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SOBOLEYV INEQUALITIES FOR PRODUCTS
OF POWERS

A. EDUARDO GATTO AND RICHARD L. WHEEDEN

ABSTRACT. We derive weighted Sobolev inequalities of the form || f]] L <

C||Vf||L5 , fE€CEPRY, 1 <p<g< oo, for classes of weight functions
u,v which include v ’s that are a finite product of certain power weights times
an A, function.

1. INTRODUCTION

In this paper we derive sufficient conditions on a pair of weight functions
u,v in R", n> 1 , so that the Sobolev inequality

([ iroruar) se ([ wroreax) . recy,

holds with 1 < p < ¢ < o and c¢ independent of f.

In order to put our results in some perspective, we recall a few known facts.
We use the notation u € D™, and say that u is a doubling weight, if u(2B) <
cu(B) for all balls B c R", where 2B denotes the ball concentric with B
whose radius is twice that of B, and u(B) = [pudx. It is shown in [2] that
(1.1) holds when p < ¢q if u and v are related by

1B'"u(B)"? < cu(B)"”

and if u€ D and v € 4,: by v € 4,, we mean that

1 1 ~ye-1 4, \
vadx m/3v dx <c

for all balls B. This result has been improved in [6] where it is shown that
(1.1) holds when p < ¢ if u,v~"?"Y e D® and

1/p’
1B u(B)"* (/ v"’“‘”dx) <c
B

for all balls B, 1/p+ 1/p' = 1. It is also shown in [6] that (1.1) holds for
P < g without any doubling assumptions on the weights if there exists r > 1
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such that

1/r l/a 1/r , 1/p’
(/ u’dx) |B|]/'} l(/ v_'/(p"l)dx> |B|'/’l <c
B B

for all balls B. It follows easily from Holder’s inequality that this condition
implies the previous one, which may be viewed as the case r=1.

These results have the disadvantage of requiring the local integrability of
v~ Y@= Thus, for example, the possibility that v(x) might be a large posi-
tive power |x|N is precluded, while the results of [1 and 3] show that Sobolev
inequalities do hold for appropriate u if v is an arbitrarily large power of |x|.
The purpose of this paper is to give some further examples of weights v for
which v~"/?~" is not locally integrable but for which (1.1) holds.

Our main results are given in the following two theorems and their corollaries.

|B|1/n—1

Theorem (1.2). Let {aj};"=l be distinct points in R", {a; } _, and 6 be real
numbers, a;>-1,6>-1, and let

m Q;

¥ |x al

N(x) = (1 +|x) 1_I<1+|x a|) ’
Jj=1

For 1 <p<gq<oo,assume that u,v” """ V17 "~V ¢ D*® and that

(1.3) (/B H(x)"dx)l/n—lu(B)l/q (/Bv(x)“/"’“’n(x)"'("“’dx)W <c

for all balls B. Then (1.1) holds with ¢ independent of f .

Corollary (14). Let {a,} be distinct points in R", {B,}7_, and y be real
numbers, /?j >0and y>0. Let 1 <p <oo, w(x)e A,, and define v(x) by

B
v(x) = wx)(1 + |x|)yH (%%) .
If 1 < p<q<oo and u(x) is any doubling weight for which
(1.5) 1BI'""u(B)""? < cu(B)"”,
then (1.1) holds with ¢ independent of f .

As was indicated in [2], condition (1.5) is necessary for (1.1) if ¥ and v are
doubling weights. We also remark that (1.5) is necessary and sufficient for the
boundedness of the fractional integral of order 1,

If(x) = /f(y) | ~dy,

from the Hardy space H” to H!, 0 <p < g <oo: see [4 and7].




SOBOLEYV INEQUALITIES FOR PRODUCTS OF POWERS 729

For the case p = g, we need a slightly stronger hypothesis. For a weight
u, we say that “u” € D* uniformly in r near 1”if ¥’ € D* with doubling
constant independent of r for 1 <r <r, for some r, > 1, i.e, if

/ u'dxgc/ u dx
28 B

with ¢ independentof B and r, 1 <r<r,.

Theorem (1.6). Let I1(x) be as in Theorem (1.2). For 1 < p < oo, assume
that u", {v™@"VIP""DY € D® uniformly in r near 1 and that

1/n—1 oo p
(/ H"dx) [(/ u’dx) |B|"""
B B

, 1r , 1/p'
(/ (v~ /=D (”‘”}’dx) ]B|'/’] <c
B

forsome r > 1 and all balls B. Then (1.1) holds with p = q and c independent
of f.

