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STABLE PROCESSES WITH DRIFT ON THE LINE

SIDNEY C. PORT

ABSTRACT. The stable processes on the line having a drift are investigated. Ex-
cept for the symmetric Cauchy processes with drift these are all transient and
points are nonpolar sets. Explicit information about the potential kernel is ob-
tained and this is used to obtain specific results about hitting times and places
for various sets.

1. STATEMENT OF RESULTS

Let X , be a process with stationary independent increments having log char-
acteristic function
—t|6|*(1 — i hsgn(9)),

where 0 <a<1lorl<a<2, h=pftan(na/2), and |B| < 1. Such processes
are called drift free strictly stable processes. The processes with log characteristic
functions
28
—1|6| (l +i— sgn(0) lnl0|)

are called drift free Cauchy processes (or stable processes with index a = 1).
If X,= X , — bt we say X, is a stable process with drift —b. In this paper we
will always take b > 0.

There is an enormous literature on the behavior of drift free stable processes.
Surprisingly, little has been written on stable processes with drift. In view of the
extensive results known for the potential theory [6] and the path behavior [3, 4]
for infinitely divisible processes in general, the interest today in special processes
such as stable processes with drift lies in the fact that for such processes rather
explicit results may be obtained.

The incorporation of a drift term changes the behavior of the process as
compared to a drift free process. However the drift acts substantially different
for processes with index a < 1, a =1, and a > 1. In all cases except for
a=1 and g =0 (i.e. the symmetric Cauchy process) the processes with drift
are transient and hit points with positive probability. This fact follows from
the general theory [3 and 6]. This is in contrast to the drift free processes. For
drift free processes if a < 1 the processes are transient but do not hit points,
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while for o > 1 the processes are recurrent. General theory [3] again tells us
that for @ < 1 a point is irregular for itself while for a« > 1 a point is regular
for itself. For a = 1 and B = 0 the process with drift is still recurrent and
fails to hit points, while for f # 0 these processes are transient and hit points
with positive probability.

The processes with f = +1 are called strictly asymmetric. As written here
B =1 corresponds to a process that can only jump to the right while g = —1
yields a process that can only jump to the left.

For each ¢, X, has a bounded continuous density p(f,x). We will first
discuss a process with index a # 1. The quantity

g(x) = /0 " ot x)dt

is called the potential kernel for the process X,. Let f be the density of X |-
Then

(1.1) p(t,x) =t F7 % (x + bt))

and

(1.2) g(x) =/ Ve (x + b)) dt .
0

For a < 1 the drift free process is also transient. Let g(x) denote its potential
kernel. This may be explicitly computed. It is given by
(1.3) g(x) =1+ Bsgn()]Ix|*~'(1 + hz)_l—r(ln— @) sin (%) .

It is a classical result that g(x) for the processes with o = 2 (Brownian
motion with variance 2¢ and mean —b) is given by g(x) = %e_bx , x>0,
and g(x) = % , X < 0. Hence forth we will exclude this process and understand
processes with @ > 1 to mean a < 2.

It is not possible to explicitly compute g(x) for the processes with a < 2.
Nonetheless we can determine some rather explicit facts about g(x). General
theory [3] shows that g is bounded, and continuous at all x #0. For a> 1,
g is continuous at 0 and g has a maximum at 0. For a < 1, g hasajump at
0;g(0) = g(0+) and g(0-) > g(x) forall x. Let A(x) be the probability that
the process starting at 0 hits x . Then general theory [3] shows A(x) = Cg(x)
where C = g(0-)"".

Theorem 1. Let
1

1 -1
(1.4) p=§+ﬁtan (,Btan(—z—)) .
Then for a < 1,
1 ap _ 1 ap
80 = g00) = 5722 g0 =5 [1+72],
(1-a)b

C = , h(o)=ﬁ__

~1-a(l-p)
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Remark. It is interesting that the probability 4(0) does not depend on the
magnitude of b. As pointed out to me by Pat Fitzsimmons, the referee, and
others, this fact follows at once from the scaling property of X ,» and the fact
that 5

h(0) = P(X, = bt for some ¢ > 0) .

Indeed, for any ¢ > 0 and X 0)=0,

inf{t > 0: X(¢) = bt} = inf{t > 0: x~/*X(ct) = bt}

= Linf{u: X(u) = c*""bu} .

Taking ¢~ = 5*/'"* we find

b inf{t > 0: X(¢) = £} = inf{t > 0: X(2) = b1} .
Thus P(f (t) = bt for some t > 0) = P()? (t) =t for some ¢).
Theorem 2. Let a <1 and B=1. Set y=[b cos(na/2)]"/('_°’). Then

h(-x)=e", x>0,

and
g(-x)=[1-a)b] e, x>0.

We will next determine the asymptotic behavior of g(x) as x — +oo. Sur-
prisingly, this can be done rather exactly. The asymptotic behavior as x — +0
will be given in Theorems 14 and 15.

Theorem 3. Let a< 1. Forany n=0,1, ...
n . .
g(x) =7y (a, Y XUV 4 o(x ™MDy x o
‘ Jj=0
and

n . .
g(=x) = Y77 (@, B xVETD 4 oDy Ty oo
Jj=0

The coefficient y, (o, ) = 7, (a, — B) and

=I((n+1)(1- a))(—l)"(n)_l(l + h2)—(n+l)/2
wsin [(n+ 1) (% +tan™ ()] .

For k>1 and 0< x <y <kx,

(1.5a) gx)—g) ~ (@, Ax* " =y, x,y-,
and

(1.5b) g(=x) - g(=y) ~ 75 (@, Bx* ' ="', x,y- .
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For x >0, g(x) is decreasing and g(—x) is asymptotically strictly decreasing.

The asymptotic expansion of g(x) for x > 0 is only of interest for g > —1
since all the coefficients for # = —1 are 0. Similarly the expansion of g(x)
for x < 0 is only of interest for f§ < 1. Note that g(x) ~ g(x), x — %oo,
and that we can express the asymptotic relationships in (1.5) by saying for
Hax| < Iyl < kx|
(1.6) g(x)-g(y)~8(x)—&y), x,y—ootoo.

Let B be a bounded Borel set and let T, = inf{t > 0: X, € B} (= oo if
X, ¢ B forall ¢t > 0) be the first hitting time of B. Let Wy, defined on
[Ty < 0o] by W, = sup{t > 0: X, € B}, be the last hitting time of B. The
process —JX, is called the dual process to X,. Quantities referring to the dual
process are called co- and denoted by ~. Thus f‘B is the first hitting time of B
by the dual process. General theory shows there are unique measures u, and
ji supported on B such that

PATy <o) = [ v - 2ity(dy), and BT, <o0) = [ g(x = »uyldy) .

These measures are called the co-capacitory and capacitory measure of B re-
spectively. They have a common total mass C(B) called the capacity of B.
For a point the capacity is C = b(1 — a)/1 —a(l —p).

In the sequel we will say a sequence of measures y (dy) — y(dy) to mean
?,(B) — 7(B) weakly. The measure e,(B) = 14(d) is the unit mass at d.

Theorem 4. Let o <1 and B be a bounded Borel set. If § < 1
P ( Xy, _ edy) ~ g(—x)pg(dy), X — o0,

and
P.(Xy, €dy) ~ g(-X)uy(dy), x—o00.
If p>-1
P.(X,, €dy)~g(-X)itsdy), x——oo,
and

P (X, €dy)~ g(-x)ug(dy), x— —00.
IfB=1, y=[bcos(na/2)]'""'"® and d = sup{y: y € B}

1 -X)
P.(Xy € dy) = meﬂy )ﬂB(d)’), x>d,

and ;
P (X, €dy)=e,dy)e ™, x>d.

One interesting consequence of Theorem 4 is that for || < 1

lim P (Xr, € dy|Ty < 00) = x_ljr_noo P(Xy, € dy|Ty < o0)
= puy(dy)/C(B)

X

(1.7)  *=e
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and
}ingon(XWB_ €dy|Ty < o0) = xligoo Px(XWB_ €dy|Ty < )
= jig(dy)/C(B) .

The first relationship shows that the normalized capacitory measure can be
viewed as the conditional first hitting distribution at co. The fact that left
and right conditional limits are the same suggest that the process must jump
over B before hitting B and in fact must jump from —oo to oo and vice
versa before hitting B.

These relationships are false for processes with o < 1 and g = +1. For
B = —1 they fail to make sense since these processes can only move to the left.
The verification that (1.7) fails to hold for processes with g = 1 will be given
in the section on proofs.

