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SUMMATION, TRANSFORMATION, AND EXPANSION FORMULAS
FOR BIBASIC SERIES

GEORGE GASPER

ABSTRACT. An indefinite bibasic sum containing three parameters is evaluated
and used to derive bibasic extensions of Euler’s transformation formula and of
a Fields and Wimp expansion formula. It is also used to derive a transformation
formula involving four independent bases, a g-Lagrange inversion formula, and
some quadratic, cubic and quartic summation formulas.

1. INTRODUCTION

Defining the g-shifted factorial by (a;9), = 1, (a;9), = (1 —a)(1 — aq)
~+(1-ag" "), n>1, and letting

(a,.ay,....a,:9),=(a,;9),(a,;9), - (a,:49),

an ¢  basic hypergeometric series in base ¢ may be defined by

L1 a,... ,a,; ,Z] — = (al Y eee 'ar;q)n 2"1(—1)" (;) l+s—r’
(LD '¢~‘[b,,...,bs T2 =l b b, V)
where (3) =n(n-1)/2.

Even though there is extensive literature on summation and transformation
formulas for these series (see, e.g., Slater [21] and Gasper and Rahman [13]),
very little has been published on series containing two or more independent
bases. In 1966, Andrews [4] derived a double series expansion for a series
containing two independent bases and then used it to derive mock theta function
identities, including all of the known identities for the fifth order functions of
Ramanujan. One year later, Agarwal and Verma [1, 2] used contour integrals
and the calculus of residues to derive some transformation formulas expressing
certain sums of bibasic series of the form

> @,....a,;q),b,,... ,b,;p)nz,,
(cyseeonc3a),(dy s ... . d,; D),
in terms of other sums of similar series.

Received by the editors October 30, 1987.
1980 Mathematics Subject Classification (1985 Revision). Primary 33A70; Secondary 33A35.
Key words and phrases. Basic hypergeometric series, bibasic expansion formulas, Euler’s trans-
formation formula, Lagrange inversion, summation and transformation formulas.
This work was supported in part by the National Science Foundation under grant DMS-8601901.

(1.2)

© 1989 American Mathematical Society
0002-9947/89 $1.00 + $.25 per page




258 GEORGE GASPER

In 1973, Carlitz [9, Theorem 5] used the g-binomial theorem to prove that
the system of equations

n

o (23p),(pT/a5@), ek n (Y ()
(13) f(n)'g(q;q)n(p;p)k(p;p)n_k( Dap e elk),

n=0,1,...,N,
is equivalent to the system of equations
(1.4)
n k _—k
l-a p;p),\q:49 -k (%)= K
OIS Pl i A B I )P ) — O OF 70
ko l—ap'q (PsP)(p;P),_i(P™"/a39),
n=0,1,...,N

Eleven years later, Al-Salam and Verma [3] used the fact that the nth g¢-
difference of a polynomial of degree less than » is equal to zero to derive
the bibasic summation formula

a\ < (-1 @r";9),_, (o
(1) (I - 5) ,go PP,y o

where (a;q)_, = (1 —aq_l)‘I and J, _ is the Kronecker delta function. They

n.m

used (1.5) to show that Euler’s transformation formula

oo 00 k
n kX (k) k
(1.6) E=0 anbnx = kE=0(—l) 7(Tf (x)A a, .,

where
S(x) = by+bx+bx" +--
and
k d ifk
Aay=> (-1) (j)ak_j,
j=0
and Jackson’s [17] g-analogue of it have a bibasic extension of the form

<) k

[ o] n n n
(1—-ap'q)w A
> 4,B,(—xw)" = Z(——x)k(aqpk;q)k_l > o
" k=0 n=0 (P3D)y_,(aqp” ;q),
' > (ar'd;9), ;. @
xS ——_"Ux/B.  p\¥
;O (p;p); kP

They also observed that (1.7) is equivalent to the fact that the triangular matrix
H = (hnj) , where

_(=1)"(agp":q),_,(1 - ap’q’)

(1.8) h

" (p;p),_;(aap”;q),
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is inverse to the triangular matrix G = (g M) where

(ar"q";q);_, o)
&n = "p; p)_, b
Gessel and Stanton [15, 16] pointed out that this is equivalent to the above-
mentioned Carlitz result and that these are also equivalent to a bibasic analogue
of Lagrange inversion for x/(1 — x)’*! and for x/(1 — x")**'. In addition,
they used these results to derive identities of the Rogers-Ramanujan type and

observed that, since inverse matrices commute, the fact that G = H ~! s also
equivalent to the bibasic summation formula

(1.9)

n k _k =n
l—ap'q (a;p),(qa ":9); nk
1.10 =00
(1.10) EO l-a (q;9),(arq";p), "o

Mizan Rahman [19] gave another proof of (1.10) and used the special cases
p= q2 and p = q3 to derive some quadratic and cubic summation formulas.
The author observed that Rahman’s proof of (1.10) could be extended to infinite
series to give

& 1-ap*q* (a;p) (67" 59),
1.11 2k 2k pt =0
(10 2 Toa (@:0,@p0)
when max(|p|,|q|,|b|) < 1, and that this formula could in turn be extended to
the transformation formulas
i 1-ap*q* (a;p) (c/b;a), &
1-a (q;9)(abp;p),
_ l—cz(ap s P)i(c/b3q), K
(9;9),(abp;p),
_ l—c — (ap; p)k(cq/b q)k k
1 —abp & (q:q),(abp*; p),

(1-c)ap;p),, <= (b; p)k(cqp 39 oo
~ (T=b)(abp; Po =5 (03 p) (bap*;0),

when max(|p|.|q|.|ap|.|b]) <1, where

k=0

bg)"
(1.12)

(ap)"

(@;9),, = (1 —a)(1 —agq)(1 —aq’)---, lg] < 1.