Corollary (1.8). Let v(x) be as in Corollary (1.4). For 1 < p < oo, assume
that u" € D*® uniformly in r near 1 and that

1/r ,
(1.9) |B|"" [(/ u’dx> |B|'"
B

fJorsome r > 1 andall balls B. Then (1.1) holds with p = q and c independent
of f.

In §2 we give the main lemmas which will be used to prove the results. The
proofs of (1.2) and (1.4) are given in §3. The proofs of (1.6) and (1.8) are
similar to these, and the main differences are discussed in §4, together with
remarks about a special case when the uniform doubling conditions can be
dropped. In addition to the notation used above, we shall write

1/p
L= {f: 11 = ( | If(x)l"v(x)dx) < oo} ,

1 < p < oo. We often use the same letter ¢ to denote different constants at
different occurrences.

1/p
<cv(B)"”

2. BASIC LEMMAS

We begin by recalling that a one-to-one transformation y = ¢(x) of R" is
called quasi-conformal if the components ¢, of ¢ have first-order distribu-
tional derivatives in L (R") and

1/2

2
(Z (%(oi(x))) <cJ, ()" ae.,
J

i,J
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where J¢ = det(8¢i/6xj)i’j. We shall write ¢’ = (6¢i/6xj),.’j , and we denote
the transpose of ¢’ by ¢'’.

The fact that quasi-conformal mappings are relevant to (1.1) is indicated in
[3]. For the most part, we shall deal only with the special quasi-conformal maps
¢, (x) =|x|"x, a>—1. It is not difficult to see that

: a -2
¢;(x) = |x| (5,']' +axilex| )

and that |J¢a(x)| ~ |x|*". Moreover, the inverse q);] of ¢, is given by
q);'(y) = yly|”***Y) and is also quasi-conformal. A fact we shall use about
q);l is that there is a positive constant ¢ depending on o so that if B is a
ball and ¢;l(B) denotes the image of B under (o;'l , then there exist balls B,
and B, with B, C ¢_'(B) C B, and |B,| < c|B,|. This fact is actually true for
any quasi-conformal transformation, not just for ¢;l ; see, €.g., [8]. Moreover,
note that |¢;l(2B)| < cI(o;'(B)l since

I¢;I(B)I=/ l dx:/ IJ%)_](y)ldyz/|y|—an/(a+1)dy’
9o (B) B B
and [y|*"/*Y & D since —an/(a+1) > —n. By [5], a similar fact holds

for any quasi-conformal map.
Lemma (2.1). Let 0 < p,q < oo and suppose that f, @ and U are functions
satisfying

1/p

(/Rn If(y)l"a(y)dy) v <A (/R lVf(y)|”f;(y)dy)

for a certain constant A. If ¢(x) is a quasi-conformal transformation of R",
h=fop, u=(iop)J,| and v=(v o¢)|J¢|1_(”/") , then there is a constant ¢
depending only on ¢ such that

l/q
(/ |h(x)|qu(x)dx> <cA (/ |Vh(x)|pv(x)dx)
R” R?
Proof. Let y = ¢(x) in the inequality in the hypothesis to obtain

1/p

/q
([ 1rener@e peoi, i)

1/p
=4 (/R NAICCIIRCE ¢)(x)|J,,(x)IdX) .

Since
V(fop)(x) =9 (X)(V)(p(x))] (matrix action),
we have

(V@) = (9"(x)T'[V(fo9)(x)] (matrix action).
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Thus, since |||l < [l'|"”"/IJ,| < ¢"~'/|J,|'"" if ¢ is quasi-conformal, we
obtain

(V)@ < el ()" V(f o )X,
with ¢ depending on ¢ . The lemma now follows immediately by combining
inequalities.

Lemma (2.2). Let w(x) € D* and B > 0. Let B be a ball whose radius is r
and whose distance to the origin is d. Then

/w(x)(l+|xl)ﬂ dxz(l+r+d)ﬁ/w(x)dx,
B B

and the constants in the equivalence are independent of B, r and d .

