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ORBITAL PARAMETERS FOR INDUCED AND
RESTRICTED REPRESENTATIONS

RONALD L. LIPSMAN

ABSTRACT. General formulas for the spectral decomposition of both induced
and restricted representations are laid out for the case of connected Lie groups
H C G. The formulas—which detail the actual spectrum, the multiplicites,
and the spectral measure—are in terms of the usual parameters in the so-called
orbit method. A proof of these formulas is given in the nilpotent situation.
The proof is much simpler than a previously obtained proof using nilpotent
algebraic geometry. It is also capable of generalization to nonnilpotent groups.
With that in mind, many new examples are presented for semisimple and sym-
metric homogeneous spaces. Also, a start is made in the case of exponential
solvable homogeneous spaces with the treatment of both normal and conormal
subgroups.

INTRODUCTION

We are concerned here with one of the basic problems in modern Lie group
representations. How do we decompose a general induced representation
Indg v into irreducible unitary representations of G? Even in the case that
v is trivial, there is no general prescription for decomposing the quasi-regular
representation Indf,l of G on LZ(G/H). If H itself is trivial, we have the
regular representation—then a great deal is known, both in the abstract (the
Plancherel theorem) and for specific categories of groups G. On the other
hand, with two exceptions, little progress had been registered until very recently
in the study of the general quasi-regular representation. The two exceptions are:
first, H a lattice subgroup of G (i.e., H discrete with G/H of finite volume);
and second, G/H Riemannian symmetric (i.e., G connected semisimple and
H the (compact) stabilizer of a Cartan involution). Attention has focused on
general homogeneous spaces in recent years for two reasons. One is the ad-
vances made in the study of non-Riemannian symmetric spaces. The second is
the relatively new subject of applications of group representations to solvabil-
ity properties of (invariant) differential equations on groups and homogeneous
spaces. The Plancherel theory of the quasi-regular representation is an impor-
tant tool in those applications.
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How might one approach the problem of giving a descriptive decomposition
of the quasi-regular representation? The answer must be in terms of one of three
possible kinds of parameters: semisimple parameters, Mackey machine param-
eters, or orbit method parameters. For semisimple homogeneous spaces, the
former may be the best—but these are unlikely to suggest a recipe for the gen-
eral case. As with the representation theory of solvable Lie groups, the Mackey
machine can be activated to handle most specific nonsemisimple homogeneous
spaces, but no general picture emerges this way. The orbit method is the best
hope for a general picture. Our basic objective is to give an orbital description
of the decomposition of an induced representation Indf, v . Such a decompo-
sition has three components: the spectrum, (i.e., which representations actually
occur in the decomposition), their multiplicity, and the spectral measure. We
give orbital descriptions of all three, plus an orbital description for restrictions
of irreducible representations to a subgroup (see formulas (I) and (R) below).
Most of our results in this paper are for nilpotent groups. Ultimately we shall
generalize to exponential solvable groups and beyond.

The motivation for formula (I) has existed for 15 years. The orbit method
was invented by Kirillov in the early 1960s. But it was the work of Pukanszky
[18] and Vergne [21] that gave a good indication of how an orbital formula
for an induced representation should look. Unfortunately, this was not really
seized upon until recently in the work of Corwin and Greenleaf [2]. They give a
formulation for the spectral decomposition in the nilpotent case purely in terms
of orbital parameters. Their work is very beautiful and incisive. But there is
a difficulty. Their arguments depend critically on the Pukanszky method of
stratification of g* by layers. This causes two problems—first, a very long and
extremely complicated proof of the main formula; and second, the fact that
their result is false for exponential solvable groups. Upon seeing [2], I felt that
the proof could be simplified and that their formula—suitably altered—was
valid for exponential solvable groups and perhaps more.

This paper is the first in a series which will attempt to substantiate these
feelings. The foundation of the work is contained in the following two formulas.
Let G be exponential solvable, H C G a closed connected subgroup. The
irreducible unitary representations of G (resp. H ) correspond to G-orbits
@ cg" (resp. H-orbits % C b). The formulas are:

® ® ,
%
I Ind,G, v, =/ ﬂ,@-dﬂg_y(ﬁ) :/ No yMediG y(@),
p~"(#)/H Gp~(#)|G
®
@
(R) Toly =/ nﬁj/uﬁdAH,G(?/).
p(@)/H

Here p: g" — b" is the canonical projection, the measures are canonically
defined (see §§2-4), and n, , =# H-orbitson &N p_l(?/ ). Our main goals
in this paper are twofold. The first is to give proofs of these formulas for
G nilpotent. As mentioned earlier the proofs in [2, 4] (of somewhat different
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formulas) rely totally on “layers,” are long and complex, and are completely tied
to the nilpotent situation. Ours will be by induction on dim G/H and have the
capability of generalization. I believe a similar method of proof is employed in
the thesis of Grélaud [8], but I have never seen it. ' The second main goal is
to begin the generalization of formulas (I) and (R) to nonnilpotent situations.
We move in three directions: (a) a proof of the formulas for G exponential
and H normal, (b) a description of Indg X, when yx is a character and H is
conormal (i.e., G = HN semidirect with N normal), and (c) a presentation of
a host of examples to supply clues for nonexponential solvable situations.

The layout of the paper is as follows. It is in two parts—nilpotent (Part I)
and nonnilpotent (Part II). Part I begins in §0 with a statement of the basic
results on induced and restricted representations when H is codimension 1 in
a nilpotent G. (These have been well known since [9].) In §1 we reformulate
the main result of [2]. The reformulated result—Theorem 1.5—is formula (I)
for the case that v is a character. We prove it in §2 by induction on dimG/H ,
the key point being that nilpotence of G ensures the existence of a normal
subgroup N of codimension 1, H C N <G . In an appendix we prove that the
algebraic varieties & N p—'( x) are generically smooth manifolds. This allows
us to equate the multiplicity function (in the finite case) in formula (I) with
the number of components in the intersection & N p"l( x). Thecase y =1 is
separated out in Theorem 2.2. In §3 we use the fact that the irreducibles are
monomial to prove Theorem 1.5 for arbitrary v. The main result is Theorem
3.1 (see also Theorem 3.5), a completely precise version of formula (I). In §4 we
prove the restriction formula (R) by induction. The precise result is in Theorem
4.2. The last section in Part I (§5) gives a new proof of further refinements of the
multiplicity function from [2]. Using some real algebraic geometry, it is proved
that the multiplicity is either uniformly infinite or bounded finite. (Actually
Corwin-Greenleaf obtain a more sophisticated result—namely constant parity
of the multiplicity [3]—by employing the theory of semialgebraic sets.) Part
IT has three sections. In §6 we prove formulas (I) and (R) for G exponential
solvable and H normal (Theorems 6.1, 6.2). This is actually used at one point
in Part I, but it will also be important for nonnilpotent groups. Another feature
of the nonnilpotent case is the potential lack of codimension 1 normal subgroups
of G containing H. This often occurs, for example, when H is conormal.
Such groups are considered in §7. We decompose the representation induced
by a character from a conormal subgroup in terms of Mackey parameters and the
oscillator representation. (The reformulation in orbital terms will be presented
another time.) The result (see Theorems 7.1, 7.2) is valid for quite general
conormal subgroups. The final section (§8) presents a variety of nonnilpotent
examples, some semisimple and some symmetric. These serve as indicators of

! The referee has informed me that in Grélaud’s thesis (Sur les représentations des groupes de Lie
résolubles, Poitiers, 1984—see [8]), slightly different versions of Theorems 1.1 and 6.1 are proved.
Also, Example 8(ii), which I originally attributed to Larry Corwin, is due to Grélaud.
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the possibility that formulas (I) and (R)—suitably modified—are true in greater
generality.

I would like to conclude the introduction by thanking the referee for several
excellent recommendations.

PART I. NILPOTENT GROUPS

In this first part we shall consider homogeneous spaces G/H where G is
simply connected nilpotent and H is a closed connected subgroup. First we
shall reformulate the main result of [2] on the spectrum of Indf, v. Itis our
revised formula which will generalize out of the nilpotent situation (see Part
IT). The method of proof we employ is quite different from that of [2]. We shall
not use at all the Pukanszky stratification of g* by layers. Instead we reason
by induction on dim G/H . We begin by setting up the basic Kirillov-Mackey
machinery for representations of nilpotent Lie groups.

0. Basics

Let G be a simply connected nilpotent Lie group, g its Lie algebra, g* the
real linear dual. For each ¢ € g*, we denote by m, the (class of) irreducible
unitary representation(s) of G associated to ¢ by the Kirillov orbit method
[9]. The map ¢ — T, , 0 — G, is G-equivariant and factors to a bijection
g/G—-G.If Hisa closed connected subgroup of G with Lie algebra b, we
write Pyy: g~ — b" for the canonical proejction. If g and h may be understood
from the context, we write simply p: g* — h*. We set b =p~'(0).

Now suppose n is an ideal in g of codimension 1, N =expn, p = p, . The
relationship between an irreducible representation of N and those of G that lie
over it, together with the corresponding orbit relationships, has long been well
understood. We summarize the salient facts in the following theorem (see [9]).

Theorem 0.1. Let 6 € n*, Vg € N the corresponding representation. Exactly
one of the following obtains:

(a) There is a unique G-orbit @ which satisfies p(@) D N - 0. In that case,
for any ¢ e(ﬁnp"(e) we have m,= Indf, Vg, dimG-9 =dimN -6 +2, and
pI(N-0)=

(b) There is a G-orbit @ which satisfies p(@) D N -0, but it is not unique. If
ped@np '(6) and a e n", a #0, then the functionals {p +ta: t € R} Iie in
distinct orbits &, = @ +ta, dim@, = dimN-9, p(@) = N-0, p" (N-0) =Ug,,
and Ind,G\, N My edl-

Conversely, let ¢ € g*, m, € G the corresponding representation. Let 0 =
p(9) . Exactly one of the following obtains:

(a) dimN -6 = dimG-¢9 —2. If X € g, X ¢ n, then the functionals
{6, = expsX - 0:s € R} lie in distinct N-orbits, p(G-¢) = U;N -0, and
m,ly = feayesds.

(b) p(G-9)=N-6, dimG-¢ =dimN -0, and Myly =Yg
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1. REFORMULATION OF CORWIN-GREENLEAF

We begin by studying Indg X, where x is a unitary character of the con-
nected subgroup H (inside the simply connected nilpotent group G). The
main result of [2}—when the inducing representation of H is a character—is
the following.

Theorem 1.1 (Corwin-Greenleaf). Let hj ={peg :p(p)=—idy}. Then

o

G ~X

Ind x=/ n zm dj R

H Gb/G v.x"e G,H(¢)

where G - h‘L /G s the set of G-orbits that meet p"'(—id X), @t% ., is the push-
x G.H

Sforward of Lebesgue measure under b; — G~hxl /G, and n, , isgiven as Sfollows:

X
if generically on b;' we have

dimG-¢ >2dimH- ¢, thenn¢’15+oo;
dimG-¢9 =2dimH -¢, then n¢‘x=#H-orbitson Goq)nb;,
and is finite.

