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ON CERTAIN INTEGRALS ASSOCIATED TO CR-FUNCTIONS

TELEMACHOS HATZIAFRATIS

Abstract. We construct explicit d-primitives of Cauchy-Fantappiè type ker-

nels on analytic subvarieties of domains in C" , outside the zero set of a holo-

morphic map defined on the variety. Then we use these primitives to derive, by

means of a process of passing to a residue, integral formulas for CR-functions

defined on subsets of the boundary of a variety. Certain geometric restrictions

on the varieties are imposed. These primitives apply in the particular case of

the Bochner-Martinelli kernel in domains in C and we use these primitives,

in this case, to prove a criterion for holomorphic extendability of CR-functions

defined on certain subsets of the boundary of a domain in C .

Introduction

Let D, G c C" be bounded domains with smooth boundary and D c G.

Let h: G —► Cp be a holomorphic map and set Z(«) - {£ € G: «(C) = 0} . In

[2] we constructed kernels a (Ç,z) and ß {Q so that if / is a holomorphic

function on Z{h) and zeZ(n)nZ) then

(1) /(*)=/ f{Qah{i:,z)Aßh{Q.

h h
The differential forms a   and ß   were explicitly defined in terms of «, a Hefer

decomposition {«. } of «, i.e., holomorphic functions «..(£, z) in GxG with

n

A,.(C) - h,(z) = $>,-,(£, *)(£, -Zj),       i= 1.p,(C,z) €<7x G,

and in terms of a function y: {3D) x D —* C" so that

¿y.(C,z){Cj - Zj) = 1    for {Ç,z)z {ÖD) x D.

>=i

Certain geometric restrictions (transversality conditions) were imposed which

guarantee that Z{h)ndD is a smooth manifold.

In this paper we pursue further these constructions by proving an integral

formula satisfied by CR-functions which are defined on certain parts of the

boundary of a variety. First we construct another kernel, » (Ç, z), which is a
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_ L

<9{-primitive of a (£, z) on Dom(y(-, z)) n Z(«) off the zero variety Z{g) =

{C € G: g(C) = 0} of g, where g: G -* C is another holomorphic map with

P + q < « - 1 and z e Z(«, g) n /> is fixed, i.e.,

(2)       dcnhg{t;,z) = ah{i;,z)   forC€Dom(y(-,z))n(Z(«)-Z(«,(?)).

The kernel nJÇ,z) is explicitly defined in terms of y, of g and of Hefer

decompositions of « and g and it is singular along Z{h,g); see §1 for the

precise description of ng . This construction is interesting even in the case p — 0

in which case Z(«) = G and ah{Ç,z) A ßh{Q is simply the Cauchy-Fantappiè

kernel, co'{y){Ç, z) A <y(£), associated to y (see §3 for notation). The case p =

0, q - 1 was carried out earlier in [7, 5 and 3] with v. = |£- z|_2(C7 - 2\). In

these papers the 9f-primitive (which coincides with ours in this case) was used

to prove certain theorems about holomorphic extendability of CR-functions.

In §2 we consider the subvarieties Z(«) n D and Z{g) n D of D (with «

and g as before), open subsets T,F c Z{h)ndD (open in Z{h)ndD) with

T c f and Z(«, g) n 3D c T and a CR-function / on f and we prove that

/    f{Qah{r,z)Aßh{Q-(      f{Qr,h{r,z)Aßh{Q
her /{ear

= / f{Qa{h-8){C,z)Aß{h-g\0
JCeZ(h.e)ndDirez(h,g)ndD

for zeZ(«,g)nF>.

Let us point out that the integrand of the integral fdr in (3) is singular

along a certain part of Y, namely Z(«, g) n 3D, which accounts for the term

Szih g)ndD m tne right-hand side of (3). Certain transversality assumptions are

made which make Stokes' theorem type analysis on various manifolds possible.

The derivation of (3) is based on Stokes' theorem, used to change the contour

3T in the integral fdr into another contour, close to the singularities Z(«, g)P\

3D of « (Ç,z), together with a process of passing to a residue; a particular

case of this process was carried out in [6].

The integral formula (3) is a generalization of (1) since, in the particular

case / extends to a holomorphic function on G,p = 0 (i.e., Z{h) = G) and

T = Z{h) n 3D = 3D (in which case 3T = 0), the integral formula (3) is

reduced to

(4)       /      /(C)a/(y)(C, z) A o)(f ) = f f{C)ag{C, z) A ßg{Q

and the integral in the left-hand side of (4) is equal to /(z) by the Cauchy-

Fantappiè formula. The interest in (3) lies, in part, in that this integral formula

holds regardless of the existence or not of an extension of /, from T to any

larger set, as a CR- or holomorphic function. Formula (3) is proved in §2 where

we derive some other integral formulas which follow from it.
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Finally, in §3, we specialize in domains in C" and we use the ^-primitives of

the Bochner-Martinelli kernel that we constructed, to prove a criterion for holo-

morphic extendability of CR-functions defined on certain parts of the boundary

of a domain in C" . This criterion is stated in terms of certain integrals of the

primitives (involving the CR-function too) taken on cycles lying in the part of

the boundary of the domain where the CR-function is defined. In this paragraph

we follow ideas from [3, 4 and 7].

Acknowledgments. I was able to carry out some parts of this paper after dis-

cussions that I had with Professors Lee Stout and Guido Lupacciolu, whom I

would like to thank.

1. A ^-PRIMITIVE

In this section we will construct explicit 3 -primitives for some Cauchy-

Fantappiè type kernels on analytic varieties. We start by describing the setting

and establishing notation. Let D and G be bounded domains in C" with

smooth boundary and D c G. Let y: {3D) x D -> C" be a smooth function

so that

(*) ¿y;(í,z)(í,.-z.)=l    foT{C,z)e{3D)xD.

