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CELL-LIKE MAPPINGS AND NONMETRIZABLE COMPACTA
OF FINITE COHOMOLOGICAL DIMENSION

SIBE MARDESIC AND LEONARD R. RUBIN

ABSTRACT. Compact Hausdorffspaces X of cohomological dimension dimz X
< n are characterized as cell-like images of compact Hausdorff spaces Z with
covering dimension dim Z < n. The proof essentially uses the newly developed
techniques of approximate inverse systems.

1. INTRODUCTION

In 1978, R. D. Edwards [2] announced the result that every metrizable com-
pact space X of cohomological dimension dim, X < n (integer coefficients) is
the image of a cell-like mapping f: Z — X of a compact metric space Z with
dimZ < n. A proof of this result was published in 1981 by J. J. Walsh [16].
By the classical Vietoris-Begle theorem (see, e.g. [15, Chapter 6, §9, Theorem
15]), the converse also holds, and one thus has a characterization of metrizable
compacta X with dim, X <n.

More recently, L. R. Rubin and P. J. Schapiro [14] have succeeded in gen-
eralizing the Edwards-Walsh theorem to the case of metrizable spaces X and
Z.

The purpose of our present paper is to generalize the Edwards-Walsh theorem
in another direction, i.e., to establish the result for compact Hausdorff spaces
(see §11, Theorem 3).

In generalizing the theorem to compact Hausdorff spaces, one encounters a
difficulty which was not present in the two previous cases. In the case of metric
compacta [16], the space X was represented as the limit of an inverse sequence
X of polyhedra. This sequence led to another sequence Z of polyhedra of
dimension < n, and the space Z was obtained as the limit of Z.

Dealing with a noncompact situation, Rubin and Schapiro [14] had to over-
come many obstacles. Still they were able to obtain Z as the inverse limit
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of a sequence Z of noncompact polyhedra because the uniform structure of a
metric space has a countable basis of uniform coverings.

In the case of compact Hausdorff spaces X, one cannot avoid using partially
ordered inverse systems X of polyhedra. Upon applying the process of ap-
proximating the bonding maps of X on n-skeleta as in [16, 14], one invariably
obtains a system Z whose bonding maps Y44, G0 DOt satisfy the commutativ-
ity condition r r = a, < a, < ay. The best one can achieve is to

aja; aa ayay’
keep the distancies2 d2 (;aI a razl a:, T, a}) small. Therefore, the attempt to prove the
theorem for compact Hausdorff spaces had to be preceded by the development
of a theory of approximately commutative inverse systems. This was initiated
by the authors in [6], and it was continued in [§, 9, 10].

An interesting phenomenon, which adds additional difficulty, is that the ap-
proximate system yielding Z , constructed herein, is a system of metric com-
pacta Z; (see §6) which are not polyhedra.

Recently, A. N. Dranishnikov [1] solved a classical problem of P. S. Aleksan-
drov by exhibiting a metric compactum X with dim, X <3 and dim X = co.
This shows that dim, and dim differ and in our main result (Theorem 3) one
cannot take for f the identity map 1, .

2. APPROXIMATE INVERSE SYSTEMS
We quote from [6] the basic definition of an approximate system and of its
limit.
Definition 1. An approximate (inverse) system of metric compacta X =
(X,,€,,D,, »A) consists of the following: A directed ordered set (4, <) with
no maximal element; for each a € 4, a compact metric space X, with metric
d = d, and a real number ¢, > 0; for each pair a < a’ from A, a mapping
P,y - X, — X, , satisfying the following conditions:
(Al) d(pa.azpa2a3 ’pa.ag) < 8a. > 4 < a, < 35 Pag = id.
(A2) (Vae A)(Yn>0)3d >a)(Va,>a, >4d)
d(paa.pa.az ’paaz) S n.
(A3) (Vae€ A)(Yn>0)3d' > a)(Va" > a')(vx,x' € X,,)
/ /
d(x,x) <&, = dP,,n(X),Dupn(X)) < 1.

We refer to the numbers ¢, as the meshes of X. We say X is cofinite if 4 is
cofinite, i.e., every element a € A has only finitely many predecessors.

If n,: [l,eq X, = X,, a € A, denote projections, we define the limit space
X =1imX and the natural projections p,: X — X as follows.

Definition 2. A point x = (x,) € [ X, belongs to X = limX provided for
every a€ A4,
Xy = liallnpaal (xal)'

The natural projection p, =7 |X: X — X, .
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We now quote (as propositions) several results from [6 and 8] needed in this
paper. ‘
Proposition 1. If X = (X, ¢,,p,,.,A) is an approximate system and X, # ¢ for
each a€ A, then X =1imX is a compact Hausdorff space and X # ¢ (see [6,
Theorems 1 and 2)).

Proposition 2. If 7, is a basis for X, a € A, then the sets pa_'(Va), v.e7z,
a€ A, form a basis for X =limX (see [6, Lemma 3)).

Proposition 3. For any a € A,limal d(Pasl’aa.Pa.) = 0, where d(f,g) =
sup{d(f(x),g(x)): x € X} (see [6, Lemma 4]).

Proposition 4. Every approximate system X has the following two properties:
(Bl) Let ac A andlet U C X, be an open set which contains p,(X). Then
there exists an a' > a such that p,,.(X,)C U forany a" >d .
(B2) For every open covering % of X, there exists an a € A such that for any
a, > a there exists an open covering 7" of X, for which (pal)"l(W)
refines % (see [8, Theorem 3] and [6, Theorem 1]).

Proposition 5. Let X = (X ,¢,,p,,,A) be an approximate system with limit X .
If dimX, < n for all a € A, then the covering dimension dimX < n (see [6,
Theorem 4]).

Proposition 6. Let X = (X,,¢,,p,,,A) be an approximate system with limit
X, and let B C A be a cofinal subset of A. Then Y = (X, ,¢,,p,, ,B) is
also an approximate system. Moreover, the restriction p = n|X of the projection
m: [l,eq Xy = [lpep X, is @ homeomorphism p: X — Y (see [8, Proposition
2)). ‘

We will now add several new propositions.

Propeosition 7. Every approximate system X has the following property:
(R1) For every ¢ > 0, every compact ANR P, and every mapping h: X — P,
there is an a € A such that for any a' > a there is a mapping f: X, -
P which satisfies d(fp_,,h) < 2e.

2
Proof. (This proof follows closely that given for the analogous theorem for
commutative systems given in [7, Chapter I, §5.2, Theorem 8]. We first embed
P in the Hilbert cube Q and choose a closed neighborhood G of P in Q
which admits a retraction r: G — P. Then we choose 6 > 0 so small that
0 <¢/2, the d-neighborhood of P is contained in G, and

(1) v,y €G, dy,y)<s=dry),r0")) <e/2.

