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LOCAL SMOOTH ISOMETRIC EMBEDDINGS OF
LOW DIMENSIONAL RIEMANNIAN MANIFOLDS
INTO EUCLIDEAN SPACES

GEN NAKAMURA AND YOSHIAKI MAEDA

ABSTRACT. Local smooth isometric embedding problems of low dimensional
Riemannian manifolds into Euclidean spaces are studied. Namely, we prove
the existence of a local smooth isometric embedding of a smooth Riemannian
3-manifold with nonvanishing curvature into Euclidean 6-space. For proving
this, we give a local solvability theorem for a system of a nonlinear PDE of real
principal type.

To obtain the local solvability theorem, we need a tame estimate for the
linearized equation corresponding to the given PDE, which is presented by two
methods. The first is based on the result of Duistermaat-Hormander which
constructed the exact right inverse for linear PDEs of real principal type by using
Fourier integral operators. The second method uses more various properties of
Fourier integral operators given by Kumano-go, which seems to be a simpler
proof than the above.

INTRODUCTION

In the study of isometric embeddings of a Riemannian n-manifold into Eu-
clidean space, there is the classical question [Y]:

Given a Riemannian n-manifold (M" dsz) , is there a local isometric embed-
ding (M",ds”) into Euclidean space R" , where N = n(n + 1)/2?

In particular, it is well known that there always exists a local isometric em-
bedding of (M" ,dsz) into R, if (M" ,dsz) is real analytic (cf. [J]). Thus
it is interesting to consider this question in the smooth category. In particular,
we will obtain existence theorems for smooth local isometric embeddings for
n=2,3. As a typical result, the following theorem is well known (cf. [J]).

Theorem A. Let (M2 ,dsz) be a C* Riemannian 2-manifold and PoEM. If
there is a point p, € M such that the Gaussian curvature does not vanish at p,,
then there exists a local C* isometric embedding of a neighborhood U, of p,
into R®.

In this paper, we shall prove the three dimensional analogue of the above
theorem.
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Theorem B. Let (M 3 ,dsz) bea C* Riemannian 3-manifold. If there is a point
Py € M such that the curvature tensor R(p,) does not vanish, then there exists

a local C* isometric embedding of a neighborhood U, of p, into R®.

We remark that Bryant-Griffiths-Yang [BGY] proved a special case of Theo-
rem B under the assumption:

(*) Sig R(p,) # (0,0), (0, 1).

Here Sig R(p,) denotes the signature of R(p,;) viewed as a symmetric linear op-
erator acting on the space of 2-forms (cf. §2). They first proved a Nash-Moser
type theorem for a nonlinear PDE whose linearized PDE is either symmetric hy-
perbolic or strongly hyperbolic, and then as its application, they solved the local
isometric embedding problem under the assumption (x). On the other hand,
without the assumption () the linearized equation of the isometric embedding
equation is merely of real principal type (cf. [BGY] and §1). Therefore, the
key to the proof of Theorems A-B is to establish the local solvability of the
nonlinear PDE whose linearized operator is a system of real principal type.
In our scheme, we can also recover the result of Lin [L].

Theorem C. Let (M 2 ,a'sz) be a C* Riemannian 2-manifold and fix a point
Py € M . Assume that the Gaussian curvature K at p, of M? satisfies K(p,) = 0
and dK(p,) #0.

Then there exists a local C* isometric embedding of a neighborhood U, of
p, into R®.

As an application of the following local solvability theorem, we shall give a
unified proof of Theorems A-C.

Theorem D. Let ®(u) be a R" valued nonlinear partial differential operator
of order m acting on C=° maps u: R" — R" with appropriate smoothness
and boundedness conditions. Assume that ®(u) is Fréchet differentiable in any
Sobolev space of order greater than m + n/2 and denote its derivative by &' (u).
Let x, € R" and u, € C°°(U0,RN). Assume that there exists an open set
U such that (D'(uo) is an N x N-system of real principal type on U and U
is pseudoconvex with respect to d>'(u0) and has the transversality property for
(D'(uo) (see §1 for the precise definition). Then there exists a neighborhood U, C
U of x,, Sy€Z,, and 1> 0 such that for any g € C*(U,) with

(0.1) g = @)l o,y < 1>
there exists u € C*°(R",R") satisfying
(0.2) du)=g inU,.

As we shall see in Appendix B, our proof of Theorem D is based on the
Nash-Moser type implicit function theorem. Since the linearized equation

(0.3) (U =~h
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in an open neighborhood U, of x, does not have uniqueness of solutions,
we cannot obtain the higher regularity estimate for solutions in an appropriate
space by differentiating (0.3). To avoid this difficulty, we construct an exact
right inverse Q(u) of ®'(u) with the so-called tame estimate, and modifying
the Nash-Moser iteration scheme, we get a smooth solution u of (0.2).

The notions of real principal type and pseudoconvexity for linear PDEs are
given in [DH] (cf. §1, Definition 1.3, (ii) and (iv) of this paper). In §4 combined
with Appendix A, we give a construction of Q(u) following the arguments of
[H and DH]). However, it is troublesome to prove Q(u) is a right inverse of
&'(4) in a common neighborhood U, of x, for any u close to u, and get
the tame estimate for Q(u). For these proofs, we modified the arguments of
[H and DH] so that the dependency of Q(u) on ®'(u) can be easily seen.
In Appendix (A.1), we give the natural form of the Hamiltonian vector field
corresponding to a principal symbol of real principal type, which is similar to
that of so-called straightening out Theorem in dynamical systems. Using this,
we get a microlocal normal form for a real principal type operator under the
assumptions of pseudoconvexity and the transversality condition in Appendix
(A.III). This transversality condition in Theorem D can be defined as follows:
Let P be a system pseudodifferential operator defined on U and let p be
the determinant of its principal symbol. Given a point z, € T"U — {0} and
a Lagrangian subspace A4 at z,, there must exist a Lagrangian subspace 4
at z; such that 4 is transversal to the tangent space of the fiber through z;
and to (exp th) * (A), whenever the projected image of the Hamiltonian flow
exptH,(z,) through z, on the base space is contained in U. Although the
transversality condition appears to be rather technical, it makes the proof of
Theorem D clear and simple. Specifically, the transversality condition gives
us the phase function on a conic neighborhood along a bicharacteristic needed
to construct a parametrix Q(u). In fact, we can relax the above condition in
Theorem D as follows:

Theorem E. There exists an open set U, C R" such that the results of Theorem
D hold without the transversality condition in Theorem D.

In §5, we give a proof of Theorem E different from that of Theorem D.
The idea is to consider a time evolution operator expitP for a given partial
differential operator P by solving a hypberbolic differential equation. However,
this method seems to work well only for real principal type PDEs.

Our proof of Theorem D is done microlocally and involves only a mild use
of PDEs whose linearized equation is locally solvable via Fourier integral oper-
ators. On the other hand, using the local solvability of nonlinear, real principal
type PDEs in the strong sense (§1. Remark), DeTurck and Yang [DY] showed
the local existence of smooth metrics with nondegenerate prescribed curvature
on 3-manifolds. Both [DY] and our paper can be treated as problems in C*°
local solvability for involutive systems. Thus, there are interesting geometrical
PDEs among the C® locally solvable involutive systems. Theorems D-E and
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their generalizations should have application to some geometry. In particular,
Einstein field equation and prescribed curvature equation with some interacting
fields become the special type of double characteristics equations under certain
assumptions. These problems will be discussed in a forthcoming paper.

Acknowledgment. Goodman-Yang [GY] prove similar results and give applica-
tions by a different approach. The authors would like to thank Professor Kazdan
for informing us about the results of [GY] and other helpful advice. Also, we
are grateful to the referee for the various suggestions on our manuscript. Fi-
nally, our special thanks go to Professor Rosenberg who kindly corrected our
English.

1. LINEARIZED PDE FOR THE ISOMETRIC EMBEDDING EQUATION

Let U (ul e u") be a coordinate neighborhood around the given point
X, € M which we take as the origin and sometimes denote by p,. To obtain

an isometric embedding of (M, g) into RY , we must prove the existence of a
solution to the following nonlinear PDE in an open neighborhood U, C U of
Xy

M oax?* ax*
o ou o

where (g,;(u)) are the components of the Riemannian metric g in U.

1 n ..
=g,.j(u,...,u), i,j=1,...,n,

(1.1)

We shall consider the linearized PDE corresponding to (1.1); that is, let x”(u)
be a local C* embedding of U into R" and consider the following PDE for
the unknown functions (u"(u)):

N A A A
ox” 0Oy ay” 00X ..
1.2 — ~ . - =k (u), i,j=1,...,n,
(12) g ou' 0w  ou ow () /
where (k; () is a smooth symmetric contravariant 2-tensor on U .
Choosing a unit normal frame field {N,()},_,,, ~ on U, we put

A

A niax? AR
Y=y o7 T > ¥'N]
i=1 A=n+1

Denote the covariant derivatives and the second fundamental tensor for the
isometric embedding (1.1) by V, and Hfj(u) , respectively. Here, V, is defined
for a covariant 1-tensor ¢ j(u) on U as follows:
"k
(13) v =0,600- Y {F
k=1
where { [‘j} is the Christoffel tensor defined by

k 1 & &
{ij} ) E g m{au'gjm +0,,8im — Oyn 8y}
m=1

b
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Also, Hfj(u) is defined by the following Gauss-Weingarten equations associated
with (1.1):

N A
A x A A i 0x
A=n+1 i=n+1

where the raising and lowering of indices are with respect to the given Rieman-
nian metric. Rewriting (1.2) by (1.4), we easily get

Lemma 1.1.

(1.5)  Vy,+Vy =2 Z ylH (W) +k;(w), ij=1,...,n

A=n+1

Definition 1.2, (i) The second fundamental tensor (H H! (xo)) i=ns1,. n 18 called

yoee s

nondegenerate at x, if {(H, g (xo)} are linearly independent in the vector space
of all covariant symmetric 2-tensors at X, .

(ii) An isometric embedding is called nondegenerate if the corresponding
second fundamental form is nondegenerate at each point of U .

Although the second fundamental tensor H (u) depends on choosing the

normal frame N/1 (u) , the above definition is mdependent of this choice.

Next we recall some PDE terminologies. Let T°M denote the cotangent
bundle of M . For a positive integer N, let P be an N x N system of classical
pseudodifferential operators on M with principal symbol p(x,¢&).

Definition 1.3. (i) P is called a system of real principal type at (x,,&,) € T M-
{0} if there exists a conic neighborhood I' of (x,,&;), an N x N classical
symbol p(x,&), and a real valued classical scalar symbol g(x,&) such that

(1.6) p(x,Op(x,8) =4q(x,{)Idy inT,

and the principal symbol ¢,(x,&) of g(x,&) satisfies the condition that dg,
and 0=3,_ ¢ dx' are linearly independent on I'N {(x,&) ;q,(x,&) =0}.

Here Id, isthe N x N identity matrix.

(i) P is called a system of real principal type at x, € M if P is a system
of principal type at each point of n"(xo) — {0}, where n: T*M — M is the
projection.

(iii) P is called a system of real principal type on an open set U of M if P
is a system of principal type at each point of n_'(U —-{0}).

(iv) Let P be of real principal type on an open set U and associate a scalar
symbol ¢, to p given in (i). We say that U is pseudoconvex with respect to
P if no complete bicharacteristic strip of P stays over a compact set in U and
for every compact set K C U there is another compact set X' ¢ U such that
every bicharacteristic interval with respect to P having endpoints over K must
lie entirely over K'.
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(v) Let P be a system of pseudodifferential operators on an open set U and
associate a scalar symbol ¢, to p given in (i). Assume that U is pseudocon-
vex with respect to P. U is said to have the transversal property for P, if the
following holds: for any point z, € °T*U = T"U — {0} and any Lagrangian
subspace 4 at z;, there exists a Lagrangian subspace AT at z, such that Y
is transversal to the tangent space of the fiber through z, and to (exptH, o )(A),
whenever n(exp th.(zo)) is contained in U. Here exp tH, is the Hamilto-
nian flow of the Hamiltonian vector field H A (cf. Appendix A, (A.6)) and
(exptH ; )(4) is identified with the subspace at z.

Remark. (i) The conditions in (i)-(v) for the principal symbol g, of P obvi-
ously hold if grad. ¢, # 0 on 'n{(x;&);q,(x,¢) = 0}. In this case we say
that P is a system of real principal type at (x,,¢,) € T*M — {0} in the strong
sense. By modifying Definition 1.3, (ii) in an obvious manner, we obtain the
corresponding definitions at a point x, € M and on an open set U of M.

(i1) As we will see in Proposition 2.2, the linearized PDE of the isometric
embedding equation is not real principal type in the strong sense only in the
case of Theorem C.

Corresponding to Definition 1.2, we have

Definition 1.4. (i) The isometric embedding (1.1) is called a real principal type
at x, € M (resp. on U) if the linearized equation (1.5) is of real principal
type at x, (resp. on U ).

(ii) For a real principal type isometric embedding (1.1) on U, we say that
U is a pseudoconvex for (1.1) if U is pseudoconvex for the linearized equation
(1.5).

Before constructing a nondegenerate, principal type embedding in §2, we
study a second fundamental tensor at a fixed point x,. First, we recall that the
Gauss equation for the isometric embedding gives the constraint

N
) A
(1.7) R (u)= 3" Hiy(u)- H(w) — Hy (u) - Hyy(u)
A=n+1
for the desired isometric embedding.

Now we recall the following fact obtained by [BGY] (see p. 948, Theorem
F).

