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ON THE REGULARITY UP TO THE BOUNDARY
IN THE DIRICHLET PROBLEM
FOR DEGENERATE ELLIPTIC EQUATIONS
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GERSON PETRONILHO

ABSTRACT. We give a simple proof of the regularity up to the boundary of
solutions of the Dirichlet problem for a class of second-order degenerate elliptic
equations in the plane. We show that the method of transfer to the boundary via
the associated heat equations, can be used to reduce the problem to proving the
ellipticity or hypoellipticity of a pseudodifferential operator on the boundary.

INTRODUCTION

In this article we give a simple proof of the regularity up to the boundary of
solutions of the Dirichlet problem for certain second-order degenerate elliptic
equations in the plane. We show that the method of transfer to the boundary
via the associated heat equations, as introduced by Treves [6, 7] in the case of
nondegenerate equations, can be used to prove regularity for a class of equations
that degenerate at the boundary. The same approach can be applied to (coercive)
elliptic boundary value problems other than Dirichlet’s.

In §1 we study regularity up to the boundary for certain pseudodifferential
equations, using parametrices of the Cauchy problem for the associated heat
equations. This is applied in §2 to certain factorizable second-order degenerate
elliptic differential equations in the plane. We consider two types of degeneracy.
In the first one (cf. hypothesis (1.1)) the factors degenerate at a constant rate at
the boundary while in the second one (cf. hypothesis (1.1)) they degenerate
of high order, possibly at a nonconstant rate or even of infinite order—see the
examples given at the end of the paper. In the first case the result about the
associated heat equations proved in §1 was obtained by using Fourier integral
operators with complex phase functions whereas in the second case we give an
explicit construction—using only pseudodifferential operators—of the needed
parametrices; the operator N (cf. Propositions 2 and 3) is elliptic in the first
situation but only hypoelliptic in the second one.
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1. REGULARITY IN THE DIRICHLET PROBLEM FOR
CERTAIN PSEUDODIFFERENTIAL EQUATIONS

Let U x T be an open conic neighborhood of (x,,{,) € R" x (R"\ 0).
We shall study regularity for solutions of equations involving pseudodifferential
operators (wdo) microlocalized to U x I', depending smoothly on ¢ € [0, T].
In doing so we will eventually shrink U xI" and T > 0.

We denote by u(t,x,D,), i(t,x,D,) two classical ydo of order < 1
depending smoothly on ¢ € [0, T]; for simplicity we assume that their total
symbols are in £°°([0,T] x U x R" \ 0). We make either hypothesis (1.1) or

hypothesis (1.1") below.

o, (u)(t,x,8) = fa(t,x,£)>0 on[0,T]x U x R"\0,

(1.1)
o, (B)(t,x,E) =a(t,x,&) >0 on[0,T]x UxR"\0,

where k is an integer > 0 and a, a are positive-homogeneous of degree 1
(for |£] > 1/2), and strictly positive on [0,7T]x U for || =1, ¢€T.
(1.1")

o(u)(t,x,&) =o,(u)t,x,&) = fa(t,x)|€] >0 on[0,T]x U x R*\0,

a(@)(t,x,8) =0 (R)(t,x,§)= a(t,x)|€>0 on[0,T]x Ux R"\0,
where k is an integer >4 and a, a are strictly positive on (0,T]x U.

Remark. In hypothesis (1.1'), differently from what happens in (1.1), we allow
a, a tovanish when t=0.
Let
L, =0,+u(t,x,D,) and L_=0,—a(t,x,D,).

In either case, the forward (resp. backward) Cauchy problem for L_ (resp.
L_) is well posed and has a parametrix which we denote G_(¢,s) (resp.
G_(t,s)); it is a complex-phase Fourier integral operator depending smoothly
on t>s (resp. t<s)in [0,T], (if T is small), cf. [5, 4]; under hypothe-
sis (1.1"), we shall construct the parametrices G ,» G_ as pseudodifferential
operators (see Lemmas 1, 2, 3).