7 = 1

For a holomorphic map «: G —► Cp and a Hefer decomposition {«..} of it,

i.e., holomorphic functions «(,.(f ,z) in G x G with

(*•) ¿yC,*)(C,-*y) = A,(0-*,(*)•       i-l.-.J». (Cz)eGxG,
;=i

we associate the differential form a {Ç,z) in the following way:

a (£,z) = c(p)det

n—p— 1

hXj,...,hpj,yj, fyj

J\<j<n

n{n— 1) _

where c{p) = (—1) •(—1) 2 '{2itiy ; here we use determinants with entries

differential forms; for properties of such determinants see [1, p. 8]. In the above

determinant which defines a , j runs from j = \ to j = « forming the «-rows

of it and the column \B,y],< <n is repeated (« - p - l)-times (as indicated);
h h

a is a (0,« -p - l)-form in £. Of course, the differential form a (£,z)

depends on y and on the chosen Hefer decomposition {«. } of « which we

consider fixed. Let us point out that for most of what follows, z will be a fixed

point inside D and £ will belong to 3D. Also, if we fix z in D then there is

a smooth extension of y{-, z) (in Q in a neighborhood of 3D, satisfying (*)

and we will frequently make use of such an extension.
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We will also use multi-index notation which we describe next. For a p-multi-

index J = {1 < jx < ■ ■ ■ < j < «} we write

d{h,,...,hn) j
DÁh) = wr-A  and  (-!)=(-!)

For an r-multi-index / = {1 </',<•••< ir < «} we will write dL¡, for the

following differential form

«m=«(lA-A(í{t.

Let N denote the particular «-multi-index

N = {\ < 1 <•••<« <«}.

In particular

Define

di[N_S]=   A   dtk= A ^-
fc^y'i.jp keN-j

k=\

ßh{o = \vh{o\-2j2(-iy'Dj{h){Qd
[̂N-J]

J~p

where |V«| = (13y~p |Z>y(A)|2)1/2 and 2w~p indicates that the summation is

extended over all ordered p-multi-indices J - {jx <■■■</} c {1,...,«}.

Of course ßh{£) is defined for C for which |V«(C)|^0.

Now let g : G —► C9 be another holomorphic map with p + q < n - 1 and

let {Skj} De a Hefer decomposition of g, i.e., gkj are holomorphic functions

on G x G with

(***)  ¿ft/C,*)(C,-z,) = fc(C)-*fc(*),       fc = l,...,î,(Ç,z)€GxG.
7 = 1

Then («,#) = {hx, ... ,h ,gx, ... ,g ): G —► Cp+? is a holomorphic map

too and therefore we can associate to it, to the chosen Hefer decompositions

{hu,gkj}  of it and to y, the differential forms a{h'g){Ç,z)  and ß{h'g){Q;

let us point out that the constant in front of a is c{p + q); a is a

(0,« -p - q - l)-form (in Q and ß{h'g) isa (n -p - <7,0)-form. Similarly

we can define ag{Ç,z) and ßg{Q.

Next we describe the geometric assumptions that we make in this section.

Let

Z(«) = {£ec7:rt(C) = 0}.

We assume that |V«(C)| # 0 for Ç e Z(«) n 9/) so that Z(«) is smooth near

r9D and that Z(«) meets 9/) transversally so that Z{h) f\3D is a smooth

(2«—2/7— 1 )-real-dimensional manifold; also Z(«)n D has finitely many singular

points. In this paragraph we do not make any assumption of independence of

the gx, ... , g ; for example it may be that g = ■■■ = g
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In the above setting we will construct an explicit 9,-primitive for each of the

differential forms a (Ç,z) and a {C,z)Aß (Ç) restricted, in Ç, to the variety

Z(«) outside of Z{h,g); z will be a fixed point in Z{h,g)C\D. For this

purpose let us set

sg{Ç,z)=(J2\gk(0\2)     ¿^(C,z)i~(Ö,       ; = 1,...,«,
\k=\ I     k=\

where z is a fixed point in Z(« ,g)r\D and C € Z(«) - Z(«, g) ; notice that

n

{* * **) ¿îlsj(Ç ' z^j _ Z>) = ^     (tmS follows f1"0111 (* * *))•

7 = 1

Define

n—p—2

t,hg{C,z) = -c{p) £ det

/=o

n-p-l-2

.VH'^J'   V;
l</<»

Then « (Ç,z) is a differential form in Ç of type (0,«-/j>-2). With this

notation we will prove the following theorem.

Theorem 1.1. For a fixed z € Z(«, g) n£> a«¿ w/'í« differential forms restricted,

in Ç,to {Z{h)-Z{h,g))i)Dom{y{-,z)) we have

(i) ffc!¿(C,z). = a*(Cz)

a«¿

(ii) úfc[^(C, z) A /?"(C)] - ôc[^(f, z) A //(C)] = a*(C, z) A /?*(£).
L

Remarks, (a) Let us point out that the differential form n depends on the

chosen Hefer decompositions of h and g as well as on y which are considered

fixed.

(b) Theorem 1.1 applies in the case p = 0 too; in this case the kernel

a (£,z) A /? (Ç) is simply the Cauchy-Fantappiè kernel of D associated to

y and Theorem 1.1 gives an explicit 9,-primitive of it in {3D) -Z{g); we will

come back to this point in §3.

