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RIGIDITY FOR COMPLETE WEINGARTEN HYPERSURFACES

M. DAJCZER AND K. TENENBLAT

ABSTRACT. We classify, locally and globally, the ruled Weingarten hypersur-
faces of the Euclidean space. As a consequence of the local classification and a
rigidity theorem of Dajczer and Gromoll, it follows that a complete Weingarten
hypersurface which does not contain an open subset of the form L3 x R"~3,
where L3 is unbounded and n > 3, is rigid.

INTRODUCTION

Recently Dajczer and Gromoll [DG], showed that a complete hypersurface
M", n > 4, of the euclidean space R"! s rigid, unless it contains an open
subset U such that either U = L> x R*™> with L* unbounded or U is com-
pletely ruled. We recall that a completely ruled submanifold is a ruled subman-
ifold with complete rulings. It is not known if there exists a nowhere ruled
three-dimensional irreducible hypersurface which is not rigid (see [DG,]).

We observe that there is an abundance of hypersurfaces of the euclidean
space which admit local isometric deformations. A classification of such hyper-
surfaces was obtained by Sbrana [S] and Cartan [C]. A special case is given by
the minimal hypersurfaces of rank two discussed in [DG], .

In this paper we consider the rigidity question for complete hypersurfaces
M" which satisfy the additional condition of being Weingarten, i.e. there exists
a differentiable function relating the mean curvature and the scalar curvature
of M . Our main result is the following.

Theorem A. Let M", n > 4, be a complete Weingarten immersed hypersur-
face of R™', which does not contain an open subset U = L*> x R"™> with L*
unbounded. Then M is rigid.

The above result is an immediate consequence of the rigidity theorem of
Dajczer and Gromoll and the following local classification of ruled Weingarten
hypersurfaces.

Theorem B. Let M", n > 3, be a connected ruled Weingarten hypersurface of
R™!. Then M" is either

(i) Alat,
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or it is an open subset of one of the following :

(ii) Q3 xR"™®, where Q3 c R* is a cone over a product of circles in S, or
over a minimal ruled surface in s? ;

(i) Q2 xR""% where Q2 c R is a ruled helicoidal surface or a hyperboloid
of revolution.

The classification for n = 2 was obtained in 1865 by Beltrami [B] and Dini
[D], see (2.29). We observe that the classfication of Theorem B is complete
since the minimal ruled surfaces in S° are given in [L], see (2.16).

Now if we assume M to be complete, we have

Corollary C. Let M", n > 3, be a complete connected ruled Weingarten hyper-
surface in R™'. Then, M is either

(i) a product Q2 x R"™2, where Q2 is a complete ruled helicoidal surface
of a hyperboloid of revolution; or
(ii) a cylinder over a complete curve.

1. PRELIMINARES

Let M" c R™! be a connected orientable immersed hypersurface endowed
with the induced metric. The relative nullity of the immersion at a point
p € M,is ker A(p), where 4 denotes the second fundamental form of the hy-
persurface. Suppose that the relative nullity has constant dimension 7 = n—k .
Then the Gauss map ¢: M" — S" c R™"' is parallel along each leaf of the
relative nullity foliation, and provides (locally) a Gauss parametrization of M
as it was defined in [DG], . More precisely, there exists an isometric immersion
g: L¥ — S$", which is a local parametrization of the image of the Gauss map
¢, and a differentiable function y: L* R (support function) such that

X:UcA—M"cR",

1.1
(1) (x,v)— X(x,v)=y(x)g(x)+grad y(x) +v

is a local parametrization of M" , where A is the normal bundle of the immer-
sion g. X is the so-called Gauss parametrization of M .

For each (x,v) € U C A, let Hess y(x) denote the hessian of y and B,
the second fundamental form of the immersion g at x € L* , relative to the
normkal vector v. Then the selfadjoint operator defined on the tangent space
of L” at x,

(1.2) P( = y(x)I + Hessy(x) — B,

X ,v)

is nonsingular. Moreover, the second fundamental form A

) of X at (x,v)

is given by —P~', when restricted to the orthogonal complement of the relative
nullity distribution. We refer to [DG], for the above results.

