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DIGITAL REPRESENTATIONS USING
THE GREATEST INTEGER FUNCTION

BRUCE REZNICK

ABSTRACT. Let S;(a) denote the set of all integers which can be expressed in
the form ) ¢;[a’], with ¢; € {0,...,d — 1}, where d > 2 is an integer and
a > 1 isreal, and let I; denote the set of a so that S;(a) = Z* . We show
that I; = [1,r;)u{d}, where r, = 1314, ry = 2213 and ry = (d2-d -2)!/?
for d > 4. If a ¢ I;, we show that Ty(a), the complement of Sy(a), is
infinite, and discuss the density of T,(a) when a < d. For d > 4 and a
particular quadratic irrational g = B(d) < d, we describe Ty(B) explicitly
and show that |T,;(8) N[0, n]| is of order n¢?) , where e(d) < 1.

1. INTRODUCTION

In the usual base d digital representation, every nonnegative integer m is
written (uniquely) in the form m =Y ¢.d’, where g, €[[0,d —1]]. (Here and
throughout the paper, we shall denote [a,b]NZ by [[a,b]].) This remarkable
fact has inspired many generalizations, especially when d = 2. (The survey
papers [4] and [8] together contain sixty references.) In this paper, we replace
d' by [a'], where [x] denotes the greatest integer < x and a > 1 is a fixed
real number, and allow the value of d for the range of ¢; to become a second
parameter.

The fine behavior of the sequence [a'] has also attracted much interest, es-
pecially in the equivalent form {a'} = o' — [@']. For example, Mahler has
asked whether there exists A so that {4(3/2)"} is equidistributed on [0,1).
The only nonintegral o’s for which {a'} is well understood appear to be the
PV numbers (algebraic integers whose conjugates lie in |z| < 1). A repre-
sentation m = Zsi[a'] can also be viewed as a partition of m into the set
([ao] , [a'] , [a2], ...) with at most d — 1 repetitions; this question has previ-
ously been studied when a < d is an integer.
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We now introduce our most important definitions. Let

T .

(1.1) Sd(a)={Zsi[a']:sie[[o,d—ll], TzO},
i=0

(1.2) T,(a) = Z'\S,(a),

(1.3) I ={a: Sy(a@)=2Z"}.

In this paper we compute I, and discuss the cardinality and density of T (a)
when a ¢ I,. We give an explicit description of T(f) for a family of pairs
(d,p) in which B = B(d) is a certain PV number.

If a > d, then an easy counting argument (see §3) shows that S,(a) has
density 0, so a ¢ I,. If o < d is an integer, then the base o digital rep-
resentations are included in (1.1), so a € I;. One might expect this argu-
ment to generalize to nonintegral a < d by some version of the pigeonhole
principle, so that our problem is trivial. This is not true. Suppose d > 3
and a € [(a’2 - 1)'/2,d), so [a] =d -1 and [a2] = d* - 1, and suppose
d*—d+1<m<d*-2.1If m=28i[ai],then g, =0fori>2as m< [az].
But then m < (d - 1)([a°]+[al]) =d?—d, a contradiction. A similar argument
works for d =2, with m =6 and a € [7]/3 ,2), by considering ¢,, ¢ and
&, .

’ This paper contains five theorems (and one conjecture) about S,(a), T (a)
and /,.

Theorem A.
i) 5,=11,13")u{2},
(i) I,=[1,22"%)u{3},

(it) I, =[1,(d"-d+2)""*)u{d}, d>a4.

The description of I, may be deduced from [7, Theorem 5]. Contrary to
appearances, it is not true that m € S (o) implies m € S,(7) for ye[l,a).
We must prove Theorem A by an appeal to ten separate cases.

Theorem B. If o ¢ I, then |T (a)| = co.

When d = 2, this may be deduced from [7, Theorem 3]. Theorem B is
proved by the inductive construction of an infinite sequence in 7,(a). The
construction follows [7], where the idea is attributed to J. Folkman.

Theorem C. If a < d and o ¢ I, then there exists a positive integer t = t(a ,d)
so that every integer m > 0 can be written as Zsi[a'], with ¢, € [[0,d]] for
i<tand e €[[0,d-1]] for i>t.

Theorem D. If a <d and o ¢ I,, then S;(a) has positive density.

Theorems C and D are immediate consequences of the analysis of the “greedy”
representations of m as Esi[a’] . In Theorem D, one would expect S () to
have density one; Theorem E proves this in one special case.
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Theorem E. Suppose d >4 and B = p(d)=1(d -1 +(d2+2d— 3)1/2). Then
B ¢ I, and S,(B) has density 1.

The proof of Theorem E hinges on the fact that # is a PV number, and so the
behavior of [B'] is intimately related to the behavior of the sequence 8+ 8",
which satisfies a second-order linear recurrence by Newton’s identity. We can
describe the workings of the greedy representation for (d, 8) in exact detail
and are able to give an explicit description of the set T,(8). We show that

N =f{meTy (B):m< [ﬂ’“] — 1} satisfies a fourth-order linear recurrence,
and N, ~ cdy' asymptotically, where y = y(d) < B(d) is another quadratic
irrational. Thus S,(B) has density 1.

Conjecture F. If a <d and o ¢ 1, then S;(a) has density 1.

It seems unlikely that these arguments of Theorem E can be generalized suf-
ficiently to prove Conjecture F, especially for transcendental a. A counterin-
tuitive bit of negative evidence is this: if d > 2 and r > 2, then there exists
an open interval I, , C [1,d]\I; so that d"”™' —d"? integers < d’ lie in
T (@) for a €I, ,. This result does not violate Conjecture F, since any fixed
a € [1,d]\I, only belongs to finitely many I, , . Nevertheless, it seems unlikely
that a uniformity argument can be used to prove the conjecture.

The paper is organized as follows. §2 presents the literature on a related
question: complete and entirely complete sequences, and gives Brown’s crite-
rion, which is essential to the sequel. In §3-§6, we prove Theorems A through
E, and in §7, we discuss Conjecture F and the related partition problems.

Most of the results of this paper were found while the author was a Visiting
Associate at the California Institute of Technology in early 1985. The author
thanks the Caltech faculty and staff for their hospitality during his visit.

