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MARKOV EXTENSIONS, ZETA FUNCTIONS,
AND FREDHOLM THEORY FOR
PIECEWISE INVERTIBLE DYNAMICAL SYSTEMS

G. KELLER

ABSTRACT. Transfer operators and zeta functions of piecewise monotonic and
of more general piecewise invertible dynamical systems are studied. To this end
we construct Markov extensions of given systems, develop a kind of Fredholm
theory for them, and carry the results back to the original systems. This yields
e.g. bounds on the number of ergodic maximal measures or equilibrium states.

1. INTRODUCTION

A. Background.

Piecewise invertible dynamical systems have attracted considerable attention
during the last two decades. They occur in the literature under various names,
the most prominent are perhaps: piecewise monotonic transformations [La-
sota/Yorke, 1973], f-expansions or number-theoretical algorithms, see [Water-
mann, 1970] or [Schweiger, 1973] for references, and one-sided subshifts, in
particular subshifts of finite type or topological Markov chains, cf. [Denker et
al., 1976]. They all can be described as triples (X,7T,Z) where X is a topo-
logical space, .Z" is a finite or countable partition of X,and T: X — X isa
mapping whose restrictions T, to elements of Z" are injective.

[Hofbauer, 1986] investigates topological properties of (a restricted class of)
such systems. He constructs a topological Markov chain on a countable state
space in such a way that the system under consideration is a continuous factor of
this chain (in fact, it is a one-block factor). Although the factor map is generally
not finite-to-one, it is nice enough to carry over a great part of the chain’s
topological structure to the underlying system yielding in this way a description
of the set of nonwandering points and of the measures of maximal entropy.
Such results ignore, however, a possible smooth structure of the space X and
a priori ideas about what subsets of X are small in a measure-theoretic sense.

To be definite, consider the family of systems ([0, 1), Tp ,_"Z;) ,0<p<l1,

where 2 ={[0,p),[p,1)},T,(x)=p 'x(0< x < p),T,(x)=(1-p) "' (x - p)
p<x<l). Al Tp leave the Lebesgue measure on [0, 1) invariant and are
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measurably isomorphic to a one-sided Bernoulli-shift with stationary probability
vector (p,1—p). Their metric entropy plogp+(1—p)log(l—p) is maximized
for p = % such that the Lebesgue measure is singular to the measure of maximal
entropy if p # % . Nevertheless we are mostly interested in properties of orbits

(T: X),_, ,.. valid for Lebesgue-almost all x €[0,1).

This motivates the attempt to investigate extensions (X ,7,.Z) of “smooth”
systems which at the same time inherit the “smooth” local structure of the sys-
tem and show a global Markov structure similar to that exploited by Hofbauer.
As a consequence of the Markov structure, “smooth” probability densities on
X are transformed by the action of 7 into “smooth” densities, provided that
T itself is “smooth” enough. This allows a systematic study of the spectral
properties of the Perron-Frobenius operator of T acting on spaces of “smooth”
functions on X . To number-theorists this operator is better known as Kuzmin
operator, and in statistical mechanics generalized versions of it are called trans-
fer operators. (I shall adopt this last name.) In a second step these results must
be interpreted for the system (X ,7T,Z).

During my work on these problems I learned that the same techniques can
be used for exploring equilibrium states on various subshifts. For subshifts of
finite type [Mayer, 1980] has done interesting work in this direction (in the
context of one-dimensional spin systems with long-range interactions). From
his work I learned how to use the theory of nuclear operators for investigating
dynamical systems. The results presented here apply to a much broader class of
subshifts including sofic systems (see [Coven/Paul, 1975], [Weiss, 1973]) and
many coded systems (see [Blanchard/Hansel, 1986]).

B. Organization and results.

§2 begins with a quick review of the spectral theory for quasicompact op-
erators and of Fredholm-determinants for nuclear operators on Banach-spaces.
Both concepts are combined in the definition of quasinuclear operators (Def-
inition 2.3. Some technical aspects of this definition are motivated by later
applications.) The main result for quasinuclear operators P (Theorem 2.5)
describes that part of their spectrum that can be characterized by the zeroes of
an analytic function associated with P and called the Fredholm-determinant of
(Id-zP).

The next three sections are independent of these functional analytic prepa-
rations, and the reader might prefer to begin his reading of this paper with
definitions, basic facts, and simple examples for piecewise invertible dynamical
systems and with the construction of Markov extensions for given systems (§3),
followed by an introduction to transfer operators and (Ruelle-)zeta functions for
weighted piecewise invertible systems and their Markov extensions (§4) ' and

! Very briefly: If 7: X — X is an at most countable-to-one transformation and if g: X — C
is a “weight function”, then (Pgf)(x) = Zver- . f(»)g(y) is the associated transfer operator and

{g(z) = exp (Zw = Y ornee, 8X)E(TX) .. g(T"“x)) is the corresponding zeta function.

n=1l n
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some considerations on analytic structures for such weighted systems (§5) in-
cluding notions of (generalized) holomorphic functions and expanding systems.
§6 is the core of this paper. We investigate transfer operators Pg acting on a
space #Z > of bounded holomorphic functions: Theorem 6.1 gives conditions
under which transfer operators of Markov extensions of expanding systems are
quasicompact on #* and describes in some detail the isolated eigenvalues of
Pg and their associated eigenspaces. Our main result, Theorem 6.2, gives ad-
ditional conditions under which P, is quasinuclear and under which (some of)
the isolated eigenvalues of P, are just the inverses of the poles of { (7). This
uses heavily Theorem 2.5. Finally, Proposition 6.10 and Theorem 6.11 relate
the peripheral spectrum of Pg to invariant measures on irreducible components
of the Markov extension.

While the zeta function of a weighted piecewise invertible system and that
of its Markov extension are often equivalent in the sense that they have the
same poles and zeroes in the domain referred to by Theorem 6.2, the relations
between the spectral properties of the corresponding transfer operators are more
delicate: Proposition 7.1 provides some general criteria for an eigenvalue of the
original system to be also an eigenvalue of the extended system. Unfortunately
I was not able to obtain a useful, general result in the other direction, except for
peripheral eigenvalues (Lemma 7.3). 2 Nevertheless the results from §86 and
7 show that for many transfer operators P, associated to a weighted piecewise
invertible system there is r < r(P,) (= spectral radius of P,) such that the
inverse of each eigenvalue A of P, with |A| > r is a pole of the corresponding
zeta function with multiplicity equal to the algebraic multiplicity of A.

In §8 some of the previous results are translated into the “language” of equi-
librium states. For example, if the greatest positive eigenvalue of the transfer
operator f’g of the Markov extension of a weighted system is simple, then there is
a unique equilibrium state u for log g (Theorem 8.3.b), and if (T, u) is weakly
mixing, then the partition Z is weak Bernoulli under T with an exponential
mixing rate (Theorem 8.5). (Both theorems say a bit more than indicated here.)

In §9 we touch upon several applications of Theorem 6.1: It is pointed out,
how the spectral theory for Pg can be used to approach various probabilistic

limit theorems via the routes (a) L*- approximation, (b) strongly mixing sta-
tionary processes and functionals of them, (c) Fourier- or Laplace-transforms.
We also relate exponential extinction rates to the pressure of T restricted to a
certain “repelling” subsystem (Proposition 9.7) and give a rigorous proof of the
fact that long transients behave stochastically just like typical trajectories from
the “repelling” subsystem.

I have chosen three classes of examples in order to illustrate the sometimes
rather general definitions and results:

2 For a rather special case the reverse implication has been proved in [Hofbauer/Keller, 1984).
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(I) Topological Markov shifts, sofic systems 3

These are among the simplest piecewise invertible systems, and they are in-
cluded only, because everything reduces to ideas well-known to most readers.

(I1) Up-and—down-counters4

This is a class of subshifts which are neither of finite type nor sofic (i.e.
homomorphic images of subshifts of finite type). Using a rather explicit formula
for their zeta function {,(z) we show e.g. that they have unique maximal
measures (8.7).

(II1) Piecewise analytic and expanding interval transformations 5

These are maps 7 :[0,1] — [0, 1] for which there is a partition 0 = a, <
a, <---<a, =1 such that each Tl(a,_. a) is monotone and extends holomor-
phically to a map Tl defined on a complex neighbourhood of [a,_,,a,] and
satisfying |T,~,l >a>1.1f ¢:[0,1] — C is such that each P4, a Cxtends
holomorphically to the same neighbourhood as the corresponding TI and if
g=¢expg,

I/n
g, = lim (suplg(x)»g(Tx>~...-g(T"“x)|) ,
n—oo \

then ( (z) extends to a meromorphic function on {lz| < go_o'}, and 17" is
a pole of { e if and only if A is an eigenvalue of Pg , the transfer operator of

the Markov extension of 7. In this case, the multiplicities of A asa pole
and of A as an eigenvalue coincide. If g = 1/|T7|, i.e. if P, is the classical

Perron-Frobenius operator, then each eigenvalue 4 of Pg actingon BV[0,1] 6
that satisfies |4| > g'/2

" is the inverse of a pole of { e The multiplicity of
A as an eigenvalue is less than or equal to the multiplicity of A7 asa pole
(see (7.7)). In this case it is also true that all equilibrium states for logg
are absolutely continuous with respect to Lebesgue measure, and the number
of ergodic equilibrium states equals the multiplicity of the eigenvalue 1 of
P, acting on BV[0,1] (cf. 7.7). This number, in turn, coincides with the
multiplicity of the poleat 1 of { (z) (cf. 6.14and 7.7). An informal discussion
of the Fredholm theory for transfer operators of interval maps can be found in

[Oono/Takahashi, 1980].

C. Discussion.
I feel that the rather heavy machinery used for the description of the general
setting and the proof of the main result needs some additional justification:
(1) Analyticity results for Fredholm determinants and for the inverses of zeta
functions have been obtained so far only for very simple dynamics (topologi-
cal Markov shifts over a finite alphabet) but quite general g, see e.g. [Ruelle,

3See 3.12, 4.8, 5.9,6.12, 7.5.

4 See 3.13, 4.9, 5.9, 6.13, 7.6, 8.7.

5 See 3.15, 4.10, 5.10, 6.14, 7.7, 8.8.

6 The space of functions of bounded variation on [0, 1].
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1976] or [Pollicott, 1986], and, on the other hand, for more general dynamics
(piecewise monotonic interval maps) but rather simple g (piecewise constant),
see e.g. [Takahashi, 1981], [Hofbauer/Keller,1984], or [Mori, 1985]. The com-
bination of more complex dynamics and more general g necessitates a theorem
like 2.5 and justifies the use of holomorphic functions in 6.2. It seems possi-
ble, however, that a clever combination of Pollicott’s arguments with Theorem
2.5 could yield similar results for P, acting on spaces of Lipschitz-continuous
functions or on spaces of functions of bounded variation.

(2) The general framework introduced in §§3 and 4 allows to treat a class
of systems much broader than just interval transformations (which have a very
special Markov extension). This is illustrated by the subshifts in Example II.

(3) Even for interval transformations, and even if one is not interested in zeta
functions, the use of Markov extensions and of holomorphic functions has its
merits: It seems quite difficult to obtain rigorous results about extinction rates
and transient behaviour as presented in §9.C by studying transfer operators
acting on spaces of functions of bounded variation, cf. [Keller, 1984].

(4) All results apply to higher-dimensional systems, too, but it seems to be
nontrivial to verify the assumptions of Theorems 6.1 and 6.2 for fairly general
classes of such systems. The complex p-transformation that maps the unit
square (regarded as a subset of the complex plane) to itself by z — fz mod 7’
(18] > 1) should be a good candidate to test ones ideas for more general two-
dimensional piecewise analytic and expanding maps. It already turned out to
be tractable from a related point of view in [Keller, 1979].

