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A CALCULUS APPROACH TO HYPERFUNCTIONS. II

TADATO MATSUZAWA

ABSTRACT. We consider any hyperfunctions with the compact support as initial
values of the solutions of the heat equation. The main aim of this paper is to
unify the theory of distributions and hyperfunctions as well as simplify proofs
of some important results via heat kernel.

INTRODUCTION

In the previous paper [9], we have discussed the theory of the hyperfunctions
by a calculus approach motivated by the analysis developed in [3, Chapter 9].
We have shown in [9] the idea of our approach. Namely, we have proposed to
take hyperfunctions with the compact support as initial values of the solutions of
the heat equation. The main aim of this paper is to reformulate the foundation
of hyperfunction theory by a limiting process via heat kernel in the theory of
Schwartz distributions. For this purpose, two fundamental tools will be used.
One is the estimate for the heat kernel in (1.14) which is obtained as a special
case of the result given in [1, Chapter 4]. The other is a series of structure
theorems on ultradistributions given in [5, 6 and 7]. As was mentioned in [9],
the advantage of our method is that it can unify the theory of distributions and
hyperfunctions as well as simplify proofs of some important results.

In §1, we briefly recall the definitions of distributions and hyperfunctions
with the compact support. Especially, the space of hyperfunctions (analytic
functionals) A'[K] with the compact support in K c R" (n > 1) is considered
as the dual of the space A[K] of functions which are real analytic near K. We
will prepare a useful estimate for the heat kernel in Proposition 1.1. In §2, we
will prove that we can take u € A'[K] as an initial value of a unique solution
U of the heat equation

(9/0t—A)U(x,)=0 inR;"'=R"xR,,
U(-,0) = u.

We shall see in Theorem 2.1 that Schwartz distributions and ultradistributions
are also characterized by the asymptotic behavior of U(-,t) as t — 0 at the
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same time. At the end of §2, we shall apply this characterization to give a simple
proof for a local existence theorem to the equation
PD)u=f inQ

in the hyperfunction space B(Q2), where Q is any bounded open set in R"
and P(D) is a partial differential operator with constant coefficients. In §3,
we shall show in Theorem 3.1 that the local regularity property of an element
u € A'[K] is also described by the asymptotic behavior of U(-,t) as t — 0.
In §4, we formulate a completeness result on hyperfunctions in Theorem 4.1
which will play a dominant role in the microlocal calculus developed in the last
section. This theorem corresponds to Theorem 9.1.7 in [3]. As suggested by the
results given in §3, we shall give, in §5, the definition of wave front set which is
related to the asymptotic behavior of U(-,¢) as ¢t — 0. We hope to clarify the
Bros-Iagolnitzer definition of wave front set on the basis of our results obtained
so far.

Further investigation of generalized functions will be made in a forthcoming
paper.

The author expresses his profound gratitude to M. Miyake and Y. Morimoto
for valuable discussions during the preparation of this paper.

1. SPACES OF DISTRIBUTIONS AND HYPERFUNCTIONS

Let Q be an open subset of R” whose points are denoted by x = (X5 ees
x,). We use general notations such as |a| = @, + -+ + a, for a multi-index
a=(a,...,a,) and D* = D" -~-D:",Dj =-i0/0x;,j=1,...,n,etc.

n

Definition 1.1. Let ¢ € C*°(Q). Then we say that ¢ is in £°1(Q) for s > 1
if for any compact subset K of € there are positive constants C, and C,
such that

(1.1) sup [D°¢(x)| < C,Cl"al .

x€K
We say also that ¢ isin & (s)(Q) for s > 1 if for any compact subset K of Q
and for any positive number /4 there is a constant C such that
(1.2) sup | D°¢(x)| < Char’.

x€K
We denote by 2}(Q) and 2(Q) the subspaces of £}(Q) and £ (Q)
respectively which consist of functions with compact support in Q.

It is well known that the function
flx) = exp[-x"/“"Y], x>0
1o, x<0

isin &(R) but not in £“)(R). Thus we have the inclusion

(s>1)

(1.3) g ceQce’Q), 1<s<i<oo,
(1.4) 299 2" c2"Q), 1<s<i<c.
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The topology of such spaces is defined as follows:
(i) We say a sequence {f(x)} C & {’}(Q) converges to zero in & {S}(Q) , 8>
1, if for any compact set K of Q there is a constant C such that

D" ,(x)|

xex Clolg
a

(1.5) —0 asj— .

(i) We say a sequence {f;(x)} C & ©)(Q) converges to zero in £°(Q),s >
1, if for any compact set K of Q and for any 2 > 0 we have

D" £,(x)|

x€K hlala!s
a

(1.6) —0 asj—oo.

(iii) We say a sequence {f;(x)} C 9 5HQ) (or 2°(Q)) converges to zero
in 2%1(Q) (orin 2°(Q)),s > 1, if there is a compact set K of Q such that
supp £, CK,j=1,2,..., and f,—0 in E}(Q) (orin £9(Q)).

As usual, we denote by 24V (Q) (by 29 (Q), &4 (Q) and £°V(Q)) the
strong dual space of Z}(Q) (of 2(Q),&*}(Q) and &Y (Q) respectively)
and call its elements ultradistributions on Q.

We have the inclusion

(1.7) 2'Qca*QcaYQ), s>1,
(1.8) Q) ceQceQcaQ), s>1,

where 2'(Q) and &'(Q) are the spaces of Schwartz distributions. It is well
known that & {’}'(Q) consists of ultradistributions with compact support in Q
for s > 1 like the space &'(Q). For further details we refer the reader to [5, 6
and 7]. Let K ¢ R" be a compact set. We denote by 8’,2 and gK{S}' ,1<s<o0,
the set of Schwartz and ultradistributions with supports in K respectively.

Next we shall define the spaces of analytic functionals along the lines of [3
and 9]. Let K be a compact subset of R".

Definition 1.2. We say that ¢(x) is in A[K] if ¢(x) is real analytic in a neigh-
borhood of K and there are positive constants C, and C, such that

(1.9) sup |[D°¢(x)| < C,C1%a.
x€EK
We say ¢ ;= 0 in A[K] as j — oo if there is a constant 4 > 0 such that
D% .(x
(1.10) ‘—¢’(—)~I—>O as j — oo.
ek hlal

We denote by A'[K] the strong dual space of A[K] and call its elements analytic
functionals carried by K .

We have changed the notation in [3 and 9] slightly and use A[K] in place of
A(K). We denote by A the space of entire functions in C” in the following.
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Theorem 1.1 (cf. [S and 9]). Let uc A'[K]. Then for any h >0 there exists a
constant C = C(h,u) such that

(1.11) lu(¢)| < C sup M, o€ A
xeK Aol

This is equivalent to the condition that for every complex neighborhood w of K
(L.11) lu(@)| < C,suplg|, deA.

Let u € &Y (R")(&'(R") with s > 1. Then there is a compact set
K C R" such that for any 4 > 0 there is a constant C > 0 (there are constants
h and C) satisfying

hlelats

(L1, @) < C sup DOl yez R ($eEURY).

We can consider A'[K,] C A'[K,] if K, C K, and set 4" =J, A'[K]. Then
we have the inclusion

(1.12) ' RYcEVYRYcEV (R YA, 1<s<oo.
We denote by E(x,t) the n-dimensional heat kernel:

{ (4nt)""* exp[-|x|*/4t], t>0,

E(x,t)=
(x. 1) 0, t<O.

Proposition 1.1 (cf. [1, Chapter 4]). E(-,t) is an entire function of order 2 for
every t > 0. We have the following properties on E:
(1) We have

(1.13) E(x,t)dx=1, t>0;
Rn

(ii) There are positive constants C and a such that
(1.14) ID°E(x,1)] < C'*l D20 2 expl—a|x|*/a1],  1>0,

where a can be taken as close as desired to 1 and 0 <a< 1.

