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ISOSPECTRAL POTENTIALS ON A DISCRETE LATTICE. 111

THOMAS KAPPELER

ABSTRACT. Continuing prior work of the author, spectral problems for a dis-
cretized version of the Schrodinger equation ‘Laplacian plus potential’ on the
torus are considered. Spectral invariants are constructed and with their help
isospectral sets of certain nongeneric potentials are determined.

INTRODUCTION AND SUMMARY

Continuing investigations of [K1, K2] we consider the discrete Schrodinger
equation

(1.1) Agiore UX) + Q(x)U(x) = AU(x) (on 2%,
(1.2) Ux+1)=e*'U(x) (linL),

where L denotes a lattice in Z° of the form NZ ®---&NZ (N 2>2), Q
denotes a L-periodic potential and a = (e, ...,qa,) in R? is the so-called
crystal momentum. Observe that a = 0 corresponds to periodic boundary
conditions. We refer to (1.2) as the a-periodic boundary condition. As in
[K1, K2] Ajigerere 1S conveniently defined as Ay U(x) =32, -, U(y) for
U:2% - € with |x||, = X2, |x,| for x in Z?.

For the convenience of the reader, let us give a matrix representation of

the operator (1.1)-(1.2), when restricted to a fundamental domain of I', with
respect to a suitably chosen canonical basis, in the case where Q@ = 0.

0 10— 0™
! 0
A = ‘l)\ (|) (d = 1;N x N matrix)
0 I
deN0 —— 0> Yo
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and

4, 1d 0 0 e'™1d
1d 0

(l)\ (’) (d =2;N* x N’ matrix).
I
Oiaz\ d

[de™ ™S0———=0 1d 4,

In this paper we prove the following results:

Theorem 1. Let d > 2 and N > 2 be integers and let Q and P be L-periodic,
real valued potentials with the property that Ay ...+ Q and Ay ... + P have
the same spectrum when considered with the boundary condition (1.2) for any
value o in RY . If Q is of the form Q(x) = Zi] q;(x,), then P is also of the

form P(x) = Ei] p;(x,).

Theorem 2. Let Q: 7 - R bea L-periodic potential with the property that
A +Q and A have the same periodic spectrum, then Q =0.

Theorem 3. Let N > 2 and d > 2 be integers. Let two L-periodic potentials Q
and P with values in C have the property that A, ....+Q and Ay ...+ P have
the same periodic spectrum. If both Q and P are of the form Q(x,, ... ,x;) =
>4 a(x) and P(x,,...,x;) = S% p(x) with r_ p(k) = O and
E,’:’:l g;(k) =0 (1 <i<d), then up to a permutation of the potentials p,,
the periodic spectrum of D’ + p; and D’ + q; are the same (1 < i <d). D’
denotes the discrete Laplacian in 1 — dim.

discrete discrete

To put Theorem 1 and Theorem 2 into perspective let us recall two results
from [K2]. To state them we need to introduce the following notation: Given
a L-periodic potential Q: 2 — R we denot by Iso Q[Iso®°"(Q)] the set of
all L-periodic potentials P: 7° SR st Agiscrere T P and Ay .+ Q have the
same periodic spectrum [the same spectrum when considered with the boundary
conditions (1.2) for any vlaue of a].

Result 1. #Is0Q < N and for Q with pairwise different coefficients and
> cer Q(x)2 sufficiently big #IsoQ = N,

Result 2. For generic Q, Iso”*™(Q) = {Q,, Q,: a € T} where ' := {x =
(Xy5...,xz): 1 £ x; < N} denotes a fundamental domain with respect to
the lattice L, where Q, denotes the translated potential Q (x) := Q(a + x)
and where "Q denotes the reflected potential "Q(x) = Q(—x). For a periodic
potential Q: 7¢ — R of the form Q(x), ., xy) = Ele g;(x;) denote by I,(Q)
the set of L-periodic potentials P: 7% - R of the form P(x) = Ele p;(x,) s.t.

+Q and A + P have the same periodic spectrum. Then clearly,

Adiscrt:te discrete

for P in I,(Q), also P, and 'Pa (a in T') are elements in I,(Q). By an
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elementary argument (cf. [K2]) one sees that I,(Q) C IsoBl°°h(Q) for Q°’s of
the form Q(x) = X%, ¢,(x,).