2. QUASICOMPACT AND QUASINUCLEAR OPERATORS

A. Quasicompact operators.

Throughout this section P is a linear operator on some complex Banach-
space (B,|.||). Generalizing Definition V-3-1 and Lemma V-3-1 in [Neveu,
1964], we say that P is quasicompact if there is k € N and a compact operator
K: B — B such that ||Pk -K| < r(P)k where r(P) is the spectral radius of
P . The existence of the limit

(2.1) re = ”lirgo(inf{llP'l — K|| : K a compact operator on B})""

is trivial. Obviously r, < r(P), and it follows from Lemma VIII.8.2 in [Dun-
ford/Schwartz, 1958] that every spectral point 4 of P with |A| > r, is isolated
in the spectrum o(P) of P and that the corresponding eigenprojection E,
has a finite-dimensional range. Thus we obtain the following restricted spectral
representation for a quasicompact operator P (cf. [Kato, 1976], I11.6.5):

For any r > r, there are finitely many spectral values 4,,...,4, with
|4;] > r. All of them are eigenvalues, and P can be decomposed as

N
(2.2) P=>"i(E+N)+Q

i=1
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where E; is the finite-dimensional eigenprojection corresponding to 4., N, =
(P - A, 1d)E; its eigennilpotent 7, and Q is a linear operator with r(Q) <r.
Furthermore EiEj =0 (for i # j), EEN, = NE, = E, (for all /), and
E.Q=QE, =0 (forall ).

In particular, all 4, are poles of the resolvent of P, and 4, is a pole of
order v, if and only if (P —4,1d)"E, =0 but (P -4, Id)""lE,. # 0 (Theorem
VII.3.18 in [Dunford/Schwartz, 1958]).

With this notation we obtain a representation for P":

n Al n = n k n
(2.3) P"=>"A'E, (Z (k)N,. ) + Q"
i=1

k=0

For T: B — B let ker(T) = {x € B: Tx = 0} and range(T) = {Tx: x €
B} . Theorem VII.3.24 in [Dunford/Schwartz, 1958] implies

ker(P — 4,1d)" = range(E,) ~ B/range(Id —E,),

range(P — A, 1d)" = range(Id —E,)
for all .. In particular (P — 4,1Id) is a Fredholm operator.

B. The essential spectrum.

The above spectral decomposition motivates the following definition: For
a bounded linear operator P on B the nonessential spectrum is the set of
all isolated spectral points A of P for which range(P — A1d) is closed and
U,>o ker((P -4 Id)") is finite-dimensional. Its complement in g(P) is just the
essential spectrum ess(P) of P in the sense of [Browder, 1961, Definition 11].
The essential spectral radius is defined as

(2.4) Ios = SUp{|A|: 4 € ess(P)}.

From the results listed in part A it is obvious that for quasicompact operators
Fess < T'g > and, using “measures of noncompactness”, [Nussbaum, 1970] proved
that for arbitrary bounded linear operators

(2.5) r

I
~

ess K

holds.

7 1d denotes the identity mapping on B .
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C. Nuclear operators.

Denote by B’ the space of bounded linear functionals on B. According to
[Grothendieck, 1956, Chapter I1.1], a linear operator P on B is nuclear (or of
trace class), if it can be represented as

oo
(2.6) P=3) ay®x

i=1
where x, € B, y,€ B', ||Ix,|[, ¥l <1,and ¥ |a,| < co. y;®x, represents
the operator on B mapping x to y;(x) - x;. The trace norm ||P|, is the
infimum of all }°°, |e,|, the o, arising from a representation (2.6) of P.

Observe that rigorously the right-hand side of (2.6) is an element of the norm-

completion B'®B of B'® B (ibid.), and in general the same operator P can
be represented by different elements from B'®B. However, if P is p-summing
for some 0 < p <2/3,i.e. if P has a representation (2.6) with >° ||’ < o0
for some 0 < p < 2/3, then there is only one element in B'®B representing
P.% Since we are only working with %-summing operators, we call P nuclear,
if it is nuclear in the sense of Grothendieck and has a unique representation in
B'®B . This allows us to define the trace’ of a nuclear P unambiguously as

(2.7) tr(P) =Y a; yi(x,)
i=1

where o;, x,, y; are taken from any representation (2.6), and the Fredholm
determinant *°

oo zn n
(2.8) det(Id —zP) = exp (- § —tr(P ))
for |z| < 1/ mn_,oo(tr(P"))'/ ".  Theorem 4 and its corollaries in
[Grothendieck, 1955] tell us that det(Id —zP) is an entire function and
(2.9) det(Ild—zP) = [J(1 - z4,)

where the product extends over all eigenvalues 4, of P counted according to
their multiplicities. The sequence (/li):’:l is r-summable if P is p-summing and
r~' =p~' — 1. Finally (ibid.)

(2.10) tr(P) =) _4,.
i
D. Quasinuclear operators.

Remember that the defining property of a quasicompact operator P is its
approximability (in the sense of part A) by compact operators. The resulting

8 See Corollary 3 of Theorem 4 in Chapter I1,§1 of [Grothendieck, 1955].

9 See Chapter 1, §3, no. 2 of [Grothendieck, 1955] or Chapter I1, Proposition 1 of [Grothendieck,
1956).

10 See Chapter I1.3 of [Grothendieck, 1956].
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decomposition (2.2) asserts a much nicer approximation: For any r > r, there
is a finite-rank (and a fortiori nuclear) operator F such that spectral radius
(P-F)<rand (P-—F)F =F(P-F)=0. So there is nothing special, from
this point of view, about approximability by nuclear operators. However, the
operator F is not explicitly known in general, and the Fredholm determinant of
F , which might serve as an approximate Fredholm determinant for P, cannot
be described in known terms. Therefore we shall define quasinuclear operators
in terms of “effective” approximation schemes of nuclear operators.

2.1. Definition. A family .# of continuous projections on a Banach space B
is a projection net if

(a) a,f € F implies aff = fa € F and there is y € F with ay = a,
By=28.

(b) ||a]] £ C forsome C >0 and all a €.5 .

The projection net & is continuous if

(¢) lim s a(x) = x forall x € B in the norm topology of B. t
If 4, =% U{ld}, then & is also a projection net.

Given a linear operator P and a projection net ¥ we fix some further
notation: For a € ¥ denote by r_ the spectral radius of

P :=(Id —a)P(ld —a)
and let r, =lim __r, . Observe that r,=r(P).

2.2. Proposition. Let P be a linear operator on B and let F be a projection net.
If Pa is compact 12 forall a € ¥ andif r,, <r(P), then P is quasicompact
and r, <r,.

If additionally ¥ is continuous and if there is A > 0 such that for all m e N
and 0 < e <r, thereis n>m with

T n n
(2.11) }}EH}II(Id—B)P -l =A4-(r,—¢),
then r. = r, . In particular r, is independent of the special choice of & in
this case.
Proof. Fix a € & . By induction on n we show
(2.12) P" - PP:_1 is compact foralln > 1.

For n =1 this is trivial. For (n + 1) we have
P — PP" = P"Pa+ P"P(Id—a) - PP""'P(Id—a) + PP/ aP(ld ~a)
= P"Pa+ PP" 'aP(Id—a) + (P" - PP'")P(Id-a).

The first term in this sum is compact as Pa is, the third one by the inductive
hypothesis, and the second term is different from 0 only for n = 1, in which
case its compacity follows from that of Pa.

' lim,e# a(x) = x means that for each neighbourhood U of x thereis f € & such that
forall a > B (i.e.af = f) holds: a(x)e U.
12 A similar proof yields the same result if the aP are compact.
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Now (2.5) and (2.12) imply r, < lim,__(|P||-[|IP"~"'|)"/" = r,, and as

€ss — n—oo

a €F isarbitrary, r._<r,_<r(P),ie. P is quasicompact.

€ss — as
For the reverse inequality let K be any compact linear operator on B . Then

(2.13) lim [(1d—-A)K(1d-B)[| < (1 +C) - lim [(1d—~B)K]| =

by continuity of ¥ and the fact that {Kx: ||x|| < 1} is relatively compact in
B . Fix n € N such that (2.11) holds. Then

IP" — K|l > (1+C) % (1d-8)P"(1d—B) — (Id—B)K(1d - B)|
for all f € ¥, and in view of (2.11) and (2.13)
17"~ Kl 2 (1+C)* Tm (14 -A)P" (=B 2 4-(1+C) "+ (r,,—e)"
Now r follows from Nussbaums’s result (2.5) and from (2.1). O

€ss _ as

2.3. Definition. (a) The linear bounded operator P: B — B is ¥ -quasinuclear,
if & is a projection net for which all Pa (a € %) are nuclear and which
satisfies:

(i) For f € & and n € N there exists lim__g tr((aPﬂa)"). This limit is
denoted by try(Pg), and we set ¢, = li_mn_’ooltry(P;)ll/". For f =0 we
have P, = P and write #(P) instead of ¢,. We also let ¢, := li_mﬂey lg .

(ii) There is S > 0 such that [tr((aPa)")]| < S" (neN,aeF).

(iii) For each ¢ > 0 there are C, >0 and f =, € ¥ such that

l(@Pya)"l| < C,(r, + )", [tr((aPya)")| < C,(t, +2)"
for neN and a € 4.
(iv)
lim lla(Pya) P8 - PPl =0
forall €% and jeN.
(b) Having defined a kind of trace for % -quasinuclear operators in (i) we

can extend the definition of a Fredholm determinant (cf. (2.8)) to this class of
operators: For g € ¥ let

(2.14) det, (Id ~zP,) =exp( f:% - ) .

n=1

2.4. Remark. (a) The definition of lg and ¢, depends on the particular choice
of & . This should be kept in mind although the above notation ignores this
dependence.

(b) Condition (iv) means that P and P, map “small” subspaces “close” to
ones that are not much “bigger” (in the sense of the filtration % ). Its special
form is motivated by later applications, where it may be satisfied, as in Example
6.14, not only in the limit but also for “finite” .
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(c) If one does not assume nuclearity of the Pa but instead of the aP
(e € &) and if one replaces the inequality in (iv) by

: J J _
lim [la(Pya) PR — PPB|| =0,

then one arrives at a slightly different definition of quasinuclearity that will not
be referred to in this paper but might be useful in other situations. The following
theorem and its corollary remain valid (see also the footnote to Proposition 2.2).

(d) We did not require r,, < r(P) for S -quasinuclearity. Hence -
quasinuclearity does not imply quasicompactness.

2.5. Theorem. Suppose P is & -quasinuclear. Let R = max{r, ,t, }. Then

(a) det, (Id —zP) is analyticin {z € C: |z| <R},

(b) detg(Id-z,P) = 0 if and only if z, ' is an eigenvalue of P. The
multiplicity of z, as a zero of det, (1d —zP) is finite and equals the algebraic
multiplicity of z; "asan eigenvalue of P.
2.6. Corollary. Under the assumptions of the theorem the following holds:

(a) All spectral points A of P with |A| > R are eigenvalues of P .

(b) r(P)=1t(P), if tre:(P") >0 forall ne€N and if

(1) t,,<t(P) ort, <r(P) and (2) r,<r(P) orr,<tP).
Proof of the corollary. By Proposition 2.2 P is quasicompactand r, <, < R.
This proves (a). If r(P) > r, , we have
r(P) = max{|4|: 4 is an eigenvalue of P}.