Proof. Since w(x) € D* and B > 0, it follows from Lemma (6.3) of [7] that
w(x)(1 + |x|) € D®. In case d > 2r, we have |x| ~d forall x € B, and
therefore,

/w(x)(l+|x|)ﬂdxz(1+d)ﬂ/w(x)dx
B B

Since 14+d ~ 1+r+d when d > 2r, the lemma follows in this case. If d < 2r,
then B C B, (0) and these balls have comparable sizes. Thus, using doubling,

/ wx)(1 + |x])? dx z/ wx)(1 + |x])? dx
B |x|<4r
z/ w(x)(1 +|x|)/5r dx
2r<|x|<4r
- B
~ r) ~/2r<|x|<4rw(x)dx

~ (1 +r)ﬂ/ w(x)dx.
B
Since 1+r~1+4+r+d when d < 2r, the lemma follows.

Lemma (2.3). Let {a;}]_, be distinct points in R". Then every ball B contains
a ball B with |B'| ~ |B| such that |x — a;| is essentially constant on B' for
each j; i.e., there exists positive constants ¢ ,c,,c, independent of B,B' such
that |B|<|B|<c |B'| and c, < |x - ajl/ly—a;| <c; if x, yeB.

This fact is contained in the proof of Lemma (6.6) of [7].
We shall use Lemma (2.3) to show that if w(x) and

m Ix‘a'l aj
w(x)H (l + |x —jajl)

j=1

are doubling weights and B and B’ are as in the lemma with |x —a |~ d ; for
x € B', then

(2.4) /w(x ﬁ(lﬁlxail)aj dx%(Aw(x)dx>}i(%)°/ .

Jj=1 J
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In fact, this follows easily by observing that due to doubling, both integrals in
(2.4) are equivalent to their analogues with integration extended only over B'.

Lemma (2.5). Let {aj.}f=1 be distinct points in R", {aj}f=l and & be real
numbers, o; > -1, 6 > -1, and

P
H(X)=(1+|X|) H(m) .

J=1
Assume that u and v are weight functions with

(i) (/BI'I(x)" dx)l/"—]u(B)l/q (/Bv(x)_l/(p_l)l'l(x)”l("_”dx)l/pl <c,

(i) ueD®, o VNPh e p™
for given p and q, 1 <p < co. Define it, ¥ and T by
u(x +ap) = (@o g, )X, x|,

v(x+a) = (Bop, )N, )",

- k-1 |x—b,| aj

fi(x) = L+ 1x)” ] (m) ’
j=1 J

0 and {bj}f;l1 are defined by b, =
case k = 1, there are no bj ’s and we

where 0 satisfies 0(a, + 1) + o
q;ak(aj -a), j=1,....,k-1;
take TI(x) = (1 + |x|)0. Then

)’ (/Bﬁ(x)"dx)”"_la(m”" (/Eﬁ(x)_'/(p‘”ﬁ(x)p’("_”dx)l/pl <c,

(ii) peD®, ¢ VeV b e pe.
Proof. First note that

k _a a;n
nex)" = (1 +x)” ] (——1 fpc i’l”) :
1 J

Since a;n > —n and dn > —n, we have 1" € D* . Similarly, since it is easy

to see that § > —1, we have I1" € D™
Now make the change of variables x = ¢_ (f) = |t|*¢ in (i)". The product

in (i)’ is equivalent to

1/n—1 1/q
(2.6) (/«p" ﬁ(¢ak(t))"|t|akn dt) (/@_l u(t+ak)dt)

{{

2>
in

1

/'
){v(r+ak)m'“*"““’/”)}“’“‘”nwak(t))"“‘”ltr’*"dt) :

o
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Let a. = a;—a, for j=1,...,k—1, so that bj = ¢ak(aj). Then since
_ a,+1
@, (O =[],

- aurtyg e, (-0, @) Y
e, (1)~ (1 +]d H(1+|¢ak(t)—¢ak(a,)l '

But .
10, (1) — 0, @) =gl +e)* |-
THip 0= @)~ Tr =g+~ T+-a,"
Thus, the integrands in the first and third terms of (2.6) are equivalent to the
following two expressions, respectively :

n
k—l " a/ Q,
B +1)+a lt-a (1] .
{(”"') H(1+|z-aj| T+

Jj=1

and

k—1 |t a | a; | I - p'(n—1)
—1/(p-1) 0o +1)+ —4; t
wi+a)™ {<1+m> H(m;‘ﬂ) (1+|t|)} |
Jj=1 J