If we denote by 4 ~ 0 the fact that A is a & function of (¢,s) valued
in the space of regularizing operators in the space variables, we have:

LG (t,s)~0 forO<s<t<T,

1.2
(12 G+Ir=s ~ 1

L G_(t,s)~0 for0<t<s<T,

(1.3)
G_|_ ~1

Moreover such G, are unique modulo ~. The main result of this section is
the following regularity result for Dirichlet problems:
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Proposition 1. Let u € €%°([0,T),2'(U)) satisfy the following:
(@) WFu)cUxT, (0<t<T);
(d) ul,_y isin €F(U);
(c) u satisfies either of the following equations:
(c,) L_L (u)e®>([0,TI1xU),or
(c) L.L_(u)e®>([0,T]1xU).

Then there exists a neighborhood U' xTI" C U xT of (x,,&,) such that u is
smooth in U' x T’ up to the boundary, i.e. w(x,D )ue F*(0,T1xU) for
any proper pseudodifferential operator y(x,D,) whose wave-front is contained
in U xTI'.

Proof. Shrinking T it is sufficient to show that y(x,D Jue &>([0,T)x U);
note thatboth L_L,_ and L, L_ areellipticin UxT for ¢ > 0, but degenerate
at t=0if k> 1.

We shall consider for simplicity that the smoothness hypothesis holds locally,

but it will be clear that since G, are microlocal in the space variables x, so is

the proof. Thus we assume I' = R"\ 0 from now on.

Case 1. Suppose u satisfies (c,). We proceed as in the treatment of regularity
in the nondegenerate elliptic case (cf. [6, 7]). We uncouple equation (c,):

(1.4) L_(v)=fe¥&”,
(1.5) L (u)=v and u|_j=u,€¥".

The parametrices G are both regularizing for ¢ # s because of the assumption
that o,(x) and g, (i) are positive for ¢ > 0. Using this and the uniqueness of
the parametrices mod ~, we deduce from (1.4) (denoting by =~ the equiva-
lence modulo smooth functions on [0, T) x U)

T
(1.6) o(t,) ~G_(t,T)o(T,") —/ G_(1,5)f(s,")ds
t
for 0 <t < T, and therefore

(1.7) v~ 0 (i.e. is smooth for ¢t < T).

Now (1.5) implies
t
u(t, ) =~ G+(t,0)u0+/ G, (t,5)v(s,-)ds
0

(0 <t < T) and by (1.7) and hypothesis (b) this shows that u is & in
[0,T)x U as desired.

Case 2. Let u satisfy (c,); this equation uncouples as follows:

(1.8) L, (v)=fe®&7(0,T]xU),
(1.9) L (y)=v and u|,_,=u,€ & (U).
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Denoting by v, the trace v|,_,, the uniqueness mod ~ of G, and (1.8)
imply

v(t,-)mG+(t,0)v0+/IG+(s,0)f(s,-)ds
0
~ G, (t,0)v,.

(1.10)

Of course this would imply v ~ 0 if we knew that v, is smooth. Analogously
(1.9) implies

T
u(t,-)zG_(t,T)u(T,-)—/ G_(t,s)v(s,-)ds
z—/TG_(t,S)U(S,')dS.

Therefore '

T
ult, ) ~ -/ G_(t,5)G, (s, 0)v,ds.
t

When ¢ = 0, the initial condition u|_,=u, € € (U) shows that

T
(1.11) /0 G_(0,5)G,(s,0)v,(-) ds

is smooth. Propositions 2 and 3 imply that fOT'G_ (0,5)G,(s,0)ds is a hypo-
elliptic operator in U . This implies that v, is smooth and completes the proof,
since then v ~#0 and u~0. 0O

Remark. We have 0,u|,_, = v,+i(0,x, D, )u,, soif v, is smooth (the Dirichlet
boundary value u, being also smooth), then the normal derivative d,u,_, will
also be smooth. Thus the operator foT G_(0,5)G, (s,0)ds links the

smoothness of u|_, and of d,u|,_, for any solution u. This link is classi-
cal in the Dirichlet problem for the Laplacian A = (9, —id,)(9, + i9, ) .