Hence, if t(P) > R or r(P) > R, we obtain from (2.14), Pringsheim’s theorem,
and Theorem 2.5

(P) = im tr, (P")""" = max{|z|”': det, (Id—zP) = 0} = r(P).
Otherwise we have r(P) < R and ¢(P) < R, and the additional assumption
implies r(P)=t(P). O
Proof of the theorem. Fix ¢ > 0 and g = f, € & as in Definition 2.3(aiii).
For each o € ¥ (Id—ZaPﬂa)—l exists and is an analytic function of z in
G,={lz| < (R+¢)"'}. Let

A,(2) = - z(1d-B)(Id —zaPsa) ' (1d—f)aPaf,
B (z) = — zBaPa(ld -4 (2))B.

a

Then
(2.15)
(Id—zaPa) = (B + (Id —zaPa)(Id-B)) (4,(z) + B (z) + 1d)

= (Id ~zaPsa - zaPa(ld —ﬂ)) (1d+B (2)) (1d+4,(2))

Although the first identity is not mysterious (its matrix version is Schur’s equal-
ity, see also Lemma 2 of [Hofbauer/Keller, 1984]), the proof is a bit tricky:




PIECEWISE INVERTIBLE DYNAMICAL SYSTEMS 443
Let A=A (z), B= B (z), and make use of af = fa. Then

(B + (Id —zaPa)(Id - B)) (4 + B + 1d) — (Id —zaPa)
=B+ (Id —zaPa)A + zaPap
= z(Id-B)aPap + (Id —z(Id - B)aPa) A
= z(Id -B)aPap + (Id —zaPsa) 4
= z(Id-p)aPap — z(Id - f)aPapf + zf(1d —zaPBa)_l(Id -B)aPaf
= zp(Id - B)aPap + 2’ faPya(ld —zaPsa) ' (1d - f)aPaf
=0

Suppose now that a € # . As P is % -quasinuclear, all factors occurring in
(2.15) are of the type “Id + nuclear operator”. Hence

(2.16) det(Id - zaPa) = det(Id —zaPya) - det(1d +B,(2)),

because faPa(ld—pf) and A4 (z) are “transient” off-diagonal terms which
do not contribute to the determinants (see Chapter II.3, Proposition 2 of
[Grothendieck, 1956]). We take the lim ., on both sides of (2.16): As

oo n
det(Id —zaPa) = exp (— Z 271— tr((aPa)")) for |z| < s~

n=1
by (2.8) and Definition 2.3(aii), we have in view of Definition 2.3(ai, ii) and

(b)

(2.17) liGrg det(Id —zaPa) = det,(Id —zP) uniformly for |z| < (S + e)”!

Similarly, but using (iii) instead of (ii) of Definition 2.3(a) one obtains
(llerg det(Id —zaPya) = dety(Id -zP)
(2.18) = z" . .
=exp| - Z:l " try(P;) uniformly in G,.
n=

As B (z) is nuclear for all a € & (i.e. also in the limit a = Id), we obtain

(2.19) lim det(ld +B,(2)) = det(Id +B,,(2))  (z€G,)

if we can show that lim _; B, (z) = B4(2) in trace-norm ||.||,, for the deter-
minant is continuous with respect to this norm (see Chapter I1.2, Proposition 1
of [Grothendieck, 1956]). To this end fix / € N, and let o > 8 such that for
0<j<l

la(Pye) PR = (Py) PRIy < (ryg+e) - 17"
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(cf. Definition 2.3(aiv)). 3 Then (cf. Chapter II, §1, no. 2 of [Grothendieck,
1955])

1Bi4(2) = B, (2)lly = |28P(A14(2) — a4 (2))ll

<1zl 1BPIY. 12V |(1d —B)(P) — a(Pya))PBIl

j=0
) oo
< . .
< |z|” - const (1(1 D) +§ |z|(r, ||Pﬂ||r)
by Definition 2.3(aiii), and as / was arbitrary, we obtain
(2.20) ilen} |By4(z) = B (2)ll; =0 forall z€G,.

Now (2.16)-(2.20) imply

(221)  dety(Id—zP) = det, (Id —zP;) - det(Id +B,y(2)) for |z <S™",

and the right-hand side of this equation is analytic in G, . This proves (a) of
the theorem.

Let B(z) = B4(z), and suppose that det(Id +B(z,)) =0 for some z, € G, .
The following identity is a generalization of Theorem 5.1 in [Gohberg/Sigal,
1971]:

tr/ B'(z)(1d+B(z))"'dz
|z—2zo|=r

(2.22) _ / didet(ld+B(z))~det(Id+B(Z))_le
lz—zo|=r 42

= 2ni - (multiplicity of the zero z,of det(Id +B(z)))

for small r. We prove it: Recall that

St . .
B(z) = —zBPB — z*P(Id - B)PB — 2’ BP (Z sz/;) PB.
j=1
Since ||SPB| < |IS|| - [[PB|l; for each bounded linear operator S on B,
B(z) is an analytic function of z € G, with respect to the trace-norm, and
|B(z)|l; < % for |z|] < z,, say. Hence, observing the fact that tr(UV) =
tr(V'U) for nuclear operators U and V on B,

tr(B'(z)(1d +B(2)) ) =tr (j—z log(Id +B(z))>

d d
= a—;tr(]og(ld +B(z))) = Elogdet(ld+B(z)) for |z| < ¢,

13 This is the only instant of the proof where Definition 2.3(aiv) is needed. If the definition of
quasinuclearity is varied as proposed in Remark 2.4(c), the proof of the subsequent identity changes
only slightly.
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(2.23) tr(B'(z)(1d +B(z))”") - det(Id +B(z)) = a‘iz det(Id +B(z))

for |z| < ¢,, and by analytic continuation (2.23) continues to hold on G,
(where (Id+B(z)) is defined and analytic). Using once again the continuity of
the trace functional with respect to the trace-norm one finally arrives at (2.22).
As all B(z), z € G,, are nuclear and a fortiori compact, (Id+B(z)) is an
analytic operator-valued function, normal with respect to bd(G,) in the sense of
[Gohberg/Sigal, 1971, §2]. In particular, Theorem 2.1 (ibid.) says

(2.24) M(1d +B(zy)) = 51— tr / B'(z)(1d +B(z)) 'dz
Tl |z—zo|=r
where M(Id +B(z,)) is the multiplicity of the singular point z, of (Id+B(z))
(cf. §1 (ibid.)).The multiplicity M is invariant under equivalence, i.e. if E(z),
F(z) are equivalent holomorphic families of invertible operators defined in a
neighbourhood of z,, then M (E(zy)(Id+B(zy))F(z,)) = M(1d+B(z,)).
Recall (2.15) for a=1d:

(Id-zP) = (Id—zP; — zfP(1d—)) (1d +B(z)) (1d +A(z))

The first and the last factor on the right-hand side are analytic and invertible in
G,,ie. (Id-zP) and (Id+B(z)) are equivalent at z, € G, . Hence

(2.25) M(1d+B(z,)) = M(Id—z,P)

and the right-hand side of this equation coincides with the usual notion
of (algebraic) multiplicity of the eigenvalue z; "of P (ibid., §1,1). As
dety(ld—zPﬂ) # 0 for z € G, by (2.18), assertion (b) of the theorem fol-
lows now from (2.21), (2.22), (2.24), and (2.25). O

2.7. Remark. The theorem allows us to define det(Id —zP) as the equivalence
class of detg (Id —zP) of analytic functions on {|z| < R} under the equivalence
f ~ g if and only if f/g and g/f are analytic on {|z| < R}. This makes
particular sense if there is some ¥ such that R = Fas = byg = Tegs

3. PIECEWISE INVERTIBLE SYSTEMS AND THEIR
MARKOV EXTENSIONS

A. Piecewise invertible systems.

Having accomplished the functional analytic prerequisites we now define the
class of piecewise invertible dynamical systems to be investigated in the rest of
this paper. For similar definitions see [Schweiger, 1975] and [Hofbauer, 1986].

3.1. Definition. Let X be a topological space.

(a) The triple (X,T,.Z) is a piecewise invertible system, if Z is a finite or
countable partition of X such that foreach Z € Z cl(Z) is compact and if
the restrictions T,, canbe extended to continuous injective maps T,: cl(Z) —
X . (cl denotes the topological closure, int the interior, and (for later use)
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bd the boundary.) Often we shall just say system instead of piecewise invertible
system.

(b) (X, T,Z) is a piecewise compact system if all Z € Z are compact open
subsets of X .

(c) The system (X,T,Z) is a Markov system if TZ NZ, # & implies
TZ, 2Z, forall Z 2, e Z .
3.2. Remark. If (X,T,Z) is piecewise compact, then T, = T, is a homeo-
morphism from Z onto 7Z (Z € Z).

3.3. Definition (Cylinders). For n > 0 let

n
Z,=\/T'Z={Z,nT"'Z,n nNT"Z,#0:Z,€ %)

i=0
be the cylinders of length n of the system (X,T,2Z). Denote by V (x) the
cylinder of length n containing x, (x € X) and by reg(X,7T,Z) = {x €
X: T'x € int Vn(Tkx)for allk > 0,n > 0} the set of all regular points of
(X,T,Z). Observe thatif (X,T,2) is piecewise compact, then each Z € Z,
is compact and reg(X,7,Z)=X.

(X,T,Z) is generating, if [x]:=(),5,V,(x)={x} forall xe X.

3.4. Definition (Factors, extensions). (X, T,.Z) is a factor of (X,T,Z), and
(X,T,Z) is an extension of (X,T,Z), if there is a continuous map 7 from
X onto X such that Ton = mo T on the set n_'(reg(X,T,Z)). Then
T"onm = no T* for all k on the same set, because this set’ is 7T-invariant.
We also say n-factor or m-extension if we want to specify the factoring map.
Observe that Tonr =noT onall of X if (X,T,Z) is piecewise compact.

B. Canonical extensions.

Our main goal in this section is to construct in a canonical way a Markov
extension for a given piecewise compact system. At the end we also show how to
find, in a canonical way, a piecewise compact extension for an arbitrary system.

From now on let (X,7T,Z) be a piecewise compact system. The ideas
behind the following construction of a Markov extension are borrowed from
[Hofbauer, 1986] and some of his earlier works, e.g. [Hofbauer, 1979]. Refer-
ences can be found in his 1986 paper. Analogous constructions for (two-sided)
sofic systems are carried out in [Krieger, 1984].

3.5. Definition (Successors). Suppose C is a compact subset of X . The
nonempty sets among TCNZ with Z € Z are called the successors of C.
Wewrite C - D if D=TCNZ. Asall Z € Z are assumed to be compact,
successors of compact sets are again compact, and one can iterate the forma-
tion of successors. Let & be the smallest set of (compact) subsets of X that
contains .Z  and is closed under forming successors.

The following lemma relates the above construction to cylinders. Its proof is
simple and can be found in [Hofbauer, 1986, Lemma 1].
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3.6. Lemma. Suppose that Z, € Z (i =0, ... ,k) and that D C Z,. Let
A, =DnN,T7'Z, and Dy=D, D,=T(D,_)NZ, (i=1,...,k). Then
D,=T"4, and A, =N\, T 'D,. If D= Z,, then A4, € Z,.

Now let
¥= Db
DED
where the D are pairwise disjoint copies of the sets D € & . Elements of X
are denoted by % = (x,D) with xe De @ . Define T: X — X by

T(x,C)=(Tx,D) f C»DandTxeD

andlet £ = {D: D e P}. Then (X,T,Z) is, by construction, a piecewise
compact Markov system. It is a m-extension of (X ,T,Z) where =: X-X
is defined by n(x,C) = x. By n, we denote the projection from X t0o 92,
ngy(x,C)=C.