Theorem 5. Let o < 1. Then uniformly in x on compacts as t — oo,
p(t,x)t""* = £(0)
where

o)=L /0 e cos(h6%) 6
[l"(l/a)] [1+ A% cos (ltan_l(h)> ,

andfor B=1, y=(1-0a)a®"" cos(na/2) /" "p=o/t =

p(t, x)e" — o120~ °)(27z(l a))—l/2 ~l+a/2(1~a)
Let B be a bounded Borel set and let |B| < 1. Then for any Borel set A,
(1.8) tl/"Px(XWB_ €4, Wyedt)/dt— f(0)iy(A)

and

[V= 'P(t<T <00, Xy, € A)— af(o)P(T = oo)pug(4) .

Let Ep(t,4) = [P(Ty <t, X;, € A)dx. Then Eg(t,A) ~ tugy(A) and for

1Bl <1 )
Eg(t,d) — tug(A) 1 P(Ty < c0)P (X, € A)dx

ifa<l1/2. If a=1/2
Ey(t, A) = thy(4) ~ C(B)y(d) T f(O)n ¢
andif 1/2<a< 1

E o’ 1 2—1/a
(0 4) = ) ~ COM () | 12 ) (557 ) £

We now consider processes with a« > 1. Here the drift substantially modifies
the process compared to the drift free case. We first determine the asymptotic
behavior of g(x) as x — +o0o. The asymptotic behavior as x — +0 is given
by Theorems 13 and 15.
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Theorem 6. Let o > 1 and let

(-1Y*"'T(ja+ 1)

(1.10)  A;(a,B) = e

Then as x — oo

n . -1 ) )
(1.11) g(x) = ZAj(j+ 1)—1 (ja.:.J]) p= U (1=a) + O(x(n+l)(l—a)).
Jj=1

(1 + k%" sin [j ["—za +tan“(h)]] .

If B=—1 andy = [b| cos(na/2)]'/*" then

(1.12) gx)=[a-1b""e”™, x>0.
Forall 8,
__ o

where p is given by (1.4). If B =1, g(x) =1/b forall x <0 and is decreasing
for x>0. Forany B and x >0,

(1.13) g(—x) = 2 + 4,(a, - Blafa - NH]'x' " +e(x),
where &(x) = O(x*""®/*) Let 1 <k < 0o and let 1/k <y/x <k. Then
(L142)  lim [g(x)~g0)lx' ™" =»'""T" = 4,(e. B)lala— D]’
and

1

(1.14b)  lim [g(-x) - g(-»x' " =y 717" = 4y(@, ~ B)lala~ BT

The quantities g(x) and g(—x) are asymptotically strictly decreasing as x — oo

forall B#1.

The probability of hitting x starting from 0 is A(x) = g(x)/g(0)
= [(a — 1)b)/aplg(x). If B =1, then ap = a—1 and A(x) = 1 for all
x<0.If B=—1,then ap=1 and h(x)=e ", x> 0. Forall 8,

lim h(x)= 2=
X——00 ap

and for g > —1
h(x) ~Al[a2pb]_]xl—°‘, X —00.

Thus to first order the probability of hitting a point far to the left does not
depend on b while the probability of hitting a point far to the right is inversely
proportional to b. This is in contrast to the processes with a < 1 where the
probability of hitting points far from the origin is proportional to b(|f| < 1).

The asymptotic properties of the potential kernel given in Theorem 6 can be
used to derive the asymptotic properties of the first and last hitting distributions
for a bounded Borel set B. The arguments needed are the same as those used
to establish Theorem 4 and will therefore be omitted.
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Theorem 7. Let o > 1 and let B be a bounded Borel set. Then as x — oo
P(Xy, _€dy)— jig(dy),  P(Xy, €dy) — jug(dy).
If B>—1 thenas x —» —o0
X P (X, € dy) - dla(a - 1)b°] iy(dy),
X" P (X, € dy) — Alo(a - 1)6°] uy(dy) .
If B=-1 and d = inf{x: x € B}, then for x <d

_ __ap —y(y—x) »
P (X, e€dy)= - D¢ fig(dy),

P (X, €dy)= e_y(d_x)ed(dy) .
Here A is given by (1.11) and y is as in Theorem 6.

There are some interesting consequences of Theorem 7. Suppose g > —1.
Then

(1.15) ,}H&Px(XTa €dy|Ty < 0) = Jcli’r_nme(XT‘, € dy)|Ty < 00)
= uy(dy)/C(B)
and
}L%Px(XWB— €dy|Ty < o0) = xEr_n(» Px(XW,,_ €dy|Ty < o0)

= fp(dy)/C(B) .

The first of these relations shows (as for the a < 1, || < 1 cases) that the
normalized capacitory measure is the conditional hitting distribution at oo.
The fact that the left and right limits are the same has the same intuitive in-
terpretation as for the a < 1 case. Note that if # = 1 the process moves
continuously to the left. Since X, — —oo with probability one it must be that
for x > sup{y:y € B} =d that P (T, < oo) = 1 and the LHS of (1.15) is
e,(dy), the unit mass at d. In this case the process starting from the far left
must jump over B before hitting B. Let d' = inf{y: y € B}. Thenfor f =1,
P (Ty <00)=P (T, < o0).

Equation (1.15) is false in general for the processes with f = —1. This will
be shown in the section having proofs.

If a <1 the {¢t: X(¢t) = 0} is a finite set with probability one. If a > 1
this set is infinite and its size is measured by its Hausdorff dimension. Now
for a > 1, p(t,0) =t~ f(r7"%b) ~ £~ £(0), t — 0. Using this fact and
Theorem 4.1 of [1] it follows that the Hausdorff dimension of the {z: X(¢) = 0}
is 1 —1/a just as for the drift free process.

Theorem 8. Suppose o > 1. If B > —1 and A = A, is given by (1.10) then
uniformly in x on compacts p(t,x)t* — Ab~

e+t "¢ o oo. Also for any
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bounded Borel set B
(*P(Xy, €C, Wyedn/dt— 4b™ " Vjpy(C),
"P(X;, €C, t < Ty < o0)— Ab~""VP (T, = c0)uy(C) .

Additionally if Eg(t,C)= [P (Ty<t, X5, € C)dx than Eg(t,C) ~ tuy(C)
and
Ey(t,C) = tuy(A) ~ C(B)ug(O)(2 - a)(a - 1)] ' 7

Ifp=-1
p(t,x)Vte" — 4
uniformly in x on compacts where

y = (a - 1)|b/acos(na/2)|"*"

and
A =[2n(o- 1)]—1/2a—l/2(a—l)b—(—1+a/(2(a—l))) .

The processes with @ > 1 go to —oo with probability one. Let M =
sup{X,: t € (0,00)}. Then M is finite with probability one. For a process
starting at x it is possible to explicitly compute the distribution of M for
Brownian motion and for the processes with § = —1. The result for Brow-
nian motion is classical. The result for the processes with f = —1 follows
from the fact that those processes move only continuously to the right. Thus
forany a > x, P(M > a) = PO(T[ ) < oo) = Py(T,_, < oo). Hence by

Theorem 6, P (M > a) = e 7@ where y is as in Theorem 6. Thus M is

exponentially distributed on [x,o00) with mean y L.

It does not seem possible to explicitly compute the distribution of M for
the other processes with o > 1. However we can determine the asymptotic tail
behavior of the distribution of M for these processes. Since P (M > a) =
Px(T[a 0oy < oo) the problem of finding the asymptotic behavior of P (M > a),
a — oo, is the same as finding the asymptotic hitting probability of [a,c0) as
a— oo.

Theorem 9. Let 1 <a <2, f>—1,and A= A, be given by (1.10). Then as

a— oo

a—x ,00

(1.16) P (T}, o) < 00)a™ "' = Ala(a— 1)b]" .
A useful reformulation of (1.16) follows from the fact that
Px(T[a,oo) < 00) = PO(T[a—x,oo) < 00)

a—1

and the fact that (a — x)*' ~ —x

(1.17) lim_P(T,

[a,00)

, X = —00. Thus

< 00)(=x)*"" = Ala(a - 1)b] " .

By Theorem 6

Jim g(=x)(-x)""" = Ala(a~ D57
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Hence (1.17) is equivalent to
(1.18) P (T}, o) <0) ~g(-x)b™",  x——00.
Let B be a bounded Borel subset of [a,00). Then
P(Xp, €dy|T, ,,<o)=P (T € dy)/P,[T}, o) <) .
Using Theorem 7 and (1.17) we find for | <a<2,and > -1
Jim P (Xp, € dy|T, o) < 00) = pg(dy)/b
and thus by Theorem 7 the following curious relationship holds.

Corollary 1. Let 1 <a <2 and B > —1. Then for B a bounded Borel subset
of [a,0)

(L19)  lim P, (Xp, €dy|T,

a ,00)

<o00) = lim P, (X, €dy) = “L‘bd—y—).