2. PRELIMINARIES

Let 4= (a,.,a,,...) be a nondecreasing sequence of positive integers and,
for d > 2, define the sets
n
(2.1) S5(4) = {Zsiai:sie[[O,d— 1]]} :
i=0

so that, (cf. (1.1)) S,(4) =U;2,S,(A). The sequence A is called d-complete if
S,(A) contains all sufficiently large integers and entirely d-complete if S,(4) =
Z*. In this terminology, a € I , precisely when the sequence ([ai]) is en-
tirely d-complete. When d = 2, one speaks of complete and entirely com-
plete sequences; this was the first case discussed in the literature. Hoggatt
and King ([10, 11]) posed the following problem about the Fibonacci sequence
F=(1,1,2,3,5,...): Let F' denote F with any one element deleted and
F" denote F with any two elements deleted. Show that every F' (and no F")
is entirely complete. Brown [2] in 1960 generalized the solution to this problem,
and gave a necessary and sufficient condition (Lemma 2.3 below) for a sequence
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to be entirely complete. Alder [1] in 1962 and Fridy [5] in 1965 independently
gave the definitions for d > 3 and generalized Brown’s criterion.

Given a sequence A, let
(2.2) A= (ay,....a5.a,,....a,,a,,...),

where each a; from A occurs d — 1 times in A% Ttis easy to see that the
d-(entire)-completeness of A is equivalent to the (entire)-completeness of A4
In 1964, Graham [7] considered the two-parameter family of sequences 4,(a) =
([ta], [ta®],[ta’], ...) with 0< ¢ and 1 < & < 2. Erdés had conjectured that
A,(a) is always complete, even if not entirely complete. Graham proved that,
when ¢ < 1, completeness implies entire completeness and determined the set
of (¢,a) for which 4,(a) is complete. Specializations of Theorems 5 and 3 in
[71to t = a”! give the relevant portions (d = 2) of Theorems A and B.

We now give Brown’s criterion and its proof, which is short and illuminating.

Lemma 2.3 (Brown). Let A = (a,,a,,...) be a nondecreasing sequence of
positive integers, and let s, = 2f=0 a;. Then A is entirely complete if and only
if ay=1 and

(2.4) a <s,_,+1,r>1

If (2.4) is not satisfied and m € [[s,_, + 1,a, — 1]], then m ¢ S,(4).

Proof. The smallest integer in S,(4) is a,, so @, = 1 is both necessary and
sufficient for 1 to belong to S,(A4). If A4 is entirely complete, then forall r > 1,
a, —1€8,(A4);thatis, a, —1=7)¢,a,,¢6,€{0,1}. As g, > a, for i>r,it
follows that ¢, =0 for i > r. Thus,

r—1 r—1
(2.5) a-1= Zsiai < Zai =S,_,
i=0 i=0

which is (2.4). This argument also shows that, if (2.4) fails and m is in the
indicated range, then m ¢ S,(A4). We shall use this reasoning repeatedly.

Now suppose that @, = 1 and (2.4) holds. We prove by induction that
S;'(A) = [[0,s,]]. This is clear for n = 0; suppose it is true for n = r — 1.
Then by distinguishing the cases ¢, = 0 and 1 in (2.1), we see that

(2.6) S5(4) =8, (AU (S, (4) +a,) =1[0,s,_,]1Ulla, ,s,]]

By (2.4), the two sets of integers merge without gap, completing the inductive
step. Finally, @, >a,> 1,50 me S;""'(4) CSy(4). O

Lemma 2.7 (Alder). A nondecreasing sequence of positive integers, B =
(by.b,....), is entirely d-complete if and only if by =1 and, forall s> 1,

s—1

(2.8) b<1+d-1))Y_b,.
i=0
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If (2.8) failsand 1+ (d = 1) Y52 b, <m< b, —1, then m ¢ S,(B).

Proof. Apply Lemma 2.3to 4 = B If a=a,_,,
If a >a,_,,then r =(d-1)s, A1)y = b, and Ag_1)s-1 = b_,,
reduces to (2.8). O . .

Henceforth, we shall abbreviate [a'] and [B'] by o, and B; respectively,
and write a = (a,a,,...) and B =(B,.B,,...). We now apply Lemma 2.7
to our situation. Let '

then (2.4) is automatic.
so (2.4)

k-1 k-1
(2.9) pla.d. k)=1+d-1)> a;~0a, =) (do;~a,,,).
i=0 i=0

Since a, = 1 forall a, Lemma 2.7 states that a € I, if and only if ¢(a,d, k)
>0 for all kK > 1. We say that (a,d,k) is bad if ¢(a,d,k) < —1 and
da;_, — o < —1. By looking at the smallest k for which ¢(a,d k) <0, we
see that Lemma 2.7 gives the following criterion for I, :

Lemma 2.10. o ¢ I, ifand only if (a,d , k) is bad for some k.

Since o' — 1 < a; < o » @; is “close” to a-a;_,; when d > a, this leads to

a useful inequality which bounds the value of k in a bad triple.

Lemma 2.11. If 1 <a<d and doy_, — o, < -1, then

(2.12) a_, <(a-1)/(d - a).

In particular, if k > 2, then

(2.13) @2+ trat+tl)<1/(d-a),

(2.14) < (d-1)/d - ).

Proof. By hypothesis,

(2.15) doy_ <o, -1<a*—1<ala_ +1)-1,

whence (2.12); (2.13) and (2.14) follow from (2.12) and o, _, > & '-1. o

3. THE PROOF OF THEOREM A

We prove Theorem A by dividing it into ten cases (this notation differs harm-
lessly from that in the introduction). We shall retain this case notation in the
proof of Theorem B.

Theorem A.
(@) If a>d, then a ¢ I,.
b)Ifa<d and a €Z, then a € 1,.
(©Ifd>3and 1<a<d-1,then a€l,.
@) If1<a<13"* then a€l,.
©If 137 <a <7, then a ¢ I, and 12 € Ty(a).
O If1'*<a<2, then a ¢ I, and 6 € Ty(a).
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@ If2<a<22"’, then ac1,.

(h) If 22'° < a < 8"%, then a ¢ I, and 21 € Ty(a).
G)Ifd-1<a<(d*~d+2)"* and d > 4, then a€1,.

(k) If (d°~d+2)'? <a<d and d >3, then o ¢ I, and d*~d+1 € Ty(a).

The numerical values of the surds are: 13'/* ~ 1.89883, 73 ~ 1.91293,
22'7% ~ 2.80204 and 8'/? ~ 2.82843. The proofs of the first two cases were
discussed in the introduction.

