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LORENTZ SPACES THAT ARE ISOMORPHIC
TO SUBSPACES OF L'

CARSTEN SCHUTT

ABSTRACT. We show which Lorentz spaces are isomorphic to subspaces of L!
and which are not.

The class of subspaces of L' is known to be quite big. Even if one considers
only symmetric subspaces of L' ie. subspaces that have symmetric basis or
that are isomorphic to a rearrangement invariant function space, one finds that
the class is quite rich.

It can be shown that those spaces are isomorphic to averages of Orlicz spaces
[3, 11]. It was first believed that those spaces are in fact just Orlicz spaces
[1]. Examples were given that this is not the case [3]. These examples have
an abstract nature. Therefore our paper serves two purposes. On one hand it
decides the natural question, which Lorentz spaces embed into L' and on the
other hand it gives some examples of spaces that show up naturally in functional
analysis and that are symmetric subspaces of L though they are not Orlicz
spaces.

In particular we show that the Lorentz spaces L”*? embed into L' if and
onlyif 1<g<p<22orp=g=2.

We would like to mention that infinite-dimensional versions of the Orlicz
spaces that we use in our standard embedding were already used in [6] for some
other purpose. This type of space was first studied by Rosenthal [12].

In §1 we state the theorem and derive some corollaries. Also we present some
propositions from which the theorem follows. The propositions are proved in
the following section.

0. PRELIMINARIES

A basis {ei};'=I of a normed space is C-symmetric if we have for all signs
¢; =xl, x; € R, and all permutations 7

n n
inei Z € X i)€i
i_1 =1
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The Banach-Mazur distance of two Banach spaces E and F is d(E,F) =
inf{||I||||I_'|||I is an isomorphism between E and F}. For a given x € R”
the sequence x; , i =1,...,n, is the decreasing rearrangement of x|, i =
1,...,n. If f is a measurable function on [0, 1] we denote by f* the de-
creasing rearrangement of |f|. Let 1 =a, >a, >--->a, > 0. The Lorentz
space d(a,p) is R" with norm

n 1/p
lxll = (Z a,lx; |p>
i=1

and, if W is a nonincreasing, continuous, nonnegative function on (0, 1] with
fol W(t)dt = 1, the Lorentz space L},[0,1] is the space of measurable func-

tions with norm
1 1/p
I/l = ( | irorwa dt) .
0

A Banach space has cotype 2 with constant C if we have for all sequences of
vectors x;, i=1,...,n,

n 1/2

2
(E l|xi||) < CAve,
i=1

and a Banach lattice is 2-concave with constant C if

n 1/2 n 12
(Eux,.nz) <C (le,-lz) :
i=1 i=1

For a given Banach space we denote the infimum of these numbers C by
concave,(E) .

i *x;

i=1

1. THE THEOREM

Theorem 1.1. Let 1 < p < 2 and W be a nonincreasing, positive, continuous
function on (0,1] with fol W (t)dt = 1. Then the following are equivalent:

(i) L%, is isomorphic to a subspace of L” .

(i1) L%, has cotype 2 (is 2-concave).

(iii) There is a C > 0 such that we have for all x € [0,1]

* -p/2 -2 [*
(1.1) / W (t)t dt<Cx / Wi(t)dt.
0 0
Proposition 1.2. Let 1<p<2and 1=a, >a,>--->a, >0 such that

k
(1.2) al+(l—%)Zajj_p/ngkl_p/zak, k=1,....,n.
j=1

Then there is a subspace E of I° such that d(E ,d(a,p)) < CD where D isa
universal constant.

Proposition 1.2 will be proved in §3.
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Proposition 1.3. Let 1 <p<2and 1=a >a,>--->a, >0. Then we have

k k
zaii—p/stpk_p/zzai, k=1,...,n,

i=1
where Dp depends on p and the 2-concavity constant of d(a,p) but not on n.