(x.v
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For each vector field e: L* — R™! , we may consider an associated vector
field &:U c A —» R™! defined by

e(x,v)=e(x), VY(x,v)eU,

i.e. € is the euclidean parallel transport of e(x) along the leaves of the relative
nullity foliation of M . Therefore, if e is a vector field normal (resp. tangent) to
the immersion g, then the associated vector field € belongs (resp. is orthogonal)
to the relative nullity distribution.

In what follows we consider hypersurfaces M"” c R"" with constant index of
relative nullity 7 = n—2, locally parametrized as in (1.1). Moreover, we choose
orthonormal vector fields e, ... ,e,, locally defined on L?, such that e (x),
e,(x) are tangent to the immersion g at x and e;(x),...,e,(x) generate
the normal space of the immersion in S”. Let e(x,v)=¢(x), 1 <i<n,
(x,v) € U C A, be the associated vector fields on M . With respect to this
frame the second fundamental form of X at (x,v) is given by

-P' 0
= (xv)
(1.3) A ( 0 0) ,
where P is defined by (1.2).

It follows that the mean curvature H and the scalar curvature S of M at
(x,v) are given respectively by

n+l1

— trP
(1.4) H(x,v)——trA_—-——detP,
(1.5) S(x,v) = I
) T detP’

Lemma 1.6. Let M" c R"™' be a ruled immersed hypersurface with constant
index of relative nullity v = n — 2. Then the immersion g is a ruled surface in
s".
Proof. Let

n—2

X(s,A,p;) = c(s) +A8(s) + Y pu;m,(5)

j=1
be a local parameterization of M, where c(s) is a curve orthogonal to the
ruling, n, 1<j<n- 2, generate the relative nullity and {&, ’7,-} generate
the ruling of M". Then the Gauss map depends only on the parameters s, A,
since 7 ; generate the relative nullity distribution. Moreover, for s = sy » the
Gauss map describes a curve which is orthogonal to the subspace generated by
&(s) » n;(sy), 1 < j < n—2. Therefore it is contained in a great circle of
S". QE.D.

Fact 1.7. 1t follows from the above lemma that if M is a ruled hypersurface
then the frame considered earlier may be chosen such that e (x) is tangent to
the ruling of the immersion g . Thus the second fundamental form 6 of g with
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values in the normal bundle satisfies 6(e, ,e,) = 0. Therefore, the associated
frame tangent to M, 2,(x,v) = e,(x), is such that &,, 3 < i < n, generate
the relative nullity, €;, 2 < i < n, generate the ruling and (4e,,e,) =0.

For such a frame, the second fundamental form of the immersion g, with
respect to e;, 3 < i< n, will be denoted by

0 B .
(1.8) Bi(x)=(ﬂi /11') 3<i<n,
and the operator y(x)I + Hessy(x) will be denoted by
0 n
(1.9) y(x)I + Hess y(x) = (h a) .

Now we assume that the submanifold M" c R™' is Weingarten, i.e. there

exists a differentiable function F(H ,S) = 0. Taking exterior derivatives we
obtain

Fm+%i5-0
A

OH
Therefore, applying to vector fields tangent to M , we conclude that
(1.10) dHAdS =0,

since the partial derivatives of F are not simultaneously zero.

Fact 1.11. Let M" c R™" be a ruled Weingarten hypersurface with constant
index of relative nullity 7 = n — 2. Then it follows from (1.4) to (1.10) that

(1.12) d (a(x) - itili(x)) ANd (h(x) - itjﬂj(x)) =0
i=3 Jj=3
for t,eR.

2. PROOFS OF THE THEOREMS
For the proof of Theorem B we will need the following three propositions.

Proposition 2.1. Let M" C R be a connected ruled Weingarten hypersurface
without flat points. Suppose that the dimension of the first normal space of g is
constant equal to 1. Then, there exists a totally geodesic submanifold s*cs”
such that g(Lz) c S* is a ruled Weingarten surface which satisfies

H +*(K-1)=0,

where H and K are the mean and Gaussian curvature and c¢ is a constant.
Moreover, M" is contained in a euclidean product Q° x R"™>, where Q° c R®
is a ruled Weingarten surface with index of relative nullity v = 1.