3.7.  Definition. (a) (X,7T,Z) is the canonical Markov extension of
X,T,2).

(b) The Markov diagram of (X,T,Z) is the directed graph (2, —) with
vertex-set < and edges defined by the successor relation (cf. [Hofbauer, 1986]).
As usual it can be represented by a {0, 1}-valued & x & -matrix. 14

(c) The Markov-diagram is uniformly forward finite if there is a uniform
bound on the number of successors of a single vertex.

3.8. Remark. If (X,T,Z) is a piecewise compact Markov system, it coincides
with its canonical Markov extension, and the Markov diagram describes the
Markov structure of (X,7T,Z) itself.

3.9. Definition (Orbits and paths). An orbit of length n (in X ) is an ordered
n-tuple x,Tx,...,T" 'x. Itis periodic if T"x = x . Orbitsin X are defined
analogously. A path of length n (in &) is an ordered (n + 1)-tuple w =
DyD,...D, with D, | — D, (i=1,...,n). Itisclosed, if D, = D,. With
w we associate the cylinder of length n Z(w) = N_, 7 'D,. Infinite orbits
and paths are defined analogously.

Note that Lemma 3.6 establishes a 1-1 correspondence w — Z (w) between
paths and cylinders of length n. The following relation between orbits in X
and paths in & are implicit in Theorem 1 of [Hofbauer, 1986]. The proof is
easy.

3.10. Lemma. Suppose (X ,T ,Z) is a piecewise compact system.
(a) Each x € X induces a unique infinite path w(%) = D,D,D, --- by D, =
n,(T'%) (j=0,1,2,...). Notation: w,(X)=D,---D

n

14 Hofbauer investigates the topological Markov chain deﬁqedA by this matrix. It is again a piece-
wise compact system and can be obtained as an w-factor of (X,7T,Z) by w(x) = ( n_r,-(T"X)),,ZO .
If (X,T,Z) is generating, then w is a homeomorphism between X and the chain, cf. Lemma
3.6.
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(b) Each infinite path DyD D, --- in the Markov diagram represents a point

x € X, ie thereis X € X with w(x) = DyD\D,--- . This X is unique if
[x]={x}, in particular if (X,T,Z) is generating.
© If o(x) = C,C,C,---, w(») = D)D\D,---, n(X) = =n(p) = x for

%, € X, and if CynV,(x) = DynV(x) for some k > 0, then C, = D,
(i > k).

The following lemma, which relates periodic orbits in X and X to closed
paths in &, is a slight variation of Theorem 8 in [Hofbauer, 1986]:

3.11. Lemma. Suppose (X ,T ,Z) is a generating, piecewise compact system.
(@) If DyD, ...D,_,D, is a closed path, then there is exactly one x € D, such
that T'(x,Dy) = (T"™Y"x,D,__,,) for i=0,1,2,....
(b) If T"x = x for some x € X, and if x € int(n , o T"(x,V,(x))), then
there is % € n”'{x} with T"% = %. If x is in the interior of each D € & it

A

belongs to, then % is unique.

Proof. (a) By Lemma 3.6, 4, = ﬂfzo T_iDimodn is nonempty and compact for
all k € N. Hence 4 =}, T_"Dimod,l C D, is nonempty. Let x € 4_,.
By Lemma 3.6, 4 C [x] = {x}, and we obtain inductively T(T'x,D,) =
(T™'%, Dy iymogn) (i =10,...,n—1). Since {T"x} = T"4 C 4 = {x},
this yields

Ti(x ,Do) _ (TimOan,D~

lmodn) (i 2 O)
As each point satisfying this relation belongs to 4 = {x}, x is uniquely
determined.

(b) Let Z = V(x). Then n(x,Z)=x = n(T"(x,Z)), and for some k big
enough holds

o, (x, Z) NV, (x) =V, (x) = n5(T"(x,2Z)) NV, (x)

because (X,T,.Z) generates. Hence 7, (T'(x,2)) = n,(T""(x, Z)) for i >
k by Lemma 3.10(c), and for a suitable multiple /n of n and X := TI"(x ,Z)
holds

and w, (%) is closed, i.e. w(X) is periodic.

If p is another point with #(y) = x, T"y =y, then also w(p) is periodic,
and by Lemma 3.10(c) the two paths coincide if x is in the interior of each
D € Z it belongs to. X = follows now from part (a). O
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3.12. Example I (topological Markov shifts, sofic systems).
Let X be a finite or countable set of symbols, 4 a {0, 1}-valued XxZ-matrix
which is row-finite (i.e. }_ 5y A(0,7) < oo forall o € X), and let

Q, ={(0,0,05---) € N A(o;,0,,,) = 1 forall i €N}

With the product topology of the discrete topology on X the shift space Q, is
a topological space. If S: Q, — Q,, S(g,0,0;-) = (0,0,0,---) denotes the
shift transformation, and if 2" = {[g],: 0 € £} (where [0], = {(0,0,0;--") €
Q,: 0, = 0} ) is the partition into cylinders of length 1, Then (Q,,S,Z2) is
a generating, piecewise compact system. (For the compactness of the fibers see
Lemma 1.5(b) in [Wagoner, 1988].) We have & = .Z because of the Markov
structure of Q,, and it is easily seen that (Q,,S,Z’) is its own canonical
Markov extension.

If T is finite, if £ is another alphabet, and if : X — £, then 6 extends
coordinate-wise to a map from Q, to N , and

Qo={0(w): e}

is a sofic system (see [Coven/Paul, 1975]). As in [Krieger, 1984] it is easy to
show that & is finite.

3.13. Example II (up-and-down-counter).

This is an example of a family of closed subshifts of {0, 1}N which are
not sofic. Before I describe these systems, some notational conventions are
introduced which will be used later, too.

For a set T of symbols let T© = {6,---0,:n>1,0,€ X} and =3Iy
{empty word} . Similarly, for W C X" let W' ={w,---w,:n>1,w, € W}
and W* = W' U {empty word}. Furthermore let W = {wywywy - w,; €
W}. W™ is considered as a subset of =N, By Q,(W) we denote the smallest
shift-invariant subset of X' containing W™ and by Q(W) its topological
closure in ZV.

If ACZ and BC X or BC XY, welet AB = {uv:u € A,v € B}.
AB C X" orxV, respectively.

If 6 €X then ¢" =0---0 (n-times).

Here comes the up-and-down-counter: Let £ = {0, 1}, fix M C N (infinite,
otherwise we would come out with a sofic system), and let

w, ={0'1":ie M)}
and o
V,y={0'1":0<i<j<ooand jeMifi>0}.

It is quite obvious that Q. (W, ) =V, W;f , and it is also not hard to see that
Qw,,) =V,R,, where

R, =W,y UW,{0°}u {17}
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If S: Q(W,,) — Q(W,,) denotes again the shift-transformation and if 2" =
{[0],,[1],}, then ((W),),S,Z) is a generating, piecewise compact system,
and its Markov diagram has the following structure, if, for example, the three
smallest members of M are 2,5, and 6:

DO—>D1—>D2—>D3—>D4——>D5—>.--

O
by

! ! ! ! ! ! !
Gy — Fy Ey, El,O Ezo E3,o E4,0 Es,o
PN~ s s s s
GTl“Izl E?,I/EI,I/ELI/ELI E4,|
GT2 112 ET,2/E1,2/E2,2/E3,2
(;3 }Is E(l),3/E13/E2,3 o
(;4‘—114 E(I,4/E1,4
Gy — F Es
Il ! i
Gy Fy E,
1 !

6
!
Here

D, ={0'1:1<i<j—n,je M}R, U{0™}, ie D,=[0],
E,,={l'1j>n+1,j+meM}R,,
E={l":1<j<oo}R,, =[1],,

Fy=R,,\ {1°°}
-{O’" n<j<0016M}FU{0 } forn>1,
+1
Gn = {1” } 0
For special choices of M the right hand side of the diagram may collapse. For
M =N, for example, E, o forall m and E, ;=FE.

If M is finite, the same constructlon yields a finite diagram, and (Q(W),),S)
is a one-block factor of the topological Markov chain defined by (&, —») ie.
it is sofic. For later use we note some further facts:

(a) All closed paths are of the form F--- FjGj ~-GyF, (j €M) (or trans-
lates of these cycles), except for the trivial cycle EE .

(b)

D, =int(D,), D,\int(D,)={0"} (n>1),
E=in(E), E,,\in(E,,)={1"} (fM#N),
F \int(F,) = {07}, G,=int(G,).
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3.14. Extensions for nonpiecewise compact systems.

The relations between (X,7T,.Z) and its canonical Markov extension as
stated in Lemmas 3.10 and 3.11 are no longer true, if (X,7,Z) is not
piecewise compact. In order to investigate a nonpiecewise compact system
(X,T,Z) by means of a Markov extension it is therefore useful to construct
first a (usually non-Markovian) piecewise compact extension (X, 7,.Z’) of that
system. This can be done as follows:

Suppose that X is compact and that V € Z . Let

Xo=X, X,= Y dZ), V,= Y dZ) (nx1),

zeZ,_, Z%‘Tl

(disjoint topological sum), and let 7,: X, — X, _, be the continuous extension
of T to X, (n>1).Denoteby @,  the canonical projection X, — X, (n 2>
k) and by (X_,®, ) the inverse limit of the inverse spectrum (X, ,®, )
(see Appendix 2, Definition 2.2 of [Dugundji, 1966]). Similarly (V__,®, ,oolVoo)
is the inverse limit of (V, ,®, ,ann) . The following diagram commutes:

P - P [ P

Xo Xl X, KXoy X

TTlm TTw'z ITw', Irku'k ITOOU'OO
[} [} [} [ [}

Z v, v, e —— ¥,

The map T is uniquely defined by the 7, (1 < k < 00), and as all T,
(1 <k < o00) are continuous and injective, the same holds for Tool,,c° .

I-Ience~ (Xoos T » Py Lo.?' ) is a piecewise compact @, m-extension of
(X,T,Z). Properties analogous to Lemmas 3.10 and 3.11 must be deduced
separately in p~articule~1r cases from the above construction. They depend strongly
on how far (X,7,2) is from being piecewise compact.

For later use we note that

@, (Tex)= T @,  x) forxed;! (reg(X,T,%)
(see Definition 3.3) and for all x if T is continuous.

We close this section with a class of examples for nonpiecewise compact
systems:

3.15. Example III (piecewise monotonic transformations).

Let X CRU {400, — o0} be a bounded or unbounded interval, Z a finite
or countable partition of X into intervals, and let 7: X — X be a map for
which Tl z is strictly monotone and continuous for each Z € Z.

~

(a) The pB-transformation, g > 1: X = [0,1], Tx = fxmodl, & =
{[O,B_l),[ﬂ_',Z,B_l), ,[kﬂ",l]} where k is the integer part of 8. In
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this case
X, -Z[Jﬂ DA T+ kg1,
k—1k—1 | )
X, = LB~ + B2, +(i+ 1B

+3 BT kBT ()BT

kBT BT AT (i 1)

j=0
kg~ w1871,

where / is the integer part of S(8 —k), and so on. The Markov diagram looks
like -

!

where also all intervals in the dashed box are pairwise joined by arrows.
(b) The continued fraction transformation:

X =100,1], Tx = 1modl (x >0) and T(0) = 0. Obviously 2 =
{I,=l5.i:neN}u {{0}} and there are arrows I, — I, I — {0}, and
{O} — {0} for all m,n € N. We shall not pursue further such systems whose
Markov diagrams are not uniformly forward finite. 5

4. TRANSFER OPERATORS AND ZETA FUNCTIONS

A. Transfer operators.

In this section we take a first step from the purely topological concepts of
the last section towards a consideration of “smooth” and measure-theoretical
structures of our systems:

Let (X,T,Z) be a piecewise invertible system. By mb(X) (or simply mb
if no confusion can occur) we denote the space of complex valued, bounded,
Borel-measurable functions on X . Pick some g € mb(X), and fix the following
notation:

g,(x) = g(x)- g(Tx) ... g(T" 'x).