After receiving a copy of these formulas, William Gosper observed in a letter
to the author that the series on the left sides of (1.10) and (1.11) telescope,
yielding the indefinite bibasic sum

’

iy o lard_@neia i @pip)(caia), -

i 1-a @) (ap/cip)," ~ (@:9),(ap]c;p),

where n=0,1,2,....
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In this paper we shall extend (1.13) to the bibasic indefinite summation for-
mula

Z": (1-apq"y(1 -bp*q™) (a.b;p),(c.a/bc;a), &
(1.14) poe (1-a)(1-b) (9.aq/b;q9),(ap/c,bcp; p),
_ {ap.bp;p),(cq.aq/bc;q),
(9.a4/b;q),(ap/c bcp;p),

and give several applications of it; including extensions of (1.7)-(1.9), some
quadratic, cubic, and quartic summation formulas, a transformation formula
for a series containing four independent bases, and extensions of Verma’s [25,
p. 349] extension of the Fields and Wimp [11] expansion formula

F

r+t= s+u

[aR o ] & (ag),(0),(8), (=x)"

s xw| =
bs.d, par (bg),(y +n), n!

(1.15) N "+a»"+ﬂ»”+ax.x}

r+2 s“[ 1+2n+y,n+bg °’

-n,n+7y,c
x . F T, wi,
1+2 u+2[ a,ﬂ.dU ]

where

(1.16) (@)y=1, (@),=a(a+1)---(a+n-1), n>1,

is the shifted factorial function and the contracted notations used are a, for
a .a,,...,a,, (ag), for (a)),(a,), -(a),, and n+ap for n+a ,n+
a,,...,n+a,.

2. DERIVATION OF (1.14) AND SOME EXTENSIONS

Set
2.1) s = (ap.bp;p),(cq.aq/bc;q),
' " (q.aq/b;q),(ap/c.bcp;p),
for n=0,1,2,...,s_, =0, and define the difference operator A by

As, =s,—5,_,

Then As, =5,=1,
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and, hence, (1.14) follows from the observation that
Asy =5, — S,
_ (ap.bp;p),_,(cq,aq/bc;q),_,
(9.aq/b;q),(ap/c.bcp; ),
(2.2) x {(1 - ap*)(1 - bp*)(1 — cg*)(1 - ag" bc)
— (1 - g")(1 - ag"/b)(1 - ap* [c)(1 - bep*)}

_(1-ap*d"(1-bp*q7*) (a,b;p),(c.a/bc;q), -
B (1-a)(1-b) (9.aq/b;q),(ap/c . bcp; p),

for k=1,2,.... Now that (1.14) is known, it can also be verified by induction
on n.

The series in (1.14) is partially of well-poised type in the sense that b(ag/b) =
aq and c(ap/c) = (a/bc)(bcp) = ap. Gosper’s formula (1.13) follows from
(1.14) by letting b tend to zero or infinity. Formula (1.14) also holds for
n = oo, provided that |p| < 1 and |g| < 1, whereas the right side of (1.13)
tends to zero as n — oo if |c| > 1, yielding formula (1.11) with b = ¢t

When c=¢q~ ", n=0,1,..., formula (1.14) reduces to

" (1-ap*q*)(1-bp*¢™) (a.b;p)(@a".aq"/bsa), k _
23) kz_o (1-a)1-b)  (q.aq/b;q),(apq" .bPg™";p), =0

since (q"" ;4), = 0 for n > 1. This formula was independently derived in an
equivalent form by Bressoud (8, §4).

Note that by replacing a, b, ¢ in (1.14) by p*, p°, p°, setting p = ¢*
and letting ¢ — 1, we obtain the limit cases

2’5 (@a+k+k/A)(b+k - k/A) (a),(b),(Ac), (Aa — Ab — Ac),

ab k!(Aa+1-4b), (a+1-c), (b+c+1),
_(a+1),(b+1),(Ac+1),(Aa+1-2b—4ic),
T onl(Aa+1-2b),(a+1-c) (b+c+1),

(2.4) k=0

and

F [ a,1+ia/(A+1),144b/(A=1),b,Ac, da—Ab—ic ]
6" 5\ Aa/(A+1),Ab/(A-1),da+1-Ab,a+1—c,b+c+1’
_ T@Aa+1-b)(a+1-c)l(b+c+1)
“T@+ DI+ DI(c+ DT Aa+1-4b — Ac)’

(2.5)

It should also be noted that when p = g formula (1.14) reduces to

n 2% ) .
(2.6) Zl“’q (a.b.,c.a/bc;q), « _ (aq.bq.cq.aq/bc;q),

~ 1-a (q,aq/b,aq/c,bcq;q)kq " (q.aq/b,aq/c  bcq;q),
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which is the special case e = aq”" of Jackson’s sum [21, (IV.8), p. 247]

a,qva, —qya,b,c,d,e,q"
va, —+a,aq/b,aq/c,aq/d ,aq/e,aq
_ (aq,aq/bc,ag/cd , ag/bd;q),
(aq/b.aq/c ,aq/d ,aq/bcd ;q), "
where a’q = bedeq™" . It was in trying to derive a bibasic extension of (1.13)
which would reduce to (2.6) when p = g that the author discovered the choice

of s, in (2.1). One may, of course, further extend (1.14) by proceeding as
above with s, replaced by, for example,

s - (@p),(b59),(c;P),d;Q),
" (e;0),(f34),q;P),(h;Q),"
but then As, does not simplify as in (2.2), except in special cases.

