthe sense of H'(Q, w)
if there exists a sequence u, € Lip(Q2) such that u,(x) > 0 for x € E and

u,—uin H l(Q,w). If w satisfies (i) or (ii) then Poincaré’s inequality holds,
i.e. there exist constants C and 7 > 1 depending only on ¢, such that

e (fu-wfuwa) s ant” ({ wefwax)

forall ue H'(Q,w), uy = wim Jpuw dx . Also, if u € Hy(Q,w) we have
Sobolev’s inequality

2.3) ( ]{3 lulzzw(x)dx)]/zr <c|'" ( ]i Valw dx)l/z.
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For a proof of (2.2) and (2.3) see [5]. We say that the weight w satisfies a
doubling condition of order u if there exists a constant C > 0 such that

w(B,(x,) < Ct™w(B,(x,))

for every x, € R", r>0 and ¢ > 1. In this case we write w € D# . It is well
known that if w satisfies (i) or (ii) in §1 then w € D# for some u>1.

3. THE L*°-ESTIMATE
In this section we will show the following

Theorem (3.1). Given p > 0 there exist positive constants r, and C only de-
pending on p,A,n,n and Q such that if u is any solution of Lu—Vu =0 in
Q and B, is any ball with r <r, and B, C Q then we have

1/p
sup|u| < C <][ |u|pw(x)dx> .
B,

r/2

The proof will be a consequence of the following lemmas.

Lemma (3.2). Let u be a solution of Lu — Vu =0 in Q. Then there exists a
positive constant C = C(A,n,c,,n,Q) such thatif 0 <s<t and B, C Q then

we have
(t_ls)z /B u(x) w(x) dx.

Proof. Take ¢ € C;°(B,) suchthat 0< ¢ <1, ¢=1 on B, and |[V9|_ <
;£ . We have

/ |Vu(x)w(x)dx < C
B,

[ 1vutFoetn dx < [ (@), Tupx)? dx
.y / (@(Vu), V(ud?)) dx — 22 / (@(Vu), V) p(x)u(x) dx
) / u(x)2p(x) 2V (x) dx — 24 / (@(Vu), V) (x)u(x) dx.
To estimate the second term we use the fact that for every & > 0 we have

(a(@Vw), uT8)| < 5(a(dVu) , $V4) + 5= (a(uV$), V).

N ™

Hence by taking el = 1/2 we obtain

/ \Vul ¢ w dx < —24 / L6V dx + 42 / LIV w dx.

To estimate the second integral in the last inequality we use the following em-
bedding lemma. (For a proof of this lemma in the unweighted case see [9, p.
138].)
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Lemma (3.3). Let Q be an open, bounded and connected set in R" and let
V be a potential satisfying (1.2). Then given ¢ > 0 there exists a constant
C,=C(e,Q,w,n,V,2) such that for any ueHol(Q,w) we have

/uz(x)lV(x)|dx < s/qu]z'w(x) dx + Ce/uzw(x) dx.

Proof. Given D an open and bounded set in R" let B, be a ball such that
DcCBg, and let G(x,y) be the Green’s function for L in B,. We define

o) =swp [ WG,y

By (1.3) we have that (1.2) is equivalent to

limn,(s) =0

s—0

for every bounded and open set D C R". It is enough to prove the lemma
for u € Lip,(Q), then the desired result follows by passing to the limit. Let
us suppose first that u has support contained in a ball B, C Q, then we claim
that for every ¢ > 0 there exists a constant C, independent of # and V' such
that

/ BV dx<e / \Vulwdx +C, [nﬂr(sr) / W2V dx + 1, (3r)’ / Vulw dx] .

To prove the claim assume V' has Support contained in B,, V >0, and set

F(x) = [ V(Gx, 9 dy
where G is the Green’s function of a ball B such that %B 5> Q. Then F is

the solution of LF = —V in B and F € H(: (B ,w). This is because since V
satisfies (1.2) then

//G(x,y)V(x)V(y)dxdy<oo,
BJB

and therefore as in the proof of Theorem 4.8 of [4] we can conclude that x,V €
H'B,w), (x p denotes the characteristic function of B ). Therefore

