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CAUCHY-SZEGO MAPS, INVARIANT DIFFERENTIAL
OPERATORS AND SOME REPRESENTATIONS OF SU(n +1,1)

CHRISTOPHER MEANEY

ABSTRACT. Fix an integer n > 1. Let G be the semisimple Lie group
SU(n+1,1) and K be the subgroup S(U(n+1)xU(1)). For each finite dimen-
sional representation (7,.#) of K there is the space of smooth 7-covariant
functions on G, denoted by C*°(G,t) and equipped with the action of G
by right translation. Now take (t7,/#) to be (1pp,#,p), the representation of
K on the space of harmonic polynomials on C"+! which are bihomogeneous
of degree (p,p). For a real number v there is the corresponding spherical
principal series representation of G, denoted by (m,,I;,). In this paper we
show that, as a (g, K)-module, the irreducible quotient of Ij;_,_, can be re-
alized as the space of the K-finite elements of the kernel of a certain invariant
first order differential operator acting on C*°(G, 1p,p) . Johnson and Wallach
had shown that these representations are not square-integrable. Thus, some ex-
ceptional representations of G are realized in a manner similar to Schmid’s
realization of the discrete series. The kernels of the differential operators which
we use here are the intersection of kernels of some Schmid operators and quo-
tient maps, which we call Cauchy-Szegd maps, a generalization the Szegd maps
used by Knapp and Wallach. We also identify this representation of G with
an end of complementary series representation.

INTRODUCTION

This paper is a contribution to the general program of producing concrete
realizations of representations of Lie groups in the kernels of invariant first
order differential operators. The methods we employ are those proposed by R.
A.Kunze, J. E. Gilbert, R. J. Stanton, and P. A. Tomas in [G2, GKST:Cort,
GKST:Zyg and GKT:Clev]. In the case of noncompact semisimple Lie groups,
this approach can be thought of as a generalization of the work on the discrete
series by W. Schmid, R. Hotta, R. Parthasarathy, A. W. Knapp and N. R.
Wallach, (see [SC, HP and KW]). That is, the class of differential operators
we consider generalize the operators of Schmid (see §2 below) and a definition
of Cauchy-Szegd maps is given which is more general than that of Knapp and
Wallach.

Suppose G is a noncompact connected semisimple Lie group with finite
center and a maximal compact subgroup K. Let g = ¢ ® s be the Cartan
decomposition associated to (G, K). To each irreducible unitary representation
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(z, V), let
C*G,1)={f:G— V.: fis smooth, f(kg)=1(k)f(g)Vke K, g€ G}.

The group G acts on C™°(G,1) by right translation. The invariant first order
differential operators acting on C*(G,1) are determined by K-equivariant
projections of V, ® s onto K-invariant subspaces, where K acts by 7 ® Ad.
Given such (7,V,) and a description of K in terms of dominant integral
weights, one requires a prescription which uses the location of 7 in K to spec-
ify one invariant differential operator, say 3 . One would like to arrange this
so that the K-type (7, V) occurs in ker(d,) and also to have a means of con-
trolling all the K-types which occur there. To show that ker(d,) is nontrivial,
we use Cauchy-Szegd maps, which put quotients of nonunitary principal series
into ker(d,). In the cases which we treat, knowledge of these quotients tells
us about the irreducibility and unitarizability of the (g, K)-module of K-finite
elements of ker(d ). In the first three sections we explain these general ideas
in more detail. The rest of the paper is taken up with the special case where
G=SU(n+1,1), K=SU(n+1)xU(l)) and (z,V,) is a representation
of K on a space of spherical harmonics on ™' which are bihomogeneous of
degree (p,q). The main results in this paper are Theorems 6.3.1, 6.5.2, and
6.6.1.
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1. NOTATIONAL PRELIMINARIES

1.1. Suppose G is a connected, noncompact, semisimple Lie group with finite
center and real-rank one. Fix a maximal compact subgroup K in G with a fixed
maximal torus 7 and assume that G is such that T is a Cartan subgroup of
G. We will use lower case German letters to denote the corresponding Lie
algebras, attaching the symbol C to designate complexifications. There is a
Cartan involution 6 acting on g such that the decomposition into +1 and —1
eigenspaces is g = t®s. Let B denote the Killing form on g. and equip g,
with the hermitian inner product

(X]Y)=-B(X,0(Y))
forall X,Y € g.. In this way (Ad|,,s.) is a unitary representation of K.

Let ( , ) denote the inner product on t. coming from the inner product on
t

C -
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1.2. Let ® denote the set of roots for (g.,t:-), @, the set of roots for (¢ ,t.),
and O, the set of noncompact roots (that is, the weights of Ad(7’) acting on
sc ). Hence ® = &, UP, . We will fix an ordering on ®, once and for all
and denote by (D: the subset of positive compact roots. As usual, set p, =
%Zaeq,: a. The Weyl group for (¢.,tc) will be denoted by W,. Identify T
with the lattice

A(X)

{Aeit’: " =1, VX et with exp(X) = 1}.

Then K will denote the set of dominant integral weights in T , with respect to
¢+
P -

1.3. As in [KW, §2], we assign to each o € ® a normalized root vector E_ so
that B(E ,E_|)=2/{a,a) and 6(E_)=—E__. Then [E ,E_]=H_ in t.
and a(H)) = 2. In particular,

2,172
(G181 PEy: e}
is an orthonormal basis of s . Our hypothesis that G has real-rank one implies

that all the noncompact root vectors E;, (8 € ®,) have the same length (see
[KW, Lemma 12.1]).

1.4. We will be dealing with a situation where it is possible to order @ in
several different ways while being compatible with the fixed CD: . Suppose we
have indexed all these possibilities by some set J, so that for each / € J,

=0 (HU(-D(), & =0,n® (),

and <I>:(l )=®, N®*(/) is a system of positive noncompact roots. In this case,

set
pi=5 3 B and p()=p,+p,0).

Bed+ ()

1.5. Given a dominant integral weight u € K , we fix (‘t” , Vﬂ) , an irreducible
unitary representation of K with highest weight x. The Harish-Chandra pa-
rameter attached to the pair (u,®"(/)) is

(1.5.1) u+p,—p ().

In Theorem 1.1 in [KW] we see that if there is an / € J such that (1.5.1) is
<I)+(1 )-dominant and regular, then it parametrizes a discrete series representa-
tion of G with lowest K-type u. We will be concentrating on examples of u
such that this is not the case. Despite this, it is still possible to use some of the
results in [HP and KW].