I3 Cf. however the last paragraph of Example 4.10 and Remark 6.3.




PIECEWISE INVERTIBLE DYNAMICAL SYSTEMS 453

4.1. Definition. (a) (X,T,Z,g) is a weighted system with weight function g,
if

Y lg)| € mb(x)

Tx=y
as a function of x.

(b) ;
£, = lim (lg,ll,)""

where |[|. ||, is the supremum-norm on mb(X).

With a weighted system (X,7,.Z,g) we associate the linear operator
Pg: mb — mb (sometimes abbreviated as P)

(4.1) P f(x)=Y_ gMf )
Ty=x
Our goal is to restrict Pg to suitable subspaces of smooth functions and to show
that under certain assumptions on 7 and g this restriction is quasicompact or
even quasinuclear.
For later use we note

(4.2) Plfx)= 3 &0f0)  (neN)

Try=x
4.2. Definition. Pg is the transfer operator of (X, T,Z ,g).
4.3. Remark. These operators are frequently called Perron-Frobenius operators,
in particular if the following setting is considered:
There is a nonatomic measure m on X with respect to which 7 is nonsin-

gular and such that g_1 is its m-derivative. '® Then P, is dual to T in the
sense that

(43) [ Pt fdm= [ £-Trdm

whenever both sides of this equation are well defined (T f := foT ). Obviously
m({g =0}) =
It is easily checked that for 0 < femb and u=f-m

(4.4) ng =f if and only if Tu=u,
where (Tu)(A) = u(T "'A). But even if such an absolutely continuous, 7-
invariant measure exists, this is not the only choice of g for which the operator

Pg describes relevant aspects of the dynamics of (X,7,Z) (cf. §9.C).
We note that (4.3) implies

(4.5) [ippiams< [ in1am - (reLy).

16 Ie. L g~ 'dm = m(T A) for all measurable 4 contained in some Z € Z .
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4.4. Remark. One might ask if, with g as in the preceding remark, Pg: L}n —
L,ln has already interesting spectral properties. This is not the case:

Assume for simplicity that P1 = 1,ie. Tm =m and P(Tf) = f. For
A€C, |A<1,define Q,: L) — L by

ZA T“(1d-TP).

Then PQ, = AQ,, Qi = Q,, and Q,f = f if and only if Pf = Af. Hence
Q, is a projection onto {f € L,'n: Pf=Af},and A isa L:n-eigenvalue of P
if and only if Q, # 0. Since T is not a bijection, there is 0 # f € L,]n with

0# f—TPf=PT(f=TPf), ie. T"(f —TPf)#0 forall k, and there
are arbitrarily large n such that

o f= Z/IT (Id—=TP)f #0.

k=0
Now Q, f # 0 follows from

Q,f= Q;")f+ f:/lk" Tk"QE")f and

k=1
IlI"
=7 n
TR
Hence A is a L,'n-eigenvalue of P, and the L,ln-spectrum of P is the whole

unit-disc. (This argument is taken from §IV in [Keller, 1984]. See also §1 of
[Takahashi, 1981].)

kn

(n) H
S .

B. Zeta-functions.
Another object we associate with (X, T,Z ,g) is the zeta function { g(z)

(or simply {(z)):
4.5. Definition. For Y C X and ¥ C.Z let

(46)  y(Y,m)= > g(x) and y(?/,n>=y(uz,n)

X Thy=x ZEY
T'x€Y(0<:1<n) /

and define

{,(Y,z) = exp (Z %y(Y,n)) L L) =X, 2),

n=1

(4.7) (@) = Tm (& .ml""
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Then ¢ 2(2) is analytic in {|z| < y(Z )']} , and using results of §2, we shall see
that, under the same conditions we need in order to show that Pg is quasinuclear
on some suitable function space, { g(z) can be extended to a meromorphic
function on a bigger domain, where its inverse is closely related to the Fredholm
determinant of Pg.

C. Transfer operators and zeta functions for Markov extensions.

Suppose (X, T,Z) is a piecewise compact system and (X, 7,.Z) its canon-
ical Markov extension. A weight function g is lifted by the canonical projection
n: X = X to a weight function g € mb(X):

(4.8) &(%) = g(n(x)).

By P = f’g and {(z) = ¢ ;(z) we denote the associated transfer operator and
zeta function on X . .

A function f € mb(X) can also be regarded as a family (f},),., of func-
tions f,: D — C where fy(x) = f(x,D). With this notation Pg can be
written in terms of the Markov diagram:

49)  Bhp= Y Usg)°TigeoTa

Co oy | €EZ
Co—+++—=Cp_|—D

Similarly, the zeta function ¢ can be expressed in terms of closed paths of
the Markov diagram, provided (X,7,.Z") generates:
Suppose w = D,---D,_ D, is a closed path of length n in &. By

Lemma 3.11(a) there is exactly one x € D, such that Ti(x,DO) =
(T'mM"x,D.modn) (i > 0), and we can define g,(w) = &,(x,D,). Observ-

1

ing Lemmas 3.10(a) and 3.11(a) we thus obtain

(4.10) {y(2) =exp (Z = ¥ g,,(w)) :

n=1 w closed path of length n
The linear systems (mb(X), P,) and (mb(X), Pg) are related by the maps

e,: mb(X) — mb(X),

ifCeZ,

(4.11) [ f(x),
(e‘f)(xac)—{o’ lfceg\z

and

(4.12) n,: mb(X) - mb(X), (z,f)(x)= Y F(%).

n(xX)=x

Observe that
(4.13) n (e f)=f.
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A

The basic (but not the only) device to “project” spectral properties from P
downto P is

4.6. Lemma. The linear system (mb(X) ,Pg) is a factor of the linear system

(mb(X),P,) via the onto-homomorphism =, , i.e.
n,oP,=Pom,.
In particular
P;f: n,P;(e‘f).
The proof is left to the reader. For similar statements cf. Lemma 10 in

[Hofbauer/Keller, 1984] and Lemma 1 in [Mayer, 1984].
Denote by =, the restriction of 7 to the set {x € X:T"% = x}. The next

lemma relates C ¢ and (. : x
4.7. Lemma.

{;(2) = ((2) -exp (Z Y g,(x)(card 7, {x}—l))

n=1 Trx=x

Proof. Observe that T"% = % implies T" n,(X) = mn,(X) and that g (X) =
8y(m,(X)). O
D. Examples. X

We evaluate the quotient {/{ for the examples introduced in §3.
4.8. Example I (topological Markov shifts, sofic systems, cf. 3.12).

As (Q,,5,2) is its own canonical Markov extension, { ,(2) = ¢ g(z). We
note by the way that if g =1 and X is finite, then Cg(z) = det(Id —zA)_l , see
[Bowen/Lanford, 1970].

The zeta function of a sofic system is rational, and its inverse need not be a
polynomial (see [Coven/Paul, 1975]).

4.9. Example II (up-and-down-counter, cf. 3.13).

As 0% and 1% are the only points which may occur as noninterior points of
some C € &, we see from Lemma 3.11(b) that card n;'{x} =1if T"x=x
and x # 0°,1%. From the diagram in 3.13 one infers that n;’ {0} =& and
n.'{1°} = {(1°,E)} forall n. Hence
{(2) — exp (_i(z_é@w_))n> =1-z.g(0™).

n

n=1

As in Example I we can give a simpler expression for { g(z) if g=1: W, is
a circular code in the sense of [Keller, 1987]. Hence

00 -1
(1 > " card(W,, N z")>
n=1

(-5-)

exp <Z in—y(W,;o , n))

n=1
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(ibid., Lemma 17 ) and

-1
L) =(1-2)"" (1 -3 zz")

neM
(ibid., Lemma 2). In the particular case M =N we thus have
(1+2)

= TTou )

One should note that, although {(z) is meromorphic, neither { nor { ~! can

be analytically extended to {|z| < r} for r > 1 in contrast to the situation in
Example L. If M is finite, then {(z) = 1/polynomial(z). (This is not necessarily
true for general sofic systems, see e.g. the “even” system of [Weiss, 1973].

4.10. Example III (piecewise monotonic transformations, cf. 3.15).

Suppose that .Z is finite. If ¥ € X is regular '8 then o, :» {X%} contains
exactly one element, and 7"x = x if and only if 7"% = % . On the other hand,
if X is not regular, then T*x e bd(Z) for some kK € N and Z € Z, and there
are at most finitely many nonregular points periodic under 7", each of which
has at most two preimages under @, . Hence

(4.14) {,(2) =L (2)H(2)

where H(z) is a finite product of expressions of the type
oo _kn
z k
(4.15) exp (iZT(gk(x))n) =1-z gk(x)
n=1

with k €N and x e bd(Z),Z € Z . (We have tacitly assumed that g: X — C
is continuous on each Z € Z such that it can be lifted by D, , toa continuous
weight function g =go®,  on X.)

Similarly, if 7"x = x and if x is interior to each D € & it belongs to,
then there is a unique X € n;l{x} with 7"% = % (see Lemma 3.11(b)). But if
x € bd(D) for some D = T"Z ,Z € Z, (see Lemma 3.6), then x € Tj(bd(Z))
for some Z € Z and 0 < j < k, i.e. one of the finitely many boundary
points of the sets Z € Z is ultimately periodic and its orbit contains x. Hence
X € n;'{x} is unique for all but finitely many x from above, and for these
exceptional x [Hofbauer, 1986] has shown that there are at most four 7-
periodic X € n_'{x} , each of prime period p or 2p if p is the prime period
of x. Therefore

(4.16) {,(2) = ¢, (2)A(z)

17 The mathematical essence of this lemma is similar to Corollary 1 of Theorem 1 in [Takahashi,
1983). The language used there is very different, however.
8le if Thx €intVy(T*%) forall k,n>0.
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where H(z) is again a finite product of expressions of the type (4.15). It will
turn out later that the factors H(z) and H(z) are unessential for our purposes.

A rather advanced treatment of the continued fraction transformation can be
found in [Mayer, 1976]. There it is shown that { g(z) is meromorphic in C for
a wide class of functions g and that Pg acts as a nuclear operator on a suitable
space of holomorphic functions. The proof relies heavily on the fact that each
monotonicity interval is mapped by this transformation onto the whole unit
interval.

5. ANALYTIC STRUCTURES

The phase space X of a piecewise compact system is in general highly discon-
tinuous; indeed, if the system generates, it is completely disconnected, because
each point x possesses a base of closed open neighbourhoods V), (x) . Therefore
we cannot expect X to carry a differentiable structure in a rigorous sense. On
the other hand, if we are primarily interested in interval maps e.g., we have a
clear idea of what differentiability of 7" means, although (X, T ,.Z") is the sys-
tem obtained from the “smooth” system (X ,7,.Z) by doubling all preimages
of critical points (cf. 3.14-3.15): We simply forget about the doubling (that
was necessary in order to avoid troubles in constructing the Markov extension)
and re-identify the split up points. In this way some subspace of mb(X) can be
identified with a space of holomorphic functions on a complex neighbourhood
of [0, 1], and the transfer operator behaves as if it were acting on this space
of holomorphic functions. From here it is only a small step to apply such an
identification-procedure to systems which we never thought of being smooth,
e.g. to subshifts.