Proof. (i) We omit the well-known calculus to prove (1.13).
(ii) We shall prove (1.14) in the case n = 1 for simplicity. The derivatives
of E(x,t) can be evaluated by means of the Cauchy formula

k _ kU E(z,1)
(1.15) OLE(x, ) = o /r s

where I'y is a circle of radius R in C with center at the point x . From (1.15)
we find

(1.16) 18E(x, )| < %exp[(—fz+R2)/4t], R>0,

4ntR
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where X = x — R,0 or x + R. Let us select the radius R so that the ratio
exp[R2 /4t]/Rk would attain its minimum. This is realized for R = V2kt, so
that (1.16) reduces to

k 1 k/2,—(1+k)/2 ;47— (k/2) 2
0 _E(x,t)| < —(e/2)"'"t k'k exp[—X"/41].
|0, E(x,1)] m(/) p[—X"/41]
The last factor may be estimated as follows. Let us replace X by x+6R, where
|6] < 1; then
exp[—X_/41] = exp[—(x + OR)*/41] < exp[—ax’/4t]exp[a' R*/41],

where the constant a may be chosen so that it is as close as desired to 1 and
0 <a < 1. Furthermore R* = 2kt hence we have

k 1 (+a)k/2,—(k/2), ,1)2 2
0 E(x,t)| < —e t k!'“exp[—ax”/41],
16, E(x,1)| < Tan p[—ax"/41]
from which we obtain (1.14) in case n=1.
Proposition 1.2. For every ¢ € A[K], let

8,(x) = [ E(x -y, 0300 dy, >0,

where x € C§° (R") such that x =1 in a neighborhood of K . Then ¢, — ¢ in
A[K] as t — 0, . Also for every y e YN RY) (@ V(R") with s> 1, let

v =) [ Ex -y, 0w dy,
where y € @Y (R"),x = 1 in a neighborhood of suppy . Then Y, -y in
VR (@Y (R") as t—0, .
Proof. Let ¢ € A[K]. Then there are positive constants C, . and & such that

(1.17) sup |D®$(x)| < Ch'¥al,
x€K;

where K; = {x € R";dis(x,K) < 8}. We may consider y = 1 in a neighbor-
hood of K. By integration by making use of (1.17), we have for |y| <9

sup|D"g(x — ) — D*9(x)| < Clylh*"™ (jaf + 1)!.
Hence there are positive constants C' and H such that
sup [D"$(x ~ y) = D"$(x)| < C'I(HA)jalt, Iyl <9.
On the other hand we have for x € K
D}(4,(x) - ¢(x)) = /wlsa E(y,0)Di(¢(x - y) — ¢(x)) dy

+D; E(x—y,0)x()¢(y)dy
lx=y126

- D ¢(x) E(x-y,)dy
|x—y|>é

= Il,a+12’a+l3’a.
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n+1

For any ¢ > 0, taking J so small that C'6
1, /(HR) "t < e
Next by using (1.14), we have the estimation of the form
13 4l lal (Il /1 172 2
—=2 < (C/HR) ' (17" /|a|)) ' exp[—cd” /2t
HR) [al! (C/HR) ™ (t ™/lal)) pl /2t]
< expl[(1/2¢)(C/Hh — ¢6)]
< exp[—c62/4t] , t>0,

<&, we have

if we take H so large that C/Hh < co’ /2. By taking H larger if necessary,
we have
I |

(HA)|af!
Thus we have ¢, — ¢ in A[K].

< exp[—c52/2t] .

Now let v € 21} (R") with s > 1. Then there are constants C and & such
that

(1.18) sup |D°yw(x)| < Ch®a!’,
XER"

and supp y is a compact set in R”. Then similarly as before we have
sup| D"y (x ~y) = Dy (x)| < C'lyl(HA)alt’,  yeR",

and
D2 (y,(x) — w(x)) = / E(v,0)D%(w(x — ) — w(x))dy
ly|<o

+/ ~dy
[y|2é

=Ji ot
We can treat J; the same way asin I, . By using (1.18) and by the fact that

E(y,t)dy—0 ast—0_,
|y|26

we see Y, — ¥ in (R
Similar arguments can be applied in case y € Z'(R"). Q.E.D.

2. CHARACTERIZATION OF HYPERFUNCTIONS AND DISTRIBUTIONS
Let u € A'[K]. Then the function
(2.1) Ux,t)=u(E(x-y,1)), x€R", t>0,

is well defined since E(x —-,t) € A for every (x,t) € Ri“

R",t>0}.

= {(x,t);x €




A CALCULUS APPROACH TO HYPERFUNCTIONS. II 625

Theorem 2.1 (cf. [9, Theorem 1.2]). (i) Let u € A'[K]. Then U(x,t) €
C°°(R'fr+]) and U(-,t) € A for each t > 0. Furthermore U satisfies the follow-
ing conditions:

(2.2) 0/0t—AU(x,t)=0 inR"™;

+
for every ¢ >0 we have

(2.3) \U(x,1)| < C, expl(e/t) — dis(x,K)*/41] in R,

+
U(x,t)— u as t — 0, in the following sense:

(2.4) u(p) = lim/ Ux,t)o(x)dx, peAd,
=0 Jq

where Q is an arbitrary bounded neighborhood of K .

Conversely, every C™-function defined in RT] satisfying conditions (2.2)
and (2.3) can be expressed in the form (2.1) with unique element u € A'[K].

(i) In case u € gK{s}’ (8’,?)') with s > 1, condition (2.3) of the above
assertion is replaced by the following

For every €,6 > 0 (there is a positive constant C, P such that) we have

(2.3) |U(x,8)| < C. ,expl(e/t)/® ™" - dis(x, K,)*/8¢] in R*™,
s £,0 0 +

where K; = {x;dis(x,K) <é}.
(iii) In case u € 8’,2 , condition (2.3) is replaced by the following:
There exists a nonnegative integer N = N(u) such that

(2.3), |U(x,1)| < Cst~" exp[—dis(x,K;)?/81] in R,
In each case of (ii) and (iii) condition (2.4) is replaced by corresponding one:
(2.5) UGt —u in&Y R & (R"),&'(R") resp.).

Proof. (i) The proof of this part was given in [9]. We shall reproduce it for
completeness. Let u € A'[K]. Then we find obviously that the function U(x,?)
defined by (2.1) belongs to C°°(R:+') and satisfies the heat equation (2.2). We
take z=y +in,y,n € R", and observe that

(2.6) Re—(x—y—in)’=—(x-p)+n".

Then by applying (1.11) we have (2.3) if we take |5| sufficiently small. Now let
Q c R” be a bounded open set containing K and let

6.0 = [ Ex-y.0ddx, ded.
Q
Then by Proposition 1.1 and Proposition 1.2, we can easily see

2.7 G(-,t) > ¢ inA[K]ast—0,.
We have

[ Ut 080x) dx = G031
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by taking limit of the Riemann sum of the left-hand side. Then by applying
(2.7) we have (2.4).

Now we will prove the converse. We shall use some fundamental properties
of ultradistributions for which we refer to [5 and 7). Let U(x,¢) be a function
defined in R':" satisfying (2.2) and (2.3). Then by virtue of (2.3) we can extend

U beyond the hyperplane ¢ =0 as an ultradistribution U € & {Z}I(R”“) such

that
Ux,t), t>0,

U(x,t) =
(x.0) {0, 1<0.

This follows from a fundamental property of ultradistributions (cf. [7, Theorem
2.27]), and we shall find the idea of its proof in §4. We have

Ue C®(R"™'\(K x {0}))

and N
/0t —AU(x,t)=f inR"™",

where f € 8}{)2(}{0 Again by a fundamental property of ultradistributions with
support in a hyperplane (cf. [7, Theorem 3.1]), f is uniquely represented as

(2.8) f= ka x)® 3% (1)
with f, (x) € gK{Z Y ,k=0,1,..., satisfying the following conditions:
Forevery L > 0,4 >0 and J > 0 there is a constant C such that
@29)  If@l<crih sp POy gy,
XGQK'; h a!
and
(2.10) supp f = Usuppfk.
k

We define an ultradistribution v € & {2},(R"+') as follows:

oo k
v(x,t) = { OEk=0f(ar) E(x-y,0f()dy, izg

That is, we define v formally

v(x,t):/ Ex-y,t-1)f(y,1)dydr.

(2.11)

Since we have
(2.12) (8/0t—A)E(x—y,t—1)=0(x—-y,t—1)
also in the ultradistribution sense, we have

(2.13) /8t — Ayv(x,t)=f in R™".
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We will show that U = v . First we have U —v € 2% (R™") and

/8t —A)(U -v)=0 inR"™.
Using relation (2.12) and the well-known fact that E(x,1) € &2 (R"'\0),
or by the Gevrey hypoellipticity for the heat equation proved in [11], we have
(2.14) U-vegBR™),U-v=0, t<0.
Furthermore by applying (2.9) and Proposition 1.1 to (2.12) we have the es-
timation of type (2.3) for v(x,t). Thus we can easily show that U — v is
bounded in the whole space R” + By the well-known uniqueness theorem for
the solutions of the Cauchy problem to the heat equation we have U —v =0.
It remains to prove that there exists an element v, € A'[K] such that
(2.15) v(-,t) > v, inA[K]ast—0,.
For every t > 0, we have

[o o]
v, =Y [ A E(x-y.01,0)dy.
k=0
Let Q c R" be a bounded neighborhood of K. We have for ¢ € 4
/ v(x,t)d(x)dx
Q

=§/(/QE(x—y,t)¢(x)dx)Akfk(y)dy,

By using Proposition 1.2 and (2.9) we can show that the right-hand side tends
to

[e o]
k
(2.17) vo(9) = A" fi(9)
k=0
as t— 0, and v, € A'[K]. This completes the proof of part (i).
The proof of parts (ii) and (iii) can be obtained similarly. We shall only

prove the estimation (2.3); for a given element u € 8’,({5}/ ,§ > 1. We assume
that for any 2> 0 and J > 0, there is a constant C = C(u,h,d) satisfying

(2.16)

(2.18) u(@)l < € sup ZEDN g ¢ gty
x€K; h'“a!
Let U(x,t) = u (E(x-y,1),(x,1) € R*'. Then by using Proposition 1.1 we
find
IDE(x —y,1)]

Ux,t)| <C, su
UG, 0l hyelg hlelar

(CZ/th)—|a|/(25—l)

a!

sup exp[—(x — y)*/81]

(25—1)/2
] Y€EK;

< CCht_"/2 sup l
a

< CC,t ™" exp[2/(2s — 1)(C* /R 1)/~ V1 exp[—dis(x , K;)*/81].
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Taking 4 > 0 sufficiently large so that
(2/(2s = )(C*/h*) "V <e,

we obtain (2.3), . The case where u € & ©(R"),s > 1, is treated by the similar
way. We can easily find (2.3), when u € &'(R"). Q.E.D.