/qudx = /(a(VF),VuZ)dx = 2/(a(uVF),Vu) dx

< e/(a(Vu) ,Vu)dx + %/(a(uVF) ,uVF)dx

< ls/qulzw(x)dx+ %/IVFIZuZw dx.
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Now observe that
/IVFlzuzw dx < A/(a(VF) , VF)u2 dx
) / (@(VF), V(Fid))dx — 24 / (@(VF), VuyuF dx
) / WPFV dx — 2 / (@(uVF), FVu) dx
< f WPF(x)V(x) dx + A0 / \VF 2w dx + % / F|Vulw dx

for every d > 0. Note that for x € B,, F(x) < np (3r) and then by taking
0= (2/1)'l we get

/ VFPutw dx < 21, (3r)A / W2V dx + 422n, (3r)° / Vulw dx.

The claim follows with C, = 4t /e.

To complete the proof of the lemma, given 0 < d < 1, let {a//jz}'lV be a
finite partition of unity of Q such that supp y; € Br,- (xj) with X; € Q and
O<r; < J.Set Q={x:d(x,Q)<1}. Therefore

J v ax < 29yl ax
+C, [n&j(:xrj) / (w0’V dx + 1, (3r,)" / IV (uy,)Pw dx]
€ 2 2 € 2 2
< E/IVuI u/jwdx+§/u IV, |"w dx
+C, [nﬁ(sa)/(wju)szx
+ nﬁ(36)2/|Vu|2y/j2w dx + nﬁ(3é)2/ IVy/jlzuzw dx] .
We now choose d = d(¢) < 1 such that

1 €
C,ng(30) <5 and C,n5(36)" < -
Hence
1 2 2 2 2 2
5/(“%) degs/qu| v/jwdx+s/u |Vc//j| w dx.
By summing in j it follows that
%/qudx 58/|Vu|2wdx+aN(8) /udex.

8(e)®
Remarks. (1) The constant C, only depends on ¢,Q,n,n,c, and 4.
(2) By Sobolev’s inequality (2.3) Lemma (3.3) implies the following two-
weights Sobolev inequality

/uz(x)V(x)dx < C/qulzw(x)dx.
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Lemma (3.4). There exists a constant C = C(n,A,n,Q,c,) such thatif u isa
solution of Lu—Vu =0 in Q and B, (x,) CQ then

12
( ][ ww dx) <C |ulw dx.
Byj2(x0) B, (xo0)

Proof. We claim that it is enough to prove the lemma when r =1 and x,=0.
In fact u, (x) = u(x — x;) is defined in Q + x, and if a,(x) =
a(x = xp), V, (x) = V(x - x;) and wxo(x) = w(x — xp) then u, is a so-
lution of div(axO(x)V) Ve = 0 in Q+ x,. Note that the constant ¢, of w,,
does not change and V, isin K, defined with w, . Therefore by translations
we can assume x, = 0. Set u,(x) = u(rx), then u, is defined in 1Q (in partic-
ular in B,) and if we set a,(x) = a(rx), V,(x) = r V(rx) and w,(x) = w(rx)
then u, is a solution of div(a,(x)V) -V, =0 in }Q. Note again that the
constant ¢, of w, does not change. Also by changing variables is easy to see
that

V 4R/r s d d
su ———— S
xe.ﬁn/.x-y.d' A4 )'/.x-y. w (B.0) X

4R
S
=su |4 / —— dsdy,
S s N By BV

which if r <1 implies that V, belongs to the class K" defined with w, . Let
us assume fB. lulwdx =1 and for 1 <s< 1 consider

1 , 1/2
I(s) = (m B,u ’Ide) .

If I(§) <1 then there is nothing to show, so suppose I({) > 1. We want to
show I (%) < C, C onlydependson n,A,n,Q and ¢y - Let T be the exponent
in the Poincaré inequality and choose 0 < 6 < 1 such that (2-6)/(1-6) = 27.
By doubling and Poincaré we have

16)= (goa—y [, W wfwax) o f @00y )
~ \w(B, ) Js, - B,

(1-6)t 2 ((1-6)/2)t 5 ((1-6)/2)t
< Cs (][ |Vu|wdx) +C(][ lulwdx) .

If % < s <t £1 then by Lemma (3.2) and doubling we obtain I(s) <

Cl(z - )~ 1(1)]"~®" which implies 7(1) < C. (See Lemma 1.2 of [1].)