Proof of Theorem A(a). As in the proof of Lemma 2.3, if m € S,(a) and
m<a,-1,then m= Z;';ol go; € S;'"(a). There are only 4" formally
distinct sums in S;'"'(a) ,soat most d" of the @, integersin [[0, ... ,a,—1]]
lie in S (a). Since a >d, a, >a" -1 >d" for n sufficiently large. As
d"/(a" — 1) — 0, the first part of Theorem B is also proved. 0O

Proof of Theorem A(b). Write m in base «; as a; = a, m= 2. ¢;a;, with
g, <a-1<d-1. O

In the remaining eight cases, @ < d is not an integer. The strategy of our
proof is this: we shall either present a bad triple («,d, k), showing that a ¢
I,, or use Lemma 2.11 to show that no bad triple exists.

Lemma 3.1. Suppose 1 <a<d. Then ¢(a,d,1) >0, and ¢(a,d,2) >0 if
andonly if 1 <a < (d*—d+2)"*. Thus, if a < (d*-d+2)"* and (a,d k)
is bad, then k >3 and (d —a)a* ™' <d 1.

Proof. Write a; =s and a2=sz+u,so 1<s<d-1and 0<u<2s.Then
¢(a,d,1)=d-s5s>0 and

(3.2) oa,d.2)=d+d-D)s—(s"+u)=(d-s)(1+5)—u

If s <d-2,then p(a,d,2) >2(1+s)-25>0. If s=d-1,then ¢(a,d,2)=
d-u>0ifandonlyif u<d,or a2<(d—1)2+(d+l)=d2—d+2. The
final assertion is (2.14). O

Proof of Theorem A(c). Suppose a < d -1 < (d2 -d+ 2)1/2 , a ¢ I, and
(a,d , k) is the bad triple specified by Lemma 2.10. Then k& > 3 by Lemma
3.1, but by (2.12),

(3.3) oM ol<oy_<la-1)/(d-a)<a-1
since d —a > 1, which contradicts a>1. 0O

In the remaining seven cases, a € [d — 1,d); the proof of A(k) was started
in the introduction.

Proof of Theorem A(k). By Lemma 3.1, ¢(a,d,2) <0 if (d2 -d+ 2)'/2 <
a<d; (a,d,2) is bad, so by Lemmas 2.7 and 2.10, o ¢ I, and we have

[[d*-d+1,a,-1]]C Ty(a). O
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Proofs of Theorems A(e), A(f) and A(h). These proofs are identical in form. We
give enough of the vector o to show that ¢(a,d, k) < —1 for appropriate k. If
134 <a <73 thena=(1,1,3,6,13,...) and ¢(a,2,4) = 1+1+1+3+
6-13=-1,50 a,—~1 =12€ Ty(a). If 7'° <a<2,then a=(1,1,3,7,...)
and ¢(a,2,3)=1+1+1+3-7=-1,50 a,— 1 =6€ Ty(a). If 22"’ <a<
8'/2 then a=(1,2,7,22,...) and ¢(a,3,3)=1+2(1+2+7)-22=—1,
0 a;—1=21€T(a). O

In the final three cases, d — 1 < a < (dz—d+2)l/2;we show that a € I, by
deriving a contradiction from Lemmas 2.10 and 3.1.

Proof of Theorem A(j). Suppose (a,d , k) is bad, then k > 3 by Lemma 3.1.
By (2.13),

(3.4) 1>@d-a)(l+a+ -+ >(d-a)l +a)
Thus, H(a) > 0, where
(3.5) Hx)=1-(d-x)1+x)=x>—(d~-1)x—(d-1)

Since H is increasing for x > (d — 1)/2 and a < d*-d+2)"?,

(36) O<H(@ -d+2)'*)=d*-2d+3-(d-1)d* -d+2)"~
A routine calculation shows that (3.6) is equivalent to the cubic inequality
(3.7) d*-5d*+7d-1<0,

which is false for d = 4 by calculation, and for d > 5 by inspection. O
The positive root of H is f = B(d), as defined in the statement of Theorem
E. We shall need the observation that g < (d° —d +2)"/* for d > 4.

Proof of Theorem A(g). We proceed as in the last case, except that we need to
“bootstrap”. Suppose d =3, 2 < a < 22'/3, a ¢ I, and (a,3,k) is bad.
Again k > 3 by Lemma 3.1, and by (2.13),

(3.8) 1>B-a)1+a++a")>B-a)l +a)

This gives a contradictionif 1 <a < u=1+3"2~2.73205. If u<a < 22",
then ¢ =(1,2,7,20 or 21,...),50 ¢(a,3,3) 21 +2(1+2+7)-21=0
and (a,3,3) is not bad. Thus k > 4; as in (3.8),

(3.9) 1>B-a)1+a+a’)>3 =221+ pu+u?) ~ 221640,

which is a contradiction. O
The final case is A(d); its proof, like those of A(e) and A(f), may be deduced
from [7]. We have included these proofs for completeness.

Proof of Theorem A(d). Suppose a < 13'* a ¢ I, and (a,2,k) is bad. By
Lemma 3.1, k > 3; as in (3.8), (2.13) implies that

(3.10) 2-a)1+a)<1,
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so a> 1(145'%) = ®~ 1.61803. We break the interval [®,13"*) at 3%~
1.73205. If a € [®@,3"%),then a=(1,1,2,4 0or 5, ...);if e € [3"%,13"%),
then ¢ =(1,1,3,5 or 6, ...). In either case, p(a,2,3) >0 so k > 4. But
now,

(3.11) Q-a)l+a+a’) <l

Solving the cubic, we find that o > 1.83929. Thus ¢ = (1,1,3,6,11 or
2,...) and ¢(a,2,4) > 0. Hence k > 5, and a final application of (2.13)
gives

(3.12) 2-a)(l+a+a’+a’) <1,

which implies a > 1.92746... > 13'/4 , a contradiction at last. O
This final argument does not contradict y = 13'/4 ¢ I,. Even though
o(y,2,5) =1, we have seen in the proof of A(e) that ¢(y,2,4) = —

4. THE PROOF OF THEOREM B

In the notation of Theorem A, there are five cases in which a ¢ I,: (a),
(e), (f), (h) and (k). Theorem B states that |T,;(a)| = co in each of these cases.
If a > d, then |T (a)] > a" —d" — 1 for all n by the proof of Theorem
A(a); this proves Theorem B(a). The remaining four cases are proved using a
generic construction based on ideas from [7]. Given m € Ty(a) and m< ¢, ,
let m' = m+ (d - 1)a,. If we are fortunate, the equation m' = Y ¢,q;,
¢, € [[0,d — 1]] implies &, = d — 1, a contradiction, so that m’ € T,(a) as
well. If we are especially fortunate, we may use m’' as the new m, and pick
anew n’ to repeat the argument. This gives an infinite increasing sequence in
T,(a). We need two lemmas to implement this construction.