We can consider A'[K,] C A'[K,] if K, C K, € R" and we set A'(R") =
UK@Rn A,[K] *

Theorem 2.2 (cf. [3, Theorem 9.1.6]). If u € A'(R") then there is a smallest
compact set K ¢ R" such that u € A'[K]; it is called the support of u. If
ue & R" or ue &Y(R") (s > 1), then u defines an element in A'(R")
with the same support.
Proof. Let u € A'[K] and let K be the intersection of all compact sets K such
that u € A'[K']. By Theorem 2.1 a function U(x,?) is uniquely defined and
satisfies the heat equation in R"“\(K x {0}). Noting that u =lim,_,, U(-,1),
wesee uc A[K]. If ue & (R") or ue &Y' (R") the function U(x,?) is
also uniquely defined and U(-,#) — u in &' (R") orin &Y (R") as 1 — 0,.
So continuation of U as a solution of heat equation is only possible outside of
supp u x {0}.
Theorem 2.3 (cf. [3, Theorem 9.1.8]). If K, ... ,K, are compact subsets of R"
and u€ A'[K,U---UK,], then one can find u; € A'[K}] sothat u=u +---+u,.
Proof. 1t is sufficient to prove the statement when r = 2. Let U(x,t) be the
function defined by (2.1). The theorem will be proved if we can split U into a
sum U = U, + U,, where U f satisfies conditions (2.2) and (2.3) with respect
to K i j = 1,2. By virtue of condition (2.3) we can extend U beyond the
hyperplane ¢ = 0 as an ultradistribution U € 23" (R™!) such that

- { U(x,t), t>0,

1o, t<0.

Then U satisfies the heat equation outside of K v 1?2 in the ordinary sense,
where I?j =K; x{0},j =1,2. We take a function y € C°°(R"+l\(K1 NnK,))
constructed in [3, Corollary 1.4.11] such that y =0 for large |x|+ ¢ and near
K\(K,NK,),y =1 near K \(K,NK,) and y € L°°(R"+l). Here “near”
means in the sense of the slowly varying metric defined in [3, Chapter 1]. We
will split U as follows:

U,=yl0-7, OU=(-pl+7.

Here we define y/(~J € é’{z}’(R"“) such that (//I~J =0 near 1?2\(12l nffz) and
(1-w)U =0 near I?l\(K1 NK,). We can write

8/0t—AywU=F+f,
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where F and f are in &% (R""!) such that
Fe { (8/0t-A)wU), t>0,
0, t<0

and fe &' (R™), supp f C K, . Now we define
Vix,t)=E+F(x,t) e 2P (R™)
and V(x,t) = V(x,t) for ¢t > 0. Then we have ¥ € C*(R"™'\K, nK,),

suppV C RT' and V(-,¢) — 0 uniformly in {x;dis(x,K, NnK,) > d} for
every 6 > 0 as ¢ — 0, . Here we used the pseudolocal property of Ex as a
pseudodifferential operator in the class S, /2,01 (cf. [10 and 11]). Since we have

V(ix,t)=ywU-Ex f(x,t), t>0,
we have for any ¢ > 0
Vix,t)=0("") ast—0,.
Thus we have the desired property that U, = yU -V and U, = (1-y)U+V
for t>0. Q.E.D.
We will define the general hyperfunctions following [3].

Definition 2.1. Let Q be a bounded open set in R”. The space of hyperfunc-
tions B(Q) is defined by

(2.19) B(Q) = A'[Q)/4'[69].

Definition 2.2. Let u € A'[Q]. Then the support of the class & of u in B(Q)
is defined by suppu = QNsuppu.

This definition is justified by the following fact: If u,v € A'[Q] and u —
v e A'[6Q], then QNsuppu = QNsuppv since suppu C suppv UIQ and
suppv C suppu USQ.

DefE\ition 2.3. Let w and Q be open, bounded and w ¢ Q ¢ R". Let u €
A'[Q]. Then the restriction to w of the class & in B(Q) is defined by the class
v of v e A'[@] in B(w), where wNsupp(u —v) =3 .

We remark that for every u € A'[Q] we can find an element v € A'[@] such
that wNsupp(u—v) = J and the restriction of u to w is uniquely determined.

Now we state a localization theorem given in [3]. We shall base its proof on
Theorem 2.1 and Theorem 2.3.

Theorem 2.4 (cf. [3, Theorem 9.2.2]). Let Q; be open sets in R" with bounded
union Q. If u; € B(Qj) and for all i,j we have u, = u; in Qian (that
is, the restrictions are equal) then there is a unique u € B(Q) such that the
restriction of u to Q ; is equal to u ; for every j.

As pointed out at the end of [3, §9.2], it follows from this theorem that we
have injections 2'(Q) - 2 (s} (Q) — B(R) (1 <s < o00). Let us also note that
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the elements with compact support in B(Q2) can be identified with the elements
in A" having support in Q. In fact, let u € A'[Q] and assume that the class u
has compact support K C Q. Then suppu C KUAQ so Theorem 2.2 gives a
decomposition

u=u+u,, u €AdK], u,eAd0Q]

which is unique since K and 9Q are disjoint. This means that & = %, for a
unique u, € A'[K].

Proof of Theorem 2.4. The uniqueness is clear for v has the same property as
u, then the support of u—v is empty so u—v = 0. To prove the existence we
begin with the case of two open sets Q, and €, . Choose u ;€ AQ ;] defining
U for j=1,2. The support of u, — u, is contained in

Q,UON\Q,NQ,) c (QNnQ,)u (@, nlQ,,
so Theorem 2.2 gives a decomposition
a,-u,=7,-7,, 7,€dlQnQ,], 7,e4Q,nlQ,].
Now #=1u, -V, =u, -, defines an element in B(Q, UQ,) which restricts
to u; in Qj for j=1,2.

Next we assume that we have countably many sets Q D j=1,2,.... Re-
peated use of the special case just proved gives a sequence w i in B(Q,U---UQ J.)
with restriction u; to Q, for i < j. Let w; € A'[Ql ~-~Qj] be in the class of
w;, j=1,2,.... The proof will be complete if we shall show that there is an
element W € 4'[Q] such that supp(ﬁ—wj) in ﬁ\(Ql U--- UQj) for every j.
As is easily seen, we may suppose that Qj ={x;x € Q,dis(x,0Q) > 1/j},j=

1,2,.... Let Wj(x,t) be the defining function of W,
(2.20) Wx.0 = [ Ex-y.0m,0)dy,  1>0,
where the integration is taken in the distribution sense. We shall show that there
are defining functions Vj(x ,1),j=1,2,..., with the following properties:
(2.21) (8/0t =AWV, (x,1)=0 in R} ;
for any ¢ > 0,
e/t . n+l |
(2.22) IVj(x,t)I <C e inR,";

for every 6 >0,

(2.23) Vj(-,t)——>0 ast—0,

uniformly in {x € R";dis(x,8Q) > d}; there exists a positive constant C
such that

(2.24) W, —W,-V,|<C2 exple;/1] inR}",

Jj+1 +
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where ¢ ;= 0 as j — oo; for every d > 0, there is a number j; such that
(2.25) W, 0) = Wi(,0) = V(. 0)] < C327 expl—c/1]

in {x € R";dis(x,0Q) > 6} for all j > j;, where C; and c; can be taken
independent of j. If these are proved then it follows from (2.24) that the limit

Wx,t)=limW, -V, - —V,_))

(o]
=Wj_V1_"'_Vj-|+Z(Wk+1‘Wk‘Vk)
J
exists for (x,#) € %' and W(x,t) defines W = lim
desired element in 4'[Q].
It remains to show the existence of such defining functions Vj(x,t), Jj=

1,2,.... For each j the compact region Q \Q \Q i+l (C Q) can be covered by

the ﬁmte number of balls with radius 2/j and centeron 9Q,say B, = {x;|x-
xjk|<2/j},xjke¢9£2,k= 1,...,k;. Since supp(w,; , — W )CQ\QJH,
can split W, ~W; as follows