In the latter case, the algebraic variety G- ¢ N h: is generically a manifold, so
that n, , = # components of G-pnN h;" .

The push-forward is the measure class obtained by replacing Lebesgue mea-
sure on bi‘ by an equivalent finite measure and then taking the ordinary image.

(Finite measures in that class are often called pseudoimages.) Generically on h;
means aside from a lower-dimensional variety. Although explicit, the formula-
tion of Theorem 1.1 is cumbersome. We reformulate so that the disintegration
is specified by a single equation. To do this we need some auxiliary results.
First, the map l);' — G- b; /G is H-equivariant and factors to a surjective map

1 1
P, b /H—G-b,/G.

Lemma 1.2. For ¢ € h;, the number of elements in the fiber Px_l(G - @) is
exactly

n,, = #H-orbits in G- ¢ N b; .
Proof. This is elementary. If G acts (linearly) on ¥ and W is an H-stable
subset, then the number of elements in the preimage of an orbit G- w under
W/H — G-W/G is exactly the number of H-orbitsin G-wnNW .

Corollary 1.3. Let ¢ € b; . Then generically

(i) if dimH .9 =dim(G-pnN b;') , then n 0.y = # connected components of
G-9nby,
(ii) if dimH - ¢ < dim(G - p Nby), then n, , = +oo.

4
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Lemma 1.4. Generically on h;, we have
dim(G-p Nbh;) =dimG- ¢ —dimH - p.
Therefore either
(1) dimG-¢ =2dimH - ¢, equivalently dimH - ¢ = dim(G- ¢ N h;) , or
(i) dimG- ¢ > 2dimH - ¢, equivalently diimH - ¢ < dim(G- ¢ Nk;)).
Proof. Generically on b; , the tangent space to G-¢ N h; is given at ¢ by
g-onN b . Therefore 2
dim(G- ¢ Nb,) = dim(g- 9 Nh") = dim(g, Nh")
= dim(g, + )" = dimg — dim(g, + b)
=dimg — (dimg¢ +dimb) + dim(g¢ nh)
= (dimg — dimg,) — (dim b — dim )
=dimG-¢ —dimH-¢.

We can now use Corollary 1.3 and Lemma 1.4 to simplify the statement of
Theorem 1.1.

Theorem 1.5. We have
Ind x = /EB n, dul. . (9)
H b ,*/H ") G.H ’
where ug . is the push-forward of Lebesgue measure under b; — b;/ H.

Now a general principle of direct integral theory says the following: let G be
a separable type I group and
®
| . dutn
X

a direct integral of irreducible unitary representations. In particular x — #_,
X — Irr(G), is a Borel injection ( u-a.e.). If we write x; ~ x, to mean T, is
unitarily equivalent to ., and set Y = X/ ~, it follows that

(5] (5]
| meduo)= [, dao),
X Y

when 7 is the push-forward of ux under the canonical projection p: X — Y
and n, = #p_l(y). In fact, (Y, %) is countably separated (since G is type I)
and the equality results immediately from the disintegration of (X, ux) under
p. (For a reference see [10, Theorem 2.1], or more precisely reference [3]

2 The referee has pointed out that I am being somewhat disingenuous when I assert complete
avoidance of layers in my arguments. In one point at least I have obscured their appearance, namely
in the assertion that, generically, the orbit intersections G- ¢ Nh ;(L (g) have the same dimension as
the tangent spaces g+ @ N hL . A very general result along these lines is given in the Appendix to
§1. Its proof depends critically on the Chevalley-Pukanszky parametrization of the orbits and orbit
space for a unipotent group action.
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therein (Bourbaki, Intégration, Chapitre VI) since ~ does not correspond to a
group action.)

According to the corollary and lemma cited, it follows automatically from
Theorem 1.5 that

(7]
G ~X
Ind x=/ n, n,dig 4(9),
H G'h,*/G ox" o G.,H

where n ox = # H-orbitsin G- q)nh = # connected components of G- mh

in the equal dimension case. We shall always use the phrase “equal dlmensmn
case” to refer to the situation described by Lemma 1.4(i). Note also that in the
equal dimension case, our ability to identify » - with # connected components

requires knowing the G-¢p N hj is generically a manifold. We prove this in an
appendix to the next section.

Realizing the decomposition of Indg x as in Theorem 1.5 instead of Theo-
rem 1.1 effects more than a verbal or symbolic simplification of the multiplicity
formula. The formulation of Theorem 1.5 allows for generalization to non-
nilpotent groups—Theorem 1.1 does not.

Example 1.6. Let g be the 3-dimensional exponential solvable Lie algebra with
generators 7', X ,Y satisfying the relations [T ,X] = X+Y, [T,Y]=-X+Y.
Let h = RX . Then generically on bt , dimG- p=2=2dimH-¢, but Indf, 1
is of uniform infinite multiplicity. So Theorem 1.1 is false.

This example was shown to me by Larry Corwin as evidence that Theorem
1.1 is not true for exponential solvable groups. > That contradicted my intu-
ition, and caused me to seek a reformulation of the result. Indeed Theorem
1.5 is true for Example 1.6. The point is that for nilpotent groups, the coad-
joint action is algebraic. Therefore in the equal dimension case, the number of
components must be finite (see §5 and Remark 2.1(ii)). That is not so for ex-
ponential solvable groups. The equal dimension case allows for infinitely many
components and so infinite multiplicity in Theorem 1.5.

I take as my working hypothesis that Theorem 1.5 is true, at the very least
for exponential solvable groups (see Part II).

la. APPENDIX

In this paper, in the proof of Theorems 1.5, 3.5, and 4.2, we have used
implicitly the following proposition. The proof is adapted from arguments in
[2 and 4] and especially from a new preprint of Corwin-Greenleaf (4 canonical
approach to multiplicity formulas for induced and restricted representations of
nilpotent Lie groups.)

3 The referee has informed me that in Gréland’s thesis (Sur les représentations des groupes de Lie
résolubles Poitiers, 1984—see [8]), slightly different versions of Theorems 1.1 and 6.1 are proved.
Also, Example 8(ii), which I originally attributed to Larry Corwin, is due to Grélaud.
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Proposition 1.7. Let H C N « G be simply connected nilpotent Lie groups. Fix
w € 8" . Then, generically on pn_’:)(H -y), we have G -0 np;;(H - ) has the

same dimension as g - 6 ﬂP,,_:,(f) ‘).

Proof. For convenience write p = p,, and @ = H-y. Now the action of
G on n” is unipotent algebraic. It is well known that there is a G-invariant
Zariski-open subset % C n* such that Z np~"' (@) is Zariski-open in p! @),
and a nonsingular birational map

Q. -XxV,
where X is a Zariski-open subset of affine space, V' is affine and
d)_l{(a ,U): v € V'} constitutes a G-orbit, for each fixed 6 € X,
& '(¢,v)and @' (¢’ ,v') lie in the same G-orbit < o =g .

Consider
f#np @) -3

defined by
f=pso Plymp-1(0) -

We restrict attention to the Zariski-open subset Z; C Z N p~ (@) on which f
has maximal rank. On % , f determines a foliation in which the leaves are

given by the orbit intersections G- 6 N p"'(é’) e cC n"). These have
dimension equal to dimker(df), , for generic points. Corwin and Greenleaf, in
their preprint, actually compute the latter (in a more special situation). They
obtain 1
ker(df)g=g-0np (h-y).
In fact, it is clear that the tangent space to the orbit intersection is contained in
TN(G-0)NTyp (@) =8-0Np" (h-v).

But conversely, since f is a restriction of the projection pyo®, it must be that

ker(df), D kerd(p; o ®) N T,(p™ " (&))

=kerd(p;o®)Np~ (h-y).
And finally, since p;y o ® is constanton G-6 C 7% , we must have
kerd(pz o®) D T,(G-0)=g-6.

This completes the proof.

2. ORBITAL DECOMPOSITION OF Ind,G, 4

The object of this section is to prove Theorem 1.5 when G is simply con-
nected nilpotent, H closed connected. The argument is by induction on
dimG/H .
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dimG/H = 1. Since G is nilpotent, this forces H to be normal. In that
situation, Theorem 1.5 becomes a special case of Theorem 6.1. That theorem
is placed in Part II because it is valid for exponential solvable groups; its proof
does not depend on anything from Part 1.

dimG/H > 1. Once again we invoke the nilpotency of G, this time to
assert that we may find a closed connected normal subgroup N of G with
H Cc N<aG and dimG/N = 1. By the induction hypothesis, Theorem 1.5
is true for Ind,l: x . To avoid ambiguity in the coming proof we employ the
following notational scheme. Write

b, (9)={p€g’:p,,(0)=0ly=—idx},
by (n) = {0 en":p, ,(6)=0]h = —idx}.
Then by induction in stages, the induction hypothesis, and the fact that di-

rect integrals commute with induction, we have the first three equalities in the
following chain:

®
Indg X = Ind,GV Ind;v, X = Ind,GV 7o d /‘fv u(6)
by (n)/H '

(A) ® ®
G X X
= [, undir,du O = [ x,dud ().

by (n)/H by (8)/H
We must prove the last equation, labeled (A). We shall do it by examining
four separate cases. Let ¢ € bj (g), 0=9¢pne b;‘(n) . Then we have a pair of
dichotomous situations: Either (i) dimG:¢ = 2dimH - ¢ or (ii) dimG-¢ >
2dim H - ¢ ; and either (a) Indg 7o 1s irreducible or (b) Ind,Gv Y=/ ® it dt,

L
aeEn

Of course we do not look at arbitrary ¢, 6. Both of the dichotomous
situations above are valid generically. More precisely, there are Zariski-open
subsets %, %, of b;(g), b:(n) (resp.) such that either (i) or (ii), resp. (a)
or (b), holds. In the following we consider only

pe,np, (%), Oe#np, (#).

Next we observe that the representations on the two sides of equation (A) are
quasi-equivalent. This is fairly evident by a mixture of Kirillov and Mackey.
On the right side, the spectrum consists of those irreducible representations of
G whose orbits meet the closed variety b;‘ (g) . On the left side the spectrum
consists of those irreducible representations of G which lie over the represen-
tations of N whose orbits meet h*(n). But p,. :(b;(n)) = b; (g) . Thus it is
clear (e.g., from [7])—and in fact is implicit in the assertions of Kirillov in
[9]) that these two spectra are the same. What is not at all evident is that the
multiplicities agree.

Before attending to the multiplicity, we should also observe that the measure
classes on both sides of equation (A) are in agreement. To see this we must dis-
tinguish between cases (a) and (b). First of all, every group action is unipotent,
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so algebraic. Thus all quotient spaces are countably separated. Next it is clear
from the commutative diagram

by () — by (e)/H
N
G-b,(9)/G

that the push-forward of the Lebesgue measure class on b;(g) to h; (g)/H
projects down to the push-forward of Lebesgue measure on G - bl( )/G . The

same is true with G replaced by N . In case (a) the map y, — Ind® ~ Vg injects
(the generic part of) N/G into G and carries u* Ny iNtoa push-forward on G.
It agrees with uG‘ y because it is also the push-forward of Lebesgue measure on
b;‘(n) under b;‘(n) — G-h;(n) /G, which, in case (a), is identified to G-b;(g)/G
(generically). (See Remark 2.1 below.) In case (b) the representations IndIGv 2
decompose according to Theorem 0.1. Clearly the fiber measure dtd@ over
Lebesgue measure on h;‘(n)

nto— b (g)

ll

b (n)
agrees with Lebesgue measure on h;(g) . Thus it is also evident that the fiber
measure dtdu}, ,, agrees with dug, ;..