Proposition 1.5. Let (M ",dsz) be a Riemannian n-manifold (n < 3), which
satisfies the assumptions in Theorems A-B. Then, there exists an (N — n)-tuple

of n x n symmetric matrix (Hfj(O)) aen+1.. N Such that

(i) for (H;IJ(O))A:,l+l o (L5) s real principal type at the origin 0 € R" .

youn

Furthermore,
(iii) (H};(0)

sen+1...N IS nondegenerate at the origin 0 € R".
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2. CONSTRUCTION OF A REAL PRINCIPAL TYPE EMBEDDING

In this section we shall construct a real principal type embedding whose in-
duced metric is sufficiently close to the given Riemannian metric ds*. Namely,
we prove the following:

Proposition 2.1. Let (M",ds®) bea C*™ Riemannian manifold with n =2 or
n=3 and (Hfj) a=n+1....n bean (N — n)-tuple matrix satisfying the properties
in Proposition 1.5. Under the assumptions of Theorems A-B, given any n > 0
and any positive integer s, there exist an open neighborhood U, of p,, an

yeee

a nondegenerate C* embedding (x"(u)) az1..n o Uy into RY with N =
n(n+ 1)/2 such that

)
(X ger v

(i1) (Hfj) is the second fundamental form of (xA) at p, with respect to
(N} ().

(iii) The embedding x"(u) is of real principal type on U, U, is pseudoconvex
with respect to the linearized equation (1.5) and U, has the transversal property
Sor (1.5). ' .

(iv) [lg,;(w) — S, 0x"jou' - 0x 0w || .y, <1

To prove Proposition 2.1, we expand the Riemannian metric g into its Tay-
lor series by using normal coordinates (u'). Namely, let g(u) = (& j(u)) be the

Riemannian metric in the coordinate neighborhood U (ul ,...,u"). We have
the Taylor expansion of g(u) up to degree k:

k) 1 @ a 1 o N
(2‘1) gu (u)—éij-‘-iZAija]azu Iu2+'”+HZAija.,...,aku '...uk.
Now we seek the mapping i: U(u', ..., u") — R" in the following form:

.2) i, ..., u" = x W)

A a 1 A a b 1 A a a
=Y Iu +2—!Elabu u +'”+k_!zla|,...,aku Lot
satisfying

(H-I) i(0)=0.
(H-II) di(0) =1d.
(4)
(H-III) N,(0) =(0,...,1,0,...,0), A=n+1,...,N).
(H-IV) Given nondegenerate (Hfj) satisfying (1.7), we have Hfj(O) = H;lj .
We solve (2.2) using the following relation:
3x(k)A) ax(i)A

2.3 . _
(23) ou' ou’

= g,,(u) mod O(lu[").

A
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Therefore, we have
(2.4) ‘=6 (@=1,...,n.
Using {,.}(0) =0, we have
b
(2.5) I =H, (u=n+1,...,N), I, =0 (b=1,...,n).

Substituting (2.1) and (2.2) into (2.3) and equating the corresponding coeffi-
cients, we can solve (2.3) formally. Note that the equations thus obtained for
the unknown I* are underdetermined. Thus only the symmetric part of each
I is restricted and we may choose the antisymmetric part arbitrarily. By the
proof of Proposition 1.5, there exists an open set U such that 9,4, (x,&) #0
on U, where '

¢ 0 . 0 &
0 & . . ¢
(26)  a(ng=det| . O L
0 . .o é" . .o 5!1—!
H} (x) H}(x) -+ Hwm(x)* 2HL(x) -+ 2H_  (x)

Since in this case, the linearized equation (1.5) is of real principal type in the
strong sense, we get Proposition 2.1,
For the case of Theorem C, we refine the argument above to obtain

Proposition 2.2. Let (M 2 ,dsz) be a Riemannian 2-manifold satisfying the as-
sumptions in Theorem C. Given any n > 0 and any positive integer s, there
exists an open neighborhood U, of p, in M with coordinates (ul ,uz) and a
C*™ embedding (xA(u))A=1 23 of Uy into R® such that (i) (x*(u)) is non-
degenerate and of real principal type on U, with respect to the induced metric
from R’ and U, is pseudoconvex with respect to the linearized equation (1.5)
of xA(u) and has the transversal property. Moreover, we have
(ii) |lg,(w) = X5, 0x"/0u’ - 0x" 104 || iy < M-

Proof. Take normal coordinates (vl , 112) around p,. Then we get the Taylor
expansion g,.(jl.‘)(v) of 8;;(v) as in (2.1) for k£ sufficiently large. Notice that
the Gaussian curvature K(k)(v) of gf;) satisfies the same assumptions as in
Theorem C. Then by a linear change of coordinates u' = Z§=l Aj.vj (i=1,2)
(A;.) € 0(2), the Gaussian curvature K(u) can be expressed as

(2.7) K(u) = au' + O(Jul’)
with a # 0. Now we set
(2.8) H, (0)=0, Hy0) =a, H,0)=0.

Then by a computation as in Proposition 2.1, we get a local C* embedding
xA( u) which is nondegenerate and satisfies the condition (ii) in Proposition 2.2.
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Moreover, we can see that this embedding is of real principal type as follows.
q,(u,&) of (1.6) for the linearized PDE (1.5) is given by

(2.9) q,(u,&) = Hyy(u)&} + H, ()& — 2H ,(w)¢ &,.

Notice that ¢,(0,&) = 0 implies ¢, = 0. By (2.7), we get

(2.10) 8, H, (0) #0.

Assume that there exists a nontrivial constant k such that

(2.11) Dq, = k@6,

at u=0,{, =0,¢ #0. By using (2.10) and (2.11), we have
& =0.

Then we easily see that ¢, and the canonical 1-form 6 are linearly independent
at u=0,¢ =0, #0. Since the Gaussian curvature K(u) does not vanish
on a open set U — {0}, 8,q,(«,&) # 0 on n"(U {0}). Remark that the
projected vector field of H , On the unit sphere bundle does not vanish and

9.4, (0,&) #0 for él # 0. The pseudoconvexity and transversality conditions
easily follow. This gives the desired result.

Remark. Under the hypothesis in Proposition 2.1, the linearized equation corre-
sponding to (xA( u)) is a real principal type in the strong sense. (In fact, [BGY]
calls it a real principal type simply.) By combining with the result on the local
existence of the analytic isometric embeddings (cf. [J]) and Proposition 1.5,
Proposition 2.1 is obtained directly. However, the hypothesis in Proposition
2.2 is slightly weaker than the above, and so their argument does not work in a
similar way.

3. LOCAL SOLVABILITY OF REAL PRINCIPAL TYPE
PARTIAL DIFFERENTIAL SYSTEMS

We first give a general theorem on the local solvability of a nonlinear partial
differential operator.

Let U, c R" be an open neighborhood of x, € R" and u,: U, — R"
be a C* map, (Hereafter, we also denote by u, a C* map from R" —
R" obtained by cutting off the support of u,.) Let ®(u) = ®(x ,D"u) be a
R"-valued nonlinear partial differential operator of order m applied to u €
C®[R",R"), where

D"u=(D"u;le|<m), D*=D;-.-D

n ?
0
Dl.:—\/—la—x;, a=(al,...,an).

Theorem 3.1. In the above situation, assume that

®(x,w) € B*(R" x {|w| < wy}) for any w, > 0;
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this assures the Fréchet differentiability of ®(u) with respect to u € H°(R"),
(s > m+n/2). Assume also that there exist an open neighborhood U, C U, of
X, € R" with a smooth boundary a > m+n/2, 6 € (0,1) and d > 0 such
that, for any u(|u —uy||, < 8), s€R and h € H'(R"), the equation

/

(3.1) Qwv=nh inU,
admits a solution v € H’_d(R") with the so-called tame estimate
(3.2) [vll5—y < Cs(llRll; + NullglAll,)

where C is independent of u and h. Then, there exists s, € Z, and n >0
such that, for any g € C*(U,) with

0
llg = P(up)lly, = I8 = Pl o,y < 1>

the equation

(3.3) Pu)=g inU,

admits a solution u € C*°(R",R"). Here B®(R" x {jw| < w,}) denotes the
set of all R" -valued C* Sfunctions with bounded derivatives.

The proof is given in Appendix B.

Theorem 3.2. Let x,, U,, ®(u) be as in Theorem 3.1 with all the assumptions
in Theorem 3.1 except for (3.1), (3.2). Suppose the Fréchet derivative <I>'(u0) of
®(u) at u, is a system of real principal type on U, and U, is pseudoconvex
with respect to tD'(uo) and has the transversality property for <D'(u0) . Then there
exist an open neighborhood U, C U, of x, with smooth boundary, s, € Z, and
n >0 such that, for any g € C*(U,) with ||g —~®(uy)ll sy, < 1. the equation
(3.3) admits a solution u € C®(R",RY).

Proof of Theorem 3.2. From Theorem 3.1, it is enough to prove the existence
of Uy, a, d, d satisfying (3.1), (3.2), (3.3). To begin with we set

(3.4) L(u) = ®'(u),

(3.5) {(x,&;u) = the principal symbol of detL(x,&;u),

and

M(x,D;u)=L(x,D;u)°L(x,D;u) =l(x,D;u)l + R(x,D;u),

3.6
(3-6) R(x,D;u)e S™ ',

mN—1 mN—1

denotes the usual Hérmander class S| 0 - We have the follow-

where S

ing lemma for the local solvability of the operator (3.6).
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Lemma 3.3. Suppose there are an open neighborhood U, C U, of x,, m+n/2 <
d,dy€Z,, d=max(d ,d)<ad €Z,, and 5, > 0 such that for any u
(llu — uyll » < 8,), there exist an operator Q(u) and ¢j € C§°(UO) (1<j<3)
with the properties:

(3.7) é, =1 inU,
(3.8) ¢, C ¢, C oy,
(3.9)  IQwAll,_q4 < ClIAll, + lullkl,) (@ <s€Z,;he H'(R,),
(3.10) K@) < 3,

(3.11) (1 = K@) Al < C,(IAll, + lull,lkll,,)  (s€Z,;heHR"),
where
(3.12) K(u) = ¢,(I - M(u)Q(u))d5.

Here ||K(u)|| denotes the operator norm of K(u): LZ(R”) — LZ(R”) and ¢, C
#, means that ¢, =1 on supp@,. Then,

(3.13) ¢ {MW)Q(u)(1 - K()™' @, — I} =0,

(3.14) lQ()(1 = K() ™' $yhll,_g < C,(IAll, + lull I )

(d <seZ_;heHR"),
and these immediately imply the following: for any u(|lu — u,|, < d,), we have
(3.15) $ [L{“L)Qu)(1 - K(u))"'¢,} ~11=0
and
(3.16) | Lw)Qu)(1 — K(u)™ ' yhll,_y < c,(IIll, + llulll1All,)

(d<seZ_;he H'(R"),

where
(3.17) a=d +[n/2]+1,
(3.18) d=d +max{mN —1,m+[n/2]+ 1}.

The proof of Lemma 3.3 is by direct computation, so we omit the proof.
Now to complete the proof of Theorem 3.2, we only have to construct the
operator Q(u) in Lemma 3.3. This is done in §4.

Remark. The assumption of transversality in Theorem 3.2 can be dropped if
we use §5.

Finally, we shall make a brief comment on the unified proof of Theorems
A-C stated in the introduction. Recall that we already have obtained in §2
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a real principal type embedding which is close to a given Riemannian metric
g in an open neighborhood U, of p, and satisfies the pseudoconvexity and
the transversality properties for U;. Thus Theorem 3.2 immediately implies
Theorems A-C.

4. ProoF oF THEOREM D

In this section, we give the proof of Theorem D. To show this, we need
several preliminaries for symplectic geometry and formulas for Fourier integral
operators. Leaving these in Appendix A, we mention how to prove Theorem D.
Namely, we often use the results of Proposition A.4 and Theorem A.10. What
we want to get is the construction of a local right inverse of the real principal
type linear PDE of the form

(%) Pu=f

under the assumptions of Theorem D and the estimate (3.2) in Theorem 3.1,
which is the key estimate for our iteration scheme stated in §3. Our method
follows the work of Hormander [H] and Duistermaat-Hormander [DH].

To use our iteration scheme, we have to estimate the dependence of the
local right inverse on P. However, the method given in [H and DH] is too
complicated to analyze this dependency. The main part of this construction is
to reduce the operator P in (x) to a canonical one (cf. Propositions A.4, A.5
and Theorem A.10), by combining a geometrical idea based on the proof of
Darboux’s lemma (cf. [M, W and AB]) with a direct and routine computation
using Fourier integral operators. We will also obtain the continuous dependence
of p on the symbol function p(x,&) of P. These arguments are technically
similar to [OMY1-2 and OMYK3-7].

Here, for later reference, we list the assumptions of Theorem D.

(*1) P is a real principal type on a open set U .

(*2) U is pseudoconvex with respect to P.

(*3) U has the transversal property for P.

First, we make some remarks about the fundamental solution of the operator
D, = (1/0)@/8x' on R". Let W, be a relatively compact open set of R"
which contains the origin and let W, be a sufficiently small open subset of W,
such that 0 € W, c W,. Denote the fundamental solution of D, on R" by
E (x,y),ie.

(4.1) E(x,y)=iH(x' =y ®d(x —y).

Here, H(t) is the Heaviside function, H(t) =1 on ¢ > 0 and H(¢) = 0 for
t < 0, and we have used the notation x = (x',x’) and (y',)'). Let A(t) be a
C® function satisfying

(4.2) At)=1 onlf<ir,, and A()=0 on 1> 3r,
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where 7, > 0 is sufficiently small. We define a distribution kernel on W x W
by

(4.3) T,(x,y) = A(x - yDE(x,y),
(4.4) Ti(x,y) = (D,A(lx = Y))E (x,),

and denote by 7, and 7, the linear operators from Cy°(W,) to C,°(W,)

whose distribution kernels are given by (4.3) and (4.4) respectively.