Many of these potentials are nongeneric in the sense of Result 2 as the fol-
lowing counting off immediately reveals: For Q(x) = E;Ll g;(x;) with pairwise
different components and ¢, sufficiently big, one gets #/,(Q) = d!(N !)d .

Thus the results presented in this paper are complementary to the ones given
in [K2].

In the continuous analogue of (1.1), (1.2), assuming the lattice L satisfies a
certain generic condition, it follows from results of [ERT] (cf. also [MN]) that
for a L-periodic real analytic potential Q of the form Q(x) = E;Ll g;(x;), any
L-periodic real analytic potential P with the property that —A+Q and —A+P
have the same perioidic spectrum, must be of the form P(x) = Z;il p;(x;) st
—dz/a'x,.2 +g¢; and —d? /dx,.2 +p; have the same periodic spectrum (1 <i<d).
To our astonishment it follows from [K2, Proposition] that the discrete analogue
of this result cannot be true. This together with Theorem 3 indicates that the
limit of the isospectral sets from the discrete to the continuous might be very
subtle.

The paper is organized as follows: In §2, spectral invariants are derived using
the discrete heat equation. These invariants are used in §3 to prove Theorem
1. Theorem 3 is proved in §4 by a combinatorial argument. To the best of our
knowledge it is not known if Theorem 3 also holds in the continuous case.

Theorem 2 which has a continuous analogue follows directly from the heat
invariant ) - Q(x)2 , which is presented in §2. Clearly, the assumption in
Theorem 2 that the potential Q is real valued is essential for the proof. In the
continuous case, at least in 1 dimension, the analogue of Theorem 2 is no longer
true, if we consider also complex-valued potentials [GU] (cf. also [B1, B2]).

Notation is standard, except that in the sequel we denote by A rather than

A the discrete Laplacian as defined above.

Acknowledgment. 1t is a great pleasure to thank Ira Gessel for helpful discus-
sions.

discrete

2. SPECTRAL INVARIANTS OF THE DISCRETE SCHRODINGER EQUATION

For a L-periodic potiential Q: Z¢ = C let us consider (1.1)-(1.2) with =0
and denote by (A+ Q) the corresponding I'xI" matrix obtained by restricting
A+ @ to the fundamental domain I'. Then the trace Trexp{¢(A+ Q);} is a
spectral invariant for each value of ¢. The first few coefficients of the expansion
of this trace at ¢ = 0 can be easily computed. As a result we get

Proposition 2.1. - - Q(x), >, Q(x)2 and Y-, - Q(x)3 are spectral invari-
ants.

Let us now look at A+ Q on the whole of 7’ , denoting by (A + Q)(x,y)
(x,y in 7 ) its entries. Observe that each line and each column of A+ Q has
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at most (2d + 1) nonzero entries. Thus the products (A+ Q)" (n > 0) of the
infinite matrix A+ Q are well defined. Define M = max{l1,|Q(x)|: x € '}. By
an inductive argument it is not hard to see that [(A+Q)"(x,y)| < (2d+1)"M"
and thus Y, .o(t"/n!)(A + Q)"(x,y) converges absolutely, together with the
derivative Y., (nt""'/n!)(A + Q)"(x,y). We denote by expt(A + Q) the
infinite sum -, o(¢"/n!)(A + Q)" . For Yo, .(¢"/n!)(A+ Q)"(x,y) we write
simply G(¢,x,y) :=:G(t,x,y,Q). Then 9,G(¢,-,y) - (A+ Q)G(¢,-,y) =0.
Denote by G,(t,x,y,a) :=: G,(t,x,y,a,Q) the coefficients of the matrix
expt(A + Q)r ro extended in x and y a-periodically to the whole of y A
7. (A + Q)r, denotes the I' x I' matrix corresponding to A + Q|- when
considered wnh a-periodic boundary conditions. Then clearly 9,G, (¢,-,y,a)—
(A+Q)G,(t,-,y,a) =0 and G,(t,x+[,y,a)= emlg G,(t,x,y,a) for any
! in L. By an inductive arugment one shows that (A+ Q)"(x,y) =0 for

d
Ix=yll, =) Ix, =yl =n+1.