We then choose an open covering Z of X so fine that each A/(U), Ue Z , is
contained in a convex set B C G with diamB < 4.
By property (B2) (Proposition 4) there is an a, € 4 such that there is an

open covering 7~ of X @ for which (pao)'l(W) refines % . Let 7| be a finite
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open covering of X % such that 7| is a star-refinement of 7. Let 7, C %,

consist of all W € #Z| with W n p,(X) # ¢. For each W € %, we choose

apoint y € h((pao)"(W)). Let N be a closed neighborhood of p,(X) in

X @ covered by #,, and let (¢, ,W € %,) be a partition of unity on N

subordinated to the cover Z,|N. We defineamap g: N - Q C R™ by

() gz)= Y ¢, (2)y,, z€N.
we¥;

It is not difficult to show that

(3) g(N)CG.

Moreover,

4) d(rgp, .h) <e.

(see [7, pp. 63-64]).
We now apply property (B1) (Proposition 4) and find an a > a, such that
for any a' > a one has

(5) Pow(Xy) SN

Using Proposition 3, we can also assume that

(6) d(Pyy s PgyarPar) < @,

where @ > 0 is such that

(7) z,Z €N, d(z,Z)<o=>d(rg(z),rg(z'))<e.
Then, (6) and (7) yield

(8) d(rgp,, ,r8P, . Py) < €.

Putting

9 f=rgp, X, — P,

one obtains

(10) d(fp,.h)<2, d>a.

Proposition 8. Let X = (X, ¢,, Py A) be an approximate system of metric
compacta with the following property:

(Va,)(3d| > a,)(Va, > a})(3d, > a,)(Va, > a))
~0.

palazpazas

Then X =limX has the shape of a point, sh(X)=0.

Proof. Let P be an ANR and f: X — P be a map. It suffices to prove that
f ~ 0. Choose d > 0 such that d-near maps into P are homotopic. By
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property (R1) (Proposition 7), there is an a, € 4 and amap g: X, — P such
that d(gp, ,f) <J and therefore gp, = f. It therefore suffices to prove that

(11) 8p,, = 0.

Let n > 0 be such that
(12) d(x,x') <2n=d(g(x),8(x')) < 4.
Then for any map p;| X - X,
(13) d(p, .p,) <2n=d(gp, .ep,) <o
and therefore,

/ i

(14) d(p, ,p,) <2n=>gp, ~gp,

We now choose an a; > a, according to the assumption of the proposition.
Next we choose a, > a; in such a way that

(15) AP, 0,Pa,a, »Paya) <M

forall a, > a, > a, (property (A2)). Clearly, for any a, > a,, (15) implies
(16) d(Py,0,Payay »Payas) S M-

Moreover, (15) and Proposition 3 imply

(17) d(Py,0,Pa,sP,) <1

(16) and (17) yield

(18) d(Py,0,Paya,Pay »Pay) < 21,

which, by (14), implies

(19) 8D, = 8P4 4,P0,0,Pay > for any a, > a,.

We now choose an a; > a, according to the assumption of the proposition.
Therefore, if we choose a, > a, , we have
(20) Paa,Para,
Now, (11) follows from (19) and (20).

Remark 1. An analogous proposition holds for the following property and any
n>1:

~0.

’

(Va,)(3a) > a))--- (Ya, > a,_,)(3a, > a,)(Va,,, > a,)
PoaParay -+ PaPa,,, = 0.

n+1

Proposition 9. Let X = (X,,¢,,p,,,A) be an approximate system with limit X
and projections p,. Let <' be a binary relation on A satisfying the following
conditions:
i) a, <i a,=a, <a,,
(ii) a,<"a, and a,<a;=a,< a,,
(iii) (VaeA)3ad' ed)a<'d'.
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Write a, <" a, if a, <' a, or a; = a,, and let A' be the set A provided
with the relation <'. Then A' is a directed set with no maximal element and
X = (X,,&,p,,,A) is an approximate system with limit X' and projections
p, . Moreover, X' =X and p, =p,.

Proof. If a; <" a, and a, <’ a,, then by (i), a, < a, and by (ii), a, < a;.
Therefore <’ is transitive. For any a,,a, € A, by (iii) there exist indexes
a,,a, € A such that a, <’ a},a, <" ). Since (4, <) is directed, there is an
a" € A such that a; < a”, a; < a”. Now (ii) implies a, <' a”", a, <" d",
which proves that A’ is directed.

We now verify that X' is an approximate system. (Al) is an immediate
consequence of (i). For given a € 4 and # > 0, choose a’' > a in accordance
with (A2) for X. By directedness of 4', there is an a] € 4 such that a <’ q]
and a' <"a|. If a; <"a, <'a,, then a’ < a, < a, and therefore

(21) d(PyaPayay Pagy) <M

as required by (A2) for X'.
If ' > a satisfies (A3) for X, then we choose a; so that a <' 4] and
d' < aj. Forany a” with a] < a"” we have a4} < a" and therefore,

(22) d(x,x") < ey = d(p,,.(x),p,,,(x) <N,

= al/

as required by (A3) for X'.
Finally, for any a € 4,

(23) A;={a1eA:aS'al}gAa={aleA:a§al}
and the set 4 is cofinal in A, . Therefore,
(24) Jlim pyg (%,) = lim py,,(x,,) for any (x,) € I1x..

By Definition 2, this shows that X = X" and thus also p, = p) .

Proposition 10. Ler X = (X,,¢,,p,,,A4) be an approximate system of metric
compacta X, with metrics d,. Then there exist metrics d; <1 on X,, defining
the same topology on X,, and there exist numbers s; > 0 such that X =
(Xa,s;,paa,,A) is also an approximate system. Moreover, X "= X and p; =
P, a€A.

Proof. For each a € A we put

! _ a
(25) %=Trd’
(26) g = ta
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Note that d, <1 and d, is a metric compatible with d,. Moreover,

(27) d <d

a— "a’
/ / !
(28) d(x,x")<e, e d(x,x)<e,.

The verification of (A1)-(A3) for X' is now straightforward. Moreover, X' =
X, 1’; = p, , because the limit space depends only on the topology of the spaces
X, and on the maps p

aa’ *

3. REPRESENTING COMPACT SPACES AS APPROXIMATE LIMITS

It is well known that every compact Hausdorff space X is the limit of a
(commutative) inverse system of compact polyhedra X = (X, ,p,,.,4) (with
PL bonding maps p,,, ) (see, €.g., [7, I, §5.2, Theorem 7]). However, B. A.
Pasynkov has shown [11, 12] that there exist compact Hausdorff spaces X which
are not obtainable as limits of inverse systems X of polyhedra with surjective
bonding mappings p,,, . This difficulty vanishes if one considers approximate

inverse systems as we show in the following theorem (needed later).

Theorem 1. Every compact Hausdorff space X is the limit of an approximate
(cofinite) inverse system X = (X, ¢&,,p,,,A), where the spaces X, are polyhedra
and all the bonding maps p,,, are (irreducible) surjective PL-maps. Moreover,
the cardinal card (A) < w(X), the weight of X .