Lemma 4.1. If m € T,(a) and m satisfies the inequalities

n—1
(4.2) a,, ~d-Da,>m>d-1)) o;,—-a,,

i=0
then m' =m+(d - 1)a, € T(a).
Proof. Following the argument outlined above, suppose, to the contrary, that
m' =YX €, €S,(a). Since a,,, >m' by (42), &, =0 for i>n+1.If
g, <d -1, then

(4.3) <(d-2a,+(d-1 Za,,

i=

which violates the other inequality of (4.2). Thus ¢, = d — 1, so that m =
m - £,a, = Z, _o &,@; € S,(a), a contradiction. O
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Lemma 4.4. Suppose b € T;(c) and, for some r > 1, the following two inequal-
ities hold:

r—1

(4.5) a,, —@d-Da,>b>@d-1)) o;,—a,,
i=0
(4.6) (= @d-1a-1)>1
Define the sequence (b,) by by =b and
k—1
(4.7) by=b+d-1)Y a,,, kL

i=0
Then b, € Ty(a) forall k>0.
Proof. We apply Lemma 4.1 with m=b,, m =b,,, and n=r+2k;let

(4.8) E(k) = Qo okrl — d- 1)O‘r-0-2k - bk ’
r+2k—1
(4.9) F(k)=b,—-(d-1) Z o+ o o

i=0

We want to show that E(k) >0 and F(k) >0 forall k> 0. For k =0, this
is (4.5). Observe that

(4.10) E(k+1)—E(k) =0, 33— (d = Doy, 500 =050y
(4.11) Flk+1) = F(k) =, 5= (@ = D)oy g0y — ¥

so we are done if we can show that

(4.12) D(s)=a,,-(d-Da,, —a,>0

s+1

for s >r. Using a” > a, >a™ —1 and (4.6), we have
m

D(s)=a,,—(d-1a, ,—a, > o1 - d- l)ozs+l -a’
=ad (@ -d-1a-1)-1>a""-1>0,

which establishes (4.12), and completes the proof. O
The first three cases are proved by a direct application of Lemma 4.4; the
fourth, involving the parameter d, is more complicated.

Proofs of Theorems B(e), B(f), and B(h). As with Theorem A, the proofs in
these three cases are virtually identical. In each case we use the element of
T,(a) cited in Theorem A. We only prove case (e) in detail. Suppose d = 2
and o € [13"4,7"%), and let b = 12 and r = 5 as in Lemma 4.4. Then
a=(1,1,3,6,13,05,0qq,...), where a; = 24 or 25 and a, > 46. Then
(4.5) becomes

(4.13)

(4.14) ag—a;>12>24—a,
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which is clearly true. For (4.6), note that as(az —a~—1) is a product of increasing
functions on [1,00), and its value at a = 13'% is 17.445... > 1. It follows
from Lemma 4.4 that the sequence

k—1
(4.15) bp=12, b =12+ o5,, k=1,
i=0
lies in T,(a).
For case (f), take d = 2, a € [71/3,2), b=6 and r = 4. Then a =
(1,1,3,7, a4,a5,. .) with 13 <a, <15 and a > 25. The same reasoning

shows that 6+Z, _0 @42 € T,(a). For case (h), take d =3, a € [22'/3,8'/2)
and b =21 and r = 4. Then a—(l 2,7,22,a,,04, ...) with 61 <a, <63

and o, >172,and 21425 'a, , € Ty(a). ©

Proof of Theorem B(k). In this case, a € [(dz—d +2)1/ 2 ,d) with d > 3; choose
b=d*—d+1 and r=3. Then (4.5) and (4.6) are:
4.16)  a,—(d-Day>d* —d+1>(d—1)(ag+a, +a,) -y,
(4.17) o’ —(d—-1Da-1)> 1.

1/2
18"

Using oy =0, o, =d -1, ai>ai—l and o > max(d — ), we have:

a,—(d-Na,— (@ —d+1)>a* —(@d-1)a’ - (@ -d+2)

4.18
(419 >a@’ = (d-a-1)>d(a-L-1)>0,
2 2 3
(4.19) d—d+l—(d—1)(cj+a2)+a321—-(d—-l)a +a -1
=a(a-(d-1)>0,
(4.20) @’ —(d-Na-1)>a(a-1-1)>8"72"" —1)> 1.

Thus, d> —d+1+d - 1) Y ay,,, € Ty(a). O

5. THE GREEDY REPRESENTATION AND THE PROOFS OF THEOREMS C AND D

In this section we try to represent integers in the form } ¢.a;, ¢ € [[0,d~-1]]
when o < d using the greedy algorithm. If a ¢ I, this cannot be done for
infinitely many integers by Theorem B. Nevertheless, a truncated version of the
greedy algorithm is possible, and leads to the proofs of Theorems C and D.
(The index ¢ = t(a,d) below is called the cutoff value for (a,d).)

Lemma 5.1 (The greedy representation). Suppose o < d and t is the smallest
integer so that (d — a)a, > o — 1. Then every integer m can be written:

(5.2) m=iei(m)ai+u(m), e(m)€[[0,d— 1], u(m)€[[0,a, - 1]],

i=t
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and, for all m >0,

(5.3) uim+1)=0 or uim+1)=u(m)+1.

Proof. By Lemma 2.11, s > ¢ and o, > a, > (a—1)/(d —a) imply that do -
a,,>-1,50da, > e, . Let [;=[[0,0,~1]] and I =[[a,,a,, —1]] for
s > t. We define (g(m),u(m)) first for m € I; and I,, and then, recursively,
for me I, when s>¢.

For m € I, let (¢(m),u(m)) = (0, m); this satisfies (5.2). For m € I, let
g(m) =20 for i >t+1, g(m) =[m/a,] and u(m) = m — ¢,(m)a,. Then
u(m) € I, and

(5.4) 0<e(m) < [(a,,, — )/a] < [(de, - D/a] <d,

so (5.2) is verified. Suppose that every integer less than a,—1 has been written
in the form (5.2) with ¢,(m) =0 for i >s. For me I, let R(m) = m -
[m/a]a,, so R(m) < a,— 1 and ¢,(R(m)) =0 for i > s. Define g(m) as
follows: ¢;(m) =0 for i >s5+1, g(m) =[m/a,] (<d-1), g(m)=¢;(R(m))
for i <s—1 and u(m) = u(R(m)). This verifies (5.2) for me I .

