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STABLE PROCESSES WITH DRIFT ON THE LINE

SIDNEY C. PORT

Abstract. The stable processes on the line having a drift are investigated. Ex-

cept for the symmetric Cauchy processes with drift these are all transient and

points are nonpolar sets. Explicit information about the potential kernel is ob-

tained and this is used to obtain specific results about hitting times and places

for various sets.

1. Statement of results

Let Xt be a process with stationary independent increments having log char-

acteristic function

-i|0|a(l-zAsgn(0)),

where 0 < a < 1 or 1 < a < 2, h = ß tan(na/2), and \ß\ < 1. Such processes

are called drift free strictly stable processes. The processes with log characteristic

functions

-i|0|(l + Agn(0)ln|0|)

are called drift free Cauchy processes (or stable processes with index a = 1 ).

If Xt — X. - bt we say X( is a stable process with drift -b. In this paper we

will always take b > 0.

There is an enormous literature on the behavior of drift free stable processes.

Surprisingly, little has been written on stable processes with drift. In view of the

extensive results known for the potential theory [6] and the path behavior [3, 4]

for infinitely divisible processes in general, the interest today in special processes

such as stable processes with drift lies in the fact that for such processes rather

explicit results may be obtained.

The incorporation of a drift term changes the behavior of the process as

compared to a drift free process. However the drift acts substantially different

for processes with index a < I , a = I , and a > 1 . In all cases except for

a = 1 and ß = 0 (i.e. the symmetric Cauchy process) the processes with drift

are transient and hit points with positive probability. This fact follows from

the general theory [3 and 6]. This is in contrast to the drift free processes. For

drift free processes if a < 1 the processes are transient but do not hit points,
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while for a > 1 the processes are recurrent. General theory [3] again tells us

that for a < 1 a point is irregular for itself while for a > 1 a point is regular

for itself. For a = 1 and ß = 0 the process with drift is still recurrent and

fails to hit points, while for ß ^ 0 these processes are transient and hit points

with positive probability.

The processes with ß = ±1 are called strictly asymmetric. As written here

ß = 1 corresponds to a process that can only jump to the right while ß = -1

yields a process that can only jump to the left.

For each t, X( has a bounded continuous density p(t,x). We will first

discuss a process with index a / 1. The quantity
/•oo

g(x)= j    p(t,x)dt
Jo

is called the potential kernel for the process Xt. Let / be the density of Xx.

Then

(l.i) p(t,x) = rx/af(rx,a(x + bt))

and
/•OO

(1.2) g(x)=     rx,af(rx,a(x + bt))dt.
Jo

For a < 1 the drift free process is also transient. Let g(x) denote its potential

kernel. This may be explicitly computed. It is given by

(1.3) ^) = [i+ySsgn(x)]|xr1(l+A2r1^^sin(^).

It is a classical result that g(x) for the processes with a = 2 (Brownian

motion with variance 2t and mean -b ) is given by g(x) = \e~ x , x > 0,

and g(x) = j , x < 0. Hence forth we will exclude this process and understand

processes with a > 1 to mean a < 2.

It is not possible to explicitly compute g(x) for the processes with a < 2.

Nonetheless we can determine some rather explicit facts about g(x). General

theory [3] shows that g is bounded, and continuous at all x / 0. For a > 1,

g is continuous at 0 and g has a maximum at 0. For a < 1, g has a jump at

0;g(0) = g(0+) and g(0-) > g(x) for all x. Let h(x) be the probability that

the process starting at 0 hits jc . Then general theory [3] shows h(x) = Cg(x)

where C = g(0-)~x .

Theorem 1. Let

d.4) »-e+¿--'('-(¥))■
Then for a < I,

m = g(o+) = l^-,     g(o-) = l[i + ̂ -c
(l-a)b _op_

l-a(l-p)' K)      l-a(l-p)
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Remark. It is interesting that the probability h(0) does not depend on the

magnitude of b. As pointed out to me by Pat Fitzsimmons, the referee, and

others, this fact follows at once from the scaling property of Xt, and the fact

that

A(0) = P(Xt = bt for some t > 0) .

Indeed, for any c> 0 and X(0) = 0,

inf{¿ > 0: X(t) = bt) = inf{t > 0: x~x/aX(ct) = bt}

= ±inf{w: X(u) = c{a~x)/abu} .

Taking c~x = ba/x~a we find

ba/x~ainf{t > 0: X(t) = t} = inf{i > 0: X(t) = bt} .

Thus P(X(t) = bt for some t > 0) = P(X(t) = t for some t).

Theorem 2. Let a < 1 and ß = 1. Set y = [ècos(7Ca/2)]"1/(1_Q). Then

h(-x) = e~yx,       x>0 ,

and
g(-x) = [(l-a)b]-Xe~7X,       x>0.

We will next determine the asymptotic behavior of g(x) as x -> ±oo. Sur-

prisingly, this can be done rather exactly. The asymptotic behavior as x —► ±0

will be given in Theorems 14 and 15.

Theorem 3. Let a < 1. For any n = 0,1, ...

g(x) = ±yJ(a,ß)bjxU+X)^ + cV"+1,(a-1)),

and

g(-x) = ±yJ(a,ß)bJxU+X)^ + o(x{n+x)i°-x)),

j=o

The coefficient y~(a ,ß) = y+(a, - ß) and

/»OO

'>•'> = £/   fn\u)u-{n+{)adu
n'. Jo

= T((n + 1)(1 - a))(-l)"(7t)-x(l + h2T(n+X)l2

xsin[(n + l)(^ + tan-1(/z))].

For k > 1 and 0 < ¿jc < y < kx,

(1.5a) g(x)-g(y)~Yo{a,ß)[xa-l-ya-1],       x,y^oc,

and

(1.5b) g(-x)-g(-y)~y7(a,ß)[xa-X-ya-X],       x,v-oo.
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Forx>0, g(x) is decreasing and g (-x) is asymptotically strictly decreasing.

The asymptotic expansion of g(x) for x > 0 is only of interest for ß > -1

since all the coefficients for ß = -1 are 0. Similarly the expansion of g(x)

for x < 0 is only of interest for ß < 1. Note that g(x) ~ g(x), x -* ±oo,

and that we can express the asymptotic relationships in (1.5) by saying for

i\x\ < \y\ < k\x\

(1.6) g(x) - g(y) ~ g(x) - g(y),       x,y —oo±oo.

Let B be a bounded Borel set and let TB = inf{t > 0: Xt G B} (= oo if

X( $ B for all t > 0) be the first hitting time of B. Let WB, defined on

[TB < oo] by WB = sup{i > 0: Xt G B}, be the last hitting time of B. The

process —Xt is called the dual process to Xt. Quantities referring to the dual

process are called co- and denoted by ". Thus fB is the first hitting time of B

by the dual process. General theory shows there are unique measures pB and

pB supported on B such that

PX(TB <oc) = j g(y-x)pB(dy),    and   ?x(TB < oo) = j g(x -y)pB(dy) .

These measures are called the co-capacitory and capacitory measure of B re-

spectively. They have a common total mass C(B) called the capacity of B.

For a point the capacity is C = b( 1 - a)/1 - a( 1 - p).

In the sequel we will say a sequence of measures yx(dy) —► y(dy) to mean

yx(B) —► y(B) weakly. The measure ed(B) = lB(d) is the unit mass at d.

Theorem 4. Let a < 1 and B be a bounded Borel set. If ß < 1

and

If ß>-l

and

Px(XwB. e dy) ~ 8(-x)pB(dy),        x — oo,

Px(Xtb e dy) ~ g(~x)PB(dy),        x -» oo .

PX(XW    Gdy)~ g(-x)pB(dy),       x^-oo,

Px(XTb G dy) ~ g(-x)pB(dy),       x -> -oo .

If ß=l, y = [bcos(7ta/2)]x/iX~a) and d = sup{y: y G B}

Px(*wB- e dy) = ^L-)e^-x)fiB(dy),       x>d,

and
Px(XTBGdy) = ed(dy)ey{d-x),       x>d.

One interesting consequence of Theorem 4 is that for \ß\ < 1

lim P(XT G dy\TR < oo) =    lim  P (XT G dy\TR < oo)
/]    J\ X—KX>      x <B D jc—t-oo      X ¡B D

= pB(dy)/C(B)
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and

J™ pä,_ e dy\Ts < °°) = Ä^i-V e W < °°)

= pB(dy)/C(B) .

The first relationship shows that the normalized capacitory measure can be

viewed as the conditional first hitting distribution at oo. The fact that left

and right conditional limits are the same suggest that the process must jump

over B before hitting B and in fact must jump from -oo to oo and vice

versa before hitting B .

These relationships are false for processes with a < 1 and ß = ±1. For

ß = -1 they fail to make sense since these processes can only move to the left.

The verification that (1.7) fails to hold for processes with ß = 1 will be given

in the section on proofs.

Theorem 5. Let a < 1. Then uniformly in x on compacts as t —► oo,

p(t,x)tXla^f(0)

where

1   f
/(0) = i /rc Jo

oo

e~e cos(h6a)dd

and for ß=l, y = (I - a)aa/{X-a) cos(7ta/2)-x/{x-a)b-a/x-a,

I.       \   yl 1/2(1-«)/-,    /, ..-1/2,-l+a/2(l-a)
p(t,x)e   —► a ' (27r(l-a))   'b

Let B be a bounded Borel set and let \ß\ < 1. Then for any Borel set A,

(1.8) tXlaPx(XWg_ GA,WBG dt)/dt -> f(0)pB(A)

and

t{Xla)-XPx(t <Tb<oo,XTbGA)^ y^Px(Tb = oo)mb(A) .