Proposition 2. Under hypothesis (1.1), N(x,D,) = fOT G_(0,5)G (s,0)ds is
an elliptic pseudodifferential operator on U of order —1/(k + 1).

Example. When L, =0, + tkIDxl , the parametrices G, (¢,s) are convolution
operators with symbols

6_(5,.0 = 6,059 =ewp (6 =L ) ez,

! Since both G+(t,s) are pseudodifferential for ¢ = s, the singular support of their kernels are
close to the diagonal for T small (|t —s| < T) (in fact, it is contained in the diagonal). Thus
is it possible to add regularizing operators to G+ and obtain proper operators whose composition
is well-defined. This will be disregarded below, but in all rigor the amplitudes K, K, in (1.12),
(1.13), (1.15) should depend on both x,y to reflect this change. Then (x,y) varies in a small
neighborhood of the diagonal; only small changes are needed in the proof of Proposition 2.
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SO

N = /Orexp (—2sk+lk—lf_l—l> ds

= R(¢) + /OWO exp (—23k+l—|f_l—l> ds

= R(&) + el D
where ¢ # 0 and R(&) is rapidly decreasing for |£| > 1.

Proof of Proposition 2. Recall from [5] that G, (¢,0) is a complex-phase FIO
of the form

(1.12) (G, (t,00u)(x) = 2m) " / e"OK (L, X, E)uE) dE

for small T and ¢ € [0,7T]. The phase ¢ is an approximate solution of the
eikonal equation i¢, + o, (u)(t,x,4,) =0, ¢|,_,=x-&, o,(u) denoting here
and in what follows an almost-analytic extension of the principal symbol of u.
The amplitude K, obtained solving approximately the transport equations, is
classical and elliptic of order zero.

Denote by L* = -0, — ji(t,x,D,)" the L’-adjoint of L_; the forward
Cauchy problem at ¢ = s for L has a parametrix G,(t,s) (t >s) of the
form (1.12) with a phase ¢ (solution mod flats of the eikonal equation) and an
elliptic zero-order amplitude K, , now depending also on s. By the uniqueness
mod regularizing operators of these parametrices it follows integrating by parts
that G_(¢,s) ~ G, (s,t)* (s > t). The operator G_(0,s) can therefore be
written as an oscillatory integral:

(1.13)  (G_(0,s)v)(x) = (2n)”" / / e"’"f"’;(”"f’xz(s, y,Ev(y)dy dé

with K, a classical zero-order elliptic amplitude. From (1.12) and (1.13) we
get modulo regularizing operators,

(1.14) [G_(0,5)0 G, (s,0)ul(x) = 21) " / e PF(s,x,0)u(0)do,

which is a pseudodifferential operator since F , defined below, will be shown to
belong to S?,o (uniformly in s). Interpreting (1.14) and (1.15) as oscillatory

integrals we have 2

(1.15) F(S,x , 0) — (27'5)—” // ei[‘ﬁ(s:y ,0)-5(5»"»{)"‘)"({‘0)]

X K(S,y,e)K2(s:y9é)dyd¢ .

We estimate the behavior as |§] — oo of F by applying the (real) stationary
phase theorem to the integral (1.15) after a change of variable 6 = tw (|w| = 1),
& = tn. It suffices to reason microlocally, for (x, ) near (x,,w;) and 0 <s <

21n (1.15) we can assume that y varies in a compact set; see footnote 1.
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T . The real phase w(s,x,w,y,n) =Re¢(s,y,w)—Red(s,y,n) +x- (- w)
is equal for s = 0 to (¥ — x) - (w — n), which has a nondegenerate critical
point in the variables (y,7n) at y =x, n = w. Hence y has for s small, and
(x,w) € V = neighborhood of (x,,®,), a unique nondegenerate critical point
depending smoothly on (s,x,w), denoted y(s,x,w).