Proposition 1.3 follows from Lemma 4.3 and Proposition 4.4 with s =
2/(2-p).
Lemma 1.4 [9, p. 306]). Let X be a separable Banach space and 1 < p < oo
such that for every finite-dimensional subspace E of X there is a subspace E
of I’ with d(E,E) < d. Then there is a subspace Y of L°[0,1] such that
dX,Y)<d.
Proof of Theorem 1.1. If L%, is isomorphic to a subspace of L’ then L%, has
cotype 2, or, which is equivalent [4,10], is 2-concave. We show first that L’,’,,
is isomorphic to a subspace of L’ if there is a constant C such that (1.1) holds.
By Lemma 1.4 it is enough to show that the subspaces of L‘,’V spanned by the
VECLOTS X((;_1)/n i/n]> i=1,...,n, are uniformly isomorphic to subspaces of

L? . We have
1/p
<Z|x| / W (1) dt) .
(i=1)/n

n
> Xi&[(i=1)/n ,i/nl
i=1

We put
i/n 1/n -1
(1.3) a,.=/ W (1) dt wadt) ,  i=1,....n,
(i=1)/n 0
and the space d(a,p) is isometric to the subspace of L’;V spanned by
Xgi—vymim>  E=1,
By our hypothesis (1.1) we have

-p/2 k/n —p/2
Z/ W(t)( ) dt < W ()t "' dt
(i—=1)/n 0

k -p/2 rk/n -p/2 k
<cC (-) W) dt = (—) / W) dt.
n 0 (i—-1)/

Therefore we get

k k
(1.4) Y ai??<ck™?Y a,.
i=1

i=1

This means in particular

k
% o ai< Y a(P-cky<ck? Y a.

i<k/(2C)¥ i<k/(2C)¥e i>k/(2C)p
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Therefore we obtain

1 —p/2 1-p/2
= Z a;i < Ck
i<k/(2C)r

Qe j2cyy +

This implies

n

k
Eaii“p/zsC'kl_p/zak, I<k<—or,
o (2C)“?

and C' depends only on C. In case this inequality does not hold for k >
n(2C )_2/ P we simply change the a, . We put

-2
& = ay, ey for k >n(2C) ”

By this we do not change the norm of d(a,p) significantly. This follows by
triangle-inequality. On the other hand we establish inequality (1.2) so that we
can apply Proposition 1.2 to d(a,p).

Now we show that (1.1) holds if L’;V has cotype 2 which is in particular true
if L}, is isomorphic to a subspace of L”.

By [4,10] a Banach lattice has cotype 2 if and only if it is 2-concave. If
L’;,, is 2-concave then the 2-concavity constants of the spaces d(a,p) with a
defined by (1.3) have to be uniformly bounded. We apply Proposition 1.3 and
get

k k
Zaii_p/stpk_p/ZZai, k=1,...,n.
i=1

i=
Therefore we get

k/n k i/n
Wy " de = Z/ W) "* dt
j=2 Y (i=1)/n

I/n
k i—1\7P/2 piln
< < ) / W(t)dt.
= n (i—=1)/n

=

By (1.3)

1/n

k i—1 -p/2 1/n k i —-p/2
= W(t)dtz (T) a S/ W(t)dIZZ (;) a.
i=2 0 i=2

0

By Proposition 1.3

I/n k -p/2 _k k\ P2 [kin
< i W (1)d1C, <;> §a, =C, (z) i W(t)dt.
We obtain n o2 ki
w"?di<C, <;) i W (t)dt

1/n
forall 1<k<n<oo. O
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Corollary 1.5. The Lorentz spaces LF*[0,1] are isomorphic to subspaces of
L'[O,l] ifandonlyif 1<q<p<2orp=q=2.

For the proof we also require the following notion and lemma [8]. Suppose
that {ei};'=l is a 1-symmetric basis of E. Then there is an Orlicz function M
such that
k

Zei

i=1

<
E

<2 R k=1,...,n.

E

k k
Zei Zei
i=1 i1

We say that M, is associated to E.