We must still check (5.3). Since u(a,) = 0, (5.3) holds for m < o, — 1.
Suppose it holds for m < a,—1,and me I . If m=a,, —1,then m+1=
a,,, and u(m+1) = 0; otherwise, m, m+1€ I . If ¢ (m)=¢(m+1), then
R(m+1) = R(m) + 1, so (5.3) holds by induction. If ¢ (m) < e (m+1), then
a, divides m+1,s0 Rim+1)=0 and u(m+1)=0. O

t+1

Proof of Theorem C. Since o < d, a € I,,, by Theorem A(c); thus u(m) =
2ne; €S, ,(a) with n, €[[0,d]]. As u(m) <a,—1, n,=0 for i > ¢. After
replacing u(m) by ) n,e; in (5.2), we obtain the desired representation. O

Theorem B states that |T;(a)] = oo if a < d and a € I, but the set
(b,) constructed in the proof is quite sparse in Z* . The following notation is
standard. For ACZ* let N (4;n) denote the number of integers < n which
belong to 4. We define the lower density of A,D(A):

(5.5) D(A) =lim 1nf—(-/1;—n—)

n—oo n+1 "'

Theorem D asserts that D(S,(4)) >0 when a <d.

Proof of Theorem D. Fix a < d with a ¢ I,, and define ¢ and u(m) as
above. Since u(m) < a, — 1, any representation u(m) = ) ¢,a;, has ¢, =0
for i > ¢t. Thus, if u(m) € S,(a), then (5.2) shows that m e S;(a). It
therefore suffices to show that {m: u(m) € S,;(a)} has positive lower density.
By (5.3), every interval [[0,n]] can be written as a disjoint union of blocks

W, =[lw;,, w, , —1]] sothat u(j)=j—w, for j€ W,. Let
(5.6) A=Aa,d)=min{(k + 1) N(S,(a) . k): k €[[0,a, — 1]]};
since [[0,d — 111 C S (a), A > 0. As W, contains > A(w

; —w;) elements

i+1

of S,(a), N(S,(a),n)2A(n+1) forall n,so D(S,(a))>4>0. O
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For any fixed (a,d),A(a,d) can be readily computed. For example, if a €
[13'%,7'3) and d =2, then t =4 and A=12/13. Since t » 00 as a — d,
the computations become extremely unpleasant. If Conjecture F is true, then
the question is moot.

This greedy representation of m may not be the only one satisfying (5.2).
Fix (a,d) with a <d, and for r > t(a,d), let E, = E (a,d) denote the set
of strings (¢,u) = (¢,,...,¢,,u) with ¢, €[[0,d - 1]] and u €[[0,q, - 1]].
Let

(5.7) fle,u)=) ea; +u

Then the greedy representation of m gives m = f(g(m),u(m)). Since there
are a,a’"'+l stringsin E, and 0< f(e,u)<a,—1+(d-1)Y_ a,<cya’,
an integer in [[0,c']] has ~ (o8 (d/a)” representations on average. The greedy
representations within E_ can be characterized as the maximal elements of the
level sets {f(e,u) = m: (¢,u) € E } under the lexicographic ordering.

Lemma 5.8. Suppose m = f(g(m),u(m)) = f(n,v), where (n,v) € E , and
suppose n, = ¢, (m) for i >k + 1. Then ¢, (m)>n,.

Proof. First suppose k < r. We have
(5.9) m= Ze (m)a; +u(m Zn,a +v.

As usual, let R(m) =m —¢,(m)a, ; ¢,(m)=¢,(R(m)) for i <r—1. Thus, we
may cancel ¢,(m)a, = n,a, from both sides of (5.9) while preserving the fact
that the first representation is greedy. This process may be repeated so that we
assume that m <o, , — 1, and

(5.10) m= Zs(m)a +u(m) = En,a +v.

i=t i=t

But 7, < m/a, and ¢, (m)=[m/a,],s0 g(m)>n, . O

6. THE PROOF OF THEOREM E

A PV (or Pisot-Vijayoragnavan) number is an algebraic integer o = a; whose
conjugates, a,,...,a,, all lie in |z| < 1. These numbers have been ex-
tensively studied for their algebraic and analytic properties (see §§K25 and
RO06 in [9] and [14].) Suppose a is a PV number with minimal polynomial
p(x) =x" + X bx' €Z[x], and let a, = Yo . By the elementary theory of
symmetric polynomials, a, is integral for n > 0; moreover, (a,) satisfies the
linear recurrence called Newton’s identity:

(6.1) Gy + D b3, =Y aipla;) =
j=1

i=
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Since a is PV, a;.' —0 for j>2,andso a,~a".If m=2 and a, € (-1,0),
then a, = [a"] or [a"]+ 1, depending on the parity of n mod 2. Using (6.1),
we can always obtain an explicit linear recurrence for [a"] = a,.

We are interested in one particular PV number. Fix d > 4 and let

(6.2) B=B(d)=1d-1+(d +2d-3)"").

As previously noted, S is the positive root of H(x) = xt- d-Dx—-(d-1)
(cf. (3.5))and,as d > g > (dz-d+2)l/2, B ¢ I,. (Itturns out that B(d) eI,
for d < 3.) Since the conjugate of g liesin (—1,0), B is a PV number. We
show in Lemma 6.7 that g, = [B"] satisfies the second-order recurrence:

(6.3) Bia=@-1)(B,, +8B,)+9,,
where
(6.4) §,=d—-3-L-1"

By Lemma 5.1, every integer m can be written greedily as (5.2), where
g, (m)€[[0,d-1]] and u(m) € [[0, B,—1]]. It turns out that ¢ = ¢(d , B) always
equals 2 (Lemma 6.10) and B, = d* - 2. We shall write ([0,8,-1]1=J,0J,,
where J, = [[0,d° —d]] and J, = [[d*—d +1,d*-3]]. As (d—1)(B,+B,) =
d* - d, if u(m) € J,, then u(m) = e B, +¢,B, for ¢ = [[0,d — 1]] and
me S,(B). If u(m) € J,, then m may still belong to S,(B), provided there
is a nongreedy way to write m in the form } 7, B, .

Using (6.3), we give a precise description of the strings (¢(m), u(m)) which
arise from greedy representations (Lemma 6.14). We also describe the alterna-
tive representations (Lemma 6.23). Suppose u(m) € J, and €;,,(m) 21 and
aj+l(m) =¢;(m) =0 with j > 3. By (6.3) we can “trade” one ,Bj+2 from the
greedy representation for d—1 S I sand d—1 B j’s, with J ; left over, which
we add to u(m) to obtain one more B, (if u(m) € J,, then e,(m) <d -2)
and a smaller «'(m) which now lies in J , - It turns out that, if the pattern
(21,0,0, > 1) does not occur in g(m), then m € T,(f). This reduces to a
purely combinatorial counting problem; we show that

(6.5) N, = N(T,(B);B,,, - 1) =c(d)d" +0(1),
where
(6.6) og=0(d)=1d-1+d* +2d-7)"").