Formula (1.14) can be extended to a transformation formula containing four
independent bases. Just observe that, since

n n—k n n—k
(2.9) doad_ A=) A4 a
k=0  j=0 k=0  j=0
by a change in order of summation, if we take

4 = (l—apqu)(l—bp"q“k) (a,b;p),(c,albc;q), k
k (1-a)(1-b) (¢.a4/b;q),(ap/c bep; p),

%7 o 4.9

(2.7)

n

(2.8)

and

1-AP*Q*Y(1 - BP*Q™*) (4,B;P),(C,A/BC;Q), X

_
A= (1-4)(1-B) (Q.AQ/B;Q)k(AP/C,BCP;P)kQ '

then we obtain
(2.10)
i (1-ap*qd")(1 - bp*q™") (a.b;p)(c.a/bc;q),
pard (1 —a)(1-b) (q.aq/b;q),(ap/c,bcp;p),
(CP™"/4,P""/BC;P)(Q"" ,BQ™"/A;Q), «
(Q7"/C,BCQ™"/A;Q),(P™"/A,P7"|B;P),
_ (ap.bp;Dp),(cq.aq/bc;q), (Q.AQ/B;Q),(AP/C,BCP;P),
" (q.aq/b;q),(ap/c .bcp;p), (AP, BP;P), (CQ,AQ/BC;Q),
Syl AP*Q")(1 - BP*Q™%)  (4.B;P),(C.4/BC;Q),
pars (1-4)(1-B) (Q.,A4Q/B;Q),(AP/C ,BCP;P),

(cp™"/a,p " /bc;p) (¢ . bg” " |a;q), ot

(g7"/c,beqg™"asq), (p"/a,p™"/b;P),;
for n=0,1,2,..., which reduces to (1.14) when C =1.
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When p = P = Q = ¢, (2.10) reduces to a transformation formula for
“split-poised” |4, series:

" a,q\/a,—-q/a,b,c,a/bc,C/Aq", 1/BCq", B/Aq",q~"
1099 | /&, —/a@, aq/b, ag/c, beq, 1/Cqn, BC/Aqn, 1/Bq", 1/4q **
_ (a9, bq.¢cq. ag/bc, Aq/B. Aq/C, BCq; q)n
(Aq, Bq; Cq, Aq/BC, aq/b, ag/c, bcg; q)n
A,qV4,-qVA,B,C A/BC,c/ag", 1/bcg",b/ag",q~"
X10 9 ;4.9
VA, -V4, Aq/B, Aq/C, BCq, 1/cq", bc/ag™, 1/bg", 1 /ag"

(2.11)

Formula (2.10) can also be used to derive a transformation formula containing
two independent bases and shifted factorials by replacing 4, B, C by P4,
P, P€, setting P = Q*, and letting Q — 1 to get

2": (1 —ap*g*)(1 = bp*q=%) _ (a,b; p)i(c. a/bc;q)
(1-a)1-b) (9.aq/b; a)x(ap/c, bep; p)i
(C—A-—n) (=B - C—n)(uB— pd — n)(=n); gk
(=uC = n)i(uB + pC — pA — n)i(—A — n)i (=B — n);
_ (ap.bp; p)n(cg.aq/bc;q)n  n(uA+1— uB)n(A+1—=C)a(B+C + 1)n
T (@ aq/b' a)n(ap/c,bep; p)n (A + 1a(B + 1)a(uC + Dn(pA + 1 — uB — uC)n

E (A+k+ k/#)(B +k—k/p) (D (B)i (C)y (uA — uB — pC);,
Ki(uA+ 1 — uB)(A+1- C)(B+C + 1)

k=0

(2.12)

(C/ap", 1/bcp”; p)i(q~". b/ag"; q)k
(1/cq". be/ag™; @) (1/ap™, 1/bp"; p);”

Similarly, replacing a, b, ¢ in (2.12) by p®, p®, p°, setting p = ¢* and let-
ting ¢ — 1, we obtain the rather strange looking , F, transformation formula

(2.13)
al+ia/(A+1),1+Ab/(A—1),b,Ac,Aa — Ab — Ac,

10 Aa/(A+1),Ab/(A—1),Aa+1—-Aba+1—c,b+c+1,
C—-A-n-B-C-nuB—uA—n,-n 'l]
—uC—-nuB+uC—-pAd—n,—-B—n,—-A-n’

(@4 Dn(b+ Da(Ac + Dn(Aa + 1 = Ab — Ac)a(uA + 1 — uB)p(A+ 1= C)n(B + C + 1),

T (A+ Dp(B + Da(uC + Da(uA + 1 —uB — uC)n(Aa+1=Ab)p(a+ 1 =c)u(b+c+ 1)y’
Fo [ A1+ #A/(u+ 1)1+ uB/(u — 1), B, uC, pA — uB — uC,
079\ ud/(u+ 1), uB/(u— 1), yA+1 - uB,A+1-C,B+C +1,

c—a-n-b-c-nib—-ia—-n,-n '1]

—Ac-nAb+ic—-Aa—n~-b-n—a-n’ ]’

To prove (1.11) and the transformation formulas in (1.12) first observe that,
since 1 — ap"qk =(1- apk)q" +(1- q") s

(2.14) Zl—ap q* (a;p),(c/b; ‘I)kb =5, +5,
k=0

l1-a (q;9).(abp;Dp),
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with

= (ap;p)(c/bia) ,, &
&1 = 2 g ) abw 2y 0
(2.16) S, = 1 (a;p),(c/b3q),

l-a e (Q§Q)k_1(abp;p)k

Employing the g-binomial theorem

(2.17) Z(a @i ((azz;;:)):

we have

k+1 |
3 P)oo

_ (ap;p)y < }: (/bsa)y (bg)* (202
' (abp;p)y, 2 X (a;9), (ap"”,p

oo

_(@p;p)y, =(c/bia),,, k= B3P); ki
= (@br P (q-q)k (ba) Z:< 0, )

_(ap;p)y = )i = (c/bi) vk
~ (abp; p)c,ojz0 (p; p)( )§, @), 2P

(2.18)

_ (apip)y, (b;p); (car’;q),,
(@bp; P)o 5 (P 1), (bap’ 1 0)

® (ap)’.