Let EB(t,A) = ¡PX(TB <t, XT GA)dx.  Then EB(t,A) ~ tpB(A) and for

\ß\ <1
EB(t,A) - tpB(A) Î PX(TB < oo)Px(XTb g A)dx

ifa< 1/2. If a= 1/2

EB(t,A) - tpB(A) ~ C(B)pB(A)-   -f(0)In t

and if 1/2 < a < 1
/       2

EB(t, A) - tpB(A) ~ C(B)pB(A) ^-j (¿y) t

We now consider processes with a > 1. Here the drift substantially modifies

the process compared to the drift free case. We first determine the asymptotic

behavior of g(x) as x —» ±oo. The asymptotic behavior as x —► ±0 is given

by Theorems 13 and 15.

a

.2-l/a
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Theorem 6. Let a > 1 and let

(1.10)       Aj(a,ß) = {-l)Jy¿a+l\l+h2f2sin [j [f + tan-X(h)}]

Then as x —► oo

(lid   ^^¿^air'^^'^V'-^o^1»11-').

If ß = -1 andy = [¿z| cos(7ia/2)|]1/a-1 then

(1.12) g(x) = [(a-l)6r1e"''*,       *>0.

/for all ß,
g(0)=    ap

(a-l)b

where p is given by (1.4). If ß = 1, g(x) = I/o /ora// x < 0 and is decreasing

for x > 0. For any ß and x > 0,

(1.13) g(-x) = l+Ax(a,-ß)[a(a-l)b2fXxX-a + e(x),

where e(x) = 0(x2{x~a)/a). Let l< k < oo and let l/k<y/x<k. Then

(1.14a)        xlimJg(x)-g(y)][xX-a-yX-a]-i=Ax(a,ß)[a(a-l)b2rX

and

(1.14b)     lim  [g(-X)-g(-y)][x1-a-yi-a]-X=Ax(a,-ß)[a(a-l)b2rX.
x ,y—*oo ■

The quantities g(x) and g(-x) are asymptotically strictly decreasing as x —► oo

/orall ß^l.

The probability of hitting x starting from 0 is h(x) = g(x)/g(0)

= [(a - l)b)/ap]g(x). If ß = 1, then ap = a - 1 and h(x) = 1 for all

x < 0. If ß = -1, then ap = 1 and /z(x) = e~yx , x > 0. For all ß ,

lim  h(x) =-
JC—-00 ap

and for ß > -1

/z(x) ~ Ax[a pb]~ x ~a ,       x —* oo .

Thus to first order the probability of hitting a point far to the left does not

depend on b while the probability of hitting a point far to the right is inversely

proportional to b. This is in contrast to the processes with a < 1 where the

probability of hitting points far from the origin is proportional to b(\ß\ < 1).

The asymptotic properties of the potential kernel given in Theorem 6 can be

used to derive the asymptotic properties of the first and last hitting distributions

for a bounded Borel set B. The arguments needed are the same as those used

to establish Theorem 4 and will therefore be omitted.
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Theorem 7. Let a > 1 and let B be a bounded Borel set. Then as x —► oo

Px(XWb_ g dy) -* \pB(dy),       Px(XTb g dy) - \ßB{dy) .

If ß > -1 then as x —> -oo

\x\a~XPx(XWB_ G dy) - ¿[a(a - l)b2]~X pB(dy),

\x\a~ XPx(XTb g dy) - A[a(a - l)b2fX pB(dy) .

If ß = -1 and d = inf{x : x e B}, then for x < d

Px(*wB- € dy) = J-^Be-^-x)pB(dy),

Px(XTb g dy) = e-y{d-x)ed(dy) .

Here A is given by (I A I) and y is as in Theorem 6.

There are some interesting consequences of Theorem 7. Suppose ß > -1.

Then

(1.15)       Um Px(XTb g dy\TB < oo) = Jim^i*^ G dy)\TB < oo)

= pB(dy)/C(B)

and

lim P(XW    G dy\TB < oo) =   lim  P (Xw    G dy\TB < oo)
x—»oo   -*      "B- " x—*—<x>   -1      "B- °

= pB(dy)/C(B).

The first of these relations shows (as for the a < 1, \ß\ < 1 cases) that the

normalized capacitory measure is the conditional hitting distribution at oo.

The fact that the left and right limits are the same has the same intuitive in-

terpretation as for the a < 1 case. Note that if ß = 1 the process moves

continuously to the left. Since Xt —► -oo with probability one it must be that

for x > sup{j>: y G B} = d that PX(TB < oo) = 1 and the LHS of (1.15) is

ed(dy), the unit mass at d. In this case the process starting from the far left

must jump over B before hitting B. Let d' = inf{y: y G B} . Then for ß = 1,

PX(TB < oo) = Px(Td, < oo).

Equation (1.15) is false in general for the processes with ß = -1. This will

be shown in the section having proofs.

If a < 1 the {t: X(t) = 0} is a finite set with probability one. If a > 1

this set is infinite and its size is measured by its Hausdorff dimension. Now

for a > 1, p(t,0) = t~x/af(t~x/ab) ~ t~x/af(0), t^O. Using this fact and

Theorem 4.1 of [1] it follows that the Hausdorff dimension of the {t: X(t) = 0}

is 1 - 1 ¡a just as for the drift free process.

Theorem 8. Suppose a > 1. If ß > -1 and A = Ax is given by (1.10) then

uniformly in x  on compacts p(t,x)f —► Ab~       ,  t —* oo.   Also for any
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bounded Borel set B

'a/>Äs_ e c> ^ e dt)/dt - ^/z"(a+1)/iA(C),

r"/^, e C, r < TB < oo) - Ab~(a+X)PX(TB = œ)pB(C) .

Additionally if EB(t,C) = f PX(TB <t, XTb g C)dx than Eg(t, C) ~ tpB(C)

and

EB(t,C)-tpB(A)~C(B)pB(C)[(2-a)(a-l)fXt2-a.

Ifß = -\
p(t,x)\fteyt ->A

uniformly in x on compacts where

y = (a- l)\b/acos(na/2)\a'a~

and
A = [2n(a - ^-'^-./^-»¿-(-.W^-.))) _

The processes with a > 1 go to -oo with probability one. Let M =

sup{Xr- t G (0,oo)}. Then M is finite with probability one. For a process

starting at x it is possible to explicitly compute the distribution of M for

Brownian motion and for the processes with ß = -1. The result for Brow-

nian motion is classical. The result for the processes with ß = -1 follows

from the fact that those processes move only continuously to the right. Thus

for any a > x, PX(M > a) = P0(T[a_x>oo) < oo) = P0(Ta_x < oo). Hence by

Theorem 6, PX(M > a) = e~y^a~x' where y is as in Theorem 6. Thus M is

exponentially distributed on [x, oo) with mean y~  .

It does not seem possible to explicitly compute the distribution of M for

the other processes with a > 1 . However we can determine the asymptotic tail

behavior of the distribution of M for these processes. Since PX(M > a) =

PX(T. . < oo) the problem of finding the asymptotic behavior of PX(M > a),

a —y oo, is the same as finding the asymptotic hitting probability of [a, oo) as

a -+ oo.

Theorem 9. Let 1 < a < 2, ß > -1, and A = Ax be given by (1.10). Then as

a —» oo

(116) Px(T[a,oo) < °°)aa~' ^ ^N« - 1)0]"'  •

A useful reformulation of (1.16) follows from the fact that

^(7'[û,oo)<OO) = /J0(^-x,oo)<00)

and the fact that (a - x)a~-xa~ , x —» -oo. Thus

(1.17) J»?«, W«,«») < °°X-*r' = A[a(a - l)bfX .

By Theorem 6

lim   g(-x)(-x)"~X =A[a(a-l)b2fX .
X—► — oo
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Hence (1.17) is equivalent to

O-18) W,,oo)<oo)~s(-x)ô~1,       x^-œ.

Let B be a bounded Borel subset of [a, oo). Then

Px(XTb g dy\T[aoa) < oo) = PX(TB G dy)/Px[T[aoo) < oo) .

Using Theorem 7 and (1.17) we find for 1 < a < 2, and ß > -1

Ä/x^r. € dy\T(a,°°) < °°) = M<W/ô

and thus by Theorem 7 the following curious relationship holds.

Corollary 1. Let 1 < a < 2 and ß > -1. Then for B a bounded Borel subset

of [a, oo)

d-19)     Ä/*<*ii e d^Tia,oc) <°°) = }™px(xtb e rfy) = ^y^.

In particular (1.19) shows

(1.20) lim  Z^ < oo|r       < oo) = lim PX(TB < oo) = C(£)/ô .

Taking 5 = {d} (1.20) shows that for d G [a,oo)

It is interesting that in (1.21) the limiting probabilities do not depend on b.

For processes with ß = -1, 1 < a < 2, these relationships can fail. For

example in (1.21) take d = a. Since processes with ß = -I move only

continuously to the right the LHS of (1.21) is 1. However for these processes

ap = 1 so the RHS is a - 1. Thus (1.21) fails for processes with ß = -1.

Recall that the occupation time of a set B is the Lebesgue measure of the

set {/: Xt € B}. Let a > 0 and let N(a) be the occupation time of [0,a]
for a process starting from 0 and let N(-a) be the occupation time of [-a, 0]

for a process starting from 0. Let Ñ(a) andÑ(-a) be these quantities for

the corresponding drift free process when a < 1 . The scaling relationship for

strictly stable processes shows that

Ñ(a) = aaÑ(l)   and   Ñ(-a) = aaÑ(-l) .