Since B,,,/B, — B, it follows that cln"(d) < N(T,(B);n) < czn"(d) for some
¢; > 0, where e(d) = logg , o(d) < 1. Since e(d) < 1,N(T,(B);n) = o(n)
and S,(B) has density 1, which proves Theorem E.

We begin with two lemmas which give the recurrence for g, and, with
Lemma 5.1, establish that ¢(f(d),d) =2 forall d > 4.
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Lemma 6.7. (B,) satisfies (6.3).

Proof. The minimal polynomial of g is H(x) = x*—(d-1)x—-(d-1) and
B=—-(d-1)/Be(-1,0);let b,=p"+B" for n>0. By (6.1),

(6.8) b.,—(d-1)b,,, +b)=0

since by =2 and b, =d -1, b, € Z. Since B" lies alternately in (—1,0)

and (0,1),8,=[8"1=5,- (1 +(-1)"), and (6.3) follows from (6.8). O
For later use, we record the first few values of B, :

6.9 By=1, B =d-1, p,=d'-2, B,=d’-3d+2

Lemma 6.10.

(6.11) B,>(B-1)/(d-B)> B,
Proof. A calculation shows that
(6.12) (B-1)/(d-B)=3{(d*-3)+(d - 1)@ +2d-3)"%).

The first inequality in (6.11) follows from putting d*+2d-3< (d+ l)2
(6.12), and (6.9); the second is immediate. O

We now analyze greedy strings. Recall that E_ is the set of strings (¢,u) =
(€,,....&,u) with ¢, €[[0,d - 1]] and u€J,UJ, =[[0,d* - 3]], and that
fle.u)=23¢pB, +u. Let
(6.13) E’, ={(¢,u) €E,: (¢,u) = (¢(m),u(m)) forsome m< B}
denote the set of strings which arise from greedy representations. We shall say
that (i,j) occursat k in (g,u) if ¢, =i and ¢, = j and that (i, ) does
not occur in (g, u) if it occurs at no k.

Lemma 6.14. For r > 2, E, consists of all strings (¢,u) in E_ satisfying one
of the following three disjoint conditions (J; has its previous meaning).

(6.15)(i) e,<d~-1 and (d~-1,d—1) does not occur,

(6.15)(ii) &, =d—1, ue([0,d°~d—1]] and (d—1,d — 1) does not
occur,

(6.15)(iii) (d —1,d — 1) does not occur at k > j, (d —1,d — 1) occurs at
Jand(sj ooy, u)=(0,...,0,u), where uc[[0,5; — 1]].
Proof. Let E denote the set of strings in E, which satisfy one of the conditions
in (6.15). We give a recursive description of E_, and then show that E satisfies
the same recursion.

It is easy to check that

(6.16) E, = (UU(i,u))U(U(d—l,v)>,

i u v

(6.17)

e () (U)o (g
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where the unions are taken over the following: i € [[0,d -2]], ue[[O,d2—3]],
vell0,d°—d-1]] and w € [[0,6,—1]]. Fix r >4. If e, <d -2, and
(¢e,u)€ E,_,,then (¢ ,¢, u)eE, ifandonlyif (¢,u)eE,_|.If e, =d -1,
g, _ Ie[[O d 2]] and (¢,u)€E,_,, then (¢, ,¢,_,.& u)eE 1fandonly1f
(¢.u) €E,_,. Finally, if e, —e_l-—d—l then (e, .¢,_,.¢,v) € E, if and
only if ¢=0 and v €[[0,d,_, — 1]]. In other words,

= (U(i,F,_,)) U (U(d— 1 ,i,f,_z))
u (U(d——l,d—l,o, ,0,2)) :

where the unions in (6.18) are taken over i € [[0,d—2]] and z €[[0,4,_,—1]].
Let B.(i,p) denote the block [[if,,iB, + pl]l, where p < B —1;if m e
B(i,p),then ¢ (m)=i and R(m)=p.If r=2, then (d—1,d-1) cannot
occur. By (6.9), B;~1=d’~3d+1=(d-1)g,+d’ -d~1,s0
d-2
(6.19) [(0,8,-111= (U B,(i,B, - 1)) UB,d-1 d*—d- 1).
i=0
If me B,(i,B,—1), then (g(m),u(m)) = (i, R(m)), where i € [[0,d - 2]]
and R(m)€[[0,8,—-1]].If me Bz(d 1,d>—d —1), then (g(m),u(m)) =
(d—l R(m)), where R(m) €{[0, d*—d- 1]]. Comparing with (6.16), we see
that E E
Slmnlarly, B,—1=(d-1)By+(d—-1)B,+J,—1 by (6.3), s0
d-2

(6.20) [[0,8, - 1]] = (U By(i, B, - 1)) UB,(d—1,(d—-1)8,+6,-1).
i=0

Since g(m) = (¢,(m) , &(R(m))), with allowance for zeros at the left, the greedy
representations for m € Ud 2B,(z , By — 1) simply amount to Uf:oz(i,fz).
If me By(d-1,(d-1),+J,—1), then g(m) = d -1 and R(m) <
(d -1)B,+ 9, — 1. Thus (6.20) shows that

(6.21) E, = (U(i.fz)) U (UU(d— 1 ,i,u,)) U (U(d— 1,d-1 ,uz)) ,

where the unions are taken over i € [[0,d —2]], u€[[0,8,-1]],and w €
[[0,8, — 1]]. Thatis, E, = E,.
Since B,.,—1=(d-1)B,+(d—1)B,_,+6,_,—1 by (6.3), the same reasoning

r+l

(6.18)

applied to [[0, B,,, — 1]] for r > 4 gives

E,=(L,J(i,f, ) (U(d—le )

u (U(d—l,d—l,o, ,0,2)) :

(6.22)
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where the unions are taken over i € [[0,d —2]] and z € [[0,d,_, — 1]]. This

is the same recurrence, (6.18), satisfied by E,, so E, =F, forall r>2. O

As noted earlier, if u(m) € J,, then the greedy representation shows directly
that m € S;(B). If u(m) € J, and m =3 n, B, € S;(B), then Lemma 6.14
gives us enough information about (g¢(m), u(m)) to determine whether m has
an alternative representation.