We turn finally to our case-by-case verification of equal multiplicity in equa-
tion (A).

(iia) In this case we show that both sides of equation (A) have uniform infinite
multiplicity. We take ¢ € h;(g) , 0=9| € h; (n), both generic as explained
above. In case (a) we have

m, = Indf, Vo -
Consider
S={geG:g-peh, (9}
S is a closed submanifold of G, not a subgroup in general. Clearly H C S'.
The map
S—G-pnb,(e), s—s-0,

is a submersion. Moreover
dimH.¢p <dimS-¢

(by hypothesis (ii) and Lemma 1.4). All the representations n s €S, are

so¢ b
equivalent. Therefore fl)"' @/H Ty is of uniform infinite multiplicity.

We have to show the left side of (A) also is of uniform infinite multiplicity.
Clearly, by the same technique, we are done if we can prove that

dimG-6Nb, (n) > dimH-0.
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Now by a standard fact [19, Lemma 2, or 11, p. 271, (iv)], we have N, -
9 =¢+(g+n)". But N=G, =GN = G, C N; that is, G, = N,.
Hence dim NO/N¢ = 1. Furthermore G¢ = (Go)¢ = (N0)¢ = N¢ . Hence
dimGo/G¢ =1 also. In particular dimG:-6 =dimG-¢ — 1. But dimG-¢ >
2dim H - ¢ and both are even. Therefore dimG -6 > 2dim H - ¢ . Of course
b¢ Chy,s0 dimH -9 >dimH-6.

Next we claim that g- 0 = n;‘. (Here, and in the rest of the argument, a
perp sign (L) without modifier means L in n".) Indeed g:-0(n,)=06[g,n,]=
¢lg,n,] =0; thatis, g-6 C n;'. But dimg- 6 = dimg/g, = dimn/n, + 1 =
dim n/n¢ = dim n: . Now in analogy with our earlier observation in the proof
of Lemma 1.4, the tangent space to G-6N h; (n) has the dimension of the space
g-0n bt (generically). But

g-0nh* =n;'r1bl =(n¢+b)l.
Therefore
dim G- 0 Ny (n) =dimg- 6 Nh~ = dimn/(n, +)
= (dimn — dimnv) — (dim by — dim b¢)
= dimn/n¢ —dimb- ¢
=dimg-6 —dimb-¢
> dimb- ¢
>dimb- 6.
(See footnote 2 and Proposition 1.7.) That completes the argument in this case.

(iib) We shall prove that, as in (iia), both sides of equation (A) have uniform

infinite multiplicity. We fix a € g*, al, =0, a #0. Also, as before, we write

pE bi‘(g) , 0=09| € bi‘(n) , both generic. We know by Theorem 0.1 that the
functionals ¢ + ta, t € R, lie in distinct orbits and

G o
IndNy0=/ n¢+mdt.

We make several easy observations. First g-o| =0, Vg € G. Next we note
that ¢ € b;‘(g) =>@+tac€ b;(g) , Vt € R. Now exactly as in case (iia) we

have 7, =7,, s€eS={geG:g-p€ b;‘(g)} and dimH -9 < dimS-¢.
So we have infinite multiplicity on the right side of equation (A). But on the
left side we know that the induced representations that appear in the direct
integral break up into inequivalent irreducible representations. Therefore to

show infinite multiplicity, we must establish (as before) that
dimG- 0N, (n) > dimH - 6.

This time we have g-0 = nal (recall all unattended perps are in n* ). Indeed
the inclusion g- 0 C nj follows from g - 6(n,) = 6[g,n,] = 0. This uses the
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equality n, = n, which follows from N,-¢ = ¢ + (g, + n)l = ¢ (since in case
(b), G= Gy = GyN). Note also that G/N = G,/N, . Therefore

dimg, = dimn, + 1.

We also have dimG-¢ = dimN -6 = dimg/g¢ = dimn/n,. Hence we have
the following string of equalities:

dimg—dim% =dimn — dimn,;
1+dimn—dimg¢ =dimn —dimng;
dimg, = 1 +dimn, = dimgq,.

That is, 9, =0p- Thus

dimg- 6 = dim g/g, = dim g/g, = dimn/n, = dimny .*

Finally,

dimg-6np* = dimn; Nh~ = dimn/(n, +b)

= (dimn — dimn,) — (dimh — dim b,)

=dimn-0 —dimb -0

=dimg:-¢ —dimbp- 6

> 2dimb-¢ —dimbh-6

>dimbp-. 6.
As in case (a) this completes the argument. Thus the proof in the unequal
dimension case is done. We have infinite multiplicity (regardless of (a) or (b)).
Now we pass to the equal dimension case, i.e., (i). This time we shall have finite

multiplicity (see Remark 2.1(ii)). We must distinguish between cases (a) and
(b) again. The latter turns out to be easier, so we present it first.

(ib) We start as usual with ¢ € bj(g), 0=9| € bi (n), both generic. The
assumptions are dimG- ¢ N b; (g) =dimH - ¢ and

G ®
Ind, 7, = / Tyita dt,

aent, a # 0. We know that the multiplicity is finite on the right side of
equation (A); in fact, it equals the # H-orbitsin G-¢N b;(g) (Remark 2.1(ii)).
We first observe that the multiplicity is finite on the left side also. Indeed, we
already know (from examining case (b) in situation (ii)) that

L
9, =0p> n, =ng, and g-0=n,.

4 The referee has suggested a much simpler argument, namely that g = gg + n implies g+ 60 =
n - @, which implies g+ 6 = n;,‘- ,since n-6 = n;- is evident. I have left in my argument since I
also need the intermediate fact g, = gg later on.
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Therefore hy, =hNn, =hHnN n,=h,. Moreover
dimg-6np" = dimn; Nph*

=dimn.-0 —dimb-0

=dimg-¢ —dimbp. 6

=2dimbh-¢p —dimbh-0

=dimb-0.
Thus, as indicated, the multiplicity is finite (Remark 2.1(ii)), and obviously—by
the general principle enunciated in Lemma 1.4—it is

#H-orbits in G- 6 N b;(n) .

Hence to show equality of multiplicity, it is enough to prove that the natural
map
1 1
G-pNb;(e) — G0N (n),

which is H-equivariant, is a bijection. That it is a surjection is completely
obvious. But it is also injective. Indeed if g, -¢|, = g, ¢|,, then g, lgl -0 =
0=>gz"gleGa=G¢.

We come finally to the most complicated case.

(ia) This time, starting with ¢ € b;(g) , 0=9| € b x(n) both generic, we
have dimG-¢pn b;(g) =dimH - ¢ and

m, = Indﬁ Vo -
Of course the multiplicity on the right side of equation (A) is finite and equals
#H-orbitson G- ¢ N b;(g) .
As in (ib) we first show that the multiplicity on the left side is finite. We begin
by observing that
2dimH-0 <dimN-0
=dimG.¢ -2
=2(dimH-¢9p-1).
Therefore dimH -6 < dimH - ¢ — 1. But the codimension of § ° in b, is at
most 1, since dimg/n = 1. Therefore
dimH-0=dimH.¢p—1.

Next we compute

dimg-6Nb~ =dimn, Nh"
=dimn-.¢ —dimbh-¢
=dimg-¢9 —1—-dimbh-¢
=dimbh-¢p -1
=dimbp- 6.
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Therefore

dimG- 0N (n) =dimH -0,
and so the multiplicity on the left side of (A) is finite (Remark 2.1(ii)). The
general principle of Lemma 1.4 guarantees that it is

#H-orbits in G - 6 N, (n).
So we again consider the surjection
G-9nb(5) = G-0nb, (n).

This time it is not injective. Nevertheless, we can complete the argument if
we show that the map sets up a bijection of H-orbits. Since the mapping
is surjective and H-equivariant, it clearly maps H-orbits to H-orbits and is
surjective on H-orbits. We need only show that distinct H-orbits in G‘W“); (g)

restrict to distinct H-orbits in G- OOb;(n) . So suppose we have 0, ,w, € Q=
G-¢ and h € H such that

h-w|, =w,l,.
Set 6, = w,|, . The pair (w,,6,) have the same properties as the pair (¢, 0)—
namely those of case (a). Now there is g € G such that w, = g-w, . Therefore

h-6,=g-0,.

Then h_lg € G, = Ny . Now I claim that Ny -, = Hy -w,. In fact
HG. ‘@, C Ne. @, = w, + Ra. The only way the inclusion can be proper
is 1f H0| ‘@, = w,. But then H(,l = le , which contradicts the equation
dimH -6, = dimH - w, — 1. Therefore, we must have A, € Hy satisfying
h - = h"g ‘w,. Thatis, w, =hh -w,. Q.E.D.

Remarks 2.1. (i) Strictly speaking, in our proof of the equivalence of the mea-
sures in equation (A), our argument in case (a) showed equivalence of the G-

push-forwards. To show the equivalence of the H-push-forwards requires the
last idea in the above proof. Namely, the natural map

by ()/H — by, (n)/H

is a bijection in case (a), because H,-¢ = ¢ + Ra.

(ii) In case (i) of the proof of Theorem 1.5 we are in the situation of an
algebraic variety (e.g., G~(pﬂb;‘(g)) acted upon by an algebraic group (e.g., H)
for which all the orbits have the same dimension as the variety. This situation
occurs again in §4. Whenever that is the case the number of orbits must be finite.
In face the varieties that arise are generically manifolds (see the Appendix to
this section), and the orbits are the connected components. That is more than
we need to assert finite multiplicity.

(iii) Much of the current interest in the decomposition of the quasi-regular
representation of G on LZ(G/H ), H connected, comes from the theory of
invariant differential operators (see, e.g., [15]). The Plancherel analysis of G
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has been of enormous help in deriving solvability properties of left invariant
differential operators on G . The feeling is that the same should be true of the
differential operators obtained by passing to G/H—provided one can analyze
the quasi-regular representation. Results like Theorem 1.5 are a first step in that
direction. Nevertheless, although Theorem 1.5 gives both the spectrum and the
multiplicity, it does not explicitly specify the exact intertwining operator which
effects the decomposition. When H = {1}, the operator is the Fourier trans-
form and that is critical to the success of the program [15]. Work continues by
several people on the actual “Fourier” intertwining operator implicit in Theorem
1.5.
For future reference 1 wish to restate Theorem 1.5 in the case y = 1.

Theorem 2.2. Ind,G, 1 = f,f_'i T, dug y(9), where Koy IS the push-forward
of Lebesgue measure under l)l — bl/H . The multiplicity in the above direct

integral decomposition is n 0= #H-orbits in G-pNnh-.