Theorem 10. Assume a < 1. Then as a -» oo, N(a)a~a -^ Ñ(l), N(-a)a~a

■£ Ñ(-l) and a~a[N(a) + N(-a)] -£ AT(l) + AT(-l).

The distribution of A^(-l) for a process with parameter (a,/?) is the same as

the distribution of N(l) for the process with parameter (a, - ß). If ß = -1,

ZV(1) = 0 and if ß = +1, Ñ(l)/T(a) is the Mittag-Leffler distribution of index
a. Recall this is the distribution that is uniquely determined by its moments

which are

(1.22) rirTK-r-l)]-1 .
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For \ß\ < 1 the distributions of N(l) and N(l) + N(-l) are also uniquely

determined by their moments but do not coincide with those of any known

distribution. The moments are given by

(1.23) EÑ(l)r = r\[ ■■■[ g(xx)-g(x2-xx)-g(xr-xr_x)dxx-dxr.
Jo      Jo

and

(1.24) E[Ñ(l) + Ñ(-l))r = r\J^---£g(xx)-g(xr-xr_x)dxx--dxr.

The first two moments of N(l) can be explicitly computed but it does not seem

possible to give a formula for the moments > 3. Let

(1.25a)

and

(1.25b)

Then

K+ = (1 + AV(nLz5>) sin (f )(! + ,)

T(l-a)]~x
K_ = (l+h2)~X -«(f)(i-Ä

EÑ(l) = K+/a,        EÑ(l)   =2K+ X-+KT(«?
2a2        +ra+l)

The range of the process Xt is the random set {x : Xt = x for some t} . For

a > 0 let R(a) be the Lebesgue measure of the range intersected with [0, a]

and let R(-a) be the Lebesgue measure of the range intersected with [-a, 0].

Using Theorem 10 and Theorem 1 of [8] we obtain the following.

Theorem 11. Let a < I. Then R(a)/Caa -£ Ñ(l),R(-a)/Caa £ N(-l), and

[R(a) + R(-a)][Caa]~x ^Ñ(l) + Ñ(-l).

For a > 1 things are considerably different. Theorem 4 of [8] shows that the

following holds.

Theorem 12. Let a > 1. Then as a —► oo, (i) N(a) î N(oo), the occupation

time of [0, oo), and R(a) î Z?(oo), the Lebesgue measure of the range intersected

with (0,oo).

(ii) N(-a)/a -* l/b and R(-a)/a -» C/b = (a - l)/ap with probability

one.

We will now establish the asymptotic behavior of g(x) for x near 0.

Theorem 13. Suppose a > 1. Let

I(a,ß) = T(2-a)[(a-l)7t]   X(l+h2)   1/2cos
n(a - 1) -1/.S
-i-s—'- + tan    (h)

Then as x [ 0

(1.26a)
a-\

g(x) = g(0)-I(a,ß)x" '+e(x)
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and

(1.26b) g(-x) = g(0) -I(a,- ß)xa~X + e(x)

where e(x) = 0(x2(a~x)) if a < 3/2 and e(x) = 0(x) if 3/2 < a < 2.

Theorem 14. Suppose a < 1. Let A = Ax be given by (1.10) and let A_(a,ß) =

A(a, - ß). Then as x J. 0

(1.27a) g(x) = ¿(O) - ^[a(l - a)b2fXxX-a + 0(x2(1_a)),

(1.27b) g(-x) = g(O-) - A_[a(l - a)b2Txxx-a + e(x)

where e(x) = x2(1_a) z/ a < 1/2 and e(x) = x(1_a)/a if a > 1/2.

We can also obtain asymptotic estimates of differences g(y)-g(x) as x,}>-»

0 and l/k < \y/x\ < k, 1 < k < oo and x and y have the same sign. The

arguments are very similar to those used to establish the corresponding results

for x,y —► oo in Theorems 3 and 6 and those used to establish Theorems 13

and 14. We will thus omit the proofs.

Theorem 15. Assume x > 0,  1 < k < 0, and \x < y < kx. Suppose a > 1.

Then for A as in Theorem I A,

g(y)-g(x)~I(a,ß)[y°-X=xa-X],       x,y^0,

g(-y)-g(-x)~I(a,-ß)\ya-X-xa-X],       x,y-0.

Assume a < 1. Then

g(y) - g(x) ~ ^(a,/?)[a(l - a)b2]-X[yX-a - x'"a],       x,y - 0,

and

g(-y) - g(-x) ~ -A(a, - ß)[a(l - a)b2fX[yX-a - x1_a],       X ,y - 0 .

It follows from Theorem 15 that g(x) is asymptotically strictly monotone

for x near 0.

We now turn our attention to the Cauchy processes having drift b. We must

here distinguish the processes with ß = 0 from those with ß / 0.

Suppose ß ^ 0. Examination of the characteristic function shows that Xt =

cXrl for appropriate choice of c and r. Consequently the results for these

processes follow from the known facts about the asymmetric Cauchy processes

without drift.
If ß = 0 one can easily explicitly compute the density of Xt. The result is

P(t,x) =-5-T .
n[t2 + (x + bt)2]

General theory shows that these processes are recurrent and that points are polar

sets. The recurrent potential kernel is
/•oo

a(x)= /    [p(t,l)-p(t,x)]dt.
Jo
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This can be explicitly evaluated. The result is

a(x) =-5-[ln |x| + tan" (b) - tan- (xb)] .
n(l + 0 )

The explicit form of the kernel a(x) and the fact that p(t,x) ~ j(l + b2)~x

enable one to easily apply the general theory in [6] to obtain explicit asymptotic

formulas analogous to those in the above theorems. Since this amounts to just

plugging in to the formulas in [6] we omit these details.

In [7] it was shown that the potential kernel g(x) for an asymmetric Cauchy

process satisfied the relationship

(1.28) ¿(^[l+^sgnW]^^,       x-±oo.

Also the analogs of Theorems 4 and 5 were established for these processes in

[7]. We will discuss here the analog of Theorem 16 for asymmetric Cauchy

processes.

Theorem 16. Let a > 0 and let N(a) be the occupation time of [0, a] by an

asymmetric Cauchy process and N(-a) the occupation time of [-a,0] by this

process. Let Z be a geometrically distributed random variable having parameter

p [i.e. P(Z = j) = (1 - p)pj, j = 0,1,...]. Then as a - oo,N(a)^

converges in distribution to N+, N(-a)lj!f- converges in distribution to N~,

and N(a) + N(-a) converges in distribution to N. Assume ß > 0 and let

p = (l -ß)/(\+ß). Then N+ = (n/2ß)(Z + I), N~ = (it/2ß)Z and N =

(n/2ß)(2Z + l).

Remark. The corresponding results about the asymptotic distributions of N(a),

N(-a) and N(a) + N(-a) for processes with ß < 0 follows from those in

Theorem 16 since the process -X(t) is the same as a process X(t) with ß

replaced with -ß . It is of course striking that the limiting distributions are

discrete and, except for \ß\ = 1, nondegenerate. Such strange limiting distri-

butions were first found by Pruitt and Taylor [9] in their investigation of R(a)

and R(-a). They showed that R(a) In a/a -£ R+ , R(-a) In a/a —► R~ , and

[R(a) + R(-a)]lna/a^R where R+ = Z + l, R~ =Z, R = (2Z + l). Since

2ß/n = C we see that R+ = CN+ ,R~ = CN~, and R = CN. Theorem 1

of [8] explains the connection between the limiting distributions of N(a) and

R(a).

2. Proofs

We will need several well-known facts about the density /(x). These may all

be found in [5] or are simple consequences of the facts in [5]. The asymptotic

formulas given here are taken from Skorohod [10] since those in [5] are for a

stable process having a scale factor ^ 1.

The density / has bounded continuous derivatives of all orders.
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Proposition 2.1. Assume a^ 1,2. Then

f(x)~A+x+,       x—>œ,

where

,_ «. r(a+l)r,      .2       /na\-\1/2  .   tita -\,,A
(2.1) A+=   v n    '[l+ß tan(—jj     sin[T+tan   (A)j

and /(x) ~ A_\x\    + ', x -* -oo, where

(2.2) ^_ = î^±i)(i+^tan(-))1/2sin(^_tan-(A)) .

Also for n = l ,2, ... ,

f"\x) ~ (-1) > + 1) ■ • • (a + n)A+x-{a+n+X],        X - oo,

and

/"'(-je) ~ (-l)"(a + 1) • • • (a + n)A_x'{a+n+X),       x - oo .

Additionally

(2.3) sup|/")(x)|Ma+"+1=fc|I<co.

Proposition 2.2. Leí a < 1 and ß = 1. Leí

/i /in T a a l/2(l-a) T /Jîa\l-'/2(l-a) M-l/2
(2.4) A=T3^'        ^ = a r^lT/J [2JT(l-a)]       ,

and B = (l- a)aX[cos(na/2)]~x/{X~a). Then

/(x) ~ Ax        ' 'e ,       x i 0 .

Proposition 2.3. Leí 1 < a < 2 and ß = -1. Leí

5 a . -1/(2(1-«)) I (TI    \\lA2{o:-l)) 1/2
A=^—y,        A = a "|cos^2aJ| [2n(a-l)]'  ,

and

Zf = (a-l)a      cosí—al

Then
ft   \        a    -1+^/2   -Bx1f(x) ~ Ax e        ,       x —► oo.