Lemma 6.23. Suppose m € [[0, 8

r+1
and only if there exists j > 3 so that

(6.24) sj(m) = st(m) =0 and sj+2(m) > 0.

Proof. Since u(m) > d*—d for me J, and 6j < d -1, neither (6.15)(ii)
nor (iii) holds for (g(m),u(m)), thus (6.15)(i) holds: &,(m) < d — 1 and
(d—-1,d—1) does not occur in g(m). Suppose (6.24) holds for j > 3; we
define (n,v) by:

—11] and u(m) € J,. Then m € S, (B) if

M2 = &a(m) = 1, Mgy =n=d-1,
(6.25) n,=¢&(m)+1, n, =g (m) otherwise, and
v=u(m)~(d*~2)+35,
As §; =d—-2or d-1 and uim) € J,, v € [[1.d ~2]] c J,. Since
gy(m)<d—-2and ¢;,,(m)>1, n,€[[0,d~-1]] forall i and (7.v) € E, .
Finally,
626) TV =S@N) =By +(d = DBy +B)+ Byt —(d*-2)
=m—@+@+@—&=m,

so meS,(B).
Suppose now that (6.24) holds for no j > 3: there are no “internal” consec-
utive 0’s in ¢(m). We shall show that m e T,(B). If r =2 and

(6.27) m = &,(m)B, + u(m) = B, + n, B, + 1By €S,(B),

then n,8,+n,B, = u(m) (mod B,). This is a contradiction, since 7, 8, +n,B, €
J, and u(m) € J,. Suppose r > 3 and

(6.28) m=Y_e(m)B;+u(m) =3 nB,
i=2 i=0

and suppose ¢, (m) = n;, for i > s+ 1, but ¢(m) # n,. By Lemma 5.8,
g,(m) > n_; consider the truncated integer n:

s—1 s—1
(6.29) n=(e(m)—n)B,+ > &,(m)B;,+u(m) =1y nB,
i=2

i=0

(By the preceding argument, s > 3.) By hypothesis, at least one of each pair
{&_sk_1 +&_2x_p} 1s positive for s —2k —2 > 3. Since ¢ (m)—n, > 1 and
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u(m) > d* —d + 1, we obtain from the first expression for n the inequalities:

(6.30)(i)) n>B,+B,_,+ - +B,+d —d+1 (seven,s>4)
(6.30)(ii) n>B, +B,_,+ -+B+d —d+1 (sodd,s>3).
A repeated application of (6.3) to (6.30) gives

(6.31)(i)

s—1
n2Y (d-1p+(3-1)6,+d—d+1 (seven,s24),
i=2
(6.31)(ii)
s—1
n>Y (- l)ﬂi+%(s— 1)6,+d’—d+1 (sodd,s>3)

i=1
But, by the second expression for n in (6.29),

s—1

s—1
(6.32) n=Y np<d-1)) B+(@d-1),
0

i= i=1
which contradicts either inequality in (6.31). Thus (6.28) is impossible, so
m € T,(B). This completes the proof. O
We may summarize our discussion as foliows.
Lemma 6.33. Suppose m < B,.,. Then m € T,(B) if and only if (g(m),u(m))

€ E;, where E, is the set of (¢,u) in E, for which ue J,, ¢,<d-1, and
neither (d -1,d —1) nor (>1,0,0, > 1) occurs.

Let Y(r) denote the set of strings (¢, ,...,&) € [[0,d - 1]]"2 such that
(d-1,d —1) does not occur and (0,0) does not occur, except initially, and

let F(r) = |Y(r)|. Then (e,u) € E: if and only if (¢, ,...,¢;) € Y(r),
e, €[[0,d-2]] and u € J,. Since |/,| =d - 3, it follows that
(6.34) N, = N(Ty (B);B,,,— 1) =(d—-2)(d-3)F(r).

We compute N, from (6.34), by describing Y(r) recursively.
Lemma 6.35. There are constants c; so that
(6.36) F(ry=c0" +¢,0 +¢;+¢,(-1),

where o (cf (6.6)) and @ =d — 1 — o are the roots of the quadratic H (x)=
x*—(d-1)x—-(d-2).

Proof. We divide Y(r) = Y,(r) into four subclasses. Let

Y,3)=2, Y,3)={(0)}.
Y,3)={(1),....d-2)}, Y,B)={d-1},

(6.37)




372 BRUCE REZNICK

and, for r > 4, let

(6.38)(i) Y (r)={e€Y(r):¢e,=¢,_, =0},
(6.38)(ii) Y,(r)y={e€Y(r):¢,=0,¢_, #0},
(6.38)(iii) Y(r)={e€¥Y(r):1<¢ <d-2},
(6.38)(iv) Y (r)={e€Y(r):¢,=d - 1}.

For r > 3, the strings in Y(r + 1) arise by prefixing any ¢, , € [[0,d - 1]]
to any string in Y(r), with two exceptions. If ¢ € Y,(r), then ¢, = 0; if
€€ Y, (r), then ¢ #d—1. Thus, F,(r) = 1Y, r)| satisfies the following
recurrence:

(6.39)(i) F,(r+1)= F,(r)+ Fy(r) +

(6.39)(il) F,(r+1)= Fy(r) + F,(r)
(6.39)(iii) Fy(r+1)= (d = 2)Fy(r) + (d —2)Fy(r) + (d—2)F,(r)
(6.39)(iv) F,(r+1)= Fy(r) + Fy(r)

Each F; (and so F = }_F,) satisfies the recurrence whose auxiliary equa-
tion is the characteristic polynomial of the matrix implicit in (6.39), namely
(A2 = 1)(A* = (d - 1)A-(d — 2)). That s, for r >3,

(6.40) F(r+4)=d-1){F(r+3)+F(r+2)—-F(r+1)}—(d—-2)F(r).
This can also be directly verified from (6.39). The conclusion follows from

the standard theory of linear recurrences. The ¢;’s may be computed from the
initial conditions. O

Proof of Theorem E. Since |¢] < 1, (6.36) implies that
N, = N(T,(B);B,,, - 1) =¢,0’ +0(1).
For any n, choose r such that n€[[8, - 1,5, , —1]], then
N < N(T,(B);n) <N

r+1°
Since B, ~ B", it follows that N(T,(B);n) = O(n'*”'®?) = O(n°?)). Hence
N(S,(B);n)=n—o(n),so D(S,(B))=1. O

Observe that T,(f) contains no integers between S 143 and B, ,+8,,,-1,

as ¢,,(m) > 1 and ¢, ,(m) = ¢,(m) = 0 for m in this interval Smce
B, B, —1=~ (1+,B_2),B,+3,n_e(d)N(Td(ﬂ);n) does not converge as n — o .