We recall some notions and simple facts needed in the proof. By a polyhedron
we always mean a compact polyhedron and by a complex, a finite simplicial
complex. If K isa complex, then |K| denotes its carrier, i.e., the corresponding
polyhedron.

Let K be a complex and let f,g: X — |K| be mappings. We say that g is
a K-modification of f if for every point x € X and simplex 6 € K, f(x)€ o
implies g(x) € . Note that a simplicial approximation ¢: K, — K, of
a mapping #: |K,| — |K,| is a K,-modification of n. Moreover, if K' isa
subdivision of K and g: X — |K’| isa K’-modification of f: X — |K'| = |K]|,
then g is also a K-modification of f.

We say that a mapping f: X — |K| is K-irreducible if for every K-modifica-
tion g of f one has g(X) = |K|. Since f is its own K-modification, a K-
irreducible map f is onto. A mapping f: X — P into a polyhedron is called
irreducible if it is K-irreducible for some triangulation K of P. Note that
every irreducible map f: X — P is onto.

For every complex K and mapping f: X — |K| there is a subcomplex
L C K and a K-modification g: X — |L| C |K| which is L-irreducible and,
therefore g: X — |L| is irreducible and onto. If f is already K-irreducible,
we put L = K, g = f. If not, there is a K-modification f, of f with
fi(X) # |K]|. Clearly f,(X) can be “pushed off” some principal simplex ¢ € K
(o is not a proper face of some 7€ K). f| isa K-modification of f and the
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carrier of f|(X) (i.e., the minimal subcomplex of K containing f (X)) has
fewer simplexes than the carrier of f(X). After finitely many steps the process
stops and we obtain the desired subcomplex L and the desired map g.

If f: X — |K| is K-irreducible and K’ is a subdivision of K, then f is
also K'-irreducible. Indeed, every K'-modification g: X — |K'| of f is also
a K-modification and, therefore, g(X) = |K| = |K’|.

Our proof of Theorem 1 is based on the following lemma.

Lemma 1. Let X be a compact Hausdorff space, let f;: X — P, be maps to
polyhedra P; and ¢; > 0, i = 1,...,k. Then there exist a polyhedron Q,
an irreducible (onto) map g: X — Q and PL-mappings p;: Q — P, such that
d(f;,p,8) < ¢, i=1,...,k. Moreover, if for a given index i the mapping f,
is irreducible, then the corresponding mapping p; is also irreducible and therefore
onto.

Proof of Lemma 1. For each i € {1, ...,k} choose a triangulation K; of P,.
If f; is irreducible, let f, be K-irreducible. Let L; be a subdivision of K
with
(1) mesh L, <¢,/2.
Note that f; is L -irreducible if it is irreducible.

Let P=P x---xP,let f=fx--xfi:X—Pandletn:P—P,i=

1,...,k, be the projections. Choose ¢ > 0 so small that

(2) dx,x) <o =d(n(x),n(x) <g/2, i=1,... k.

Let K be a triangulation of P so fine that

(3) meshK <4,

and the projections =#;: |K| — |L,| admit simplicial approximations p;: K —
L,i=1,... ,k . Since p; is an L,-modification of =, we have

(4) d(p,,m;) <meshL <¢g/2.

There exists a subcomplex L € K and a K-modification g: X — |L| of f
such that g is L-irreducible. Putting Q = |L|, we see that g: X — Q is
irreducible (and onto). Note that d(f, g) < meshK < J, and therefore,

(5) d(n,f,n,8) <¢/2, i=1,...,k.
Since #,f = f;, (4) and (5) yield
(6) d(f;,pg) e, i=1,... k.

We will now show that p,g is an L -modification of =, f = f;. Let x € X
and let 0 € K be the carrier of f(x). Let o, = p,(¢) € L,. Then o, is the
carrier of p,f(x). Since p; is an L;-modification of =z, we conclude that g,
is a face of the carrier 7, € L, of m,f(x) = f/(x). Since g isa K-modification
of f, we have g(x) € o and therefore p,g(x) € p,(6) = 0; < 7,. This shows
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that p,g(x) belongs to the carrier 7; of f/(x) in |L,| and therefore p,g is
indeed an L -modification of f;.

We will now show that p;: |L| — |L,| is L -irreducible if f;: X — P, is
irreducible. In this case we already know that f; is L -irreducible. Moreover,
for any L;-modification g;: |[L| — |L,| of p;, the mapping ¢,g is an L;-
modification of p,g and therefore also an L;-modification of f,. This then
implies ¢,(|L|) = ¢;8(X) =|L].

Proof of Theorem 1. Repeat (with obvious modifications) the proof of Theorem
5 of [6] or the proof of Theorem 3 of [8]. Use Lemma 1 instead of Lemma 5
(in the first case) and Lemma 2 (in the second case). Note that in Theorem 5
of [6] the bonding maps are not required to be onto. In Theorem 3 of [8] the
bonding maps are onto but need not be PL-maps. Moreover, this result does
not apply to the class of all polyhedra.

4. COHOMOLOGICAL DIMENSION OF LIMITS OF APPROXIMATE SYSTEMS

For compact Hausdorff spaces X, one can define the cohomological dimen-
sion dim, X (integer coefficients) by putting dim, X < n, n > 1, provided
everymap f: A— K(Z,n) from a closed subse~t A of X to an Eilenberg-Mac
Lane complex K(Z,n) admits an extension f: X — K(Z,n) (see, e.g., [4,
Remark 5 and Theorem 26] or [3]). In [5], dim, X < n was characterized by
an approximate factorization property, which we will now describe.

Definition 3. A map p: Q — P between polyhedra is called (n,¢)-approxim-
able, ¢ > 0, n > 1, provided for every triangulation M of Q there is a
PL-mapping p’: [M"*Y| - P of the (n + 1)-skeleton of M such that

(1) dp',p| IM™)) <e,

(2) dimp' (M"Y < n.

The following proposition was proved in [5] as Theorem 1.

Proposition 11. A compact Hausdorff space X has cohomological dimension
dim, X < n, n > 1, if and only if for every polyhedron P, every map f: X —
P, and every ¢ > 0, there is a polyhedron Q and there are maps g: X —
Q, p: Q— P such that

3) d(pg.f) <e,
and p is (n,e)-approximable.

Using Proposition 11 we will now give a criterion for determining whether
dim, X < n, when X is the limit of an approximate system of polyhedra.

Theorem 2. Let X = (X,,¢,,p,,,A) be an approximate system of polyhedra.
The limit X =1imX satisfies dim, X < n, n > 1, ifand only if for every a € A
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and every n > 0, there is an a' > a such that for every a" > da' the mapping
D, IS (n,n)-approximable.

Proof of necessity. Let dim, X < n and let a € 4, n > 0 be given. By (A2)
there is an a, > a such that for any a > a, one has

(4) ADogPygn 1Pogr) <1/7,  a" 2d >a,.
Note that (4) implies
(5) A(PoqPyarPan PagPe) <1/, d' 24
Passing to the limit with a” and taking into account Proposition 3, one obtains
(6) d(p,,p,.p,)<n/T, d >a,.