Proposition 2.2. Let g: L* = S? be a connected ruled surface in S* such that
H + 2K -1)=0.
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Then either H=0 or H=c #0 and K = 0. In the latter case the immersed
surface is contained in the product of two circles.

Proposition 2.3. Let M 3 ¢ R* be a connected ruled Weingarten hypersurface,
with index of relative nullity v = 1. Suppose that the image of the Gauss map
g(Lz) is either

(i) a minimal surface in S or

(ii) it is contained in the product of two circles.

Then M* is an open subset of a cone over g(L?).

We need the following result. Recall that the first normal space of an immer-
sion is the subspace generated by the second fundamental form.

Lemma 2.4. Let M" be a ruled Weingarten hypersurface without flat points.
Then, for each x € L?, the dimension of the first normal space N, of g is less
than or equal to 1.

Proof. The ruled hypersurface M has no flat points if and only if the index of
relative nullity is constant v =n— 2.

Since M" is a ruled hypersurface, it follows from Lemma 1.6 that g(LZ)
is a ruled surface. Let e,(x), e,(x) be a locally defined tangent frame to the
immersion g such that e,(x) is tangent to the ruling. Let N,(x) be the first
normal space of g at x. Since N, is generated by f(e, ,e,), f(e,,e,), it
follows that dim N, < 2.

Suppose dim N,(x) = 2. We choose e,(x), e,(x) generating N, such that
e, is orthogonal to f(e, ,e,). Then the second fundamental form with respect
to e, and e, in the tangent basis e, , e, is given respectively by

n-(3 5). n-(2 2)

Since M" is a Weingarten hypersurface it follows from (1.13) that AB,=0.
If 4,=0,then B,=0.1If g,=0, then 6(e, ,e,) = 0. In both cases we have
a contradiction, since we assumed that dim N, =2. Q.E.D.

Proof of Proposition 2.1. Since M is a ruled hypersurface without flat points,
the index of relative nullity is constant 7 = n — 2. Let e,(x),...,e,(x) be
a orthonormal frame defined locally on L? asin Fact 1.7. Moreover, we can
choose e,(x) to generate the first normal space N, of g. For such a frame,
the second fundamental form of g (1.8) reduces to

0 B .
(2.5) B3=(ﬂ A)’ B,=0,4<i<n
Since M is Weingarten, it follows from (1.12) that
(2.6) dla—tA)Adh—-t8)=0, teR

Applying (2.6) to the pair (¢;,8/dt), i =1,2, we obtain
(2.7) —Bda+Adh =0,
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(2.8) BdA—2dp = 0.

It follows from (2.8) that there exist constants c,, c,, not simultaneously
zero, such that

(2.9) ¢,B+c,hA=0.
Observe that ¢, # 0. In fact if ¢, = 0, then from (2.9) we have g = 0.
Now, dim N, = 1 implies that A4 # 0 and (2.7) implies that 4 is a constant.

Therefore, it follows from (1.5) that § = —1/ h* is constant. However, Theorem
3.4in [DG], implies that dim N| = 0, which is a contradiction.
Therefore, we have

(2.10) A=cp

and # #0 in L*. Moreover, it follows from (2.7) that a = ch + ¢, where ¢
and C are constants.