From this it follows that Ele ; G(t,x +1,y) is absolutely convergent, together
with the derivative Zlel 0,G,(t,x+1,y).

Finally, using the heat equation, one can show that G,(¢{,x,y,a) =
YL e ™lG(t,x +1,y). Due to the fact that Y rer GL(t,x,x,0) is an
invariant of the Bloch spectrum for each value of a and of ¢ > 0 we conclude
from the formula above that )  _-G(¢z,x +/,x) is an invariant of the Bloch
spectrum for each value of / in L and all ¢t > 0. Recall that G(¢,x,y) =
Yo" /n)(A+Q)"(x,y) to conclude that ¥ (A+Q)"(x+!,x) are invari-
ants of the Bloch spectrum forall / in L and n> 1. For e = (¢, ...,€;) in

Z¢ introduce the averaged potential 4,Q(x) := Zm  Q(x + me).
Proposition 2.2. Let e be in Z‘i with |le|l, = 1. Then z:xel.AeQ(x)2 is an
invariant of the Bloch spectrum.

Proof. Let us consider ) (A + Q)N+2(x + Ne,x). Due to the fact that
A"(x,y)=0 for ||x —y||, > n+ 1, we conclude that

Y (a+ 0)"**(x + Ne, x)
xel
=Y A" (x + Ne,x) + (N +2) Y A" (x + Ne, x)Q(x)
xer’ xer’

N
+(N+2)3 3 A *(x + Ne,y) o)A (v, x)Q(x).
k=0 xeI'
yez?
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Clearly AM*! (x+ Ne,x) is independent of x and thus the second term on the
right-hand side of the equation above is given by

(N +2)A" (Ne,0) 3" 0(x),
xer
which is a spectral invariant according to Proposition 2.1. One concludes that

N
> 2 A" (x + Ne,y)Qw)A (7, x)0(x)

k=0 xel
yez?

is an invariant of the Bloch spectrum. Use again that A"(x,y) = 0 for
lx = yll, >n+1 to verify that

> A" (x + Ne,y)Q)A (v, x)Q(x)
yezd

= AN‘k(x + Ne,x + ke)Q(x + ke)Ak(x +ke,x)Q(x).

By a straightforward inductive argument one sees that AF (x+ke,x)=1 forall
k>0 and x in 2, using llell; = 1. Together with the fact that 3° - Q(x)* is

a spectral invariant (Proposition 2.1) this shows that }° E,’:;l Q(x+ke)Q(x)
is an invariant of the Bloch spectrum. The following computation finishes the
proof of the proposition:

N.
4,00 =N T (4,00 == 0®Y 0x +ke).
N

x€l’ xerl x€rl k=1
(x,e)=0

For the convenience of the reader we summarize the technical results about
the discrete Laplacian which were used above with the following:
Lemma 2.3.
(1) A"(x,y) =0 for x,y in Z% with |x —y||, > n+1.
(2) AV “(x + Ne,x) is independent of x in 7.
(3) A¥(x+ke,x)=1 for k> 1 and x,e in T° with llell, = 1.

3. PROOF OF THEOREM 1

To prove Theorem 1 let us introduce the discrete Fourier transform. For an
arbitrary potential Q: I' — C we define its Fourier transform Q to be

é(x) — % Z: e—2nix~k/NQ(k)

ker

where x -k = Zd x.k.. Then the inversion formula reads

0(x) = Z kN Gy

ker

=17
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and Parseval’s identity takes the form

Y- Qk)P(k)" = Ny Q(k) P(
kel ker
where * denotes complex conjugation. Denote by e, ... ,e, a canonical basis

in RY. For an arbitrary potential Q:I"' — C introduce (x in I')

N-1 R
Q,(x):= Y ™ (ge;)  (1<j<d)
B=1
and prik N A
Qo (%)= 3 N (k)
ker,
where I := {k e T\{(N,...,N)}: k ¢ Be;, 1< B < N}. Then Q(x) =

ON,...,N)+ Zd“ (x). Using Parseval’s identity the following results,
needed later are easy to prove:

Lemma 3.1. For an arbitrary potential Q: I — C the following properties hold.
) ExerQ(X)Q (x)"=0 (1<, j’<d+1;jaéj').
(2) Tyer Q) = T34 Ter (00
3) IfQ 1srealvalued 50 is Q (1<j<d+1).
4) Eﬂl (x + Be;) = O0(xinI; 1<j<d).