2a. APPENDIX

The fact that in the equal dimension case, the varieties G- ¢ N h; (g) are
(generically) manifolds is proved in [2], as usual, with the aid of layers and
stratification. But it too can be derived purely by induction. Here are the main
details.

Proposition 2.3. Suppose we are in condition (i) of either Corollary 1.3 or
Lemma 1.4. Then generically on b;, the algebraic varieties G - ¢ N b; are
smooth manifolds.

Proof. The proof is by induction on dimG/H . If dimG/H = 1, the intersec-
tions are either points or lines (see Theorem 0.1) and there is nothing further
to prove. Now assume dimG/H > 1, and the result is true in lower codimen-
sion. As usual, place N between H and G,H C N« G, dimG/N = 1. By
the induction assumption, generically on b;(n) the varieties N-6nN h;(n) are

manifolds. We need to investigate G- ¢ N h;(g) , ¢ € p;L(O) . We examine
the two cases of Theorem 0.1. In case (b), p(G-¢) = N -6 and the manifold
G-9oN bj(g) is algebraically isomorphicto N -6 N h;(n) . Nothing more need
be said in that case. In case (a), however, the algebraic variety G- ¢ N b;‘(g)
is one dimension larger than N -6 N bj(n) . But it is easy to see the manifold
structure on the former. First of all, the variety G- an; (n) must have the same
dimension as N-6n b;(n)—both are dim H -6 (see proof of Theorem 1.5). In

fact it is a finite disjoint union of “copies” of the manifold N -6 N b; (n) and

so is a manifold itself. Moreover, the mapping G-¢ N b;‘(g) -G-0n b;'(n) is
an algebraic submersion. But locally we can write G ~ G/G, x G, . Moreover,
in case (a) G, = N, and N, -¢ = ¢ + Ra. Thus the submersion has fibers
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isomorphic to R and locally the map g-¢ — (gG,-0,¢ g) corresponding to
g~ (8Gy,8),8-0=0+ t,o gives smooth coordinateson G- ¢ N b;’(g) .

3. EXTENSION TO Ind,G, v

Corwin and Greenleaf are able to decompose the representation of G in-
duced by an arbitrary irreducible representation of the subgroup H, not just a
character. It is possible to extend Theorem 1.5 to that situation as well. Let G
be simply connected nilpotent, H a closed connected subgroup, v € H. We
write @, for the H-orbit in h* that corresponds to v and p = Dyy-

Theorem 3.1. We have
®

G
Ind,, v =/ n,dig 4 (9)
p~YC,)/H '

where ug . is the push-forward of the natural measure under
p @) ~p'@)/H.

What is the natural measure class on p"(ﬁu) ? It is the fiber measure class
uniquely determined from the picture

g/n)" — p '@
il
@

v
where the base has the canonical (Kirillov-Kostant) orbit measure and the fiber
has Lebesgue measure.

It is possible to prove Theorem 3.1 by a case-by-case analysis analogous to
the proof of Theorem 1.5 in §2. But in fact one can derive it from Theorem
1.5 using the fact that v is induced from a character. This is actually done in
[2, §6], in truth without any real use of layers. I shall go through an outline of
the argument, leaving out one detail that can be plucked off from [2, §6].

Proof of Theorem 3.1. Every irreducible representation of a connected nilpotent
Lie group is monomial, induced from a character. Choose ¥ € &, . Then one
can find a real polarization ¢ of y such that

u=Indl,:x,

iy(X)

x(expX)=e , X € t. By induction in stages we have

Ind% v = Ind¥ Ind}l y = Ind{ x.

Theorem 1.5 tells us how to decompose the latter. It is incumbent upon us to
show that that is the same as the decomposition described in Theorem 3.1. That
is, we need to show

52 (52
/ n, dig 1(9) :/ n, dug x(9).
p~Y(&)/H

t-(g)/K




ORBITAL PARAMETERS 449

Well, first we observe that the spectra are the same. That is, the G-orbits in g*
that meet p~* (@,) are exactly the same as the G-orbits that meet Ej (g). Infact,
one inclusion is obvious: a G-orbit that meets the former must meet the latter.
Conversely, suppose ¢ € E;“ (g). Then y|, = ¢|,. But a necessary property

of real polarizations in a nilpotent group is the equation K -y = y + EJ‘(I)) .
Therefore there is k € K such that k- ¢|, = y. In particular k - ¢ meets

r'@,).
Next come the measures. First we observe that H - E;(L (g) = p_l(ﬁy). The
former is also realized as a fiber space

E(0)~(g/t) — H-t(g)
l
H/K;
(the projection sends ¢ — hK if h-¢|, = —idy). But this space and the
fiber space in the description of the natural measure are locally direct products.
The former is locally (g/£)* x (h/¢) ; the latter is locally (g/h)" x (b/b,). Using
the duality between h/¢ and &/ b, , we see the spaces are locally isomorphic
(actually globally) and carry the same Lebesgue measure class. The quotients
p"((ﬁy)/H =H- E;‘(g)/H and t;'(g)/K are identified—if 4.9, = ¢,, ¢/, =

—idy ,then ("2|b = k‘(/’lh, for some k € K ; which implies k'he H(mlh) cK,
so h € K. Therefore the quotient measure classes must be equivalent.
It remains to demonstrate equality of multiplicity. We know
Jow®e= 1. :
no= n m, n _=#K-orbitson G-pNE (g).
vk Jorra P 9.X X
Next we claim
[ ™= ",
T, = n m, n =#H-orbitson G-9Np (F)).
ey * Jepreye 00 o g

In fact, this follows from our general principle in Lemma 1.2 (p"(ﬁy) is not
a linear subspace of g*, but it does not matter). The proof is completed by the
following:

Proposition 3.2. There is a bijection between K-orbits in G-¢ N t;(g) and H-
orbitsin G-¢pnN p"(ﬁu) given by the map
K-9g—H-9p.

This is precisely Proposition 5 of [2]. The proof is not difficult—the ideas in
the paragraph above on the equivalence of the measure classes are basically all
that is required; see [2, pp. 52, 53). And I emphasize, no layers are involved,
just dimension counting and properties of polarizations in nilpotent groups.
I also point out that in [2] it is shown why generically the orbit intersections
G-qmp" (@,) are smooth manifolds, not just algebraic varieties. The argument,
like that of Proposition 3.2, does not depend on layers.
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This completes the proof of Theorem 3.1. But it should be mentioned that
Corwin and Greenleaf do not state their result that way. Their formulation is
rather more convoluted, like the statement of Theorem 1.1. So we need to do
some work analogous to §§1.2-1.4 to derive [2, Theorem 7] from Theorem 3.1.
Indeed the analog of Lemma 1.2 is the statement that the multiplicity implicit
in Theorem 3.1 is

1

n,,=#H-orbitsonG-pNp (F,).

The analog of Corollary 1.3 follows immediately (using the nilpotence of G
and algebraicity of the adjoint action—see §5).
Corollary 3.3. Let ¢ € p~! (@,) be generic.

(i) If dimH -9 = dimG -9 Np (@), then n
G-9np~'(4,).

(i) If imH -9 <dimG -9 Np~'(&,), then n, , = +o0.

o = # conn. comp. of

Finally, to obtain the Corwin-Greenleaf necessary and sufficient condition
for 3.3(i) to hold, that is for finite multiplicity, we have the following:

Proposition 3.4. Generically on p_l(ﬁ ) we have

dimG-9pnp ' (F,)=dimG ¢ —dimH - ¢ +dim&, .
Therefore either
(i) dimG.¢ =2dimH - ¢ — dim&,, equivalently n,, is finite; or
(i) dimG-¢ > 2dimH - ¢ — dim&,, equivalently n,,=+oo.
Proof. As before let y € @, , y = ¢l,- The first claim is that b,Ng, =b,-

The inclusion C is obvious. Conversely, let X € b ,=bNg,. Then X .9 =0.
Therefore p(X-9)=X-p(p)=X-y=0=>x¢€ b, - Now as usual it is enough

(by looking at generic tangent spaces) to consider dimg-¢nN p_'(l) -y). In fact
we may compute (by footnote 2 and Proposition 1.7)
dimg-¢np~'(h- ) =dimg, Np~ (b, (h))

=dimg, Nb,(g)
=dim(g, +b,)"
= (dimg — dim g¢) — (dim b, - dim(hw n g¢))
=dimg-¢ - (dimbw —dimbw)
=dimg- ¢ — (dimbh — dimhw) + (dimb — dimhw)
=dimg:¢ —dimbh-¢ +dim&,. Q.E.D.

We can now state the orbital spectral decomposition of Indf, v in the manner
in which it is presented in [2].
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Theorem 3.5. Indj;v = [ /67, .7, dilg 4(9), where G-p~'(&,)/G is

the set of G-orbits that meet p“'(@’u) , ﬁé, y(9) is the push-forward of the nat-

ural measure class under p"'(@’u) - G- p'l(ﬁy)/G, and n, , is given by. if
generically on p"(é’u) we have

dimG-¢ >2dimH .9 —dim&, thenn

dimG.¢ =2dimH -9 —dim&, thenn

= #H-orbitson G - ¢ np_](&’y)

= #conn. comp. of G- ¢ np_l((?’,,) <00.

o = TO0;

(4

In the future for nonnilpotent groups, I shall not try to generalize Theorem
1.1 or 3.5. As remarked in §1, they do not extend. It is the formulation in
Theorems 1.5, 2.2, and 3.1 that may be generalized to exponential solvable
groups and beyond.

Finally, let us note that G - p"(@’u) =G -p_'(w) and that by arguments
similar to several that occurred previously, we may show that ﬁ'&, y 1s the push-

forward of Lebesgue measure under p—l(lll) - G- p'l(y/)/G.

4. RESTRICTIONS

Now we take up the reciprocal problem of restricting irreducible represen-
tations of G to a closed connected subgroup H. An orbital description of
the spectra and multiplicities has been derived by Corwin and Greenleaf [4].
Moreover, their proof—again by layers and stratification—is substantially more
complicated than that of the inducing problem. (This is due mainly to the lack
of an analog for the step carried out in §3.) But in fact, as in the inducing sit-
uation, the argument can be dramatically simplified by reasoning by induction
on dim G/H and utilizing the 4-case procedure of §2.

Let G be simply connected nilpotent, H a closed connected subgroup. Let
@ cg', % ch® bea G-orbit and H-orbit, respectively. Take p = P,y -

Definition 4.1. We set
N, 4 = #H-orbits in & np~ (%).

If p€e@ and y € Z we write n,., for n,, ,where =G-9, Z =H-y.
Also if 7 € G corresponds to @ and v € H corresponds to %, we write
n, ,=ns, . On occasion we mix the notation, e.g., n, , as in §3.

The basic result is the following:

(x4

Theorem 4.2. Let g €g”, n=n,€G. Then

®
|, = / n, v di, -(¥)
o Jooym oV Y THS
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where l”H G s the push-forward of the canonical measure on G-¢ under G-p —
p(G-9)/H, and n,, isas specified in Definition 4.1.