Recalling the definition of IT, we see that these are in turn equivalent respec-
tively to

{(l +Itl)a(ak+1)+ak—6l—l(t+ak)}n
and
v(t+ak)—l/(p_”{(l +|t)) o(ak“ Frew= 61'I(t+ak)}p (=D}

Thus, replacing ¢ by 7_ ak(t) =t — a, in each integral in (2.6), we see (2.6) is
equivalent to

1/n—
(2.7) ( / {(1 4 oo ey dt) u(z, (0. (B
Ta (97, (B)) O

1/p’
. < / T R (O ) M + ()4 ““”dz) :
Ta, (97 (B))

We note that all the integrands in (2.7) are doubling: this follows from
Lemma (6.3) of [7], the fact that 6(a, + 1) + o, —d > 0, hypothesis (ii),
and the fact that IT" € D*. Hence, since ¢;k' is quasi-conformal, if we re-

place the set 7 ak((a;k' (B)) in (2.7) by the smallest ball containing this set, we
obtain an expression equivalent to (2.7). Let us denote this ball by B again.
Now using Lemma (2.2) and the relation of the exponents in (2.7) it follows
that the factor (1 + |¢])?™***~% can be cancelled out of both integrands in

(2.7). Thus, (2.7) is bounded due to hypothesis (i). This proves (i)’ .
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Finally, (i)’ was essentially proved in the course of proving (i)’. For exam-
ple, to show that #(2B) < cii(B), recall first from above that

#(B) = u(z, (v, (B))).

Since (oa'k' is quasi-conformal, the smallest ball containing (p;kl (B) has volume
comparable to that of the smallest ball containing ¢;'(2B) . Since u € D*

then follows easily that # € D* . The argument showing that o~ /®~ V[’ "~V
€ D% is similar. This completes the proof of Lemma (2.5).
Now let f be a function which satisfies

(2.8) IF(0)] < o fy (IVA)(x)

for a.e. x, where ¢, is a constant independent of x and f, and I, is the frac-
tional integral defined in §1. Any f € C (R") satisfies (2.8); more generally,
any f with compact support which satlsﬁes

1
(2.9) If(x)—f(y)lsc(')lx—ylfoI(Vf)(yH(x—J'))ldt, x,y€R",

also satisfies (2.8), as can easily be seen by integrating (2.9) with respect to y
over the surface of a large sphere centered at x. Another way to see that (2.9)
implies (2.8) is by examining the proofs in [3].

It follows from the result of [6] for I, thatif u and v~ are doubling
weights with

1/p'
1B'" " w(B)' </ v(x)_l/(p_”dx) <c,
B

l<p<g<oo,andif f satisfies (2.8) then

</ lf(X)lqu(x)dx) ; =¢ (/ VS (x)lpv(x)dx) "’

with ¢ independent of f .
We now introduce some useful notation. Given distinct points {aj};.”=I in

R" and a sequence {a; }, , in R define sequences {a(k)}J o k=1,...,m,
as follows. For k = m, let a('")—aj,j—l ,m,andfork:m—l,
m-2,...,1, define a( ) successively by

k k+1 k+1 .
(2.10) a' =g, @*-g"), =1,k

For a given k, the aﬁ.k) are distinct and different from 0. We will use the
one-to-one transformations 7, defined by

(2.11) T, (x)= (pak(x—ak)) k=1,...,m, xeR".

Each T, is a translation followed by a quasi-conformal mapping. Note that

(2.12) T, (x0) = 07 (x) +a”.
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Lemma (2.13). Let {a;}]_, be distinct points in R", {a}7 satisfy a;> -1,
o>~1,and [ (a;+1)26+1. Let

m @
_ ') Ix_ajl
Jj=1 J
and for 1 < p < q < oo, assume that

1/n—1 , 1/p’
( / H(x)"dx) u(B)" ( / v(x)" e Om(x) ("“”dx) <c
B B
and that u, v~/ V117 ""D ¢ D®  Then
1/q 1/p
( / |g(x)|"u(x)dx) <c ( / |Vg<x)|"v<x)dx)

Jor every g of the form g = foT o---oT, where f satisfies (2.8) and {T,}
are defined by (2.11).