Lemma 4.1. Tl' can be written as a pseudodifferential type operator (see (4.16))
of the form

(4.5) Tlu(x) = / / a(x, e u(y) dy de,

where a(x ,é') is a smooth function on T*(Wz) with the support of a(x ,& 1) in
the x variables contained in W,, and satisfying, forany N€Z_, k €Z_ and
a ’

(4.6) |(é ) . c,a(x é N<Cyka Jor any (x,¢) € TQ,.

Proof. If we choose r, sufficiently small, we can write Tl'u(x) = K(x)Tl'u(x) ,
for any u € C;°(W,), where k(x) isa C*™ cutoff function on R” such that
k(x)=1 on dist(x, W) < (2/3)r,, and =0 outside W,. Then we have

T u(x) = // T,(x,z)e )" F Ny (v dy d z dé
= /Eze O uy) dy dé.

Here we put

47  a= / k()T (x,2)e""9 dz
- /;c(x)(D,}.(|x’ — 2 DH(x' = el KD g1
=a(x él)ei(XK)

where a(x,&') = — [k(x)(D,A(|t]))H(H)e ™" dt. Since this integrand is
smooth and has compact support, we get (4.6).

Let P be a pseudodifferential operator of order one defined on a relatively
compact open set U. We may assume that P is properly supported on U .
Take an open set ¥, 0 € V; C U, sufficiently small so that the steps stated
below hold. When we apply P to functions defined on U, we shall use an ap-
propriate coordinate system (yl ,...,y") on U. For emphasis, we occasionally
denote this coordinate system by U Let p(y,n) €S '(" T'U ) be the symbol

function of P. We assume that the principal symbol p,(y, r]) €S ( T°U) of
p(y,n) satisfies ("1)-("3) for an open set U, . Since we can apply the results
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stated in Proposition A.4 in Appendix A.II, we can take open conic finite cov-
grings {D,} and {D(JO)} of °T"U and of °T"V, respectively, (shrinking ¥,
if necessary) such that

(i) for each J, D c D, and pr(D) =¥, pr(D,) = U;

(ii) UDf,O) = UD(O) D(O) where each Dﬁ.o) contains a point Zj= (0, 77}.0)
satisfying pl(zj )=0 and in D* , p(2) #0;

(iii) there exists a canonical transformation x: 5(0 e D ; Dpositively ho-
mogeneous of degree zero which satisfies the properties (i) in Proposition A.4;
and

(iv) given s, € Z_, there exists k, € Z, and J, > 0, such that for
B, — 1’1||k <9d,, and for each j, there exist a point Z,o( p,) = (0, '710( b))
such that p,(z /o( p,)) = 0 and the properties (ii) in Proposmon A.4 holds.

Remark. When we apply P to Tj , etc., we use coordinates (yl ,...,»") chosen
in (A.III). These coordinates depend only on z, and the principal symbol p, ,
and not on any perturbation p, of p,. Thus the norms for symbols are always
computed with respect to these fixed coordinates.

Let {¢,(;p,)} be the partition of unity positively homogeneous of degree

zero associated with the coverings {D(JO)} and n, =[n/2]+ 1. Take sequences
of opensets 0 € W, C W, C W and 0 €V, C ¥, C ¥, C U appropriately small

and also choose sequences of open conic sets D((('))e D<2 , <Dy, and
D' c D" c D! c D, such that pr(D(f, ) = W, (i = 1,2) and pr(D\") =
V., (i=0,1,2). Let I be the identity operator on C °°(V0) . Associated with
{D(JO)} and {¢,(y,n)}, we divide I microlocally into I =} 1I,, where

(4.8) (1 u)( / / 6,0y me” " u) dy dn.

Here, we put ¢J(y v, = o0 )¢,(y,n), where #(¥') is a cutoff function,
¢(y’) =1,on V,, and supp¢ C V. Take r0 in (4.2) and ¥} sufficiently small,
and choose linear operators T,, T,: C,"(W,) — C;°(W,), F j+: Cy(v) —
Co (Wy) and F;: Ci*(W,) — Cy (V) Wthh satisfy Theorem A.10 and have
the following properties:

WF(I,u)c D" for WF(u) c DY,
0
WF(F f)c D\, for WF(f)c Dy, .,
2 1
(4.9) § WF(T\v) C D((o),en) for WF(v) D((O),en)’
2 1
WF(Tv)cDl,, for WF(v)cDy,,,
WF(F,g)cD?  for WF(g) C DQ.,.,

_ +
Set T, =FT\F;I,. We get

+ + +
(4.10) PT,= PF,T,F; I, = (PF,— F,D,)T,F;'I,+ F,D,TF'I,.
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By considering the wave front set of T F;'I ; f,for fe D'(Ul) , we easily see
that

(4.11) K, _,, =(PF,—FD))

can be viewed as a Fourier integral operator whose symbol is of order —n,
if we choose the open set ¥}, and the support of A(z) small enough [H, p.

71] and D is chosen to be contained in Dy .. given in Theorem A.10,
Appendix (A III) Moreover, we can fix A(?) for any p sufficiently close to p.

Now, we consider the second term of the right-hand side of (4.10). We write
D\T,=I1+T, and T, =T + T __,, where for any u € Cg°(W,),

(4.12) T u(x) = / / d'(x, e O u(x'y dx' de,
(4.13) T, u(x) = / / a__(x,EYe "0y dx’ de.

Here we put d'(x,&") = (1 - v(&'))a(x,&"), a_oo(X,fl) =v(¢")a(x,¢') and
v(¢') satisfies » = 1 on |¢'| < 75/2, and v(¢') =0 on |&'| > 7} for some
constant ry > 0. Since

(4.14) K} oo = EF] 1, =1, = (EF] =D,

can be viewed as a pseudodifferential operator of order —n, by Theorem A.10,
we can write (4.10) as

(4.15) PTj=Ij+Kj’_°°+Rj,
where

Kj, —K] _OOTF I +Kj .
and

Lo ot +
R,(:p) = ETVE L+ T, _F1,
Now, we consider the following symbol class for j € Z: forany Ne Z_,

keR and a, B, 7,
(4.16)

/
|”g(x ’x9é)|”j,N,m

N 1Bl=J qa ok AB A7
= sup A+ (1 +1ED™ "0,.8;0; 0,8, <C, ,
lal+]Bl+]71<m x'7¢E B.v.k N

for (x',x,&) € E(o ,)» Where we put & = &",E), E= (&, ... & . Associated
to the symbol g(x’,x .f is a linear operator G defined by

X = [[ 8 x,0¢"Puixyaxae,

which is called a &veudodzﬁerentzal type operator of order j.
Now, we seek G such that

(4.17) DG=T

as an operator from C;°(W)) to C®(W,).
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Now, (4.17) can be solved by the following partial differential equation

(4.18) o.g+it'g=d(x,e"
The solution can be found explicitly as

86,6 =) [ i nghe T an,
0

where x'(x) isa C* cutoff function x(x) =1 on dist(x,W,) < r"/2, and
k(x) =0 outside W, for some positive r"/2, because the support of @’ in the
x variables is contained in W . Combining (4.12) and (4.13) with the above
and arguing as in (4.14), we geton U, ,

(4.19) PFJEFJ,*I. = ; EFfLI. +F,D EFjIj
(1) (2)
=R, +Rj _°°+Rj o>
where
N ! =+ (2) _ / +
(4.20) Rj,—oo = Kj,_ooGFj I, R, o= FT, _FI,.
Here Kj'.,_oo can be viewed as a Fourier integral operator of order —n,, if we
choose WF(Gg) C D, for WF(g) C DES),e”), G is a pseudodifferential

type operator order zero with the symbol g, and Tl' oo is defined by (4.13) and

is also a pseudodifferential type operator of order —n;. On Dio) , we can easily
construct an elliptic pseudodifferential operator T, satisfying PT, = I+R,

—0o0
on D(0 where R, _ is order —n,; the behavior of 7, under perturbatlon

of p can be easﬂy seen. Thus, we get the following;

Theorem 4.2. In the above situations, we get the following:
(i) There exists a right parametrix E(;p): C§° (Vo) — C°°(V;)) of P defined
on an open set U, in the following form

(4.21) PE(;p)=1+L__(;p),
where
1
(4.22) L = ZKj,— R5 )_oo _ Rg‘l,)—oo TR, .,
J
and

(4.23)

&
S
I

S F.Gp)T,F;(;p)l; - F;(;p)GF; (;p)]; + T,

J

where F,(;p), Fj+( :p) are Fourier integral operators with the symbol a(;p) =
a;(x,n, y p)and b=0>, (Vs &,x;p) andthephasefunctzon S(x,n;x) satisfies
Theorem A.10. Furthermore K; _Gp)=
by (4.11) and (4.14), K;.’
order —n,, with the symbol function k (;p), R(’)

K, _Gp)+ K] _ (5p) is defined
can be viewed as a Fourier mtegral operator of
i = 1,2, are defined by

—00

—o0’
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(4.23), and G(;p) is defined as above with symbol function g(;p) satisfying the
estimate (4.16).

(ii) Moreover, there exist k,, € Z_, and d,, > 0 such that forany m, €Z_,
the following properties hold: for any ||p —p||, Jy < d,,, we can construct a right
parametrix E(;p) asin (4.21) and (4.22) and we have

(4.24) k;(;B) = k;(5P)lg myy, S CiallD = Plly ks
for some positive constant C12 .

To get the tame estimate (3.2), we first remark that for F(a,y) given as
above,
(4.25)

IF@, 0l < C {mw Flally g+ 3 H e, + nanw_,-ufnw} ,
J

which is a direct computation as in §5, Lemma 5.7 combined with the L’
boundedness of Fourier integral operators (cf. [K]). Now, the estimate for
G can be reduced to an estimate for a usual classical pseudodifferential op-
erator on R"™' depending on a parameter by the following argument. Set
gt oyt xLE = fe“"l-yllfl)g(xl ,x & EYdE' . Then, for any k € z,,
a,Be Z"'l , we clearly have

sup(1+ |x' - y'*185 08 2(x" ' x,¢>|(1+|¢|'”' %,

where the supremum is taken over x' y €R, x' s y € R"™' . Hence, if we set
G( ,y ) g(x ,y x', D,,), there exists s, € Z_ such that, for any a € Z

||

(426) 187G (x' W)Xty < L+ Ix' =y )7 Y N2l 0l
v=0

with some constant C depending only on a. Therefore, by Minkowski’s in-

equality, we have

la

(4.27) 182Gully < €3 N2l Nl o
=0

with some other constant C depending only on «.

Now, we let ®'(u) be the partial differential operator of Theorem 3.1. By
applying the argument of [DH, pp. 199-200] to M(x,D;u) given by (3.6), we
can replace it by /(x,D;u) (modS~"™). Define the pseudodifferential operator
P(u) of order one to be /(x,D;u) times an appropriate elliptic operator. There
exists my € Z_, such that forany k€ Z_,

(4.28) llp(@) = p()ll 4 < Cllit = tllyy -
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As in the argument after Lemma 5.5, we can drop L__ in (4.21) and the
appropriate tame estimate for this procedure can be easily seen by Lemma 5.6.
Then, combining (4.25)-(4.28), we get the estimate (3.2).

5. PROOF OF THEOREM E

The purpose of this section is to present a proof of Theorem E which seems
to be the simplest and shortest proof.

Let x,, Uy, u,, ®(u) = ®(x,D"u) be the same as those in the beginning
of §3, and let L(u), /(x,D;u), M(x,D;u)=1(x,D;u)l+ R(x,D;u) be the
same as those defined by (3.4), (3.5) and (3.6) respectively. Since we are seeking
a local right inverse of M(x,D;u), we may assume M (x,D;u) = 0 outside
x| <R.

Hereafter, we frequently use the abbreviated notation such as ®(u) =
®(x,D™u) and quote the results in Chapter 10 (mostly §4) of [K]. For the
convenience of readers references, we underline all the numbers attached to the
equations, theorems and others in [K] whenever we quote them in this section.

Set A(x, D, ;u) = A(s,D_;u)l and A+B' = M(x,D;u)(D,) """ where I
denotes Nx N identity operator, A(x,&;u) = (I—x(é))|¢|_'"N+'l(x,f;u) es',
XECPMR, 0<x<1, x(&)=1(¢<1) and B' € S°. Herea C*° map
u:R" - R is sufficiently close to u, with respect to some Sobolev norm,
which is expressed by u ~ u,, in the mean while.

In order to construct a local right inverse of 4+ B’ with the so-called tamed
estimate, we consider the following initial value problem:

419 (4.199) MU =0 on[0,T],
:19) { (4.19i) U, ,=GeH_.
Before going into the details, we explain the outline of the proof.

According to Theorem 4.5, there exists an approximate fundamental solu-
tion E,(t) =&,(t,x,D,;u) € B;(S°) of (4.19) on [0, T;]. Namely,

(4.21)) ME,(;u) =R, (t,u) € BS™"") on [0, Ty,
(4.21ii) E,(0;u) =1I.

Moreover, from Theorem 3.14, p. 308

(5.1) WF(E,(t;u)G) C {(x,&) = T(t;u)(y,n);(v,n) € WF(G)}

forany Ge H___,

—

(4.21)

where N
T(t;u)(y,n) =(q(t,y,n;u),p(t,y,n;u)
and q(t,y,n;u), p(t,y,n;u) are the solutions of the initial value problem:

d d .
(5.2) 71% =V.Alq,p;u), d—‘; ==V Ag,p;u),  (4,P)0= M-

Since A(u,) + B'(uo) is real principal type at x, and this condition is an
open condition, 4 + B'(«) is also real principal type at x, forany u (u~u,).
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Thus, there exist an open neighborhood U, C U of x;, and 7, (0< T, < T})
such that
(5.3) T(T;wCT'U,)n°T"U, = ¢.