We are going to consider the exponential

exp(_T[Im ¢(S Vs CL)) +Im (Z)(S >V ”)])

as part of the amplitude; notice that it is of class S? oV x V,R,) uniformly

in s because by (1.1) and the hypothesis on a and & we have ctk“lél <
Imé(t,x,8) (c > 0) and also [Imé¢ (¢,x,¢)| < ctk+'|é|, [Im@,(1,x,8)| <
otk , (and in general |6;"€(Im @) < catk“ for |¢| = 1) and similar estimates
for ¢; cf. [5]. Let J(s,x,w,y,n,t) denote the (nonclassical) amplitude in

S?’O(V x V,R,) depending smoothly on s € [0,T]:

Xo(v,n) exp(—t[Im¢(s,y,w) + Im(s,y, mDK(s,y,tw) - Ky(s,y, 1)

where x, has compact support in ¥ and is =1 near (x;,w;), 0< x, < 1.
Then we have for (x,w) near (x;,®,), as 7 — +oo,

n .
F(s,x,Tw) = (-2%) //e"\y(s‘x’w‘y’").l(s,x,w,y,rl,r)dydn

mod S~ (uniformly in 0 < s < T), and by the stationary phase theorem F
is in S?’O(V,R+) uniformly in s € [0, T'], and is equal mod Sl_,(l) to

A(s, x, w)k’(s ,y,w)kf(s,y,n)exp(—rllm¢(s,y,w) +Imé(s,y,n)),

where (y,n) =y(s,x,w), K° s kg denote the homogeneous principal parts of
the classical symbols K, K, , respectively, and A is a nonzero factor depending
on the Hessian of ¥ at the critical point. Since K° , k;’ are elliptic of order
zero we can write near (x,,w,) for 0<s<T,
(1.16)

F(s,x,tw) = B(s,x,w)exp(-t[Im¢(s,y,w) + Imd(s,y,n)]) mod Sl_;)

(with (y,n) = y(s,x,w)), where |B| is bounded above and away from zero.

Moreover, we have Re B > const > 0 near (x,,®,), 0<s<T. In effect,
by construction (cf. [5]) kO(O,y,é) =1 and also kg(O,y,é) = 1 since this is
true of k? , the principal part of the amplitude of G,(¢,0) (recall G_(0,s) ~
G,(s, 0)*). Therefore ko(s Vs w)kg (s,y,n) has real part locally bounded away
from zero for 0 < s < T if T is small. On the other hand A(s,x,w) 1is
|det H(s,x,w)|” /%" ™98 H where H is the Hessian of ¥ at the critical
point, and sign H = 0 since when s =0, H =9 7/]. Hence 4 is positive,
and locally ReB > ¢ > 0 for some c.
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By the preceding results, the operator N(x,D,) = fOT G_(0,5)G,(s,0)ds is

pseudodifferential of order zero (cf. (1.14)), and modulo Sy ; its symbol is
near (x,,w,) equal to

T ~
117 [ B ,x,0)expl—cim (s, y,@)+ Im (s, 1)y 1oy e 5

To show that (1.17) is in S (')/ (k“)(R ,) near (x;,w,), recall that (cf. [5])

t

t
‘Imq&(t,y,@)—/o o,(u)(s,y,0)ds Sconstt/o o,(u)s,y,0)ds

for 1 €[0,T1], and by our hypothesis on o,(x) we obtain

¢, 16| < Img(t,y,0) < c,i*"'|6)]

for t€[0,T] and (y,6/|0|) near (x,,w,), for some positive constants c, ,c,
(and similar estimates for Img¢ ). Since as remarked before 0 < c'l <ReB < c; R
locally the real part of (1.17) can be estimated from above and from below by
integrals of the form