Now we prove that the first normal space of the immersion g: L > 8" is
parallel. In fact, let 1 be any vector field generated by e,, ... ,e,. Then it
follows from the Codazzi equation that

B =B ,
vin©2 vin
where V* is the connection in the normal bundle. Hence
1 1
(V. n.e;)Bse, =(V, n,e;)Bse,.
Using (2.5) we get
1 1 1
(Vo,n.e5)Be, + (V1. e)A = (V1. e5)Ble, = 0.
Since B # 0 we conclude that
(Vom.e) =(Vn.e) =0.
Hence the first normal space of the immersion g is parallel. It follows that

there exists a totally geodesic submanifold S% ¢ ™ which contains the image
of g. Therefore, the normal bundle A of g splitsinto A=A, +A,_,, where

A, is the normal bundle in S* and the orthogonal complement A, _, is parallel

in R™*!. Hence, M" splits as a consequence of the Gauss parametrization.
Finally, from (2.5) we obtain that the mean curvature H and the Gaussian

curvature K satisfies H =4 and K-1 = /32. Therefore, it follows from (2.10)

that H>+c¢*(K-1)=0. Q.E.D.

Fact 2.11. 1t follows from the preceding proof that if M" satisfies the hypoth-

esis of Proposition 1 then there is a frame locally defined on L? for which

(0 B _ .
B3—(/3 A)’ B,=0,4<i<n,

0 A
yI + Hessy = (h a>,
where A=cf, a=ch+c,and ¢, ¢ are constants.
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Proof of Proposition 2.2. If the constant ¢ is zero, then H = 0. Otherwise, we
will show that K =0 and hence H =c.
Let g: L’ S bea parametrized ruled surface in S3. We may consider

g(s,t) =costa(s) +sinte(s),
where o(s) and e(s) are vectors in R* such that
lo|=1=le|, (e,0)=0, (¢',0')=0.

Moreover, we may choose the parameter s such that |e'| = 1. We introduce
the following notation

p(s)=(e',0' xexa)=(ed'eq),
As) =o'l - (o e)",
B(s)=1-(d",e)?,

G(s,t) = Acos’t + Bsin’ ¢.

(2.12)

We observe that p = v AB. Moreover, it follows by a straightforward com-
putation that the mean and Gaussian curvature of the surface are given by
2

_1-2p(d’,e) P
(2.13) H-_YGW—' K—l——?,
where
(2.14) I(s,t) = cos’ t(c"d'ec) + sin’ t(e" e ec)

+ sint cos t[(a"e'ea) +(e"a'ea)].

By hypothesis H® + c2(K — 1) = 0, therefore, without loss of generality, we
have
[-2p(a’,e) - 2epG'? = 0.
Taking a derivative with respect to ¢ we get
(2.15) aljat — cpG~"*aG/at = .
In particular for ¢ =0, it follows from (2.14) and (2.15) that
(a"e'ea) + (e"a'ea) =0.

Hence (2.15) reduces to

2sinzcost[— (0" 0’ eq) + (¢"e'ea)] — cpG~*0G/ot = 0,

which is equivalent to

1 (d, ' 1/2] 0G _
[E(E(a xexa)eea)—cG ]E—O, Vs, t

Since ¢ is a nonzero constant, it follows that
0G/ot =0, 'Vs,t
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Therefore, using (2.12) weget A=B, p=A=G. From (2.13) weget K=0
and hence H =c.

In order to show that the surface is contained in a product of two circles,
we consider a local orthonormal frame field such that the second fundamental

form is given by
_(0 B
5=(5 %)

From K =0 and H =c, we have detB = -1 and A = 2c, so that

0 1
B= ( 1 2c) '
We conclude the proof by using the uniqueness part of the fundamental theorem

for surfaces in the sphere, see [S]. Q.E.D.
Proof of Proposition 2.3. Part (i). Since v = |, there exists an immersion

g: L>’~Gcs®
and a local Gauss parametrization of M 3 given by
X:A— M cR*, (x,v)— y(x)g(x) +grady(x)+ v,

where A is the normal bundle of the immersion g and y: L? = R is a differ-
entiable function.

M? isaruled hypersurface, therefore it follows from Lemma 1.6 that g(Lz)
is a ruled surface in S°. Since g(Lz) is also minimal, we have g locally given
by
g(x, ,x,) = cosx (coskx,, sinkx,,0,0)

2.16
(2.16) +sinx, (0,0, cosx,, sinx,),

where k is a positive constant, see [L or BDJ]. Let us consider the orthonormal
tangent frame
og 1 Og

(2.17) e|=5g, €2=—ﬁ5xz,

where E = k* cos’ x, + sin’ x, . Let e, be a unitary normal vector field for the
immersion g. Then the second fundamental form with respect to this frame
is given by

(2.18) B(x)=(_,?/E "B/E>, X = (X, %,).