1.6. Another consequence of our assumption that G has real-rank one is that
for each / € J each simple root in (D:(l) is a fundamental sequence of positive
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noncompact roots. This is shown in p. 197 of [KW]. The material in §§4 and 5
of [KW] then describes how to produce special Iwasawa decompositions of G .
Fix / € J and o, a simple root in ®; (/). Set o, =R(E, + E_,). sothat g
is a maximal abelian subspace of s. The space a, acts on g by ad and we let
X, denote the set of restricted roots. We use E, +E_, to order Z,, letting
Zf denote the set of positive restricted roots. Furthermore, let n, denote the
sum of the Z;-root spaces in g and

P, (H) = %tr(ad(H)|n,) VH € qa,.
Next, set 4, = exp(a;), N, =exp(n), and write the Iwasawa decomposition
(1.6.1) G =A/NK.
At the Lie algebra level, the complexified version of this is
8c = (a))c @ (n))c @ &

and we will denote by P‘f , P,f , and P,’ the projections onto (a,)c, (n/)c, and
t. , respectively. These are described in Proposition (5.2) of [KW].

1.6.2. Lemma. Maintain the notation and hypotheses as above. If f = o,
then

Pl(Ey) = Pi(E_y) = L(Ey + E_y)

and

!
P\(E;) = iH,.

If B € ® and B # +o;, let the o string containing B be B + ney,
—pp<n<gq,. Then
! !
Pi(E;) = Py(E_g) =0
and
-1

P\(Ej) = 5,7, E-o EVFIE, ED.

We emphasize that all this is completely determined by the choice of ®* (/)
and a simple root o, € (/).
1.7. The decomposition G = A4,N,K leads to smooth maps H;: G — qa,,
N,;:G— N,,and K;: G — K, so that every g € G hasa unique description
(1.7.1) g = exp(H,(8))N,(8)K,(g).

Let M, ={x€K: xgx"1 =g, Vg € 4}, so that M, is a closed subgroup of
K. M, normalizes N,, so that forall me M, and g€ G,

mg = exp(H,(g))(N,(g))" - mK,(g).

Hence
(1.7.2) H,(mg) =H,(g) and K;,(mg)=mK/(g).
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The Haar measure on K is normalized so that K has mass 1. The following
change of variables formula shows how K, interacts with this measure. If f is
a continuous function on K and g € G, then

(173) / f(k)dk — / f(KI(kg))eZPa/(H/(kg)) dk.
K K

1.8. Each element X € g acts on smooth functions on G by

f(exp(—tX)g).

X1 = 4|
=

This action is extended by linearity to permit elements of g to act on functions,
yielding right translation invariant complex vector fields.

2. SCHMID OPERATORS

2.1. Fix a <I>:-dominant integral weight u € K. This gives rise to a homoge-
neous bundle

E#

!
K\G

with fibers isomorphic to V,. The space (e ) of smooth sections can be
identified, in a G-equivariant manner, with

C*(G,1)={f:G— V,: fis C* and f(kg) =1,(k)f(g) Vk €K, g € G}

Here G acts by right translation. For any G-invariant subspace £c C*(G,t #) ,
we let &, denote the subspace of K-finite vectors in & .

2.2. Next take an orthonormal basis E|, ..., E, of s. and define the following
G-invariant first-order differential operator. For f € C*(G, ‘t”) , set

2s
(2.2.1) VSg) = _ZI(E,f(g))@»E,,

Jj=
so that V[ takes its values in Vﬂ ® s . The definition of V is independent of
the choice of orthonormal basis. For each f € C*(G,t ) and kek,

(2.2.2) (VA)(kg) = (1,(k)®Ad(k))V[(g)

and so

V:C¥(G,1,) » C*(G,1, ®Ad|,.).

The operator V intertwines the action of G by right translation on these two
spaces.




166 CHRISTOPHER MEANEY

2.3. Itis known that (7 ”®Ad| x>V, ®s¢) is adirect sum of irreducible invariant
subspaces
(2.3.1) V,®sc= D mu, BV,

BED,
where m(u,B) =0 or 1 for g € ®_. Hence, any K-equivariant projection p
onto an invariant subspace (i.e. a sum of some of these V# +p ) will give rise to
an invariant differential operator, namely po V (see [HO and SW]).

2.4, In [SC], W. Schmid describes the following special case of this construction.
For each / € J, set

(2.4.1) ViD= 32 mu, =BV, 4,

BeD@; ()
so that V' (u,l) is a K-invariant subspace of V,®sc. Now let Pp: V,®sc —
V(u,l) be the K-equivariant orthogonal projection.

2.4.2. Definition. The Schmid operator with data u € K and [ € J is defined
to be
D, = P,oV: C®(G,1,) = C=(G,1(u, 1)),

where 7(u,/) denotes 7, ® Ad|, limited to acting on V(u, .
2.4.3. Lemma [SC]. If (u—2p.(l), &) >0 forall a € (D: , then @, is elliptic.

Let Q denote the Casimir operator for G.

2.4.4. Lemma [KW]. If (u—p,(I), a) >0 forall a € ®; and if [ €ker(D,),
then
Qf = (lu+p,— p,()I° = 1oy + £, (D)) -

Hence, each pair (u,/) satisfying the hypotheses of these lemmas gives rise
to an elliptic operator whose kernel is a G-invariant subspace of C°°(G,rﬂ)
and is contained in an eigenspace of Q. For f € ker(D,), set

(2.4.5) (Q,(8)N)(x) = f(xg) Vx,g€G.

2.5. Hotta and Parthasarathy have shown how to dominate the multiplicities of
K-types in ker(®,) , subject to the following technical conditions on x and
CD:(I). We will say that (u,/) satisfy condition (#) provided:

(i) for each E C ®(/) and a € P,

<u+p.—2ﬂ,a>20,

BEE

and
(ii) u—2p,(l) is ®; -dominant.
(See pp. 154-156 of [HP].)
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2.6. Foreach / € J and A€ T, let Q(A,l) be the number of distinct ways
that A can be written as a sum of nonnegative integer multiples of elements
of ®/(/). For u and [ as above and A € K, let mult(u,/: A) denote the
multiplicity of (z,,V]) in (Q”IK, ker(D,);). Theorem 1 on p. 156 of [HP]
gives the following estimate on mult(u,/: 1).