Similarly,

(a; p)k+|(c/b q)k+| k+1
5= l—az (9;9),(abp; p),,, b
_ (b= c)(@p: )y X (ca/b;a), (@b0" "3 P)gg 1k
@bp;p) = (q; q)k(ap"*l Pe

_(b—c)@ap;p),, <= (ca/b; Qg & (bp; p) Sy
~ (abp;p)., Z (4:;9), E (p; p) )

(2.19)

_(b=c)ap;p)y, = (bp; p) (cq/b; q)k ik
(abp; p),, Z:(p p) Z “(q:9), (bp

_ (b-c)ap;p),, < (b;p);(cap’;q),, = (ap)’

~ (1-0)(@bp:p)o, <= (3 p);(baP’ 9),,
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which, in combination with (2.18) and (2.19), gives (1.12). Formula (1.11)
follows by setting ¢ =1 in (1.12).

3. INVERSE MATRICES AND EXTENSIONS OF
EULER’S TRANSFORMATION FORMULA
By switching p and ¢ in (2.3) and replacing n, a, b and kK by n—m
ap™q™, bp~"q™ and j — m, we find that

(3.1 Zanl im =
with
(32) _(=0)"(1-ap’d’)(1 - bp™'¢’)(aap" . bap ™" ;q),_,
CANTY p),,_,(aqp Jbap™";q);(bp" " /a;p),_;
b ’ - j=m
(3 b, - b Dy (2 pream)77 p20),

m = (p.an" " [b;p),
which shows that the triangular matrix 4 = (g, j) is inverse to the triangular
matrix B = (b jm) . Also see Bressoud [8, §4]. The Al-Salam and Verma inverse
matrices H and G are the b — 0 limit cases of 4 and B.
Computing the jkth term of the product matrix BA, we get
—k k _k -k _k k+ k+l k—n _k+1
’E(l-apq)(l—bp q)ap g b0 T a),
(34) o (25P),(P5 D) i "(ap”*"/b-p),_k“
_g 2k+2n n nG=k=0+("37") _
x(1-52") 1"

Jl,k ’

which, on replacing j, n, a, b, respectively, by n+ k, k, ap"kq"k" R

bp"q-k"l , gives the following extension of (1.5)
(3.5)

(1_ g) (l— _) " (ap*,bp~* 39), (1= aPZk/b)( l)kpk(n-l)+(";") _5

q = (p;p)(P3P),_p(ap" /b3 D), 0
We can now use this bibasic sum to derive an extension of the Al-Salam and

Verma bibasic extension (1.7) of Euler’s transformation formula (1.6). Replace
n in (3.5) by j, multiply both sides by B,, (-x)"*(a/b)’ p’"*"*, sum from
J =0 to oo, change the order of summation and then replace k by kK —n and
Jj by j+k—n toget

et (1-3) (- 1) £ e

k=n

(3.6) xi @p* ™" . bp" 1)1k _g)m—n
= (30)(@P* "1 D) sk
(k=n)(j+k=n—=1)+(3)+(* *3™")

xxB+kp
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Now replace a by ap”q"*', b by bp~"¢"*", multiply both sides by A,w",
then sum from n =0 to oo to obtam

34,8, (—xw) = Z (agp" bqp ,q)k L)
k -n_n
XZ apq)( —-bp q)(akp /b; p)
(3.7) n=0 (p D)y ,,(aqp bap™";4q),
i (ap q bp q" 34); [ a am\itk-n
=0 2k+l/b p) (—_ )
< B. kx,p(k m)(j+k—n—1)+({)+(**3")
i .

We have written this formula in a form so that it tends directly to (1.7) as
b — 0. By replacing 4,, B,, x, w by suitable multiples, formula (3.7) can
be written in an equivalent form which tends to (1.7) as b — oco. Also, by
replacing 4,, B,, x, w by Anpz(g) R Bnp'z(;), — bx/a,aw/b , respectively,
(3.7) can be written in the simpler looking equivalent form

—k

iAanx,, _ © (agp* ., bap™*;9),_, (—x) g+
P o (p.ap*/b;p),
y Z (1-aq"p")(1 - bq"p™")(p™" ,ap" /b 2 P)n g
(aqp* . bap™";q),
k k g k -k
> (a b 34d); -
<3 (ag'p 2kqlp q),B.+kx,p,‘
= (p.ap™*'/bip);
As in our derivation of (2.4) from (1.14), we find that both (3.7) and (3.8)
yield the expansion formula
(Aa+1+24k),_ (Ab+1-14k),_,
EAwa Z Ki(a+k-b), (=x)
N Z (Aa +n + An)(Ab + n — An)(=k), (a +k - b)
(Aa + 1+ 4k),(Ab + 1 - Ak),

lea+k+}tk)(lb+k lk) o
a+2k+1-b); J+k

(3.8)

k

(3.9) ngw"

n=0

Here, as elsewhere, cnher the parameters and variables are assumed to be
such that the (multiple) series converge absolutely, or the series are considered
to be formal power series in the variables x and w.