By Proposition 11, there is a polyhedron Q and there are maps g: X —
Q, p: Q — X, such that

(7) dp,,pg) <n/7

and p is (n,n/7)-approximable.
Choose 6 > 0 so small that

(8) d(x,x") <8 =d(p(x),p(x) <n/7.

By Property (R1) (Proposition 7), there is an a' > a, such that there is a
mapping p': X,, — Q satisfying

9) dip'p, .8 <.
Now (8) and (9) imply
(10) d(pp'p, ,pg) < n/7.

Note that (10), (7) and (6) yield

(11) d(PP'Py D ggPy) < 30/7.
By (11) there is a neighborhood U of p,(X) in X, such that
(12) d(ppllU,PaallU)S4’7/7°

o . . li /
. By l,’roperty (B1) (Proposition 4), there is an a; > a such that for any
a > a, one has

(13) pa/au<Xau) g U
and therefore,
I
(14) d(PD Py »PagrPyrgr) < 41/7.

Note that (14) and (4) yield
I
(15) d(PP Dyigi s Pygn) < 51/7.
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We will show that p,,, is (n,#n)-approximable for any a" > a; .
Let M be any triangulation of X, . Choose a triangulation N of Q so fine
that mesh(N) < J. Let M’ be a subdivision of M so fine that p'p , ,: X, —

alall . aII
Q admits a simplicial approximation g: M’ — N. Note that the (n + 1)-
skeleton |M"*V| c |M'"*Y| and

(16) g(IM" ) € q(IM" D)) <IN
Moreover,

(17) d(q,0'Pyen) < mesh(N) < 4.
Therefore (8) implies

(18) d(pq,pp'py ) < /.

(15) and (18) imply

(19) d(pq,p,,.) < 6n/7.

Since p is (n,n/7)-approximable, there is a PL-mapping p*: [N""*V| - X .
such that

(20) d@p*,p| IN™V)) < n/7,

(1) dimp*(IN"*V)) < n.

By (16), p*q| |M"*"| is a well-defined PL-mapping |[M"*"| - X . Formulas
(19) and (20) imply

(22) dp,.| 1MV, ptql M) < 9.
Moreover, (16) and (21) imply
(23) dimp*g(IM™V]) < n.

This shows that p*gq| |[M"*"| is an (n,n)-approximation of p

aa// .

Proof of sufficiency. Let f: X — P be a mapping into a polyhedron P and
let n > 0. By Proposition 11 it suffices to exhibit an a” € 4 and a mapping
p: X ,, — P such that

aIl

(24) d(pp,.,f)<n

and p is (n,n)-approximable.
By Property (R1) (Proposition 7), there is a mapping g: X, — P such that

(25) d(f,gp,) <n/2.

By simplicial approximation we can achieve that g is a PL-mapping. Let > 0
be such that

(26) d(x,x') <8 = d(g(x),g(x")) <n/2.




64 SIBE MARDESIC AND L. R. RUBIN

By Proposition 3, there is an a’ > a such that for any 4" > a’ one has

(27) d(pygiDyn P,) <6
and therefore,
(28) d(gp,gD,n>8P,) < 1/2.

By assumption there is an a” > da' for which p,,, is (n,d)-approximable. If
we put p = gp,..: X, — P, (28) and (25) imply (24). It remains to show that
p is (n,n)-approximable.

Let M be a triangulation of X, . Since p,,, is (n,d)-approximable, there
is a PL-mapping p': |M"*"| - X_ such that

(29) dp' ol IM™)) <6,
aa
(30) dimp' (M) < n.
Note that gp’: [M"*"| - P is a PL-map. (29) and (26) imply
(31) d(gp',pl IM" ")) < 1.
Moreover, (30) and the fact that g is a PL-map imply
(32) dim gp'(IM"™) < n.

(31) and (32) prove that p is indeed (n,7n)-approximable.

Remark 2. Theorem 2 is a generalization of R. D. Edwards’ criterion for the
limit X of an inverse sequence of polyhedra to satisfy dim, X < n (see [16,
Theorem 4.2]).

5. THE n-DIMENSIONAL CORE OF A COMPLEX

In this section we will associate with every complex K and every integer
n > 0 a compact metric space Z; = Z,((") with dimZ, < n, called the n-
dimensional core of K .

Let K,K',K 2 , ..., K k , ... denote the iterated barycentric subdivisions of
K . For each k > 0 choose a simplicial approximation ¢, ., : K k1, k¥ of

e k+1 k k+j
the identity map 1: |K""'| — |K"| and let g, kot = D kot Deajot ke K +

— K* . Note that D ks is a simplicial approximation of the identity 1: |K k+i |

— IKkl and is therefore a K*-modification of 1. Consequently,

k .

(1) d(qk k+la1)_<_mCSh(K )’ JZO
Since the maps ¢, , ., are simplicial we have

(2) Gk (KD € (K™,

where L™ denotes the n-skeleton of L. Therefore we have an inverse se-
quence of polyhedra

(3) K= (K", 4 1,1)-
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The n-dimensional core of K is defined as the inverse limit
4 Z, =1imK.
Since dim|(K*)")| < n, we have
(5 dimZ, <n.
We denote the natural projections from Z, to |(Kk)(")| by g, . Since the maps
dy 1+ areonto (Sperner’s lemma, see, e.g., [15, Chapter 3, Ex. D3]), so are the
maps q ;. ; and g, .
We now define a mapping f;: Z, — |K| by putting
(6) by K= ll,fn 4q -
Since g ., ey = (1) implies

(7) d(g,.4;,,) Smesh(K*),  j20,

and since lim, mesh(K k) = 0, we see that (g,) is a Cauchy sequence of maps
Z, — |K|. Therefore f; exists and is continuous. Moreover, (7) implies

(8) d(g, , f,,) < mesh(K").

Since g, is onto and mesh(Kk ) — 0, we see that f(Z,) is dense in |K| and
therefore fi: Z, — |K]| is also an onto mapping.

Remark 3. The sequence (|Kk| ,mesh(Kk) ,id,N) is actually an approximate
inverse sequence. Since K is a commutative cofinite sequence, one can provide
it with meshes ¢, and view K also as an approximate sequence. (7) shows that
the inclusion maps |(K k)(")l —|K k| define a map of approximate systems. The
existence of f; and its properties now follow from the general theory of maps
between approximate systems (see [10 or 17]).

In our constructions in §7 we need to associate with every complex K an
n-dimensional metric compactum Z ,} which is a compactification of the topo-

logical sum of the n-skeleta |(Kk)(")| of all the barycentric subdivisions K* of
K, with remainder Z, . We call Z ,} the stacked n-dimensional core of K .