(-0, W (-, 1) which is the

j+1

k;
- =Z 8> suppgjkcﬁjk,k=l,...,kj.
k=1

Thus we have by (2.20)
kj
W, (.0 -Wx,0)=3 g (E(x--1), t>0.
k=1

By taking the Taylor expansion of E at x — Xj, we have
E ay=Y" Lok ¢ d
(X =y, 08, dy =3 0 E(x —x.,1) [ (x; = )8, () 4y,

where the integration is taken in the sense of distributions. By Theorem 1.1 we
may suppose that for any ~ > 0 there is a constant C = C(k, j) such that

18 (#)| < C sup w, peAd, k=1,... k.

a J
XGBjk hl Ia!
23

We set

ij=z 1x E(x - x,k’t)/(x,k y) gjk(y)dy,
al<N
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where the number N will be determined later. Then we see by using Proposition
1.1 that

'/E(x -y,0)g;(y)dy - ij(x,t)‘

Z iaj:E(x—xjk’t)/(xjk _y)agjk(.V)dy

[a]>N+1
<C Yl expl—(x — x,,)7 8012/ 1)
la|>N+1
_ 2C, 0\l
< Cr™ exp [€] explo(x — x.,) .
< Ct exp[t]exp[ (x xjk) /81]1(!|§_:N+1 Ve )

where ¢ > 0 and C, depends only on the dimension n of R". Taking ¢ =
¢, = (4C,/j)* we have

VE(x - .08, dy =V,

! lal
< Cjt‘n/2 exp [87’] exp[—(x — xjk)Z/st] Z (%) .

la|>N+1

Thus by taking N sufficiently large, we have

<27 explel/1), €)= (4C,/0)"

k/
W G, 0) = Wix,0 -3V,
k=1

If we set
kl
Vix,) =Y Vylx,0), j=1,2,...,
k=1

assertions (2.21)-(2.24) are proved and we can easily verify (2.25) similarly as
above. Q.E.D.

We shall finish this section by giving local existence theorem as an application
of Theorem 2.1. Let P(D) be a differential operator with constant coefficients
and let u € A'[K],K € R". Then P(D)u € A'[K] is uniquely defined by the
usual way:

P(D)u(¢) = u(P(-D)¢), ¢ € A[K].
Let U(x,t) be the defining function of . Then P(D)u is also given as a limit
P(D)u = lim P(D)U(-,t) in the sense of (2.4).

t—0,

Theorem 2.5. Let Q be a bounded open subset of R" . Let P(D) be a differential
operator with constant coefficients and consider the equation

(2.27) PDu=f, feBQ).
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For any f € B(QQ) we can find a solution u € B(Q) to the equation (2.27).
Proof. Let f e A'[Q] and let F(x,t) be the defining function of f given by

F(x,t)= f(E(x—-,0), (x,)eR".

We know that there always exists a fundamental solution G € 2'(R") of P(D)
such that P(D)G =4 in R" (cf. [2]). Let x(x) € C;°(R") such that y(x) =1
in a neighborhood of Q. We consider a defining function

U(x,0) = (xG) x F(x,1), (x,)e R},

We can easily verify that U satisfies conditions (2.2) and (2.3) with K replaced
by some compact set K, 3 Q. Let

Uy = ’111& U(-,t) € A'K,].
By Theorem 2.3, u, can be written as
ug=u, +u,, u €A, u,eAK\Ql

Then the class of u, in B({) gives a solution of equation (2.27). Q.E.D.

3. LOCAL REGULARITY
Let ue A'(R"). Then U(x,t) = u,(E(x —y,t)) defined in (2.1) isa C*-

function in the half space RT' . Furthermore U(-,t) is extensible as entire
analytic function in C" for each ¢ > 0. We shall consider the regularity
property of u € A'(R") relating to the asymptotic property of U(z,t) as t —
0,z=x+i¢eC".

Theorem 3.1. Let u € A'(R"). Then

(i) u is analytic in a neighborhood of x, € R" if and only if for any { €
R™\{0}, there is a neighborhood V (x,,&,) C T*(R")\O and there are positive
constants C and c such that

(3.1) |Ulx+i, 0| < CexplE/41) = (c/D], >0, (x,8) € V(x5,&)).-

(ii) u isin &Y (s > 1) in a neighborhood of X, € R" ifand only if for any
& € R0

(3.2) [U(x +i&,0)| < Cexpl(€*/41) — (c/0)'°],  1>0, (x,&) € V(xy,&,),

where V(x,,&,), C and c are taken as in (3.1).
(iii) u is a C™-function in a neighborhood of X, € R" if and only if for any
&, € R"\O there is a neighborhood V (x,,&;) C T*(R™")\O such that

(3.3)  |U(x+i&, 0| < Cyexple’/and”, >0, (x,0) € V(x,,&,),
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where N is an arbitrary positive integer and C,, is a constant depending on N .
Proof. Let u € A'(R"). Then we have
(3.4) U(x +i&,1) = (4m1) " exp[£? /4t — i(x ,&)/21]
2 .
“u,(exp[—(x —y) /4t + i(y,&)/21]),
(x+i&)eC",t>0.

The essential part which we have to treat is the following:
(3.5)  a(x,t,8) = (4nt) " u (exp[—(x - y)’ /4t + i(y,&)/21), >0,
Thus we see (47tt)”/ 23 is nothing but the generalized Fourier transformation of
Bros-Iagolnitzer with parameter A = 1/2¢.

Now we will first prove the part (i). Let u € A4'(R") and let u be real analytic

in a neighborhood of x, € R", say in ws ={x;|x - xy| <d} forsome § >0.
Then by Theorem 2.3 we can divide u so that

u=u +u,, suppu, C@;, suppu,C lw,.

Obviously u, € &'(R") and u, is analytic in w;. We divide U(x,?) as
follows:

U(x,t)=U(x,t)+ Uy(x,1),
Ulx,t)=u,(E(x-y,1), j=1,2.
We have
#,(x,t,8) = (4n)""u (exp[—(x — y)* /4t + ity &) /21]), 1> 0.

By deformation of the integration contour we can see that analyticity of %, in
w, Yyields the estimation of the form

li,(x,2,8)| < Cexp[—c/1],  (x,8) €V(Xy,&y), >0,

where V(x),&) = @5, x {¢;[€ &l < 6’} and &' is an arbitrary positive
number. As for U, we have to estimate

i,(x,1,8) = (4mt)""u, (exp[—(x — p)*/4t + i(y,&)/21]),  t>0.

We shall apply the estimation (1.11)". Let Q,_ be a complex neighborhood of
supp #, such that

Q, = {y+in;dis(y, suppu,) <é&,|n| < ¢}, e>0.
We have by (1.11)

lity(x,2,&)| < C,(4mt)”"/? sup | expl~(x — (v + in))’ /4t + i(y + in, &) /21]].
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Let x € Wy - Then we have

Re{—(x — (v + in))’ /4t + i{y + in , &) /2t}
= —[(x =)’ = 0’14t = (&, m)/2t
<—((6/2-¢) —&))jat+elE|/2t, O<e<d/2.
Thus by taking ¢ sufficiently small we find the estimation of the form
iyl < Ce™",  (x,8) €V (xy,&), >0,

where V(x,,&;) = W5y X {&:16 =&l < 0'}. The constants C and ¢ may

depend on 6,8’ and e. These considerations imply that there are another
couple of constants C and ¢ such that

3.1) li(x,2,8)| < Ce™",  xew;,ées",1>0.

We put & =¢&/2¢ in (3.1) and rewrite &' as & to get

(3.6) (1¢1/2)"|u, (expl~I¢|(x — ¥)*/2 + iy ,&)])| < C expl[—clé]l,
x€ws,l€ R™\{0}.

We shall now follow the reasoning given in the proof of Lemma 2.2 in [14].
Since

(&1/2" [ expl-IeI(8 ~»)*/21df = 1
we have symbolically
(2m)™" / / (1€1/27)""? expl-|E|(B — )*/2 = i(x -y, &)1 dB dE = 6(x - y)
and then we have symbolically
(3.7) uex) = @m™" [ [ (e1/2m)"u, expl-KI(B ~y) /2 i(x -y, D dp e

We shall justify this for ¥ € 4'(R") in the oscillatory sense and by applying
(3.6) to the right-hand side of (3.7) we shall obtain the analyticity of # near
X, - We set

Lx,y) = (Qn)™" / / (1€1/22)"" expl-Ig|(B — )2 /2 i(x — ., &) — el 1B dE,
e>0,

where the convergence factor exp[—e|& |2] guarantees absolute convergence. We
want to prove that

I(x,y)—d(x—y) ase—0in A'[K], K Dsuppu.
Namely, for any ¢ € A[K] (or A)
(3.8) (u,(I(x,9)),x¢) — (u,¢) ase—0,
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where x is a definition function of a bounded neighborhood of K (cf. (2.4)).
We have

(u,(I(x,¥)), x9)

= ™" [[[ ez u, exol-el(8 - »)*/2+ itx - v, 80D

- exp[~2&”)(x)(x) df dE dx

= u, (n)" [exolity. &) - eI ) . o> 0.