Proof. The argument is by induction on dim G/H .

dimG/H = 1. H must be normal ( G is nilpotent). In this case Theorem
4.2 is a special case of Theorem 6.2.

dim G/H > 1. The nilpotency of G gives the existence of N, closed con-
nected, H C N<G, dimG/N = 1. By the induction hypothesis, the theorem
is true for N and H. Now since we are dealing with functionals, orbits, and
representations on three different groups, let us be very systematic about nota-
tion:

peg, BOen, web",
n=n¢€G, Y=V,€N, u=uweH.
We may suppose these are all generic functionals. Indeed, for given ¢ € g*,
generically on p_ (G-¢) it is true that ¢ is generic for y €p, ((G-9);ie., 7,

is a generic representation in the induced representation Ind,G, v
to this section).

Now for the basic computation. By restriction in stages, Theorem 6.2, and
the induction hypothesis, we have

2
Rolu = @ la = [y gl di (0)
Dy . (G*9)/N

® ®

0 9

® ) /,, (G-m/N/p gy e 00w iy W) Ay 6(0)
g.n n.

v (see Appendix

o
= n v di (v).
/Ps.n(G’lﬁ)/H pyiy TTHLG

We must prove equation (B). For bookkeeping purposes, recall
. -1
n,,=#H-omitsinp  (7,)NG 9,
ng., = #H -orbits in p,‘_,,l,(ﬁ,,) NN-6,

n, o= #N-orbits in pg_’:(N -ONG-p.
In fact the numbers n 0.0 are identically 1. To see that, let us specify our two
dichotomous situations again: Either
(i) dimG-¢p =2dimH-¢p —dimH -y or

(i) dimG-¢ >2dimH-¢ —dimH -y
and either

(a) Indf, v, is irreducible or

(b) Ind§v, = [®n,,, d!.
Referring back to Theorem 0.1 for the restriction aspect of (a) and (b) we know
that in case (a)

n¢| N= / Yo, ds, multiplicity free and p;:l(N -0.) = Ns - ¢ has one N-orbit;
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whereas in case (b)
m,ly =7, and p~'(N-6)NG-9 = N-¢ also has one N-orbit.

(The latter is because g-¢| =n-6 = n_’g €G,=G,=>g-p=n-¢.) Thus
the numbers n, o are generically 1.

We first prove that the representations on the two sides of equation (B) are
quasi-equivalent by showing that the spectra are the same and the measures are
equivalent. Then we establish equal multiplicity by looking at the four cases
separately. Equal spectra is almost obvious. On the right side, the spectrum
consists of the irreducible representations of H whose orbits lie in p, (G ?).
On the left, it is the representations whose orbits lie in p, H(N- D, “(G p)) =

n’b(pg 2(G-9)) = g’,)(G @) . The measures are also the same. In case (b) this
is absolutely obvious since p, 2(G-9) =N -6 and the measures on either side
are actually identical. In case (a) we have P, ,(G-9) = U,N -0, and a fiber

space
N-6, — p,(G-9)

G/N.
Moreover, the push-forward of the canonical measure on G - ¢ is the natural
fiber measure (i.e., Lebesgue measure on the base and the canonical measure on
the fiber). The entire picture is H-equivariant, so it factors to a fiber space

pn,h(N'es)/H - PM(GW/H
!

G/N
and the measure classes on the two sides of equation (B) are seen to be equal.

Now we turn to our case-by-case verification of equal multiplicity. We first
consider case (b). In that situation, the outer integration on the left side of (B)
is a point evaluation, and we must prove n o.w =Ny, for generic y.

(iib) Here we have for generic v, dimG:-¢ > 2dimH -9 —dimH - y.
By Proposition 3.4 we have n,, = +oo. The relevant facts in case (b) are
n¢|N =7 and p, (G-¢) = N-6. We also have dimg-¢ = dimn- 6 and
g9, = g SO that b, =y - Therefore

dimn-6 =dimg-¢ >2dimb-¢ —dimbp -y
=2dimbh-0 —dimbh-y.
Hence, Proposition 3.4 gives n, y = T00.

(ib) We continue with n¢|N = 7g » but this time dimG-¢ = 2dimH - ¢ —
dim H - y . The exact same argument as in (iib) shows that

dimN-0=2dimH-0 —-dimH-y.

Therefore in this case both n 0w and n, , are finite. Why are they equal? First
of all, the canonical projection

G-pNp, (&)~ G-6np, (&)
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is a bijection. It is obviously surjective. It is injective because if g, - ¢| =
& ¢l,,then g -9 =g, -9 (since G, = G,—see case (b) in §3). Next I claim
that

G-9np,,(&)=N-0np, ,(5,).
The inclusion D is obvious, and the reverse inclusion follows from G = NG, .
Hence n,,= #H-orbitson G- ¢ np;;(ﬁ ) must be the same as ng , =#H-

v
orbitson N-0Np, ,(@,).
The argument in case (a) is considerably more subtle. We restate equation
(B) in that case

/@/9 0 ® ,
n, v dl, (c//)ds=/ n, v, di,; ~(v).
pN-aym OV v HN oy PV ¥ OHG

(iia) Now we have = ¢| v=17 ® 7, ds, and in the first instance we assume
unequal dimension, i.e.,

dimG-¢ >2dimH:-¢ —dimH-y.
We know that n, , is infinite. We show that n, w="* H-orbitson N-6.N
b, L(ﬁy) is also infinite for a.a.s. We know, by Theorem 0.1, that
dimN-0=dimG.¢ - 2.

Next we reason as in case (a) of §§2 and 3 (more precisely §2(iia) and §3 proof
of Proposition 3.4):
4 L

dimg-6np, (h-w)=dimn, Np, (b, (b))
= dimn; N, (n)
= dim(n, +b,)"
= (dimn —dimn,) — (dimp,, — dimb,)
=dimg-6 —dimbh-¢ +dimg, .
We know dimg-6 =dimg- ¢ — 1. Since both sides of the inequality
dimg-¢ > 2dimb-¢ —dim&,
are even, we have
dimg-60 >2dimb-¢ —dimb-y.
Hence
dimG-9np, ,(4,)>dimH ¢ > dimH-0.
At this point we cannot simply deduce ”o gy =t because dimN-0Np, :)(ﬁ )

may be one less than that of G-6Np, (é’ ). (In §2 the dimension inequality
with G - 6 was enough to deduce mﬁmte multiplicity.) But we can reason as
follows. We have

G-9=|JNs-0=|JN-6,.
N N
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Therefore G - 6 np_'((?u) =,N-6, np"(t?y). As always y € p(G-¢) is
generic. Suppose there is a set of positive measure X such that
dimN-6,np” (@) =dimG-0np~'(F,), VseX.
Then ng , =+too, s€ X, and there is nothing further to prove in this case.
Otherwise
dimN-6.np~'(#,) <dimG-0np~'(F,) aaseR.
It is possible then that dimH -8, = dimN-6,np~'(4,) aas € R, and then
ng , <00, aas. But note that in such an eventuality, we must have a set of

positive measure Y such that N-6, np~! (@,) # 2. Thenforall s €Y, we have
p(N-6)Npp ! (@,) # D, which says that v occurs with infinite multiplicity in

@ @
L ie
s€Y Jp(N-6;)/H

Either way we get infinite multiplicity on both sides of equation (B).

We come at last to the trickiest case.

(ia) This time © | v=1_ ® Y, ds and we are in the equal dimension situation,
dimG:¢ = 2d1mH ¢ —dim&, . Then n, . is finite (generically). We must
show that it agrees with the multlphclty on the left side of equation (B). First
we show that (generically) the multiplicities n, , are finite. Indeed

2dimH -6 <dimN -0 +dimJ,
=dimG-¢ - 2+dimJ,
=2dimH- -9 -2.
Hence
dimH-0=dimH.-¢p - 1.
This, together with the equations
dimN-0=dimG-9-2 and dimG-¢ =2dimH-¢ —dim&,,

implies that
dimN -0 =dimH -6 —dimJ, .
Hence

dimH-6=dimN-6np~'(&,).
Allowing s to vary now, we see that either
dimH-0,=dimN-6,.np (@) or N-6,np ' (8,)=0

In particular, the multiplicities n, . are finite (see Remark 2.1(ii)).
Now it is not true that n, o= ng ., —it is more subtle than that. Well, exactly
as in (ia) of §2 we have a surjectlon

G-9np, (8,)—G-0np; (8,
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which sets up a bijection of H-orbits. Once again we have

1 1

G-6np (@) JN-6,np” (&).

S
By the above remarks, we must have that all but a finite number of the intersec-
tions in the above union are empty. That is, there is a finite number Sps s,
(which will depend on y in general) such that

G-onp~l@)=UN-6,np"'@),

i=1

a disjoint union. Moreover,

n, , = #H-orbits in G-0np~'(4,)

r
= Zn&», W
i=1

But the latter is precisely the multiplicity in the direct integral of the left side of
equation (B). This proves equality of multiplicity in equation (B) and completes
our proof of Theorem 4.2.

4a. APPENDIX

We show here that if ¢ € g* and w € p(G- ¢) is generic, then ¢ is generic
for p_l(H -y), le., m, is a generic representation in Indg v, . Our proof is,
as expected, by induction on dimG/H .

dimG/H = 1. Then H is normal and the result follows immediately from
Theorem 0.1.

dimG/H > 1. As usual, we insert N between H and G, H C N« G,
dimG/N = 1. By the induction assumption, the result is true for the pair
HCN.Lletgeg , yep,, (G-9). We distinguish between cases (a) and (b)
of Theorem 0.1.

Case (b). Then p, (G-¢) = N-60,s0 yep, (N-0) is generic. By induction,
0 1is generic for pn__:)(H -w). But N-6 = N-6_ and so all the functionals 6,
are generic. Finally, since

G ®
IndHy9=/ n¢+ma't,

it is clear that ¢ is generic for pg_‘:](H -y,

Case (a). Then p (G - ¢) = Us P, o(N - 6,). Then for some s, y €
P, ,(N-0,) and is generic there. Once again the induction argument applies,

giving 6 generic forp;:)(H - ). Since Indf, Yo, = M,y @ is generic for
p, ,(H-y). QED.
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5. MORE REFINED RESULTS ON MULTIPLICITY

Substantial emphasis is placed in [2] on the fact that the stratification by
layers method enables one to deduce that in the decomposition of Indg v one
has either uniform infinite multiplicity or bounded finite multiplicity. But in
fact layers are not needed—that result (and more) is an elementary consequence
of some standard facts from real algebraic geometry.

Proposition 5.1. For either the induced representation Ind,G, v or the restriction
|, , the spectral multiplicity function satisfies the condition: either it is identi-
cally +oo or else it is finite and bounded.

Proof. First of all, by induction in stages, it is enough to prove the first half of
the proposition for the case that v is a character y . According to Theorem 1.5,
Lemma 1.4, and Corollary 1.3, either Indf, x is of uniform infinite multiplicity
or generically on h)(l the multiplicity is given by

#conn.comp. of G- ¢ N b; .