2.6.1. Lemma. If (u,l) satisfy condition (#), then for each 1€ K,
mult(u,l: 4) < Y det(s)Q(s(A+ p,) — (u+ py)., D).
SEWL
In particular, mult(u,l: p) < 1.

Notice that if mult(u,/: A) # 0 then there must be at least one s € W and
an arrangement of nonnegative integers » 8 (B e CD:(I )) such that

(2.6.2) A+p,=s(u+p,+2nﬂ‘ﬂ)
)

and A+ p, is ®,-dominant.

2.7. In what follows we will see examples of x such that more than one possible
| € J leads to the pair (u,/) having property (#). This means that u will give
rise to several Schmid operators. Now consider J(u), the subset consisting of
all those / € J such that (u,/) has property (#) and
(2.7.1) O () C {ae®: (u,a)>0}.
This latter condition is suggested by the sharp and star systems used in [TOMAS].
In this case, set
(2.7.2) ¥, = U o 0.

1€(p)
Furthermore, set Pu to be the orthogonal projection
(2.7.3) P:V,®sc— > mu, - BV, ,

BEY,

When J(u) consists of just one element then we are back at the case of (2.4.1).
In general, define the differential operator (eth)

(2.7.4) 3,=P,oV,
actingon C*(G,t ,) - Our preceding discussion shows that
ker(3,) C [ ker(®))
leJ(u)

and the multiplicity of a K-type (7,,¥;) in the space ker(B#) x 1s less than or
equal to

2.7.5 i Wt(u,l: ).
( ) 122’&(“’“ (u )
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2.8. Hence, we have started with a dominant integral weight x4 and produced
a (g, K)-module ker(Bﬂ) x Which might possibly contain the K-type (r# , Vﬂ)
with multiplicity 1. To show the nontriviality of this space, we use Knapp and
Wallach’s work on the Cauchy-Szegé map. First we need to set up to nonunity
principal series.

3. PRINCIPAL SERIES AND CAUCHY-SZEGO MAPS

3.1. Fix one / € J and a simple root o, € CD:(I) . This permits us to build an
Iwasawa decomposition G = A,N,K , as described in §1.6. Suppose (o ,H ) is
an irreducible unitary representation of M, and v € (a,),': is a linear functional.
The (nonunitary) principal series representation coming from these parameters
is the action of G by right translation on

(3.1.1)

. . £ _ (pa,+v)(H(a))
I, ,={f:G— H: fissmooth and f(mang)=e"" "a(m)f(g)
for all man € M;A,N,, g € G}.

The normalization Py, TV follows [BW] and gives rise to a unitary representa-
tion of G when v € ia; .

3.2. Gilbert, Kunze, Stanton and Tomas have introduced the following general-
ization of the Szegd map, used to produce quotient representations of principal
series representations. Suppose that (g, H_) occurs as a subrepresentation of
(t#| M V,), where u € K . In this case there will be an M,-equivariant isom-
etry R: H, — V# The Cauchy-Szegé map with data (o,v,u,l,R,q;) is the
G-equivariant linear operator

(3.2.1) S, ,— C°°(G,r”)

defined by

(3.22) Sfe) = [ 5,07 Rf(ks) dk

forall fel, , and g€ G. From (1.7.3) we can rearrange this integral to
become

Sf(g) = A T,,(K/(kg—l))_lRf(Kl(kg_l)g)ezpﬂl(Hl(kg_ ))dk.
Next, observe that
k=kg 'g=exp(H,(kg"
Compare this with p. 179 in [KW].
3.2.3. Lemma. For (o,v,u,l,R,«,) as aboveand f€l_,,
Sftg) = [ e e (K (kg™ R ) dk
K
forall g€ G.

"IN, (kg” K (kg ")g.
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We will call the Cauchy-Szego kernel the smooth function
S: K x G —» Hom(H_, V#)
given by

(3.2.4) Sk, g) = oDy (K (g ™))"

oR.

3.3. We would like to arrange matters in such a way that S: 1, A — ker(D,) or
ker(3,) . Arguing as in §7 of [KW] we see that the Cauchy-Szegd map with data
(o,v,u,l,R,o;) willmap I, , into ker(3,) provided

(3.3.1) P,oV(S(1,8)p),., =0

for one nonzero vector ¢ € H_ . The details of this argument appear in §9 of
[BLANK]. The calculation of V(S(1, g)¢) g=1 is described on p. 180 of [KW].

3.3.2 Lemma. For (o,v,u,l,R,a;) as above and ¢ € H_,
V(S(1,8)0),., = Z{ )(PE)(Rp)®E, — 1,(RE)(Rp) 8 E }.

When we use the basm of root vectors in s. and apply Lemma 1.6.2, this
can be rewritten. Note that if 8 € ®, then Fﬂ =-0E ;,=E ,

3.3.3 Lemma. For (o,v,u,l,R,o;) as aboveand 9 € H_,

2 1
—V(S(1,8)¢9),_, = 5(p, —V)IE, +E_ )Rp)®(E, +E_,)
Iall 4 2 / ] 1 1
+ T, ([E_, ,EZ;D)(Ro)®E_
Pl pﬂ + qﬁ M ! B B
1
+ Y ———1,(E, . E;)(Rp)®E_,
prza, Prt 8 :

1 1
7, (H,)(Rp) @ E_, + 57,(H, )(R9) 8 E,,

3.4. Knapp and Wallach use the special case where (g, H,) is the action of
T ,,l M, On the M-invariant subspace of Vu generated by highest weight vector
v, Here R is the identification of H_ as a subspace of Vu . They show that
the Cauchy-Szegé map with data (o,v,u,/,R,a;) maps I, into ker(D,)
provided

W

=2(u+p,—p,(), )

(o, ) '
To see this, combine Theorem 6.1 and Lemma 8.5 in [KW]. Corollary 4.6 in
[BW] states that if I/(Ea/ + E_"I) > 0, then I has a unique nonzero irre-

aw

(3.4.1) v(E, +E_,)=

—ay

ducible quotient. This means that if (4 + p, — p,(/),) < 0, then ker(D,)
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contains this irreducible quotient of a principal series. Compare this with the
procedure for producing A(u), as described on p. 30 of [BBS]. When we take
Ry = v, in Lemma 3.3.3, we can make the following reductions:
(i) if o, + B € ®;, then 1, (E, Eg)y, = 0;
(ii) if B—o;€ CD;' , then Tu([E~a1 ,Eﬂ])y/# =0;
(iii) if o, + B € —(D;L , then Tu([Ea, S Egy, is a weight vector of weight
u+a,+f in V#,whichwillbeOif (h,0,+ B)=0
(iv) if B —a, € —®;, then T, (E_,,  EgDy, is a weight vector of weight
U—o;+f in V#,whichwillberf (u ﬂ—a,)=0
This last remark follows from equation (10) in [HU, p. 122].
Then the first sum in Lemma 3.3.3 is over

(3.4.2) (—®; —a,)N{BEeD,: (u,a,+B) # 0}
and the second sum is over
(3.4.3) (@,~ D )N{BED,: (u,B—a)# 0}

In the event that u is “very singular”, these sets will be small and this suggests
that the image of the Cauchy-Szegd map may be is a subspace of ker(D)),
perhaps even ker(3)) .