In particular (1.19) shows
(1.20) xgxgw P (Ty <00|T}, o) < 00) = xlggo P (Ty < 00)=C(B)/b .

Taking B = {d} (1.20) shows that for d € [a, o)
a-1
ap

It is interesting that in (1.21) the limiting probabilities do not depend on b.
For processes with 8 = —1, 1 < a < 2, these relationships can fail. For

example in (1.21) take d = a. Since processes with § = —1 move only

continuously to the right the LHS of (1.21) is 1. However for these processes

ap =1 so the RHS is a — 1. Thus (1.21) fails for processes with g = —1.
Recall that the occupation time of a set B is the Lebesgue measure of the

set {t: X, € B}. Let a > 0 and let N(a) be the occupation time of [0,a]

for a process starting from 0 and let N(—a) be the occupation time of [—a,0]

for a process starting from 0. Let N (a) and N (—a) be these quantities for

the corresponding drift free process when a < 1. The scaling relationship for

strictly stable processes shows that

N(a)2a°N(1) and N(-a)2a°N(-1).

Theorem 10. Assume o < 1. Then as a — oo, N(a)a * 2 N(1), N(-a)a™®
2 N(-1) and a™*[N(a) + N(-a)] 2 N(1) + N(-1).

The distribution of N (—1) for a process with parameter (a, #) is the same as
the distribution of N (1) for the process with parameter (a, — ). If = -1,
N(1)=0 andif g =+1, N(1)/T(a) is the Mittag-Leffler distribution of index
a. Recall this is the distribution that is uniquely determined by its moments
which are

(1.21) Jim P (T, <oo|T;, ) < 00) = lim P(T, < o0) =

(1.22) M(ar+1)]7" .
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For |B| < 1 the distributions of N(1) and N (1) + N(—1) are also uniquely
determined by their moments but do not coincide with those of any known
distribution. The moments are given by

(1.23) EN )—r'/ /g(x &(x,—x))---8(x,—x,_)dx, ---dx, .
and
_ - . 1 1
(1.24) E[N(1)+ N(-1)] =r!/ / &(x,)---&(x, —x,_)dx,---dx
-1 -1

The first two moments of N(1) can be explicitly computed but it does not seem
possible to give a formula for the moments > 3. Let

(1.25a) K, =(1+h)" (F(ln“a)>sin (321‘-)(1+ﬂ)
and
(1.25b) K_=(1+h)" [m;a)]_lsin(T)(l—ﬂ)
Then

2_2K

+

EN(1)=K,/a, EN(1)

K_ (o)’
2 +K+ra+ 1)]

The range of the process X, is the random set {x: X, = x for some ¢} . For
a > 0 let R(a) be the Lebesgue measure of the range intersected with [0,a]
and let R(—a) be the Lebesgue measure of the range intersected with [—a,0].
Using Theorem 10 and Theorem 1 of [8] we obtain the following.

Theorem 11. Let o < 1. Then R(a)/Ca® 2 N(1), R(-a)/Ca® 2 N(-1), and
[R(a) + R(-a)][Ca®]™" & N(1) + N(-1).

For a > 1 things are considerably different. Theorem 4 of [8] shows that the
following holds.

Theorem 12. Let a > 1. Then as a — oo, (i) N(a) t N(o0), the occupation
time of [0,00), and R(a) T R(oco), the Lebesgue measure of the range intersected
with (0,00).

(i) N(-a)/a — 1/b and R(-a)/a — C/b = (a — 1)/ap with probability
one.

We will now establish the asymptotic behavior of g(x) for x near 0.

Theorem 13. Suppose a > 1. Let
n(a—-1)

I(a,B) =TQ2 - a)[(a~ Da]™ " (1 + B*)™"*cos [ +tan”"'(h)].

Thenas x| 0

(1.26a) g(x) = g(0) - I(a, B)x*"" + &(x)
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and
(1.26b) g(-x) = g(0) — I(a, - /)x""" +e(x)
where &(x) = O(x**™") if a < 3/2 and &(x) = O(x) if 3/2<a<?2.

Theorem 14. Suppose o < 1. Let A= A, begivenby (1.10) andlet A_(a,B) =
A(a, —B). Thenas x | 0

(1.273.) g(x) = g(o) -—A[a(l _a)b2]—1xl—a + 0(x2(1—a))’
(1.27b) g(-x) = g(0-) — A_[a(1 — )b’ 'x' ™" + &(x)

where e(x) = x*""® if a < 1/2 and e(x) = x""* if a > 1)2.

We can also obtain asymptotic estimates of differences g(y)—g(x) as x,y —
0 and 1/k <|y/x| <k, 1 <k <oo and x and y have the same sign. The
arguments are very similar to those used to establish the corresponding results
for x,y — oo in Theorems 3 and 6 and those used to establish Theorems 13
and 14. We will thus omit the proofs.

Theorem 15. Assume x >0, 1 <k <0, and 7‘c-x <y <kx. Suppose a > 1.
Then for A as in Theorem 14,

a—1 a—1
g(y)—g('x)NI(a’ﬂ)[y =X ]’ x,y_’oa
a—1 a—1
g(-y)-g(=x)~I(a, - By -x 1, x,y—0.
Assume a < 1. Then
2.1, l-a 1-
g(y) - g(x) ~ A(a,Bla(l1 -a)b’] " Iy *-x"°], x,y-0,
and
2,—1; l-a l—a

g(-y)—8(-x)~—A(e, = B)la(1 -1 Iy "—-x 7], x,y—0.

It follows from Theorem 15 that g(x) is asymptotically strictly monotone
for x near 0.

We now turn our attention to the Cauchy processes having drift 5. We must
here distinguish the processes with § = 0 from those with g #0.

Suppose g # 0. Examination of the characteristic function shows that X, =
cX,, for appropriate choice of ¢ and r. Consequently the results for these
processes follow from the known facts about the asymmetric Cauchy processes
without drift.

If B =0 one can easily explicitly compute the density of X, . The result is

P(t,x) = !

al + (x+ b)Y’
General theory shows that these processes are recurrent and that points are polar
sets. The recurrent potential kernel is

a(x)=/0°°[p(t,l)—p(t,x)]dt.
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This can be explicitly evaluated. The result is

a(x) = [In]x] + tan_l(b) - tan—l(xb)] .

1

n(1 + b?)
The explicit form of the kernel a(x) and the fact that p(¢,x) ~ 11+ bz)_l
enable one to easily apply the general theory in [6] to obtain explicit asymptotic
formulas analogous to those in the above theorems. Since this amounts to just
plugging in to the formulas in [6] we omit these details.

In [7] it was shown that the potential kernel g(x) for an asymmetric Cauchy
process satisfied the relationship

n 1
(1.28) g(x)~[1+ ﬂsgn(x)]4_52h1_|x| , X — £00.
Also the analogs of Theorems 4 and S5 were established for these processes in
[7]. We will discuss here the analog of Theorem 16 for asymmetric Cauchy

processes.

Theorem 16. Let a > 0 and let N(a) be the occupation time of [0,a] by an
asymmetric Cauchy process and N(—a) the occupation time of [—a,0] by this
process. Let Z be a geometrically distributed random variable having parameter
plie. P(Z=j)=0-p)p', j=0,1,...] Thenas a — oo, N(a)le
converges in distribution to N*, N (—a)“‘T" converges in distribution to N,
and N(a) + N(—a) converges in distribution to N. Assume B > 0 and let
p=(1-p8)/(1+pB). Then N* 2 (n/28)(Z +1), N~ 2 (n/28)Z and N 2
(m/2B)(2Z +1).

Remark. The corresponding results about the asymptotic distributions of N(a),
N(—a) and N(a) + N(—a) for processes with 8 < O follows from those in
Theorem 16 since the process —X(¢) is the same as a process X(f) with f
replaced with —f. It is of course striking that the limiting distributions are
discrete and, except for |B| = 1, nondegenerate. Such strange limiting distri-
butions were first found by Pruitt and Taylor [9] in their investigation of R(a)
and R(—a). They showed that R(a)ln a/a 5 R, R(-a)Ina/a 5 R, and
[R(a)+R(-a)]lna/a> R where R"2Z+1, R"2Z, R2(2Z+1). Since
28/n = C we see that R* 2 CN*,R" 2 CN", and R 2 CN. Theorem 1
of [8] explains the connection between the limiting distributions of N(a) and
R(a).

2. PROOFs

We will need several well-known facts about the density f(x). These may all
be found in [5] or are simple consequences of the facts in [S5]. The asymptotic
formulas given here are taken from Skorohod [10] since those in [5] are for a
stable process having a scale factor # 1.