Let e, be the associated frame defined on M> , L.e.
e,(x,v)=¢/(x), 1<i<3, (x,v)eA

Then the second fundamental form for M> c R* , with respect to this frame,
is given by

-1
A(x,v)=(—P8,1;) g) ) (x,v) €A,
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where
P(x,v) = y(x) + Hess y(x) — (v, &;) B(x).
Moreover, it follows from Fact 2.11 that pI + Hessy is of the form
0 h
yI + Hessy = (h a) )
where
=—ck/E, a=ch+CT.
Hence, c=0 and a="7C.
Now, we want to determine y: L* = R such that

(2.19) yI + Hessy = (8 ;)
It follows from (2.17) and (2.19) that y must satisfy
(2.20) y+x312-=0, y+% (g;—l; +sinxlcosxl(l—k2)ﬂ) =TC.
From the first equation we get

? = f(x,)cosx; + h(x,)sinx,.
Substituting into (2.20) we get ¢ = 0. Therefore, the trace of P and hence the

trace of A is zero,i.e. M 3 is a minimal surface in R*.
To conclude the proof in this case we use [BDJ].

Part (ii). By hypothesis g(L2) is contained in the product of two circles,
therefore the immersion g is locally given by

221)  g(x,,x,) =1, (sinﬁ, cos 21 ,o,o) +r, (o,o, sin 22 , cosf%)
r r r T
where ’12 +r22 =1.
Let us consider the orthonormal frame field defined by
_, 0 og _, 0 og
(2.22) el—rl-ng—rz-é—)—C;, ez—rZaXI +rlax2.

Then the second fundamental form of the immersion g with respect to ¢, , e,

is given by
0 1
B = ( 1 P22 ) .

rr

Let e, be a unitary normal vector field for the immersion g and
€,(x,v)=¢/(x), 1<i<3, (x,v)€EA,

the associated frame defined on M. Then the second fundamental form for
M}cR® , with respect to this frame, is given by

—1
A(x ,v) = (‘Pgm 8)

where P(x,v) = y(x)+ Hessy(x) - (v,e;)B.
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Moreover, it follows from Fact 2.11 that with respect to this frame

yI + Hessy = (2 Z) ,

22,2
c==2—1  a=ch+C
rr,

We want to determine y: L? — R which satisfies the above conditions. It follows
from (2.22) that y must satisfy

2 2 2
o 0
Y+ rf—); - 2rlr2—y— + rza—)z’ =0,
(2.23) ox; 0x,0x, ox;
282y r; + rf 62y 282y
rrrnoS £w)
ox; rr, 0x,0x, ox;

where

=C.

Subtracting the above equation we get

oy .
rr,0x,0x,
Therefore
(2.24) P(X, X)) =TrinXx X, +7,(x)) + 7,(x,),

where y, and 7y, are functions which depend only on x; and x, respectively.
Substituting (2.24) into (2.23), we obtain

2
2d7y 2d7y - 2.2
(2.25) 7+ ET‘ +7,+1, ;22 +Crryx,x, = 2r;1,C.
1 2
Taking derivatives with respect to x, , and then with respect to x, we conclude
that ¢ = 0. Therefore, (2.24) reduces to

(226) y(xl rxz) =" (x,) + 72()(2) ’
where y, and p, satisfy the following equations
2 2
207y oy
2.27 +ri—L=q, y+r,—2=a,
( ) ntn o2 2 N2

1 2
where a is a constant.