Lemma (3.5). Let Q = B,(0), w € D, and p > (n/2)u. There exist constants
0y =0y(A,n,n,c;) and C=C(A,n,n,c,) such that if

8
S
14 ———dsdy < 9
s}a‘f’fa,' O, wBEy PP <%

jx=y|
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then given f/w € LZ(Q) there exists a unique u € Hol (Q,w) such that Lu —

Vu=f in Q and
¢
lull =) £ ———7, IIf/w :
L (Q) lU(Bl)l/p”/ “LgJ(Q)

Proof. The bilinear form
a(u,v)=/(a(Vu),V'u)dx+/ uvV dx
Q Q

is continuous and coercive in Hol (Q,w) provided 4, is small enough. This
follows by the claim made in the proof of Lemma (3.3). Now if p > 2 and
feLl _,(Q) implies f € H "'(Q,w) and consequently the existence and
uniqueness of u is a consequence of the Lax-Milgram theorem, (see [7]).

Let u, be the solution of the problem Lu = f in Q, u/0Q = 0 (i.e.
ue H(;(Q,w)), and for j > 1, let U be the solution of Lu — Vuj._1 = f in
Q, u/0Q =0. Then we have

mn=4qummw@.

where G, (x,y) is the Green’s function of L in Q. By the maximum principle

8 s

o 0B,

GL(x,y) <C

It is easy to see that

G Fupdy) | - —S ¢ for p> =
X, w = = <oo, forp>—pu
(/Q L (x,¥)" w(y) y) w7 - SH
Then
'uo(x)l < Cl Ilf/wlll«ﬁ,(ﬂ) , x e Q.

We also have
mm=4quwme+Aquwwwmm@

which implies
l, ()< Cillfll + CollfN,

provided sup,, [ G, (x,y)|V(y)|dy < é. Continuing in this manner we obtain
36 )= [ Gy + [ Gl VR 0)dy

and
|uj(x)| <C, -C5||f/wl|L5’(Q), forj=2,3,....

We claim that u i is a Cauchy sequence in H(;(Q,w) and u; — u in
Hy(Q,w). By (3.6) we have

() =) = [ G0V, 0) =, () dy
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and therefore
N1 = tll o @) < Ol = 4l =y
Consequently for m > n

m—1
4y = tpll L () < > )11 = #ill L= @)
j=n
m—1
j
< lug =yl ) 2.4
Jj=n

Therefore for 6 < 1 {u;} is a Cauchy sequence in L*(Q) and therefore in
LY(Q,w). Also

/ IV, - u,)w(x)dx < A / @V, — ), V(u, —u))dx
Q Q
- —/(um —u ), —u,_)V(x)dx

< ( / u, - u,,|2V(x)dx) v ( / w,_ —u_ V() dx) "

and since ¥ € L'(Q) we have |V(u, — ULz (q ) tendsto 0 as m,n — oo.
Consequently u; — il in H(: (Q,w) and by (3.6) t=u.

Remark (3.7). Lemma (3.5) implies the existence and integrability of the Green’s
function G(x,y) of L —V . In fact, if p> (n/2)u then

- C _
[ G )™ £y ) dy < — S,

w(B,)
which implies

la C nu
G(x,y) 'w(y)d ) =——_ < forl<g<
</Q (x, ) w(y)dy w(B )7 00 1< =3

andae x€Q(;+5=1).
Theorem 3.8. There exist ry = ry(A,n,c,,n) and for each p > 0 a constant

C=C(p,A,n,cy,n) such that if u is a solution of Lu—Vu =0 in Q and
B, CQ with r <r, then

sup|u| < C ( ]{9, [u(x)|Pw(x) dx)l/p.

r/2
Proof. By translation we may assume B, is centered at 0. As before u, (x) =
u(rx) is a solution in B, = B,(0) of L .u, —V,u, =0 where L, and V, are
defined in Lemma (3.4). Also observe that

8
/Ix_y|<a'V'(y )'/.x e )) dsdy

/Irx z|<rd /|,x 21 w,( ds dy < n(or).
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Therefore
8

‘s '/|x—y|<6 V. lx—y| W (B (x)) B LAy < n(or).