Proof. The proof is by induction on m. If m = 1, we have a, > J, and we
may apply Lemma (2.5) with k =1 and 6 = 0 to obtain the representations

u(x+a,) = (o9, )XY, (X,
v(x+a) = (@09, )x)J, ()",

where Ly’
p
1B|"" (B! (/ f;“/“"”dx> <c
B

and @1, 5~"/%~Y e D® (cf. (i)’ and (ii)’ of Lemma (2.5)). By the result of [6]
mentioned earlier, we have ||f]|,, < c||[Vf| 7 for any f which satisfies (2.8).
Therefore, by Lemma (2.1),

( / Ih(x) Pu(x + a,)dx) Py ( / IVA(x)Po(x + a,)dx)

if & has the form h = fo ¢,, forsuch S . Replacing x by x —a, and noting
that h(x —a,) = (f o T})(x), we obtain the desired inequality

(/lg(X)l"u(x)dx)'/q <c (/ |Vg(x)|pv(x)dx)l/p

if g=foT, with f satisfying (2.8).

Assuming next that the lemma is true for m — 1, we will prove it for m.
By hypothesis, I'[;.';l(a ;+1) 26+ 1. Thus, letting 6 be defined by 6 + 1 =
H;";ll(aj +1), we have 6(a,, + 1) +a,, > J. We may then apply Lemma (2.5)
with this value of @ and with kK = m to obtain

1/p

1/p'

(/B fi(x)" dx)l/n—l a(B)l/q (/Bﬁ(x)—l/(p-l)ﬁ(x)p'(n—l)dx) <c
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and e D® and o~/ V[P ""Y € D® | where
u(x +a,)=(#op, J(x)J, (x|,

v(x+a,)= (o9, )X, (x) ",

a('" 1>| @

Clearly, 6 > —1, and by definition, nl"'“(aj +1) = 6+ 1. Thus, by the
induction hypothesis, we have | g||;. < c[|Vgl|,, for any g of the form g =
fo 7~‘ 0---0 7~' _, Wwhere f satisfies (2.8) and {f’k};"_l are defined as usual

-1
o1
see that Tk = T, . Now applying Lemma (2.1), we obtain

(/ A (x)|"u(x + am)dx) l/q <c (/ IVA(X)|Pv(x + am)dx) 1/p

if h=(foTjo---0T, )ogp, .Since h(x—a,)=(foT o---oT, )(x), the
desired result follows by replacing x by x—a,, in the integrals. This completes
the proof of Lemma (2.13).

starting with the points {a m=1) } and the exponents {«a j};";l' . It is easy to

Lemma (2.14). Let {a,}\" bedistinct pointsin R", {a }]" satisfy a; > -1, and
define {Tk};" by (2.11). If g € C;° then the function f = go T,;' 0--0 Tl'1
satisfies (2.8). In fact, f has compact support and satisfies (2.9). In particular,
any g€ C5’° may be written g = foT, o---oT, where f satisfies (2.8).
Proof. We shall first show that

u)nﬂé““=4“,kzﬁ

(i) T,---T,a{" =0, k <m,
where ajk are defined by (2.10)and 7, ---7, =T, 0---oT, .

In fact, (i) is immediate from (2.11) and (2.10). For (ii), we have by (i) that

T, T,a" =T, T, a" "= =Tal =0 by (2.11).

To complete the proof of Lemma (2.14), let g € C§° and f = goT,;l -~-Tl"l

Thus, foT,---T, = g. By repeated use of the formula V(G o S)(y) =

S"'(y)VG(y), where G is real-valued and S is a differentiable transformation
of R", we have

(2.15) Vf(x) = (T] )| (T ””uﬂunmﬂtu

-1
AT ) Nt 1 (Vo

Note that (Tj‘l)' = ((p;l')', and that this can be singular only at 0. Thus,

|V f(x)| can be singular only at the points X/, ...,X, defined by x, =0,
T 'x, =0, T;'T7'x, = 0,

T 'x, =0. Thus, x, =0, x, =

| I m l
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1o, x,=1,7,0,...,x,=T,---T, _,0. Combining this with (ii) above, we
have

x,=0=T,---T,a"™
x,=T,0=T,---T,a"

- _ (m)
Xm = Tl T Tm—lo Tl 'Tmam
Since the transformation T ---T, is one-to-one and the points a('") - ,afn"')
(=a,,...,a,, respectively) are distinct, we see that x,,...,x, are distinct.