Now we want to show that the Gauss parametrization of M 3 describes a
cone over G. In fact

dy dy
= 1 Zr2 —
X(x,,x,,8)=y(ru +rv)+ ;9711)1 + 8x2v2 +s(=ryu, +ru,),
where
. X X
u, = |sin=t,cos=1,0,0),
r r
.oX X
U, = (0,0,sm—2,cos—2),
r r

v, = 0X/0x,, v, = 0X/0x,.
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It follows from (2.26) and (2.27) that X(x,,x,,s(x,,Xx,)) is constant for

s(x;,X,) = nr,

which concludes the proof of case (ii). Q.E.D.

r r
2 1

- _yl + _yz ,
rl 4}

Finally, we prove Theorem B using the preceding results.

Proof of Theorem B. Let M = {p € M; S(p) # 0}. Since M is a ruled
hypersurface, the sectional curvature K at points of M is not identically zero.
It follows from Lemma 2.4 applied to M that at each point of the image
of the Gauss map the first normal space N, has dimension < 1. We have
M =M, UM, where at M the Gauss map is totally geodesic in S” and M
is the open subset of points where N, has dimension 1.

Let ¥, be a connected component of M, let X:U C A — ¥V, c R™' be
a Gauss parametrization and let g: L?* — 8" be the associated local parame-
trization of the Gauss map of V| . It follows from Proposition 2.1 that there
exists a totally geodesic submanifold $* ¢ S" such that g(Lz) c S? isaruled
Weingarten surface which satisfies H” + ¢*(K — 1) = 0. Moreover, ¥, is con-
tained in a euclidean product Q3 xR"3 , Where Q3 c R* isaruled Weingarten
surface with constant index of relative nullity v = 1.

Using Proposition 2.2, we obtain that either g is a minimal immersion in
S orK=0 , H = c, and the image of g is contained in the product of two
circles of S°. It follows from Proposition 2.3, that Q3 is an open subset of a
cone over the image of g, i.e. V| satisfies (ii).

Let ¥, be a connected open subset of Ho . We have a Gauss parametrization
for ¥, and g the associated local parametrization of the image of the Gauss
map of V. Since g is totally geodesic in S", the normal bundle A of the

immersion g is parallel in R*"'. Hence, using the Gauss parametrization we
obtain that ¥, is an open subset of Q2 x R""%, where Q2 C R® is a ruled
Weingarten surface. It follows from the classical result of Beltrami [B] and
Dini [D] that Q2 is a ruled helicoidal surface or a hyperboloid of revolution,
i.e. V, satisfies (iii).

We now observe that the boundary of V|, does not intersect the boundary of
V|, since the determinant of the second fundamental form of the image of the
Gauss map of V| in S? is bounded away from zero. Moreover, the boundaries
of ¥, and of V, do not contain points where the scalar curvature S is zero.
Since M is connected, this concludes the proof of the theorem. Q.E.D.

Remark 2.28. The ruled Weingarten surfaces Q2 c R® classified by Beltrami
and Dini are given by

(2.29) X(s,t) = (acoss +ctsins, asins —ctcoss, bs+1\/1 - c2)

where a, b , C are constants.
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Proof of Corollary C. We use Theorem B. If M is complete, then it cannot be
a cone. If M splits as in (iii), then M = Q2 x R , where Q2 is a complete
ruled helicoidal surface or a hyperboloid of revolution. If M is flat, it follows
from [HN] that M is a cylinder over a complete curve. Q.E.D.

Proof of Theorem A. If M" c R™', n > 4, is a complete hypersurface, it
follows from [DG], that M is rigid, unless it contains an open subset U
which is completely ruled.

We will show that the existence of such a subset U contradicts the hypothesis
of Theorem A. In fact, if we apply Theorem B to each connected component
U, of U, we conclude that U, is completely ruled and flat. We consider
a connected component of U, where the nullity is n — 1. Then the ruling
coincides with the nullity and therefore the nullity is complete. The argument
used in [HN] implies that this component of U, is a cylinder over a curve (not
necessarily complete). Moreover, each connected component of U, where the
nullity is n is totally geodesic. Hence, in both cases we obtain open subsets of
type L} xR , with L unbounded, which is a contradiction. Therefore, M
is rigid. Q.E.D.
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