The density f has bounded continuous derivatives of all orders.
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Proposition 2.1. Assume a #1,2. Then
f(x) ~A+x_(°'+l), X — 00,

where

@y 4, =T D 1 an (5] sin |52 + tan )]

and f(x)~ A_|x|'(°‘+') , X = —o0, where

22) 4= 1"(a2+l) (1+ 4 tan ("2“))'/2sin("7"-tan"(h)) :
Alsofor n=1,2,...,
FP0) ~ ()" (@+ 1) (a+mAx" "D x oo,

and
FPx)~ (=) @+ 1) (a+md_x""D x Lo,
Additionally
(2.3) sup | £ ()] x[*" = k, < oo
Proposition 2.2. Let a <1 and f=1. Let
-G o219 1/2(1=c) 2
(24) A=y, A= [ ( )] 271 - a)]”

and B = (1 - a)o’[cos(na/2)] /"~ Then
f(x) ~ Ax~HD=BET g
Proposition 2.3. Let 1 <a<2 and f=-1. Let

- _ 1/(2(a—1))
A= m , A=« 1/(@(1=e)) Ccos (%a)l [27[(0 - 1)]1/2 N
and I
— (@ = Da*|cos (Fa) |V
=(a-1)a |cos (2 a)
Then
£(x) ~ Ax—l“/ze_Bxl , X — 00

Proposition 2.4. Let o # 1,2, and let

(2.5)  Aj@,B)= (1)’+'£(JJL+—12(1+h)’/2sm[J % | tan” (h)]]

Then for any n as x — oo

n .
f(x)= Eij"(Ja+l) + O(x_(a("“)“)),
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and

f(=x)= iAj(a, - ﬁ)(x)_(ja“) + 0((x)—(a(n+l)+l)) .
j=1

These formulas can be differentiated any numbers of times. There are finite
constants K, and K, such that for all x

n
(2.6) f(x) _ZAjlxl—(aH) < Kllxl_“"“)a“]
j=1
and
n .
(2.7) f,(X) + Z(aj + l)Aj|x|_(aJ+2) < Kzlxl—[(n+l)a+2] .
j=1

Proof. For the expansions of f see [8]. For the expansion on the derivative
see [5]. The bounds on f and f' follow from these expansions and the fact
that f and f’ are bounded continuous functions.

It is also known (see [2]) that

(2.8) D =/ fx)dx =3 +tan” ' (h)/na .
0
Proof of Theorem 1. Now
% ~1/a 4 1-1/a __ap
(2.9) £(0) _/0 ey de = 2
The results in Theorem 1 now follow at once from (2.9) and the following fact.
(2.10) g(0-)—g(0)=4.

This last fact, as pointed out by the referee, is actually valid whenever X,
is a transient levy process having no Gaussian component, drift —b, and Levy
measure M such that flxl < M(dx)|x| < 0o. A statement of this fact, at least
for g replaced by the A-potential kernel, can be found on p. 289 of [4]. How-
ever, no proof is given and as the proof is not all together routine I shall supply
a proof in the appendix to this paper.

Proof of Theorem 2. The process can only move to the left continuously. Let
h(x) = Py(T, < oo). The spatial homogeneity and the strong Markov property
show
h(=(x +y)) = h(-x)h(-y),  x,y>0.
Since 0 < h(x) <1, h(—x) is decreasing. Thus thereisa y such that h(—x) =
e~ ’*. But then
e " =g(-x)C, x>0.

To find y we will make use of Proposition 2.2. Since

g(—x) = /: VT (—x + b)) dt
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it follows from Proposition 2.2 that as x — oo,
(2.11)

(o o]
gl-x)~a | '

[t
x/b

o 1/2 _ _ _ —(14+4) (Ma(o_1)=4
/ A (_.Z_) s}./Zab (l+A/2)(S _ 1) (l+}./2)e Bxb s (s—1) d
1

_ _ — Bl (+a)(_ -1
l/a ] (l+}./2)e B[t (—x+b1)] dt

(—x + bt)
s.
Let ¢(s) = s”/*(s — 1)™*. Observe that ¢ has a unique minimum at s, =
1/(1-a),

(s) = (1-a)™*(a/(1-a)™" and ¢"(s)) = d(s)(1 - a)’/ar.

To evaluate the asymptotic behavior of the integral on the extreme right of
(2.11) decompose that integral into three terms I, = f{'*¥% [ f((l'fz));:

and I, = f(ﬁ % We first consider I,. Let ¢ > 0 be specified and be such that
¢"(s,) —€ > 0, choose a > 0 such that |¢"(s) — ¢"(sy)| < & for |s —5y| < a,

and also [s*/%%(s — 1)7*4/D _gh2a(q _ 1)=0+D) < ¢ for |s—s;| < a. Let

=iy (LY ()
1-a l-a ’

y' = Bb~"*Y¢(s,), and B' = Bb~"*Y . Then

! (l+a)30 x 1/2 —R! ”" _ _ 2
e S/ A(3) " 1d + et A e g
(l—a)y ‘b

The change of variable xB'/2[¢"(s,) — e](s — 5,)* = z shows

e, < /OXB’/ZMHGO)—H(MO)Z A6~ [d + el ~* 27 [%,[‘75”(30) - 81] Ca
Thus
(2.12) Tim eI, < VZrab~"’1d + el[B(¢" (s,) — &) /2 .
An analogous computation shows
(2.13) lim eI, > V2mAb™'*[d - e)[B'(¢"(s,) + &)/

We now consider 7, . Observe that

Il:/;(l—a)So ( ) \/W(s —l _Bx¢(s)ds

Thus

' (1-a)so
e’ T, =/ ( ) VEE)(s — 1) BX@O=6) 4
1




820 S. C. PORT

Observe that ¢'(s) = A¢(s)(s(1 — a) — 1)[(as)(s — l)]_l . The change of variable
u = ¢(s) in the above integral yields

, e 1/2 et _
eI =/ A()—C) u'Pe B =D o511 — (1 — a)s]™ ' du .
b
#l(1-a)s0)

Now forall s, 1<s<o0, a<as(l-(1-a)s)”' <a/(1 —a). Thus,

, oo 1/2 _ _
eI < o / A (i) u' e Bxu=e)) 4y,
I—aJy-as) ‘b

Hence lim _, eI ; = 0. An analogous computation shows lim _ __ eylxl3 =
0. Using the above facts and (2.12) and (2.13) we now find

Tim & g(~x) < VIrAb ™' [d + €l[B(¢" (sp) — )2
Letting ¢ | 0 we find
Tm " g(-x) < V2mab~ P d[Bg" (51 = 1(1 - )] ",
Similarly
lim ¢’ g(~x) > [(1 - a)b] .

X—00

Thus )
lim e”"g(-x) = [(1- a)b]"' =1/C.

This shows that y =y’ . Thus y = [bcos(ma/2)]” /!~ .
Proof of Theorem 3. For x >0,

g(x) = / Ve e x + b Yy
0

- [a/ooof<u+b (;)"") u““du] e

By Taylor’s theorem for any »

n . .
g(x) = Z yj+b1x(1+1)(a—l) + x(n+2)(a—l)R
j=0

where for some ¢,0 < & < b(u/x)'™*,

_ «a o n+1) n+1—(n+2)a
R"(x)_—_(n+l)!/0 ﬂ (u+&u du

(x)bn+1

n

and

yh = 3/ Fw =0 gy
7t

Now &/ ~U+he jg integrable on [0, A] for any 4 < co. Since fm is bounded,
dominated convergence shows

/A f(n+1)(u+é)un+l—(n+2)adu o
0

lim lim o T Vsl -

AToo x—00




STABLE PROCESSES 821

By Proposition 2.1 for u > A4,
n+l) n+l—(n+2)a —1—(n+3)a
1"+ &)lu <k, u ,

Thus as 4 — oo,
[o )
/ f(n+l)(u+§)un+l—(n+2)a du—0.
A

Hence

n
i +pi G- | (e2)1-a) _
Jim [8(X)-§ yjb'x ]x =y,

j=0
An analogous argument shows

n . .
[g(_x) _ Zy;bjx(1+l)(a l)] _ yn+1

Jj=0

lim
X—00

{o o]
<timTm [ /"D (—u+ a0 gy .

A Xx—o00 A
Now for x > 1 and u > (1/2b)"/* Proposition 2.1 shows

]ﬂn+l)(—u +¢)| < kn+| —(n+2+a)| ~1 +~f/ |—(n+2+a)

(n+2+a) —(n+2+a)
< kn+l ( )

Thus -
lim Tim [ /" (—u+&u™ "% gy =0

A x—o00 A

We now determine the coefficients y: (a,B) and y, (a,B). Since this is
done by rather routine computation we will only outline the necessary steps. Let
f(x,a, B) be the stable density with exponent o and asymmetry parameter .
Then f(-x,a,B) = f(x,a, — B). Thus y, (a,B) =7, (a, — B). Now

B = [ £ du
Let
E, = sin (g(n + l)a) , F, = cos (g(n + l)a) ,
C, = n!(1+ k) "2 cos((n + 1)tan”" (b)),
D, =n(1+ k""" sin((n + 1)tan"' (h)) .