Mg

Lemma 1.6. Let {e,}_, be a 1-symmetric basis of E and suppose that E is
C-isomorphic to a subspace of L'. Then we have for all x

n n
Y xe, Y xe
in1 im1

where D is a universal constant and My an associated Orlicz function.

<CD

Mg

E

Proof of Corollary 1.5. The positive direction for 1 < g < p < 2 is a conse-
quence of Theorem 1.1. The negative direction follows from Lemma 1.6. The
spaces L* do not have cotype 2 unless ¢ = 2 [2]. Therefore those spaces
cannot be isomorphic to subspaces of L'. If p > 2 then L’ does not have
cotype 2 [2]). O

2. SOME REQUIRED LEMMAS

Here we collect some results that were proved in other places and that are
essential for the proof of the main result.

We prove the results by using averages over permutations. For other methods
see [6, 12].

Lemma 2.1. Let 1 < p <2 and a;; >0,i=1,...,n, j=1,...,N, with

P Ej'il |a ;I = n. Then R" with norm

N n p/2 1/p
2
Il - (zAven (Shanr) )
j=1 i=1

is \/2-isomorphic to a 1-symmetric subspace of I” .

Proof. Let I be the isomorphism mapping x € R” onto an element from l,’;,

p) 1/p

27n!

given by (2"n!)”'P(T0_, x.¢,a We have

i n(i)j)j ,€,1 "

N
el = (Z%ZWZ
j=1 " = €

n
Z Xi€:8y.\j
i=1
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By Khintchine-inequality we get

N n p/2 lr
11(x)ll, < (E Ave, (Z %4 2) ) <V2|I(x)||,. o
j=1 i=1

Lemma 2.2. Let 1 < p < g < oo, then we have

1) (1 O s .
10 (;EIS(k)V’) +(; > |S<k>r’)
k=1

k=n+1

) n pla\ /P
q
< (Z 12705 )
n i=1

L& 1/p |z l/a
< (;DS(kn") + (; > |S<k)|")
k=1

k=n+1

where S(k), k =1, ... ,n*, is the decreasing rearrangement of a;, I,j =
1,...,n.

Proof. The result for p = 1 and a constant equal to % is contained in [7]. To

pass to the general case we consider the matrix af’j instead of q; T Also, as
second exponent we have to choose g/p which is possible since p <g. O

As an immediate consequence we get the following lemma.

Lemma 2.3. Let 1 <p <2. Then we have forall xeR" and k=1,...,n

. 1/p n 1/2
((Ewr) " (S mr))
i=1 i=k+1

p/2
ip| 1 2

n i<n/k

k 1/p n 1/2
1/p—1/2 * 2
s(}]xﬂ") +k'” /(§:|x,-|)
i=1

i=k+1

1/p

where x,.' , I =1,...,n, denotes the decreasing rearrangement of |x,|, i =
1,...,n,and C > 0 is a universal constant.

Proof. If we apply Lemma 2.2 to the matrix
x; if1<j<n/k,

0 otherwise,
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we have

[k]z'x "’<ElS(k)| %Zklxz‘l”,
EPILARS Z IS(k)[? %XE

i>2k k=n+1

3. THE STANDARD EMBEDDING

Proof of Proposition 1.2. We consider R" with norm

(3.1)

n—1
x|l = Z(ak - ak+1)
k=1

k 1/p n 1/2|P
*p 1/p—1/2 2
(le,-l) NadDS ;x;|)
i i=k+1
n 1/p
P
+an§:|x,.| } .
i=1