Since
em) ™" [ explity &) - e€1de = (4me) " expl-y'/ae),  e>0,
we have
™" [ exslity &) - s d@ d = [ EGx -y )(xo) ) dy

which tends to ¢(x) in A[K] as ¢ — O, as a result of Proposition 1.2. Thus
equation (3.7) is justified in the oscillatory sense for u € A4'(R") and we have
with an entire function g:

(3.9) 8(x—y)=(n)" / /;c|>1 expli(x — v, &) — [E](8 - ¥)*/2]

-(€)/2m)" P dEdB + g(x,y).

It follows that the first term in the right-hand side is analytic for x # y. In
particular, in the region |x —x,| < &,y —x,| > &, we conclude that the function

o= [ exelile = .8~ [el(8 - )’ /20E" deap
1€1>1

is analytic. On the other hand the phase has a strictly positive imaginary part
when |x — x)| <& and |y — x,| < 2¢ so f is analytic in that region also and

hence in {(x,y) € RZ";lx — Xyl < €}. Thus for u € A'(R"), we have for
|x — x| < é&:

(310) um =0 [[ utexpl-itx - y.0) - €18 /2
lel>1

(IEl/2m) P dEdB +w,(x),

where w,(x) is analytic. Choosing ¢ < J we conclude that u is analytic for
|x — x,| < & by virtue of (3.6). This completes the proof of part (i) of Theorem
3.1.

Proof of (ii). Let u € A'(R") and assume that u isin & (s > 1) ina
neighborhood of X, € R" . Then we can divide u so that u = u, +u,, where
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u, 69{3}(605) and suppu, C b, ,@; = {x;|x —x)| <6},6 >0,0<9, <J.
As in the proof of (i), we have to estimate the following:

(3.11) a,(x,t,8) = (4mt) " *u, (exp[—(x — y)’ /4t +i(y,&)/21]),
t>0,j=1,2.
We first treat
iy (,1,0) = (@207 [0 expl—(x = )4+ ity,8)/201d,
where u,(y) €D e s),8 > 1. Then there are positive constants C, and C,
such that
(3.12) sup [D°u,(»)| < C,C\al’,  aeZl.

By Proposition 1.1, taking C, sufficiently large if necessary we have
|Dy {u, () expl—(x — y)’ /41]}]
<G Y (§) (@ rp T explctx )71

B<a
a\ " 1292 1812
< COC!ala!sZ ( > B'( )/ t 181/
B
< C(;Clhla!s explc't/® 1)

with another couple of constants C; and ¢'. Here we have used the fact

(1-9)
supZ(Z) <00, (s>1).
* B<a

By making use of the above estimation we obtain the inequality of the form
lit,(x,£,8)| < Aexp[-a(iel/n)" + ' (1/0)"* "]

with positive constants A and a. This yields the estimation of the form
(3.13)
|, (x,¢,8)| < Cexpl—c(1/0)'1, >0, (x,&) € V(x,,&,) € T"(R")\0.

As for #,, we can also use (1.1 1)" as in the proof of (i) to get the estimation
of the form

(3.14) lity| < Cexp[—c/1],(x,8) € V(xy,¢,), >0,

where V(x,,&,) is a sufficiently small neighborhood of (x,,&,).

Next we assume (3.2) for u € A'(R") and we shall show that  is in & {s}
near x,. Condition (3.2) implies that there are positive constants C,c and &
such that

(3.2)’ lax,1,8)| < Cexpl—c(1/0)'"°], xew;,éeS"", t>0.
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This yields

(3.15)  (1€1/2m)"" [, (exp[—|&](x — ) /2 — iy, &)])] < Cexp[—c|é|'"],
x € wy,& € R"\{0} (cf. (3.6)).

We have already equation (3.9). As in the proof of part (i) we have for |x — x|
<e

(3.16) u(x)=(2n)™" / / . u,(expli(x —y,&) — [£|(B - »’/21)

1§11
(1&l/2m)" dE dB + w,(x),
where w,(x) is analytic. Choosing ¢ < J we conclude that u is in & &} for

|x — x,| < & by using (3.15). This completes the proof of part (ii) of Theorem
3.1

Proof of (iii). Let u € A'(R") and assume that u is in a neighborhood of
X, € R". Then we divide u so that u = u, +u,, where u, € 9((06) and
suppu, C Cco(,,,a)lS = {x;lx — x| <6},0< 8’ < 8. As we have seen in the
proof of parts (i) and (ii) we have only to estimate

(3.17)

i, (x,1,¢) = (4nt) " / u,(y)exp[—(x — y)* /4t + i(y,&)/21))dy, >0,
We have obviously the estimate
DS {u, (v) expl—(x — )’ /41]}| < C, ¢

with constants C depending on a € Z: . On the other hand

—lal/2

(7)™ [ D, expl—x - )7 4t explity £)/201dy
= (=¢/20)"a (x,1,8),
from where we have for each integer N >0
(3.18) i, (x,1,8)| < Cy(ant) "2 "21e™Y >0, &€ R"\{0}.

Thus we get the estimation of the form (3.3).

Conversely we assume (3.3) for u € A'(R") and we shall show that u is in
& near x,. Condition (3.3) implies that there are positive constants C, and
J such that

(3.3) la(x, 1,8 < Cyt",  xew;,EeS"1>0.

This yields the estimate of the form

(3.19) (1€/2m)"|u, (expl—[¢](x — »)* /2 + iy, ODI < Cy eI ™",
‘ NZO,xew‘,,éeR"\{O}.
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As in the proof of part (i) we have equation (3.6) from which we find that u
is a C*-function for |x — X,| < & with & < J by using (3.18). This completes
the proof of (iii) and the proof of Theorem 3.1.

4. COMPLETENESS THEOREM

In order to discuss the wave front set of a hyperfunction it is necessary to
consider analytic functionals carried by a compact set in C” .

Definition 4.1. Let K be a compact set in C". Then A'[K] is the space of
linear forms u on the space A of entire analytic functions in C” such that for
every complex neighborhood w of K

(4.1) lu@)l < C,supldl, pE4.

For uc A'[K],K € C", we can also consider the defining function
Ux,t)=u(Ex--,1), (x,0)eR.

We can see U(-,#) — u as t — 0_ in the following sense:

(4.2) u($) = lim / Ulx,0)(x)dx, ¢eA,
t—0 /g

where Q c R" is a suitably chosen neighborhood of ReK = {x € R";x € Re z
for some z € K}. This is verified by virtue of (4.4) given in the following
theorem.

Theorem 4.1 [3, Proposition 9.1.2]. Let K ¢ R" be a compact set and set for
e>0

(4.3) K, ={z€C";|Rez - x| +2|lmz| < ¢ for some x € K}.
For ¢ € A, set
U(z,1) = / E(z—x,0¢(x)dx, zeC",t>0,
Q
where Q C R" is an arbitrary fixed bounded neighborhood of Re K - Then

(4.4) sup |U%(-,1) = ¢()| =0 ast—0,,

(€)
and there exists a constant C such that

(4.5) sup|U’(-,0)| < Csuplgl,  ped, 1>0.
@ Q)

Proof. We shall reproduce the proof given in [3]. It is clear that U"’(. ,0)e A
for ¢t > 0. By the definition of K(e) Jf zg = x,+iy, € K(e) it follows that K,
contains the chains

I(zg,8): x = x +iyo(1 =[x = x| /2lyol), 1 = Xl < 2Iygl,
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when 0 < s < 1, and they have the same boundary. Since the form

E(z-(,0)¢9(8)dl, A---Nd{, is closed in K(e) we obtain by Stokes’ formula

Ul(z,1) = / E(z - x,0)$(x)dx

[x—xo|>2] ol

(4.6) >
+/ E(z—{,08(0)dl, A AdL,.
I'(zo,1)

We take z = z, and observe that

2 2 2
Re — (z)—x,z5—x) = —|x, — x|" + |y,|” < =3|x, — x|"/4
if |x — x0| > 2|yl

Re—(z,—¢,zp— ) = —|x, - x|2 + |x —x0|2/4 = -3|x —x0|2/4
if {eI(z,,1),Re{ =x.

Since |¢({) — ¢(z,)| < Clx — x,| we conclude that

1U%(zy,2) - ¢(zo)/QE(zo —x,t)dx|

< Cy(anty™" / exp[—3Ix — x,*/41llx — x,|dx < C 12
Q

On the other hand

1—/E(zo—x,t)dx= E(zy—x,t)dx
Q RM\Q

is exponentially decreasing as ¢ — 0 since Re(z, — x)2 has a positive lower
bound when z, € K, and x € R"\Q. This implies (4.4). Estimate (4.5) is
obvious by expression (4.5). Q.E.D.