Proof of Theorem 1.1. We may assume that z — 0 (€ Z{h,g) nD) ; we may

also assume, without loss of generality (because of the symmetry expressed by

determinants), that Ç, ¿ 0. Then

(D
n—p — 2

M = -fI det

/=o

n-p-l-2

A.iii ApiCi    7iii    if?,    ôtofi)    ô(ifCi)
dsj

2<J<n
h\j      ...      hPJ        y,        sj dyj

Throughout this proof, yy = y7-(C,0), Ay = hij{C,0) and sg = sg{C,0); also

3 = 3,. In the determinants in (1) j runs from j = 2 to j = « forming the
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2nd up to the « th-row of it, as indicated. Now let us multiply the j'th-row of

each determinant in ( 1 ) by £. and add it to its first row, for j - 2,3, ... ,n;

then (1) becomes (in view of (*), (**) and (* * **) and the fact that £ e Z(«)

and OeZ{h,g)):

(2)

iiî(C,0) = -^"x;2det
'i     /=o

/ n-p-l-2

...   o   i   i   jT   jT

...   hpj   7j   sg    dyj      3sg 2<j<n

Next applying 3C in both sides of (2) we obtain

(3)

n—p—2

^g(c,o)=-cfY: det

= (-l)p+1
c(p)

1=0

n—p — 2

1=0

I n-p-l-2

l"lj

_0
ds*

+ det 0

0      _0       1       _0

V/    dy,    i*     a?,
/ n-p-l-2

0      1     _0       _0 _0
hpj    ij    ds*     dyj        ds*

det

/      n-p-l-2

hlJ,...,hPj,ds*,dyJ,   ds*

- det

J 2<j<n

I      n-p-l-2'

hij,...,hpj,d?j,dyj,   ds*

2<j<nJ

Setting

A¡ =: det Kr

n-p-l-l

,hpj, d7j,   as>

2<j<n

for 0 < / < n - p - 1, (3) can be written

dcrih(r,0) = {-xrxc^
n—p—2

'V'g\

(4) = (-1)

c
9+\C{p)

£ {A,-AM)

,)

/=o

{A0 - s*n_p_xCi

-(-l^í^^i-iío)
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On the other hand,

aA(£,0) = c(/j)det

c{p)

n—p—V

hij>.~,hpJ.Yj. dyj

(5)

c,

cm
Ci

det

det

*,iC
A,

n—p—1

A,,-      7,        öyy

n-p—1 ■

2<)<n

0    ...     0     1     _0

Ay   ...   A,,   y,.     ¿ty
n—p— 1

= (_i^£Mdet
»1

= {-ifcMA

hxj,-~>hpj, dYj

2<j<n

2<j<n

r        n-p-X

Similarly we prove (in the same way we proved (5)) that

Ci        c,
■»„.?Kj,...,hpj, a,;

2<j<n

(6) = det

n—p—l

ä,8Kj"~>hpj>Sj>    dSJ

i<;<«

p-n

Emoi2     det
u=l

n—p—l

Ay,...,Aprir   ÖS,

J!<;<«

where we have set: Sj = £j_, Skßk (notice that ¿2%i §fCj = ¿Zl=l l#*l ) •
last   equation   in   (6)   follows   from   properties  of determinants   (see

Lemma 4, p. 80]).

Observing that

(7) dtj = ESkM>
k=\

we claim that

(8) det  hXj,...,hpj,Sj,  3s,

To prove (8) we distinguish two cases:

1<7<"
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l5í case, p + q < « - 2, i.e., q<n-p-2;in this case we have

(9) 3si A ••• A ds, = 0
7i 7n-(,-i

for 1 < 7j < • • • < j„_p_x < « ; this follows from (7); but (9) implies (8) in this

case.

2«úí case:  p + q = « - 1, i.e., q = n - p - I; in this case it follows again

from (7) and multilinearity of determinants that

(10)
n-p-n

det hX],...,hpj,~Sj,   dSj

= q\det

l<7<n

'   Pi ' 2-/ £fc/'£fc fSljt •'• i Sqj
k=\

3gxA-A3g=0;

the last equation in (10) follows from the fact that the {p+l) th-column in the

second determinant is a linear combination of its last q columns; this proves

(8) in this case too.

Now (8), (6), (5) and (4) prove part (i) of Theorem 1.1; part (ii) of it follows

from part (i) together with [2, Corollary 1, p. 76]; this completes the proof of

Theorem 1.1.

2. AN INTEGRAL FORMULA

In this paragraph we will prove an integral formula involving CR-functions

which are defined on subsets of the boundary of a variety. We will use the no-

tation of § 1 ; let D,G,y ,h,g ,hi-, gkj be as in § 1. The geometric assumptions

imposed in this paragraph are the following:

First we assume that |VA| ^ 0 on Z(«) n 3D and that Z(A) meets 3D

transversally (as in § 1 ); furthermore we assume that | V(A, g)\ ^ 0 on Z(A, g)n

3D and that Z{h,g) meets Z{h)f)3D transversally, so that Z{h,g)C\3D is

a smooth manifold of real dimension 2n-2p-2q-\ and that Z{h,g)C\D has

finitely many singular points; let us point out that, since we assume p+q < «-1,

dimcZ(«,£) > 1. Let us consider open sets r,P c Z(A) C\3D (open in

Z(A) n 3D) with F c f and such that Z(«, g) n 3D c T ; 3T is assumed to
be smooth too. Having oriented C" in the usual way, i.e., the volume form

{{)"dÇx A dÇx A ■■■ A dÇn A d~ln is positive, let Z(A) no have its natural

orientation as a complex manifold (close to Z{h)r\3D) and let Z{h)C\3D have

the induced orientation. In this setting we will prove the following theorem.
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Theorem 2.1. For a smooth CR-function f on T and a z e Z{h,g) (~\D, the

following integral formula holds:

f    /(£)aA(£,z)A/JA(£)-/"      /(£)«*(£,z) A//(£)
/{er Jieor

= / /(£)a(A^(£,z)A/J(A^(£).
Jt€Z(h,g)ndD

For the proof of this theorem we need the following lemmas; the first lemma

gives an appropriate factorization of the differential form ß .