3.5. In the general case we will need to know that the image of a Cauchy-Szegd
map is not trivial. An argument analogous to that in §6 of [KW] does this. Take
a unit vector ¢ € H_ and consider the smooth H_ -valued function on K given
by

f(k) = R*(1,(k)Rp),
so that f(mk) = a(m)f(k) forall me M,, k € K. Extend f toall of G by
requiring that f € I, . Then, using the innerproduct in V ,

(STDIRe) = [ (5,007 R (x,(k)Rp)|Ry) dk

= [ IR (5, () Ro)I ak
K

and this is strictly positive since the integrand is nonzero at kK = 1.
Suppose we fix an o.n. basis v, ,...,y, of V# such that Rg = y, and
RH_ has y,,...,y, asitso.n. basis. Then

d
i(k) = R* (Z(T”(k)W|IWj)Wj)

Jj=1

Z AGIATAL

=1

This shows that f is of K-type (7 w V) in I,
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3.5.1. Lemma. For all (o,v,u,l,R,a)) as above, the image S(I, ) in
C°°(G,1:#) contains the K-type (t,, V) with multiplicity > 1.

3.6. The following observation was shown to me by John Gilbert [GI]. Fix [ € J
and a simple root ¢, € <I>,+(1) . Now suppose ¥, has a nontrivial 7 ”(M,)-ﬁxed
vector, say ¢, Take H =C¢p, 0 =1, and Ry = ¢ . The line g, is Ad(M,)-
fixed in s.. The orthogonal complement to a, in s. has as its orthonormal
basis

{%(Eal ‘E-a,)} U {%Eﬂ: B#+a,p 6‘1’,}

and a,l is Ad(M,)-invariant.
Lemma 1.6.2 shows that

(3.6.1) P/(X)=-[E, +E_, ,X]

forall X € a;L , provided py +q, =1 for all p € ® \{+a,}. Taking m € M,
and letting it act on V” ® s , we see that

(3.6.2)

#(rﬂ(m)md(m»(wsa £)9),.1)

— }(p,, ~V)E, +E_, )0 ® (E, +E_,)
E E Ad (EO" _ E"’ ) Ad (Eﬂl _ E—az)
+ Tll o + - (m)—\/i—— PR (m)T

+ 3 o (E, +E_ ,Adm)E,)p ® Adm)E,,
B#taq

and this last expression is independent of the orthonormal basis of a;" .

3.6.3. Lemma. If o, € ®} (/) is simple and if pp+4ag =1 foral B e
O, \{xq,}, then V(S(l,g)(o)gzl is an M-fixed vector in V, ®sc. Here the
Cauchy-Szegé kernel has data (1,v,u,l,R,o;) with Rp = ¢ and ¢ is an
M,-fixed vector in v,.

4. THE case oF G =SU(n + 1,1)
4.1. Fix n>1 and let T be the (n + 2) x (n + 2) matrix

I 0
= +1
r- (% %)
so that SU(n+1,1) = {g € SL(n+2,C): glg" =T}. On SL(n+2,C) let
0(g) =TI'gl'. When this is restricted to G =SU(n + 1, 1) it becomes

0(g)=(g")".
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The corresponding maximal compact subgroup K of G is

k={(g EeTo(m):ueU(n+l)}

and we will let T be the subgroup of diagonal elements in K . The Lie algebra
of G is

X,, is skew-hermitian, (n+1) x (n +1)
X, X
- 1 12). .* _ n+l ;
g= <x21 x22>.x12—x2|ec s Xy, € IR
Xy = —tr(xyy)

_ 0 X;l . n+l
{2 ) mee)

4.2. The complexification g. = sl(n+2,C), and t. is the Cartan subalgebra
of diagonal elements in g . It is known that

O={ay,:1<j,k<n+2, j#k},

Hence

where o, (diag(x,, ..., x,,,)) = X, = x, . As in [KR], identify te with
) 5 n+2
Coi=qseC™: Zsj=0 ,
=1
so that s(diag(,, ... ,t,,,)) = Z;’:: t;(s; = ,,,) - The unit lattice in t is
{diag(¢,, ... ,t,,,) € t: 1€ 2niZ, Vj},
and so

n+2

a 1 n+2
T={s€ml .Sj—Sj+l€Z,Vj,ZSj=O}.

j=1
4.3. The compact roots are

q)gz{ajk: l Sjaksn+19 j?ék}y
and the noncompact roots are

o, = {(1j,"+2,an+2_j: 1<j<n+1}.

Fix once and for all

@, ={ay:1<j<k<n+l1})

This means that u € T is ®; -dominant if andonly if 4, > 4, for 1 <j<n.

It places no restriction on y, ,, except that Z;’:f U= 0.

The possibilities for compatible systems of positive noncompact roots are
indexedby J={0,1,...,n,n+1}. For 0</<n+1,

(D:(l) ={a; 1 1</ < 1} U{a

pi2 il 1< j<n+ 1}
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An element u € T will be ®*(/)-dominant if and only if it is @, -dominant
and ;2 pyyy 2 Hyy, -

4.4. For our choice of ®; and each ®](/),

1 n+l

Py = 52(n+2—2j)aj
Jj=1

and
n+l

!
1 1
p(l) = iz;sj—% Y oe+ 3(n=20+1)e, ;.
Jj=

Jj=l+1
Here ¢ ; is the row with 1 at the j position and 0 everywhere else.