Now, take y(t) € C§°([0, T]) such that y(t)=1 (0<t¢<T,) and set

(5.4) QG=i / ” w(OE,(t;u)Gdt  (Ge H_).
0

Then, by (4.21) and integration by parts,

(5.5 (A+B)QG=i /0 - w(t)(A+B)E, ()G dt
= - i/ow w(1)(DE,(1)G - R, ()G)dt
=G+/°°y/’ nE(1 Gdt—i/ooy/(t R, (1)Gdt.

Here, fo ¢(t) dt—i [ w(t) ¢(t)G dt) has a unique distribution ker—
nel K e LIOC(U2 x U,) , because of (4.21), (5.1) and (5.3). Then, we shall prove
that Q, K= ¢2ﬁ¢>3, 4+ B’ correspond to Q(u),K(u), M(u) of Lemma 3.3
and satisfy (3.9)-(3.14) for appropriate cut off functions ¢,,¢,,¢,. Hence,
Qu)(1 - K(u))_lq&2 is a local right inverse of A(u)+ B'(x) with the so-called
tamed estimate. Of course, the key lemma of the proof is to prove the estimate
(3.9), (3.14) in Lemma 3.3 and the rest of the proof is quite formal.

Lemma 5.1. Let n, = [n/2]1+ 1 (n, stands for this particular constant for the
rest of this paper). For any w, >0, a,f € Z:, there exists a constant ¢ =
c(a, B,wy) >0 such that

w! -1
sup 0] 20l 20x,&: D" w) &) P17, < CU+ 1l oy gmg)
(5.6) sgp||a:a£n,(x,c;o’"”“ )&, < CO+11tllgp s jmost)

(ue B®R"), D" ull 0 < wp)

where
_ mN—-—m—1 _ il
(5.7) B'(x,5:D"u)= ) Bx,&D" ).
Jj=0

This can be easily proved by the chain rule for differentiating composite
functions and the following well known property of the Sobolev norm ||v||, :

(5.8) loll, < cllvllg' folly:

where the constant dependsonlyon s, 5,, 5, (5, <5<s,),and 0<6,,6,<1
is defined by 0,5, + 0,5, =5,6,+6,, =1
From Theorem 4.1 and its proof, we have the following lemma.
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Lemma 5.2. For any w,>0,0<1t<1, there exists 0 < T < T, such that, for
any u € B¥(R") satisfying ||ull,,,, ., < w,, the eikonal equation

(421 (4.20i) ¢,(t,x,&u) + A(x,V (1, x,E;u);u) =0 on[0,T],
4.21) (4.2011) #(0,x,&;u) = (x|€)

admits a unique solution $(t,x,&;u) € P(t) which satisfies

(1.11i) J(t,x,&5u) = $(1,x,&;u) — (x[E) € 5,((2)),
(L.11i) > suplogal i, x, &l <<
latpl<2 ¥ €
and (-1
Z sup ||8:8¢ﬂJ(t,X,5;u)",,o@)lﬂ <
latl<2 ¢
Jor 0<t<T, |[ullyyprSw

Next we proceed to esnma~te the higher order derivatives of J(¢,x,&;u) and
the symbol &(z,x,&;u) of E¢(t) defined by

(4.481) é(t,x,é;u)=§:eu(t,x,é;u),
v=0
(4.49ii) e (t,x,&;u)€B(S™") onl0,T],
(4.64i) D, (e, —1I)+ Z/ 1a,(1)D, (e — 1)

H(t )(eO—I)+H(t)=O on[0,7],

(4.64) (4.64ii,) e (O) I= 0
(4.64i)) Z, 1a;(t)D, e, +H(t)e, +R,_,(¢) on[0,T],
(4.64ii) V(O) wv>1)),
where
(4.56) a;(1) = AV (x,V 81, x,&5u)5u),
(4.60)
2
A9 (T (13,8 )i — bt E ) § T
H(t) = {jkzl LB, x,E5u) u)axfaxk¢(t x,¢ u)}
+By(x,V,b(t,x,&;u);u),
R,_,(t,x,5;u)
5o =Sl Ten e X )y

l ] [¢] ~d
+) a—!DX,{Bi, )(x V. bt x,x' ,g;u);u)eﬂ(z,xl N310)
2
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with the summations ), and ), taken for o, u (la| 22, |o|+u=1+v)
and a, u, j (o221, ||+ j+u=v),and

(1.20) V. o(t,x,x" & u) = /l V. o(t,x +0(x—x"),&;u)do.
0

Note that, for each 3 < m € Z_, the derivatives 3“6‘8 J(a,BeZ], o+
B| = m) satisfy a symmetric hyperbohc system qultc s1m11ar to (4. 64) More
precisely,

(5.10) D, a".1+ a(t)D 9 J+R, ;=0 on[0,T], 8:8/J,_,=0,
x % J|t=0

x/Zx

where R , is determined by the part of derivative 9, 6‘3 Ax,V ¢, D™u) and
it contalns the derivatives of J with respect to (x, é ) up to order m-1. The
following lemma is useful for the estimates of 9, 3.f J(a,BEZ],|a+B|=

and e, (0<v <n).

Lemma 5.3 (cf. [M, p. 312, Proposition 6.1]). Fix s € Z_ and let A (t,x)
(1 £k <n), B(t,x) are N x N matrices. Assume A, (t,x) (1 <k < n)
are Hermitian and A,(t,x) € B°B™ ' (R}) (1 < k < n), B(t,x) €
B,O(B’(R:)) on [0,T]. If v(t,x) € B/(H'(R)) on [0,T] satisfies the sym-
metric hyperbolic system:

(5.11) Dy — Zn:Ak(t,x)kav - B(t,x)v=f(t,x) on[0,T]
k=1

Jor a given vector function f(t,x) € B? (Hs(RZ)) on [0,T], then there exists a
constant depending only on s, T,

> supllofA ()l oo » Zsupua B, (2, »

| <max(1,s) ! la]<s

such that
(512) )l < (Ilv(O,-)lls+ /0 Ilf(f,-)llsdt) 0<t<T).

Apply 8 6{” to (4.64i), (4.64i,) and argue inductively on |a + 8| and v
with the aid of (5.8) and Lemma 5.3 for s = n,, we have the following lemma
for the estimates for 6}'6!' J and 6;'65" e,

Lemma 5.4. Let w,, T be the same as those in Lemma 5.2. Then, for any a,
B e Zi, 0 < v < n, there exists a constant C depending only on w,, o, B,
n, such that

(5.13) sup 1055 J (¢x, &)1, ()" < Cr(1 -+ Ju]

m+la|+n0
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m+|a|+n0+2) ’

sup 079y (e, — D), ("' < C(1 + |Ju|
(5.14) ¢

m+|a|+no+2(u+1)) ’

aqnf Bl+
sup 10,37, |, & &Pt < o1+ |ul

for 0<t<T, ue B°(R") (Netll oy + ”"”m+n0+2 < wy).

Now, let R(¢,x,¢;u) be the symbol of R n (4.21). Then, examining the
proof of Lemma 2.4, p. 69 and Theorem 2. 2 p. 293 and taking account of
(4.64), we have the following lemma for the estimate of R.

Lemma 5.5. Let w,, T be the same as those in Lemma 5.2. Then, there exists
a constant s, € z_ such that, for any o, B € Z'l, ¢EeR', 0<t<T,
ue B®R") (Jull, < w,),

||
(5.15) 1058 R(t,x,&u)ll, YT <o YT A Nl gy gy )
k=0

depending only on w,, T,a, B, n,.

To prove the estimate (3.11) in Lemma 3.3, note that 1 —K(u) has an inverse
by Treves’ inequality (cf. [T, Theorem 0.41]) and the appropriate choice of ¢, ,
¢, in the definition of K. Consider

(5.16) 8, (1 -K(u)v=0,g
and rewrite it as
(5.17) (1- K(u))va = [OE,K(u)]v + Bfg.

Then, from what we have seen up to Lemma 5.5, the estimate can be easily
proved by induction on |a| if we apply the following lemma to (5.17).

Lemma 5.6. Let w,, T be the same as those in Lemma 5.2. Then, there exist
constants s, € L, , 6,> 0 such that, forany o, BeZ], (€R", 0<t<T,

ue BXR") (lully, < wy, [ = gl msr <)
la]—1

(5.18) 11870 (10% , K))(t, %, &), ()" < C 37 (14 tll oy 5,0
k=0

and

(5.19) 185 K@) Joll < CUlull gy 1015, + 101 1—)

with some constant C depending only on w,, T, o, B, n,.

(5.18) can be prove by examining the proofs of Theorem 2.1, p. 289 and
Theorem 2.2, p. 293 and (5.19) can be proved by the proofs of Lemma 1.4, p.
57, Theorem 1.7, p. 286 and Theorem 2.3, p. 299 with the aid of (5.1) and
(5.8).
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Finally, we note about the proof of the estimate (3.9) in Lemma 3.3. Set

) )
(DE(t;u)G)(x) = / e ENNT, (1, x, 85 u)(E) G E) dE.
k=0

Then, by using (5.9), we can easily proved the following:

Lemma 5.7. Let w,, T be the same as those in Lemma 5.2. Then, there exists
a constant s, € Z, such that, forany B, y € Z_, ¢ € R', 0<t<T,
u€ B R") (llul,, < wp)

(5.20) 16287 d, (t,x,&;u)ll, (& < COU+ 1wl oy 51—srs,)
with some constant C depending only on w,, T, a, B, 7.

Now the estimate (3.9) is a direct consequence of Theorem 2.3, p. 299.

APPENDIX A

In this appendix, we give some terminologies and formulas used in §4.

(A.I) Construction of a canonical transformation. Let U be a relatively compact
open set of R" which contains the origin 0. Let T*U be the cotangent bundle
over U and put °T*U = T*U - {0} . By the triviality of T*U, we may write
as T°U =U xR" and denote by pr: T°U =U xR" = U the projection map
onto the first factor. We introduce fixed coordinates (yl AU r)' yeest")
on T'U. Let 6 be the canonical 1-form on T*U which can be expressed as
6 =Y ,n'dy' in these coordinates. Given p,(x,&) € C*(°T"U), we say
that p,(x,¢) is an of positively homogeneous symbol of degree k if it satisfies
D (x,4) = Akpk(x,é) for any 4 > 0 and any (x,&) € °T*U. We denote by
Sg (OT* U) the set of positively homogeneous symbol of degree k. Then, we

can put the topology on S{)‘ (°T*U) defined by the Fréchet norm; for a positive
integer m >0,

a0l p(y, m)l.

(A.1) 1P|k 0y m (y,,neor-sb’,ﬁ)aH.,ﬂsm'"I

Given p,(y,n) € S(; (°T*U), we recall that p,(y,n) is of real principal type
on U if it satisfies

("1) dp and @ are linearly independent at any z, € °T"U satisfying
p(zy) =0.

Since (“1) is an open condition on the class Sy(°7*U) in the topology
defined by (A.1), we easily get the following:

Lemma A.0. Let p,(y,n) € S(; (°T*U) be of real principal type on U. Then
there exists a positive constant y, and ky € Z +» Such that for any p, € S(; (°T*U)
with ||P~1 —p|”(1,o),k0 <%:

(i) B, is also of real principal type on U .
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(ii) If we choose a point zy(;p,) = (0,1,(;p,)) € °T*U such that p,(z,(;p,))
= 0, then there exists a point z,(;p,) = (0,n,(;5,)) € °T"U satisfying
ﬁl(zo( ;ﬁ])) = 0 and we have

(A.2) |Zo(§ﬁ1) - Zo(?ﬁ])l < Collﬁl —Plu(l,o),ko
for some constant C, > 0.

Remark. From here on the dependence of functions and mappings, etc. on
other variables will be emphasized by putting the variables after a semicolon as
in zo(;p,).

Let ' be an open conic set of °T*U, i.e., for any 4 > 0,(x,A¢) € I if
(x,&) € I'. Moreover, we always assume that pr(I') is relatively compact. In
particular, given a point wy = (x,,¢,) € °T*U , and positive constants FixoTies
we put T, () = {06,011 = X < ry,s /1€ = &/lEl| < rye}. The
definition of positive homogeneity still makes sense for symbols defined on an
open conic subset I'. We denote by S(')‘ (T") the set of positively homogeneous
symbols of degree k which can be extended smoothly to the closure of pr(I')
and by |- ||( k.0).mT the seminorms on Sg (T") given by restricting the seminorms
(A.l)to T

Let x be a local diffeomorphism from I' into T°U such that y can be
extended smoothly to the closure of pr(I'). In local coordinates, we may write
X as

(A.3) x(x,8) = (¥(x,8),n(x,¢))

for (x,&) eI". x is called a canonical transformation of T’ of positively homo-
geneous degree one if it satisfies for any 4 > 0, and any (x,&) €T,

XQ=Q and (y(x,8),n(x,)) = (y(x,8),An(x,£))

where Q is the canonical 2-form defined by Q = > dé'A dx'.
For a canonical transformation y of positively homogeneous degree one as
above, we define a norm of x, forany s€Z_, by

A4 ldlop=  sup aerucl'”wa:a!y(x,cn +1e" 1628, n(x &)1}
al+|B|<s,(x,

Now we prove the following:

Theorem A.1. Let p,(y,n) € Sy("T*U) be of real principal type on U. Fix
a point z, = (0,n,) € °T*U satisfying p,(zy) = 0 and a point (0,e,) €
°T*U,e, =(0,...,1).