Lemma 1. With differential forms restricted to the variety Z{h), locally at a

nonsingular point of it, we have

n{g)Aß{h'g) = {-i)^{-irßh

where &{g) = 3gx A ■ ■ ■ A 3gq .

Lemma 2. If the differential form 0(£) ¿5 given by the formula

d{C) = J2CAQdCiN_JV
J~p

for some functions Cy(£), then 6{Q, restricted to Z{h) locally at a point where

3{hx,...,hn)

"^n-p+l > •*• >*n>

can be written in the following way:

6{Q = c\B{QTx (£(-l/cy(£)/),(A)(£)] rf£, A • • • A</£„_,

\j~p J
where

In particular,

ßh{C) = c'{B{Q)-XdCxA---AdC„_p.

A proof of Lemma 2 is given in [2, p. 75]. We will use Lemma 2 to prove

Lemma 1.

Proof of Lemma 1. We have

(i) Q{g) = Y,DK{g)dt;[Ky
K~q

Also, by definition of ß(h'g),

(2)       ßkn>g) = \v{h,g)\-2   ¿2   (-1)    JWA.*)¿Wu*)]
y~p ,K~q

J<K

{J < K simply means that max J < min K).



790 TELEMACHOS HATZIAFRATIS

It follows from (1) and (2) (after a computation) that

(3)

.K*J
n{g)AßiH'g) = wh,g)\-2^2{-i)J

j~p
¿2(-lfJDK{g)DJuK{h,g)
K~q

äCiN_
[N-J]

where the multi-index K * J is defined in the following way:

let / = O'j < • •• < jp} and K = {ix < ■■ < iq} ; then

J U K = {px < ■ ■ ■ < ßp+q} (i.e., we have arranged the set

{/i 3 ••• tip3i\ 3 ••• > iq} in an increasing {p + <?)-multi-index).

If the /',, ... , i are found in the A,, ... , A positions among

the px < ■ ■ ■ < pp+q   (1 < A, < • • • < kq <p + q) then

K*J = {Xx<--<Xq}c{l,2,...,p + q}.

(In (3) the multi-indices J and K are not related, i.e., in (3), we do not

assume J < K as we do in (2).)

Applying Lemma 2 with 6 being the right-hand side of (3) we obtain

n{g)Aß{h-g) = c*B-x\v{h,g)\-2

'Z\'E(-l)KmJDK(8)DJ{h)DJuK{h,g)\ dCxA---AdCn_p.

J~p  \K~<¡ J

It follows from the rule of expanding determinants by minors (applied to

DJuK{g, A), i.e., expanded by the q x ^-minors of its first ^-columns) and the

definition of |V(A, g)\, that

£ (¿2{-lfJDK(g)DJ(h)DJuK{h,g)

J~p  \K~<1

(5) =(-D^.(-ir E i^(A.*)i2
S~(p+<7)

= (-i)sl^(-iriv(A,^)i2.

From (4) and (5) we obtain

S2(S)A/íl»-sl = (-ir(-l)'af!1c-í-,¿ClA--A¿C„_f

■ i-in-iW.
The last equation in (6) is the particular case mentioned in Lemma 2.  This

completes the proof of Lemma 1.

Now we start the proof of Theorem 2.1.

Proof of Theorem 2.1. For a small e > 0 let us consider the domain

r£ = {£er:|^1(£)|2 + --- + |^(£)|2>£2}.
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Then dr* = 3Tu T* where

r£ = {£er:|g1(£)|2 + -.- + |^(£)|2 = e2}.

It follows from Sard's theorem that for a.e. e > 0, T* is a smooth manifold.

Applying Stokes' theorem to the differential form ¿c[/(£)»*(£,z) A ßh{Q]

and the manifold Ie we obtain

(1) /       /(£)«*(£, z) A//(£)=/     dc[f{Or1h{C,z)Aßh{0].
/fear* s %p   fc s

It follows from Theorem 1.1 and the fact that / is a CR-function on f, that

(2) /     d£f{Qr,h{C.,z)Aßh{Q]= f     /(£)«"(£, z) A /?"(£).
Jeer' s Jr€T'

But

(3) /    ft]g{-,z)Aßh= i   f¿{-, z) A ßh + f  f¿{-, z) A ßh.
Jqt' Jor    s Jt'

It follows from (1), (2) and (3) that

(4) f fah{.,z)Aßh- [  fnhg{.,z)Aßh= f fr,hg{.,z)Aßh.
jt' Jar Jtc

Letting e -» 0 through points so that 7^ is smooth, we obtain from (4),

(5) / fa\-, z) A ßh - [  /«*(• ,z)Aßh = lim /  /«*(•, z) A ß" .
Jt Jdr e-^ojTt     s

The rest of the proof is devoted to computing the limit

lim/* fVg{-,z)Aßh

by a process of passing to a residue.

In the following calculations, £ and differential forms in it, are restricted to

the manifold T*. Hence

1
(6)        sj=-jJ2 SkjSk  (here Ik = W)and Skj = Skjtt >z)).

e   k=\

m dsg = -\J2gk]wk
e k=\

and

(8) gydg; + ■ ■ ■ + gqdg~q = 0.

(Throughout this proof 3 - d¡..)