4.5. The only simple root in (D;'(O) is a, ., . The only simple root in <I>:(n+l)

is a, tlne2 For 1 <! < n there are two simple roots in <I>:'(l): O ni2 and
@, 94 For 1<, k<n+2, j+# k, the root space for @y is spanned by
ey » the (n+2) x (n+ 2) matrix with 1 as its (j,k) entry and 0 at all other
entries.

4.6. The Killing form for si(n +2,C) is B(X,Y) = (2n + 4)tr(XY) and so
the hermitian inner product is
(X|Y) = —(2n + 4)tr(XTYT).
When restricted to X,Y € s this is
(X]Y) = 2n + Htr(XY™).
For A€ tg let H, € t. be such that
A(H)=B(H,H,), VHEet,.

Then (4,4') = B(H,,H,,) forall 1,4’ €t . This shows that if 1,4’ € Cj*> =
tc , then
n+2

, 1 ,
(l,l)_mgljlj,

and 5
(a,a) = m for all a € ®.
The normalization of root vectors in §1.3 shows that if a =« ik then
(4.6.1) E = ik and H = €~ €

4.7. Next we examine the action of X on sc . For X € s of the form

0 > .
( %21 ) , withx,, € c"! ,
X, 0
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— kll 0
(5 )er

0 k. x, k
Ad(k)X=< . ¥ 22)_
kyyXy ki, 0

Passing to the complexification, we see that s. has two Ad(K)-invariant sub-
spaces,

50:{(2 8);{6(;"“}’ 5®={<3 rg):"ecnﬂ},

both of which are irreducible. The weights for s; are {a :1<j<n+1}

and the weights for s are {a; ,,:1<j<n+1}.

and

we have

n+2.,j

4.8. Suppose we fix d):(l) forsome 1 </<n+1,take o, =R(g, ,,,+€,,,,)
as the start of an Iwasawa decomposition G = 4,N,K and let M, = {k €

K: kgk_l =gVg e A}. Lemma 1.6.2 tells us how to calculate the Iwasawa
projections of the noncompact root vectors.
Let P: , P: , and P,’ be the projections associated to g=a®n, G E.
48.1. Lemma. If B=qa,, ., 0ora
!
P (Ep) = %Hﬂ.
. ! i
If B= & i and j #1, then pgtap=1, fu(Eﬂ) =0, and IP,(Eﬂ) =e.
If B = @ and j # 1, then Pgtap=1, Pa(Eﬁ) =0, and P (Ep) = —¢;.

/ _1
ns2, then P(Eg) = 5(e ,.,+e,,, ) and

Notice that M, is the subgroup of K consisting of matrices whose /th row
and /th column have only one nonzero entry, that being on the diagonal, and
this is the same as the (n +2,n + 2) entry. This fits in with §1.6 since o, ,,

is a fundamental sequence of in (D:(l ).

5. SPHERICAL HARMONICS

5.1. Maintain the notation of §4. The complexification of K is

K= {(g det((;)_,) :geGL(n+l,C)}

and this acts on s by

s ad(§ ety ) (& 'Z)’)=<det(g)9'ég_' g”’%et(g))'

From now on we will identify s with (C"“)’ , the space of columns with
n+ 1 entries, and s, with Cc""' . In addition, K will act on these subspaces
of sc asin (5.1.1). Fix p and ¢ nonnegative integers and consider the tensor
product

P, _n+lt q, _n+l
T, =R e@®' "),
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on which K. also acts, via a tensor product of the previous action. There is

a K -equlvanant linear map of %,,t0 ‘Bp @’ the space of polynomials in &

and & (e C"”) which are homogeneous of degree p in £ and degree g in

&* . Let us denote this map by #: T, B, sothat

p q
# * *
(5.1.2) (€, ®-®Core---ar) (&) =[]ec) x [t
j=1 =
forall C; € (C c™hy, r, € c"!, and £ ecC™!. T, , has an irreducible K-
invariant subspace consxstmg of those elements which are of trace 0 and Wthh
are symmetric in the first p terms and symmetric in the last g terms. Call this
space U, . . The image of this under # is the space of spherical harmonics of

bidegree (p q) , which we will denote by V, p g Let 7, denote the action of
K. on p, . The highest weight in Vp’ ‘
(5.1.3) Ky 4 =P —qE, +(4—DE,,,

and we take l//: , q(é &) = éf EZ 41 as the highest weight vector. Note that

t t
Vog=8® B¢ ®e, 0 B¢, ),
p times g times
where e, ...,e,_, is the standard basis of C"'.

5.2. We will need to know the derivative of T4 that is, the action of T, q(tc)
on V, . For (%' Q) €tc,with a; an (n+1)x (n+ 1) matrix and a,, =
—tr (a“) and for f ¢ V.

(5.2.1) rp,q(aé' )f(ﬁ &)
n+1 n+1

=ay,(@-p)f+ D (£a),0,f — > (a,,&),,f.
j=1 J=1

a5

In T, , thisis given by

a 0
(5.2.2) rp‘q((')' ap)(cl®---®cp®rl®-~-®rq)

p
=a,(@-p)c,®--®r)d ¢, ® - ®(a,c)® ¢,
Jj=1

q
®’|®"'®"q“zcl®"'®cp®’|®"'®(rjan)®“'®’q'
Jj=1

5.3. If we use (‘tp 4’ VP~ q) to set up Cauchy-Szeg6 maps, as described earlier, we

will need to be able to calculate V.S and this requires calculations with 7 0a® P:
for a given Iwasawa decomposition. Fix / € J and apply Lemma 4.8.1.
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5.3.1. Lemma. Suppose 1 <!/ <n+1 and f e Vo Then

PI(E

P,‘I(f 0/.n+:))f
v, (P(E, )Nf=

Qpid |
and if j#1, then

P —a)f +380,f-380,f,
(g-p)f -3¢0,/ +3E3,1,

1
T 2
1
2

1

Tp,q( ( a; +,))f éalf 616 f

and

I
T

(E, N =EB,f~&d,.

palhe

5.4. Once / € J has been fixed and an Iwasawa decomposition G = 4,N,K
has been determined, we need to understand T, | M- In V there is a special
vector fixed by Tpa (M ). This is described in Theorem 3. l of [JW] and it is

* é -
(541) o, (&) =ETF (—p, Pl )
&2
Here F is the usual hypergeometric function
ey = () (B)y Lk
F(A,B,C,X)—;) RO, x~.