We have shown that the singularities of Vf are at most a finite number
of distinct points x,,...,x, . The norm (as a transformation) of (¢;j')'

equivalent to |J _.|1/ " since (o;l is quasi-conformal. Since
J

~ —a;n/(a;+1)
[y (01 ~ :

it follows from (2.15) that
i 1
V£ < ¢, [ I = x; 7/ @*D.
j=1

Since a;/(e;+1) < 1, we see that f is absolutely continuous on lines and that
(2.9) holds. This completes the proof of Lemma (2.14).

3. PROOF OF THEOREM (1.2)

If we assume that I1(a ;+1) 2d+1, Theorem (1.2) follows immediately by
combining Lemmas (2.13) and (2.14). If (a; +1) < Jd+1, pick a; satisfying
@;2a; and I‘I(aj+1)26+l. Let

T(x) = 1+|x|)H(lt‘|xa‘|1|) .

Thus,

&j
=II(x )]‘[(Hlx al) where ¢, =@, —a; > 0.

It follows that TT € D™ and also, since v~ /?~ V[P "~" € p*® and p'(n-1) >

0, that v~ Y/@-D[P' "~ ¢ po. Moreover, by Lemma (2.3), given a ball B,
there is a ball B’ ¢ B with |B’| ~ |B| such that each |x — a;| is essentially




738 A. E. GATTO AND R. L. WHEEDEN

constant on B'. If |x — aj| ~ dj for x € B', we then have (cf. (2.4))

in_ 1/p'
(/ Al s l)dx>
B

e/(n—l) ’
~11 = (/ v“/“’“)n"'("“)dx)l/p :
L\ T+7, s

v Jj=1
Similarly,

([mra)" ﬁ(Hd) N (fwas)"

=1

It follows that (1.3) implies the analogue of (1.3) with IT replaced by II. We
thus obtain the general case of Theorem (1.2) from the case for IT.

Proof of Corollary (1.4). Define Il(x) as in Theorem (1.2) with § = y/(n—1)p
and o ;= B;/p(n—1). Note that the integrand of the third factor in (1.3) is
then ,

v(x)_l/(P_l)n(x)P (n—1) — U)(X)_l/(p_l) .

Since w € 4, wehave w™"/?~" € 4, : in particular, v~ "/®~ VP’ "~V ¢ p®
Thus, the corollary will follow from Theorem (1.2) if we verify (1.3). Since
|B|"/"u(B)"? < cv(B)"?, it is enough to show that

n l/n=1 —1/(p—1) i 1/n 1
(3.1) ( / 0 dx) ( / w™ dx) < c|B|"" (B
B B

Since 7,8, > 0, we see that v € D by [7]. Thus, by the analogue of (2.4)
and the homogeneity of the powers above, (3.1) is equivalent to

1/n—1 1/p' 1/p
(/ ldx) (/ w—l/(p—l)dx> <c|B'""/ (/ wdx) .
B B B

This inequality is true since w € A4,.

4. PROOF OF (1.6) AND (1.8)

The proofs of the results for ¢ = p are similar to those for g > p. The main
changes which are necessary are alternate versions of Lemmas (2.5) and (2.13).
We list these versions in the next two lemmas, and indicate their proofs below.

Lemma (4.1). Let Il(x) be as in Lemma (2.5). Assume that u and v are
weight functions with

1/n—1 1/r Uy
(/ I'l"dx) l(/ u'dx) |B| /']
B B
r 1
.[(/{v"/“"”n"'("")}’dx)l/ |B|‘/"] ’ <c
B

1/q

Jor some r > 1,
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(I1) u oY € D* uniformly in r near 1.

Define 1,9 and 11 as in Lemma (2.5), with 6 as described there. Then the
analogues of (i) and (ii) for 4,9 ,I1 hold with the same p and q, 1 <p < 0.

As an analogue of Lemma (2.13), we have

Lemma (4.2). Let 1 < p < oo, and assume that u,v and Il satisfy (i) and
(ii) of Lemma (4.1) with q = p, where 11 is as in Lemma (2.13). Then the
conclusion of Lemma (2.13) holds with ¢ =p, i.e.,

</ Ig(x)l"u(x)dx) ’ ¢ </ |V<§'(x)lpv(Jc)dx> "’

Jor every g of the form g = foT,o0---oT, where f satisfies (2.8) and {T,}
are defined by (2.11).