In [23] Srivastava repeated the Al-Salam and Verma proof of (1.5) in a form
corresponding to inverting the base p and used this formula to derive a multi-
variable generalization of the Al-Salam and Verma expansion (1.7) which gen-
eralized several of his earlier results. Unfortunately, he did not observe that his
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formula [23, (10)] was, in fact, a special case of (1.7), as can be easily seen by
using the observation that, for arbitrary positive integers m,, ... ,m_,
o0

Z Ak, ... ,kr)z'l"mzf’

Ky e k=0
— Kk
= E E Ak, ... . k)z,' -z, .

M=0km+---+k,m,=M
ky ... .20

(3.10)

Applying this observation to (3.8) with

k
(3.11) 4,= Y Albky.....k)zZ, B =Q,
kym+---+k,m,=n
ky oo ke 20

and letting
(3.12) M=M(m,,....m k... . k)y=km +---+km,,

where m,, ... ,m_ are (fixed) positive integers, we obtain the multivariable
expansion formula

m m k| m m, kr
Z Ay s e )R i, (W™ Z) (X0 ™ 2,)
Ky o k=0

Z:(aqp bar™"5q),_,
“~ (p.ap"/b;p),

(_x)"p"+('z')

(3.13) >(i’i(aq".v",bq"p"’;q),. iy
‘= (p.ap™'[b;p), "
y &= ag" p™)(1 - bg" p™™)(p ™" ap"/b; p)

Koy 4ok <n (agp” ,bap™";4),
ki 20"

X

X Ak, .. k)™ z) (™ 2,)

which extends [23, (10)] and is equivalent to (3.8). Use of (3.11) in (3.9) gives
a limit case of (3.13).

Analogous to the g-analogue of Lagrange inversion for x/(1-x)"" in Gessel
and Stanton [15, Theorem 3.7], the fact that B = A™" is equivalent to the
following bibasic Lagrange inversion result:

If -
G,(x) = Z bjnx’
Jj=n

where b, is as defined in (3.3), and if

b+1

fix)= fo —Zc G,(x),
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then
j
(3.14) fi=>_b,c,
n=0
and, vice versa,
n
(3.15) ¢, =Y a,f
j=0

where a,; is as defined in (3.2).

For some applications of special cases of the above result to identities of
Rogers-Ramanujan type and to quadratic and cubic transformations, see [15,
16].

4. EXTENSIONS OF THE FIELDS AND WIMP EXPANSION

Verma [25] showed that the Fields and Wimp expansion (1.15) is a special
case of the expansion

(x'w - (-x)" (@) n+ B),,+ k
ZOA B, Z=:n'(y+n)nkzok'(y+k2n+l§ B,ix

(_n)j(n + )’)j j
X —_— 4w
jgo ]!(a)j(ﬂ)]’ J

(4.1)

and derived the g-analogue

00 (xw)n
gA"B"(m)

(x) OS5~ (@B k

(4-2) E(q yq q) Z(q yq2n+|,q)an+kx

=@ "), j
;0 (4.a.8:9); Ajlwa)

where we have corrected a slight misprint.
To derive bibasic extensions of (4.2), first observe that

Z (l ypl'+.l f+j)(l _ O,pr'l'jq—f-j) (}.prq" a,pfq—r;p)j
Z (

2r+l

(4.3) 1-yp"¢"Y1-0p"q”")  (q.y0" :q);
' (@™ .yo 'qz’“",q), i_s
r+l1 r+m T mo0

“or Lap™'qg™" " p),;
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by (1.14), and hence, if C, , are complex numbers such that C, , = 1 for

r=0,1,2,...,
(4.4)
0o -1 _2r+2m -1 _2r, r -r,
B =% 1-yo ¢ (vo_ 4" ;4),,(yPq ,0pq " ;p),
= 1—ye'eY (439),,(rpat" .opg™ " p),
-mr r+m
xq Br+mCr ,m‘x am ,0
- - k -
_ ii (1-yp"q")(1 - ap"q")(1 = v~ ¢ ) (p0™ ' ¢""" 10), i
B e (4:9)(a;9),(rpa"** ,apg™" % ; p),
- - k_n(l+r—n—k)+(3
x (104" . apa”" ;p),_\(@"3@),(=1)" B, C, ., x" g ¥R+ C)

by letting j = n—r and m = n+k—r . Now multiply both sides by A,w' /(a;9),
and sum over r from r =0 to oo to obtain the bibasic expansion formula

[ o] n [ ] n_n n._—n n
Y 4,8, (x.w) =3 (1-yp"¢")(1 -0p"q )(_x)nqn+(,)
o] (9:9), % (g;9),
00 1-— ya—lq2n+2k ¥
X . B . x
(4.5) g’, (a39), (vpa"* ,opa™"*;p), "*
" (¢7";9),0007'a" T 50), i

X
j=

(4:9);

o

L o
x (pa’ .00 0), 4,C; i’ d" Y,

where C]. o=1for j=0,1,.... Similarly, formula (3.7) can be extended by
replacing Bj+k in (3.6)by B, ,C with C, o =1 for n=1,2,....

j+k ~n ,j+k—n
When p=g and C m = 1, (4.5) reduces to an expansion equivalent to

(4.6)
i"‘ 5 L) _i(a,yq”“/a.a.ﬂ;q),. (5)"
"Tn(g;q), (g.74";9) o
n=0 n n=0 n
xi(yqz"/o.q"“ 70, ~a""V1o. 10 0a" Ba"ia) p
poerd (q.4"V7/e. —a" Vo .va""™" ;q), nk
d @ ".v4";9); ;
Xy J A;(wg)’.