X€EB,

Since 7(dr) — 0 as d — O then it is enough to show that if J;, is the number
specified in Lemma (3.5) and

sup lV(y)l ————dsdy < d,

B, Jx—=y| w(B( ))
then we have

1/p
supu] < C ( f |u|"w(y>dy) ,
B,

%)
with C=C(A,n,p,n,cy).
Let G(x, y) be the Green’s function of L—V in B Given 1 3<s<t<1,
let ¥ bein C ( t—(l—s)/4(0)) suchthat 0<y <1, y=1 on B(,H)/Z(O) and
|Vy| < C/(¢ —s). We have

u@we) = [ (@(v,60,5) . Vw () dy

_/B (@(Vu), VY)G(x, y)dy = J, = J,.

/ (@(VG(x ), Vy)u(y)dy
I (r— s)/4\8(1+s)/2

1/2
2
( / v,60x. »)Pw(y) dy)
Bl (1= s)/l\B(Hs)/Z

1/2
2 2
x (/ w|Vy| w(y)dy)
BI—(I—J)/4\B(H'S)/2

C X 1/2 ) 12
<< ( / v,G(x )l w(y)dy) ([ wumar) .
t—s By _(1—5)7a\Byss)2 B,

Analogously

IA

1/2
C
J, < —— (/ 1G(x, y)[*w(y) dy)
t =S Bl—u—-x)/at\B(Hs)/?.

12
2
X (/ V| w(y)dy) .
Bi_ 1514\ Buss)2

Now by Lemma (3.2)
/ valtwdys [ vulw(dy
BI (o \)/4\Bll+\)/2 1—(t—s5)/4

5 / uzw(y)dy‘
B,

<
(t=y9)
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We cover the annulus B,_(,_s) /4 \ B(, +5)2 by a union of N balls B(,_s) /4(zi) ,
with |z,| = (¢ +5)/2+ (1 —5)/8 (observe that the annulus has width (¢ —s)/4).
Therefore if x € B then x ¢ B,_, ,(z;) and then for x € B, we have

/ 1V, 60x. ) w(»)dy < Z [ w6t nPuay
BI —(t—= s)/4\B(I+s)/2

B —5)a(2i)

2
|G(x , ¥)I
) B(l-:)/Z(zl

szwu_s),z(z D16y Pudy

B(—5)12(2i)

(- 54

which by Lemma (3.4) is less than
2
(t_ 5 4 Ew(Br-s(Z )" (/B I_‘(ZF)G(x,y)w(y)dy) :

Now by doubling we have w(B,(0))(t - 5)™ < ¢ - w(B,_,(z;)) and then by
Remark (3.7) we obtain

1/2
C 1
IVG(x , y) w(p) dy) < .
(‘Ll-(l—s)/4\3(l+:)/2 (t - s)l+(n/2)” w(B] ) l/2

Analogously we have

2
[ G(x, y)w(y)dy
Bl { s)/4\B(I+S)/’

N
<CY w(B,_(z) ( f
i=1 B
Collecting estimates we obtain

C 1 2 1/2
llull, oo (5, < (1 = 5) 2R (w(Bl) /&“ w(J’)dJ’) :

For % <s<1 weset I(s) = (l/w(Bl)fB‘ ww dx)'/z. Let p > 0 and assume
s, u’wdy =1, then if p <2 we have

2
G(x, y)w(y)dy) .

1—s5)2(2i)

’

6
I(s) < (suplul) , 0=1-
By

DS

and therefore
)< —C 10
(5) < (£ — 5) TP ()"

By the argument in [6, p. 1004] we obtain the theorem.
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4. THE INFIMUM ESTIMATE
We begin with the following

Lemma (4.1). Let u >0 be a solution of Lu—Vu =0 in Q. Then there exists
a constant C = C(A,n,c,) independent of u such that if B,, C Q then for
every ¢ >0 we have

1
w(B,) J,
Proof. Let y € C§°(B3r/2), w=1onB and 0< y <1, |Vy| < ¢/r,
B =B (x) and set u, = u+¢. Then

/IVlogu |"wdy = /l

< l/(a(Vue) ,Vu,)