T
c'l'/o exp(—tc;'skH) ds ~ c;"t_l/(k“) (t — +0)

with positive ¢| , ¢, , ¢; , and the absolute value of (1.17) can be estimated from
above by such integrals too.  This shows that N is elliptic (in a
conic neighborhood of (x,,w,)) of the desired order —1/(k + 1) provided
—1/(k+1) > -1, ie. k> 1. The same conclusion is true if kK = 0, since in
fact the remainder in (1.16) is, by the stationary phase theorem, of the form

R=R(s,x,w,t)exp(—7[Im¢(s,y,w) +Im &(s,y > ”)])l(y,n)=y(s,x,w)

where R, is of order —1. Hence the symbol of N(x,D,) differs from (1.17)

by fOTR(s,x,w, t)ds which, by the same argument used before, is of order
-1 —1/(k+1) = -2 here. So (1.17) determines the ellipticity of the operator
even when k=0. O

It remains to prove Proposition 3 below which is the analogue, in the case of
hypothesis (1.1"), of Proposition 2.

Proposition 3. Under hypothesis (1. 1'), the operator
T
N(x,Dx)=/ G_(0,5)G,(s,0)ds
0

is a hypoelliptic pseudodifferential operator of order zero on U (with symbol in
S} 1,2(U)).

We start with the construction of the parametrices G, which will be pseu-
dodifferential operators; we will show only how to obtain G, , the construction
of G_ being analogous.
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G, (t,5)u(x) = 2n) " / e Cglt,s,x,E)iE) dé
with -
8(t,s,x,8) =) gt,s,x,0).
j=0

Recall that we wish to solve

L G, (t,s)~0; 0<s<t<T,

(1.2) +G4(13)
G+|t=s~1

where
L,=8,+u(t,x,D,) and o(u)=1ra(t,x)|.
We proceed formally and we have

L,G,(ts)u(x) ~ @m) ™" [ & (a,g +ladlg+ Y éafa(#)D;'g) (®) d¢
a#0

~(2m)™" / et (a,g +falt|g +Fa > éaa(c)pjg) a(&) de

a#0

where a_(¢) is smooth and positive-homogeneous of degree 1—|a| with respect
to £.
In order to solve (1.2) it suffices to solve

k k 1 o
og+tallg+ta) —a/ (D g~0,
(1.18) ! (,Z;ma! x

g(s,s,x,8) ~ 1
where ~ now means the equivalence of symbols; it suffices to solve:

9,8+ alllgy=0, 0<s<t<T,

(1.19)
gOlt=s =1

and, for j=1,2,...,

k k 1 o
0,8+t a|f|8j=—t a Z Jaa(é)ngf—lal’ 0<s<t<T,
(1.20) 1<]al< )

gjl(:s = O'
The solution of (1.19) is given by
t
go(t’s’x,é) = CXp |:—|6|/ rka(r,x)dr]
s

while that of (1.20) may be written as

t
g;(t,s,x,8)= —/ go(t,r,x,é)rka(r,x)

x Y 24, @D, (s, x.E)dr.

1<lal<j
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We will now define the space of symbols which are relevant to our study.
Let T >0 and let Q be an open subset of R" ; set

V,={(t,s)eR;0<t<s<T}.
Let A(z,x) be a smooth nonnegative function.

Definition. A function b(¢,s,x,&) belongs to the class A™* = A™*(Q) if b
is smooth on ¥, x Q x (R"\{0}) and if there exists B >0 such that for every
a,p € Z: , every 7,0 € Z_ and every compact set K contained in V. x Q,
there exists a constant ¢ = c(a,f,7,d,K) such that

6702078 b(t,s,x,)|
1 s
< C(1 4]y eI o (—Blél J dr)
t

forall (z,5,x,&) € K x (R"\{0}).
1
Remark. (i) 9582970)(4™*) c Amlet+2lflrrdd,
(ii) 4™ c Sy", ,, uniformly in (t,5) € V;..
Lemma 1. Foreach j=0,1,..., g€ A‘j/z"k“(U).
The proof is by induction; it uses the remark above and the following

Lemma 2. Let b € A™*(U). Then the function
t
H(t,5.%,8) = = [ &(t,r, %, 040, x)b(r,5,%,8) dr
s

belongs to A™'*(U).