(1) There exist positive constants |, Fi., F, v Figs and a canonical trans-
Jormation x(;p): r(O,e,,)(le’fl o =T (r,.F ”) of positively homogeneous
degree one such that

(ia) x(5p)((0,e,)) = 245

(ib) (x(;p,)"P)(x,8) =&
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(ii) There exist k, € Z,, y,,0 such that for any given s, € Z_, the following
properties hold: For any p, € S(;("T* U) satisfying |16, = iy o)1, < 1~ there
exist a point z,(;p,) = (0,n,(;5,)) € € °T*U and a canonical transformation
x(;P)): I“(O,‘,")(r"l o f) — FZO(Fly, l,,) of positively homogeneous degree one
satisfying:

(iia) zy(;B,) satisfies x(;5,)((0,e,)) = zo(;B,) and |z,(;B)) — z,(;p))| <
Co”ﬁ| —pl“(l,O),k, N

(iib) (x(;8,)°B,)(x,&) =¢';

(iic) x(;p,) satisfies
(AS) lX( ;ﬁl) = x( ;pl)l-“n L0 en) (Prx sP1¢) < CJ‘I "ﬁl - b "(I,O)A‘l+k|
Jfor some C, >0.

To prove Theorem A.1, we begin with some basic lemmas. Let p,(y,n) €

S(: (°T*U). Then in terms of the local coordinates (y,7), the Hamiltonian
vector field H, is given by

0 0
(A6) H=y ol 5l
i=1 3)1 ay i=1 ay a”

on °T*U. Since le is of real principal type at z, le is not parallel to the
radial vector field £= Y7 n'8/an’'.

Let S*U be the unit sphere bundle defined by the equivalence relation
(A.7) W, 11)~(' n)ey=y,n=Aq forsomeAi>O0.
and denote by # the projection #: °T*R" — S*R".

Fix a point z, € €e’T'U, z, = (0,7n,) and put n(zo) = 2,. Take an open
conic neighborhood TI" of z;, and a neighborhood T of Z, such that #(I') =
I'. By changing the index of the #5-variables we may assume that " # 0

on I' and introduce coordinates (y',...,y",#',...,#""") around 2,. Then
I'=T xR, , and the projection #: °T"R" — S*R" can be expressed by
(A.8) A'=n'/n" (a=1,...,n-1).

Put n" =t and consider the contact 1-form @ on S*U defined by
n
(A.9) w=dy' +) 7" dy"

in terms of the local coordinates (y,#). Then we have 0 = tw and w satisfies
(dw)"Aw #0.

By the homogeneity of p,, le can be projected down by # to define a

contact vector field # on S*R". Here the vector field & on S*R", the contact
vector field, satisfies

(A.10) Lw=dwldi)+do Jia=fo
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for some smooth function f, where L, is the Lie derivative with respect to
it. We also define a smooth vector field £, on S"R" by

w__lfwzl, dw_lwaO.

fw is called the characteristic vector field for the contact structure w. More-
over, we define the subbundle E_ by the solution of @w = 0. Let Ew be the
annihilator of fw in the cotangent bundle of S*R". Then, we have

* N 4 * * Ea
T(S'R")=R¢, ®E,, T (S'R")=RwoE,.

The mapping dw: ¥ — dw _9 is an isomorphism of E  onto Ew . We denote
by dw™" its inverse mapping.

Given a pair (f,#) consisting of a smooth function f and a contact vector
field & on S*R", satisfying L, = fw, we write

(A.11) i1=q¢ +0, Oel(E,),
where I'(E ) denotes the smooth sections of E . Then we have
Lo+ fo=dg+do v+ fo=0.

Thus qu = f, and we see that dgq — (qu)w is contained in I"(Ea)) for any
smooth function g. Therefore, we have the following correspondence:

~

g (-€,q.4,=(¢,qé,+do " (dg - E,qw).
Putting

N 1 A1 n—1
aqy. M =p,v ..., 0, .. 8L,

(A.12) 1 n 1, n n—1, n
py.m)y=tq(y ,....y .n/n,....n /n)

for p,(y,n) € S(;(l") and ¢q(y,n) e Cw(f) by using the coordinates in I" and
T, we get a correspondence between the Hamiltonian vector field on I' and the
contact vector field on T . Using the local coordinates (y,7#), it is easily seen
that @ g and le can be written in the form:

(A.13)

n—1 n—1 n—1 ~a
S dg 0 0q ,\aaq}a _fdq | 8
"= L5 gy §{ay“ "o aw (&0 Tor | oy

a=1

and
aq i

(Al4) H =uq+t'678t.

141

By this correspondence we easily get the following lemma.
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Lemma A.2. Let p, € S(;(l") and assume that p,(x ,§) is of real principal type
at z,. Then @, does not vanish at 2, and (dy" lu )(2)) =0

Now we put a topology in C*°(S*U) by the Fréchet norm ||g||, : for positive
integers k,

(A.15) lall, = sup 607’ q(y ,m)l.
la|+|B1<k, (v.7)ES*U

The restriction of the seminorm (A.15) to the open subset T of S*U is denoted
by -1l 7-

Denote by V' a 2n—-2 dimensional subspace which is transversal to #,(2,).
Notice that for any j,(x,&) € Sy(°T*R") which is sufficiently close to p, in
the norm (A.1), V is also transversal to # q.(20)~

For positive r, ,r ,, we shall denote by 1"\‘20(rl y»"1;) the open neighborhood
of Z, defined by

rzo(rly’rlﬁ) = {2 = (y’f’)”y_yol < rlyalﬁ_ ﬁol < rl,‘,}-

Proposition A.3. In the situation of Lemma A.2

(i) there exist positive constants F. v T3 Ty, Tps @ C*™ diffeomorphism
®(;q) =D(Y,E) = (Y ,E),A(Y,E)): T (Fyy,Fip) = T, (7. F5,), and a
smooth function F on 3’(0 o) Py > 3E) such that

(ia) ®(;q)(2,) = ,0,0,...,0);

(ib) @(; q)*(i) =1,

(ic) ®(;q) ' w = F(dY +ZZ=2E“dY").

(ii) There exist ky € Z_, y, > 0 such that for any given s, € Z_ the following
An—1

properties hold: for any § = ﬁl(y,r‘;' seeesfl 1) satisfying ||G — qllk;l: <
Y3, there exist a point 2y(;4) = (0,7,(; q)) € S*U, a C* diffeomorphism
O(Y,E;q) = (Y, E;d),1(Y,E1): TPy, ryp) — Ts (7, 7yy) and a
smooth function F(;§) on Lo .0)(Fsy > F35) such that

(iia) (ia-c) still hold with 20,<I>,7 replaced by %(;q),®(;4) and F(;§)
respectively.

(iib) For some constant C; , we have

2 ~ A o~
120(:9) = 2l < G3llg —all 7. .

o Py 5F35)”
(iild) ®(Y,E;§) = (v(Y,E;4),n(Y,E;q)) and F(;§) satisfy
|¢( q ( q)'.\‘j r(O 0(Fy rJE) < C ”q.. _ q"
IF( g9) - F( q)"ss T0.0)(Fy .Fip) - ssths L O(FBV )

Jor some constant C,_ > 0.
3

(A.16) Max {I

Proof. Let V be a hyperplane which is transversal to u q(20). Using Lemma
A.2, there exists a linear change of coordinates (y',#') of (h,n)
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satisfying the following properties: (0) z, = (0,...,0), (i) y" = )",
(i) dy" + S0 A" dy" = dy" + SO0 A0 dy® (i) V = (0,02, "),
and (iv) u , can be expressed as 9/0 y'l at Z,. Since this coordinate change can
be controlled under perturbation of g to §, the coordinate (y',#’) satisfies the
properties in Proposition A.3. Thus we may assume that the coordinates (y, )
satisfy properties (i)-(iv). For a point z' = (0,Y?,...,Y",E?, ... E"), we
define the mapping

o(r', Y, Y E, L E = (exp Y u ) )= A i)
where Z(t) = (exptu q)(z') is the integral curve of u . defined by the solution
of the ordinary differential equation:

8Z (1)
EY.

/

(A.17) =u,(Z(1), Z(0)=z.

Then we have
D(2,) =0, d®(z,) =id.

Therefore, by the inverse function theorem, there exists positive constants P35
Pyy» Ty >and 7,z such that @ isa C* diffeomorphism from Ty (73 .7,7)
onto Féo(ZBy’fm)' Thus we get (1). If we take § sufficiently close to g, then V'
is also transversal to u ; at the origin. Thus, by using the smooth dependency
of solution on parameters for the ordinary differential equation (A.17), we get
(ii) in Proposition A.3.

Now we study ®*# , and ®*w in the coordinates {Y', ... ,E"} defined on

the set f(o 0)(73,, , 733) . In these coordinates, we can rewrite the contact 1-form
w as

n—1 . n N
(A18) P'w=0,:9)dY"(;q)+ > 0,;)dY' (;9)+Y_w,(;9)dE (;q).
a=2

i=1
From the proof of Proposition A.3(ii), w,(0,0) # 0 and we may assume that
w, #0 on l“(o’o)(f",fﬁ .

Since Lqu =h(;q)w and u, = 3/8Yl , we have

0,;q) = 0,;4)(0, Y (;9), ... ,.Y"a),E’Ga), ... ,E"(;0))
Y'(5q) 5 “n
-exp/ hGa)(t. Y Ga). .. E'Ga)dt,
0
w,(;4) = w,(;)0,Y’(;a), ....Y"(:0), E*(59), ... . E;9)

Y'(5q) ) “n
-exp]0 hGa)E, Y2 (Ga), ... E"(g)) .

Put

!,

(q),

_ Y'(iq9) ) . _
F(;c1)=exp/0 h(;q)(t, Y (5q),...,E"(5q9))dt, w(;q)=F(;q)w
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where @' =dY" + Y7 w/dY' + Y . dE* and the coefficients of @' do
not contain the variable Y'( 3 d).

Now we shall rewrite @' into a canonical contact form. Denote by &, the
characteristic vector field for @' . Then it is clear that the coefficients of ¢, do
not involve the variable Y' and 6, »u q] = 0. Hence, as in the proof of Propo-
sition A.3(ii), there exists local coordinates (Y'l S 4l ,E'z R ,E'") such
that u, = 8/8Y'' ,and ¢, =9/9Y"" . Furthermore, we write @'(;§) in terms
of the newly chosen coordinates {Y''(;q),...,Y""(:q), E*(;q), ..., E"(;q)}
as

n—1 . n .
@' (;q)=dY"(;9)+ > 0/(;9)dY'Ga)+ ) w.(;9)dE"(;q)
i= a=2
and ©/(0,0) = 0. Again /,w do not contain the variable Y', since
Lo =0.

Now dw’ can be regarded as a symplectic 2-form on a neighborhood of the
origin of R**~2 and L, dw' =0. Then do' can be written by do' = A, +4,,
where

n—1 . .
Ay=dY'' A (ZA,de” +Y) a= 2”AladE'a) ;
Jj=2

and
A= Y Ay,dY'AdY”

2<i,j<n—1

+ Y 8,,dY"AdE"+ Y A, dE® AdE”.

2ia
2<i<n-1,2<a<n 2<a,b<n
Since d’w’ = 0, and do' has rank 2n — 2, we see that dA, = 0 and A,
is a closed form of rank 27 — 4 on a neighborhood of the origin of R"2.
Therefore there is C*° function A, such that A, = dy'' a di,.
Now we apply Darboux’s Lem;na. Namely, wc; consider the standard closed
", _/ -1 7~ min—1 o]
2I-form A, on D(Fy ,Fe) ={(Y", ...,Y" E*, . JE"T)IY|<ry, |E| <
r4é} .
n—1
A=) dY'AE"
a=2
By a linear symplectic transformation of (Y,E), we may assume that
A,(;¢)(0,0) = A, ; this linear symplectic transformation depends smoothly on
g in the matrix topology.
Let A(;9) =A,+1(A,(;4)—4,), 0Lt < 1. Foreach ¢, A(;§)(0,0)=A,
is nondegenerate. Hence, there is a neighborhood D"(%;) of (0,0) € R*"™* on
which A,(;§) is nondegenerate for all 0 < ¢ < 1. Thus, by the Poincaré
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lemma, A(;§) = d(a(;§)) for a I-form «of;§). Namely, define «a(;§) =
e, @) du by
1
I, -

(A.19) o')W = [ Gamw,)d

at a point u = (x3, ,f"), where e, is the unit vector tangent to the Y or
E-axis. We may assume «(;§)(0,0) = 0. Define a smooth vector field Z(¢) by
A,(;4) JZ(;4)(t) = a(;§), which is possible since A, (;§) is nondegenerate.
Moreover, since Z(t)(;§)(0,0) = (0,0) and by the local existence theory, there
exists a positive 7; and a flow F, of Z(;§)(¢) on D"(F;). Thus we get

d * ~ * ~ ~
(A.20) 7; FiA,(;9) =F, (~da(;4) + A(;9)) = 0.
Therefore F}A,(;§) = A, . Thus we have

n—1
do' =dY'"' Adi+Y dE® A dY"”,

b=2
and 81/0E" #0. This means {Y',1,E*,... [E"'} is a coordinate around
the origin which we denote by {Y',E'}. Then o' =dY"+ f+3 " ,E“dY"",
where f = f(Y,E). Put Y" =Y + f. Then {Y'',...,Y'" E'} satisfies
Proposition A.3. Checking the parameter dependence of the ordinary differ-
ential equations of type (A.17) and the proof of the Darboux and Poincaré
Lemmas, we get (ii) in Proposition A.3.

Now Theorem A.1 is obvious. In fact, taking a local diffeomorphism ¢(y, #)
= (Y',E’) given by Proposition A.3 and putting ¢(y,n) = ' ,q"E'", ...,
n"E""" (1/F)n"), we have ¢*0 = 0, where 6 = Y_¢&' dx', which gives Theo-
rem A.l.