We start recalling some facts about spaces of bounded holomorphic functions

A. Bounded holomorphic functions.

Suppose that Q is a region in c?. By #°(Q) we denote the space of
bounded holomorphic functions on Q. Endowed with the supremum-norm
I 1., Z(Q) is a Banach space.

The following important theorem will turn out to be responsible for the nu-
clearity of certain “partial” transfer operators on #°°(Q) (cf. Theorem 5.8):

5.1. Theorem (of Montel as extended by Grothendieck 9 ). Let Q,,Q, be re-
gions in €7, cl(Q,) € Q,. Then the natural embedding #*(Q,) — #(Q,)
is not only compact (Montel) but also nuclear (Grothendieck).

B. Piecewise analytic systems.
Suppose (X,T,Z,g) is a weighted system and (&, —) is its Markov
diagram.

5.2.  Definition. A pair & = (s,(Upy),c.) is an analytic structure for
(X,T,Z,g) if thereis d > 1 with:

19 [Grothendieck, 1955], §1, no. 3
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(i) U, (D € 2) are regions in C?, and
sup{diam(U,): D € Z,U, # C"} < 0.

(ii) s is a map from X to C? with cl(s(D)) C UDﬂRd, and s(D) is a
uniqueness set for bounded holomorphic functions on U,, .

(iii) for C,D € & with C — D there is a holomorphic map t.,: U, — U,
such that so (T, "), =tcpos, if CCZ.

Denote by D7, the total derivative of 7., and by ||Dz,| its Euclidean
operator norm on c?. Since Tp(UpN Rd) cU.n R » D7, has real entries.

(iv) For each D € & either g, = 0, or there is ¥, € i?°°(UD) with
gp = exp(yp) o Sp =" &p°Sp- The @, and their derivatives are uniformly
bounded. Here g,, stands for &z1p when CC Z.

For a path w = D,---D, let

Tw=Tp,0,°  "°Tp _ p> U =U

w D,
and
1 1

- - -1
T, =Tp, ooy Jip,

Then Tl;' = (T"lz(w))_l (cf. Lemma 3.6) and
so Tajl =1,08p, -
The meaning of D7, and ||D7,|| is obvious.

5.3. Definition. (X,7T,Z,g) is & -expanding if

(i) there are ny € N and o < 1 such that ||[D7 || < a on U, for all paths
w in Z of length n > n,, for which iz (w) £0.

(i) cl(tp(Up)) C U forall C,DeZ with C— D and g, #0.
5.4. Remark. At first sight it might look sufficient to define analytic structures
only on the cylinders Z € Z and not on all components D of the Markov

extension. However, the notion of an & -expanding system would become more
complicated in this case.

C. Piecewise analytic Markov systems.
Throughout this subsection suppose that (X ,7,Z,g) is Markovian. Re-
member that Z = & in this case.

5.5. Remark. If (X,T,Z ,g) is & -expanding and if w is a closed path of

length n in & such that &n1z(w) # 0, then 7, has a unique fix-point x, and

Dz, (x )l < a"™ (see Lemma 1 of [Ruelle, 1976]). We denote
(5.1) Kk(n) = Z 1D, (x,)Il - 8, ()]
w

where the sum extends over all closed paths w of length n with 012 (w) %0,
and

(5.2) k= Iim k(n)"" < a'/™y(Z).

n—oo
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Observe that k¥ < y(Z) if p(Z) > 0.
5.6. Definition. For an analytic structure & of (X,T,Z,g) let

FE(A) = {fe mb(X): VD € Z 3f, € #7(U,) such that f, = f, o5,

and || flll,:= ) Ifpll < 00}

DeZ
be the space of & -holomprphic functions on X .
Notation: || fpll, = /pll. -
5.7. Remark. (<), |- |l ) 1s a Banach space. (Observe that the map
o1 os)p is 1-1 by Definition 5.2(ii).)

5.8. Theorem. Suppose that (X,T,Z ,g) is &/ -expanding. For a path @ =
D,---D, define L : #> (o) —HZT (/) by
_ [ NeT,'(x), ifxeD,,
(B, /)x) = {O,n ? otherwise.
Then L, is nuclear (in the sense of §2.C), and

(5.3) tr(L,) = g,(x,,) - det(Id —D‘t'w(xw))_l if w is closed,

(5.4) tr(L,) =0 otherwise, i.e. if Dy # D, .
Proof. The nuclearity is an immediate consequence of 5.1. (5:3) is contained

in the proof of Lemma 2 of [Ruelle, 1976], and (5.4) follows from Chapter I1.3,
Proposition 2 of [Grothendieck, 1956].

D. Examples.

5.9. Examples I, II (closed subshifts, cf. 3.12-3.13).
For j=1,...,d let d)j: X — C be nonconstant bounded maps, let p,eC,
ijI <p<l,andlet R= max{|¢j(a)|/(1—|pj|): j=1,...,d; o €X}. Define

s:Q—»U:={z€Cd:|zj|<R (j=1,...,d)} by
et .
1
sj(01a02a039"')=Z¢j(ai).pj'
i=1

For DeZ let Uy=U,andif C — D in & then define 7.,: U — U by
(TCD(Z))j=(¢j(U)+Zj)'pj lfCQ[U]l

We check that (s, (Up)pc,) is an analytic structure:
(a) {sj(w)| < pR (w € Q), hence cl(s(D)) C U, (DeZD).
(b) Let C C[o],, C— D, weD. Then

(S(T&'w)), = 5,(ow) = p,(¢,(0) +5;(w)) = (10p(s(W))), ,

. -1
Le. so (T )ID =Tcp©Sp-
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(c) For d =1 it is an easy excercise to show that s(D) is a uniqueness
set (D € Z) in case of Examples I and II, if one assumes for Example I that
there are no trivial cylinders (i.e. consisting of finitely many points only). The
corresponding assertion for d > 1 follows, because now s(D) is the Cartesian
product of one-dimensional uniqueness sets.

(d) Obviously the t.,, are holomorphic on U and ||Dt.,| = 1'[7=1 p; <

pd < 1. Finally, for ze U

|(tep(2)),| < PR(1 = p) + R) = p(2 = p)R < R
such that cl(z.,U) € U and (Q,S,Y) is & -analytic. In particular k <
Y @)L, p,; -
Similarly one may choose U, = C (D € &) and 1.,:C — C,z ~ 0 if
C—D.Inthiscase k =0.

5.10. Example III (piecewise monotonic transformations, cf. 3.14-3.15).
Let s=®; ,andfor D€ Z and ¢ >0 let U, = {z € C: dist(z,s(D)) <¢}.

U, isaregionin C and cl(s(D)) C U, . Suppose that (7, I)|Tz' has a bounded

holomorphic extension to a complex neighbourhood of 7Z (Z € £) and that

inf,_;|T'(X)| > 1. Now, if Z is finite, ¢ > 0 can be chosen small enough

such that there exist extensions 7., of (Ts(Z))E(lD) to U, (if C — D and

C C Z), and by choosing ¢ even smaller (if necessary), one may assume
y ry
7. |<a<l for some o < 1.
cD

In particular cl(z.,(Up)) € U, forsuch C,D.

We still have to assure that s(D) is a uniqueness set for bounded holomorphic
functions on U,, (D € ), ie. card(s(D)) = oo for all D € & . This
requirement is fullfilled, however, since it is easily seen that the endpoints of
each D € Z are non-isolated in D. Hence & = (s,(Up)pc,) is an analytic
structure for (X,7T,2,g) for suitable g, e.g. for g = 1/|T" os|, (just the
structure on X inherited from X CR), and (X,T,%,g) is & -expanding.

6. SPECTRAL THEORY FOR MARKOV SYSTEMS

A. The main theorems.
Assume throughout this section that (X,7,Z,g) is a weighted Markov

system, expanding with respect to the analytic structure & = (s, (U,) pew) -

Fix an increasing sequence (&), of finite subsets of & such that
U,en &, = Z , and define projections B[&]: (&) — Z (/) by
ifZe&,
(BIENN), = {{;Z
& ={BI&,]: n € N} is a continuous projection net (see Definition 2.1).
Finally suppose that ¢ € mb(X) is real-valued, ¢, = 950 os for some ‘51) €
#*<(Up) (D€ 2), and that the ¢, are uniformly bounded.

otherwise,
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Under these assumptions and with the notational conventions of §2.D we can
state

6.1. Theorem. Suppose that the Markov diagram of (X ,T,Z) is uniformly
forward finite. 20

(a) The transfer operator P = P -exp(id) leaves # (&) invariant.

(b) If r,, < r(P), then P is quaszcompact on () and r, < r. If
¢6=0 andg>0 then r.__=r

€ss as ’
(c) If r,, < r(P), if there is some Borel measure m on X with supp(m) =

SUppe, Mm(D) < oo, and such that g_' is the derivative of T with respect to
m,? and if () is dense in L:n, then P admits a representation

! N
(6.1) P=>"ALE + > ME+N)+Q

|= i=l+1
with E,, N,, and Q asin (2.2) and where I' = {4, ... A} # @ is the set of
eigenvalues of modulus 1, and |/1.| <l for j=I1+1,...,N. Foreach 2,€T
(6.2) = lim Z(l Py
uniformly on the unit ball of ﬁf‘”(%) E,; extends to L,'n, IE]l, =1, and
(6.2) holds strongly on L,ln (P - Zl 1 A I )" tends to 0 as n — oo strongly

on L,'n. If Pf = Af for some O;éfeLm and |A| =1, then f € ()
and A€T.
(If supp(m) # X, then (6.1) and (6.2) still hold in the L,ln-sense.)
(d) If, in the situation of (c), ¢ =0, i.e. if P is the classical Perron-Frobenius
operator satisfying (4.3), then A, = 1 €T, E, is positive, and T is fully cyclic. 22
Let d := rank(E|). There are a mod m-partition (X,,...,X,) of X into
T — T~ '-invariant measurable sets and a basis {h,,...,h;} of range(E|) such
that h; > 0 and fx, hjdm = Jl.j (i,j=1,...,d). If h is any convex combi-
nation of the h; and du = hdm, then u is a T-invariant probability measure.
(e) If P, satisfies the assumptions of (¢) and (d) and if the eigenspace
range(E,) of P, is one-dimensional, then (without any further assumptions on

P = Pg eXp(“ﬁ)) P: L,’n — L,'” has an eigenvalue of modulus 1 if and only if
exp(ip) is equivalent to a constant, i.e. there are a € R and y € mb(X) such
that exp(i¢) =expi(a+woT —y) m-ae

6.2. Theorem. Suppose (X,T,Z) generates, that the Markov diagram of
(X,T,Z,g) is uniformly forward finite and that g >0. Let P =P, and

= lim y(@\&) (¢ (47)).