We shall use the following notation similarly as before:

A= | 4K].

KecC

We prepare the following theorem corresponding to Theorem 2.3.
Theorem 4.2. If K, ... K, are compact subsets of R" and
ue A[(K,U---UK,),]

with the notation of (4.3), then one can find u; € A'[(Kj)(m)] so that u =
u, +---+u,, where ¢ is an arbitrary fixed positive constant.

One of the main tools of the proof of Theorem 4.2 is the following fact due
to Komatsu [5 and 7]:
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Lemma 4.1. For any L > 0 and ¢ > 0, there exist a function v(t) € Cy (R)
and an ultradifferential operator P(d/dt) such that
4.7) suppv c[0,¢], [P <cL*k?, k=o0,1,...,

lv(t)] < Cexp[-L/t], 0<t<oo;

o0

48)  pd/d) =Y a(d/dn*, la) < C, Lk, 0<L <L;
k=0

(4.9) P(d/dtyv(t) =6 +w(t),

where w(t) € C;°(R), suppw C [/2,¢].

Proof. We shall only give a sketch of the proof. First we set

(4.10) PO =0+0 TI0+LL/e)  (L>0),
g=1
(4.11) U(z)=§%Aweich(C)'ldC,  Rez<O.

Then U(z) is a holomorphic function which can be continued analytically to
the Riemann domain {z; — 7 < argz < 2z} . Furthermore, set

(4.12) u(x)=U(x +i0) - U(x - i0).

Then we have

(4.13) W9 (x)| < $L7%",

(4.14) P(d/dx)u(x) =d(x),

(4.15) ux)=0 forx<0, u(x) >0 forx >0 and
/oo u(x)dx =1.

Furthermore we have
(4.16) u(x) < fexp[-L/x}, x>0.

The function v(x) is obtained by multiplying #(x) with a function in & @ (R)
which is equal to 1 in (—o0,&/2] and equal to 0 in [g,00). By the definition
of P({) in (4.10) we can see that it is an entire function of order 1/2 such that

[+ <]
(4.17) PO =Y al", lalsCLi/k?, 0<L <L.
k=0

For the details of the proof we refer to [5 and 7).

Proof of Theorem 4.2. 1t is sufficient to prove the statement when r = 2. Let
U(x,t) be the defining function of u given by

(4.18) Ulx,t)=u(E(x~-,1), (x,0)eR.
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The theorem will be proved if we can split into a sum u = u, + u, , where for
/
any ¢ >0

(4.19) w@ISC, s 6, ded, j=1.2,
J)(3ne+e!)

By the definition of U in (4.18) we get the estimate
(420) |U(x,1)| < C, exp[(e" - dis(x,Re K,,,,,)")/4t], K =K, UK,,

(x,0) e RI,
Taking L = ¢’ in Lemma 4.1, we set
(4.21) g(x,t) = /w Ux,t+s)u(s)ds, h(x,t)= /ooo U(x,t+s)w(s)ds.
Then we have g(x,t),h(x,t) € L°(R"*") and

P(d/dt)g(x,t) = U(x,t) + h(x,t), (x,1)e R,
(0/0t—A)g(x,t)=0 in R,

+

We can see that there are limits:
g(x) =limg(x, 1) € L”(R"),
hy(x) = lim h(x,t)e L°(R")n C=(R").

Now let Q be an arbitrary bounded neighborhood of Re K, with smooth
boundary. Then we have

(4.22) / P(d/dt)g(x,t)¢(x)dx =/ P(A)g(x,t)¢p(x)dx
Q Q
=/U(x,t)¢(x)dx+/h(x,t)¢(x)dx, peAd, t>0.
Q Q
We know that the first term in the last expression tends to u(¢) as ¢ — 0,
by (4.2). We split Q into a sum Q = Q, + Q,, where Q, D (Kl)(s) and

Q, D (ReKz)(s)\(ReKl)(e) with piecewise smooth boundaries. By applying
partial integration in (4.22) we have

(4.23) /Q Ux,)$(x)dx = /Q g(x,)P(A)g(x)dx
+ [ 0te(x,1),6(x))ds — / h(x,0¢(x)dx, pEA,
o Q

where we set

ZakE[A’ua A"y — Ava (A u)] on 8Q.
k=1 j=0
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We will put

w@ = [ e@P@sdx+ [ 0lg(x),4x)ds
(4.24) s ,
-/Q.ho(x)tb(x)dx, j=1,2.

Obviously we have u = u, + u, and we shall prove the estimates of the form

(4.19). Now recall that we have L, < L = ¢® in Lemma 4.2 so that we have
la,| < C,LYk1™2,  k=0,1,....

Then we have for ¢ € 4

sup |P(A)¢] < supi la, A" $(x)| < C, iLfkr2 sup A $(x)|

Q k=0 k=0
<C sup |¢|, j=1,2,
K; ,(3ne)

where we have used Cauchy’s integral formula and C is a positive constant
independent of ¢ € 4. We see obviously

/ hy(x)B(x) dx
Q;

It remains to estimate the second term in the right-hand side of (4.24). We
recall that

Scsup|¢|) peA, j=la2-
Q,

o0
go(x)=/ U(x,s)v(s)ds, xeR",
0
and for x € 9Q we have
. oo .
A gy(x) = / (d/ds)’ U(x,s)v(s)ds
0

[ <] .
=/ Ulx,s)(~d/ds)v(s)ds, j=1,2,....
0
Thus we have by (4.13)
A g (x)| < Ce™¥ 1, j=0,1,....
From this we find for xeaﬂjnaﬂ,j= 1,2,

oo k
1Q(8(x), ()| < € (L, /) 3 (mik — m)l/k1)* sup |4].

k=1 m=0 (Kj)ane)

Since it holds that .
sup Y (m!(k — m)!/kY)? < oo
k

m=0
we have the estimate of the form

[ o.eds|<Cswisl, e

J (2ne)

Combining the above three estimates we get estimate (4.19). This completes
the proof of Theorem 4.2.
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Theorem 4.3 [3, Theorem 9.1.7]. Let K, and K be compact sets with K, C
K CR", let u;e A'(C") and assume that

(i) For any compact neighborhood V of K in C" we have u; € A'lV] for
large j.

(ii) For any compact neighborhood V; of K, we have u; ~u, € A'[Vo] for
large j k.

Then one can find u € A'[K] so that for any compact neighborhood V, of K,

(il) —u; € A'[V] for large j.
Condition (iii) determines u uniquely mod A'[KO].
Proof. If (iii) is fulfilled with u replaced by v also, then u —v € A’[VO] for
every V, so u-v € A'[KO] as claimed. Thus it remains to prove the existence of
u , which will be carried out by the method similar to that used in the proof of
Theorem 2.4. Choose a sequence ¢ ;i 0 so that with the notation in Theorem
4.1

(i)' uedK,)],

(i) u;-u € AUK) ) i k2.
Let U j(x ,t) be the defining function of u ;i

(4.25) Uix,t) =u(E(x—+,1), (x,)eR}".

We shall show that there are functions V;(x,?) satisfying conditions (4.26)-
(4.31):

. +1
(4.26) (8/0t-A)V;(x,0)=0 in R
For any ¢ >0,
(4.27) V(x.0)| < C, & inR*.
For every ¢ > 0,
(4.28) V,(-.)| =0 ast—0,,

uniformly in {x;dis(x,K,) > d}; there are positive constants C and ¢ such
that

(4.29) |U

(6,0 = Ujx, 1) = V(x, 0] < €277 explee, /1] in R},

j=1,2,....
For every d > 0 there are positive constants C;, ¢; and the number j; such
that

(4.30) |U

(%5 0) = Ui, 1) = V,(x, 0] < G2 expl-¢;/1]

in {x € R";dis(x,Ky) > ¢ +J} forall j 2> j;; forany ¢ > 0 there exists a
constant C, such that

0.0 - U0 - V(e 0100 dx
<C2” sup |g|, ¢e€Ad,t>0,j=1,2,..,

(KO)(zj +¢)

(4.31)
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where Q C R" is an arbitrary fixed neighborhood of K, contained in
Re(Ko)(c).

If these conditions are proved it follows from (4.29) that the limit

010 = fim (€)= ¥y == V)

o0

=U;= V==V + LW = U= )
J

exists and U(-,!) defines u = lim,_, U(-,) € A'[K] in the sense of (4.2). We

see from (4.31) and (4.2) that U-U; defines u—u; € A’[(KO)(c,-)] which proves

(iii). Thus u is the desired element in 4'[K].