Let x: R - R be smooth, 0 < y <1, with y(¢t) = 0 if t < 1/2 and
x)=1if t>1.
We now choose a sequence (r;) of positive real numbers so that the function

g't,s,%,8) = Zg(z 5,%,8)x ('5')

k
belongs to A% ; that it is indeed possible to achieve this is the content of the

next lemma, whose proof is technical and standard and will be omitted (some
other proofs were omitted as well).

Lemma 3. Let x be as in the definition of g*. If 0; € A7 "(Q) Jor j =
0,1, ..., then there exists a sequence (r;) of positive real numbers such that
the function

o(t,5,x,8) = Za(z 5. 2.0)1 ("f’)
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belongs to AO’A(Q) and, furthermore, such that for each N = 1,2,..., the
Sfunction o — E?’:_Ol o, isin ANy,

Define the operator
GH(t,5)u(x) = 21)" / et s, x, E)aE) dE

Since A”"*(U) c 87 ,(U) it follows that G%(t,s) is a pseudodifferential
operator of order zero on U, depending smoothly on ¢, s.

Proof of Proposition 3. The first step consists in observing that the operator N is
a pseudodifferential operator of order zero. To see this, notice that the operators
G_(0,s) and G, (s,0) are, by construction, pseudodifferential operators of
order zero; thus, their composition, as well as the integral with respect to s of
the latter are operators of the same type.

The second step is to show that if K is a compact subset of U andif k > 2,
then there exist C > 0 and M > 0 such that the symbol of N,

T
o(N)x,8) = [ Fls,x,0)ds
0

satisfies
(1.21) jo(N)(x,&)| > Cle| ™D
for (x,¢) € K x (R"\{0}), [{| > M.

In order to prove this we start by observing that the operators which are
solutions of (1.2) and of (1.3), have symbols equivalent to g(¢,s,x,¢) and,

say, h(t,s,x,&), respectively.
The principal symbols are

i t
&(t,s,x,8) =exp —|§|/ rka(r,x)dr] , 0<s<t<T,
L N

and

ho(t,s,x,&) = exp —Iél/ rk&(r,x)dr] , 0<t<s<T.
L t

The symbol F(¢,x,&) is such that

F- Y i,aghpjg isin S}y .
lal<N—1 %
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We now show that (1.21) holds.

T T
|a(N)(x,<:>|=/0 F(s,x,&)ds z/o ho(0,5,%,8)gy(5,0, %, &) ds

T
—/0 1(0,5,%,8)8(5,0,%,&) — hy(0,5,x,£)g(5,0,%,&)| ds
T
—/0 IF(s,x,&) = h(0,5,x,8)g(s,0,x,&)|ds
>

T s
/0 exp(—|¢|/0 Hla(r,x) +a(r, x)1dr)ds| - C 17" - C,l¢1

T
> [ exp(-Cyls" ™) ds - Cyer™”

—1/(k+1 -1/2
> C, eI~ ) e
> Cle|”V/*H,

provided || is sufficiently large; C, > 0.

Notice that the hypothesis k > 2 was used only once, namely in the last
inequality.

For the final step, let & be a relatively compact open subset of U and
suppose k > 4. Set m=1/(k+1), p=1-1/(k+1),d=1/2+1/(k+1).
Then we claim that there exists a pseudodifferential operator E , with symbol in
S;':;(U ) such that EN — I is regularizing in & . Indeed, k > 4 implies p > ¢
and thus, by taking (1.21) into account, it is possible to construct explicitly, in
a standard way such a parametrix £. O

2. APPLICATION TO SECOND-ORDER DEGENERATE
ELLIPTIC DIFFERENTIAL EQUATIONS

We can now apply Proposition 1 to obtain a regularity result for solutions of
the Dirichlet problem for certain degenerate elliptic equations in the plane.