By Lemmas 2.1 and 2.3 these spaces are C-isomorphic to subspaces of L’
where C is a universal constant. We verify that this norm is equivalent to the
norm of the n-dimensional Lorentz space d(a,p). We have

n—1 k n 1/p
x|l > (E(ak @) Z %" +a, Z Ixilp)
k=1 i=1 i=k
n n—1 l/p
- (it (o Sa-an))

i=1 k=i
n 1/p
*\p
- (Swita)
i=1

On the other hand, by the same calculation we get

n 1/p /2
Xl < (Z |x:’pai) E(ak i)k 1=p/2 ( 3 Ik )
i=1

1/p

i=k+1

It is left to estimate the second summand. Since we have

( 3 |x,-‘|2) N (lxkr’zc + 3 Cl |”)W

i=k+1

i=k+1
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with 7 C, = j* for j=1,...,n we get
n—1 n p/2 l/p
1-p/2 2
>0, -a k' (3 1)
k=1 i=k+1
n—1 I—p)2 k n 1/p
S )
k=1 i=1 i=k+1
n—1 l/p n—1 n l/p
* 1— /2 *
< ( (@, — a, klx; |p) + (Z(ak -,k g Z Cilx; |p)
k=1 k=1 i=k+1

Since

J

> k(g -ay,,) = Jaj+l+2ak<2ak forj=1,...,n—-1
k=1 k=1 k=1
we can estimate the first summand by (3 aklxk 7)!P
estimate the second summand

n—1 n l/p
(Z(ak - ak+1)kl_p/2 > Clx; |p>

k=1 i=k+1

. Again, it is left to

n—1 1/p
(Z ENige Z(ak—ak+l)k‘ R ic kil Z akH)k'_"/z) .

i=1 k=1

We have
C,=1, C=k"-(k- 1)”/2g‘2—’(k- D% fork=2,....n

and

d i
Z(ak - ak+l)k|_p/2 < a, + Zak(kl—p/Z _ (k _ 1)1—17/2)
k=1 k=2

<a, +iak (1 —%) (k-1
k=2
<a,+2(1-2) La k",
k=2

By the hypothesis (1.2) we get

i
Z(ak - akﬂ)kl—”/2 <2Ci'™"*q
k=1

i
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Therefore we get, with a universal constant D,

n—1 n 1/p
(E(ak —a DK TP Clx) 1”)
k=1

i=k

n—1 l/p
<CD (Z Ix; I’ +an_llx;|p) . O

i=1

4. 2-CONCAVITY OF LORENTZ SPACES

Proposition 4.1. Let 1<p<2and 1=a >a,>--->a,>0. We have

concave,(d(a, p))

(X,.: a,.lb,-l") 1/p

=1
: | 181, = lell,

(S

= sup

(4.1)

>
()

0,
0 k=1,

v IV
IY v
Vv
|V IV

(3)
[

i &2 b
D b2 e !
i=1 i=1

—

Compare also [13].

For the proof we require the following lemma which is essentially the same

as Theorem 4.6 in [5].

Lemma 4.2. Let x, > x,>->x, >0 and y, >y, >--- >y, >0 such that

i=

n n k k
in=Zy,., inzzyi, k=1,...,n.
im1 =1 im1

Then there are numbers d, > 0 with ) r1 4, = 1 and permutations n,, r =

1, , N, such that

yk=Zd,xm(k), k=1,...,n.

Proof of Proposition 4.1. For simplicity we refer to the right-hand expression as
C,. We show first that the left-hand expression is smaller than the right-hand

one.
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(g le,llz)l/2 (é (E 1x,(i)"| a) /,,) "
n p/2\ /P
[En o))

<C; (; (le,(a(l) )p/z)w.

The last inequality holds because

D NN B LES Ol

i=1 I=1 =1 i=1 I=1
is valid for all permutations o . Therefore we get

N 1/2 N 12y "
(an,nz) <C {(Dx,(i)f) }
=1 =1

i=1
Now we show the opposite inequality. Let b,c € R" with |||, = ||c||, and

2

=~

forall k =1,...,n. By Lemma 4.2 we find numbers d, > 0 and Edrz =1
and permutations n, such that

2
ck=2 . n,(k)’ k=1,...,n.