To evaluate I, = [;° £ yu= e gy we need to know where o is. Suppose
(n-j)/(n+j)<a<(n—-j+1)/(n+1), j=0,...,n. Integrating by parts j
times shows

(=1YT((n + 1)(1 - a) =D ("I e
! J)/ f! du

"T T(n+ D1 -a)
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Using the Fourier inversion formula we find
") = %/ e U y(ho® —u6)0"’ de
0

where y(x)=cosx if n—j=4r, y(x)=sin(x) if n—j=4r+1, y(x) =
—cos(x) if n—j=4r+2,and y(x)=—sin(x) if n—j=4r+ 3. Then

[ ] . .
Jn ; — / f(n—j)(u)un—J—(n+l)a du
’ 0
= l/ 1t le du/ w(ho® — u6)6" ™ de .
T Jo 0
Interchanging the order of integration and making a change of variable we find
[e o} « o0 .
Joy=g [0 a0 [T yhe® -0
YTy 0
Evaluating the integrals we find
n . -1
J, ;j=(-1) I((n+1)(1 —a) - HI(C,E, + D,F,)(an)]

- i 1) (™)

Hence y: is as claimed. If (n —j)/(n+ 1) = « then

/ooo £ du = (-1 RO+ (1 - a))

Evaluating f"~/~"(0) be using the inversion formula we find that y; is given
as claimed.
Let y = zx, 1/k < z < k. To establish (1.5a) we need to show that as
X — oo, uniformly in z,
1—a a—1
[g(zx) — g(x)x “ —=[2"" — 1Dy, .
For this purpose note that

glzx) - g(x) = / du/ e w+ b))y dr
X 0
Let t"/*u =w. Then

g(zx) — g(x) = /:X duu®2a /Ooo f (w +b (%)l_a> w ™ dw .

a+l

Since f’ is uniformly continuous and w~ is integrable on [0, A] for any

finite 4 it follows by dominated convergence that uniformly in z € [1/k, k]

l—a [** a-2 4, wy1=a\ a4
X /xu du/of(w+b(;) )w dw

(z—a+| _ l)/A f'(w)w_°+'dw )
0

as x — oo

a
— —
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Fix ¢ > 0. For some constant k < oo andall >0
® wy!l-e l—a —2a
/A f <w+(;) b)w dw‘gKA .

We can thus choose 4 such that K4~ >* < ¢. But then uniformly in z

zx oo l—a
—e(z7 M - xT < / u? du/ f (w + (%’-) b> w' ™ dw
x A

< s(zl-—a _ l)x—a+l.

Since

A _ =)
_a / f'(w)w_““dw R _0/ f’('ID)w—a+1 _ yat
0 1-alo

l-a

-

it follows from the above that [g(zx) — g(x)]x1 — (z"'1 - l)y(;L uniformly
in z € [1/k,k]. The argument for [g(—zx) — g(—x)]xl"’ — 7, uniformly is
essentially the same and will be omitted. Since both yg and y, are positive
it follows from (1.5b) that g(x) is asymptotically decreasing for x > 0. It
remains to show g(x) is decreasing. For this purpose we write
—1/a [
g(x) = (%)' g / FxVaptag=lag 4 1y)sTVe gs
0

Let u= (s+1)s"/ ®. Then u is strictly decreasing on (0,oc0) and maps (0, co)
onto (0,00). Let y be its inverse. Then

aw(le/a—lb—l/a)

d
T+ (1-a)p(zx o p 1

s =3[ s

since x'/*7! s increasing and y is decreasing the integrand is for each z a

decreasing function of x. Hence g is decreasing.
Proof of Theorem 4. General theory [6, Proposition 11.2] shows that
P.(Xy, €dy)=g(y - x)iy(dy).
The results on P (X w,. € dy) follows at once from this fact and Theorems

2 and 3. Let gy(x,y) be the density of f0°° P (Ty >1t,X, €dy)dt. General
theory [6] shows

(2.14) g =)~ [ P(Xy, € d2)g(y - 2) = g,(x.7)
and
(2.15) g =)~ [ B(Xr, €dz)g(z - %) = gy(x.»)

Suppose B < 1. Theorem 3 shows g(y — x) ~ 2(—x), x — oo, uniformly in
y on compacts. Using this fact and (2.15) we see that

~

(2.16) lim g, (x,y)/2(~x) = B,(T, = ) .
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Now
P(T, < ) = / gy — x)ity(dy) .

Hence
P(Ty < 0)/&(~x) — jiy(B) = C(B) < o0 .
Thus 3 a sequence {x,} tending to oo > P (Xr, € dz)/g(—x,) converges

weakly to some measure m(dz) supported on B. Using (2.14) and (2.16) we
find

/n(dz)g(y —-2) =P (Tz <) .

The uniqueness of /i, now shows 7 = u,. Consequently P (X, €dz)/g(x)
— pg(dz) weakly. The same argument establishes the corresponding result for
X — —oo when B > —1. Finally the results for # = 1 are obvious from the
fact that the process moves continuously to the left.

Verification that (1.7) fails for processes with o < 1 and B = 1. Suppose

lim P (X7, €dz|T; < o0) = lim P, (X, €dz|T, <o)
= uy(dz)/C(B) .
Let d = sup{x: x € B}. Then lim P (X, €dz|Ty <oo0) =¢4(dz). Then

X—00 = X

lim _, P (X, € dy|Ty < oo) = e,(dy). Hence C(B)e,(dz) = up(dz).

Thus
P (T, <o0) = / g(x — z)C(B)e,(dz) = C(B)g(x - d) .

Suppose B is a finite interval [a,d], a < d. Then for x € (a,d),
ﬁx(TB < o0) =1. Hence 1 = C(B)g(x —d) for all x € (a,d). But that
is impossible since g(x —d) = e’ for x < d.

Verification that (1.15) fails for processes with a > 1 and B = —1. Let
B=1[d,c], d <c. Then as above we find for d < x <c, 1 = C(B)e """,
which is impossible.

Proof of Theorem 5. Observe that
p(t,x) =t f( (x + b))

The assertions about the asymptotic behavior of p(z,x) follow at once from
the above formula for || < 1. For # =1 the above formula and Proposition
2.2 yield the desired asymptotic formula. General theory [6, Proposition 11.2]
shows

Px(XWB_ edy)=g(y - x)ﬂg(dy) .

Hence

PWy> 1, Xy, €dy)= [ plt.2=x)8(y - 2)ity(dy) dz

= /too[p(s,y —Xx)ig(dy)lds .
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Thus
P (Wyedt, Xy, €dy)/dt=p(t,y-x)ig(dy),

from which (1.8) follows from the behavior of p(¢,x). The rest of the results in
the theorem follow from the fact that r(¢) in [6] is here ~ f(0)a/(1 — a)t"'/ *
as t — oo and results from the general theory [6, Theorems 14.1, 14.3].

Proof of Theorem 6. By Proposition 2.4

2(x) =ZAI/ 1 (x4 b))V dt - e(x)
j=1 70

where N
e(x)=0 (/ t—l/a[(x + bt)t—l/a]—[(n+l)a+l] dt) .
0
Since | | |
t—l/a[t_l/a(x + bt)]_(a'H-l) - tj(x + bt)—(a.H'])
and

0o .o\ —1
j ~(aj+1) 1 aj
1 d = . Py
/0 s(1+3) ’ J+1(J+1)

we find (1.11) holds by making the change of variable ¢ = (x/b)s in all the
integrals.

If #=—1 then ap =1 and the same computations used to establish Theo-
rem 2 show that (1.12) holds. Now

g@=LwW“m“Www=wwwnm?

If B =1 the process can go to the left only in a continuous manner. Since
X, — —oo with probability one it must be that A(—x) =1 for all x < 0. Since
h(x) = g(x)/g(0) and here g(0) = 1/b it follows that for x <0, g(x)=1/b.
To establish the monotonicity of g(x) for x > 0 we proceed as follows. Let
a<0 and ¢ >0 and let T be the first hitting time of the two point set {a,c}.
Then

h(c) = Py(X; = a)g(c —a)+ Py(X,=c),
h(a) = Py(X; =a)+ Py(X; =c)gla—c) .
Solving for Fy(X, = a) and using A(x) = g(x)/g(0) we find

_ 1 _ 8(@)g(0) - g(c)g(a—c)
Po(XT =a) g(0)2 —gla-oglc-a)
£(0)* - g(c)g(0)

" 207 - 2(0)g(c—a)

thus g(0)> - g(0)g(c — a) > g(0)* — g(c)g(0). Hence g(c—a) < g(c). Thus
g(x) 1is decreasing for x > 0.
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To establish (1.13) we proceed as follows. Observe that for x > 0,

I=1/a [ /4 —1/a;l/a_—1/a
g(—x)= (%) /0 s~ f()cl Vapllag=1/ (s—1))ds.