Proposition 2.4. Leí a/ 1,2, a/irf /eí

(2.5) Aj{a,ß) = (-iy+x^±H(l+hY2sin [j [f + tan^/z)]].

Then for any n as x —► oo

/(x) = ¿V"aa+1) + 0(x-(a(n+1)+1)),
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and

/(-x) = ^Aj(a, - ß)(x)~Ua+X) + 0((x)-{a{"+X)+X)) .

7=1

These formulas can be differentiated any numbers of times.   There are finite

constants Kx and K2 such that for all x

(2.6)

and

(2.7)

f(x)-¿2¿j\x\
7 = 1

-(<*+!)
<K,\x

-t(n+l)a+l]

-(«7+2)

<K2\x\
-[(«+l)a+2]

f'(x) + ̂ 2(aj+l)Aj\x\-
7=1

Proof. For the expansions of / see [8]. For the expansion on the derivative

see [5]. The bounds on / and /' follow from these expansions and the fact

that / and /' are bounded continuous functions.

It is also known (see [2]) that

(2.8) p= f™f(x)dx = \ + tan x(h)/
Jo

Proof of Theorem 1. Now

(2.9) g(0) = r
Zo

•l/a f. ,1-1/ar"af(t'-,,ab)dt =

7ta

ap

10 (l-a)o'

The results in Theorem 1 now follow at once from (2.9) and the following fact.

(2.10) g(0-) - g(0) = ¿ .

This last fact, as pointed out by the referee, is actually valid whenever Xt

is a transient levy process having no Gaussian component, drift —b, and Levy

measure M such that f¡x,<x M(dx)\x\ < oo. A statement of this fact, at least

for g replaced by the A-potential kernel, can be found on p. 289 of [4]. How-

ever, no proof is given and as the proof is not all together routine I shall supply

a proof in the appendix to this paper.

Proof of Theorem 2. The process can only move to the left continuously. Let

h(x) = P0(TX < oo). The spatial homogeneity and the strong Markov property

show

h(-(x + y)) = h(-x)h(-y),       x,y>0.

Since 0 < h(x) < 1, h(-x) is decreasing. Thus there is a y such that h(-x) =

e~~yx   But then
-yx = g(-X)C, X>0.

To find y we will make use of Proposition 2.2. Since
/•OO

g(-x) = /
J xx/b

rx/nnrx/a(-x + bt))dt
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it follows from Proposition 2.2 that as x —► oo,

(2.11)
g(-x) -aT rx/a[rx/a(-x + oí)]-(i+a/v*[í—>(-*+*oi- dt

Jx/b

= l°°A(^)l/2sX/2ab-{x+X,2)(s- ir^^e-^-{M^"(s-^ds

Let <j)(s) = sx/a(s - l)~x.  Observe that <f> has a unique minimum at s0 =

1/(1-«),

<Ks0) = (1 - a)~Á/a(a/(l - a))~X    and   tj>"(s0) = t/>(s0)(l - a)2/a .

To evaluate the asymptotic behavior of the integral on the extreme right of

(2.11) decompose that integral into three terms Z, = /,(1+a)i°, Z2 = //^¡J,

and Z3 = //^a)j . We first consider Z2. Let e > 0 be specified and be such that
a i \     ¡n i

<j> (sQ) - e > 0, choose a > 0 such that \<j> (s) - <f> (s0)\ < e for |s -s0\ < a,

and also \sx/2a(s - l)~{X+xm - sx0/2a(s0 - 1)"

d = sxJ2a(s0-l)-{X+x,2)

(l+A/2)|<e for |s-j0|<a. Let

A/2a   / x —(l+A/2)

\l-a)        [l-aj

y = Bb~{x+X)(f>(s0), and B' = Bb~{x+X). Then

/■(>+«)*    ./Xx'/2 _ä72w«

J(l-a)so        V0/

The change of variable xB1 /2[<j)"(sA - e](s - sa)  = z shows

(io)-e](i-io)
ds .

eyxI2<

Thus

L
xB'/2lcb"(so)-c](as0)2

Ab-x/2[d + e]e-zz-x/2 B',„
1-1/2

[<t> (s0) - e] dz

(2.12) lim ey'xL < sflTitAb  x/2[d + e][B(<j>"(s,) - e)fx/2
x—»OO

An analogous computation shows

lim ey'xI2 > \Í2ñAb~ x/2[d - e][B'(t(>" (s0) + e)fx'2.(2.13)

We now consider Z, . Observe that

r{\-a)s0      fX\[l2

'■=/       A(¡;)"7mis-l)-'e-"™ds.

Thus

'xi{=l     °a(±)1,2JW)(s-i ,-le-B'x(<l>(s)-<t>(s0)) ds
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Observe that tp'(s) = ktf>(s)(s(l -a)- l)[(as)(s - l)]~x. The change of variable

u = tj)(s) in the above integral yields

y.y'xT f°° a(X\1I2    1/2   -B'x(u-<l>(so))      „       ,, N   ,-1   ,
Ix= a\t)     u    e aí[l-(l-a)í]     du.

Jd>((\-a)s0)      Vo/

Now for all s , 1 < s < oo , a < as(l - (1 - a)s)~X < a/(l - a). Thus,

y'xL <j^-r        ¿ (Í)1/2 M1/2e-^("-^» du .ey

Hence lim^^^ ey xIx = 0. An analogous computation shows lim^^ ey XI3

0. Using the above facts and (2.12) and (2.13) we now find

iîm ey'xg(-x) < sfbtAb~x'2[d + &][B(<p"(sA - e)]~x'2 .
X—»OO "

Letting e | 0 we find

Jim e/xg(-x) < y/2liAb~X/2d[B<j>"(s0)fX/2 = [(1 - a)b\

Similarly

°oX—»oo "

a-\
X

Hm eyxg(-x)>[(l-a)b]    .
x—»oo

Thus
lim ey'xg(-x) = [(1 - a)bfx = l/C .

x—»oo

This shows that y = y . Thus y = [0cos(7ra/2)]_1'( ~a).

Proof of Theorem 3. For x > 0,
/•OO

¡rw = y t-""nr""x+bi'-"<")di

- f ff(»+b&~l»-°""
By Taylor's theorem for any n

n
i    \        V~*    + l7    (7 + l)(a-l)   .      («+2)(a—1) r»   /    M.1 + 1

S(x) = ¿^ 7j bJxu '+xy Rn(x)b

7=0

1_a

where for some 7,, 0 < £ < b(u/x)      ,

and
/•OO

+ a    /        X/')/    \   7-(7 + l)a j

J      Z! Zo

Now mj_(-'+1)q is integrable on [0,^4] for any A < oo. Since /*•" is bounded,

dominated convergence shows

,.     ,        [A fn+x)(u + S)un+x-(n+2)adu      I
hm hm a /    -:-rr-,-= y„. i •
¿îoo*-oo   J0 (n + l)l "+1
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By Proposition 2.1 for u > A ,

\fin+x\u + t)\un+x-{n+2)a<kn+xu-x-(n+')a

Thus as A —<■ oo ,

/oo An+O/      .   £\   n+l-(n+2)a   , „
y     (w + £)w du-+0

Hence

lim
X—»oo

s(x) - 53 yPJx
7=0

+ 1,7'    (J + 1)(«-1) (n+2)(l-a) +
X = y

n+\

An analogous argument shows

lim
X—»oo

s(-x) - YL y j b'x
7=0

-J.7'    (7+!)(«-!)
-y«+i

< lim lim
A   x^ocJA

/»OO
/       i /<m+1)/ ,   c\   w+1—(/i+2)ai   •
/     1/     '(-u + i)u \du .
Ja

Now for x > 1 and u > (l/2b)x'a Proposition 2.1 shows

\/n+x\-u+01 < ^+1«_("+2+a)i -1+ç/Mr(n+2+a)

</v„+1(i)-(n+2+a,M-("+2+a).

Thus
/■OO

lim HS /    |/B+I)(-M + í)u"+1-("+2)a|rf« = o.

We now determine the coefficients y*(a,ß) and y~(a,ß). Since this is

done by rather routine computation we will only outline the necessary steps. Let

f(x,a,ß) be the stable density with exponent a and asymmetry parameter ß .

Then f(-x,a,ß)=f(x,a, - ß). Thus y~(a, ß) = y+n(a, - ß). Now

/*oo

Vn(a>ß) = -77\   /      J      (")" ^M-
«! Zo

Let

£" = Sin (l(" + 1)a) '        F« = COS (f(" + 1)a) '

Cn = «!(l+/z2r("+1)/2cos((w + l)tan~'(/z)),

Dn = n\(l+h2y{"+X),2sin((n + l)tan~X(h)) .