9) Z; = (@I(Kk)(”)|) UZ,.
k>0

To describe precisely the topology of Z ,: we form a new inverse sequence
* =k *
K =(K"|,q ,,)» where

(10) K* ="K "o .0&H".
Note that
(“) IK*k+l|=|K*k|$|(Kk+l)(n)'.
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The bonding maps g, ,,,: IK™*Y) = |K**| are defined by

* k+1

(12) G el KDY =g 4
(13) & il 1K™ =1d.
Finally, we put
(14) Z, =limK"
and denote the natural projections by q; : Z; — |K**|. We have
(15) dimZ, <n,
because dim |K*¥| < n. Moreover,
(i6) ZyCzy, K¥lCZp, k20,

- k+j .
(17) GIK N =g, i20,
(18) %|Zy = q,.

We now extend the mapping fy: Z, — |K| to f¢: Zg — |K| by
(19) f; = lil{n q,: .
Note that (12), (13), (7) imply
* * k .
(20) d(qy 4, ;) <mesh(K"), j>0,
so that f,; exists. Moreover, from (17) and (18)
(21) fel 1K™ is inclusion into |K|, k>0,
(22) f;lZK = fx-
Note that
(23) fx(Zg) = fx(Zy) = |KI.
Also note that (20) implies
* k

(24) d(gy , fy) < mesh(K").

In the applications of these constructions in §7 we will also need a metric on
Z; . If we have a metric d on |K| such that the diameter diam|K| < 1, then

we can choose metrics d* on Z, and d* on |K*¥| such that diamZ, <1,
diam|K**| < 1, and

(25) d“(g(x),q (x) <d*(x,x), x,x€Zg, k>0.

Indeed, we first define a metric d* on lK'kl = IK(”)IGB- : 'EBI(K'f)(")l by putting
d*(x,y) = 3d(x,y) if x,y belong to the same summand I(K)™| C K|, and
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d*(x,y) = > otherwise. Clearly d* < 3 - We now define a metric d° on
Miso K™|. I x = (x*), %" = (x™) € TTIK™|, we put

(26) d*(x,x") =supd*(x* , x*) < 1.
k

Since Z, C[] |K**|, d* is also a metric on Z; and diam Z, < 1. Moreover,
x* = g;(x), x™ = g;(x"), and we see that (26) implies (25).

Note that d° coincides with the metric d on |K| and therefore (25) yields
(27) d(gy(x),4p(x) Sd"(x,x),  x,x' eZ.

6. CONSTRUCTION OF THE APPROXIMATE SYSTEM Z

The following is an easy consequence of results already established.

Proposition 12. Let X be a compact Hausdorff space with dim, X =n > 1.
Then there exists an approximate inverse system X = (X, ¢&,,p,,,A) with
limX = X such that
(i) X, is a polyhedron with a metric d =d, <1,
(i) dmX,>n>1,
(i) p,,: X, — X, is a surjective PL-mapping,
(iv) card4 < w(X).

Proof. Theorem 1 yields a system X with limX = X, card 4 < w(X), where
X, are polyhedra and p,, are PL-surjections. By Proposition 10, one can
assume that d, < 1.

There is an index a, € A such that for every a > a, one has dimX 6 > n.
If this were not the case, then the set B C A of all indexes b € A4 with
dim X, < n -1 would be cofinal in 4. Then Propositions 6 and 5 would
imply dimX < n—1. Since dim, X < dimX (see [4]), we would have a
contradiction with the assumption dim, X = n. If we now restrict 4 to the
set of all a > a, , we obtain an approximate system which satisfies all conditions
(i)-(iv) (use Proposition 6 again).

From now on we assume that we have chosen a system X as in Proposition
12. We will now define an approximate system Z = (Z; YN ,A).
We first choose a triangulation K , for X, a€ A, such that

(1) 6 mesh(K,) <e¢_, acA.
We next define the directed set 4’ . As a set A equals A4, but A4 has a new

ordering <'. In order to define it, we consider for any a, < a, and any integer
k > 0 the following three conditions:

k " '
(2) d(DyyPygnsPyqn) <mesh(Ky ), fora >a > (;2 ,
/ ’ n
(3) dx,x)<e, = d(pm,,(x),pala;,(x ) < mesh(_Kal) , fora >a,,
1 : n
(4) | X, — Xa. is (n ,mesh(Kal))-apprommable, fora” >a,.




68 SIBE MARDESIC AND L. R. RUBIN

We put a, < a, provided a, < a, and conditions (2), (3), (4) hold for k = 0.

Lemma 2. The binary relation <' on A has properties (i)-(iii) from Proposition
9, and therefore A' is a directed set with no maximal element. Moreover, for
any a, € A and integer k > 0 there exists an a, > a, such that (2), (3) and
(4) hold.

Proof. (i) and (ii) are obviously true and (iii) follows from the last assertion
for k = 0. To verify the latter, put

(5) 7 = mesh(K, ) > 0

and apply Theorem 2. We obtain an a, > g, such that for any a’ > a, the
mapping p a0 satisfies (4). However, by (A2) and (A3), one can assume that
a, also satisfies (2) and (3).

Lemma 3. If a, < a,, the set of all integers k > 0, which satisfy (3) is finite.

Proof. Assume that there is an infinite sequence k; < k, < --- of integers
satisfying (3). Then for any two points x,x € X 0

(6) d(x,x') <eg, = palaz(x) =pa|a2(x').
This is so because, by (3),
(7) d(D, 4, (%), P, ., () Smesh(Ky), i=1,2,...,

and mesh(K::) — 0 as i — oo. Consequently, p,,,, maps every component of
X, toa single point. Since X, =p (XL, it follows that X, is a finite set

a a,a
of points, which contradicts (ii) of Proposition 12.

Whenever a, < a,, by definition of <' and Lemma 3, there is a maximal
integer k > 0 such that (2),(3) and (4) hold. We denote it by k(a,,a,).

Lemma 4. If q, < a,, then (2), (3) and (4) hold for k = k(a, ,a,) and also
(8) d(p, y P, P,) < mesh(K, ™), ford' > a,.
If a, <'a, and a, < a,, then
9) k(a,,a,) <k(a,,a,).

Furthermore, for a, € A and any integer k > 0 there is an a, € A such that
a, < a, and
(10) k < k(a;,a,).
Proof. (2), (3) and (4) hold for k = k(a, ,a,) by the very definition of k(a, ,a,).
By (2), one has

k(a, , ]
(11) APy gy gnP g sPgyqnPyrn) < mesh(Kal(a' “)  fora">a > a,.

Passing to the limit with a” (using Proposition 3), one obtains (7).
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k = k(a,,a,) satisfies (2), (3) and (4) also for a, and a,. Therefore, (8)
follows from the maximality of k(q,,a,). By the last assertion of Lemma 2,
for any k > 0 there exists an a, > a, such that (2), (3) and (4) hold. Clearly,
a, < a, . Now (9) follows from the maximality of k(a,,a,).