=@y 0,4 "a.a,B;49),
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Verma’s expansion (4.2) is the ¢ — oo limit case of (4.6). For basic hypergeo-
metric series, (4.6) gives the expansion

(4.7)
ag.Cr.
r+t¥s+u [bS ’dU > Q»X'w]

- = (CT'eK’a’yan/a;q)n x\" n_(3)ym+u—k—t
=y RN (2) -1"q"

n=0 )
Xisres @ va*(o,q"" ' y[a, —a"\rlo 07" crd" epd"
k+t+4 Pmiu+3 q" /y/a’ , —q"\/7/o, yqz"“ , qun ) qun ,
q ’an(m+u—k—l)]

a".vq" ag. fyy

. 4 A L g wql
mtr+2 Pherss2 [yq"+l/0',ql "/o . b . ey ]

where we used a contracted notation analogous to that used in (1.15). This
formula is a g-analogue of a generalization of the Fields and Wimp expansion
(1.15). Some other expansions are given in Fields and Ismail [10]. The multi-
variable expansion formula which follows by using (3.11) in (4.5) and its limit
cases (see, €.g., [18 and 22]) will be omitted.

In a subsequent paper, we shall use a special case of (4.7) to derive a g-
analogue of the inequality used by de Branges [7] in his proof of the Bieberbach
conjecture. Also see [5 and 12].

5. QUADRATIC, CUBIC, AND QUARTIC SUMMATION FORMULAS

One of the advantages of (1.14) is that by setting p = q2 ,q3 ,... Or g =
p2 , p3 , ... we obtain quadratic, cubic, ... summation formulas which can then
be used to derive other quadratic, cubic,... summation formulas.

In a letter to Gessel and Stanton, Gosper stated the following nonterminating
version of the quadratic summation formula (1.4) in Gessel and Stanton [15]

i(l—abcq’"”) gabcq,csi,q/d;q),,gbci,acq.abq;qz),, "
e (q°,abcq”/d ,abcdq” ;q°),(aq ,bq ,cq;q),
_ (abeq;q), (adq .aq’/d;q"),
" (aq;9)(abeg’/d , abedq” ;q°),,

5 ((I/C;q)m(bafq,qu/a';qz)c,o . (d.q/d;q) (bea;q’),
(ba;q) (a/cd d/c;a%),,  (ba.¢q;9)o(a750%) e

[e) (q/bc;qz)” o ﬂ n+l
xz(d/c,q/cd;qz),,ﬂ( ) (6) )

n=0

(5.1)

(continues)
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(continued)

,_\abea.d,a/d;q),,(beq acq , abg ;).
(4%, abecq’/d ,abedq® ;4%) (aq . ba . cq;q),,

Z (adq ,aq’/d;q ),,qzn+1

= (abq .acq;q%),,,

The author observed that the right side of (5.1) could be simplified to give
the formula

Z(l IS gabcq,;i,q/d ;q),,gbcq2 .acq,abq;q’),
(q ,abcq’/d ,abcdq”;q"),(aq . bq ,cq;q),
(abcg , 1/c;q)  (adgq ,aq’/d ,bdq ,bq*|d ;qz)oo
" (ag.b4:9)5(abeq’[d  abedq® q/cd ,d]c;4P),,
_ go\abea d.a/d; ), (aba’  acq’ beg  aq’ [ 1/acq;4°),
(aq.bq.cq;q), (a* abcq’/d ,abedq® ,q/cd ,d/c;q"),,
X 1, [adq,aqz/d,abq’ 2 _g_]

(5.2)

b ’

aqz/c,abq3 ac
by using the transformation formula
o, |oda-ad’/d abg 2 a| __(afcd.dlc;q)),
2| ag’fe.abg’ 7 Cac| T (ag/c,1[acq;qP),,
adq ,aq /d @
X (3¢2[ acq ’abq:!, q q

5.3
G (adq.aq’/d;q%),

~ acq(1 - d/c)(1 - g/cd)(abg’ . acq’ ;)

q°.q9/bc 2 bgq
><2<i’z[dq/cq/cd 1 c])'

which follows from formula (10.2) in Sears [20] by applying Heine’s

,b;
and Jackson’s [17]
(5.5) 29, [a b q,x] ((a; qq)) 2P, [‘;;Cc’/f; q.bx]

transformation formulas.
We shall show how the special case
=2n

,aq”/biq%), 5
~"n0

—k .

—a)(1-b)  (¢*,aq*/b;q%),(ag®*" . bg' "3 q),
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of (1.14) can be used to prove (5.2). For any sequence 4, , (5.6) gives
(5.7)

_ & (a/b;a’),(1/b59),,
= Zo @O aa )y,
xz":(l—aq’k)u—bq"‘) (@.00),(a™".a¢”/b;a")
o (1-a)(1-b) (4%, ag’/b;q")(ag™™"  bg' ™" ;q),
_ i (1-ag*®)(1 -bg™*)(a,b,1/b;q),(a/b ;qz)Zkb-qu+(;)
o (1-a)(1-0) (4%, a’/b;q"),(aq;9)y
5 i (ag™/b.a"/b.4""'[b:d),

2 3k+2 3k+1, 2
n—o (47,89 ,a9”""";q%),

n

n+k

provided that the series converge absolutely. By taking

(¢’Vajb, —q’Vajb,c.d d’q/cd;q%), o

(5.8) n= (\/‘7, -\/a_/‘l;'an/bc,aqz/bd,CdQ/ab;qz)n

(5.7) gives

=30 ag™)(1—bg™*) (a.b.1/b;9),(a/b;4"),
—~ (1-a)(1-b) (¢* ag’/b;q")(aq;9)y
(5.9) y (¢>Va/b, - q’Vajb,c.d a’q/cd;q%), bk
(Va/b, — va/b,aq’/bc ,aq’|bd , cdg/ab;q),
% 8W7(aq4k/b ;a2q2k+1/cd ,chk ’quk ,qk/b ,qk+'/b;q2 ’qz) )

where we let

gWilasb.c.d.e.fq,2)

a,q\/&. —‘CI\/E,b,C,d»e,f

(5.10) _ [ gz
87\ Va, -va.aq/b,aq/c aq/d aq/e aq/f’ 7|

Applying Bailey’s nonterminating extension of Jackson’s summation formula
[21, (IV.15), p. 248]
(5.11)
gWo(a;b,c.d.e,f;q.9)
(aq .bja,aq/de ,aq/ce ,aq/cd ,aq/cf ,aq/df ,aq/ef ;q),,
(aq/c ,aq/d ,aq/e ,aq/f ,bc/a,bd/a bela,bfla;q),,
(bg/c ,bg/d ,bg/e bq/f ,aq.c.d.e.f .bla;q),