7. DiscuUssION OF CONJECTURE F

One can imagine the method of the last section extended to a slightly larger
set of a’s. Suppose y € [1,d]\I,; is a PV number with minimal polynomial
H(x) = P Ecix' , where ¢; € [[0,d — 1]]. Then, as before, a, = Zy;'
satisfies the recurrence induced by H , and there ought to be a close relation-
ship between a, and y, = [»"]1. We now argue probabilistically that T,()
“ought” to have density zero. If y < d, then there exists r such that, for all s,
d-1(y,, + - +7)>7,,, - Thus, if ¢(m) =0 for i € [[s.s+r]] and
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&4,41 2 1, then we may “cashin” y ., for smaller ys, as in the last section,

and in the ensuing rearrangement, the new u might lie in S,(y). Since the
probability that a string of length r contains a fixed pattern increases to 1 as
r — oo, this argument gives a reason to believe that D(7,(y)) =0

As o gets close to d, the cutoff value ¢ in the greedy representation in-
creases; the explicit description of the strings (g(m),u(m)) seems to become a
very difficult problem. However, if a =d —J, where d > 0 is small, and r is
sufficiently small, then we can determine both S(;(a) and N, .

Lemma 7.1. If a € [(d° - 1) ,d), then o, =d' -1 for 1<i<s.

Proof. Certainly o' < d'; on the other hand,

(12) d -1V =di-da Y <dd-d " <d1-d " <a. O
For fixed d, t((d° - 1)"*,d)~ s~ 1+log,(s(d - 1)).

Len;ma 73. If r>2 and ae[(d -1)"",d), then N(Ty(e);d" —1)=d"~
d2.

Proof. Suppose m<d -1 and m=Y 2 ¢a,;d —1=a, GSd(a) other-

wise, &, = 0 for i > r. There are d’ formally distinct sums Y _ i=0 s,al , and
any such sum is bounded above by

r—1 r—1
(7.4) (d-1)) o, =(d-1) (1 +) d' - 1)) =d —(r-1)d+r-2<d"-2.
i=0 i=1

It follows that N(T,(a);d —1) =d" — N(S,(a);d" — 1) equals the number of
“repeats” among the sums. Suppose

r—1 r—1
(7.5) Z ga; = Z na;,

and ¢, =1, for k > j, but g; > n,;; clearly, j > 1. By pruning common
higher terms, we obtain

(7.6) -n)a; = Z(n, —¢;)

If j > 2, then, as before,

(1.7) d' -1 =a; <(¢;—N))a; < (d- I)Za =d - (j-1)d+(j-2),

=0
hence (j — 1)d < (j — 1), a contradiction. If j = 1, then (7.6) implies that
(&, =)o, = (ny—€y)a,, hence ¢ —n, =1 and n,—¢&, =d — 1. On restoring
the pruned terms, we see that (7.5) occurs with ¢ # n if and only if

(7.8) e=(e

&, 1+¢€,,0) and n=(¢,_,,....¢,¢,d-1),

[SEEEIRR
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where ¢, € [[0,d —2]] and ¢, €[[0,d — 1]] for i > 2. There are d’*(d — 1)
such pairs, and this completes the proof. 0O
This result shows that we cannot have a uniform bound of the form

N(Ty(a),n) < f(d,n)

for all a € [1,d]\I,, where f(d,n) = o(n). Of course, every fixed a is
eventually less than (d° — 1)'/° as s — 00.

Taking a broader view, we let R(a,d,m) denote the number of ways that
m can be written in the form m = Y72 ¢,[a'], ¢, € [[0,d — 1]]. This paper
has determined those (a,d) for which R(a,d,m) > 1 for all m. For fixed
(a,d), we have an infinite product formula for the generating function:

00 m oo [fd—1 ko e (l _ zda;)
(7.9) ZR(a,d,m)Z =H<ZZ ) =Hm

m=0 i=0 \k=0 i=0
When a ¢ Z, the irregularity of (c;) renders (7.9) unhelpful in understanding
R(a,d,m). However, when « is an integer, cancellation can occur.

00 , m 00 (1 _zk’“) r—1 1
(7.10) S Rk, k" m)z" =T] =TI

m=0 i (1-2%) o (1=2")
If r =2, (7.10) leads to the explicit closed formula: R(k,k2 ,m) = [m/k] +
1. The computation of R(2,4,m) was Problem B-2 on the 1983 Putnam
Competition, see [12].
If «a =2 and 4 = 3, then (7.9) becomes

[ o] (e o] . .
(7.11) Y R@.3.mz" =TJ(1+2" 2.
m=0 i=0

Let s(n) denote the Stern diatomic sequence (see, [6, 13, 15]), which is defined
recursively by:

s(0)=0, s(l)y=1,
s(2n) =s(n), s2n+1)=sn)+s(n+1), n>1.

An easy argument shows that R(2,3,m) = s(m + 1). The Stern sequence has
had a rather fugitive history; see [17]. The exact value of s(n) can be calculated
from the pattern of 0’s and 1’s in the binary expansion of n, as the denominator
of a certain continued fraction.

It is easy to see from (7.12) that s(2") =1 for all n; it was already known
in the 19th century that the maximum value of s(m) for m € [[2",2"*']] is
F,.,, the (n+ 2)nd Fibonacci number (and so is ~ c®"). This maximum is
achieved twice in each such interval, at the integers closest to 32" and 32".
We show in [18] that the growth of R(2,k,m) depends on the parity of k
mod 2. There exist positive ¢; = ¢;(k) such that, for all m,

(7.12)

(7.13) c, < m 1BEIRG 2k, m)<c,,
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but m~"R(2,2k + 1, m) cannot be bounded in this way for any 7.

Finally, consider lim,_,_ R(k,d,m) = R(k,m), the number of partitions
of m into powers of k; R(2,m), usually written b(m), was studied by Euler.
The asymptotics of R(k,m) have been studied by Mahler [16] and de Bruijn
[3]. Mahler proved that, for fixed &,

(7.14) (2logk)(logm) 2 log R(k , m) — 1.
In a beautiful analysis, deBruijn gave logR(k,m) up to o(1). Let h = m/k,

then
1 h 2 1 1+loglogk
os (k. = g (18 () + (4 g ) oot

loglogk logh — loglogh
- (1+W) loglogh+!//< Togk +o(1),

where y is a certain periodic function with period one.

(7.15)
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