Lemma$5. Let K and L be complexes andlet p: |K| — |L| be an (n,mesh(L))-
approximable mapping. Then there exists a PL-mapping g: IK(”+1’| — IL(")|
such that

(12) d(g,p| |K"™"]) < 2 mesh(L).
Proof. By assumption, there is a PL-mapping p’: |K"*"| - |L| such that

(13) d(p',p| IK"*"l) < mesh(L),
(14) dim(p' (K" < n.
Let ¢: p'(|K ("“)l) — |L| be a simplicial approximation to the inclusion of

p'(K"™Y)) into |L| relative to L. Then, g = ¢p’: K™ = |L™)| is a
PL-mapping and

(15) d(g,p') < mesh(L).

Now (13) and (15) yield (12).
For a, <' a,, we define a PL-mapping

(16) 8aa KO = K™, k=k(a,,ay),

by applying Lemma 5 to K = K,, L= K:. ,and p = Py, Lemma 5 is
applicable because of (4) and Lemma 4 and yields the following conclusion.

Lemma 6. If a, <’ a,, then g, o, Satisfies

1 k
(17) (8,4, Para| IKS ) <2 mesh(Ky),  k=ka,,ay).
For a € A we now put
(18) Z, =27y

(see §5). For a, <'a, wedefine r, ,:Z; —Z; by

(19)

ra.az = ga.aquaz'

Here qy, : Z, — |Ki:')| is the mapping q;: Z; — IK™| from §5. Note that
* k

(20) FaaZa) SIK)™1,  k=k(a,,a).

Lemma 7. Z=(Z,,¢,,r

I . . .
.o »A) IS an approximate system of nonempty metric

compacta Z; with dim Z; < n. Thelimit Z =limZ is a nonempty compact
Hausdorff space with dimZ < n and w(Z) < card(4') = card(4) < w(X).
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The proof of Lemma 7 is given in the next section.
7. VERIFYING (A1)-(A3) FOR Z. THE SPACE Z

Proof of Lemma 7. For each a € A, dimX, > n and therefore |(K:)(")| #
@, k > 0. It follows by §5(4), that Z # & and Z; # . Moreover, by
§5(15), dimZ, < n.

We will now verify conditions (A1)-(A3) for Z. Let a, < a, < a,. (Al)
and (A2) require certain upper bounds for d(r, ,.r, . .1, ). By (19) of §6, it
suffices to find the appropriate bounds for d(r, , g, . | | a:')| 8a,a,| 1Ko, ™)y, By
§5(17) and §5(1) we have

(1) Goa,| 1K™ = g o | 1HED)™],

(2) d(gg,,| 1Ke)™ ], 11 1(K5)™]) < mesh(K,,),
and therefore,

(3) d(doy, 84,0, > 8aya,) < MeESH(K, ).

On the other hand, §6(17) yields

(4)  d(8, 4Pl IKe) <2 mesh(K, ) <2 mesh(K,), k = k(a,,a;).
Now (3), (4) and §6(1) yield

(5) A3, 8aray P 1Ko 1) < 3 mesh(K,)) < &
By §6(3), (5) implies

a®

k(ay, az)) < meSh(Kal).

* 1
(6) d(palazqoazgazag ’palazpazasl l (n+ )I) < mCSh(K
Moreover, by §6(17),
(7) d(84 0, Paray) 1Ko+ '1) < 2 mesh(K,® ) < 2 mesh(K,, ),
and therefore
- * k(aj
(8) (8, 0,900, 80s0, + Paya,doa Baras) < 2 Mesh(K, ™) < 2 mesh(K, ).
Now (6) and (8) yield
. 1) k(ay ,az)
() (850,900, Baray »PararPanes| [Kar 1) < 3 mesh(K, ™)) < 3 mesh(K, ).
Furthermore, by §6(2) we have
k
(10) 4Py, ayay Paray) < Mesh(K, ™) < mesh(K, ),
and by §6(17) we have
(1) d(gy g Paal IKST) < 2 mesh(Ky ™ ™)) < 2 mesh(K, ™ )
<2 meshKal

(use a, < a, and §6(9)).
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Finally, (9), (10), (11) and §6(1) yield

* k(ay
(12) (8,2, 902,800, 8aa;) < 6 mesh(Kal(a' “) <6 mesh(K, ) <e, .

. * * * .
Since ra.azrazag = ga,aquaz ga2a3q0a3 and ra.a, = ga.a3q0a3 ’ (12) yields
k(ay
(13) (FaayTasay » Tara,) < 6 mesh(K, ™)) <,

which verifies (Al).
To obtain (A2), for given a, and n > 0 choose an integer k so large that

(14) 6 mesh(K, ) < 1.

By Lemma 2, there is an index a, > a, such that §6(2)—(4) hold for k,q,,a,.
This proves that a, <’ a,. Since k(a,,a,) is the maximal k with these prop-
erties, we have k < k(a,,a,) and therefore

(15) 6 mesh(K:l(“‘ 2y < .
Now let a, be any index with a, < a,. Then (13) and (15) imply

(16) d(ra|a2raza3 4 ralal) S n

which establishes (A2).
We now prove (A3). As above, for a given a, € 4 and 7 > 0 there is an
a,€A, a, < a, , such that (15) holds. By (A3) for X, we can assume that for

any a, >a, and any y,) € |K(§;')|,
' k(ai,
(17) d(y.y") < e, = d(D, ,,(¥):P,,,(0) < mesh(K, ).
(17) and (11) (applied to y and y’) and (15) yield
(18) d(,y) <e, = d(g,,), 8 ,,0")) <5 mesh(K:“) <y,
vy ek
Now let x,x' € Z, . Then y = g, (x), ¥' = qg, (x") € |K§;')|. Moreover,
by §5(27),
(19) dy,y) <d"(x,x).
Therefore, d*(x,x’) < ¢,, implies d(y, y') < ¢,, » and (18) yields

(20) d(r, ,,(x),r

aa:

3(x')) <5 mesh(Kfl(a"aZ)) <.

To complete the proof of Lemma 7, note that Propositions 1 and 5 imply
that Z = limZ is a nonempty compact Hausdorff space with dimZ < n.
Moreover, by Propositions 2 and 12, w(Z) < card(4') = card(4) < w(X). We
will denote the natural projections from Z to Z ; ,a€Ad,byr:Z-2Z : .




72 SIBE MARDESIC AND L. R. RUBIN

Remark 4. For given a € A and integer k > 0 consider the sets
¢, =IK"e--elk)", Di=2z0|K " " e
They are disjoint and are closed in Z, . Z = C U D . Let n > 0 be such
that d(C:, ) > n. For sufficiently large a" one has d(r s a,, ,r,) < n and
k(a,a") > k + 1. Therefore, r, .1, (Z]) | k(““ NW| ¢ DY and thus also
ra(Z; ) C D:. This implies that ra(Z )nl(K l— @ for all k and therefore,
r(Z;) € Z,. Nevertheless, Z,nr,,(Z,) C Z,Nr,,(Z,) = @ for every
a<d.
8. THE MAPPING f:Z — X

In order to define the mapping f we first establish a lemma about maps
fi:Z, = X,, defined by f; = fi (see §5(19)).