We now come to the proof of Theorem 1. Let us assume that Q is real valued
and of the form Q(x Zl 1 4;(x;) . By Proposition 2.1, 3 . Q(x) is a spec-
tral invariant. Wlthout loss of generality we might assume that 3° - Q(x) =
0. Moreover we might assume that Z,ICV ,qj(k) =0 (1 <j<d). Thus
Q (x) =g, (x ) and Q(x) = E} ]Q (x). Similarly P will be of the form

Edﬂ P,(x). By Proposition 2.2

d d
(3.1) 334,00 =354, P(x)*.

i=1 xer i=1 xeI'
By Lemma 3.1(4) we have

N
Z (x + Be;) Z Q(x

1<j<d
i#]
and
A4, P(x) = Pi(x)+4, P, (x).
1<j<d
J#i

By Lemma 3.1(2) one gets

Yl el = Y Yol

xer 1<j<d xer
J#i
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and

Sl = Y SIB@I+Y|4,P, )|

xel lsjigd xer’ x€rr
Thus (3.1) can be rewritten as

d
(3.2) d-1Y 3 0,x)
j=1xer’
a 2 d 2
=@=-D D P+ APy (%)
Jj=1xer j=1 xer
By Lemma 2.2
(3.3) d-1Y 0x)’=@d-1) Px)’.
xer’ xer

Subtract (3.2) from (3.3) and use Lemma 3.1(2) again to obtain

d
0=@- DY Piy(9 = 3 T4, e ()

xer’ j=1 xer

or, using Parseval’s identity,
d

(3.4) 0=@d-D)Y I1BRPF-Y 3 (4, P)~ (k)|

ker, Jj=1ker,
We will show that

d
(3.5) >4, P k) <@-2) Y 1Bk
j=1ker, ker,

Clearly, Theorem 1 follows then from (3.4). To prove (3.5), write

1 N
Ae,-Pd+l(‘x) = _ﬁz:Pdﬂ(‘x"'ﬂej)

p=1
—2mik-x/N 5, 1 al —2nik;B/N
=Y e P(k)z D e
kerT, B=1
to conclude that
2
N
2 502 1 —2nik;B/N
(3.6) > |4 P = 3 1P |55 > e
ker keT, B=1

Now 7‘;,2:=|e"2”"k’ﬂ N equals 1, if kj = N, and is 0 otherwise. But for
k €T, thereexist 1 < j < j' <d with k;#0 and k;, # 0. Thus

2
(3.7) E

<d-2 (kinT).
Jj=1

1 —2nik;
}V;e 2xik; B/N

r
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(3.6) together with (3.7) proves (3.5).

Remark. Similar arguments are used in [ERT] and [MN] to prove various results
in the continuous case.

4. PROOF OF THEOREM 3

Let Q: 7% - C be L-periodic and of the form Q(x,, ... ,x;) = Zil q;(x;) .
Let us denote by (4;,),<, <y the periodic eigenvalues of D'+ g (1<i<d),
where D’ denotes the discrete Laplacian in 1 dimension. Then the periodic
eigenvalues of A+ Q are all of the form l,kl +22k2 +- ~~+/ldkd with 1 <k, <N
for 1 < i < d. Theorem 3 claims that, up to permutation, the eigenvalues
(Ai)1<kcn for 1 < i < d can be recovered from the periodic eigenvalues of
A+ Q, if we assume that Z,’Ll A4 =0 (1<i<d). Inorder to state a general
result from which Theorem 3 follows we need to introduce some no"tiation. Let
N > 2 and d > 2 be given. Denote the coordinates of z in cV vy z(k)

where k = (k,,...,k;) isin I':= {1, ... ,N}d. Define E to be the subspace
of all points z in CV * for which one can find sequences (X, ), <x<n.1<i<a St
z(k) = f=lx,.k‘_ for all £ in {1, ... ,N}d. Then E is a linear subspace of
dimension d - N — (d — 1). Observe that E can be described by the following
relations: z isin E iff z(k)+z(l) = z(k')+ z(I') forall k,l,k',I' in T with
d d
Utk 1} = | J{k; .1} (with multiplicities) .
i=1 i=1
Now let us look at ¢: cV . cV ‘ /Zr, z — [z] where X, denotes the sym-
metric group of the set I' and [z] denotes the orbit of z with respect to the
d
natural action of X. on c” , 1.e. permutation of the components of Z in
c™ . Introduce ¢ .= ¢/E . Then Theorem 3 follows from
Theorem 4.1. (1) For z € E, ¢"{¢(z)} = H -z where H is the subgroup of