Thus we must show the latter is finite and uniformly bounded over the orbits
that intersect hj . But the coadjoint action is defined by polynomials; i.e., there
exist coordinates on g* and n = dimg polynomial functions p j(g, v, 8€qG,
@ €g", such that

g-9=(p,(8,0),...,0,(8,9)).
Furthermore

n
1 . .
G-pnb, =g-9:Y a,;p(g,9)=4,i=1,...,r=dimbp,,
j=I
for certain real numbers g, T

r n
%,,w:ﬂ{g"/’: a,'jpj(ga¢)=)'1} ’
1

i=1 j=

A, which depend only on h and x. Writing

we see from Theorem 1.5 that (in the equal dimension case)

n n = #conn.comp. of 7, , iy

ox " adyp

By Whitney’s theorem [17], n oq <00. The assertion of the proposition is that

adg <O

supn
¢
But in fact more is true. By [17], we have

(1) sup n < 00.
a.i.e a.ke

An upper bound on the number of components depends only on the degree of
the polynomials p ; and the number of variables n = dimg, i.e., only on the
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structure of G itself. This proves the assertion about the multiplicity of the
induced representation.

In fact, the inequality (1) implies the assertion for the restricted representa-
tion as well. Indeed, for ¢ € g*, the multiplicities in 7 ¢| y are given (by The-

orem 4.1) for v € H by n,, , = #H-orbits in G-9nh (@). If n,,>0,we

know there exists ¢ C h and w € ¢*, y[t,t] = 0, such that n,,=n, =#K-

orbitsin G-¢nN E;(L . Since the bound in (1) is independent of a and 4, i.e., of
h or ¢ or y, it must be that the multipliities n o Arc bounded as a function

of v. (Note we are using that on p(G - ¢) the generic dimG - ¢ ﬂp_'(t//)
must be constant, so that we have either uniform infinite multiplicity or finite
multiplicity given by the number of components in the intersection.)

Remark 5.2. Corwin and Greenleaf have obtained another very interesting mul-
tiplicity result in [3]—namely that in the finite multiplicity case, the parity of
the multiplicity function is constant.

PART II. NONNILPOTENT GROUPS

Our ultimate goal is to generalize the results of Part I as far as possible to
nonnilpotent groups. The guiding philosophy is the orbit method. It suggests
that our main results (Theorems 1.5, 2.2, 3.1, 4.2) should generalize unchanged
to exponential solvable groups and in modified—but quite similar—form to
general Lie groups. We shall be concerned with both types of generalizations in
the future. Thus the three sections of Part II should be viewed as preamble to
this effort. §§6 and 7 are critical to the exponential solvable case (although §7
has broader application). §8 contains a variety of nonnilpotent examples.

6. NORMAL COSET SPACES

In this section we shall give orbital descriptions of both induced and restricted
representations in the case that the groups are exponential solvable and the
subgroup is normal. The results of this section do not depend on anything from
Part 1. They are a blend of the orbit picture for exponential solvable groups
with the Mackey machine (and some material from [10]).

Let G be simply connected exponential solvable, N <G a closed connected
normal subgroup. We do not assume dimG/N =1 here.

Theorem 6.1. Let 0 € n*, y = Vg € N the corresponding representation, p =
Dy Then

@
@ ndf7,= [ wdul ()
p~(N-6)/N

where ,uyG PR the push-forward of the canonical measure on p"(N - 0) under

p! (N-6) — p"(N - 8)/N . Moreover, the multiplicity in the direct integral is
identically 1 or +oo, according as dim N - ¢ = dim(G- ¢ np~'(N-8)) ornot,




ORBITAL PARAMETERS 459

for generic ¢ € p"(N - 0); equivalently dimG-¢ = 2dimN -9 —dimN -0
or not. In either case, the multiplicity n, g of m, in Ind,G, Yo is # N-orbits in
G-pnp '(N-0).

Note that Theorems 3.1, 3.5 specialize to the first statement of Theorem 6.1
when H is normal. The new property of uniform multiplicity 1 or oo is an
added feature of the normal situation.

Proof. We begin with a quick presentation of the Mackey machine and its in-
teractions with the orbit method on exponential solvable Lie groups. Since G is
exponential solvable, the closed subgroups G, and G}, = G,N are connected.

Let 7 be an extension of y to Gy satisfying ?(g)y(g"'ng) =y(n)j(g), neN,
g€ Gy . 7 may be a projective representation—as such it determines a multi-
plier or cocycle w, on Gy which drops down to Gy /N . % is not unique, but
the class of w, is. The multiplier , is exactly the obstruction to extending y
to an ordinary representation of Gy , and that is the same as the obstruction to

extending x, =¢e" from N, to a character of G, [5].
Now it is proved in [10] that

(]
(3) IndS y, = /

- (dim o), , d,uy(a) .

The meanings of the symbols are as follows: (G;‘ /N )57 denotes the @,-represen

tations of Gy /N, M, .= Indgﬂ o ® 7 are the irreducible representations of G
specified by the Mackey machine, and u, is the projective Plancherel measure

on (G; /N)“” . The group Gy /N is also exponential solvable, and therefore it
must be that the multiplicity
) 1, G,/N abelian and w, trivial,
dimo = { 4 . y
oo, otherwise.

Now we must show that the direct integrals in equations (2) and (3) are the
same. This requires—as in the proofs of equations (A) and (B) in Part I—that
we show the spectra are the same, the measures are equivalent, and the mul-
tiplicities are identical. That the spectra are the same is an easy consequence
of the orbit method. The linear functionals in g* that give rise to representa-
tions in G that lie over y = 7 in the Mackey machine are exactly those in

G -p_l(N -0 =G op_l(O) [6, 7]. But the mapping
p ' (N-60)=G.p'(N-6)/G=G-p'(6)/G

is surjective. So the spectra of (2) and (3) are the same.

Next we examine the multiplicities. Consider the orbits Q in g* which
satisfy an"(N~0) #O.Let peQ, 9| =0. Thenif g-¢| €N-0 we
must have n € N such that n"g € G,. Thatis, g € G,N. Conversely, if
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g € GyN, then g-¢| € N-6. Hence:

if ne G and Q,_ is the corresponding orbit, then either QN
p"(N-O) =0 or Q np_'(N-H) = G,N - ¢ , for some ¢ €
Q np '(N-9).

In particular, in the nonempty intersection case, N p_' (N -8) is connected
and

dimQ, Np~ (N -6) = dim G,N/G, .

Now suppose we are in the multiplicity-free case of formula (3). Then G,/N
is abelian and the Mackey obstruction vanishes. Let ¢ € p'l(G) . Set & =g o
Since G,/N =~ Gy/N, is abelian and there is no obstruction to extending the
character x, from N, to G,, it must be that (8g): = 84 for any £ € g;,
¢l,, = 6l,, - Butitis also true that (g,), = g, +n, (see [11, p. 271, (v)] or
[13, Corollary 3.5]). Therefore G, = G,N, . But then G-¢ np-l(N -0) =
G,N-9 = NG,-9 = N-¢, and so the direct integral in formula (2) is also
multiplicity-free.

On the other hand, suppose we are in the uniformly infinite case of formula
(3). Then either Gy /N is nonabelian, or it is abelian and the multiplier w,
is nontrivial. In either case, the generic (projective) representations of G, /N
are infinite-dimensional. Therefore, generically, the functionals & € g;, 4 |,.9 =
6l,, » have the property that (g,), G g, - This time then dim(g, +ny) < dimg,
for generic ¢ ep"'(@) . Hence

dimG-¢np~'(N-6) = dimG,N/G, > dimG,N/G,
= dimN/N¢ =dimN:.¢g.

That is, the multiplicity in formula (2) is generically equal to +oo. This
concludes the proof of equal multiplicity. (Note we omit the proof that the
multiplicity-free case is equivalent to the second equality in the statement of
the theorem. This is absolutely identical to Proposition 3.4.)

It remains only to show the measure classes in formulas (2) and (3) are
the same. In fact I will write down an underlying isomorphism of the measure
spaces that carries one measure onto the other. First of all, by the final paragraph
in §3, we know that u’G, ~ 1s the push-forward of Lebesgue measure on p~ ().
On the other hand, if we set §, = {& € g;: &|, = 6],,} » then Plancherel measure
on (G;/ N)“" is nothing more than the push-forward of Lebesgue mesaure on ﬁ;
under the map ﬁ; — ﬁ;/Ge . We use [12, p. 360]. Consider the map & — G-(pc ,
ﬁ; — g°/G, where ¢, =any extension to g of the linear functional on g, +n
which agrees on n with 6 and on g, with ¢. If (p; is another extension, then
= 9, =Ny @, , Ny € Ny. So & — ¢, is well defined. The map

ny

/
¢cl90+n = ¢6|GII+"
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is obviously surjective on G- p"'((i) /G . Finally, we have
G.¢€=G.¢C| @Gooé=Go.él.

Indeed if g,-& =, , then g,- ¢f|%+n = ¢, |gs+n = @ = Ny8y- ¢, . Conversely

if 8-9; = 9, , then 6 = %ln = gogofl‘1 = g-0,i.e., g € G,. The equality of the

measure classes—both push-forwards of Lebesgue measure—is now evident.
Next we turn our attention to restrictions. The analog of Theorem 6.1 is

Theorem 6.2. Let p €g°, n = m, € G the corresponding representation, p =
Py .- Then

®
4 b4 =/ n d).n 0 .
(4) olN G 007944y 6(0)
where /I"N,G is the push-forward of the canonical measure on G-¢ under G-¢ —
p(G-9) — p(G-9)/N. Moreover, the multiplicity function

n, o = #N-orbits in p—l(N -0)NG-¢

is identically 1 or +oo according to the same conditions as Theorem 6.1 (except
generic on 0 instead of ¢ ).

Proof. We start with the Mackey machine as in Theorem 6.1. Set 6 = ¢| ,
Y=V € N, and 7 an extension determining the Mackey cocycle w, . There is

a unique o € (Gj /N )57 , which is determined by & = ¢| g (SC€ [12]), so that

G .
My =", ,= Ind070®y.

Moreover, by the work in [10] we know

®
5 n =/ dimo)g-ydg.
(5) yolN G/G;_( )g-ydg

Now, exactly as before, Gy /N is exponential solvable and the generic represen-

tations of (G; /N)*" are all of the same dimension, i.e., 1 or co. The former
occurs iff G,/N is abelian and w, is trivial. We must show the identity of the
direct integral decompositions (4) and (5).

The spectra are clearly the same. Indeed the spectrum in (4) is p(G-¢)/N =
G-0/N cn*/N, which agrees with G-y C N under the Kirillov identification
of n*/N with N. Next come the multiplicities. But for this it is virtually
sufficient to cite the proof of Theorem 6.1. We saw there that

#N-orbitson p~ ' (N-0)NG-p =1
© GyN=G,N & Gy, =GN,
¢ G, /N is abelian and w, is trivial;
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and in the contrary case
#N-orbits on p—'(N -0)NG-p =+0
& dimN-¢p <dimG-pnp ' (N-6)
« the generic representations g of (G; /N )E’ are

oo-dimensional.
Finally, the spectral measures are exactly the same—indeed
p(G-9)/N=G-6/N=G/GyN =G/G,
and the canonical quotient measure classes are identical.