We will construct such defining functions V,(x,?). As is easily seen, we
may assume that §; < 1/j,j=1,2,.... Then for each j the compact region
ReK, , can be covered by the finite number of balls with radius 2/, and center

on ReK,,,say B, ={xe R |x~x,|<2/j,x; € ReK,).k=1,...,k}.
Since u,,, — u, is carried by K, , we can split u, , —u; by Theorem 4.2 as

follows:
kj
ONELTEDE /%
k=

where g, iscarriedby B, 4, .,

k=1,... ,kj. Thus we have by (4.25)

k;
U (,0) = Uj(x, 1) = 3 g (E(x =+, 1)).
k=1

By taking the Taylor expansion of E at x — X;, we have
E =" 1ok @ d
Br(E(x =) = 30 =8 E(x —x;.,0) [ (% ~ )8, () dy,

where the integration is taken in the sense of distributions. We may suppose
that there is a constant Cj for each j such that
(4.32)

| / 8 W)Xy =) dy] <Cane)™ < Can/i),  k=1,.. k.

For large N determined later we set

l.,a a
uer)= 32 OTEGE =500 [ = gu»dy.
a|<
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Then we find by Proposition 1.1 that

(*)E}/E(x y,08;(y)dy -V (x, t)}
1
=l > !axE(x x]k,t)/(x,k )8 (v)dy
la|>N+1
<C > C,',alt“(”'a”/za!_l/zexp[—alx—xjk|2](4n/j)la|.

|la|2N+1

Taking &) = (4nC,)*/j*, we get

!

(*)gCjt'"/zexp[ag./t—alx—xjk|2/4t] Z (l/2)|°|.

la|2N+1
Thus if we take N sufficiently large, we have
k; '
U (e, 0) = Ujx,0) = SV, | <277 exple) /], &) = (4nC,)* /5.
k=1
If we set

Vi(x,1) = Z Vilx,0),  j=1,2,...,

assertions (4.26)-(4.30) are proved and we can easily verify (4.31) much as
above. Q.E.D.

5. WAVE FRONT SET
Let u € A'(R"). Then the defining function of u is given by
U(x,t)=u(E(x—-,1), (x,0)e R,

and we may consider U(-,t) € A for each ¢t > 0, where A is the set of entire
functions in C”. Theorem 3.1 suggests the following definition:

Definition 5.1. Let u € A'(R"). We denote by WF (1) ,WF{S}(u) ,1<s<o00,

and WF(u) respectively the complement in 77 (R")\0 of the set of (x,,&))
such that there is a neighborhood V' of x; — i, in C" and there are positive
constants C and c¢ such that

(5.1)  |U(z,0)| < Cexplés/at—c/t], t>0,z=x+iEeV,
(5.) U0 < Cexple®/at—(c/)'"], t>0,zeV,

and there are positive constants C,,, N =0,1, ..., such that

(5.1), U(z,0)| < Cyt" exple’/41], 120, zeV,

respectively.
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By this definition we have obviously the following inclusion:
(52)  WF(u) CWF (1) CWF, (1), ued(R"), 1<s5<00.
From the expression
Ux + ik, t) = (4nt)""* exp[&? /4t — i(x , &) /21]
u, (expl—(x — )" /4t + iy, &)/21)),

we have the equivalent conditions to (5.1), (5.1) s} and (5.1), respectively:

(5.1 |u,(expl-(x — y)*/4t + i(y &) /21)| < Ce™",
t>0,z=x+i€eV,

(5.1)y  Iu,(expl—(x = ) /4t + i(y ,&)/21])| < Ceexpl—(c/)'",
t>0,zeV,

5.1y luy(exp[——(x —y)2/4t +i(y,&)/2t)) < CNtN, t>0,zeV.
We also remark that for every ¢ > 0 we always have the estimate of the form

(5.3) |UCx+i€,0)]| < C,expl(e(1 + &) +¢” — dis(x, suppu)®)/4t],
t>0, z=x+i¢ e C" (cf. (2.3)).
A direct application of Definition 5.1 is given to prove the following theorem

(watermelon) originally due to [12]. A simple proof was given in [13] in case
u € 2'(R") whose method we shall adopt.

Theorem 5.1. Let u € A'(R"), suppu C {x, > 0}. Then if (0,n,) ¢ WF ,(u)
with 1y # 0, we have (0, (ny, 1)) ¢ WF (u) forall peR.

Proof. Let u € A'(R") with suppu C {x, > 0}. Then we have by (5.3) an
estimate of the type
(5.4)

U(x +i¢,1)|

< { Cext[(e(1 + |¢]) + &%)/41], x, >0,
T | Cexpl(e(1 + &) + &7 - x2)/41], x,<0,t>0,x+iEeC".

Furthermore the assumption (0,7,) ¢ WF ,(u) implies that there exist positive
constants C and c¢ such that

(5.5) [UCx + i€, )] < Cexpl(n — c)/4t],

for x + i¢ in a small neighborhood in C" of —in,. Now the proof will be
reduced to apply the next lemma to the function of a complex variable

z, = x, + i€, — exp[-&, /40U(x +i€,1), >0,

n—1

of —inp.

for each x' + i¢’ in a small neighborhood in C
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Lemma 5.1, Let )
8(2) = ¢/2, x20,
L@ -xH2, x<o,
where z=x+i, € C andlet R={z€ C;|x| <a,0<& < b} (a,b>0).
Then there exists a continuous function y satisfying w < ¢ on R and y(i§) <
(i) for 0 <& < b so that the following assertion holds:
If u(z) is holomorphic in R and
(5.6) lu(z)| < exp[Ad(z)], z€R,
(5.7) |u(z)| < exp[A(#(z) —¢)],  z€[-a,da],
where A and c are positive constants, then we have
lu(z)| < exp[Ay(z)] inR.
Proof. With 0 < § < a we apply the maximum principle in the rectangle
R;={z;-a+d<x<d,0<{<b} to
. 1 .
v(x +i8) = 7 loglu(z)| - (€7 = x" = 87)/2 = cf () sin Z(6 - x),
where
f(&) = (exp[nb/a] - exp[-nb/a])”' (exp[(~n/a)(& — b) — expl(n/a)(& - b)]).

Then we have v(x +i¢) <0 in R and in particular

Tiog |u(i€)| ~ 4¢* < 6%/2~ ¢/ (@) sin(nd/a) .

The right-hand side is negative in each compact interval in [0 < § < b) if we
take J sufficiently small since f(¢) >0 in [0<¢<b). Q.E.D.

Theorem 5.2. Let Q be a bounded open set in R". Let T be an open convex
cone in R"\{0} and set for y >0

W={zeC";RezeQ,ImzeT,|Imz| < y}.
(1) If f is an analytic function in W and can be continued analytically to a
neighborhood of 0, then the analytic functional
6= [ fex+iex)dx,sea,

can be defined for sufficiently small y € T and converges in A'[Q], when T >
y—0.
(ii) If f is an analytic function in W such that for any ¢ > 0

(5.8) |f(x+iy)| < Cexple/l¥)'/*™V],  z=x+iyeW,(1<s<x),

then f(-+iy) has a limit f,e 2"V (Q) as T3y —0.

(iii) If f is an analytic function in W such that
(5.9 S+l <Ch™, z=x+ipew,
then f(-+iy) hasalimit f,eP'(Q) as T3y —0.




A CALCULUS APPROACH TO HYPERFUNCTIONS. 11 649

Remark. The uniqueness of the limit in this theorem will be proved in the more
general situation given in the next theorem.

Proof of Theorem 5.2. (i) By assumption there is a small number 8&> 0 such
that f can be continued analytically to (9Q),,. Choose x € C;"(R) with
0<x<1sothat x =1 on Q\((69Q),, AR"). Then for y,w eT,|y| <
Pilwl <7,
/ fo+ip)dx= [ fz+ip)p(z)dz, A---Adz,, O<e<e,
Q

ue ,w)
by Stokes’ formula, u(e,w) denoting the chain
Qox—-x+igx(x)w.
Letting I'> y — 0, this converges to
F@)= [ f(2)d(2)dz A Ndz,, ¢ed,

Hw ,E)
which is independent of ¢,0 < & < g,. Furthermore for every ¢,0 < ¢ < ¢,
there is a constant C, > 0 such that

(5.10) |F(¢)l < C,suplgl, ¢e€A.

Qg

Thus we have F € A'[Q].

We remark that the uniqueness of F with respect to f in this case is easily
showed by using Cauchy’s integral formula for the chains u(e,w).