Taking these lemmas momentarily for granted, the proof of Theorem (1.6)
follows from Lemmas (4.2) and (2.14) by the same method that was used to
prove Theorem (1.2), using II as defined there. The only new feature required
is using the fact that if w is a weight for which w" € D* uniformly in r near
1 then given u,v,0 and 7 with 4,v >0 and —o0 < 6,7 < +00, the weights

wx) {(1 + <1 fllxl)y}r {(l +|x])? (1 ffxl)t}l_r

also belong to D™ uniformly in r near 1; this is easily proved by examining
the proof of Lemma (6.3) of [7].

To deduce Corollary (1.8) from Theorem (1.6) we must check the hypothesis
of Theorem (1.6) with I1 defined by

_ B
)" =1+ )’ T (ﬁa_,l) )
j

1+|x—aj

Since by hypothesis we have

_ B
v(x) =w(x)(1+x)" ] (M) :
J

1+ |x—a

it follows that v = wIP"™", or v~ /@=VPP' "D = 4y="¢=1 Since w € 4,

=1/(p=1) —ro/(p—1)

we have w € Ap, , and therefore w €A ” for some ry > 1. It

then follows easily that {v~"/¢~N[P'("=D}y" = ="/~ & D> yniformly in r
near 1. Also, by hypothesis, ¥~ € D* uniformly in r near 1. Thus, we only
need to check that (1.7) holds. The third factor in (1.7) is now

RN VA 1 N 7/
[(/w-'/(p_)dx) |B| /’] z(/w- /(p—)dx)
B B
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1/(p—1

for r near 1 since w~ ' e A, . Thus, since w € 4, (1.7) is the same as

" 1/n—1 , 1/r | 1 1/p
(/I'I dx) l(/u dx) |B| ] < ¢|B| (/wdx) .
B B B

However, since v = IP" Yy and 7,B; > 0, we see that v € D | and the
last inequality follows from (1.9) by factoring out the powers of Il (see (2.4)).

We now turn to the proofs of Lemma (4.1) and (4.2). Lemma (4.2) follows
from Lemma (4.1) in the same way that Lemma (2.13) follows from Lemma
(2.5) with one change: namely, we use the result from [6] that || /]|, < c[[Vf]|.
for any f which satisfies (2.8), provided that ) '

1/p

1r e 1r e
g1/ l(/ urdx) lBll/rl [(/ v—r/(p—l)dx) IBll/rl <c
B B

for some r > 1.

To prove Lemma (4.1), we follow the outline of the proof of Lemma (2.5).
First note that condition (i) of Lemma (4.1) is nested in r, i.e., if it holds for
r = r,, then by Holder’s inequality it also holds for 1 < r <r,. Using (i) and
(i1), and temporarily assuming the analogue of (ii) for &, 7, I1, let us show that
the analogue of (i) for #,7, I holds. Actually, we will show something which
is more general: without any doubling assumptions, we will show that

N 1/n—1 21 ~ 1r ~ 17114
(4.3) (/ n"dx> [(/ {~—} l'I"dx) </ n"dx> ]
B s Ul B
5= =D (=1 )" o VR
(/{ - } H"dx) (/H"dx)
B " B

if it is true that the following analogous inequality holds with IT" defined by

<c

T (x) = (1 + |x)? ™+ ~°11(x) (6,6 arbitrary):

1/n—1 1/r 1yry-Ya
4.4 /n‘”d ) (/ X Amrg ) (/n‘dx>
(44 ( B * [ B{n } * B
- Me=Dppe =1 tr . Yo
: / - " dx </I'I "dx) <c.
B I B

If we assume the doubling conditions and also that 6(a, + 1) +a, —J >0,
this will show what we want since then (4.3) is equivalent to the analogue of (i)
for @t,v ,ﬁ, and (4.4) is equivalent to (i) provided r is near 1. This follows
from (2.4) and the remark made after the statement of Lemma (4.2); also, for
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the first and third factors in (4.4), we use the fact that A = 6(a; + 1)+, =6 >0
together with the identities

I =10 (1 + |x))"”

and
—l/(P |)H"P (n—1) [ -1/(p— l)np ("—l)](1+l |)3~P n— 1)

respectively.
To see that (4.4) implies (4.3), let x = (oak(t) = |¢t|*¢ in (4.3), and recall that
(by the argument between (2.6). and (2.7))