Theorem 3. Let k > 0 be an integer, T >0, and U C Ra neighborhood of the
origin. Let a,a,b,b be smooth functions on [0,T]x U. We assume a and a
arereal, and aa < 0. Let

P=(8,+ifa(t,x)d, +b(t,x))(8, + it“a(t,x)d_+ b(t,x)).
If ue °([0,T),2'(U)) satisfies

Pu=fe& (0,T]xU),
Ul,_o=u, € ET(),
then u € €°°([0,T] x U), perhaps after shrinking T ,U .

Proof. Let x(£) be a smooth function on R that coincides with Heaviside’s
function for ¢ < 0 and ¢ > 1. We will show that x(£D )u are both in
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&°([0,T] x U). We have P(x(D )u) + P(x(-D )u) = f + smooth, and
WF(P(x(£D,)u)) C {t = 0 and £ > 0}, so both terms P(x(£D,)u) are
smooth; also both traces x(£D,)u|,_, must be smooth.

It suffices now to apply Proposiion 1 (with n = 1) to the cone I' = {¢£ > 0}
in the case of x(D )u, and to I' = {{ < 0} in the case of x(—D,)u, with the
obvious choices of x4 and j. For example, if we assume a > 0, @ < 0, then
we choose

L_=90, - z"a(z,x)|Dx| +b(t,x),
k~ ~
L,=09,-ta(t,x)D,|+b(t,x)
in the cone {£ > 0}, while in the case of the cone {£ < 0} the choice is
L =9+ tk[z(t,x)lel +b(t,x),
k
L,=9,+ta(t,x)|D,|+b(t,x). O
The proof above is also a proof of

Theorem 4. Let k > 4 be an integer, T > 0, and U C R a neighborhood of the
origin. Let a, @ be smooth functions on [0,T]x U. We assume a and a are
real and aa < 0 when t>0. Let P = (9, + it‘a(t,x)d )8, + it‘a(t,x)d,). If
ue&>°([0,T1,2'(U)) satisfies

Pu=fe®=(0,T1xU), ul,_o=u,€&"(U),
then ue ([0, T) x U), perhaps after shrinking T, U.

Remark 1. By comparing the hypotheses of Theorems 3 and 4 one notices that
in the latter we assume k > 4 but, on the other hand, we do not require a, a
to be nonzero at ¢ = 0; this allows us to handle operators such as the ones in
Examples (i) and (ii) below. Example (iii) is contained in Theorem 3 but not
in Theorem 4.

Examples. (i) P = (0, + i¢(1)0,)(9, + i'¥(1)0,), with ¢,V real, flat at ¢ =0
and ¢¥ <0 when ¢t > 0.
(ii) P =8, +it'(* +x1)3,)(8, - it (F* + xH)a).
(iii) P = (8, +it°8,)(8, - i’d,).
Remark 2. When a = —a the proof of Theorem 3 can be simplified; in fact,
a change of the space variable, and the fact that §, + itkay are locally solvable
(in %) for t > 0, allows us to reduce the problem to the case when P =
(8,+itk3y)-c(t ,y)-(al—itkay) , with ¢ # 0 smooth. In this case the parametrices
used in Proposition 1 are simpler (cf. example following Proposition 2).

Remark 3. A result analogous to Theorem 3 can be proved for operators similar
to P but with principal part (9, + itka(t,x)ax) (0, + it[&(t,x)ax) where the
nonnegative integers k, / may be different now. It suffices to use a variant of
Proposition 1; the operator N(x,D, ) will be elliptic of order —[1+min(k,/ )]_l

now.
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Remark 4. Theorem 4 applies to operators of the form
@, + if*a(t,x)d,)(8, + it a(t,x)d,)

if 1,k > 4; indeed if, e.g., I > k > 4 then we may write fa= tk(t"k&) .
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