To evaluate In = /0°° f   (u)un~ du we need to know where a is. Suppose

(n - j)/(n + j)<a<(n-j+ l)/(n + 1), j = 0, ... ,n . Integrating by parts j

times shows

(~l)JV((n+ 1)(1 -a))   [°° An-j),An-j-(n^)a,u

"       r((n+l)(l-a)-j)  J0    J        (U)U
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Using the Fourier inversion formula we find
1       roo

jAn-J\u) = -       e-d"tp(hda-u6)e"-i
Tt Jo

de

where ip(x) = cosx if n - j = Ar, ip(x) = sin(x) if n - j = Ar + l, y/(x) =

- cos(x) if n - j = Ar + 2, and tp(x) = - sin(x) if n - j = Ar + 3. Then

rOO
t I       An—J)/   \   n—j—(n+\)a j

Jni=   I       J (")" du
Jo
i    r°°        ■  ,    ,n r°°

= L /   M»-;-o+i)° du /   ¥,ne° _ ue)dn-j dQ
K Jo Jo

Interchanging the order of integration and making a change of variable we find

1/*oo /»OO

J   ■ = — I    e     6 dd       y/(hd  - x)x       y    ' dx .
71 Jo Jo

Evaluating the integrals we find

Jn,j = (-l)"r((AZ + 1)(1 - a) - j)[(CnEn+DnFn)(ait)]-X

(-l)"T((n + l)(l-a)-j)n\
sin (n + l)(^-+tan-x(h))]

an(l+h2){n+X)l2

Hence y* is as claimed. If (n - j)/(n + I) = a then

/     /"-7)(M)M"-(n+1)a du = (-l)j+l/n-J-x)(0)r((n + 1)(1 - a)) .
Jo

Evaluating f{n~j~X)(0) be using the inversion formula we find that y* is given

as claimed.

Let y = zx,   l/k < z < k.  To establish (1.5a) we need to show that as

x —► oo, uniformly in z,

[g(zx) - g(x)]xX~a — [za~x - l]7o .

For this purpose note that

/ZX /-OOdu       f'(t~ /a(u + bt))t   /adt.

Let i~ 'au = w . Then

g(zx)-g(x)= duua~ a       f'lw + b( — J      J w~a+ dw .

Since /' is uniformly continuous and w~a+   is integrable on [0,^4] for any

finite A it follows by dominated convergence that uniformly in z G [l/k,k]

as x —► oo

i_Q f2X  a_2,    fA ,i (     t ulw\x~a\    -«+ij
x       /     u      du I   j  Iw + bl—j      jw        dw

—►-(z_a+  - 1) /   f'(w)w~a+ dw .
1 - a Jo
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Fix e > 0. For some constant zc < oo and all u > 0

-2a\f~f,(w+Ol~ab)wl~adw <KA

We can thus choose A such that KA   a < e. But then uniformly in z

-e(z~a+x - l)x~a+x < J*\a-2duJ~f'(w + (^)l~ab}wx-adw

_.     ,    l—a       , .    —a+1
< e(z      - l)x

Since
rA rOO

a        I       -I.     .     -a+1 j —a      I       ri.     .     -a+1 +
--j- /   f (w)w        dw->-- /    f(w)w        =y0

l-oi Jo 1 - a Jqto i-uyo

a /   a—1        -i \
it follows from the above that [g(zx) - g(x)]x' a -► (za    - l)y7 uniformly

l-a
in z G [l/k, k]. The argument for [g(-zx) - ^(-x)]x a —> y0 uniformly is

essentially the same and will be omitted. Since both y^ and y^ are positive

it follows from (1.5b) that g(x) is asymptotically decreasing for x > 0. It

remains to show g(x) is decreasing. For this purpose we write

g(X) = (Jpj["Ax1-,^r,/'{.+ij)i-^.

Let u = (s+l)s~x'a . Then u is strictly decreasing on (0,oo) and maps (0,oo)

onto (0,oo). Let \p be its inverse. Then

.  .      1   f°° .. . aip(zxX/a-Xb-X/a) ,

8(X) = T"  /       f(z)-- J\ l/a-l,-l/ax dZ
b Jo I + (I - a)y/(zx'     b   ' )

since x is increasing and \p is decreasing the integrand is for each z a

decreasing function of x. Hence g is decreasing.

Proof of Theorem A. General theory [6, Proposition 11.2] shows that

Px(xwB. € dy) = g(y - x)pB(dy) .

The results on PX(XW e dy) follows at once from this fact and Theorems

2 and 3. Let gB(x,y) be the density of /0°°PX(TB > t,XtGdy)dt. General

theory [6] shows

(2.14) g(y -x)- j Px(XTb g dz)g(y - z) = gB(x,y)

and

(2.15) g(y-x)- jPy(XTBGdz)g(z-x) = gB(x,y).

Suppose ß < 1. Theorem 3 shows g(y - x) ~ Jr(-x), x -> oo, uniformly in

y on compacts. Using this fact and (2.15) we see that

(2.16) lim gB(x,y)/g(-x) = Py(TB = oo) .
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Now

PX(TB < oo) = j g(y - x)pB(dy)

Hence

PX(TB < œ)/g(-x) - pB(B) = C(B) < oo .

Thus 3 a sequence {xn} tending to oo 3 PXn(XT¡¡ G dz)/g(-xn) converges

weakly to some measure n(dz) supported on B. Using (2.14) and (2.16) we

find

f n(dz)g(y-z) = P(TB<œ)I
The uniqueness of pB now shows n = pB . Consequently PX(XT G dz)/g(x)

—y pB(dz) weakly. The same argument establishes the corresponding result for

x —y -oo when ß > -1. Finally the results for ß = 1 are obvious from the

fact that the process moves continuously to the left.

Verification that (1.1) fails for processes with a < 1 and ß = 1. Suppose

¿^«/Ä € dz\TB < °°) = J™/Ä e dz\TB < oo)

= pB(dz)/C(B).

Let d = sup{x: x G B} . Then lim^^ PX(XT G dz\TB < oo) = ed(dz). Then

^mx^-ooPx(XTB e dy\TB < oo) =~*ed(dy). ^Hence C(B)ed(dz) = pB(dz).

Thus

PX(TB < oo) = j g(x - z)C(B)ed(dz) = C(t3)^(x - d) .

Suppose B is a finite interval [a,d], a < d. Then for x € (a,d),

Px(TB < oo) = 1 . Hence 1 = C(B)g(x - d) for all x e (a,i/). But that

is impossible since g(x - d) = ey(x~ ' for x < d.

Verification that (1.15) fails for processes with a > 1 and ß = -1. Let

Zi = [d, c], d <c. Then as above we find for d < x < c, 1 = C(B)e~y(x~d),

which is impossible.

Proof of Theorem 5. Observe that

p(t,x) = rx/af(rx,a(x + bt)).

The assertions about the asymptotic behavior of p(t,x) follow at once from

the above formula for \ß\ < 1. For ß = 1 the above formula and Proposition

2.2 yield the desired asymptotic formula. General theory [6, Proposition 11.2]

shows

Px(xwB. e dy) = g(y - x)pB(dy) .

Hence

Px(WB>t, Xw¡¡_ Gdy)= Jp(t ,z - x)g(y - z)pB(dy)dz

/OO

[p(s,y-x)pB(dy)]ds .
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Thus

PX(WB g dt,Xw¡¡   g dy)/dt=p(t,y-x)pB(dy),

from which (1.8) follows from the behavior of p(t, x). The rest of the results in

the theorem follow from the fact that r(t) in [6] is here ~ f(0)a/(l - a)t ~ '"

as í —y oo and results from the general theory [6, Theorems 14.1, 14.3].

Proof of Theorem 6. By Proposition 2.4

where

Since

and

ft «oo

g(x) = TA. /    rX/a[t-X/a(x + bt)]-{aj+X)dt + e(x)

s(x) = o (j°° rx/a[(x + bt)Cx/arl{n+l)a+l] dt) .

rx/a[t-x/a(x + bt)]-{aj+x) = t\x + bt)-(ai+x)

r^^s-MliT-
we find (1.11) holds by making the change of variable í = (x/b)s in all the

integrals.

If ß = -1 then ap = 1 and the same computations used to establish Theo-

rem 2 show that (1.12) holds. Now

/•OO

g(0)= /     rX/af(tX-X/ab)dt = ap[(a-l)bfX.
Jo

If ß = 1 the process can go to the left only in a continuous manner. Since

Xt —y -oo with probability one it must be that h(-x) =1 for all x < 0. Since

h(x) = g(x)/g(0) and here g(0) = l/b it follows that for x < 0, #(x) = l/b.
To establish the monotonicity of g(x) for x > 0 we proceed as follows. Let

a < 0 and c > 0 and let T be the first hitting time of the two point set {a, c} .

Then

h(c) = P0(XT = a)g(c -a) + P0(Xt = c),

h(a) = PQ(XT = a) + P0(XT = c)g(a - c) .

Solving for P0(XT = a) and using h(x) = g(x)/g(0) we find

p ,x  =a)= g(a)g(Q)-g(c)g(a-c)

0    T g(0)2-g(a-c)g(c-a)

g(0)2 - g(c)g(0)

g(0)2-g(0)g(c-a)

thus £(0)2 - g(0)g(c -a)> g(0)2 - g(c)g(0). Hence g(c - a) < g(c). Thus

#(x) is decreasing for x > 0.
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To establish (1.13) we proceed as follows. Observe that for x > 0,

^(-x)=(í),-1/ajr0Oí-vV(^-ni/-í-i/a(í_1))(/í.

The function u.= s~ 'a(s - I) is strictly increasing and has strictly increasing

inverse tp(u) = s for we(-oo,oo). Making the change of variable to u in the

above integral we find

=£(r"°'<"*'-"°»"°><
Hence

(2.17)       g(-x) - I = (£)1_1/a |~ /(Mx'-n"")-

Let

W      l + (l-a),z/(w) '

Then A(0) = 0 and h'(0) = l/a. Decompose the integral on the RHS of (2.17)

into three integrals Z, = fc°° , Z2 = /J¿ and Z3 = /f a , where a > 0 and c > 0.