X, leaving E invariant.
(2) H is the subgroup G of X generated by the permutations of the form

G(kl R ’kd) = (Ul(kl)’ ’ad(kd))

and

ok,,....k;) = (kp(l), ,kp(d))
where o, ...,0, are permutations in X, the symmetric group of the set
{1,...,N}, and p is an arbitrary permutation of {1, ...,d}.

Remark. It follows from (2) that #H = d!(N !)d and thus generically one gets
#0™ ' {p(2)} = (N by (1).

Proof. (1) follows from the fact that X is a finite group. Towards (2) let o
be an element in H. Then ¢ -z isin E for z in E. Thus oz can be
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represented in the form

o-z(k)=Y_x;  (kel)
or

z(k) = Exir,-(k)
i=1
where (k) = a"(k) = (t,(k),...,t4(k)) € I'. If necessary choose ¢ =
(&,5..-,¢;) in G where each {; is a permutation of {l,...,N} st. & o
7,((B,...,B) =B (1<B<N;1<i<d).Sowe might assume without any
loss of generality that 7,(8,...,8)=8 (1< B<N,1<i<d). Recall that
elements in E satisfy the following relations:

(4.1)
d d
z(k) + z(l) = z(K') + z(I') forall k,I,k',I"inT's.t. | J{k,, 1} = | J{k;, 0}

i=1 i=1
(with multiplicities).

Introduce 6 to be the subset of I' consisting of k = (k,, ... ,k;) with k; €
{1,2}. Then for k in 6 we define k" tobe k™ = 3-k,,...,3-k,).
Relation (4.1) implies that (k) € 0 if k isin 6. As 7 is 1-1 this implies that
7(0) = 6. By interchanging 7,,...,7 4> if necessary, we can assume without
loss of generality that 7(k) = k for k in 6 by using (4.1) and the fact that 7
is 1-1. This is the case because a permutation of 7,,...,T, corresponds to an
element in G. Now (2) follows from

Lemma4.2. Given d > 2, let 1: T — T" be 1-1 and have the following properties :

i) =((B,....B)=(B,...,B) I<BZN),
(ii) (k) +t(l) = (k") + =(I")
(k,1,k',I'eT with U™ {k,, 1} = U™ {k!,I'} (with multiplicities)),
(iii) t(k) =k (k in ).
Then t is the identity.

Proof (by induction with respect to d ). For d = 2 one argues by induction
with respect to n in the following way. Let us assume that t(k) = k for all
k = (k,,k,) in T with 1 <k, <n (i=1,2). We then have to show (k) =k
for k = (k ,k,) with 1 <k, <n+1. Choose k :=(1,1), [:=(n+1,})),
k' :=(i,j), I':= (n+1,1) and apply (4.1) to conclude that T,(n+1,)) =
7,(n+1,1) for 1 <j<n+1.But 7,(n+1,n+1)=n+1 by assumption and
thus 7, (n+1,j)=n+1 (1 <j<n+1). Moreover again by (4.1) one also
concludes that 7,(n+1,j)=j (1<j<n+1). Applying (4.1) to k =(1,1),
l=(i,n+1), k' =(,n+1), I'=(i,1) implies, arguing in the same way, that
1(i,n+1)=i (1<i<n+1)and 7(i,n+1)=n+1 (1<i<n+1). This
proves Lemma 4.2 in the case d = 2. Now let us assume that the statement of
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Lemma 4.2 holds up to dimension d ; we then have to show it for d + 1. But
this follows easily from (4.1) and the fact that 7 is by the induction hypothesis
the identity on {(k,,...,k;,0): k, > 1}.
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