It follows from (7) and (8) that 3sg A■■ -Adsg = 0 for 1 </.<••• <;' < «\   / \   / ji ¡q — j\ jq —
and consequently    r ¡     n_p_i_2-\

(9) det hXj,...,hpj,y.yj,dyj,    3s] = 0

l<7'<n

provided that n - p - I -2>q , i.e., I < n - p - q -2
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Since

lÁCz)
n—p—2

-c{p)  £ det
1=0

1       n-p-l-2-\

hXJ,...,h9jtyJSJtdyJ,   3s)

it follows from (9) that

(10)

where we have set

fj = -c{p) det

■ÍM + IX
m=0

n—p—q—l      q—\

hXJ,...,hpj,Yj!sg,     37j    ,3s*

1<7<"

and

R   =-c(/>)det

n—p—m—2       m

Kj3...,hpj,yjyj,    37j    ,3s)

for 0 < m < q - 2 ; if q = 1 then the terms Rm are not present (to obtain (10)

we simply let m =: n - p — I — 2, i.e., l = n-p-m-2).

In order to complete the proof of Theorem 2.1 we need the following lemmas.

Lemma 3. With differential forms restricted {in £) to T*, rj can be factorized

in the following way:

where

í=(-in-i)

iUfii{q- 1)!

qn,     n(n-p)(?-l), i'"-1' (h,g)
(-l)^/"J'Aß'U)

fi'W = H) S(W+'-4|^ir^H) k-%Wxr\-V)...r<dgt
(2ni)

Lemma 4. For 0 < m < q -2 we have

1//(£)Rm(£,z) A/?"(£) * Q^i = 0(e2)

where C0 is a constant which depends only on z,h,g,y and D.

Assuming Lemmas 3 and 4 let us complete the proof of Theorem 2.1.

Completion of the proof of Theorem 2.1. It follows from (10) that

(ii) / KAßh=\ ff)Aßh + j2i /R^A
Jtc JT' m=0JTc
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From Lemmas 1 and 3 we obtain

Í ffiAßh-{-ir{-i){n-p){9-l\-ir{-i)^{-i)^
Jt1

■ f  fa{h'g)AQ'{g)An{g)Aß{h'g)
Jt

=   f  fa{h-g)Aß{h'g)ACl'{g)ACl{g).
JT'

f  faih'g)Aß{h'g)ACl'{g)Ail{g)
Jt'

= f (f Mh'g)Aß{hAn'{r)An{r)
J{t€C*: \z\=e} \JZ(h)n{g=-c}ndD J

(here Q'(t) = {-l)^f£}jt\r\-3*2<mi(-l)k-%f\l.kdxl and Q(r) = dx

(12)

But

(13)

A

Adxq)

Letting e —» 0 we obtain from (13), also in view of ( 12) and the transversality

assumptions made, that

(14)

lim/ fr)Aßh= f
e—0JTC Jz

-L
Z{h)n{g=o}naD

fa{h'g)Aß™

fa™ Aß™
Z(h,g)ndD

In obtaining (14) we have also used the fact that

/ £2'(t) A fl(T) = 1
J{z€Ci: |t|=«>

for all e > 0, by the Cauchy-Fantappiè formula in domains of Cq .

On the other hand, by Lemma 4,

(15) lim f /R   Aßh = 0   for0<«i<í-2.

It follows from (14), (15) and (11) that

lim/ fr,hgAßh=f fa™ Aß™
£—ojTe     s Jz(h,g)ndD

which together with (5) imply the integral formula of Theorem 2.1 and complete

its proof.

Proof of Lemma 3. Let us recall that differential forms are restricted, in £, to

Since

q-\

{q-l)l¿2{-l)k-lgk3i;A-{k)-Adg-q = det   gk,dj¡

rj-iß

k=\
\<k<q
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we obtain

(16) tfii>-Ç8
q(g-i)

2

(2j»t

i   i
-7Ï det
Si   e2*

9-1

e2   IT
8 k   d8k 2<k<q

In obtaining (16) we used the fact that \gx\ -\-\-\gq\  = e ; we also assumed

that gx = gx{C) / 0; there is no loss of generality in assuming this since the

differential form a( "^ A il'{g) is symmetric in gx, ... ,g , i.e., it remains

unchanged under any permutation of gx, ... , g . The way we obtained (16)

is the following: gx multiplied the first row of the determinant and then we

added to the first row the k th-rows multiplied by gk (for k — 2, ... ,q). Now

( 16) gives

(17)

But (7) and (8) give

rfw- (-D-f^ipL^pa 2<k<q

= (_j^(i-

{2ni)q gx e2«-2
^dg2A--A3g.

^ = 7

(18)

Sijdgi+zZSkjdSi
k=2

7   Slj[-^igkd8~k)+Y,gkfWk
■     l \    5> k=2 /        k=2

1    1
~ ~2  a    ¿\J^8\gk¡        Skg\j)ogk

f g1 k=2

Substituting (18) into fj we obtain

^ = ^rdet hXj,...,hpJ,yj,J2skgkj,
k=\

n-p-q-\
9-1

q

I
k=2

dy}   ,Y,{gxgkj-gkglj)dgk

or, after a computation,

(19)

-c(p)(g-D!det

e2vr

n-p-q-i 2<k<q

V ' Aw ' y7■> ¿2 gk 8kj 3     dyj    , gx gkj - gk gXj
k=\
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In the determinant of ( 19) j runs from j = 1 to j = « forming the «-rows

of it; its last {q - l)-columns are indexed by k which varies from k — 2 to

k — q as indicated.