20 See Definition 3.7.

21 Cf. Remark 4.3.

2ye Pf=Af, |\ =1, implies P(f*/|fIk=1) = Ak fk/|f|k=! for all k € Z, see Definition
V.4.5 in [Schaefer, 1974].
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Assume

(i) r(P)<oo, 7(¥)<oo,

(i) [y, < ¥(Z) or y,, <r(P)] and [r, < r(P) or r,, < y(Z)],

(iii) lim s [|a(Pya) PB— P)PBll; =0 forall B€F and jEN. 2

Then P: #° (%) — ZZ(¥) is F -quasinuclear and r(P) = y(Z). The
inverse of the zeta function { (z) can be analytically extended from {|z| <
¥2)7'} 0™

Gy ={zeC:|z| <1/max{y,,r, ,Kk}},

and detg(Id -zP,)-{(2) is analytic and nonzero on G4 . z,€ G4 is a pole
of ¢ g(z) ifand only if z, "isan eigenvalue of P,. The order of the pole z, of

4 g(z) is finite and equals the algebraic multiplicity of the eigenvalue z, : of P,.
Even without assuming (ii) 1/( (z) can be analytically extended to Gg .

6.3. Remark. The assumption in both theorems that the Markov diagram of
(X,T,Z) is uniformly forward finite is needed only for showing that P is
a bounded operator on # (%) and that Pa is nuclear for a € & . It can
be replaced by these two assertions. Alternatively one could assume in view of
Remark 2.4(c) that P is bounded on # (%) and aP is nuclear for a € ¥ .
In this case the trace-norm in assumption (iii) of Theorem 6.2 may be replaced
by the usual operator-norm. With these changes both theorems apply also to
systems like the continued fraction transformation, but it may be quite hard to
verify these assumptions (see 4.10 and [Mayer, 1976]).

6.4. Remark. Evenif G is the greatest ball around 0 to which { g(z)_l can be
analytically extended, it may still be possible to extend { g(z) meromorphically
to a bigger ball (see also 6.13, Example II).

The proof of the theorems needs the following monotonicity lemma:

6.5. Lemma. Assume that g > 0. Let Q C Q, be sets of paths of length n
in D, and suppose that there are f, € () (we Q). If a, (D€ D) are
positive constants with ||(f,))pll, < ap, (w € Q)) andif [~ = > pew ApXp» then

SN, 8o T, Ly <A S (8o T,

wWEQ, w€ER,

K4

with a constant A independent of n,Q,,Q,,f, . and [ .

Proof. Observing that (X,T,Z,g) is & -expanding and that g, = 0 or
&, = expy, € exp# 7 (U,) for D € &, where the derivatives of the ¥,
are uniformly bounded, it needs a routine calculation to show that there is a
constant B > 0 with

18,(7,2))] < 18,(7,2,)] - exp(B|z, — z,|)

23 ||, |l is the trace-norm, see §2.C.
24 For x see Remark 5.5.
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for neN and z,,z, in the domain of 7,, w=D;---D, . In particular
(6.3) |&,(7,2,)| < const-|g (1,2,

for n,w,z ,z, as above. If UD" # C? this follows from the uniform bound-

edness of the sets U, # c’ (see Definition 5.2(i)). Otherwise & is constant on
Up, » and it suffices to treat g,_, o7, where o' =D;---D
Now the positivity of g implies

ST )Ty € 50 3 1) elly 12, 0Tyl

wWER, DEZY €N,

n—1-°

CEY (=(---D
< 2; Z ac-const.rxnelg{gnorw(s(x))} (by (6.3)

CEY w=(C--'D

Sconst-z Z(f*-gn)oT(;l
DeZ || we,
w=..D N4
= const- Z(f*.g")oT(;' O
w€EQ, 54

6.6. Remark. The need for such a lemma is the main reason why I restricted
Theorem 6.2 to the case g > 0. If Lemma 6.5 holds because of other reasons,
most of the theorem remains true for more general g .

Proof of Theorem 6.1. As the Markov diagram of (X,T,Z) is uniformly
forward finite, PB (B € %) is a finite sum of operators of the type f —
(f g exp(id))o C_I; each of which is nuclear by Theorem 5.8. Hence P is nu-
clear and a fortiori compact for g € ¥ . P leaves # (%) invariant, because
for fe (W)

IPAIl,< S S lig-exp(ig) - ) o (T )l

Dez &
(6.4) < Z Z ”gce)‘p(id’c)”‘g/”fc“y
Cez ber
< const- sup |lg~exp(id )l - Il £l
Cez

The quasicompactness of P and r. <7, follow from Proposition 2.2.
Suppose now ¢ = 0 and g > 0. For f € ZOW) let [ =
Y per Wplly - xp - Then fFeZ% (), I, = Ifll, ,and for a,f €F

with a>f and r >r, —¢:

AL, 1 (ld=B)P"(1d =) I,
>|| (1d-)P"(1d-B) /" Il
>4 || PIfIl, (byLemmas6.5).
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Hence
A || (1d=B)P"(1d=B) [l 20 Bl 2 7 2 (ryg = 8",
and r, = r, follows from Proposition 2.2. This proves (a) and (b).

Suppose now that there is a measure m on X with supp(m) = X and
with the properties from Remark 4.3. If |4, > 1 and if Pf = A,f for some
0#fe#™ (), then |A]|f]=|Pf|< P,f| and 0< [|fldm = [P |fldm,
whence |4,| = 1. We show that N, = 0: Suppose there is f € Ei()7°°(%))
with N.f #0 (ie. [|N,fldm >0 as supp(m) = X ) and Ni2f= 0. Then by
(2.2) and (4.5)

0</|N,.f|dm gnlin;% (/P;|f|dm+/|E,.f|dm> <0,

a contradiction. Hence N, =0 if |4,| = 1. This yields the representation (6.1).
(If supp(m) # X , practically the same argument shows that (6.1) still holds in
the L' m-SENSE.)

For Al =1 and n € N let §; = 1y o A_'P) Because of (6.1)
lim S, .=E if A=4 eFandllm S , =0 if A ¢T (uniformly

n—oo n—oo

on bounded subsets of )7“(.% As fleldm < fP |fldm = flfldm P
and also S, are L,'n-contracuons, and since #*° (&) is dense in Lm, Sin
converges strongly on L,'n thereby extending E; to a projection from L,ln
onto Ei()?’”(y)) with ||E ||, = 1. (The strong convergence to 0 as n — oo of
(P— ELI A,E))" is an immediate consequence.) For 0 # f € L,'n and 1| =1
with Pf = Af we thus obtain 0 # f = lim,_ S, ,f=E,f€#%(¥) and
A=A, €T . This finishes the proof of (c) and we turn to (d):

Let $=0.For A=1 and fe L:n with [ fdm # 0 identity (4.3) implies

O;é/fdm=nli’rg°/S1‘nfdm=/E1fdm

and hence 1 = 4, € I'. Obviously E, is positive in this case. I' is fully
cyclic by Proposition V.4.6 in [Schaefer, 1974] and the example thereafter. As
f € range(E|) implies f,|f] € range(E)) , 2 range(E,) is a vector sublattice
of L,ln (Riesz subspace).

Hence there are 0 < A, € range(E,), Jhidm =1 (i =1,...,d) with
mutually disjoint supports H As

/ hodm = /Phdm hodm=3,,
-nH,

l

we have for X, :={J

T'H,

/ hdm=6,.

25 The latter because Pf = f = |f| < P|f|and [|fldm = [ P|f|dm.
26 See the preliminaries of §1 in [Schaefer, 1980].

n>0
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In view of Remark 4.3 the assumption supp(m) = X implies g > 0.
Therefore TH; = H; and the X, are disjoint and T — T~ '-invariant. Let

B= X\UL, X, . Then

=0,

becausefxl kaBdm = fr—kx, xpdm =0,ie. (X,,...,X,) is a partition of
X modulo m-null sets.

As the T-invariance of the measure du = hdm follows from (4.4), this
finishes the proof of (d).

We prove (e): Let d =1, h = h, . Suppose there are a € R and y € mb(X)
such that

(6.5) exp(i¢) =expi(a+woT —y) m-ae.
Then

P (h-exp(iy)) = P, (h-exp i(¢ + y))
exp(ia)P, (h-exp(iwoT))

= exp(ia)-h-exp(iy) m-a.e.,

i.e. exp(ia) ia an eigenvalue of P: L,ln — L,]n .

Conversely, let Pf=Af for 0# f € L,'" and |A| = 1. Assume without loss
of generality that [|fldm =1, f = |f|-exp(iy), and A = exp(ia), a € R.
Then

|fl-exp i(a+y)=Pf =P, (f -exp(i¢)) m-ae.,
ie.
f1=P,(fl-exp i(~a+¢—woT+y) SPIf| m-ae
as P, is positive and, because of (4.3) Pg|f| =|f],1ie. |f|=h,and

expi(-a+¢p—-ywyoT+y)=1 m-a.e.

on {h # 0}. This means that (6.5) holds u-a.e. or, equivalently, m-a.e. on
H = supp(h). Since the identity f = h-exp(iy) determines y (mod 2m)
only on H and since X ={J,5, T~ "H modulo m, the domain of validity of
(6.5) can be iteratively extended to X (mod m). O

6.7. Remark. Most ideas in the proof of (c)-(e) of Theorem 6.1 have already
occured in one or another form in the literature, some of them several times. In
a similar situation, [Pollicott, 1984] proved (e). His proof is slightly different.
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Proof of Theorem 6.2. At the beginning of the proof of the last theorem we saw
that P: (&) — #*°(&) is bounded (see (6.4)) and that all P (B € F)
are nuclear. Let a = B[&], B = B[&]], k > /. Then

tr((@Pya)) = Y t(f(g,-Noz,)

w=0g--Dn
D,EF\E

(6.6) = 3 g(x,) det(Id-Dr (x,))""

w=Dy-D,_ Dy
D,EF\E

by Theorem 5.8. As (X,7T,Z,g) is & -expanding, g,(x,) = 0 or
|DT,,(x,)] < a"™ < 1 by Remark 5.5. Therefore, if d is the dimension
of the analytic structure & and if g,(x,) # 0, then

1 d -1 1 d
(6.7) (1+||Drw<xw>n) < det (Id =D, (x,)) S(1—||Drw(xa,>n) :

(Observe that Dt (x,) has real entries, see Definition 5.2(iii).)

Hence all summands in (6.6) are positive, and the expression is monotone in
k if [ is fixed. Therefore

. n n
lim tr((@Pye)") = try (Ff)

exists (possibly = oo ). Observing the positivity of g we thus obtain from (6.6),
(6.7), and (4.6) for =p[&] and ¥/ CECHB C Y

(6.8) ¢, - /(P \B,n)<trg (P}

) <c, @\ ,n)

for some constants 0 < ¢, /1. In particular
(6.9)  ty=Tim |tr(P)" = Tm @\ &.n)|"" =92\ &)
' BT i TNV B n—s00 1 l

and

las = ;L_—n;’ tﬂ - [l_lglo y(_@'\g?) = Vasr
Now #(P) = t, = y(D) < oo by (6.9), and all further assumptions on ¢ in
(ii) and (iii) of Definition 2.3 follow immediately from (6.8) and (6.9).The
corresponding assumption on r in (iii) of Definition 2.3 is easily verified using
Lemma 6.5 (i.e. the positivity of P, ). Finally, (iv) of Definition 2.3 is nothing
but assumption (iii) of the theorem. Hence P is .# -quasinuclear.