We will use this to build a Cauchy-Szegd map, with ¢ = 1, H = C and
Ri=9, ., . Recall the discussion in §3.6.
Following equation (3.2.4) we set

0, —V kg™! -
(5.4.2) S, 1k, g) =P kN (K (kg™ e, ,

forall k € K, g € G. Then the Cauchy-Szego map S: 1,  — C°°(G,rp)q) is
determined by Sf(g) = [¢S, ., ,(k,8)f(k)dk forall fe C*™(K). In order
to find possible solutions to (3.3.1) we must first calculate

(5.4.3) VS, 1,18

using Lemma 3.3.3

5.5. The expression (5.4.3) is an element of v, aq ® s . We have seen that
5c = Sg +50 is a decomposition into irreducible K-invariant subspaces and that
(Ad|g,8g) = (1, 0> Vi o) and (Adlk,so) = (19,%,) - Furthermore, (5.4.3) is
an M, ﬁxed vector in V B, @V, ). The decomposition of V, .8V, into
1rreduc1ble K-invariant subspaces mvolves three spaces, with hlghest welghts

(p+1)e —qe,  +(@—1-Dp,
pe +&,—qe,  +(@—1-De,,,;
-(g-1Vg,, +(@—1-pl,,.
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That is, V ®V10_V;+lq

weight in the list. Similarly

~ "
I/p)q® ‘/0’1 - I/p_l:q® I/prq+l @ V ?

@V, _,®V', where V' has the second highest

and V" has highest weight
pe —¢&,—q¢,, +(q+1-ple,,,.

The spaces ¥’ and V" contain no nonzero M,-fixed vectors. There is a K-
equivariant map

Voa®Vi0= Bpii g
given by f(£,&") ®¢&, = & f(¢,E)f(&,&), where its kernel is V' and its
image is V., i1.g |§| Similarly, there is a K-equlvanant map V ®

pg-1- P.q
Vo — 0a +1 , given by multiplication, where its kernel is V" and its image
sV ., Iél V,_, .- Hence, in calculating (5.4.3) it suffices to calculate its

. p q+ .
image in B, 41 @ Boiig- This means that we must calculate

n+1
5 5. l Z{ pa, aj‘n+2))¢p,q’[—£j
+(Po ~ VIPAE, N0, 4 ;
— (1, J(PUE, N0, 4 )&= (1, (P(E, | )9, )¢}

5.6. We will use Lemma 5.3.1 to calculate this expression. Notice that we can
use the Euler identity in ¢ and &* to simplify, and also the fact that

2 2 2
& =15 =Y 11
J#
Then we can rewrite the expression above and collect terms to obtain the image
of Vs, .. ,g)lg=l in B, , OB, .1 is (2n+4) times
(5.6.1) {(pﬂl - V)(e,,.,.z‘/ + el,n+2) +(3¢q —P)}¢,,,q,,_€—,

2 =2 2

+ Iél 3/(01,,‘1,1 - ﬁlaﬂ’p’q’/ - 2‘5' a1(”;7,q,1

+ {(pa, - V)(e,H_zJ + e1,n+2) +@3p - q)}¢p P ,Iél
2= 2 2=

+181 al¢p,q,l - a1¢p,q,l - 28| a1(”11,«1,1'

At this stage we need some identities based on the properties of the hypergeo-
metric function. These state that

(5.6.2) 0y g1 = PPy g’

(5.6.3) 019y 4.1 =99 (g- 1) 1
n+p
Tntprqlernalt n+p+q
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and
(5.6.5) g _nrd +—2 e
e 19p.q.1 = n+p+q¢p(q+l)/ n+p+gq Pwo-1).0.0°
Furthermore,
2% 2
|€/| 31¢p al é/ 6[(/’p gl = (g _P)é/(pp’q ,
and

2 P25 z
Ié[l alfop,q,[ - é/al(l’p,qJ =(p- q)é/%,,q,/-
5.6.6. Theorem. When we write Vp‘q ® 5. as

2 2
Vo @KV, eVellV, eV oV

then the components of VSp . (1 ,g)lg=l are

(2n +4)(n +p)
n+p+gq {(p —vi(e €216 n+2)+2p}¢p+|q1
(Po, = V) (€3 1+ € 412) +2P)G 5
e +4){ / 'rl:-zl-p+qn+2 —2a ¢l ey g1+ 0

p“/ n+2,l + e[ Yn-+.2) + zq)p 2

+(2n+4) { P =2p K0, 1 4.

(2n+4)(n+q)

_Z—W{(pa, V)(en+2.l + el,n+2) + 2q}wp,qﬂ A +0.

5.7. We will also need to carry out similar calculations for the Cauchy-Szego
maps used by Knapp and Wallach. Fix 1 </ < n+1 and let (g,,H,) be
the representation T, q| M, acting on H,, the M, -invariant subspace generated
by Y, 4 in QI . Combine Lemma 5.3.1, the definition of Y, 4 in 5.1, and
Lemma 3.3.2.

Then we see that, in Vp .

pP—q 3 —
i—lw +2wpq ifl=1,

/ # .
(5.7.1) 1, (Pl€ ¥, = iez—qlq/p'q ifl<l<n+l,
L;ﬂy/:‘q—%w:‘q ifl=n+1,
and

q;p W:.q_ g'//:,q ifl=1,

! # _ .
(5.7.2) 1, (Ple ¥, , =14 2yt ifl<l<n+1,
Wyt +4y) ifl=n+l.

For the other terms we will only discuss the case when 1 </ < n+ 1. For
J#EL, 1<j<n+1,

/ fl1<j<n+1,
(5.7.3) T (P

P‘q(

(€ me))¥y o = ’
t\€ne2)) ¥ 4 —‘IZ/éfzi:ll ifj=n+1,
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and
ifl<j<n+1,

0

! #

5.7.4 P ; =

( ) Tp,q( !(en+2,j))wp,q { élép lén+l ifJ — 1‘

Notice that

p
el T =Y e e ®~~®e:®en+l®-~®en=l)
h=1 (position &)

and

q

pgd t t

EET = |ele o ) €,,,®® g ®~-®e,,+,)
h=1

1
(position h)

In mp 2®5¢c there are the two K-invariant subspaces U .0 ®% and ‘I!p 2®%-
The first of these can be identified, K-equivariantly, thh a subspace of ¥ il

»q
by assigning

v®ej’n+2'—»e;®v forl<j<n+1.

Similarly, the assignment

v®e

n+21Hv®e

identifies le . ® 5 with a subspace of ¥ in a K-equivariant fashion.