7. CONORMAL COSET SPACES

We are still interested in decomposing induced representations Indg v but,
unlike the situation in the last section, in which H was normal, we assume
now H is conormal. This means that G is a semidirect product G = HN
where N is normal. The main impetus for the study of conormally induced
representations has come from two sources. The first is the study of symmetric
spaces as, for example, in [16 or 20]. The second—and more to the point
here—is the study of exponential solvable homogeneous spaces. As mentioned
in the introduction, much of the argumentation of §§3, 4 really depends on
the nilpotency of G only to ensure the existence of the codimension 1 normal
subgroup N. If N exists a priori, the technique of Part I can be employed.
When does N fail to exist? The typical situation is exemplified by the ax + b-

group
G={<g ?):a>0,beR} withH:{(g ?):a>0}.

H is not contained in any proper normal subgroup of G . But this is a typical
conormal subgroup, and the understanding of Indg v is critical to the study of
exponential solvable homogeneous spaces.

Now the same thread that is present in Kirillov [9], Auslander-Kostant [1],
Pukanszky [19], Duflo [6, 7], and Lipsman [12, 13] is present here. Namely, we
seek an orbital description of the harmonic analysis of LZ(G/H ). The main
ingredients of that analysis are given by the Mackey machine. For these Mackey
parameters to disappear from the final picture, we must understand the inter-
play between the Mackey and orbital parameters (as we did, e.g., in §6). In
this section we give the main Mackey machine result for conormally induced
representations. Its interplay with orbits will be considered in future publica-
tions. One simplification we will make now—the irreducible representations
of exponential solvable groups are monomial, so we will assume the inducing
representation is a character.

Let G = HN be a semidirect product of locally compact groups, N normal
and type 1. The representations of G produced by the Mackey machine are as
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follows. Let y € N, Hy the stability group. Let # be any extension of y to

H, satisfying

(6) p(h)y(h™'nh) = y(m)i(h), neN,heH,.

7 is not uniquely defined, but the Mackey cocycle (class) defined by
7(}11)?(”2) = wy(hl s hz)?(hlhz) » h,' € Hy s

is uniquely determined. We may assume w, is a normalized multiplier—i.e.,

a)y(h , h_') = 1. The Mackey machine representations are given by

ny,(,:Indg?Na@?xy, aef{;"’.

We have
~ JeecG.g-y~y . g.-0~0
M, =M, ¢3geCG, g v~y ,g-0~0.

In case N/H is countably separated and all the little group duals FI;T’ 7 are type
I, we obtain all the irreducible representations of G this way.

Theorem 7.1. Suppose N is unimodular, N/H is countably separated, and %
is typel for uy-a.a y€ N. Let

®
y=|[ nlo)odu, o)
Apy

be the unique direct integral decomposition of . Then
G ® & .
Ind 1 = f / _n@)r, du,(0)diy(y),
N/H J ATy

where fi, is the push-forward of the Plancherel measure p,, on N.

Proof. First we observe that the final result does not depend on the choice of
the Mackey extensions 7. Indeed any other extension 7, that satisfies equation
(6) is of the form §, = x$, x a unitary character of Hy . Note that the notation

M, s is slightly abusive— . is more accurate. It is clear that

Tyse =Ty s 30 I =27
Furthermore if o
7’=/. ny(a)adu(a),
H,w,
then o
X?=/ n;,(ﬂ’)XJdﬂ,(a):[ ny(Xo)odu,,(0).

A2y Hpy
That is, _
—_ L
n,;(0) =n,(xo), cEHy.

It follows that the expression

®
/ n,(@)m, ; , d;ty(a)

HPy
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is independent of the choice of 7. Indeed
(O, 5 6 = My (O, 5 5 = M (XOIT, 5 455
so that the change of variable yo = p effects the proof.
Next we square away a few modular functions. To conform to [10], we put
all group actions on the right—e.g., n-h=h"'nh, (y- h)(n) =y(n- hYY, ete.
We use A for modular functions, e.g.,

A, (x) /H f(xh)ydh = /H f(hydh,  feC(H),

where dh =right Haar measure on H. We also define the modulus g for the
action of H on N by

() ath) [ sk~ yan = [ fondn,  fecm).
N N
It is an easy exercise to verify that
Ag(nh) = Ag(h) = g(h)Ag(h).

Now since N is unmodular and type I, it has a nice Plancherel theorem:
there are a measurable field of Hilbert spaces y — )7; , a measurable field of
irreducible unitary representations y — l"y €y on 7/; , and a positive Borel
measure u4, so that

f=TN)= [ fr,mdn,  fecm,
extends to a unitary operator
&b
F LW~ [ 7 FE) duy()

intertwining A® p with [ ® l"y®l—“y duy(y). Here 4 and p denote the left and
right regular representations, and # . (Z;) ~ 7 ® 7y is the Hilbert space

of Hilbert-Schmidt operators on # . As usual the identification of Z . (Zj)
with Z @ 7, is via T, (L) = (L, )¢, &,n,{ € Z, extended by linearity
and continuity. It is routine to check that for any bounded operator D on Zj

we have

(8) DT, =T,

DE®n TeonD =T,

{®D*n *

Equation (7) says that Haar measure on N is relatively invariant under H
with modulus ¢ . After transforming by % , it must be that Plancherel measure
Uy is also relatively invariant, this time with modulus g '—ie,

a)y™ [ 1f@ -y @) = [ 1@ duy ().
N N

Next we disintegrate (N, u n) under the action of H (see [10]). Fix a pseu-
doimage j, (i.e., a push-forward) of x, under N — N/H . It is standard
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Borel measure since N/H is countably separated. Then_by [10, p. 128] there
exist uniquely determined relatively invariant measures d4 on H/ H}, such that

/ F()duy(y) = / F(y-hydRdity(7)
N N/H JH/H,

(the shorthand is 7 = y - H ). The modulus of (a.a. of) the relatively invariant

measures dh must be the same as the modulus of u ~ [10, p. 108], i.e., g ",

But it is well known that the homogeneous space H/ Hy has a relatively invariant
measure (with modulus ¢, ) iff the function h,/ —A H(hy)A H“(h},)_l satisfies

a,(h,) = Ay(h)A, ()™, h € H,.

In particular, the latter extends to a continuous character of H to R:f which
agrees with ¢~ ' .

Now with all these preliminaries set, we can get to the details of the actual
proof. We begin by realizing the induced representation R = Indf, 1 on L2(N ).
We can do this since G = HN. Indeed, using the standard formulas for an

induced representation [10] and restricting the function space to N, we obtain
R(n)f(n,) = f(nn),
R f(n)) =qh)"" P f(h""'nh),  feL’(N).

Next we transfer the action of R to | 1?,9 H P (#,)duy(y) via F . But before
doing that we must make a selection. For each pair h€ H, y € N we select a
unitary operator
5(h): Z,, — %,
so that
T (hnh™") =3, ()", neN,heH.

This can be done in a measurable way. Note that when s € H,, then y- h=y
and the operator y(#£) may be taken to be a Mackey extension. Also we leave
it to the reader to check the existence of a measurable function w, on H x H
so that
9) p(hk) = 3(h)(y - h)” (K)o, (h,k),  h,k€H.
Thus w,|, .y is the Mackey multiplier.

Now we write {7} to denote an element of f v (;?; ) . These are Hilbert
Schmidt operator fields over N , specified u y-a.€. A simple computation reveals
thatif R=F oRoF "', then

(10)  R{T,}={T,L,(m~'},  RM{T}={a)"*3(W)T,.,5(n)~"}.

But from the disintegration of (N, u ») under the action of H we have

o 7 2 —
| # @ duyn= | # P, dRdiny (7).

N/H JH/H,
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It is completely evident from the formulas (10) that the inside integrals are G-
invariant (under R). Thus to prove the theorem, it is enough to prove that the

A

action of G via R on

® —_
XS (Z’;,h) dh
H/H.
is unitarily equivalent to the representation
®
(11) /H 5 MO, 5 du,(0).

In fact we shall write down an explicit intertwining operator. But because of
the way we set up the structure, it will be more convenient to conjugate equa-
tion (11). So to exhibit the operator, we return to the Mackey machine and
reparametrize slightly. Write

5, = Indf,? ~NO®FXx7F, 7 the conjugate representation,o € H,” .
We may realize this induced representation in the space of Borel functions
fTH-Z® ?«,
which satisfy
f(hh) = o(h) ®F(h)If(h),  he€H,h eH,,

| WP dR <o
H/H.

via the action

(12a) n. (k)f(h) = f(hk)g, (k)% h.keH,

(12b) n7,a(n)f(h)=I“7(hnh_')f(h), heH, neN (see[10]).
We call the above space Z{%,a . Now we define an intertwining operator @ that
maps

® _ )
o: Z”y(/?f/,h)dh — / no(o)# ,du (o).

H/H. Hei
In order to define ® we invoke the hypothesis of the theorem to know there is
a unitary operator

®
0,7~ [ #lo)du,0)

which intertwines $ and f,?w, ny(a)a duy(a). That is, for £ € /?; , <I>7(é) isa
measurable field of vectors {CD: (&)} gy » Where <I>‘7’(é) € if;(a)—a space on
which H,/ acts by ny(a)a(uy-a.e.). Thus

) (5(h)E) = n, (o (W)B](©),  hEH,.

7
Next, to define ® we set

®:{T,,}— {f}
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where r »
£ hy = @S5)T, ., 5(h)" .
h— fUT(h) is a Borel function with values in Hilbert-Schmidt operators from
Z‘; to Z’;(a) , 1.e., an element of %(0‘) ®7y . (We use equation (8) to identify
A QE ~ ¥ F (B, for Hilbert spaces & , & .) Moreover
17 (hh) = ®]3(h, )T, 7(h )"
= ®%5(h)7(W)T,.,7(h) " 3(h,) "
= [n,(0)0 ®F1(h) 1, (h),
because of the intertwining property of (I>; and the identification in the second

of equations (8). It is clear, virtually by definition, that || faT(-)||2 is square-
integrable on H/H, . Thus the operator @ is well defined. We must show that
it is unitary and that it intertwines the associated group actions. Unitarity is
clear—Dby definition and the fact that the (k) are unitary operators. We show
the intertwining property by separating out the N and H actions. We compute

LT (h) = @3 (R()T),,, 5(h) ™"
= ®7H()T,., T, ()~ 5(h) "
= £T (W)L, ()" 5(h) ™"
= fJ (WL (hnh™" Y =n-f]
by equation (12b) and the second of equations (8) again. Also
57T = @)3()RK)T), ., 5(R)™"

= ®]7(M)q(k) (7 - )~ (k)T (v - )™ (k)™ 9() ™"

= q(k)"*®] (hk)T,.,, 7 (k)™

=q(k)' 1] (hk)y =k - ]

by equation (12a) and the equality of g, with q~". Note we also used (9) (the
w, ’s cancel out in the application). Q.E.D.