Using the multilinearity of the determinant in ( 19) in the column Y?k=i ~g~k 8k j

and in the columns indexed by k  (2 < k < q), we obtain

(20)
.     -c{p){q-l)\g^2{\gl\2 + --- + \gq\2)

•det

e2"8r
n-p-q-l

hlj,---,hpj,yj,gxj,    dyj   ,g2j,...,gt qj A3g2A---A3ga

Recall that

(21)       a™ = c{p + q)da

n-p-q-l

hlj,...,hpj,gXj,...,gqj,yj,    dyj

where

C{p + q) = {-^"{-l^Vnir9-".

Now the formula of Lemma 3 follows from (21), (20) and (17). This com-

pletes the proof of Lemma 3.

Proof of Lemma 4. We have

(22) R. = -4^det

n—p—m—2      m

hxr...thpJtyJtSr    37j    ,dsj

where Í, = £Li gkgkj.
Let A be so that

^>max{|y.(£,z)|,|A..(£,z)|,|^.(£,z)|,

|öy .(£, z)\, |aAT|, |ä^|, |/(C)| for £ € 3D} ;

A depends on z,h,g,y and D; then it follows from (22) that there exists a

constant C,(«,A), depending only on « and A, so that

|/(£)Rm(£,z)A/JA(£)|<C1(«,^)^-ï = C1(«,^) 2m+l

It follows that

(23) 1/     /(£)Rm(£,z)A/?A(£) <C1(«,^).^Tr.vol(rf)

(here vol = {In - 2p - 2)-dimensional measure).
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Since

Te = {CeZ{h)ndD:\gx{C)\2 + -.- + \gq{Q\2 = e2}

=        (J       {{C€Z{h)n3D:g{Q = x})
{TGC«: |T|=e>

and the (2« - 2p - 2q - l)-dimensional measure of each fiber {£ € Z(A) n

3D: g(£) = t} is bounded, uniformly in x (by the imposed transversality

conditions), it follows that

(24) vol(7^) < C2e2"-1

for some constant C2 depending only on A, g and D.

Now (23) and (24) imply the estimate of Lemma 4 and complete its proof.

The following theorem is a consequence of Theorem 2.1. It gives a rela-

tion among certain integrals associated to CR-functions defined on parts of the

boundaries of two varieties whose intersection is at least 1-dimensional. The

setting of this theorem is similar to the one of Theorem 2.1 but with some

additional transversality assumptions which we describe next. Let us consider

the setting of Theorem 2.1 with the additional assumptions that |Vg| ^ 0 on

Z{g)n3D and that Z{g) meets 3D transversally. Furthermore let us consider

r, f c Z{h)(l3D open subsets of Z{h)D3D and A,À c Z{g)f)3D open

subsets of Z{g)ndD so that Z{h,g) n 3D C Tn A, Fcf, Ac A and 3T
and 3 A smooth. In this setting we will prove the following theorem.

Theorem 2.2. For a smooth CR-function f on fu A and for z e Z{h,g)(~\D

the following formula holds:

f fah{-,z)Aßh-  f   frjhg{-,z)Aßh
Jr Jar     s

= f fag{-,z)Aßg- f   fyfh{.,z)Aßg.
JA JdA

Proof. First let us point out that ng{-, z) is a cK-primitive of ag{-, z) on the

manifold {Z{g) - Z{g, h)) n Dom^-, z)). It follows from Theorem 2.1 that

(1)

and

[fah{.,z)Aßh-[  f¿{., z) A ß"=  í fa™ Aß
Jr Jar Jz(h,g)naD

(2) [fag{.,z)Aßg-f   fngh{.,z)Aßg= [ fa{g'h)Aß{
JA JdA JZ(g,h)ndD

Jg,h) A  0(g,h)
IC

lA JdA       " JZ(g,h)CldD

Since a{h'g)Aß{h'g) = a(g'h) Aß(g'h), (1) and (2) imply the formula of Theorem

2.2 and complete its proof.

Remark. A particular case of Theorem 2.2 is when Y = Z{h) n 3D and A =

Z{g) n 3D in which case the formula of the theorem becomes

(I) / fa{-,z)Aßh= f fag{-,z)Aßg
Jz(h)C\dD JZ(g)r\dD
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for / a CR-function on {Z{h)uZ{g))ndD and zeZ{h,g)f)D. Recall that

it is part of the assumptions, under which (I) was proved, that p + q < « - 1.

Another assumption that we used in the proof of (I) is the following:

|V(A, g)\ ¿ 0 on Z{h, g) n 3D and Z{h, g)

meets Z(A) n 3D and Z{g) n 3D transversally.

Obviously (II) is not needed in the statement of the integral formula (I),

i.e., the integrals in (I) make sense without the assumption (II); however we

do not know how to prove (I) without (II). Recall that the way (I) is proved is

by comparing each side of it to the integral fz,h gsnaDfa A ß which

becomes improper if \V{h,g)\ = 0 at some point of Z{h,g) n 3D and the

contour Z(A, g)(~\3D is not a smooth manifold if Z(A, g) fails to meet Z(A)n

3D transversally.

There is an interesting case in which (I) holds without the assumption (II):

if / extends as a holomorphic function in a neighborhood (in C") of (Z(A) U

Z{g)) n 3D then a deformation argument based on Sard's theorem proves (I)

without (II) (by reducing the general case to the case in which (II) holds). One

more case in which we know that (I) holds without (II) (without even the con-

dition: p + q < « - 1) is the following: If / extends to a CR-function on 3D

then (by Theorem 2.1 ) each side of (I) is equal to fdD fco'{y){-, z) A œ where

(o'(y){-, z) A oj is the Cauchy-Fantappiè kernel associated to y (see §3 for this

notation). Of course z is assumed to be in Z{h)nZ{g)nD {Z{h)nZ{g)nD

may be just a finite set of points). In conclusion, let us point out that what

we said, in this remark, about (I) holds also for the more general formula of

Theorem 2.2.