P+l

5.7.5. Lemma. Suppose 1 < | < n+ 1 and R is the identification of H,
as an M-invariant subspace of B, ,- Then S, the Cauchy-Szegb' map with
data (a,,v K, q,l R,q,), has the following property. The %,,1., component of
V(S(1, W, ), is

1 ‘ (g-p)
_2'(pa, - V)(el’n+2 + en+2,l)e1 ® V/p q 2 € ® '//p q

p
+e,®|Y e®® ¢ ®--®¢|®e

! n+l®”'®en+|
(position h)
The component of V(S(1, gV, ,) in%, . is
1 (p—-4q)
5(pu,-_V)(el,n+2+en+2,l)wp.q®el ) qu®el
+e® - ®e ® Zem@ ‘® ¢ ®--®e¢, |®e,,

i
(position h)
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5.8. Next we will write down the Knapp-Wallach parameters given by (3.4.1).
For 1 </ < n, §4.4 shows that

!
n 1 n 1 .
u+p,—p,(1)=(p+-2-—§)sl+§ <—2—+§—1)ej
Jj=2

n
n 3 . n 1
+Z<5+§—1)8j+(—q—5+§>8n+1

Jj=l+1

n 1
+ q—p—-2——5+l €nia

and

no1 ~(n 1 .
,u+p,—p5(n+1)=(p+5—§)s,+z<§+§—1)ej

Hence (3.4.1) is
g-2p—-n+1 ifl=1,
(5.8.1) V(€ oyt €)= 4-p—n—-1+21 if1<l<n,
2g—-p+n+1 ifl=n+1.

582. Lemma. If 1 </ < n+1 and v is determined by (5.8.1) then the
Cauchy-Szegdé map with data (o, VLl ,l,R,a,Mz) maps Ia,, into ker(D,).

14

For 1 <[/ <n, Qpir el is also a simple root in (I>+(l) and so we could
apply [KW, Theorem 6.1] in this case as well. That is, the parameter is now
given by v € a,, with

n+1-2l-g+p if1<l<n,

(5'8'3) V(en+2,l+l + €41 ,n+2) = { p— 2(1 —n-1 ifl =n.

5.8.4. Lemma. If 1 <! < n and v is determined by (5.8.3) then the Cauchy-

Szegd map with data (o, ,v,u, .1, R, e, , ) maps Iam into ker(D,).

P.q’ W

6. THE KERNEL OF ETH ()

6.1. We are now in a position to exhibit nontrivial examples of operators 8 n
as described by (2.7.4). Continue to let p and g denote nonnegative integers
and maintain the notation used in §§4 and 5. First we ask when is the Harish-
Chandra parameter (1.5.1) ®*(/) dominant? From §§5.8 and 4.3, we see that
we must compare the /,(/+1), and (n+2) entriesin u, ,+p, - p, (). When
| = 0 we are asking for solutions to the inequality

1 !
D tq-p2p+ i

2
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which means g > 2p. When / =1 we are asking for

n 1 n 1_n 1
—_—— - —— >
Pt373247P+3732373
which means 2p > g > p. This will only be ®*(1)-regular if 2p > ¢ > p. For
2 <[ < n the inequality is

1 n 1

n | n
5+§—12q—p+2+§—12§+§—l

which requires p = g and in this case the Harish-Chandra parameter is orthog-
onal to the ®*(/) simple roots Qi1 Oy and o For / = n the
inequality is

n+2,l+1 "

n
2q-pt+5-52-4+5-3

N —
[STIN

which means 2¢q > p > ¢ and this will only describe a ®*(n)-regular parameter
if 2¢g > p > q. If we are to find representations which are not in the discrete
series, we should concentrate on the the case p = q .

6.2. Now take p = q > 1. We would like to find J (;t”), as described by
(2.7.1). Since g, , =pa, ., , we are seeking those / € J such that

(al,n+l ’aj,n+2) >0 forj<lI/
and

(al,n+l ’an+2,j> >0 for j> l.

This pair of inequalities is only possible provided 1 </ < n. Next we must
consider property (#). Observe that

1 +
(up‘p+p!,a) > m for all aGCD! .

Moreover, (u, , + p,,a,‘j) > (p+1)/(2n + 4) for all 2 <j<n+1 and
(up‘p+p,,aj‘n+,) >(+1)/(2n+4) forall 1 < j<n.If E is a subset of
®;(/), with 1 </ < n, then

n+1

i
D_B=D_mie;— 3 mie+cpt,,;,

BEE Jj=1 Jj=l+1

where m; =0 or | for 1 <j<n+1.If j<I<k then there will be subsets

E c ®] (/) such that
2
<Z g ’“fk> TR

BEE
Hence, condition (i) in §2.5 will only be valid if / =1 or n. Note that

p=-2p,(1)=(p— e +> &~ (-1, —ne,,
Jj=1
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and
p=2p,(n)=-1e —> & —(p-1e,, +ne,,

These will be (I):-dominant provided p > 2.
6.2.1 Lemma. If p > 2 then S, ,) = {1,n} and

Hp.p = {al,n+2 ’an+2,n+l ’aj,n+2 ’an+2,j: 2 <Js n}

={ae€d,:(u, ,a) >0}

6.3. For p > 2, the range of the projection P o , defined by (2.7.3), consists
of those K-invariant subspaces of B, ,®s¢c w1th highest weights,

POy ) = a5 PO g T Q00 = POy +a2,n+2;
pal n+1 -an n+2 and pal,n+l - 0ln+2,n+l'

In addition, the kernel of P, has highest weights poa, ., +«a, ,, , and

Hp.p
pay o+, ., so that ker( . ) =9,,,99T, ., When we compare

this list with Theorem 5.6.6 we see that we have proved the following.
6.3.1. Theorem. If p>2, 1</<n+1,and v, € a, satisfies
(pa, - V)(en+2,l + el ,n+2) =2n+ 2p >

then the Cauchy-Szegd map with data (1
kernel of Bup -

,up,up’p,l,R,a,) maps I],Vp into the

6.4. Next we must see which K-types can occur in (keraﬂp ,,) k » using Lemma
2.6.1 and the fact that

(6.4.1) ker(ﬁﬂp‘p) = ker(D,) Nker(D ).