The function u.= s~ "/ %(s — 1) is strictly increasing and has strictly increasing
inverse y(u) =s for u € (—oo,00). Making the change of variable to u in the
above integral we find

_(x\I=le [ 1-1/a;1/a ay(u)
s =(5) [ s et du.

Now
oo 1-1/a
; / ()l;) / f(uxl_l/abl/a)du-

Hence

1 /xy\l-l/a [ I-l/a,l/ay  W(u)—1
(2.17) g(—x) - E (3) /—oo f(ux b )'lm du.

Let
__yw-1
M) = T -
Then 4(0) =0 and 4'(0) = 1/a. Decompose the integral on the RHS of (2.17)
into three integrals I, = [, I, = [~ and I, = [° ,where a>0 and ¢ > 0.
Using Proposition 2.1 we find

1-1/a o
(2.18) (%) ! Il~[A+b_2 / h(u)u“““)du]x‘“*‘, X = 00,

and
1-1/a _ —a —(a —a
(%) I, ~ [A_b 2/_00 h(u)|u| ( +1)du] x

(4
f(uxl—l/abl/a)g du

—a

+ ‘ flux'~"p'e (h(u) - g) du] .

—a

am () 5=

Observe that
x\!=lVa f¢ y 1-1/ay 1/a
(3) /_a;f(ux b'")du

x\—Uapliag

_ (%)1—1/0 b-(|+l/a)a—l/ 2f(z)

—x!=lapl/ag

o _xl—l/ubl/ua
= o ! Vap=(+a/2) [(/ +/ ) zf(z)dz] .
cx1—V/apl/a —00
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Using Proposition 2.1 we find that as X — 0o

(2.20) x°7! (’3‘)l e f( "/"b"")gdu

- —[afa - l)b 174, - 4_a7M).
Now Proposition 2.1 shows that as x — oo
b—l+l/axl—l/a+a—lf(uxl—I/abl/a) [h(u) _ g] ,

converges to A+u‘(°‘+”[h(u) —u/a] for u>0 and to A_|u|"“*V[h(u) — u/a]
for u < 0. Additionally Proposition 2.1 shows

f(uxl-l/abl/a)xl—l/a+a—l < kolul—(l+l/a)b_(l+]/a) .

Since for some k < oo, |h(u) —u/al < ku®, we can conclude via dominated
convergence that

2_a—1 x 1-1/a f€ 1-1/a, 1/a u
(2.21) hm bx 3) /0 S(ux b )[h(u) - E] du
_ ¢ _(a+l) u
—A+/0u [h(u)—a] du

and
2 a1 (X\1-Va [0 I-1/a, 1/a u

(222)  lim b’x (3) S )[h(u)-—;] du

_ —(a+1) _E

=A_ /_ I [h(u) a] du
Let .

_ —(a+1) _u
J,(c)= /0 u™ D [h(w) - £] du

and

0
J (@) = /_ = [hw) - 2]
Then (2.17)-(2.22) show

(2.23) lim [g(—x) - %] x* ' = pp~?
where for
K, = / W™ du o™ 4 T (0)
/ [h(u) @D gy
and
-4 —(a+1) 1 +1
(2.24) K = . h(u)|u| du+ ala = 1)a +J_(a)

= [ reo = ¥,

—00
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we have
(2.25) D=A4A K +A4_K_.

To evaluate D note that g(—x)—1/b=0 for =1, and hence D(a,1)=0.
Since A_(a,1)=0 and 4, (a,1) >0 we can conclude from (2.25) that K, =
0. Since the value of D does not depend on a and J (a) — 0 as a — 0 we
find that

D=1imA4 _ah(u)|u|~(a+')du— L g+,
a—0 | J_o ala—1)
To evaluate the limit observe that
—-a
—(a+1) _ —1_ _ _ _ —a+l
oo h(u)lul du_ a(a_ 1)[1 (1 W( a))] .

Taking a = s~ "/*(s — 1) we find
D=1limA [1-(1-5) """ 45
st

=A_[a(la-1).

I—]/o:(1 _ S)—a+l]/a(a _ 1)

Putting everything together we find [g(—x)—1/b-4, [(a)(a—1)6"]"'1x*"" = 0.
To obtain an estimate of the error &(x) in (1.13) let ¢, = (x/b)'~"/%, ¢, =
x'"Yep!/* ‘and H(u) = h(u) — u/a. Then
exX)=1 +L+1,+1,+1I
where

I=¢, / Lf(6,) — A, (,0)" " h(u) du,
L=s [ T Uy — ALl () e,

oo —ag,
heo 3(2_% [ [ U= audus [ 710 - A udu

I,=¢, _Oa[f(¢2u) ~ A_|ul” " 1H (u) du
and o
Ii=¢, | [f(¢yu)-A4,(6,u)" " 1H(u)du.
Using the fact [Propositio—r: 2.4] that for all u,

—(a+1) —(2a+1)
|f () = A Jul "7 < Kul

and that ¢,¢; %" = b7>x*" =" it easily follows that I, +1,+1, = o'~y
Consider I. We can write I, = J, + J, where

1/¢, (at])
5=, [ Uwd) - A, 807 U0
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and

C
n=a ) = 4,90 W) du
Since H(u) ~ H"(0)u*/2, u— 0, it follows that

1 2
h~ / () - 4,0 1 0y du| 8L = D 2202
0 2 pe
where D, is some constant. Now

¢ _(2at1)
|J,| < ¢1K/ u "Hu)du .
1/¢,

Since H(u) < D2u3 for some constant D, it follows that J, = O(x*1=y |
Thus &(x) = O(x¥/*(=9)
To establish (1.14a) we proceed as follows. Let

h(u) = £ (ux + be)).
Then A'(u) = f'(t"/*(ux + bt))t"**x . Thus

g(zx) — g(x) =x/lz du/ooof(t_l/a(ux+bt))t—2/adt.

Let ¢,(u,x) = xXI= e p2fe=1y1=2/a nd let é,(u,x) = x!7Vept/ey! =t The
change of variable ¢t = uxs/b shows

g(zx)—g(x)=/lz dug, /Ooof(¢2(S+1)s"’“)s‘2/“ds,

Using the fact that as v — oo, f'(rv)v™*? — —(a +1)4, uniformly in r

for r in a finite closed subinterval of (0,00) we find that uniformly in u,
1/k<u<k,

x* ' f (dy(s + 1)s™ %)
——b"Ha+1)d,u" / [(s+1)s™ P ds = —4, 577",
0

Thus
(z—0+1 _ 1)

/z dux""'¢ /oof'(¢ sV +5))ds —» H—— 24
1 'Jo 2 ba(a-1)"*
uniformly in z € [1/k,k]. Thus uniformly in z as just stated

8(zx) — g(x) ~ m( metl _ l)x_°+1.

But this is the same as

—a+l —a+l
[ -x ]

A+
g(y) — glx) ~ W

b x’y_'w’
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for x,y>1/k <y/x <k. Let y > x. Then by what we have just shown for
x > x, for some x; < oo

g(y) — g(x) 24,
e ppry ey :
y o =x (b (a)(a—1)
Hence g(y)— g(x) < 0. This shows g(x) is asymptotically strictly decreasing.
The computations needed to establish (1.14b) are a combination of those
used to establish (1.13) and (1.14a). For this reason we will simply outline the
main points. Let z € [1/k,k]. Then

g(—zx) — g(—x) = - /1 ", du /0 T s s — gy ds

Let v=s"" “(s—1) and let ¥ be its inverse function. Set
Hw) =ay' (1 4+ (a- 1)y]™".
Then

220 g-zx)-g-x)= [ gidu [ fomHw)av.

Decompose the integral on v as follows.

1+

SGoHmdv+ [ f(o)

D) v

H”(O) 2:|

4

+/C°° f'(¢2v)H(v)dv +/

—a

Analyzing each of these contributions we find that uniformly in z € [1/k, k]
as x — oo

(2.27) x*'g(=2x) - g(=x] = (2™ = 1)4_Ja(a—1).

It follows from (2.27) that g(—x) is asymptotically strictly decreasing except
for p=1.