(b%q/a,bc/a,bd/a,be/a,bfla,aq/c,aq/d ,aq]e . aq/f .a]b;q),
x W, (b’/a;b becja,bd/a, bela,bfla;q.q),
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where a’q = bedef , we find from (5.9) that

_ (ag/c, ag/d; q)oo(abg. abg/cd, ag? /b, ag? /bed; ¢%) o
(aq, aq/cd; q)oo(abg/c, abq/d, aq? [bc, ag? [bd; %) oo
o~ (1=ag* __ (@.b.a/bia)lc.d.a?ajcdia®)e
bs 1-a (42, a42/d, abg; 4?); (aq/c. aa]d, cd/a; )y, |
_ (a%bg*/cd, 1/b;q)eo(c.d, abg/cd, ag? /b, a’q3 /c?d, a’q3 [cd?; ¢*) oo
(5.12) (ag/cd, aq;q)oo(abg/c, abq/d, cd/abq, aq? /bc, ag? [bd, ug?; ¢?)oo

i (4. 9VF. ~av/W.aba/d. abac.a%g/cd. ag/cd, ag?[cd; 4%); 5
(g%, ., —/H.a%q3/cd, a2q3/cd?, abq3 [cd, a2bq? [cd, a?bg3 [cd,; qz),

y E (1—ag3)(1 —bg=*) (a,b;q)(a%q'*% [cd,cdqg=% Jabg;q*)x
(T-a)(1-5) (4% aa?/b;q?)(cdq=2/a, a2bq?2i [cd; @)y |

with u = a’qu/czdz. The case n = oo of (1.14) shows that the sum over k&
in (5.12) equals
(@4.,b44),(a°q"*>[cd ,cdg' ™" [ab;q"),,
(4*.aq*/b34%) o (cdg ™ [a,a*bg** [cd 1 q),,

and so the double sum over j and k in (5.12) equals
(5.13)

(aq . ba;q), (a°a’/cd ,cda/ab;q?)
(a*.aq’/b;q%) (cd/a,a’bg*[cd;q),,
& (4.qyE, -4/, abg/d abg/c a’q/cd abg/cd;q%);
XZ 3 33,35 23,92 3 73 12
im0 (@ VB, —/l,a°q [c°d ,a"q"[cd” ,abq”[cd ,a"q" [cd ;q");

aq4 ! 2(%)
—_— 2
() 2o
Now observe that by letting g — oo in Watson’s transformation formula [21,
(3.4.1.5)] we get

=~ (a.9va, —qva.c.d.e,f;q); (z)
(5.14) ‘= @.va, —va,aq/c,aq/d ,ag/e,aq/f ;q); cdef a

_ (ag.ag/ef ;9) p [aq/cd e, f ]
(aa/e. aa/f;a),, 32 | ag/c .ag/d > ¥ ef

Hence, the sum over j in (5.13) equals

(¢ .a’bg*/c’d’;q"), 5, |2baled. a’qjed ,aq’[bcd 2
2 a2q3/0d2,02q3/02d ’ ’

(abg’/cd ,a’q*[cd ;q7)
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and it follows from (5.12) that

oo

5 1-ag®  (a,b,q/b;q)(c.d d’q/cd;qD), K
& 1-a (¢% aq’/b,abq;q%),(aq/c .aq/d cd]a;q),

_ (aq.ag/cd;q)  (abg/c abg/d ,aq’ [bc ag’[bd ;q%),,

'~ (ag/c aq/d;q),,(abq ,aba/cd ,aq’ /b, aq’[bcd ;q7),,

aq(aq.b,q/b;q)(c.d a’q’[cd’ ,a’q’|c’d ;4%
cd(aq/c,aq/d ,cd/a;q)_(abq ,abq/cd, aqz/b ,aqz/bcd;q2)oo

abq/cd , azq/cd , aqz/bcd 2 2

a2q3/cd2,a2q3/c2d 4 .4

(5.15)

X 30,

Hence, replacing a, b, ¢, d, respectively, by abcq, d, bcq, acq, we obtain
the quadratic summation formula

i 1 — abeg™*!
1 — abcq

k=0

(abeq.d,q/d;q),(beq ,acq ,abq;d’), «
(¢° . abcq’/d ,abcdq® ;q*), (aqg . ba . cq;q),
— (abcq2’d,q/d;q)oo(acq,bcq,aqz/c'qu/c;qz)m
(5.16) c(aq.bq,cq;q),(d/c q/cd  abedq’®  abeq’[d;q°),,
« o[
372 aqz/C,qu/C 5
_ (abeg®  1/c;q),,(adq bdg ,aq’/d . bg’/d ;q"),,
(aq.bq;q)(d/c.q/cd ,abedq® abeq’/d;q)

Note that the above ,¢, series is balanced (Saalschiitzian) and hence summable
when it terminates. Formula (5.2) follows from (5.16) and the Sears’ [20, (10.1)]
transformation formula

(L ﬂ,q> e e .

abec. ef] \c'ab’ 7/ a'v’”. f

I L R o e I AR
(f,zl—l;,q) ’ab

In a letter to the author, Mizan Rahman gave a longer proof of (5.2) in which
he started with formula (1.10). He also showed that the right side of (5.2) could
be written as a sum of an ¢4, series and a ,¢, series which is symmetric in
a, b, ¢. His proofs in [19] of other nonterminating quadratic summation
formulas can be shortened by using (1.14) in place of (1.10).