Lemma 8. If a, <' a,, then

(1) d(f; oz Para,Say) < 3 mesh(K, ) <e, .
Proof. By §5(24) (for k =0), we have
(2) d(f,, ,4,,) < mesh(K, ) < e,
and therefore, by §6(3),

* k
(3) A(D, 4 fr +PayayGos,) < Mesh(K, ).
Using §6(17), we also have

k(a,

(4) A(84,0,903, > Payay Gos,) < 2 mesh(K, ).
Since r, ,. = &, aquaz (3) and (4) yield
() A(ry 4y +Dara far) < 3 mesh(K, ™) <,

Since r, ,: Z; — |(K:l(“' a)ym) ¢ X, and f7||(K, )(")I is the inclusion
(K5 )™| = X, (see §5(21)), (5) is the desired formula (1).
Lemma 9. Forany a, € A and n >0, thereisan a, € A4, a, < a,, such that
for any a" > a,, one has
(6) d( S5 7y qr s Payar fg) S -
Proof. Choose an integer k > 0 such that §7(14) holds. Repeating the argument

which led to §7(15), we find an a, € 4, a, < a,, such that §7(15) holds.
Applying Lemma 8 to any a" > a, we obtain

n
(7) d(j:l rala// apalanf;n) S ’1 ) a 2 az.
Lemma 10. There is a mapping f: Z — X such that
(8) fr=pf. acA,

where r,: Z — Z ; are the natural projections.
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Proof. For a given n >0, choose > 0 so small that

9) d(z,2) <6 =d(f;(2), f;(2)) < n.
By Proposition 3 for Z*, thereisan a’' € 4, a <’ @', such that for any a” > o’
(10) A(rygulyns7,) <0

and therefore,

(11) d(fS gl s S31,) S 0.

On the other hand, by (6), for sufficiently large a”,

(12) A(fy FagnTan »PagnSgnTan) S 1.
(11) and (12) yield

(13) A1 Dagn Syt an) < 211,

for a” sufficiently large. We have thus proved,

(1 P ot = £

Let f: Z — [],c4 X, be the mapping given by (8). Formula (14) and Propo-
sition 3 show that f(Z) C X = limX, so that one can view f as a mapping
[1Z-X.

Remark 5. Lemma 10 also follows from more general results (see [10, Remark
4)).
9. FIBERS OF THE MAPPING f:Z — X
For a given x € X we will now express the fiber f~ l(x) in terms of the
system Z. We put
(1) x,=p,(x), a€A,
(2) Ny(x)={x"€eX,:d(x',x,) <¢e}.
We often abbreviate N, (x) to N,.
Lemma 11. If a, <' a,, then
(3) x'eN, =dp,, (x),x,) <2 mesh(K;“*)) <2mesh(K,)<e¢,.
(4) Py qo(N,)EN, .
Proof. x' € N,, implies d (x' »X,,) < &, , and therefore by §6(3),
(5) d(P,,4,(X") D, 4,(%,,)) < mesh(KE ),
Moreover, by (1) and §6(8),
(6) d(P,4,(X,,)s%,,) < mesh(Ky @),
Now, (5) and (6) yield (3). Formula (4) is an immediate consequence of (3).
It is a consequence of Lemma 11 that

(7 N(x) = (N,(x),8,, P> 4)

is an approximate system.




74 SIBE MARDESIC AND L. R. RUBIN

Lemma 12. The limit of the approximate system N(x) is {x}.

Proof. Since p,(x) = x, € N, the point x belongs to limN(x). Now assume
that x' € X belongs to limN(x). We will show that p (x') = x, for every
a € A and therefore x' = x.

By (A3) for X, thereis an a', a <’ a', such that for every a" > d’,

(8) d,y') < e = d,. ()0 (V) < 1.
Since p,.,(x x)eN

a’

(x), we have d(p,.(x'),x,,) < ¢, , and therefore,

%) APy P (X') s Dy (X)) < 1.
Passing to the limit with @” we obtain (using Proposition 3)
(10) d(p,(x'),x,) < 1.

Since 1 > 0 was arbitrary, we conclude that indeed pa(x') =x, forall ae 4.

For a€e A and x € X put

(11) M, =M,(x)=f" (V)
Lemma 13. If a, <’ a,, then
(12) Foay(M,) S M, .

Proof. Let y € M, = f;~'(N,). Then x' = f}(y) € N, . By (3) we obtain

(13) d(p, . (x'),x,) <2 mesh(K, ).

On the other hand, by §8(1),

(14) Ad(fy 00, (V) 5Dy 0 /7 (1)) < 3 mesh(K, ),

so that we obtain

(15) d(f;’a,az(J’)’xa.) <5mesh(K,)<e,
This proves that fr, . (y) €N, ,ie., r, () €M,
It is a consequence of Lemma 13 that

(16) M(x) = (M, (x), 2, T 4)

is an approximate system.

Lemma 14. The limit of the approximate system M(x) is [~ Lx).
Proof. Let z € f'l(x) . By §8(8), we have

(17) Lir(2)=p,f(2) = p,(x) = x, € N,(x)
so that r,(z) € £~ (N,(x)) = M,(x) . This shows that

(18) £ (x) € limM(x).
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Conversely, assume that z € Z belongs to limM(x). Then r,(z) € M,

f;7'(N,(x)) and therefore f'r,(z) € N,(x). By §8(8), p,f(2) = £ir,(2)
N, (x), so that f(z) belongs to limN(x) = {x} (Lemma 12). Consequently,

f(z)=x,ie., z€ f'(x).
Lemma 15. The mapping f: Z — X is onto.
Proof. Let x € X. We will first show that

(19) M(x)#D, acA

m

We have shown in §5 that fi.: Z, — |K| is an onto mapping. Since Z, C Z,
and f¢|Z, = fy, we see that also fg: Zg — |K| is onto. This means that
all the maps f,: Z, — X, are onto. For any x € X, N, (x) # @ because it

contains x, = p,(x). Therefore, also M, (x) = f: _'(Na(x)) #0.
We now use Lemma 14 and Proposition 1 to conclude that f _l(x) #£O.
10. f: Z — X 1S CELL-LIKE.
We first establish an important technical lemma.

Lemma 16. Let a, < a, and j >0 be any integer. Then the restriction of Ty
to |(K;z)‘")| admits an extension

- j k
(1) Py IKL) "I = 1K) ™), k=k(a,,ay).
Moreover,
- i \(n+1
(2) d(F, 4 Pa0,) I(K2)"™ ")) < 3 mesh(K, ).
Proof. Recall that r, a0 = &, a;q(;az (§6(19)). Therefore, the considered restric-

tion equals g, , 4, (§5(17)). However, qoja2 Ki — K, is a simplicial ap-

proximation of the identity (§5). Therefore, ¢,, maps |(K’ )™V into |K! ("+')|
and for any z € |(K;2)("+')| one has

(3) d(4y,,(2),2z) < meshK, <e, .