Using Proposition 2.1 we find

Now
1

b
\du

1 + (a- l)\p(u)
du

(2.18)       (£)'  ,/0/,~  A+b~2 Th(u)u~(a+x)du x

and

©'"'""^-k^r*«"'1"

—a+1
X —► 00,

-(a+1) -a+1

Now

jfxl-l/a

(2.19) (Î)

Observe that

(?f"°[/>*'-"v/°>>
+r ftuxi-,i"iih (*(«) - ï) ¿«]

(?r7>"*'~"v,°>«»
- (f)-"-»-''«'"a- /"""""''* z/(2)

V0/ J-x'-'l^b'^a

*J
i/'.z,!/"    Z-

= a-1x'-1/a0-(1+a/2)

xl-l/n6l/..fl>

ZCx'-i/"Zj',
zf(z)dz
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Using Proposition 2.1 we find that as x —► oo

,,,m a-l/XN1-1/»   fC    f.       l-l/a,l/a,W    ,
(2.20) x      i-r) /   f(ux    ' b' )-du

-» -[a(a - l)Ô2flM+C~a+1 - ¿_a~a+1] .

Now Proposition 2.1 shows that as x —► oo

,-l + l/a    1-1/a+a-l f(uxx-x,abx/a)\h(u)-^],

|-("+l)
converges to A+u {a+x)[h(u) - u/a] for u > 0 and to A_\u\  ya+l'[h(u)-u/a]

for m < 0. Additionally Proposition 2.1 shows

/(MX'-'^'^X1-1^-1 <fco|M|-(1 + 1/a)0-(l + 1/a) .

Since for some k < oo, |/z(u) - w/a| < ku2, we can conclude via dominated

convergence that

(2.21) lim b2xa~x (i)l"1/a f f(uxx-x/abx/a) \h(u)-^] du
x-»oo \0/ Jq L aJ

and

(2.22) lim 02x°-1 (Î)'"17" f   f(uxX-X/abX/a) \h(u) - ^1 rf«
x-»oo \dJ J_a L aJ

= A    f° \u\-{a+X)\h(u)-^]du.
J-a L aJ

Let

J+(c)= f u'(a+X)\h(u)--\du
Jo L ai

and

/.<a,=/j»r<~'> [*«-£]
Then (2.17)-(2.22) show

1
(2.23)

where for

lim \g(-x)-
x—»oo I O

a—1 n,-2
x      =L>0

-a+1
/•oo i

*+ = /    h(u)u~(a+X) du -    .      ..c'^+JAc)
Zc a(a-l)

and

(2.24) K_=  Í "h(u)\u\-(a+x)du + -J—-a-a+x + J_(a)
J-oo a(a-l)
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we have

(2.25) D = A+K+ + A_K_ .

To evaluate D note that g(-x) - l/b = 0 for ß = 1, and hence D(a, 1) = 0.

Since A_(a, 1) = 0 and A+(a, 1) > 0 we can conclude from (2.25) that K+ =

0. Since the value of D does not depend on a and /_(a) —> 0 as a —> 0 we

find that

1
D = lim A

a-»0    "
I ah(u)\u\

J —oo

To evaluate the limit observe that

/     A(ií)|m|
J—oo

(a+1)
du

a(a — 1)
a

-a+1

i-(<*+i: i/w [l-(l-^(-û))]"a+1.
-oo a(a-l)

Taking a = s~x'a(s - 1) we find

D = limA_[l - (1 -s)~a+X + sX~X/a(l -s)~a+X]/a(a- 1)

= ¿_/a(a- 1) .

Putting everything together we find [g(-x)-l/b-A+[(a)(a-l)b ]~ ]xa~  -*0.

To obtain an estimate of the error e(x) in (1.13) let <f>x = (x/b)x~x/a , <j>2 =

xx~x/abx'a , and H(u) = h(u) - u/a. Then

e(x) = Il+I2 + h + h + I5

where

/oo
[f(<t>2u)-A+((t)2u)-{a+X)]h(u)du,

h = <t>il a[f(<f>2u)-A_\<t>2u\-{a+X)]h(u)du,
J —OO

J. \     pOO p — Û02

73= ~\ \       U(u)-A+U-(a+X)]du+ [f(u)-AJu\-(a+X)]udu,
a<p,   \Jc<t>2 J-OO

h = 4>{ f  [f(cP2u) - A_\<j>2u\  ia+x)]H(u)du
J—a

and

h = ^i  U(.4>2U) ~ A+Wiu) {a+l]W(u)du.
J—a

Using the fact [Proposition 2.4] that for all u,

-(a+1),
\f(u)-A,\u\  ^l'\<K\u

(2a+l)

and that <f>x<f>2{2a+X) = b~3x2{X'a) it easily follows that Ix+I2+I^ = 0(x2(X  a)).

•A = 0, /      U(u4>2) - A+(4>2u) ia+x)]H(u) du
Jo

Consider Z5. We can write Z5 = 7, + J2 where

-1/02
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and

/, = <t>xf  [f(u</>2) - A+(<j>2u) {a+X)]H(u)du
•>l/</>2

Since H(u) ~ H"(0)u/2, u -> 0, it follows that

Jx j\f(u)-A+u-{a+X^H'\0)du -i=Ax
<?1

2/a(l-a)

where D, is some constant. Now

J2\<cj>xK f    u~(2a+x)H(u)du.
Ji/<t>2

Since H(u) < D2u3 for some constant D2 it follows that J2 = 0(x2/a{x a)).

Thus e(x) = 0(x2la(X-a)).

To establish (1.14a) we proceed as follows. Let

h(u) = rx/af(t~x/a(ux + bt)).

Then h'(u) = f'(rx/a(ux + bt))t~2/ax. Thus

/z /*oo
du J  f'(rx/a(ux + bt))r2,adt.

Let <t>x(u,x) = x2[X-xla)b2la-xux-2la and let <^2(M,x) = xx~x/abx/aux-x/a . The

change of variable í = «x5//z shows

/Z /•OOíZm^,^    /'(^(í+I)^170)^2/'1^.

Using the fact that as v —> oo, f'(rv)va+2 —» -(a + 1),4+ uniformly in r

for r in a finite closed subinterval of (0, oo) we find that uniformly in u,

l/k < u < k ,

xa-x<pxf'(<t>2(s+l)s-x/a)

POO

-b~2(a+l)A+u-a       [(s + l)s~x/a]-{a

Jo

-(a+2) j .    ,-2   -1
ds = -A+b    a    .

Thus

/  duxa~x(j)x f   f'(4>2s~xla(l+s))ds^^2
J\ Jo

—a+1
1)

'i Jo b2a(a-l)    +

uniformly in z e [l/k,k]. Thus uniformly in z as just stated

g(zx) - g(x) ~        f;        (z~a+x - l)x~a+X.
b (a)(a — I)

But this is the same as

g(y) - g(x) ~ 2    +
b (a)(a — 1)

r    -a+1 -a+1,
[g -x        ], X,y —y oo,
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for x ,y 3 l/k < y/x < k . Let y > x . Then by what we have just shown for

x > x0 for some x0 < oo

g(y) - g(x)
-a+1

<
2A,

-a+1   —  /l2
y »    -X -■■      (b¿(a)(a-l)

Hence g (y) - g(x) < 0. This shows g(x) is asymptotically strictly decreasing.

The computations needed to establish (1.14b) are a combination of those

used to establish (1.13) and (1.14a). For this reason we will simply outline the

main points. Let z e [l/k,k]. Then

/Z /»OOtpxdu       s~2/af'(s~x/a(s - 1 )tj)2) ds .

Let v = s~x'a(s - 1) and let tp be its inverse function. Set

H(v) = aipX~X/a[l + (a - l)ip]~X.

Then
/•z roo

(2.26) g(-zx) - g(-x) =      <t>xdu        f'(4>2v)H(v) dv .
J\ J-oo

Decompose the integral on v as follows.

/ " f'(<p2v)H(v)dv+ f f'(4>2v)   1 +
J—oo J—a

/oo r
f'(cP2v)H(v)dv + J

H"(0)  2
—7^-v

„/  v     ,     H (0)   2H(v) - 1-^-v dv

Analyzing each of these contributions we find that uniformly in z g [l/k,k]

as x —y oo

(2.27) xa~X[g(-zx) - g(-x] - (z~a+X - l)A_/a(a - 1) .

It follows from (2.27) that g(-x) is asymptotically strictly decreasing except

for ß = 1.

Proof of Theorem 8. The asymptotic behavior of p(t,x) follows at once from

the formula
p(t,x) = rx/af(t-x,a(x + bt))

and Propositions 2.1 and 2.3. The rest of Theorem 8 follows from this asymp-

totic behavior just as for Theorem 5.

Proof of Theorem 9. The set [a,oo) is a transient corecurrent set. Proposition

10.2 of [6] shows that every such set has capacity b. Additionally, there is a

cocapacitory measure pa such that

Px(Tla,oo)<°°) = j'f(y~x)pa(dy).

The measure  pa   is supported on   [a,oo)   and has total mass the capacity

C([a, oo)) = o.   Fix e > 0.   By (1.11) there is an a0 < oo such that for
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y > aQ, g(y-x)<(l+ e)k(y - x)(x~a), where k = [a(a - l)b2]'x. Thus for

a>a0,

px(Tla,oo) < oo) < (l+e)kj(y-x)x-apa(dy) < (1 +e)k(a -x)x~ab .

Thus

<2-28) ^0Px(Tla,oo)<oo)a-a<kb.

Let C(d) = C([a,a + d]) be the capacity of [a,a + d]. Then by Proposition

8.7 of [6] c(d) î o as d —y oo. Then for a a > a0,

px(Tla,oo) < °°) > Px(Tla¡aH¡] <oo) = jg(y- x)p[aa+d](dy)

>(l-e)kj(y-x)x-ap[aa+d](dy)

>(l-e)(a + d-x)x~akC(d) .