By starting with the special case
(5. 18)

Z (1-ag™)(1-bg™)  (a.b:0)(a"".aq"/bsa)y s« _

T—a)(1- b) @ .ag’/biq)(ag " bg" " ;q), "o
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of (1.14) and setting

(5.19) B = (43 a/b:—QB\/tl/_b.C,azb/c;q3)n .
. " (Vafb, - VaJb,ag*|bc ,cq’ab?;q’),

we get

_ i(alb 10),(1/b34)y,
= (a°:4°),(aq;4),,
_ il—aq (a.b54),(a/b54°), (a/b3)
(5200 i '-a (¢ .ad’/b;d’)(ag;9),
(¢*Valb, - ¢’VaJb,c,a’b/c;q*), b—kq3k+z(§)
" Valb, —valb.aq’[bc .cg’[ab?:q"),
X sW,(aq6k/b;a2bq3k/c ’chk ,qZk/b ,q2k+l/b ,q2k+2/b;q3 .43)-

Now apply (5.11), with b replaced by azbqsk /c, to the above (W, proceed
as in the derivation of (5.13), and use the following ¢ — oo limit case of (5.14)

x (a.9va,-qva.d,e, f;q); (azqz)l 2(})
‘= (a.va. -va,aq/d, aqfe aq/f;q); \ def 7
_ (aq.aq/ef ;q),, é [ e.f
= (aa/e.aa/f30),, 2*" lag/a* ! f
to obtain the cubic summation formula
5L ag*  (a.b;9),(a/b.a’/b;0")(c.a’bc;a), &
< 1-9 (@.aq’/b;q’) (abq.ab;q%),(ag/c cq/ab;q),
ab’>  (aq.bq.1/b;q)(c.a’bg’/c*;0°),
¢ (ab,cq/abag/c;q),(ab*/c . ag’[b;q%),,
2 2
AT
_ (aq.ab/c;q)_(ab® aq’/bc;q)
" (ab.ag/c;q)(ab?/c.aq’[b;q”)
For some additional cubic summation formulas, see [19].
Notice that by replacing a, b, ¢ in (5.22) by ¢*°, ¢*°, ¢°, letting ¢ — 1,

and using Gauss’ formula [21, (II1.3), p. 243] and the identity I'(a)['(1 — a) =
n/sinma, we obtain

n n,0

(5.21)

(5.22)

3a, 1+ 3a/4,3b,(1-3b)/2.1-3b/2.c.2a +b — ¢
! 6[3a/4 1+a—-b,(1+3a+3b)/2.3(a+b)/2.1+3a~3c.1+3c—3a—-3b' ]
(523) = FGat3IU+3a-30Ta+2b—l(1 +a-b)
: T(Ga+ NI (3a+3b-3c)(@+20)[(1 +a-b—-c)
{l sin 3nb sin nc }

sin3n(a+ b —c)sinn(a + 2b)
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Mizan Rahman pointed out in a letter to the author that a special case of this
formula evaluates Gosper’s ,F series in [14, (6.1)] for the case b =2a.

If, instead of starting with (5.6) or (5.18), we start with the special case
(5.24)

2": (1-ag™)(1-bg™)  (a.b;0),(a"" . ag"/b3q"),  ax _ 5

= (1-a)(1-b) (¢* ag*/b;q*)(ag"**  bg" " ;q), "0

of (1.14) and set

(¢*Vajb, - ¢*Vajb,a’v’ 14" ;4%), an

(525) Cn = (\/a/_b, _,/a/b,q6/ab3;q4),, “
we get
(5.26)

00 b; 4 .
(a/b;q),(1/b5q),, Co .
= @*q ) (aq;9),,

_ X 1-ag*(a,b; 94 (/b;9)5,(a’b*/a” ;4"), (ag"/b; Q)Zkb—k 4k+3()
—Z — 5
(¢*.aq*/b.q°/ab’;q%),(aq;q)s,

y W(aq /b a b2 4k-2 q3k/b,q3k+l/b,q3k+2/b,q3k+3/b;q4,q4).

By applying (5.11), with b replaced by azbzq‘""2

the f — oo limit case of (5.21)
e (a.qva, -qva.d.e;q), ([ ¢ ‘qu(;’)
~(a.va, —Va.aq/d ag/e;q); \ de
_ (ag59), [ , gg]
 (ag/e;q),, 11 agid’ Ve |

we obtain the quartic summation formula

, 1o the above (W, and using

(5.27)

i 1—ag*™ (a,b;q).(a/b.da’/b.a’[b;a°) (@b /d";4%), -
= 1-4 (¢*.aq*/b;q") (abq,ab, ab/q;q") (4’ /ab;q),
ab3 (aq.bq,1/b;q)_ (azb2 2. 4)
* (ab,q*/ab?;q),(ab/q;q") . (4° ab /q .aq'/b;q*),

2;2 .
ab
¢ [ 2b2/27q abq

(5.28)

(aq,ab’/d*;q),

" (ab:q)_(ab/a;q7)(ad" /b .ab’[a%;q")

A g-analogue of Gosper’s strange evaluation [14, (6.1)] and additional results
will be given in joint paper with Mizan Rahman.
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