Proof of Theorem 8. The asymptotic behavior of p(¢,x) follows at once from
the formula |

p(t,x)=1"""f(t7""(x + b1))
and Propositions 2.1 and 2.3. The rest of Theorem 8 follows from this asymp-
totic behavior just as for Theorem 5.
Proof of Theorem 9. The set [a,00) is a transient corecurrent set. Proposition
10.2 of [6] shows that every such set has capacity b. Additionally, there is a
cocapacitory measure i, such that

PiTig o <) = [ S0 =01, ()

The measure j, is supported on [a,oc0) and has total mass the capacity
C([a,)) = b. Fix & > 0. By (1.11) there is an a; < oo such that for
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y>a,, gy—x)<(1+ek(y- x)('"’) , where k = [a(a — l)b2]'l . Thus for
a>a,,

P T,y oy <o) < (1 +2)k / (v - x)" " (dy) < (1 + &)k(a—x)'"°b .
Thus
(2.28) Im P (T, o, < oo)a'* <kb.

Let C(d) = C([a,a + d]) be the capacity of [a,a + d]. Then by Proposition
8.70f [6] c(d) b as d — co. Then fora a > a,,

PTia ey < 00) 2 Pl gy < ) = [ 80/~ 2y 0,(@)

2 (1= 0k [0 =)' "By (@)
>(1-¢e)a+d-x)""kCd).

Hence
lim P (T, ., <o0)a®"' > (1-&)kC(d) .
a—oo
Consequently
(2.29) lim P (T, .., <oo)a™"' > kb .
a—oo

(1.16) now follows from (2.28) and (2.29).

Proof of Theorem 10. Suppose a > 0. The rth moment of N, is
a' a

(2.30) EN' = r!/ / g(x,) - g(x, —x,_ ) dx, - dx, .
0 0

Using the fact that g is bounded, that sup g(x)lxl'"" =k < 00, that g(ax) =

a—1 ~

a’~ g(x) and the fact that g(x) ~ g(x),x — *oo0, routine asymptotic argu-
ments show that as a — oo

a a
AL g(xl)...g(x’_xr_l)dxl...dxr
1 1
~aar/(; /0 g(xl)...g(x’_xr_l)dxl...dx’.

Let

1 1
L= [ [ a2, —x,dx, - dx,
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Then as Z(x) < A|x|*~" we find

1 1
r 1
I <A -‘/0 Ix,|® Ix, —x,_,| x,--dx,
_gr ! ! a—1 a—1
=4 A x| 1X,_y = %,
a a
x
X l o1y =1 ]dx1 dx,_,
[0 a

Thus

Hence 2
()~ > (2—“) (V.
a

Thus Er("”,)_l/ Y= . Consequently, Carlemen’s criterion now shows that
the moments r!/_ uniquely determine a distribution. Hence N(a)/a® converge
in distribution to a random variable having moments r!I,. The arguments for
the asymptotic behavior of N(—a) and N(a)+ N(—a) are similar and will be
omitted.

Proof of Theorem 13. We can write

g(x)—g(0)= XAI a'z/ooo f'(t_l/a(xz+bt))t—2/adt .

—1/a

Assume x > 0. Making the change of variable u =t '“xz we find

[g(x) — g(0)]x' * =a /0 24, /0 - Flu+bu' " xz)* HYu' " du
For all x >0 and z €[0, 1] there are constants k, and k, such that
I+ bu' ™ (e2)™ ' 0 < k' T g () + T T o (W)
which is integrable. Using dominated convergence we can now conclude that
l)ggxl'“[g(x) - 8(0)] = ~I(a, )

where
1-
“du.

—-I{a,B) =

The constant I(a, f) can be computed by methods similar (but simpler) than
those used to compute y+ in Theorem 3. It turns out that

I(a,B) = n(al_l)r(z a)(1+h%) ¢ (—(az;l)+tan_](h)).
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Now
(2.31)

g(x) - £(0) = x* "' I(a, B)

=ax™"! /01 z"'_zdz/oco [f' (u+b (%)Q_l) —f(u)] u'™du .

By the mean value theorem, for some A between u and u + b(xz /x)""l ,

/loo [f' (u+b (%)a_l) —f'(u)] u' = /]oo S du

Using the fact that f” is bounded, and the fact that |f"(u)| < ku~*® for
some k < oo we can conclude by dominated convergence that

o0 [o o)
lim / A du = / F ™ dy .
x10 1 1

If a<3/2, u?172) g integrable on [0, 1]. Thus dominated convergence shows
that in this case

1 1
lim/ A qu =/ F ™ dy .
0 0

x10

It follows from these facts and (2.31) that for a < 3/2 as x | 0
(2.32)

1 [o
g(x) - 8(0) —x" " I(a, f) ~ x** Va / bz dz f WiV du .
0 0

If 3/2 < @ <2 we cannot obtain so precise an estimate. Observe that for some

k < oo,
/ox [f' <u+b (%)“”') —f'(u)] u'=" du

and for some k, < oo,

/xlf' (u+b (%)) — f(wu' " du

< kX',

/lflr(A)(zx)a—luZ(l-a) du

1
skz(zx)"_]/ 07 gy
X

= ky(zx)* ' 1 = XXM 21— a) + 1 = O
Thus

/01 2 dz/ol [f, (u+b (x_uz)a~1) —f'(u)] W' du=0(x"").
But then using (2.31)

g(x) - 8(0) — I(a, B)x"" =" 0(x" ™) = O(x) .
This establishes (1.26a). The proof of (1.26b) is the same.
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Proof of Theorem 14. The arguments needed for both parts are different. To
establish (1.27a) note that f'(v) = —A(1 +a )v (a+2) +s(v) for all v > 0 where
le(v)] < kv~ 2+

Now

g(x)— g / du / £ ux + b)) d
Let ¢t = (x/b)s. Then

1 oo
g(x)—g(0)=/0 du/o f'(s—'/a(u+s))¢5,s_2/°‘afs¢2

where ¢, = x'"Veplle, ¢, = p*=1x21=1/%) Hence

g(x)—g(0)= / du A( 1+a)/0 s(u+s)l(a+2)ds¢'l—(a+2)¢2

+0 (/ du/ (u+s)"2*s* ds ¢l_(2“+2)¢2)
0 0

A I-a 2(1-a)
=—-5——Xx  +0(x .
b2a(l — @) ( )
The argument needed for (1.27b) is different. Let ¢, = (sz)l_l/" and
¢, = (zx)'""*p'* _ Observe that #,/¢, =1/b. We can write for x >0,

g(—x) = /0 g f(bys (s — 1)) ds |

The function v = s_l/”(s — 1) has a unique maximum at s = 1/(1 — ) and is
asymptotic to 0 as s — co. Let y, be its inverse with values in (0,1/(1 —a))
and y, its inverse with values in (1/(1 —a),00). Let

y(1/(1=a)) “(1/(1 =a) = 1).

—1/a
Then
¥,

(2.33) g0 =0, [ f¢2v)[—(—a)71

+¢/f %_ld

Observe that 1/b=¢, [* f(¢,v)dv and a/(l —a) fo ¢,f(¢,v)dv = g(0).
Since g(0-)=1/b+ g(O) if follows from (2.33) that

| av

234) 8(-x)-80-)=4, [ S0 [0y 1] v
? ay. a
e [ S0 g - e

¢, [
@ Jy
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In each of the first two integrals the expressions in [ ] is O(v) for v near
0. Multiplying both sides of (2.34) by x*! and using the fact that f(v) ~
A+v—("+1), v — oo, and f(v) ~ A_|v|_(°‘+l), v — oo, we can argue (by
dominated convergence in the first two integrals) that as x | 0

(2.353_l L 0 ) ay,
X g(x) - 800 =57 [ i 1] a
w07, o [t -]

¥ [1—(61“/:3)% 15| e e

The integrals can be evaluated by the change of variable v = s~V s —1).
Doing so shows

0
/ oD [a—% _ 1] 1
oo 1-(1-0a)y, a(l —a)

and [) =1/(1 - a)ay™®. Thus the coeficient of 4 ,+ 18 0. This shows

-

lim[g(-x) — g(0—)]x*"" = —-4_[a(1 — a)b’]"".

x—0

To approximate the error &(x) let H, = ay,[1 — (1 - a)l//l]_l and H, =

ap,[(1 —a)y, —a/(1—a)]”". Let A_(a, B) = A(a, — B). From (2.34) we see
that

(2.36) g(—x) - g(0-) + A_[(e)(1 — )b’ 'x' ™
0
=6, / [f($,0) — A_|pyv| " V1H, (v) dv

+ 4, /0 " (by0) — A(6,0) "V |H(v) dv
9,

l-a

| @50 - a0y 1.
Ve

Suppose a < 1/2. Using Proposition 2.4 we can argue be dominated conver-
gence that the RHS of (2.36) is asymptotic to

0 Y
Ay(a, - B)o, /_ 16,01V, (v) dv + 4,9, /0 (6,9) "V H,(v) dv

A, [* ~(2 -a
_ ¢1 2 / (¢2’U) (2 +l)d'U - kxz(l )’
Y

l-—a

where k is some finite constant.
If a > 1/2, then v % is not integrable near 0 and we cannot proceed as
above. In this case we replace fgoo by [Tl + f_ol and [ by f0' +[]. As
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above, for some constant k' all terms except [°, and [, are ~ k'x*'"%.