2
= 21/(a(Vu) ,Vt//)u%dy —l/<a(Vu),V (l/z:—s>> dy

= ZA/(a(Vu) ,Va//)gidy+l/ V(J/)ulill2 dy
€ €

2
log(u + &) — ][ log(u + e)w(y)dy| w(y)dy < C
B,

N

dy

Sl S

<2 [(a(vw vw) L dy+2 / V(v dy.
We have
/ V() wi(y)dy

ar s 4r s -1
Lo oI, ) ([, ) @

If y € B, then by doubling we have
2

/ S gesce
-yl W(B(x)) T 7 w(B,(x))
Consequently by the assumption on ¥ we have
X
[ty < 2D
Also as in the proof of Lemma (3.2) we have for every 6 > 0
B
[aww v Lay <5 [ 1910w, viwir)dy +6. g
€

Hence if ¢ is large we have

/lVlogu f'wdy < C—L—=

w(B, (X))
r
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Now since logu, € H ! (B,, ,w) then by Poincaré the lemma follows.
Remark (4.2). Note that if w € 4 then by Theorem 5 of [8], Lemma (4.1)
implies that log(u + ¢) € BMO, ¢ > 0.

Lemma (4.3). Let u> 0 be a solution of Lu—Vu =0 in Q and let r, be the
number in Theorem (3.8) then there exists a constant C = C(A,n,n,c,) such
that

/ u(x)w(x)dx < C/ u(x)w(x)dx
B,, B,

Jor 0<r<r, and B;, C Q.
Proof. By Lemma (4.1) and Theorem 5 of [8] there exist 6 > 0 and C > 0

such that | :
) -4
(w(B,) B,“e“’d"> (w(B,) / -, “"”‘) <C

for B, C Q, ie. ui € A,(w), for every ¢ > 0. Since w is doubling this
implies
/ uiw dx<C u‘:w dx.
BZr B,
Hence by Theorem (3.8) and d < 1 we have

! dx<c (1 Swdx)
_— uwax < ————/ uw x)
w (BZI') BZr ( w (B4l') BAr ¢

1 s 1/6 1
SC(——/ uwdx) 5—/uwdx,
w(Br/z) B, ¢ w(Br) B, ¢

by letting ¢ — 0 this implies the lemma.

Lemma (4.4). Set V' = max(V ,0) and let G(x,y) denote the Green’s function
of L-V" in Q. Then forany 1 < q<nu/(nu—-2) (we D) there exists a
constant C = C(q,A,n,c,) such that

1 q 1/q 1
<_'U)(B’) 5 G(x,y) 'w(y)d}’) < CWB,) ./B, G(x,y)w(y)dy,

Jor B, cQ and 0 <r <r, (r, is asin Theorem (3.8)).

Proof. First observe that G(x,-) is a solution of L — V' = 0 for y # x,
x € Q. Suppose first that x ¢ Bg , then by Theorem (3.8) we have for every
g > 0 that

1/q
( G(x,y)"w(y)dy) <supG(x.») <€ f Glx.ypwiy)dy
B, yEB, B-_y,,

which by Lemma (4.3) is less than

]13 Glx, y)w(y) dy.
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Now assume x € By, andlet G.(x,y) =G, _,. By, (x,y). By the maximum

principle G (x,y) < G(x,y) for x,y € By, . Then

£ 6.y w(pdy <2 { f 1669 - G5 M wir) dy
B, B,

+ ]{B G,(x,y)"w(y)dy}-

Since G(x,:)—G,(x,-) is a nonnegative solution of L — V*=0in Bg, then
arguing as before we obtain

q
f 166~ Gz ywydy< € { f 1669 - Gx. y)]w(y)dy} .
B, B,

By translation we can assume that B, is centered at 0. Let L and Vr+ be
defined as in Lemma (3.4) and let G(x, y) be the Green’s function to L - Vr+
in By . Then for x € B, and z € By we have

G.(x,rz)= r*"G(x, 2).

Therefore

n

‘ =
, G vy w(»)dy = T

( G(x, z)'w(rz) dz) r-ma
|z|<1

and

r’l
]{9 Gl Wy = oo

(/B G(x, z)w(rz) dz) 2

Then if we set

u(x)=/B G(x, z)w(rz)dz

then (L, — V:)u = —Xp,W, (w,(z) = w(rz)). Since u/0B; =0 then we have

ux) = [ G, px. i ()dy

—/B Gy, 5,x VIV, (u(y)dy,
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where G; p is the Green’s function to L, in Bg. By the estimates (1.3) for
G, p, We have