(A.II) Remarks on pseudodifferential operators. Let U  and Uy be relatively
compact open sets of R" which contain the origin 0, with coordinates ()cl s
x") and (»',...,»y") respectively. Put A, = U, x OT'Uy =U xU, x
{R" — {0}}. Denote by S"(A,,) the set of all C* functions p(x,y,n) on
ny =U, x T Uy such that suppp C ny and p has the asymptotic expansion

(A.21) p(xX,y,m) ~ Y _ p(x,y.n)
k=0

where p, (x,y,n) is a smooth function on ny homogeneous of degree = m—k

in the n-variables for || > 1. Here ~ means that forany Ne Z_, p—Z,'n_N Dy
satisfies the estimate (A.22) given below with m replaced by m — N . Usually
such a p(x,y,n) is called a classical symbol of order m. p, (x,y,n) is called
the principal symbol of p(x,y,n). For any multi-indices o, 8,7,p(x,y,n) €
S"'(Axy) satisfies

(A.22) 102007 p(x .y, M| < C,p (1 + )",
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These definitions still make sense for functions defined on an open conic sub-
set of Axy . Notice that S'"(Axy) is a Fréchet space when equipped with the
topology defined by the seminorms:

(A23)  [Ipll, . = sup (t+1a) " azaf 8l p(x,y ).
’ |a|+|ﬁ|+l}'|sk ,(X sy ,U)GAJ.“
Put S°°(Axy) = US”’(Axy) equipped with the direct limit topology, and set
S™°(A,,) = NS™(A,,). Denote by Sg'(A, ) the set of all C* functions
p(x,y,n) on Axy of positively homogeneous degree m such that suppp C

ny. As in (A.23), we can define the seminorms || - ||, , on Sg'(A,)) by
replacing 1 + |n| with |n| in (A.23). Given m, we can define the direct sum

k_m S (A, ) with the induced topology. Moreover we have the direct limit

topology on @k<m A )

Setting A, =°T"U, , wedenoteby S"(A,), Sg'(A,) the subsetof S™(A, ),
S (A,,) whose elements p(y,n) do not contain Xx-variables. S('," (Ay) co-
incides with S'(T"U,) defined in (A.I). The topology of S,'(A,) is given
by the induced topology from S'(A,,). We set S7°(A) = US,(A)) and
S, ”(A,) =NS."(A,) . Moreover, each element of S,"() is called a symbol of
order m. Here we put * = 0 or nothing.

Associated to a symbol p € S’"(Axy) is a pseudodifferential operator P
defined by
(A.24) Putx) = [[ plx,y me ™M uy)dydn

where u(y) € C3°(U,), dn = (2r)""dn. Hereafter, the integration as in
(A.24) is always considered as the oscillatory integral and these notations for the
above symbol classes also denote the corresponding classes of pseudodifferential
operators.

Let P be a pseudodifferential operator of order one with symbol p € s! (Ay)
and principal symbol p,(y,n). By regarding p (y,n) as an element of
S;(°T*U), we assume (*1) and (*2) for p,(y,7). Notice that (*1) and (*2)
are open conditions for perturbations of the Hamiltonian flows. Then, by com-
bining Theorem A.l and the arguments in [H2, Lemma 2, 6.16], we get the
following:

Proposition A.4. Assume ("1)-(*2) for P with p,(y,n) eS&("T*U), U=U,.
Let zy=(0,n,) bea point of °T"U, such that p,(z,) =0 and let I be an open
interval such that y: I —°T"* U, isa bicharacteristic strip satisfying z, = y(0),
then,

(i) there exist conic neighborhoods 52 and D of y(l) and (t,0,

n

e,) (t€l), and a canonical transformations x D(0 e — Dy, of posmvely
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homogeneous degree one such that

(ia) x"p,(y.m) =¢&';

(ib) x(x',0,...,0,e,) = p(x").

(ii) There exist k, € Z,_, 6, > O such that for any given s, € Z . the
Jollowing properties hold. for |p, —p, ”(1 0 ke < J4, there exist a point zy(;p,) =
(0,n4(;B,)), and a canonical transformation x(;p,): E(O,e,.) — 520 such that

(iia) p,(zy(;B,)) = 0 and a bicharacteristic strip y(;p,): I —°T" U, satis-
fying y(0) = z,(;p,) is contained in 520;

(iib) (x(;5,)"B)(x,&) =¢";

(iic) x(x',0,...,0,e,) = p(x").

(iii) zy(;p,) and x( ;p,) satisfy

|ZO(;ﬁ1) - Zol < C4“ﬁ[ _pl”(l,O),k4 s

A2 6B = 2GPl 5, ) < Calby = Pillg 0y susie

(A.IIT) Microlocal normal form of a real principal type operator. Using the canon-
ical transformation given in Theorem A1, we give a normal form of a real prin-
cipal type operator. The method is essentially a routine reworking of [E and
DH].

Let P (resp. ﬁ) be a pseudodifferential operator of order one defined on
an open set U with symbol p(y,n) (resp. p(y,n)). We may assume that the
support of p (resp. p) is containedin 7" U . We assume we are in the setup of
Proposition A.4 and use the notation in (A.I). Moreover, we assume (*1)-("3)
for p, € Sy(°T"U) .Then, by the openness of the conditions (*1)-("3), any p,
sufficiently close to p, also satisfies (*1)-(*3), after possibly reducing the size
of U.

First, we construct a nondegenerate phase function associated to y given in
Proposition A.4. Using local coordinates (x,&) in 5(0 oy and (v,n) in 520
respectively, we express the canonical transformations y by x(x,&) = (y,n).

Let zy = (¥,,M,) € T"U and assume y, = 0. Let ¥ be the tangent space
of the fiber through a point z, in T, T*R". V, is a Lagrangian subspace. Put
V.= (exptH, )V, where exptH, denotes the 1-parameter flow of the Hamil-
tonian vector field H, . Then, ¥, can be identified with a subspace of T, T'R".
Set (x™').() =¥, and (x ), (V) =V, s0 ¥V = (exptH,),V;. By (3),
there exists a Lagrangian subspace A of T(0 ’ e")T* U, which is transversal to
the tangent space of the fiber at (0,e,) and to V,' . Now, by the transversality
of A1 and the tangent space of the fiber at (0, e,), we can write At as

3= {8, 0x,88)168" = 3 4,0%}
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where 4;; is a symmetric matrix (cf. [D, Theorem 3.4.7]). Hence, by the
coordinate change

(A.26) x; =X,... ,x;_l =X,_, ,x:, =X, - (l/Z)EAijxixj,

A1 becomes the tangent space to the manifold ¢ = e,. For simplicity of
notation, we denote the new coordinates x' again by x. In the coordinates
(x',...,x"), we consider the canonical relation

C={(x,¢,y,mMx,8)=x,n),,n EEZO »(x,8) EE((),e,,)}'

Since ( x")‘(V,) is transversal to the tangent space of the manifold { = ¢, ,
the mapping

(A.27) (x,&,y.,meC—(y,8)
has injective differential at

(¢,0,...,0,e,, expthl(zo)),

whenever exptH, (z)) € 520 (cf. [D, Lemma 3.7.4], and [H2, Proposition
25.3.3]). Thus, there exists a phase function S(y,£) such that C can be
parametrized locally by {(y,ByS(y,é),BCS(y,C),é)} and S(y,&) is nondegen-
erate, i.e., it satisfies det 6y6¢S(y ,€) # 0. Furthermore, by taking sufficiently
small conic neighborhoods, we may assume that this discussion still holds for
the conic neighborhood chosen in Proposition A.4.

Sincerely the transversality condition is an open condition, the coordinates
above can be still used for any small perturbation of p, . So, for any p, suffi-
ciently close to p, , we take 5(0 o) 520 sufficiently small so that the mapping
(A.27) associated to p, becomes a diffecomorphism onto a conic open set Cc
which contains (0,e,).

Proposition A.5. In the above situation,
(i) there exists a phase function S(;x) = S(y,&;x) € C*(C) such that
(ia) S(y,&;x) is positively homogeneous of degree one with respect to &
(ib) S(y,&;x) is nondegenerate, i.e.,

(A.28) detd,0,S(y,&;10) #0 in C;
(ic) x and n satisfy
(A.29) x=@:SG0)W.8), n1=0,SGx)W,¢) inC.

(ii) There exist ks € Z_ and o5 > O such that for any s; € Z, the fol-
lowing properties hold: for |p, — p, ||(1 0k < d5, there exists a phase function
Sy.,&;x(;8,)) € C*(C) such that

(iia) S(y,&;x(;B,)) satisfies the properties in (i) with x = x(;B,);

(iib) S(x,n;x(;P))) satisfies

(A.30)  ISU.&;2GH) = SO ExGo G 0y 557 < CsllBy = yll 1 o) sgaks
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Jfor some positive constant C,, where the norm is the restriction to C of (A.1)
considered on (y ,&)-space.

Let U, and Uy be fixed relatively compact open neighborhoods of x = 0
and y = 0, respectively. Later on, we will take U, Uy sufficiently small. We

define A, =U, x U, x(R"-{0}), A, =U,xU x(R"-{0}), A, =U, x
U, x (R"-{0}), and A= Ux_x U, x (l_lj —{0}) respectively. Associated to the
canonical transformation yx: D, o) D, with the generating phase function
S(y,¢) on C and a symbol a(y,x,{) € S"(A,,) with supp, ;a(x,y,n) =

{(¥,)|(y,x,&) € suppa for some x} contained properly in C, we define a
(microlocal) Fourier-integral operator order m by the oscillatory integral

(A.31) (F(a,x)N) = / / a(y,x,&)e" V0D () dx dy

for any f € C§° (U,). Now, we recall some product formulas for pseudo-
differential and Fourier-integral operators [DH, H, K, OMY1-2 and OMYKZ7].
In the following, we fix an integer n, sufficiently large.

Proposition A6. (i) Let a = a(y,x,§) € S"'(Axy) and b = b(x',x,¢) €
S'"'(Axx). Assume that supp, ;a C C. There exist
AGa,b,x) = A(y,x,E;a,b,0) € S™ (A,),

yx

B(;a,b,x)=B(y,x,&a,b,x) €S "(A,,)

and
B_(a,b,x)=B_ (v,x,&;a,b,x) €S (A,)
such that
(A32) F(a,x)P(b)=F(A(;a,b,x),x)+ F(B(;a,b,x),x)
+P(B_,(;a,b,x)),
where

(ia) the symbol A(;a,b,yx) of (A.32) satisfies suppy’cA cC;

(ib) the symbol B(;a,b,x) of (A.32) satisfies supp, . B cC;

(ic) the principal symbol A, .. (;a,b,x) of A(;a,b,x) is given by
(A33) 4, v,x.&a,b,x)=a,(y,0.5(,8;%),8)b,.(0:5(y,&;%),x,¢).

(ii) Similarly, givena' = a'(y,x,¢) € S'"(Ayx) and b = b'(y ,y,n) €
S'"’(Ayy), supp, , a c C, there exist A'(;a' b’ ,x) = A'(y,x,&;a ,b' ,x) €
SN, B'Gd b)) = By,x.&d . b,x) € STV, and
B _(a'.,b',x)=B _(y,x,&d b x)= S'"”(Ayx) such that

PO )F(d',x)=F(A'Gad b, x),x)+FB'(;d ,b',2),x)

(A.34) +P(B" (;d',b',2),




LOCAL SMOOTH ISOMETRIC EMBEDDINGS 35

where
(iia) supp, ,4'C C;
(iib) supp, , B cC;
(iic) the principal symbol A;n o o A'(;a,b,x) is given by

(A35)  A,,.0.x.&a,b,0) =b,,,7,8,50,&0)a,1,X,8).

(iii) There exist ks € Z,, 65 > 0 such that, for any m, € Z_, the following
estimates hold.

: ]

S Coll = Amgrkg Do, + 18 =l iy + 18" = Bl et}
IB_oo(3@,5, %) = B_ oo (3@, )Ml -y e
2 = Xlmgrke Doy T 18 = @l sy + 18" = Bl i}
B0 - AGA Dl me
S CllZ = Xk Doy, + 18 = @l sk + 18" = 'l i}
) =BG b 00y g
2 = Xl ke Doy T 18 = @l sy + 18" = 0l i 3>
a0, 1) - B (a0 0l g o,

~ ~! ! U !/
S C6{|X - X1m6+k6 ‘5(0.‘,”) + "a —a ”m,m6+k6 + ”b - b ”m’ ’m6+k6} >

a3

I1X = xlg, Doy < 9> l@—all, i« <. Ib=bll, , <J. la' - ar”mM < dg,
la' - a'||m’k(> <d¢,and a,b, ... satisfy the assumptions of (i) and (ii).

Proof. Composing (A.24) and (A.31), we have
(A.37)
(F(a; x)P(b)) f(y)

- / / VAT g, o b, X ) f(x) dx dndox dE.

Given a positive constant M > 0, let v(¢) € C;°(R") be a cutoff function
satisfying

(A.38) vi)=1 onf|<;M, v(¢)=0 on[|>M.

Divide (A.37) into two parts:

(A.39) F(a,))P(b)f(y) = U"(;a,b,0)f(0) + Ly(;a,b,0)f(y),




36 GEN NAKAMURA AND YOSHIAKI MAEDA

where
I®(a,b,0)f(»)
_ / ./ei(s(y’f)—<x"f)+("‘xll"))a(y,x,é)b(x,x',r])u({)f(x') dx' dndxdé

=//ei<y—x'|n> {//eitS(y,c)—<x|c—n>—<ytn>1a(y’x’g)

X v(E)bx.x' ) dx a?c} £y dx' dn
and
I,Ga,b, ) f) = // o SO )= X1+ (x=xIn))

x a(y,x,)b(x,x',n)(1-v(&))f(x") dx'dndx de.

We easily see that I°°(;a,b, x) can be absorbed into the third term on the right-
hand side of (A.32). Now we consider /(;a,b,x). Choose positive constants
0<C <C(,,and C® cutoff function w(&,n) of positively homogeneous of
degree zero, satisfying

(A40) y(&,m)=1 on{|{—n<C|lnl} and suppy C {|§—n|< Cnl}.
We divide I, into two parts:

(A.41) IGa, b, ) f») =17Ga, b, ) fy) +I)(Ga, b, ) f(»),
where

I2f(y) = / / e STD=HITEE I g, o Eype X! (1 - w(E)
x(1 - w(&,n)f(x)dx"dndxdé

= / / Piv=xIn) { / / B Y T )

x (1= v(@))(1-y(E&,n)dx, J«:} f(x"ydx'dn

and
Lfy) = / / ST M= 1, o £(x'ydix' dy
where
Iv,x ,n)

=/e"ISW@'S(y"')'("'f—")la(y,x,g)b(x,x’,n)(l —v(©))W(&,n)dxde.