Hence

lim Px(Tla,oo) < oo)0""' ^ C1 - £)kC(d) ■
a—»oo

Consequently

(2.29) ljmPx(Tlaoo)<oo)aa-X>kb.
a—»oo

(1.16) now follows from (2.28) and (2.29).

Proof of Theorem 10. Suppose a > 0. The rth moment of Na is

(2.30) ENra =r\ ["■■■ T g(xx )■■■ g(xr -xr_x)dxx-- dxr .
Jo       Jo

Using the fact that g is bounded, that sup^ g(x)|x|'~a = k < oo, that g(ax) =

aa~ g(x) and the fact that g(x) ~ ^(x),x —<• ±oo, routine asymptotic argu-

ments show that as a —y oo

ra ra

/   ••/   g(xx)-g(xr-xr_x)dxx--dxr
Jo      Jo

~a"r      •••/   g(xx)-g(xr-xr_x)dxx--dxr.
Jo      Jo

Let

Ir= \        I  g(xx)-g(xr-xr_x)dxx--dxr
Jo      Jo
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Then as g(x) < A\x\a  ' we find

•1 /•!

I,<A 7 /VZo      Zo

'/'•••/VZo      Zo

<-Ar f...f\xx
a     Zo       Zo

" \x. — x. , r    fi?x, ■ • ■ dx.■r      -V-ll "Al

V —  Y
l-V-1       Ar-2l

<_,  a-*,.,)"
a

a-l

rfx, • ■dxrX

\xr_x    xr_2\     axx---dxr_x

Thus

Hence

''*l.=."

(/!/,)""-> (|)-"2(r!)
-l/2r

Thus J2r(rXIry =oo. Consequently, Carlemen's criterion now shows that

the moments r\Ir uniquely determine a distribution. Hence N(a)/aa converge

in distribution to a random variable having moments r\Ir. The arguments for

the asymptotic behavior of N(-a) and tV(û) + N(-a) are similar and will be

omitted.

Proof of Theorem 13. We can write

r 1 /•oo

g(x)-g(0)=x      dz       f'(t~X/a(xz + bt))r2/adt.
Jo       Jo

Assume x > 0. Making the change of variable u = t~xlaxz we find

f\ rOO

[g(x) - g(0)]x ~a = a j   za~ dz j    f'(u + bu ~a(xz)a~ )u ~a du .

Jo Jo

For all x > 0 and z e [0,1 ] there are constants zc, and zc2 such that

\f'(u + bu~a(xz)a~x)u~a\ < kxux~al{0X)(u) + k2u~2 '~x 1(1 >oo)(ti)

which is integrable. Using dominated convergence we can now conclude that

l-ar

where

limx'  "[g(x)-g(0)] = -I(a,ß)
xj.0

rOO

-I(a,ß) = -?—        f'(u)uX'adu.
a-l Jo

The constant I(a,ß) can be computed by methods similar (but simpler) than

those used to compute y* in Theorem 3. It turns out that

I(a,ß) =
t-/<>       \/i  ,  i2\-'/2       fn(a- 1T(2-a)(l + h)      cos I——=—

7t(a- 1)
^ + tan  '(A))
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Now

(2.31)
a-lg(x)-g(0)-xu  lI(a,ß)

l-a   ,
u     du

a-l
By the mean value theorem, for some A between u and u + b(xz/x)

f V {u+b(irY~l) -M u-a = ff"(A)u2{i-a)du.

Using the fact that /" is bounded, and the fact that \f"(u)\ < /Vw_(a+3) for

some k < oo we can conclude by dominated convergence that

■ /»OO /*oo

lim /    /"(A)M2(1"a) du = /    f"(u)u2{X~a) du .
X\rOjX JX

If a < 3/2, u <l_a) is integrable on [0,1]. Thus dominated convergence shows

that in this case

lim Î f"(A)u2{X-a) du = t f"(u)u2(x-a) du .
xïO Jo Jo

It follows from these facts and (2.31) that for a < 3/2 as x | 0

(2.32)
r\ /«OO

^(x)-<?(0)-xa-1Z(a,/J)~x2(a~1)a/   bz2a~3dz        /"(M)M2(a_1)du .
Jo Jo

If 3/2 < a < 2 we cannot obtain so precise an estimate. Observe that for some

ZC¡ < 00 ,

IfkH^D-H"'^"< zc,x
2-a

and for some k2 < oo,

/y(»+4(f))-/'<»)»,"°'"'

/' f^izxf-'u^'^du <k2(2xf-1 ['u2(1-"< <tu
J X Jx

= k2(zx)a~X[l - x2{X-a)+X]/2(l - a) + 1 = 0(x2~a) .

Thus

u   a du = 0(x   a) .

But then using (2.31)

g(x) - g(0) - I(a,ß)xa~X = xa~X0(x2-a) = 0(x) .

This establishes (1.26a). The proof of (1.26b) is the same.
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Proof of Theorem 14. The arguments needed for both parts are different. To

establish (1.27a) note that f'(v) = -A(l+a)v~{a+2)+e(v) for all v > 0 where

|e(u)| < kv~{2a+2).

Now
r\ roo

g(x)-g(0) = x      du       f'(rx/a(ux + bt))t~2/adt.
Jo       Jo

Let í = (x/b)s. Then

/•l /»OO

g(x) - g(0) =       du       f'(s-Xla(u + s))<j>xs-2la ds<t>2
Jo       Jo

where 4>x= xx~xlabxla , <t>2 = b2,a-xx2{X-x/a). Hence

r\ /»oo

g(x)-g(0) = - /    duA(l+a) /    s(u + s)X(a+2)ds(l>-x(a+2)<t>2
Jo Jo

+ o(fdujC°(u + s)-{2a+2)s2 ds <¡>7(2a+2)c¡>2\

1—Q   ,   s-ït    2(1—a),+ 0(x        ) .

and

b a(l — a)

The argument needed for (1.27b) is different.   Let 4>x = (zxb)x~x/a

<t>2 = (zx)x~x/abx/a . Observe that tf>x/<f>2 = l/b . We can write for x > 0,

rOO

g(-x)= /    tpxf(cj>2s-x/a(s-l))s-x/ads.

Jo

The function v = s~ 'a(s - 1) has a unique maximum at 5 = 1/(1 - a) and is

asymptotic to 0 as s —» oo . Let tpx be its inverse with values in (0,1/(1 — a))

and \p2 its inverse with values in (1/(1 - a),oo). Let

,-l/a
y(l/(l-a))   ""(1/(1 - a)-1).

Then

(2.33) «(-*) = *,£/(*,.) [i_(°!'a)yi] dv

+ *-/.,/t*»"(l-°^-l*'-

Observe that l/b = <f>x ¡^ f(cp2v) dv and a/(l - a) /0°° <¡>xf( <f>2v)dv = g(0).

Since ^(0-) = 1/0 + g(0) if follows from (2.33) that

(2.34)   g(-x) - g(0-) = 4>x f   f(4>2v)
J —OO

+ <t>x I   f(<f>2v
Jo

a\p.

l-(l-a)<px

aW2

dv

(l-a)cp2-l       I-a
dv

*,
/■OO

- /    f((t>2v)dv
Ot    J y
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In each of the first two integrals the expressions in [ ] is 0(v) for v near

0. Multiplying both sides of (2.34) by xa~x and using the fact that f(v) ~

A v~ , v —y oo, and f(v) ~ ^_|v| + , v —* oo, we can argue (by

dominated convergence in the first two integrals) that as x I 0

(2.35)

xa-l[g(-x)-g(0-)] = b-2A_f°   \v\-{a+x
J —oo

Zo

aW2

aW i

+ b~2A,

+

l-(l-a)tpx

a¥x

l-(l-a)tpx

a
dv s -

- 1 dv

1

I - (I - a)ip2      1-aJJ (l-a)a

The integrals can be evaluated by the change of variable v = s~ 'a(s - 1).

Doing so shows

/m
•Zoo

(a+1) a\px

[l-(l-a)¥x

1

a(l —a)

and /q = 1/(1 - a)ay a . Thus the coefficient of A+ is 0. This shows

lim[g(-x) - s(0-)]xa-' = ~A_[a(l - a)b2fX.
x—»0

,-1
To approximate the error e(x) let Hx = aipx[l - (1 - a)tpx] and Z72 =

aip2[(l -a)\p2 -a/(l -a)]~x . Let A_(a,ß) = A(a, - ß). From (2.34) we see

that

(2.36) g(-x) - g(0-) + A_[(a)(l - a)02]-'x'-a

= 4>i[    [f(<t>2v) - A_\<t>2v\-(a+x)]Hx(v)dv
J—oo

+ 4>x f\f(<t>2v) - A(4>2v)-(a+X)]H(v) dv
Jo

- Y^Tc f00^^) - A(tf>2v)-{a+X)] dv  .

Suppose a < 1/2. Using Proposition 2.4 we can argue be dominated conver-

gence that the RHS of (2.36) is asymptotic to

A2(a,-ß)tf>x í     \<t>2v\-(2a+X)Hx(v)dv + A2<t>x f (<j>2v)-(2a+X)H2(v)dv
J-oo Jo

$\A2    f°°ix     \-(2q+!) j /     2(l-a)- , '   l \    (4>iv) dv = kx
1    -   O   Jy

where k is some finite constant.
-2a    •

If a > 1 ¡2, then v  ' ' is not integrable near 0 and we cannot proceed as

above.   In this case we replace /^  by ¡70\> + L°,   and f0y by fd + fx ■  As
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above, for some constant k' all terms except J°_x and /0'  are ~ zc'x2(1 a).