Recall that we are assuming n > 1 and that the Weyl group W, is the symmetric
group acting on the first (n + 1) entries of an (n + 2)-tuple. Suppose A € K
is a K-type occurring in (kerDl) Then there is a permutation s € W, and

n + 1 nonnegative integers m,, ---,m,_,, such that
n+l
(6.4.2) Atpy=slutp+ma, ,,+Y ma, ., |,
j=2
and the left-hand side is (D:-dominant. Thus (A4, +n/2,A,+n/2-1,...,4
n/2,4,.,) is equal to a permutation of

n+2
n n n
(p+5+ml,§—1—-m2,...,—mnH—p—E,Z;mj—ml) ,
j=

n+l
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affecting only the first n + 1 entries. The dominance condition also requires
that the permutation does not move the first entry. Hence

(6.4.3) Ay =p+m 2p.
For 2<j<n+1,
A;—J < =s(j)—my;,
with strict inequality when s(j) = n + 1, when a further p is subtracted from
the right-hand side. In particular,

(6.4.4) 1, $2-5(2) = my, <0

) -_
since §(2) > 2. A similar argument works for D, .

6.4.5. Lemma. If 4 is a K-type in (ker®,), then A, > p and 4,20 Jor
2<j<n+1.IfAisa K-type in (ker®,), then 4, , < —p and /1]. >0 for
1<j<n.

6.4.6. Proposition. If A is a K-type in (kerﬁﬂp )x and p > 2 then A =

4
p'e,—q'e,,,+(q'-p")e,,,. with p' > p and q' > p Furthermore, its multiplicity
is no more than 1.

The multiplicity part of the statement follows from Lemma 2.6.1 and the
fact that for A as in the statement above, equation (6.4.2) reduces to s = 1
and my=0=my=---=m,.

6.5. Johnson and Wallach have found all the parameters for reducible spherical
principal series (see [JW, p. 154]). In particular, if there is m € N such that
v €q, satisfies

(6.5.1) (Po, + V)i + € pyr) = —2m

then (I, )i has the following invariant (g, K)-submodules:

m + [e <] m
Ly, = Z Vora's H2m=ZZVp',4';

p'.q'=0 p'=04¢'=0
[o o] m
. + -—
H, = E Vp, @ and H, +H,, .
q/=0 p/=0

Furthermore, the quotient (I, ,V)K/(H;m + H,,) is irreducible and the K-

types in this quotient are (t,, .V, ) with p',q' > m. It is known that
Po(€rir +€ ) =n+1 andso equation (6.5.1) requires that

2m=-n—-1- V(en+2,1 + el,n+2)‘
However, in Theorem 6.3.1,

n+l-vyie, , +€,,)=2n+2p

andso 2m =2p —2, thatis, m=p—-1.
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6.5.2. Theorem. (kerd, ) x isanirreducible (g, K)-module with minimal K-
type (7, ..V, ). Furthermore, it is unitarizable.

See [JW, Theorems 5.1 and 6.3].

6.6. Our operator g, ~hasas its kernel ker(®D,) Nker(D,). We saw in §5.8
that there were several imbeddings of principal series into either ker(®,) or
ker(®,) . Hence, there are Cauchy-Szegd maps

S:1, , —ker(D)),

whose image contains the K-type (r,,,V,,) and hence all of (ker(ﬁﬂp’p)) K-
Let & be the set
{fel,,)x: S eker(®, ).
Then
(ker(S)), €& C (U, )k
and
(ker6 )%’ & [(ker(S)), € (I, )/ (ker(S))g.
In this way we see that when there is an 1mbedd1ng of I, , into ker(D,) or
ker(D,), using a Cauchy-Szeg6 map, then (ker(d p,)) x 1s a subquotient of

(Ia,u)K . In the case of I ,with v=(n-1)/(n+ 1))pa , WE can say more.

6.6.1. Theorem. For p 2 2, (ker( #M)) x IS the unique irreducible quotient of
(1,, ety )k and this quotient is given by the Cauchy-Szegé map with data
(0,,((n=1)/(n+1))p 1L,R,a

To prove this, set / = 1 and p = g in equality (5.8.3). This gives v =
((n-1)/(n+ l))pu2 . Next, use the statement of Lemma 5.7.5 with p = ¢ and

u:"up,p’ n+2,2)‘

%(/’u2 —v)(€ pyr Tl = 1

This forces the components described there to be in RUSS and B, pp1» T
spectively. Comparing this with the list at the beginning of §6.3 shows that the
image of this Cauchy-Szegd map is in the kernel of 3, . The nontriviality of
the image is guaranteed by Lemma 3.5.1. The umqueness follows from [BW,
p. 127]. According to Theorem 6 of [KR] this means that (Qﬂp , kerd, ,,) is
an end of complementary series representation (see also [KS]). Since IhlS real-
izes (ker6 s ) as a quotient “on the positive side”, the methods described in
[BLANK and GKST:Zyg] show how to equip this with a unitary structure. We
do not pursue this matter in this paper.

6.7. It remains to take into account the other maps described by (5.8.1) and
(5.8.3). First, setting / = 1 in Lemma 5.8.2 we see that (keraﬂp.p) is a subquo-
tient of 16l o where

(6.7.1) v=— (’i—') P, -

n+1
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Similarly, taking / = n, we see that it is also a subquotient of I 5, » Where

14
n-—1
(6.7.2) v= (n T l) Pa,-

Finally, since a,,, ,,, is a simple noncompact root in ®"(n), we see that

(keraﬂp ,,,) x 18 a subquotient of [ i when

__(ptntl
V= ( n+1 )p“m'

Combining these with Theorem 6.3.1 now accounts for all four possibilities, as
described by Theorem 7 in [KR].

6.8. We conclude with some comments on the representations (o,, H,) of M.
For 1 </ <n+1, M, is isomorphic to the group

u 0 O '
M={l0 ¢% 0 |:ueUm),e®detu)=1,0€R
0 0 £

For m',p’,q' € Z,with p’ > 0 and ¢' > 0, there is a representation (r,, a0 g
of M on 9, g the space of spherical harmonics of bidegree (p' ,q') on C".
This is given by

u 00 0 o
nm’,p/‘ql 8 e(') 90 f(Z,Z )=e"" f(zu,u z )
e

forall zeC", fe 9, o - In this case:
(a) (o,,H,) is equivalent to (np,O,p’ﬁO,p);
(b) for 1<l<n+1, (0,,H,) 1s equivalent to ("o, 9, ,); and
(¢) (0,,,,H,,,) isequivalentto (n_, , ;,9,,)-
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