Notice that

10 (S, &) — (x|&) + {x — x|m} =& = n| > C,|nl,
€l < (1+C;H)E=n| on supp(l - y).
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Thus, using integration by parts, we see that I§° can also be absorbed into the
third term of (A.32). Since

1
Sy,8)-Sy,n)—-WlE-n= </0 6¢S(y,n+0(é—n)d0—XIé—n> ;

we put
1
W' =t-n ¥ = [oS0.n+oE-minds-x.

By Taylor’s theorem, we have
= [["a v +n.m

(A.42) xa(y,V Sy, n" +n,m-y" 0" +n)
xb(V S, n" +n,m)-y",x',mdy" dn"
=F(A(;a,b,2),x) + F(B(;a,b,%),)
where |
VeS.&m = [ oS0.n+ o -ndo),

and A(;a,b,x) and B(a;b, ) satisfy Proposition A.6(i). In fact, since |1"| <
C,Inl on suppy(n” +n,n), we get

(A.43) In" +nl>nl=n"| > (1= C)lnl on suppy(n” +n,n).

Also, since |1” + 1| > C;'(1 - C,)|n"| on suppw(n” + n,n), the principal
symbol of A4 can be easily obtained from the Taylor series for the amplitude of
(A.22) around 7" = 0 and integration by parts with respect to " . The property
(iall,) is clear from (ic), and (ib) fgllows from |n"| < C,|n| and (1 - C,)|n| <
In"+n| < (1+C,)|n| on supp w(n +#n,n) provided that C, is taken sufficiently
small. The principal symbol of A is easily obtained.

Now we shall prove (ii). Computing P(;b")F(;a’',x) directly, we have
(A.44)

U li

P(;b)F(5a,0)f(y)

- / / OISO =Ny ) s e o g dedy dn,

for fe C(‘,’° (U,) . Using the cutoff function v(¢) € C(‘,’° (R) given in (A.38), we
divide (A.44) into two parts:

(A.45) PGYVF(d ,x)=J7(ad b, x) + J,(;d b, x)

where
I°Gd b, y) = / / o =y IS )= (xIg))

xd'(y' ,x,6b' v,y . nw(&)f(x)dxdEdy dn.
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and

d b i((y—=y'Im+S(y' .&)—(x|¢
Jo(,a ,b ’X)=/"'/€I(y Y Im+S(y (x|&))

xd'(y',x,E0' ',y n) (1 = v(&)f(x)dx dEdy' dn.
Rewrite J®(;a’,b’,x) as follows:

(A.46) JoGd by = / / eV B x ) f(x)dxdy,
where
B"™(y,x,n;a b ,x)

= //e_i(yl_xl"){ei(s(y,’{)_(Xlé))b’(y,y’,n)}a'(y',x,é')u(é)dy'tié.

By a direct computation, we see that B"°°(;a ,b,x) can be absorbed into the
third term of (A.34).

Next we consider J,(;a',b’, ). Notice that there exists a positive constant
C > 1 such that
>

1
cllz || 8,S+00 ~y).8 o

for y,y',& such that (y,&),(y',¢) € C.

We choose positive constants 0 < C; < C, with C, is small enough and C, is
large enough so that

{(&,mIC, 1] < In| < C,[E[}
1
o) {(é/o ayS(y+0(y'—y),é)d0) ;(y,é),(y',é)ef}-

We take a smooth function w(£,7) on R” x R" — {(0,0)} of homogeneous
degree 0 such that suppy C {(£,n)|(1/2)C,[¢| < |n| < 2C,|¢|}, and

(A.47) wE& m=1 on{C|l<Inl <G}

Moreover, we divide J,(;a’,b’, %) into two parts:

(A48)  J,Gd b 0 ) =d5Ga b 0 f0) + 0 Ga b L 0 fB),

where
J(;)o(;al ,bl ,X)f(y) — / . '/ei[<y—y'|'7)+S(y’ f)‘(X'f)](l _ V(é))(l _ W({"’))
b,y md (v, x,8) f(x)dx dEdy' dn

= / / ¢!V { / / 1m0 YISO =IO, 1 )

G x, (1 = @)1 - w(E m)dy cin} f(x)dx de
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and
Ta b 0 f ) = [ [0 @,
xb'(y,y' . nd (' ,x,&) f(x)dx dEdy' dn.
By the definition of y, we get
|3y/[—(y' -yl + SO, &) = IEN = C5(IE| + |n]) on supp(l — y)

for some C;. Then, using the operator

L= {18, [~/ ~yIm+50/ )~ I 20, [~ ~yIm+S0/ &)~ (1)) 19,

we easily see that J§° can be absorbed into the third term in (A.34). Changing
the variables (x',7) to

1
Y=y -y, C=/0 8,80/ +6(y' —y),&)d6 -,
we rewrite Jy(;a’,b', ) as

(A49)  Ga b 0s0) = [[ By x o axde,
for
B'(y,x,&d b, y)

= [ 9,50.5 .8 - D&V, 50,5 8- 0)

x(1-v(V, S,y -Ob' (.Y +y,V,8(r,y",&) - ()
xa (Y +y,x,6)dYd¢
=A(5a,b,x)+B'(;a,b,2),

where we put V_S(y V', E) = fol 8yS(y+0(y' —¥),1n)d6 . Here we may assume

|Y| = |y’ — y| is sufficiently small; if not we absorb the part for rest of Y into
the third term in (A.34). By a Taylor expansion around { = 0, integration
by parts and the definition of y , we easily obtain (iia), (iic). Property (iib) is
easily verified by taking (y' — y) sufficiently small.

Finally, we trivially check property (iii). In fact, the only ambiguity in the
previous computation is the choice of cutoff functions. These functions can be
fixed if 7 is sufficiently close to y. Thus, the continuity of the symbols of
(A.32) and (A.34) in a, b, @', B' and y is easily obtained (cf. [HI, K and
OMY2)).

We define the adjoint type operators of (A.32) by

(A.50) (F*(d,x)g(x) = / / d(x,y,n)e NS0T gy gy dy,

where d(x,y,n) € S"(A,,) and supp, ,dC C.
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Proposition A.7. (i) Let d = d(y,y',n) € S'"(Ayy) and e = e(x,y,n) €

S'"'(Axy) with supp,, .. d(y,y',n') C 'C. Then, there exist symbols

CGie.d,x)=C(x,y,nse,d,x)€S™™ (A,),

D(se,d,x)=D(x,y,n;e,d,x) €S (A,,)

and

D_,(;e,d,x)=D_(x,y,n;e,d,x) €S "(A,,)

such that

(A.51)  P(e)F'(d,x)=F'(C(;e,d,x);x)
+FY(D(se,d,x);x)+P(D_,(e.d,x),
where
(ia) supp, , C(;e,d,x)C C;

(ib) supp, , D(;e,d,x)C C;
(ic) the principal symbol of C(;e,d,x) is given by

(A.52) Coom(X,y,m) =e(x,V, S(y,n),ndV,S¥,n),y,n).

(i) Let d' =d'(x,y,n) € S™(A,) and ' =€'(y,y' ,n') € S""(Ayy) with

supp, , d'(x,y,n) c C. Then there exist symbols

C'Ged ) =Clx.y.nie,d x)eS"™ (A,

D'(se',d' ,x)=D'(x,y,n;e',d' ,x) e ST (A,,)

and
D (e',d ,x)=D_(x,y,n;e,d,x)eS"(A,,)
such that

(A.53) F'(d',x)P(e)=F"(C'(;e',d",x);x)
+F(D'(;a 6", x);0) + P(D_ (5, d . 1)),
where
(iia) supp, , C'(;e’,d",x) C C;
(iib) supp, , D'(;e’,d',x) c C;
(iic) the principal symbol of C'(;e',d’,x) is given by

(A.54) Cropme (X y,m) =d' (x,y,m)e' v,y,V, S, ).
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(iii) There exists k, € Z_, and J, > 0, such that for any m, € Z_, the

Jollowing estimates hold.
ICGe.d, %) = CGe.d, Dl m
< C7{IX~ - X|m7+k7 ,D(0,e,) +ld - d"m,m7+k7 +é- e"m' ,m7+k7} ’
"D(,é,d’f) - D(;e’d’X)”—no,m7
~ k14 ! ~
< CHIE = Xyt B, 18 = @l gt + 18 = ll s i}
”D_oo( ;é’d‘.,Z) - D_oo( ;eadaX)"—no,n”
s C7{|X~ - le7+k7 ,5(0_‘,”) + "d - d"m)’n7+k7 + "é - e”m’ ’m7+k7} ’
;é,‘iax.') - C,( ;e’d,X)||m+m' ,ms
S C7{|X~ - X|m7+k7 ;b’(o.‘_") + ”d - d"m,m7+k7 + "é - e"m’ ’m7+k7} ’
ID'(;é,d, %) - D'Ge.d, )y, m,
< Clx - xlrn7+k7 Doen T 4 — d"m,'n7+k7 +é—ell,, ,m7+k7} ’
ID_ . (;¢',d ., %) - D (:e',d" )Ny m,
~ k1 ! ~ /
S C7{|X - le7+k7 ,—5(0.(,") + ”d - d "m,m7+k7 + "e —e "m' ,m7+k7} ’
FNE=2y, 5y, , <075 N =dll, 1 <&y, |d ~d'll s <8, € el o, <3,
and ||&' —€'||,, , <6, and d, ... & are as in (i) or (ii).
Proof. Since the proof is almost the same as in Proposition A.6, we only indicate
the cutoff functions used in the proof of (i). As for the proof of (ii), see the
proof of Proposition A.6(ii), which is essentially the same.
Using the cutoff function v(n’) defined by (A.38), we make the following

decomposition:
(A.56)

(P(e)F*(d, x)f)(x)
= / / D=5 oy myd (v, 0 ) F ') dy dn dy dn

=I'"(e,d, ) f(x)+ I;(se,d, x)f(x),
where

I'(e,d 2)S(x) =/.../ei[<x—yln)+(y|n')—s(y‘,n')ly(”l)
e(x,y,mdy,y . n)f(')dy' dn' dydn,

I(;('e d,x)f(x) =/.../eil<x—ylﬂ)+(y|n’>—s(y','r')l(l —V(ﬂ'))
e(x,y,md,y' ) f')dy dn dydn.

Moreover, taking the cutoff function w(n',n) defined by (A.40), we make the
following decomposition:

(A.57) IGe,d,x)f(x)=1"Ge,d, ) f(x)+ I} (e, d,x)f(x),

+?




42 GEN NAKAMURA AND YOSHIAKI MAEDA

where
L®Ge,d,x)f(x)
- / . / WM =SO Ml 4y (1 = w(n))

e(x,y,nd(y,y' ) fo"dy dn' dydn,
I GGe,d,x)f(x)

-8 /
/ / A=y I+ O =S0" 00 ! (1 (')

e(x,y,m)dy,y ,n)f()dy dn' dydn.
Proposition A.8. Assume U is convex. (i) Let ' =b'(x,n) € S'"(Axy) and
B =b*(x,n) € S'"'(Axy), supp, , b' c C (i=1,2). Then there exist symbols

EGh' 0%, x)eS™™(A,,) and E__(;b',b%,x) € ST™(A,,), such that

(A.58)  F(b*,0)F*(b',x)=PEGH b ,x)+PE__(;b°,b',2),

and the principal symbol of E is given by
(A.59)

Eppp (XX &) = (6, n(x, )b (x', m(x ,€))| det(9,8,S(x , n(x,&))| ",

where n(x,§) is the function implicitly defined by ¢ = 9,S(x,1).
(ii) There exists kg € Z,, dq > O such that for any mg € Z_, the following
estimates hold

IEGE 8" 2) = EGB 0", Ol mg

< CollE = Xy 5o F 1B =Bl gty + 15° = 7l i}
IE_oo(;B%, 8", 2) — E_ (:6°,0" )11y my

< CyllZ = Xlmgrke Do, T 1B =Bl gy 187 = 87l i}

(A.60)

for some constant Cy > O 1% = Xy Do, < %> 16" - bl”m,ks < 6, and
162 = bl 4, < O and B, i=1,2, areas in (i).
Proof. By direct computation, we have
2 I
(F(b", 0)F (b, 0)./)(x)
= [[ eSS M e e )£y ' din

Using the cutoff function v(n) defined by (A.38), we make the following de-
composition:

(A.62) (F(b*, x)F* (6", 2)/)(x) = H®(;b" 6%, x) f(x)+H,(;b' b, 2) f(x),
where

H®(Gb' b2, 1) f(x) = / / S M=S D (a2 (! ) £(x') dix’ din,

(A.61)
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Hy(;b',b°, ) f(x)
- / / =S (1 (e, mbl (x, m) f (') dx' dy.

It is easy to see that H*° can be absorbed into the second term of (A.58). Since
S(x,n) —S(x',n) = (x-x")V _S(x,x',n), where

1
V. S(x,x' 1) = /0 8.S(x' +8(x - x'),m)db,

Hy(;b', 6%, 0)f(x)
_ // o XX VS (x ! ,n))(l _ ,,(,’))bz(x’ mb'(x',n)f(x")dx' dn.