Now

<t>x / [f(4>2v)-A(4>2v)-(a+X)]H2(v)dv
Jo

= h /      U(<t>2v) - A(<t>2v)-{a+X)]H2(v) dv
Jo

+ <t>xf    [f(4>2v) - A(cfi2v)-{a+X]]H2(v) dv .

Making the change of variable r<£2 = u in the first integral and using the fact

that H(v) ~ H'(0)v as v — 0 we find

r ^/02 i      r i
4>i /      [f(<f>2v)-A(tf>2v)-{a+x)]H2(v) dv~-r-      [f(v)-Av~(a+x)]H2(0)v dv .

Jo 0<P2 Jo

It follows from Proposition 2.4 and the fact that / is bounded and continuous

that, for some k < oo, \f(v) - Av~(a+X)\ < kv~{2a+X) for all v > 0. Thus for

some constant k' < oo,

0, /    [f(tj>2v)-Av-{a+X)]H(v)dv
Ji/4>2

<tf>xtt>;i2a+x)k' f v~2adv

= ^02-(2a+1V[l-^Q]/(-2a+l)

= llk'(2a-l)-X[<t>2X-<p22a].

Thus for a > 1/2,

¿, ¡\f(cj>2v)-A(v-ia+X)(f>2)}H(v)dv = 0(x{X-a)la))
Jo

Similarly,

<t>x j  lf(4>2v) - A_\cf>2v\-{a+X)] = 0(x(X~a)la) .

Proof of Theorem 16. Let h = ^ . Suppose a > 0. Then

ra pa

EN(a)r = rl      •••/   g(xx)g(x2-xx) ■ ■■ g(xr-xr_x)dxx, ... ,dxr
Jo      Jo

= r\a       •••/   g(axx)---g(a(xr-xr_x))dxx,...,dxr.
Jo      Jo

Routine Abelian arguments show that as a —y oo

(lna)r      ■■■      g(axx)---g(a(xr-xr_x))dxx---dxr
Jo      Jo

-+ (—-2 j H(xx, ... ,xr)dxx-dxr
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where

H(xx ,...,xr) = [l + ß sgn(x,)] • -[1 + ß sgn(xf - xr_x)] .

Let

pr = r\(—jj   /  •■•/  H(xx,...,xr)dxx ■dxr

Then as a —y oo

■[M^r*
Carleman's criterion shows the {/ir} uniquely determine the distribution of a

random variable tV+ having moments {pr} . Thus yV(a)=^= —► /V+ . In this

case it is possible to determine the distribution of /V+ . For this purpose we need

to make use of some combinatorial facts due to Euler. These can be found in

Volume 3 of the books of E. Knuth, The art of computer programming, §5.1.3.

Let (rj) be the Eulerian numbers. Suppose xx, ... ,xr are distinct real numbers.

Let v . be the number of permutations of x,, ... , x„ such that x, ,, - x,  > 0
rj 1 ' /jz + l lv

exactly j times. Then (by definition) y   = ('.). Let

i   r   i  \ °°

^) = 7ïE(/)zJ and <kz,x) = y.wx'-
' j=0  \J ' r=0

Then Euler's result is

(2.37) 0(z,x) = z(l-z)[e(z-1)x-z]-'.

Let G be the set of r! permutations and S the simplex {0 < xx < ■ ■   < xr <

•1 /•!

1}. Since Sx has volume (r!)     we see that

/   ••• /  H(xx, ... ,xr)dxx-dxr
Jo       Jo

= Ylj  s J H(x(xx,,7. ,xr))dxx-dxr

vr

rec-

r-1

= T,rrj(l + ß)   V-ßY     W

Let ß = p - q where 1 + ß = 2p and 1 - ß = 2q . Using the above we find

-é(;)(¿)2^(f)y=f(a)'^(f)-
The moment generating function of {pr} is

7777*0    ñ     q/to^h *       \p'     q    \P   nh2)

Using (2.37) we find

(2.38) M(s) = (p- q)[pe-s/h - q] .
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If ß > 0 then p > q and we can write

(2.39) M(s)

If p < q we write

"(-Î) s/h 1 - Q-eslh
i-l

p>q

(2.40) M(s) 1 - P-es'h
T-l

p <q

Now (2.39) is the moment generating function of l/\h\(Z + 1) where Z is

geometrically distributed with parameter q/p while (2.40) is the moment gen-

erating function of Z/h where Z' is geometrically distributed with parameter

p/q . This establishes the distribution of N+ . Since -X, is the Cauchy process

xt with ß replaced by -ß the distribution of N~ also follows from the above

results. The proof of the asymptotic distribution of N(a) + N(-a) is essentially

the same and will be omitted.

Appendix

Let Xt be a Levy process on R starting at 0 with log characteristic function

-ty/(6), where

¥(6)= f(l-eWy)M(dy) + ibd
Jr

it
such that b > 0 and J\y\<x \y\Af(dy) < oo,

Let a > 0 and let ^(A) = Ej lA(Xt)e~Á'dt. General theory [3] yields the

following facts.   Gx(dx) < dx, and there is a version g (x) for the density

having the following properties.

(i) g   is bounded and continuous for all x ^ 0.

(ii) At 0 gx has a jump, /(0+) = gx(0) and /(0-) > gx(0).

If the process is transient these facts hold for X = 0.

Theorem A. Let A > 0. Then

(3.1) /(0-) - ^(0) = ¿ .

If the process is transient (3.1) holds for X = 0.

Proof. Let

1(6) = f sin(6y)M(dy)   and   7(0) = / [1 - cos(6y)]M(dy) .
Jr Jr

Then

Re(A + \p)=X + J,        Im(A +tp) = bd- I.

Observe that / > 0. We will now show

(3.2) lim    ^  =0lim
I0I-OO e
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and

(3.3) lim
I0I-.OO

J(d)
8

0.

To this end let k = sup2 | sin(z)/z|.  Fix e > 0.  We can then choose ô > 0

such that

k f      \z\M(dz) < e .
J\z\<S

Now

m\< I,\A<s

I sin(zö) I

z8
\M(dz) + ±- [      \sin(zd)\M(dz)

W\ J\z\>S

<s + —M[\z\>S]

Thus (3.2) holds. An analogous argument shows (3.3) holds. Now

|0||A + <z/| = |r>f

Hence for some /V

{k+i)+{>-Ti
\d\\x + ip\>^d2

for all \6\ > N. Since \X + ip\ > X it follows that for any h > 0,

1 - cos(dh)

0h(X+ip)

is integrable over R.

Let Z have the standard normal distribution and be independent of {Xt} .

Let Yt(o) = Xt + aZ for a > 0. Then

(3.4)

and

(3.5)

Hence

(3.6)

TP(0 < YAo) <h) = ±-( e-""{e)e-a2ell2[(l-e-m)lieh]d0
h 2it JR

\p(-h < YAo) <0) = j-f e-"l/{e)e-ale2,2[(em - l)/i9h]d6.
n 2n JR

-fiPi-h < Yt(o) < 0) - P(0 < Yt(o) < h)]

= 1/* Jr
e~'v{e)e-elal/2[(cos(dh) - l)/i6h]dd .

Multiply both sides by e      for X > 0 and then integrate over í on (0, oo).

Since ¡R ¡o°° e_/VöV/2 d6dt < oo it follows by Fubini's theorem that

1   f°°
Ä yo    e~X'[P(-h < Yt(o) < 0) - P(0 < Yt(o) < h] dt

1    f . 1 - COS(dh)   -92a2/24/ '-prrr,-7-e       ' d06h[X+ tp]
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Since (1 - cos(9h))/(8h\X + y/\) is integrable, we can let o J. 0 and conclude

via dominated convergence that

1   f°°
(3.7) £ /    e~xt[P(-h < x. < 0) - P(0 < X. < h)] dt

h Jo

_ 2  C°
~ n Jo
_2 r
~ n Jo

i[l-cos(8h)]
de

8h(X+tp)

1 - cos(8h)[b8 - I]

8h((X + J)2 + (be-I)2
dd

l-cos(8h)(l-I/b8)

82hb (X/8b + J/b8)2 + (l-I/b8)2
d8 .

Now the extreme LHS of (3.7) is

rh

Let

j¡ I [g\-x)-g\x)]dx .

»^(>-'^)U+j^<>-J-£)'
The change of variable 8h = z on the extreme RHS of (3.7) shows

1   f\ h     ^      h vu       2  f°° l-cos(z)lJfz\
-hjo[g(-x)-g(x)]dx = -Jo    -—j-H^dz.

Since H(u)  is bounded and converges to 1 as u —► oo we can conclude by

dominated convergence that

,•       1    Í  r   h       ^ h    MW 2   A      * - COS Z    ^limy- /    £   -x)-g (x)]dx = - /     -—2—rfz
Aio /z Jo it Jo        bz

1

b •

Thus (3.1) holds.

If the process is transient let g(x) = g°(x). Since gX(x) } g(x) as X { 0 it

follows that gX(0) -> g(0) as /I | 0. Now /(-x) < /(0-). Hence g(-x) <

lim^^O) and letting x I 0 we find s(O-) < lim^g'iO). But gX(-x) <

g(-x) so letting x I 0 we find /(0-) < g(0-). Thus /(0-) -* g(0-) as

X | 0. Hence (3.1) holds for X = 0 in the transient case.
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