(ii) By the results on ultradifferentiable functions given in [5 and 7], we

know that there exist a function v € & {‘}(R) and an ultradifferential operator
P(d/dt) such that

(5.11) suppv C [0,7/2);

(5.12) exp[(e/t)"/“" Vv (t) € L®(0,00) for any e > 0;
(5.13)P(d/dtyw() =6 +w(t), w(t)€Cy (R), suppw C [r/4,7/2).
We consider the function g(x,t) defined by

(5.14) g(x,t)=/0°°f(x+i(s+t)y)v(s)dx, yerl.
Then g(x,t) € L*¥(Q x[0< t < y/2)) and there exists

lim g, 1) = /0 " S+ isyu(s)ds = gy € L¥(Q).
Furthermore we have for (x,t) € Q x [0,7/2)

P(d/dt)g(x,t) =P (iz yja/axj) g(x,1)
Jj=1

= f(x +ity) + /ooo fx+i(s+y)w(s)ds.
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Thus we have for ¢ € 2}(Q)

/Qg(x,t)P (—i}:yjc‘)/axj) B(x)dx

/fx+zty)¢(x dx+/ (/ fix+i(s+1)y )w(s)ds) d(x)dx,

from where we find that [, f(x + ity)¢(x) dx converges to

| &0 (—ig yj6/8xj) sx)dx— | ( | s+ syt ds) o(x) dx

as t — 0. We can easily see that P(—i Z;zl y;0/0x;) is an ultradifferential

operatorin 2 }(Q) since P(d/d¢) is an ultradifferential operator in @} (R).
(iii) Take a function v(¢) such that

o(t) = NN, 0<t<y/4,
1o, t<0andy/2<t< 0.

Then we have
(@ di" () = 6 +w(),
where w(t) € C§° (R) and suppw C [y/4,7/2]. By making use of this function

we can prove the existence of lim,_, f(-+ity) €D '(Q) as in the proof of part
(ii) for any fixed yeI'. Q.E.D.

Theorem 5.3 (cf. [3, Theorem 9.3.3]). Let W ={x+iy;xeQ,yeTl,|y| <7y}
be the same as in Theorem 5.2. Let [ be an analytic function in W . Then
(i) for any Q| € Q, there is an element f, € A'[Q] uniquely determined

mod A'[0Q] such that the analytic functional
A0 = fo,(8)= [ f0+ ip)olx +iv) dx

is carried by any given neighborhood of 6Q, in C" when y €T and y is small
enough. Thus f, defines uniquely a hyperfunction in B(Q,).

(i) If Q, C Q, is another open set then f, — fo € A'TQ,\Q,] so there is
a unique F € B(Q) such that F and f, have the same restriction to Q, for
every Q, € Q.

(iii) The limit in each case of (i), (ii) and (iii) in Theorem 5.2 is equal to F
on Q.

(iv) If F =0 in some nonempty Q, C Q and W is connected, then f =0.
Proof. (i) Let Q, € Q. For any y,,y, € I',|y[,|y,| <7, we can easily see
that the analytic functional

A9¢—’/Q f(x+iy1)¢(X+iy|)dx—/Qof(x+iyz)¢(x+iyz)dx
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is carried by 8Q, + i[y,,»,]. The existence of f; € 4'[Q] is thus a conse-
quence of Theorem 4.3.

(ii) Since fn.\nz Sf(x+iy)p(x+iy)dx is carried by (ﬁl\Qz)+iy , we find that
le - fnz is carried by any neighborhood of Q,\Q,, which means Jo,~ Jo, €
AQ\Q,].

(iii) Let f; € A'[Q) be the limit in (i) in Theorem 5.2. If we observe that
d(x +iy) = ¢(x) in A[Q) as y — 0, we have

5(#) = lim / F(x + iy)(x) dx
= hm /f(x+zy)¢(x+ty)dx peA.

Next, let f, € 2V (Q) be the limit in (ii) in Theorem 5.2. Let Q, € Q
and f; o be the restriction of f; to Q. Choose ¢ € Z {‘}(Q) so that ¢ = 1
in a neighborhood of ﬁl . Then for y € A we have by (5.15)

/Q £+ ity)d(0)w(x + ity) dx
- /Q g(x,0)P (—iz yja/axj) SX)w(x + ity)dx
j=1

_ /Q ( /0 % fe+ (s + Op)w(s) ds) SO0)W(x + ity) dx.

If we integrate only over Q, and letting ¢ — 0, we see fQ -f Q is carried
by any neighborhood of BQ This means f, = f, in Q. The proof in case
f€ 2'(Q) is similar, we omlt it here.

(iv) We denote by R, the difference in (i). By assumption R, is carried by
any neighborhood of 9Q;, when |y| is small. We have

fQ,(E(Z~-,t))—/Q E(z—&—iy,0f(E+iy)dé =R (E(z--,1),
t>0.

Taking z = x + iy and letting ¢ — 0, we see f(x + iy) is equal to zero for
x € Q, when |y| is small, so f=0 in W if W is connected, which proves
(iii). Q.E.D.

We call the hyperfunction f, € B(Q) the boundary value of f from I'
following [3]. We shall use the notation b.(f) = f, when we want to emphasize
that the limit is taken from I' and f is called I'-analytic at Q.

Theorem 5.4 (cf. [13, Theorem 6.5]). Let u € A'(R") and (x,,&,) € T*(R")\O.
Then

(1) (x4,$o) € WF,(u) if and only if there are open convex cones T, ...,
Iy c{¢eR";({,&) <0}, bounded open neighborhood Z of x, in C", u




652 TADATO MATSUZAWA

holomorphic in Z, fl holomorphic in Z N {R" +iI‘j}, j=1,...,N, so that
N

(5.16) w=uy+y b (f) onZnR".
1

(i) (x0,&,) & WF () (1 <s<oo) ifandonly if uye &z nR") in
the above expression (5.16).

(iii) (xy,8,) ¢ WF(u) ifand only if uy€ &(ZNR") in the above expression
(5.16).

Proof. (i) Let u € A'(R"). Then by (3.10) we know for |x—x,| < & with & >0
sufficiently small

uw = @m™ [[ o (expl-itx -y, ~ K18 - »)/2)
121

(IE/2m)" 2 dEdB +w (x),

where w,(x) is analytic in {|x - x;| < ¢}. Now assume that (x,,{,) ¢
WF ,(u), then we see by (5.1)" there is a small cone neighborhood V' of ¢, in
R™0 so that the following estimation holds:

(5.17)
/m_x g W ORPLx = ,8) — KI(6 - vl 2n)"? dp| < Ce™*!,

Jev,

where C and c are positive constants independent of x € R", |x—x,| < & and
e V. For § e R"\0, (£,,¢)) <0, let I, be a closed cone neighborhood of
¢, such that

(n,§,)>0,(n,§,) <0 foranynel, .
Let T; be the dual cone of T, , i.e.

(n,&)>0 onT, xT; .

We can choose ¢, ... ,$, so that

R\0=Vul: u...uT®
- & v

Then we have for |x — x| < ¢
(5.18)

N - 2
uw) =+ 3™ [[ - wexlite -y, - €18 - »)/2)
! €121

- (1€1/2m)" x (&/18)) A& d B

N
= uy(X) + Y u,(x),
1
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where suppx] c 21 X = 1 on R"\V. It is easy to see that Uy(x) is
analytic in |x — xol < ¢ and u; is the boundary value of

fa=@m™ [[ - ulewliz-y.8 - RI6- 2]
121

- (181/27)" 2 (&/1€)) d& d B

which is analyticin Z N (R" + il“gj) with a small complex neighborhood Z of
Xy

Conversely, assume (5.16). It is sufficient to prove the case N = 1. Let
I' be an open convex cone in {¢ € R";(¢,&) < 0} and let Z be a complex
neighborhood of x, € R". We assume f is holomorphic in ZN(R" +iI") and
ue AR", u= br(f) on ZNR" whose existence is assured by Theorem 5.3
and Theorem 4.3, Take Q = {x € R";|x — x,| < d} sothat Qc ZNR" and
write ¥ = u, +u, where suppu, C Q and supp u, C R"\Q. Let U,(x,t) and
U,(x,t) be the defining functions of #, and u, respectively. By (5. 3) we have
the estimation of the form

Uy(x +i&,1)| < Cexp[(¢* - c)/4t], ¢Ee€R", t>0,

if x is in a small neighborhood of x, contained in Q and ¢ is any bounded
set of R". For y € I' with |y| sufficiently small, we can see that the analytic
functional

43¢ —u@)- [ for+ip)ot+ ) dx
is carried by 0Q + [0, iy]. Hence u, is carried by
= (8Q+[0,iy]) U @+ {iy}).
Recall that
U(x+i,t) = u(E(x +i§—-,1)).

We can easily see that if we take |y| sufficiently small there is a small neighbor-
hood V(x,,4,) of (x,,&,) such that for u+ iy near to M we have

~Re(x +i¢ - p - i)’ = =(x = p)* + (£ - »)°

<&-c, (O eV(X.E),

where ¢ > 0 is independent of (x,{) € V(x,,{,). Thus for the defining
function U of u we have the estimate of the form

U(x ~ i€, 1) < Cexpl(&s ~c)/48],  (x.8) € V(xy.&),

which proves (x,,{,) ¢ WF,(u).
The proof of parts (ii) and (iii) is similar and we omit it here.
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