Since g, , Wwas actually defined on |(Ka2)("+l)| (§6(16)), we see that r, , has
an extension 7, . as required by (1).

For any z € |K; |, (3) and §6(3) yield

(4) 4(Py,0,900,(2) + Py (2)) < mesh(K, ).
On the other hand, by §6(17), we have
(5) APy 4,900, (2) + 8y, G0s, (2)) < 2 mesh(K: ).

Now (4) and (5) yield (2).
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Lemma 17. For every x € X, the fiber f _'(x) has trivial shape, and therefore
f:Z — X is a cell-like mapping.

Proof. Let a, € A be arbitrary. Choose any a, € 4, a, < a,. In view of
Lemma 14 and Proposition 8, it suffices to exhibit an a;, a, <’ @, such that
for any a; > a; , there is a homotopy G': M‘h(x) x I — Ma. (x) such that G,
is constant and

(6) Go = T30, 0y, M, (X)-

aya; aas
Note that Naz(x) is a neighborhood of X, =D, (x) in X, (see §9). Since
X a is a polyhedron, there is a polyhedral neighborhood U of X, which is
contained in N, (x) and is contractible in itself. One can achieve that U = |L|

where L is a subcomplex of the jth barycentric subdivision K({Z of K o for
some sufficiently large ;.
Choose n > 0 so small that

(7) d(x',xaz) <3I=>xelL,
and choose k > j so large that
(8) 3 mesh K, <.

By Lemma 2, there is an a), a, <’ a,, such that k(a,,a,) > k. Therefore, by
Lemma 8, for any a,, a, < a,, one has

9) A(fy as Pasar fay) S -
By Proposition 3 and (A3), one can also assume that for a; > a;
(10) d(Dy,0,(%5,) %) <1,
(11) d(y,y') €, = d(D,,,(9),0,,,, () <1
We will now show that
(12) (M, (x)) € |LI.

azﬂs

Indeed, if z € M, (x) = f‘3 (N,,(x)) (see §9(11)), then f:(z) € N, (x),
and therefore,

(13) d(f,(2),x,) < ¢,
This and (11) yield

(14) APy g S (2) P, (X)) S 1
Now (9), (10) and (14) yield

(15) d(f5 1,0 (2),%,) <30,

Therefore (7) implies
(16) foTaa,(2) €ILI.
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This establishes (12) because

* k(as,
(17) (Zaa) g I(Kaz(az aJ))(n)l

r
axa;s
and the restriction of j;z to the right side of (17) is an inclusion (§5(21)).
Since L is a subcomplex of K‘{Z and k(a,,a,) > k(a, ,a;) >k > j, there
is an i such that the ith barycentric subdivision L' of L is a subcomplex of

K fz(“”“’) . Therefore for any integer m > 0

: ke, .
(18) L]0 1Ky ™)™ = )™

Since |L| = IL'| is contractible in itself, there is a homotopy H: |Li | x I —
|L'| such that
(19) H, =id,

(20) H=v,

where v is a vertex of L'. We now restrict H to I(Li )‘")| x I. Note that this
is a polyhedron of dimension < n+ 1 and H| |(Li )(")l x 01 is a PL-mapping.
By the relative simplicial approximation theorem (see [15, Chapter 3, §4.1]), we
can assume that H| |(L')™|x I — |L'| is a PL-mapping. Then

(1) dim H(|(L)"|x ) < n+1.

It is now possible to “push” H off the simplexes of L' of dimensions > n+1.
One can therefore assume that H also satisfies

(22) H(LY™ x 1) < |(LH™").
If ze M, (x), then by (12), (17) and (18) (for m =n),
(n)
(23) Fanay(2) € 1LY
Therefore, for (z,t) € Mas(x) x I, by (22) and (18) (for m = n + 1), we have
(24) X' = H(r,, (2),1) € (L)) ¢ (g e)mh).

However, Lemma 16 yields a mapping

(25) a,az I(Kk(az a!))(""‘l)l - I(K:l(al,az))(n)l C Za‘l'
We conclude that
(26) G= a.azH( mas X 1): Maa(x) xI— Z;

is a well-defined mapping.
By (24), x' € |L| € N, (x), and therefore by §9(3),

(27) dp,, (x'),x,) <2 mesh(K, ).




78 SIBE MARDESIC AND L. R. RUBIN

By (25) and (2) we also have

(28) d(7a,a2(x,) ,palaz(x')) < 3 mesh(K, ),
so that
(29) d(G(z,t),xal) <5 mesh(K, )<e,.

This proves that f:. G(z,t)=G(z,t) € N, (x) . Therefore,
(30) G(M,(x) x I) C M, (x),

and G is a homotopy G: M, (x) x I - M, (x).
The map G, is constant because H, is constant. G, =r, . r, . follows

aa; aas
from (19), (24) and the fact that 7, , extends ralazl(Kfz(“z’””)(”) (see Lemma
16).

142

11. CELL-LIKE IMAGES OF n-DIMENSIONAL COMPACT SPACES.

We now state our main result.

Theorem 3. Let X be a compact Hausdorff space whose cohomological dimen-
sion dim, X < n, n > 1. Then there exist a compact Hausdorff space Z
of covering dimension dimZ < n and weight w(Z) < w(X) and a cell-like
mapping f:Z — X .

proximate system X. Using X, we construct the approximate system Z of §7.
By Lemma 7, Z = limZ is a compact Hausdorff space with dimZ < n and
w(Z) <w(X). We define f: Z — X asin §8. By Lemma 17, f is a cell-like
mapping.

Proof. If dim, X = n, n > 1, we apply Proposition 12 and obtain an ap-

Corollary 1. Every compact metric space X with dim, X < n, n > 1, is the
image of a metric compactum Z , dim Z < n, under a cell-like mapping f: Z —
X.

The next result gives a converse to Theorem 3.

Proposition 13. If a paracompact space X is the cell-like image of a normal
space Z with dimZ < n, then dim, X <n.

Proof. Let f: Z — X be a cell-like mapping. Since f is proper and X is
paracompact, one concludes that Z also is paracompact (see [13, Chapter 2,
Proposition 5.9]). By the standard definition of cohomological dimension (see
[4]), we must show that for any closed subset 4 C X the Cech cohomology
H™(X,4;Z)=0,for m>n+1. Since dimZ < n, we have H"(Z,B;Z) =
0, for any closed subset B C Z and m > n + 1. In particular, this holds for
B = f~'(A). Therefore, it suffices to conclude that for all m, f induces an
isomorphism

fHMX,AZ) - H™NZ, £ (A4);2).




CELL-LIKE MAPPINGS AND NONMETRIZABLE COMPACTA 79

Since the fibers f -1 (x) are of trivial shape, their cohomology vanishes. There-
fore the Vietoris-Begle theorem applies (see [15, Chapter 6, §9, Theorem 15])
and yields the desired conclusion that f* is an isomorphism.

Remark 6. We do not know whether paracompact spaces X with dim, X <n
are cell-like images of paracompact spaces Z with dimZ <n.
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