We have
N 1/2 N 1/2
b = (2 dfubuz) = (Z ||<d,b,,,(k)>:=.||2)
r=1 r=lN i
< concave,(d(a,p)) {(Z |drb”’(k)|2) }
r=1
= concave,(d(a,p))|c|. O -
Lemma4.3. Let 1<p<2and 1=a >a,> -->a, >0. Then we have

k 2-p)/2 k
(Z |ai|2/(2_p)> < (concavez(d(a,p)))k—”/ZZa,., k=1,...,n.

i=1

Lemma 4.3 follows immediately from Proposition 4.1.
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Proposition 4.4. Let a; >a,>--->a, >0 and 2 <s < oo such that

k 1/s k
(4.2) (Z |a,.|’) <Ck'"™'Sa,  k=1,..,n.
i=1

i=1

Then we have

i=1

k k
Y ai'* <Dk Y a,  k=1,..,n,
i=1

where D = D(C,s) does not depend on n.
Lemma 4.5. Let a, >a,>--->a, >0 and 2 <5 < oo such that

k l
(4.3) K'Y e, <1 S e, 1<k<i<n.

i=1 i=1
Then we have

n

k
1/s—1 [(s=1) 21/ —_—
k S E a < 2(2C)s d k ~"ak, 1<k< (zc)s/(s—l) )

i=1
Proof. Let a =[(2C)"“ D] +1.
PR k < Clak)1-9's ok < Ly k L -1 ok

2.4, <Clek) ") e, <3k g+ 5 2 4

i=1 i=1 i=1 i=k+1
Therefore

1 k 1 ak 1 a,l
i=1 i=k+1

Lemma 4.6. Let 2<s<oo and a; > a,>a,>--->a, >0 such that

k /s
(Zlails) _<_Ck'/sak, k=1,...,n.
i=1
Then we have a, < %Dl/‘aDk, 1 < k < n/D, where D > 2exp(2°C*) and
DeN.
Proof. We have by hypothesis

k+j

Yolaf < Ctk+la,,l .

i=1
This implies

klak|s < Cs(k + j)lak+j|s

which implies

) Dk Dk—k Dk—k 1
s s s -5 S
C'Dklap,[ 2 lal 2 Y lag, [ > C7%la 'k 3 k+i’

i=1 i=0 i=0
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Since

Dk—k

1 Dk D
E _> > —
i=0k+i-ln(k+1)—ln ’

we get C”Dlay, |’ > |a,['n2. Since D > 27" we get (D/2)ap, [ >
la,I'. O
Lemma 4.7. Let 2<s<oo, DeN,and a; > a,>--->a, >0 such that

(4.4) a, <iD"a,, for1<k<n/D.
Then we have

AP < DM, 1<k <

[\/]»

Proof. We show by 1nduct10n

Zall/s 1 )l/s ISDkSn.
We have
Dk+| A+1
Zall/s 1 Zall/s 1+ E all/s 1
i=Dk+1

k

SD(Dk)l/saDk +aDk( k)l/s l(Dk+l -D )
k

=aDk(D )l/s(zD'— l)saDk( k)1/52D<aDkH(Dk+l)l/SD. o
Proof of Proposition 4.4. By (4.2) we have in particular

! k
1'""7'Sa < ck'" ™ e, 1<I<k<n.
By Lemma 4.5 we get
k
K73 6 <220 K e, 1<k —

- - (ZC)S/(J—I) '
i=

This inequality together with (4.2) gives

k 1/s
s J(s=1)+1, 1/s n
(ZI |a,.| ) < (ZC)S k a,, 1<k< (Z—C)S/S_l-
i=

By Lemma 4.6 we get
Dl/s

n
akSTaDk’ ISks—D—(—ZC—)‘/(S_—T)’
and D is only depending on C . By Lemma 4.7 we obtain
k
1/s—1 2, 1/s n
Zail SDk ak, lSkSW:I—),

i=1
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which gives

k k

1/s—1 2, 1/s—1 n
Za.z <Dk Za‘ 1<k< ————.
= ) = = 1

el pril pcy ey

For k > n/D(2C)*’“™" we get the inequality because g, i=1,...,n,isa
decreasing sequence. O
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