Making the change of variables { =V _S(x ,x' ,n), we get

Hy(;b' 6%, 0)f(x) = / / TR y(n(x, XL E)BAx, n(x,x' 1 E))

D(n)

E) f(x"ydx'dn

B (e, x ,é))‘

where 7(x,x',&) is the function implicitly defined by ¢ = V_S(x,x’,7).
Since the phase function S(x,7) on C is defined by x, the existence of
n(x,x',&) is assured by the convexity of U, . Now, by the Taylor expansion
around 7 = 0 and integration by parts, we easily see (i). Also, just as before,
the property (ii) may be trivially verified.

We need to consider invertible pseudodifferential operators, of order 0 on
U=U, = Uy , using an easy computation as in [K, OMY1 and OMYKJ7].
Although [OMY1 and OMYK7] work on a compact Riemannian manifold N,
here we only consider the simple case where N is an open neighborhood of 0
with a flat metric.

Proposition A.9. (i) Let P(a) be a pseudodifferential operator defined by (A.24)
with symbol a = a(x,x',&) € S"(A_ ). Then there exists a'(;a) = a'(x,&) €
S™(A,) such that

(A.63) P(a) = P(d'(;a)).

Let ¢ = c(x,&) € ST™(A,). Assume that P(c) is elliptic on L0, (Tox s7oe) -
Then there exist symbols g(;c) € S"™(A,), h(;c) € ST™(A)), q'(;c) €
S™™(A,) and h'(;c) € ST™(A,) such that

(A.64)  P(c)P(q(;c)) —I=P(h(;c)), P(q'(;c))P(c)—I=P(H(;c)).
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(ii) Moreover, in (i) and (ii), there exist ky € Z_, d, > 0, such that for any
positive my, the following estimates hold:

la'(;a) = aG; @)l ,, < Colla - all

my+kg ?
Ilq (56) - q( My S CollE = Cll_py g sky >
(A.65) Wh(58) = ANy my < Coll€ =€l sty »
14'GE) = GOVl g < Colle = €l gy
IA"(; ) ( M =gy < Colle =€l o1y

for some positive constant C,, if ||a — all 4y > g5 1€ =cll_,p 4, > -

Finally, we give a microlocal normal form of a real principal type operator
as follows. Take open conic neighborhci)ds D,,, and D, of (0,e,) and z,
satisfying D(O,e,.) - D(0 o) and D, cD,, )((D(0 ,en)) =D, respectively. Also,

put C' = D(o o) X DZo and denote by C' the image of the mapping (A.27).

Theorem A.10. (i) Let p(y,n) € CZ(°T*R") be a symbol of order 1 and as-
sume ("1)-("3). Given z, = (0,n,) € °T"U,, let T, be a conic open neigh-
borhood and x(;p) be a canonical transformation positively homogeneous of
degree one defined on 5(0 «,) &iven in Proposition A.4 such that x(0,e,) = z,,

X(E(O,e")) =T . Then there exist symbols b' = b](y,x,é;x) € SO(Ayx) and

b = bz(x,x' ,aé' 3 X) € So(Axx) with supp,, . b', Supp,, . b’ cC and symbols

k,(;p) €S™™(A,,) and ky(;p) € ST™(A,,) such that

(A.66) F(b'Gp)F* (b’ (;p)) =1+ P(k'(;p)) on D,

(A.67)  PGPIF(}'(:p); )~ F('(;0); 00D, = P(K(;p)).

(iii) There exist k,y € Z, , d,, > 0 such that, forany m, € Z_, the following

properties hold: for p(y,n) e S'(°T* U,) satisfying |6 — pll;,, < 6,o. we have
16" 5) = 8" GPlo my < Crollp = Plly sy SOri=1.2;

(A.68) XGB) = XGP)mg B, S CrollB = Plly gk s
1K' () = k'GP o < CrollP = Plly ity SOri=1,2

Jfor some positive constant C,.

Proof. Let F(a,y) and F*(a,y) be Fourier integral operators with symbol
a=a(y,&)eS°(A,,) satisfying

(A.69) supp, ,a C C, a=1 onC.
Then we have

(A.70) F(a,x)F*'(a,y)=1, onD

20
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and
(A.71) PF(a,x)— F(a,x)D, = F(a,x)R

where D, = (1/i)0 /c‘)xl and R is of degree 0. Now, by the following method
we will drop F(a,x)R up to order —n,. To do this, we seek A4 satisfying
A(D, + RA™'= D, . Namely, we consider

(A.72) [4,D,]+ AR=0  (mod S~ ™).

This can be solved by successive approximations, writing A as a sum A=
PR 4, and seek each 4, € S"(Axx) such that Q, = =y i=04;>D)]

+ (Z 04, )R € sN- I(lxx) . This only requires that each A, satisfies the
equatlon

.0A
(A.73) ta—x’l" +0(R)Ay =-0(Qy_,),

where o(-) denotes the principal symbol. The above equations have solutions,
homogeneous of degree —N in the considered neighborhood, because the tra-
jectory of 9 /ébcl is contained in it. Thus there exists some amplitude b'
satisfying (i). Moreover, by multiplying (A.70) by a suitable elliptic pseudodif-
ferential operator on the right, we get (i). By the method above, the continuous
dependence of the solution can be directly obtained by Proposition A.5 and
Propositions A.8-A.11.

APPENDIX B

The purpose of this part of appendix is to prove Theorem 3.1.
Put
¥ = ®(u+uy) — O(u,), f=g—-®P(uy).

If ue C®(R",RY) is a solution of the equation
(B.1) Y(u)=f inU,

then u + u, will clearly be a solution of the (3.3).
Rewriting the conditions (3.1) and (3.2) in terms of ®'(x), we obtain that,
forany u (||lul|l, <d), s>d and he H'(R"),

(B.2) Y (uw=~h inU,

admits a solution v € H*™%(R") with the estimate

(B.3) lvlls_g < Cs(llAllg + ullliAll)
where C is independent of u and /. For future reference, we denote this v
by W(u) 'h.

In order to solve (B.1), we define functions {u,} by

(B.4) { u =0,

Upp)y = Uy + 59 Py (n2>21),

n
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where s,(6 > 1) are the usual smoothing operators for the Banach scale H'(R")
(seR), 6, = 6" with 1 = % and large enough 6 > 1, n,, and p, =

/ -1 .
¥ (u,) eRg, with
(B.5) g, =f—¥u,).

Here
e: H'(U)—-H'R"), R:HE®R")—HU,)
are the extension operator and the restriction operator, respectively.

First we prove the following inequalities (i) jo (), (i), (j 2 1) by
induction on j. Namely, there exists a sufficiently large integer s, > m and
small n (0 < n < 1) such that, for any f (||f ||f0 < 1) and nonnegative integer
Js

(W), lul, <8

. 0 - 0

(ii), g% < MOTHIA1° ;

—a 0

(iii), llo,ll, < MOTIA12 .
are valid for some positive numbers M, u,a independent of f and j.

For j =1, the validity of these inequalities immediately follows by setting
(B.6) M =6
Assuming their validity for j < n, we shall next prove that these inequalities
also hold for j=n+1.

Lemma B.1. Suppose
(B.7) a>[n/2]+m+1
and (i), is valid. Then

0 0 0
(B.8) lg,lls < Clllglls + llu,lly, .} Sor any s > 0.
Here, [n/2] denotes the largest integer which is not greater than n/2.

Proof. This follows from the Sobolev embedding theorem and the following
lemma to
m
g, & =-Yu,)=-¥(x,D"u,).

Lemma B.2 (Moser’s Lemma). Let Q be a domain in R" whose boundary is a
compact C* hypersurface and let F(x,v) € B®(Q x {v e R';|v| < vo}) with
F(x,0)=0. Then forany s >0 and v € H' (Q), ||v||L°°(Q) <v,, we have

(B.9) IE G0N S C6IF )0l »

where |F|p,.. denotes the maximum of the supnorms in Q x {|v| < vy} of all
derivatives of F(x,v) up to order s+ 1.

Lemma B.3. Suppose
(B.10) a>m+d
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and (i) ;s valid for 1 < j < n. Then for any integer s* > m +d, there exists
0 > 1 such that

d)/(t—1)+1
(B.11) llu U= g1,

n+l”s— n+l
forany s(m+d<s<s").

Proof. For the rest of the proof of Theorem 3.1, we use a common symbol K
to denote any constant which depends only on s, J and 5. By (B.3), (B.4)
and noting that |eRg||; < K ||g,.||g for any s > 0, we have

d 0
(B.12) 4y lls < letglly + 1S5, 2,11 < K67 (llaglls + 11.A1s—m)

for any i (1 < i< n). Using (B.12) recursively and taking 6 large enough, we
see that

d)/(1—1)+1 0
(B.13) ., I, < 8D 110

holds for any s (m+d <s <s").
Now we assume (i)j, (ii)j (1 £j < n) and try to prove (i),,,, (ii),,,,
(iii),, . By this assumption, Lemma B.1 and Lemma B.3 hold.

We first prove (ii),,, . From (B.5),
(B.14) 81 — 8 = —(¥(u,, ;) — ¥(u,)).
Combine (B.14) with
Y(u,,,) - ¥u,) =¥ (u,) (1, ~ 1,
(B13) = /0 0% (Bu, + (1 - O)u,, )u,,, —u,)db.
Then we have
(B.16) 8t = 8~ ¥ (W), —u,)+0,,

where

1
(B.17) Q, = -/0 0-¥'(Ou,+(1-0)u,, )u,, —u,u,,—u,do.

Since

(B.18) ¥Y'(u,)p, =g, inU,

(B.4) and (B.16) imply

(B.19) 8 =¥ (u,)1-S,)p,+0Q, inU,.

From Lemma B.1, Lemma B.3 and (B.3), we have

(B20)  [|¥'(u,)(1 =S, )p,ly < K8\ +D/ (= t2mmsr2dtl o |0
(B.21) IS, 2,1l < MK,8: llglI0 < MK,65 " 7.

So
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Here and throughout the proof of Theorem 3.1, K, and K, denote constants
depending only on s, and «, respectively. If we take

(B.22) u>a,

a sufficiently large 6 and a sufficiently small 5 such that
(B.23) MK,600 <4,

the estimate

(B.24) 6u, +(1-0)u, <6 (0<6<1)

follows from (B.4), (B.21), (i), . then,

(a— 0
(B.25) 10,15 < K,6:“ g, I3,

by (B.21), (B.24) and the well-known fact: for any integer s > [n/2] + 1, there
exists C; > 0 such that

1 Wl gy < €10l w190y + 100 o195

for any v,w € H’(Q), for Q as in Moser’s Lemma. Therefore, from (B.19),
(B.20), (B.25), we have

(B.26) g, Iy < K, 641, .
m+d
(B.27) B = max — +2m—-s,+2d+1,2(a—p) ).
These immediately yield (ii),,, if we take 6 large enough and let s, u satisfy
(B.28) o2 5(m+d)+2(a—u)+1,
(B.29) u>3a

so that > —ur.
Secondly, we prove (iii), . By Lemma B.1, Lemma B.3, (B.3) and (ii),,,

0

(B.30) lo,llo < K6, ”Ilg.lls0
d)/(r=1)+1

(B.31) 10l —am < Ky B0 g

Suppose

(B.32) a<sy—-m-—d.

Interpolating (B.30), (B.31), we have

(B.33) 2,4, < K36, 1l8, IISO

with

(B.34) _cMsg=m-d-e)ta((m+d)/z-1)+1)

so—m-—d
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As before, K, denotes a constant depending only on a, s,. Now, for u
satisfying

(3a —2a)(m +d) + 2as, +
u>

(B.35) o —m—d—a

b

which is equivalent to y < —2a, (iii), is valid for sufficiently large 6.
Thirdly, we prove (i) By (B.4) and (iii); (j <n), we have

n+l°

n n
0 —a
(B.36) Nt lle S DNy =l < K, Mg Nl 67 < KoMy
Jj=1 Jj=1

for sufficiently large 6. Hence, (i),,, is true provided that
(B.37) K,Mn <.

In the above argument, the required conditions are (B.7), (B.10), (B.22),
(B.28), (B.32), (B.35) and (B.37). It is easy to check the existence of a, s, a,
1, n satisfying these conditions. Thus we have proved (i) D (i1) IE (iii) ; >
1).
Next we show the existence of a solution u of (B.1). By (B.36),

- 0

(B.38) "uj+l - uj"a < KZMej a”gl ”so-
Thus {u;} is a Cauchy sequence in H* (R"), because 6, monotonically in-
creases to infinity as j — oo. Consequently, there exists u € H*(R") such
that

lim u,=u in H*(R).

jooo ) "
On the other hand, (ii) ; implies g — 0(j—o0) in Hd(Ul) . Hence, recalling
(B.7) and letting n tend to infinity in (B.5), we see that u is a solution of (B.1).

Finally, we prove u € C*(R" ,RY ) by following an idea due to [S]. It is
enough to prove that {u j} converges in H® (R") for any o' . By the same
arguments which led to (B.12) and (B.31), we have

d 0

(B.39) 41l < KOl + llgyll5) »
(B40) 11, lly_p_g < K(I&lls_p + l1u,ll,) foranys>m+d.
Using (B.39) recursively, we have

d
(B.41) L+ ||, I, < KO,
Combining (B.40) and (B.41) , , we obtain

d
(B.42) 10l mma < KO,

Now, suppose s > m+d, o' <s—m —d. The interpolation of (B.30) and
(B.42) yields

(B.43) 12,0l < K6, »
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/ i
_—u(s-m-d—-oa)+6a(m+d)
s—m-d

where K, is a constant depending only on s, s, 6 and 7. Clearly, by taking
s large enough in (B.43), (B.44), we have

(B.45) Ip,ll,, < K,8," for some b > 0.

(B.44) o

b

As before, we can prove that {u j} is also a Cauchy sequence in H",(R") . Since

o' can be taken arbitrarily large, we can conclude u € C™°(R" ,RY ) with the
aid of Sobolev’s embedding theorem. This completes the proof of Theorem 3.1.
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