S
</B| GLr .Bs(x »y)wr(y) dy >C 5, (./|x_.y| mds) wr(y) dy
8
= C/;P/(; X(|x—y|.8)(s)m dswr(y)dy

8 s
- C/o w,(B,(x)) /B. X(x—y) 8w, (y)dy ds

8 s
= C/ m'wr(Bl ﬂBS(X)) ds

>C / w, (B, N B,(x))ds.
If x € B, and s> 4 then B, C B (x) and by doubling we have

:é‘é’, Gy, 5, (x.V)w,(y)dy 2C

C independent of r. Also by (1.2) we have
/B Gy, (%, YW (»u(y)dy < dllull, B
1

Now by Lemma (3.5) (with f = x w,) we have ||u|| o0 5, < C with C =
C(A,n,n,c,). This implies that there exist J,C > 0 depending only on the
parameters such that if

8 s
swp [ W0 [ oy @y <8

infu > C,.
B,

then we have

Consequently for 1 < g < nu/(nu —2) we have

__r (2-n)q u(x)*
][B, G,(x.y)w(y)dy = W'—)' ( i<t G(x,z)'w,(2) dz) r qW

" 1—¢q q
<clzim) (£ comma)
X ( G(x, z)'w,(2) dz) .
l21<1
By Remark (3.7) we have

q —————————
< G(x,z)'w (2)dz < o BT

and since w, (B,) = r'"w(B,) then the lemma follows.
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We are now in a position to show

Theorem (4.5). Let u be a nonnegative solution of Lu — Vu =0 in Q. There
exist positive constants ry = ry(d,n,n,c)), p, = py(d.¢,) and C =
C(A,n,n,c,) all independent of u such that

1/po
<][ up°w(y)dy) < Cinfu
B, B

/2

Jor By, CQ and r <r,.

Proof. By translation and dilation we can assume Q = B,(0) and as in the
proof of Theorem (3.8) we can assume r = 1 and all balls are centered at 0.
We show that if # > 1 on a closed set I' C B, in the sense of H 1(BZ) then we
have

: w(l) 1™
procle]”

where C and M only depend on 4,7 and ¢;. Set
20) =[G,y p(x. Y00 dy,

then (L-V7¥)z = —xrw in B, . Also by Remark (3.7) we have

1/q ,
2(x) < (/ G, ,. Bz(x,y)"w(y)dy) wD' <C,, ae inB,,
B, ’

here C, only depends on i,n,n and c,. Consequently (1/C,)z(x) <1 in
the H' sense in B, and therefore (1/C,)z(x) <1 in the H ! sense in T.
Then u(x) > (1/C,)z(x) in H' sense in T'. Since z/0B, = 0 and u >
0 in B, a.. then we have u > (1/C|)z in the H' sense in 0B, . Also
(L =V u-(1/C)z) = =V u—(1/C)xrw < 0, in B,\T, then by the
maximum principle we have u(x) > (1/C|)z(x) in H ! sense in B, and con-
sequently a.e. in B,. Now Lemma (4.4) implies that there exists C > 0 and
M > 0 such that

G yw(y)dy > C wO Mo (x,y)w(y)d
/r v+ g, (X, Y)w(y)dy 2 wB,)| Jp, v y)w(y)dy.
By the argument used to prove Lemma (4.4) and (1.2) we obtain
i >
xé%f,z . Gy _y. p,(x.V)w(y)dy 2C,

where C = C(4,n,n,c,). This implies (4.6). We claim that

[w{x €B,:u(x)>2 a-e-}]M
w(B) ‘

infu>C
Bya

In fact, since u € H l(Bm) there is a sequence u, € Lip(B3/2) such that
u, — u in the H'(Bm) sense and a.e. Let F = {x € B;: u(x) > 2 ae},
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then by Egorov’s theorem given ¢ > O there exist a closed set F, C F such
that w(F - F,) < ¢ and u, — u uniformly in F,. Therefore u > 1 in the

H 1(33/2) sense in F, and then
: w(l, )] [w(F )~ 8]
fu>C|—=&| =>2C
Bt = [ (B,) w(B,)
Now letting ¢ — 0O the claim follows. By taking u#/t we obtain that

[w{x €B,:u(x)>2t a.e,}]M
w(B,) '

and consequently the theorem follows for 0 < p, < 1/M .

infu > Ct

1/2
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