3. A CRITERION FOR EXTEND ABILITY OF CR-FUNCTIONS

In this section we specialize in the case of domains in C" and the 3-

primitive of the Cauchy-Fantappiè kernel given by Theorem 1.1. We will use

these primitives to state and prove a criterion for holomorphic extendability of

CR-functions which are defined in certain parts of the boundary of a domain

in C".

Let D, G and y be as in § 1 with G being pseudoconvex. Recall that the

Cauchy-Fantappiè kernel associated to y is the («,« - l)-form a/(y)(£,z) A

<y(£) where

œ'{y) = c{Q){n-\)\J2{-\)J~Xyj/\k^d^yk,       co{Q = dÇx A •• • A¿£„
7 = 1

and

c(0) = (-1)^(2*/) ".

Let A : G —► Cp be a holomorphic map with p < « - 1. Since we assume G

to be pseudoconvex, there exists a Hefer decomposition {A..} of A . It follows
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from Theorem 1.1 that if

n-2

«¡¡(£,z) = -c(0)£det
/=o

with

î-(i,z)= (¿ItyON     £A,7(£,z)Â7£)
\;=1 /        /=1

then

öi«A°(£,z) = o;,(y)(£,z)

and

ä([«A°(£, z) A w(C)] = ta'(y)(C, z) A ca(f)

for a fixed z € Z(A) n D and £ e Dom(y(-,z)) - Z(A). (Throughout this

section 3 = 3,.)

Next we compare certain integrals of such primitives corresponding to two

holomorphic maps A and g. To make it precise let g : G —► C9 be another

holomorphic map and {gk.} be a Hefer decomposition of g ; then we can

associate to g and {gkj} the differential form nA-,z) which is a 9,-primitive

of co'{y){-, z) on Dom(y(-, z)) - Z{g). Let r,fc9Z) be open subsets of 3D

so that F c f and 3Y is smooth. Suppose that (Z(A) U Z{g)) n 3D c T.
If P + Q < « - 1 and the varieties Z(A) and Z{g) satisfy the geometric

assumptions of Theorem 2.2 then the following proposition holds:

Proposition 3.1. For a smooth CR-function f on Y and a fixed z 6 Z(A) n

Z{g)C\D we have

(1) /     /(£)«A°(£,z) Ao>(£)= /     /(£)«"(£,z) A w{Q.

Proof. It follows from Theorem 2.1 that

(2) / fco'{y){.,z)Aco- f  fn0h{-,z)Aco= f fa\-,z)Aßh
Jt                             Jar                         Jz{h)naD

and

(3) / fco'{y){-,z) Aœ- f  /«V,z)Aco= f fag{-,z)Aßg.
Jr                            Jar                        Jz(g)ndD

Now (1) follows from (2), (3) and Theorem 2.2 (see the remark following the

proof of Theorem 2.2).

Remarks, (a) The various smoothness and transversality conditions that we used

to prove (1) (these are the conditions assumed in Theorem 2.2) are not needed

in the statement of the integral formula (1); we do not know whether (1) holds

without these conditions except in two cases which we describe next.

/        n-l-2

yj.s^dyj, dsh

]<i<n
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v-1;(b) If p = 1 (i.e., A = A,) then s. reduces to s, = (A(£))    hXj{Ç,z) and,
_ I. A

since dfs  = 0, most of the terms in the sum defining r\h vanish and we obtain,

in this case:
n-2"

0

h{Q
det 7,,Ay, ^

1-2/TThe case y = |£ - z|    (£. - z ) of it is considered in [3, 5 and 7],

(i.e., A = A, and g = gx) then

lfp = q=l

(4) v0h-¿ = d\-c(o)(h(c)g(C)r]

n-3

7j,hlJtglJt 9y.

j;

for a fixed z e Z(A) n Z{g) and £ e Dom(y(-,z)) - (Z(A) U Z{g)) ; this is

proved in [3] for y. = |£ - z|    (£ - z ) ; the proof for arbitrary y is similar.

Thus, in the case p = q = 1 (« > 3), (1) follows immediately from (4)

without any geometric restrictions on Z(A) or Z{g).

(c) If / extends to a neighborhood (in D) of (Z(A) u Z{g)) r\3D as a

holomorphic function then a deformation argument based on Sard's theorem

proves that (1) holds without the geometric restrictions on Z(A) and Z{g).

Notice also that / extends to a holomorphic function in a neighborhood (in D)

of (Z(A) U Z{g)) n 3D if, for example, at each point of (Z(A) U Z{g)) n 3D,

the Levi form of 3D has at least one positive eigenvalue

Next we specialize further in the case y = A =: |£

case the Cauchy-Fantappiè kernel ca'{y) A co is the Bochner-Martinelli kernel

co'{b)Aco. We will denote by ph the d-primitive r\h of œ'{b)Aœ on G-Z(A),

i.e.,
/        n-l-2

_2 —        _
z\    (£. - z.) in which

Mh = -c(Q)¿2aei
/=o

bj,sh, dbj 3s"

Now we will restrict attention to the case p < « - 2. If we fix Y, Y c 9Z>

with f c f, öT smooth and Z(A) D 3D c Y and z e Z(A) then the integral

/      f{Qph{C,z)Aco{Q
Jcear'{ear

is independent of the chosen Hefer decomposition {A. } of A . Indeed, if {h\ }

is another Hefer decomposition of A and p'h is the corresponding 9-primitive

of oJ{b) Ato on G - Z(A) then, since G - Z(A) is (« - 2)-complete (since

p < « - 2) the difference /zA - /¿^ is ô-exact on G - Z(A) and consequently,

by Stokes' theorem and the fact that / is a CR-function:

/   fph{-,z)A(0= /   fp!h{-,z)A
Jar Jar

CO.
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Also notice that if

(5) /   fßh{-,z)Aco=       ffi{-,z)Aco
Jar Jar

holds for one Y then it holds for any other Y ; to see this let Y1 c Y be another

one with 3Y1 smooth and Z(A) n 3D c r7 ; then

(6) /    fph{-,z)A0J-       fph{-,z)Aco= fco'{b)Aco
Jar                        Jar                        /(p-r)u(r-p)

with the various parts of (Y1 - Y) U (Y - Y1) appropriately oriented; since the

right-hand side of (6) is independent of A , it follows that (5) implies

/    fnh(-,z)A(û= I    fp{-,z)Ato
Jar Jar

provided that Z{g) n 3D c Y1.

With these comments in mind we will prove a criterion for holomorphic ex-

tendability of CR-functions defined on certain subsets of 3D. First we describe

the setting.

Let E c 3D be a closed subset of 3D so that each connected component

of 3D - E contains a peak point for cf{D). For each z e G - 3D let

&>z = {h: G^C"~2: A holomorphic, zeZ(A) and Z(A) nE = 0}.

With this notation we will prove the following theorem.

Theorem 3.1. Suppose that ¿Pz ^ 0 for each z e G - 3D. Let f be a smooth

CR-function on 3D - E. Then a necessary and sufficient condition that f ex-

tends to a holomorphic function in D is

(M) /      f{Oph{C,z)Aco{0= f      /(£)« (£,z)Aw(£)
/{ear ./{ear

for h,g e£°z, Yd (Z(A) U Z{g)) O 3D open {in 3D) with YcdD-E and
3Y smooth and z e G -3D.

Proof. (M) is necessary: In this direction we assume / extends to a holomor-

phic function in D, denoted by / too. Then it follows from the Bochner-

Martinelli formula and the fact that d[fßh{- ,z)Aœ] = co'{b) A co that

(1) f{z)= [ fœ'{b){-,z)Aco- [  fph{-,z)Aco
Jt Jar

(see also [3, p. 185]).

Similarly,

(2) /(z)= / fco'{b){-,z)Aco- /  fng{.,z)Aw.
J T J dY

Now (M) follows from (1) and (2); this proves that (M) is necessary.

(M) is sufficient: In this direction we assume (M) holds and we will prove

that / extends to a holomorphic function in D. The way we define such an
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extension is the following: for z e G - 3D, choose an /¡6^2 and a Y with

T D Z(A) n 3D, ör smooth and T c 9D - £ ; define F{z) by

F(z)=/    f{Qco'{b){C,z)Aco{Q- f      f{Qph{C,z)Aco{Q.
/{er /{ear

Now condition (M) guarantees that F{z) is well defined, i.e., it is independent

of the choice of A (and its Hefer decomposition) and of the choice of Y.

It remains to prove that F\D {F restricted to D) is a holomorphic extension

of/.
First let us prove that F is holomorphic in G - 3D. For this purpose fix a

z € G - 3D and choose an A € ^z0 ; of course, A depends on z but if z

is sufficiently close to z then A - A (z) e ^ , so that we may use the kernel

Ph°-h°(z) *nthe integral defining F{z), i.e.,

F{z)= I f(o'{b){-,z)Aco- j   fpho_hoiz){-,z)Aco;

consequently, for z close to z°,

3F

(3)
3zt f     /(0^(£,z)AW(£)

/{er ozt

-/      /(í)%^(í,z)AW(£).
/{ear «zt

Let

where

<Pk(C,z)
g(0)

Ct-z,
det

n-2

l<7<n

f 1   if*-;,

fc^     \0   iffc^j;

pt is simply a 9-primitive of (o'{b) Aco on C" - {£ e C" : £fc = zfc} (for a
fixed &, 1 < k < n).

A computation shows that

3<Pk        . *Sk~ Zk       ir      \
3z ÍC

(4)

(see [3, p. 180]).

It follows from (4) that 3yk{-, z)/az¿. is extended from C" - {£ € C" : £¿

zfc} to C" - {z} as a smooth form and that

3<pk
(5)

31 fcJ
^        inC
C7Z,

{z},

On the other hand, since the set G-Z(A  -A (z)) is (« - 2)-complete and

Ö^        dß„°-h°(z)
3

31L 3z,
3œ'{b)     3co'{b)=Q   mG_z(Ao_Ao(2))j

9z, 9z,
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it follows that
g^ _ d/y-„o(z)

3~zk 3zk dC<'x>

for some (0,«-3)-form i/(£,z). Hence

/    Aaco-Í   fdJ^AC0=f  fEu{.,z)A<0
(6\ Jar   cfzk jdr        dzk JdT

= [  d[fv{-,z)Aco] = 0.
Jar

Thus (3), in view of (6), becomes

3F . .      f .3oj'{b) f   ,3<pk
jr=-{z) =  / f~^ ACÓ-        f-£± A (Ü
3zk Jr      3zk Jdr   3zk

f ,3œ'{b) f r3co{b)
= / /-rf A6)- / /—^Affl = 0.

Jt     °zk Jt     9zk

The third equation in (7) follows from (5). This proves that F is holomorphic

in G - 3D. That F\D has boundary values the function / on 3D - E is

proved exactly as in [3, pp. 188-189]; see also [4, p. 121]. This completes the

proof of Theorem 3.1.
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