Ti(p, ()™ ~ (1 + )Tt +a,), A=0(c;,+1)+ay -3,
~IT7(t + a,)

by definition of IT". Using these equivalences, the definitions of # and ¥, and

the fact that
(—-Q 1 N tan=arn-1
an n 51 an=op R

we see that (4.3) is equivalent to the boundedness of the product of the following
three terms:

(/ (¢t +a,)" dt
v (B)

“k

u(t +a,) 1/rq
_— ke
(/w,.‘k'(s){l'l *(t+a)" } II'(t+a,)" dt) ,

1/ (p=1) s /o r /rp’
/ v(t+a) Pt +a, ) "V I (0 4+ a,)" di
9 (B) (¢ + a)" ,

Now translate each integral by —a, , and replace the translated ball © @ (¢;k1 (B))
by the least ball containing it. The resulting product is just the expression in
(4.4) for this ball, and thus (4.3) follows.

It remains only to show that (ii) implies the analogue of (ii) for #,d, 1. We
have

b

) 1/n—1+1/r"q+1/r'p’

[ty ae= [ quioZ!©+ iz Oy ar

=/ u(x +a) |x|*"" " dx.
= (8)

Since ¢;' (B) and (o;k' (2B) are essentially balls and have comparable volumes
(see the remarks at the beginning of §2), it follows from the comments af-
ter Lemma (4.2) that #’ € D* uniformly in r near 1. The argument for




742 A. E. GATTO AND R. L. WHEEDEN

{5~ @=D1P "= s similar:
/{ﬁ(t)-l/w-nﬁp (n=Dyr g
B

~ [ e+ a) T (x4 g )Ny
¢"k(5)
( +Ix|)}.p n—1)r | Io:knl r)dx
since N ;
(g, (x)) ~ x| (1 + |x])TI(x + @)
and

[—akn (% - 1) (;1—1—) - akp'(n - l)] r+aon=an(l-r).

This desired doubling condition now follows as above since Ap’(n — 1)r > 0.
This completes the proof of Lemma (4.1).

Remark. In the special case A =0, i.e., d = 0(y + 1) + o, we have m=I
above, and from the fact that (4.4) implies (4.3) we then obtain in case ¢ = p
that the condition

(4.5) (/Bnndx)l/"-l [(/ {H"} " dx )1/’ (/l‘l dx)‘/r] |
(/B{v_l/(p_;nnp ("‘”} nndx) ([Bn"dx>l/r] <c

implies its analogue for #, #,I1. This is true without any doubling assumptions,
but requires 4 = 0. If we use this fact in the proof of Lemma (4.2), we obtain
a version of Lemma (4.2) without having to assume any doubling conditions—
i.e., without assuming (ii) of Lemma (4.1), provided []_ (a; +1) = d + 1.
More precisely, we obtain the conclusion of Lemma (4.2) assuming only that
(4.5) holds for Il(x) as in Lemma (2.13) with H;":l(aj+ 1) =Jd+1. This leads
easily to the following versions of Theorem (1.6) and Corollary (1.8) without
doubling assumptions.

Theorem (4.6). Let I1(x) be as in Theorem (1.2) except that
5= [H(aj+ 1)] -
j=1

For 1 < p < 0o, assume that (4.5) holds for some r > 1 and all balls B. Then
(1.1) holds with p = q and c independent of f .

Corollary (4.7). Let v(x) be as in Corollary (1.4) except that y + 1 =
p(n— l)I'[;":l[{ﬂj/p(n — 1} +1]. For 1 <p < oo, assume that

o () () ] seom”

1/p
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Jor some r > 1 and all balls B, where I1(x) is defined by

m _ B
n(x)l’(”-l) — (1 + |x|)7H (M) .
=1

I+|x—-aj
Then (1.1) holds with p = q and c independent of f .

Of course, in verifying Theorem (4.6), it is not necessary to use the part of
the argument having to do with II. In verifying (4.7), we argue as for (1.8) and
use the fact that since {w™"/?"VII""}'II" € D*® for r near 1, (2.4) gives

/(-1 " 1r 1/r 1r ,
(/B{—“’ o } l'l"dx) (/Bl'l"dx> ~ (/Bw"/("_”dx) 1B|'"

z/w_l/(p_l)dx
B

for r near 1 since w~/®~V €d,.
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