Note. It is a cute exercise to apply Theorem 7.1 to the situation where G = SxS,
H=A%= {(s,s):s€S}, N={(1,s): s€ S}, S aunimodular type I group.
Theorem 7.1 may be extended by allowing the inducing representation to be

any character, not just the identity. The proof is basically the same and so I
shall not repeat it. Here is the precise result.

Theorem 7.2. Suppose N is unimodular, N/H is countably separated, and ¥
is type 1 (a.e.). Let

®
7= [ . n(@)odu,(o)
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as in Theorem 7.1. Let y € H be a character and set x,=x|H,. Then

G & [0 _ ‘
Ind,; x =[ /a ny(x,/a)nyvaduy(a)duN(y),
N/HJA?

the notation interpreted exactly as in Theorem 7.1.

Remark 7.3. Viewed from the Mackey perspective, these theorems say that to
describe the decomposition of the induced representation, it is enough to un-
derstand the decomposition of 7. That in itself is a very interesting problem.
The most interesting case is when N is simply connected nilpotent. If H is
a group of automorphisms of N preserving some y € N, the problem is to
describe the representation 7 of H . The question has been studied extensively
for H semisimple (the Weil or oscillator representation). It is also interesting
to ponder other categories of H (e.g., H nilpotent or exponential solvable)
and what the “orbital description” of 7 might look like. In our next publica-
tion (on exponential solvable homogeneous spaces) we shall have to deal with
H abelian. Other questions one may ask in general are: when is 7 of finite
multiplicity? multiplicity free? quasi-equivalent to the regular representation?

8. EXAMPLES

In this last section we present various examples of direct integral decomposi-
tions of nonnilpotent homogeneous spaces. For simplicity we keep to Indg 1,
i.e., the quasi-regular representation. Our primary concern here is to indicate
how it may be possible to generalize Theorem 2.2 to nonnilpotent groups G.
In fact, we expect it to go over unchanged to exponential solvable groups and
in “some modified form” to more general groups. The examples presented here
may be thought of as clues or signposts to the as yet unspecified final formula-
tion.

I shall present only the direct integral formulas here—not their detailed
derivations. This is to keep down the length of the exposition.

(i) The split oscillator. Let G = expg, where g is the 4-dimensional expo-
nential solvable Lie algebra having generators W, X, Y, Z satisfying bracket
relations

(W,X]=X, w,Y]=-Y, [X,Y]=2Z.
A cross section for the generic orbits in g* is given by
F={p=wW +(Z":{#0,w€R}.

Let H = expRW . Then every generic orbit meets b"‘ , and if we denote a
push-forward of Lebesgue measure by a dot, we have

Ind? 1 /EB dg
n = 4 .
" pr/H ? 4

Furthermore
n,= #H-orbits on G-(om)l =2, forall Pwp) € %,0#0.
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G and H are algebraic exponential solvable, and in fact we shall prove all of
Theorems 1.5, 2.2, 3.1, 4.1 for such groups in our next paper in this series.
(Note H is conormal.)

(i) Grélaud’s example. Let G = expg, where g is the 3-dimensional ex-
ponential solvable Lie algebra having generators W, X, Y satisfying bracket
relations

[W,X]=X-Y, [W,Y]=X+7Y.

The generic coadjoint orbits are 2-dimensional. Let H = expRY . The generic
orbits meet hl . Moreover, they meet in a 1-dimensional variety on which H
has open orbits. But there are infinitely many such orbits. This example was
pointed out to me by L. Corwin as an example wherein Theorem 1.1 fails for
exponential solvable groups—i.e., we have the equal dimension situation but
infinite multiplicity. Nevertheless, Theorem 2.2 still holds; i.e., we have the

formula
®

G ,
Ind, 1 = /hL/H m, do;
but unlike the nilpotent case the fibers of the map bl J/H — G-bl /G are infinite
in number.

(iii) Abelian conormal coset spaces. Suppose G = HV is a semidirect prod-
uct, where V is a closed normal vector subgroup of G. We make no assumption
on H other than V/H is countably separated. The homogeneous space G/H
is actually symmetric, and the representation Indf, 1 was decomposed in [16].
In fact

Ind% 1 /eB dy
n = n ,
H v * X

where n, = Ind,G,X,, x and dy is a pseudoimage of Lebesgue measure on ¥
under ¥ — V/H . But the direct integral can be rewritten

G @ .
Ind, 1= / n,dg
h+/H
because bl is canonically and H-equivariantly identified to V;for g € l)l ,
0=9|,, x(expX) = e'% o ,» X € v, the subalgebra h, +v is a real polarization
for ¢ ; and , is the representation associated to ¢ by the orbit method.

(iv) Riemannian symmetric spaces. Let G be a connected semisimple Lie
group with finite center, X a maximal compact subgroup. Let G = KAN be
an Iwasawa decomposition, P = M AN the corresponding minimal parabolic
subgroup. Then it is well known that

G ® ;
IndH1=/h n,dA

AW

where

n, = Ind,c_fxl, X,(man) = Ala),A€ A4,
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are the spherical principal series representations, W = Norm, (4)/MA is the
(finite) Weyl group, the decomposition is multiplicity-free, and dA is the or-
dinar, image of Lebesgue measure dA on A. (Actually one knows how to
describe the intertwining operator and the precise measure in the class.) Let
g =Et+p be the Cartan decomposition corresponding to K . Then ¢* is iden-
tified to p via the Killing form. Let o' denote the regular elements in a C p.
Then for every ¢ € o', the minimal parabolic m+a+n is a real polarization for
¢, and the representation m, associated to ¢ by the orbit method is precisely
T, AX) = Py , X € a. Moreover it is routine to check that G-pNp=K-¢.
Since p/K = A/W , we have the formula of Theorem 2.2 once again, namely
G ® ,
Indy 1= /tl/K 7t¢d(p.

(v) A non-Riemannian symmetric space. Let G = SL(2, R) and let ¢ be the
involution determined by the outer automorphism g — ege ™', ¢ = (0 2%)-
Then H =G’ = {(2 % ):a# 0}, asplit Cartan subgroup. We have

0a”!
G b ®
IndHl=/ n,eBZ m,
—oo n#0

where 7, is the spherical principal series induced from the minimal parabolic
{(2 ):a#0,beR} by the unitary character

0Oa™!
a b it
(0 a_l ) - IaI s

and 7#, is the discrete series representation whose restriction to the maximal

compact subgroup
co§0 sin 6 L0<9<2n
—sinf@ cos@

has highest (resp. lowest) weight

. —2ing
cosf sing) _[e " n>0,
—sinf cosf 2 n<o.

The above representation is quasi-equivalent to IndgG 1, Z; = CentG =

{(89): 6% = 1}, the principal series occurs with multiplicity 2, the discrete
series with multiplicity 1. Now, using the Killing form for identification, we
have

Fo{(§ 8)esen)

the generic G-orbits passing through b‘L are parametrized by

(2 8):erofol(5y 6): 70
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the latter give rise to unitary representation iff f is integral; and

G-p,N bJ' has two components,

G-gp s N l)l is connected .

Thus

nd¢ 1 / ° dg
n = n dg,
S T

where # denotes the regular integral orbits, and the measure d¢ is Lebesgue
or counting measure accordingly.

(vi) Nonexponential solvable groups. Let g be the 3-dimensional Lie algebra
with generators W, X, Y satisfying relations

[W.,X]=Y, [W,Y]=-X.

Let G = KV where V = exp(RX + RY) is a normal vector subgroup, K =
expRW is a circle (G is the group of rigid motions of the plane). Let H =
expRX . Then

@
Indy 1 = Ind; Indy; 1 = Ind} / Xo.n) N

& . ®
=/ Inde(o’ﬂ)dn=2/ npdp,

where 7 » = Indg X, lxl=p. Indf, 1 is quasi-equivalent to the regular rep-
resentation of G but has uniform multiplicity 2. G/H is actually symmetric
for the involution : W — —W, X —» X, Y — -Y. This and the previ-
ous example give instances of non-multiplicity-free symmetric spaces, which
circumstance cannot occur for exponential solvable or Riemannian symmetric
spaces. Even so, we have that every generic orbit meets l)l , and

#H-orbitson G- ¢ N l)l is 2.

(vii) Oscillator algebras. Let N be the Heisenberg group of dimension 27 +
1; its Lie algebra n has generators X > Y, Z,j=1,...,n, satisfying
[x;, Yj] =4, jZ . Let T be an n-torus acting on the Lie algebra level by

G = TN is an oscillator group, and we may consider Ind? 1. This represen-
tation is multiplicity-free; the generic functionals that occur in the spectrum
are integral ¢ € g* which satisfy ¢(Z) =1 #£ 0, o(T)) = —sgn(Ho;, w; a
positive integer. In those cases we have G- ¢ ntt=T. ¢ . Now we may modify
the example in several interesting ways. Let n = 2. Consider a single torus T
generated by an element W which satisfies

w,x1=Y,, W,y ]l=-X

W,X,l=-Y,, [W,1,]=4X,.

1>
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Then Ind? 1 has uniform infinite multiplicity, and the corresponding T-orbits

on the 2-dimensional variety G- ¢ N t~ are of dimension 1. But if we change
the relations to

W.X =Y, [W.Y]=-X, j=1.2,

then Ind? 1 has finite (unbounded) multiplicity, but the orbit dimensions are
unchanged. That is, the multiplicity predicted by the geometry is infinite,
whereas the actual multiplicity is finite.

CONCLUSION

The examples strongly suggest that the main results of Part I have applicabil-
ity in a much wider realm than nilpotent or even exponential solvable groups.
For simplicity let us continue to restrict attention to Theorem 2.2. Then the
examples suggest the following: Let G be a connected Lie group, H a closed
(almost) connected subgroup. Then

(&)
C Ind% 1 =/ n d
(©) 1= )T (®)

where % denotes the collection of orbits in g that give rise to irreducible
unitary representations—usually thought of as regular integral orbits, but actu-
ally admissible well-polarizable in the Duflo formulation [6]. How is formula
(C) to be interpreted? The orbit method assigns representations to the func-
tionals ¢ € &, but it may assign more than one. It depends on the size of
the set 2; ([6, 14]—roughly the number of characters of G, which extend

expX — e’ xe 8,> from G; ). In general, only those which are trivial on
Gw N H will occur in (C)—usually finitely many—and with the same multiplic-

ity. The measure u; , is somewhat problematic since the variety b NZ may
not be affine. But it will usually support a canonical measure, as recent work
of Duflo and Vergne would indicate. Finally, the multiplicity in formula (C) is
automatically

#H-orbits in G-(pﬁhl, (peblﬂ%.

Now while the spectra and measures thus predicted are almost certainly cor-
rect, the multiplicity formula may be incorrect—see example (vii). (Inciden-
tally, one may construct other counterexamples, the simplest being G connected
compact, H trivial; the H-orbits in the spheres G-¢ =G-¢pN bl are points,
but of course the regular representation has finite multiplicity.) I do not know
yet the modification of formula (C) which is true in the greatest generality. But
for (algebraic) exponential solvable groups, no modification is necessary. We
shall see in a future publication that when a codimension 1 normal subgroup
N containing H exists, we can generalize the arguments of Part I; and when it
does not, we can generalize the arguments of Part II, §7.
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