Now

1
4, /0 Lf(6,) — A(é,0) " V1H,(v) dv
1/¢2 —(at1)
=, / [ (6,) — A,v) " “*V1H, (v) dv

+4, / F(#,0) — A($,0)" 1, (v) dv .

Making the change of variable r¢, = u in the first integral and using the fact

that H(v) ~ H' (O)v as v — 0 we find
]/¢2 —(a+ 1 ! —(a+
4, /0 (@)~ Ag0)™" M) dv ~ - /0 L ()—Av™“* V1, (0)v dv .

It follows from Proposition 2.4 and the fact that f is bounded and continuous
that, for some k < oo, |f(v) — Av™ V| < kv~ forall v > 0. Thus for
some constant k' < oo,

1
¢, ) / Lf(¢,0) — 4v~“"V1H(v) do

2a+1 o2
<¢¢2(a+)k//¢ “d
2

= ¢,6; VK1 = 42°1/(—2a + 1)
= pKa- 178" - 6,71

Thus for a > 1/2,

1
¢l/o Lf(¢,0) — AW~ "¢ )1H(v) dv = ox!' =y
Similarly,

0
é, / [1(650) = A_lgyo ") = 0T
Proof of Theorem 16. Let h = %{2 . Suppose a > 0. Then
a a
EN(a)’ = r!/0 /0 g(x))g(x, = x,) - glx, —x,_)dx,, ... ,dx,

I 1
=r!a'/ / glax,) -~ gla(x,—x,_))dx,, ... ,dx, .
0 0

Routine Abelian arguments show that as a — oo

1 1
(lna)rfo /0‘ g(axl)...g(a(xr_x’_l))dxl...dxr

1 r
— <;t7> H(x,...,x,)dx, ---dx,
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where
H(x,...,x,)=[1+Bsgn(x,)]---[1 + Bsgn(x, — x,_,)].

1 1
u, —r'(n;2> /0 /0 H(xl"”’xr)dx,'--dx

Then as a — o© I
na
[N(a)—] u, .

Carleman’s criterion shows the {x } uniquely determine the distribution of a
random variable N* having moments {x,}. Thus N(a)e¢ 2 N*. In this
case it is possible to determine the distribution of N* . For this purpose we need
to make use of some combinatorial facts due to Euler. These can be found in
Volume 3 of the books of E. Knuth, The art of computer programming, §5.1.3.
Let (") be the Eulerian numbers. Suppose x, , ... ,x, are distinct real numbers.
Let y,; be the number of permutations of x,, ..., x, such that x, ., —x; >0
exactly j times. Then (by definition) y,. = ;= (,” 1) Let

8,(2) = %,Za< N and oz,0 =3 0,00

r=0

Let

Then Euler’s result is
(2.37) d(z,x)=z(1-2)[e¥ = 2]

Let G be the set of r! permutations and S the simplex {0 <x, <--- <X, <
1}. Since S, has volume ("M~ we see that

/ /H(x,,... Ydx, - dx,

—Z/ /H(‘t(xl,---,x))dxl x,

reG

= 2 y,(L+ B8 (=) !
j=0

Let B =p—q where 1+ f=2p and 1 - 8 = 2q. Using the above we find

S0 )5 0 -5 )

Jj=1
The moment generating function of {x,} is

ni s () 0 (3)- 22 (3. 2)
M= =to(Z,=2).
;”’ Z( "\p/) a4 \p’zn’

Using (2.37) we find
(2.38) M(s)=(p - q)lpe”""" - q] .
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If >0 then p > ¢ and we can write

-1
(2.39) M(s) = (1 - g) e [1 - ;’—]e”"} . p>4q.

If p <q we write

(2.40) M(s) = [1 -{;’] [1 -ges/h}_l, p<q.

Now (2.39) is the moment generating function of 1/|h|(Z + 1) where Z is
geometrically distributed with parameter g/p while (2.40) is the moment gen-
erating function of Z/h where Z' is geometrically distributed with parameter
p/q . This establishes the distribution of N*. Since —X , is the Cauchy process

x, with B replaced by —f the distribution of N~ also follows from the above
results. The proof of the asymptotic distribution of N(a)+ N(—a) is essentially
the same and will be omitted.

APPENDIX

Let X, be a Levy process on R starting at 0 with log characteristic function
—ty(0), where

w(0) = /R (1-e"*)M(dy) + ib

such that b > 0 and flylsl [y|IM(dy) < oo.

Let A >0 and let GA(A) =E[ lA(X,)e"“ dt. General theory [3] yields the

following facts. G‘(dx) < dx, and there is a version g'1 (x) for the density
having the following properties.

(1) g'1 is bounded and continuous for all x #0.
(ii) At 0 g* has a jump, g*(0+) = g*(0) and g*(0-) > £*(0).
If the process is transient these facts hold for A =0.

Theorem A. Let A > 0. Then

(3.1) g'(0-)-£'(0) =4
If the process is transient (3.1) holds for A=0.

Proof. Let

1(6) = /Rsin(By)M(dy) and J(0) = /R[l —cos(8y) 1M (dy) .
Then
Re(A+y)=4+J, Im(A+y)=00-1.

Observe that J > 0. We will now show

1y

(3.2) lim

[6]—o00

0
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and

(3.3) lim

L@l' ~0
18] —00
To this end let k = sup, |sin(z)/z|. Fix ¢ > 0. We can then choose J > 0
such that

k |z|M(dz)<e.

lz]<é

Now
sin(z6)

1
22 |zIM(d2) + o

161 J,

l 16) ‘ | sin(zO)M(d2)

|z|<6

<e+—Mlz| >9].

W
Thus (3.2) holds. An analogous argument shows (3.3) holds. Now

6112+ vl = 10 [(1 ) +(b-£<gi))2].

Hence for some N
16114+ w| > 5
for all |6] > N. Since |1+ y| > A it follows that for any 4 >0,
1 — cos(6h)
Oh(A+v)
is integrable over R.

Let Z have the standard normal distribution and be independent of {X,}.
Let Y,(6) = X,+06Z for ¢ >0. Then

(34)  ZPOSY(0)<h) == / eV (1 _ ¢ /igh) do
h t 2n R

and

(3.5) lp(_h <Y(0)<0)= l/ VO =TI _ 1) 1ion1 .
h 27 Jr

Hence

(36)  ZIP(-h<¥,(0)<0)~ PO Y(0) < h)]

_ %/ e"'”(o)e“’z"z/z[(cos(eh) —1)/i6h1d6 .
R

Multiply both sides by e for A >0 and then integrate over ¢t on (0,00).
Since [, [;° e #6712 49 dt < oo it follows by Fubini’s theorem that

; / " e MP(-h < Y(0) < 0) - PO < Y,(0) < Wdt

_1 ll—cos(eh) —6%2)2
6h[A + y]

de .
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Since (1 — cos(6h))/(6h|A + w|) is integrable, we can let ¢ | 0 and conclude
via dominated convergence that

(3.7) % / e MP(=h < x, <0)— P(0 < X, < h)]dt

i[1 — cos(6h)]
=Re /0hl+u/ a8

® 1 —cos(6h)[b0 - 1]
nlo On((A+ )2+ (b6 - 1)
=g/°° l——cos(0h)(1—1/b0) 40 .
0%hb [( [ 4/6b + J/b6)* + (1 — I/b6) ]

Now the extreme LHS of (3.7) is

h
7 [ 180 - g

H(u) = (1 —@) (;—b+J(u)>2+< - %2)2]_

The change of variable 84 = z on the extreme RHS of (3.7) shows

» [0 - gonax=2 [T (2 4z

Since H(u) is bounded and converges to 1 as u — oo we can conclude by
dominated convergence that

1 1 2 [®1—=cos(z) , 1

tim 7 [ 180 - f'onax =2 [F = dz = g
Thus (3.1) holds.

If the process is transient let g(x) = go(x). Since g'l(x) 1g(x) as 4]0 it
follows that g’l(O) — g(0) as 4] 0. Now g’l(—x) < g’l(O—). Hence g(—x) <
lim,, g*(0) and letting x | 0 we find g(0-) < lim,,£*(0). But g*(-x) <
g(—x) so letting x | 0 we find g’l(O—) < g(0-). Thus gl(O—) — g(0-) as
A1 0. Hence (3.1) holds for A =0 in the transient case.

Let
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