Now the theorem will follow from Theorem 2.5 and Corollary 2.6, if we can
show that det(Id —zP)-{(z) is analytic and nonzero on G . (Note that r(P)
is then an eigenvalue of P, because r(P)_I = t(P)_1 = 7(9)_' is a pole of
¢{(z) and hence of det,(Id—zP).)
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Observing (2.14) and (4.10) we have

exp (Z (-t (P + y(@,n»)

n=1

det,(Id-zP)-{(z)

exp Z > g,(x,)(1—det(Id-Dr,(x,))"

w closed path of
lengthninZz

) b

and by (6.7) det,(Id —zP){(z) is analytic and nonzero for

B | d I/n
|2 < 1/ Tim (Zgn(xw) ((W(x)lJ ) 1))

)I/n -1

=1/limk(n)""=x"". O

n—oo

6.8. Remark. We have seen that if ¢ =0 and g > 0, then P behaves much
like a positive operator, e.g. r(P) is an eigenvalue of P. But since #°°(¥)
is far from being a Banach lattice, the general theory of positive operators does
not apply. However, just as in the Banach lattice setting, one can show that if
A is an elgenvalue of P of modulus r(P), then 27" is a pole of the resolvent
(Id-zP)” ' whose order does not exceed the order of r(P)_1 , which we denote
by o . This follows easily from

G(A,t,5):=t (%): (Id-22~"'P)~"
= () z()
- (5 (SAE () e

A€l 1 k=0

(6.10)

+ (terms bounded as ¢t — 1))

in the limit t — 1 for s >0: Let 0< f € (). Then
}iH}|G(l,t,3)(f)| < ¥iﬂllG(’(P),t,S)(f) =

and for general f € #Z°° (&) this estimate can be applied separately to the
positive functions f* =3, o Ifplly - xp and (f +f).

Also, if 0< fe€ #®(&), De D, and (E,N;"'f),, =0 for some 5 >0,
then (Elef)lD >0

In Theorem 6.1(d) we have seen that, if P is a Perron-Frobenius operator
with respect to a measure m with supp(m) = X, then the positive cone of
range(E,) is just the space of densities of m-absolutely continuous 7-invariant

measures.
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In general, the relation between range(E|) and T-invariant measures is more
complicated, even if P = Pg . For its investigation we need

6.9. Lemma. Suppose that g > 0, that P = P, is quasicompact, that (X,T,Z)

generates, and that s is continuous. If o is the order of the pole r(P)_l of the
resolvent of P, then there is a nonnegative, range(E)-valued Borel measure F
on X such that

E,N,""(f):/de forall fe#™® (),

/Pde=r(P)-/de forall fe L., and

I FZ) <l E,N M, forall ZeZ.

Proof. Without loss of generality assume r(P) = 1. Since Pk X; € *()
for Z e Z, ,

1k
F(Z):=E,N/""P*(x,)

is well defined for such Z, F > 0 by Remark 6.8. It is easy to check that
F(Z) = Y F(Z') where the sum extends over all Z' € 2;,, with Z' C Z.
Hence F extends uniquely to a finitely additive nonnegative set function on
the algebra generated by |J,.,-Z, . Since all sets in this algebra are compact, F
is countably additive, and since || F(Z) ||, <I| E, Nl"_l ll, forall ZeZ, F
extends to a nonnegative range(E|)-valued measure on the g-algebra generated
by Ugso-Zx » 1-€. on the Borel sets.

Let fe#°(W), DeZ.For k>0and Z€Z fix a, € (f xp)(Z)
and consider f, =3, 24Xz ( S+ xp) is continuous by continuity of s.
Therefore || f - xp = fill, =26, = 0 as k — oo and

/Dde = jim [ f,dF = lim ENT'PS,
: o—1 pk
< lim E NP +6)2p)

= EN (S 2p)
and for the reverse inequality consider —f instead of f.
Since [Py,dF = E\N'"'P**'(x,) = E\N""'P*(x,) = [ x,dF for all
ZeZ ,k>0,wealsohave [PfdF = [ fdF forall feL},. a

Next we have to think about the structure of the graph (2, —): A subset .#
of & is irreducible, if for all C,D € ¥ there is a path from C to D and
if .# is maximal with respect to this property. It is well known that there is
a maximal positive integer p (the period of .# ) such that the length of each
closed path in ¥ is a multiple of p (see e.g. [Seneta, 1980]).

6.10. Proposition. Suppose that P = Pg is quasicompact, that (X, T ,Z) gen-
erates, that s is continuous, that (2, —) is irreducible with period p and that




470 G. KELLER

g > 0 everywhere. Then

(a) The set T of eigenvalues of P of modulus r(P) consists of the simple
eigenvalues r(P)-e™ " (k=0,...,p—1).

(b) There are a Borel measure m on X with supp(m) = X and
Sup,c,, M(D) < oo, and a strictly positive function h € # () such that

Elf=/fdm-h forall f e #™(s/), and

/Pfdm:r(P)~/fdm forall feL' .

The measure u = h-m is an ergodic T-invariant probability measure.

Proof. Let o be the order of the pole r(P) of the resolvent of P and denote
E=E , N=N,. Then N’ =0 but N°' # 0. Without loss of generality
assume r(P) = 1. Then EN°! = 'liml_,l G(1,t,0) > 0 by Remark 6.8, and
EN’'P=EN""".

Fix C € Z and let j be the maximal integer such that F N’ Xc # 0. Obvi-
ously j < o. Suppose for a contradiction that j > 1. Then E N”"(E N’ Xc) =
0, where EijC > 0 by Remark 6.8. As (X, T,Z) generates, there are ¢ > 0
and Z € Z, with (EN’x.), > &. Let @ be a path of length k > n in &
such that Z(w) C Z. Since T"Z(w) =:D € Z and ¢, :=¢&-infg,,, >0,
we have

P . .
(P ENJX(‘)|D 2 ((ENJXC) : gk) 0T, 2¢& " Xp
Hence

0=EN"""(EN'3.)=EN"'"P*EN’y. > ¢, -EN"" 'y, 20,

ie. EN”_')(D = 0. This argument applies to all D € &, because (Z, —)
is irreducible, in contradiction to EN°"! #0. Hence j=0,1e. Nx.=0,
and as C € & was arbitrary, N =0 and E > 0. In view of Remark 6.8 all
eigenvalues in I" are semisimple.

We prove the simplicity of r(P) = 1: Let Pf = f for some f e C(X,R),
and assume that f(x) > 0 forsome x €e De &. As (X,T,Z) generates,
there are n > 0 and Z € Z, such that f|z > 0. Now the irreducibility of
(2, —) together with g > 0 implies /' > 0 onallof X . Hence, if Pf = f for
feCX,R),then f=0, f<0 or f>0 everywhere. If there are nonzero
f, and f, as above, then v = f, +af, satisfies the assumptions on f above,
and since a_l% — f2 as a — oo, there is some a € R with y =0, i.e.
f, =-af,. If Ph=h for some h € (&), then Rh and Sk satisfy the
assumptions on f, because s is continuous. Hence rank(E) =1,1.e. r(P)=1
is a simple eigenvalue. The proof that I' = {¢*™*/”: k =0, ... ,p— 1} and that
all A eI are simple is postponed.
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Now fix 0 < 4 € range(F) . By Lemma 6.9 there is a Borel measure m on X
such that Ef =h- [ fdm and [Pfdm=r(P)- [ fdm forall f€Z>(¥)
and m(D) <|| E |||, forall DeZ .

We show supp(m) = X: m(D) > 0 forall D € 9, because (&, —) is
irreducible and m(D) = [P"y,dm forall n > 0. Hence, if Z = Z(w) €
Z,,then m(Z) = [P"y,dm > infg,, - m(T"Z) > 0 since T"Z € D . As
(X, T,%) generates, this proves the claim.

Finally, if f€ L, then

/fonﬂ: /foT-hdm=/P(foT-h)dm
- /f-Phdm:/f-hdm

= [ ran,

and the ergodicity of u follows immediately from rank(E) = 1. This proves
(b).

We turn back to (a). Write C —, D if there is a path of length k from C
to D. (Z, —,) is again a directed graph. Assume first that p = 1. Then
(Z, —,) isirreducible and of period 1 for each k > 1. Hence r(P)=1 isa
simple eigenvalue for all P* . With the measure m constructed above we are
in the situation of (c) and (d) of Theorem 6.1, in particular I is a finite group.
If there were 1 # 41 € I', one would have A¥ =1 for some k > 1 contradicting
the simplicity of the eigenvalue 1 of P*. Hence T' = {1} incase p=1.

If p > 1, then & can be decomposed uniquely into p disjoint subsets
2,, ... ,9 _1» each having the property that C € &, and C —, D implies
De .OZ(, +k)modp - The graphs (Z;, ——>p) are irreducible and of period 1 (i =
0,...,p—1). Thisis proved just as in the case of nonnegative matrices, see¢ e.g.
[Seneta, 1980]. Hence (a) and (b) of this proposition apply to each PI"V, where
Vi={f€ F(A): fp=0if D¢ 2,}. In particular P|pV, has only 1 as an
eigenvalue of modulus one, and its multiplicity is p. This implies immediately
that 3, - multiplicity(4) = p, and since I is a group, we can finish the proof
by showing that e 2"/? € T': Let y(x) =k if xe D € D, andlet Ph=h.

Then P(he™™¥/?) = W =N0IP . p(h) = e™2™/P . p.e™"WIP e ™ ™/P T, 1

Now we turn to the case of a general graph (&, —). Let £ ,.%, ... bethe
irreducible subsets of &', X, := =Upe D foreach i. Let Y, := ﬂn>0 T_"X,..
Since the 7 are irreducible, TY,=Y,, and it is easily checked that

Z ={DNnY,:De.s,DnY, 2}
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is a Markov partition for TIY,' (Y,,T,Z,) generates if (X,T,Z) does. We
make the following additional assumption:

If (%, —) does not consist of a single loop only, and if
(6.11) DNnY # @, then s(DNY,) is a uniqueness set for bounded
holomorphic functions on U, .

This strengthens requirement (ii) of Definition 5.2. One should note, however,
that DNY, is uncountable if (¥, —) does not consist of a single loop only,
and hence (6.11) is not really restrictive.

Under this assumption (Y,,7,Z;,g) is & -expanding if (X,7,Z,g) is
& -expanding where & = (s, (Up) ~). The transfer operator corresponding
to (Y,,T,2Z;,g) is denoted by P,.

6.11. Theorem. Suppose that (X ,T,Z ,g) satisfies (6.11) and the assumptions
of Theorem 6.2, that r,, < r(P) and y,, < y(Z), that g > 0 everywhere, and
that s is continuous. Let P=P, and d = rank( 1) Then r(P,) < r(P) except
Jor d irreducible subsets of & (say 7, ) for which r(P,) = r(P) and
for which holds:

(a) The subsystem (Y,,T,Z,,g) satisfies all assumptions of Theorems 6.1
and 6.2 and Proposition 6.10, and it does not consist of a single loop only.

(b) There are a o-finite Borel measure m; on X with supp(m,) =Y, and a
function 0 < h, € (), zero outside X,, satisfying

(E\(f - xx ) /fdm hyy forall f € Z% ().

The measure u, = h;-m; is a T-invariant ergodic probability measure equivalent
1o m;. h; satisfies (Ph;),y =h,y .
(c) There is a o-finite Borel measure m; on X such that My, =My,

/Pfdm,. - r(P)-/fdmi forall fe L,

and supp(m,) = cl(U;5o T 'Y)).
Proof. Fix some 7. If (%) < (&) = r(P), then 1/{(Y,, z) is analytic and
nonzero in {|z| < (r(P) - e)—l} for some ¢ > 0. In particular, 1/r(P) is not
a zero of 1/{(Y, Also r(P,) < r(P), since otherwise r, (P,) < r,(P) <
r(P) = r(P) and 7a (f) 72(Z) < 2(Z) = r(P) = r(P,) such that Theorem
6.2 would lead to the contradiction r(P,) = y(#) < y(Z) = r(P).

If, on the other hand, r(P) = y(Z) = 7(5), then 7, () < 7,(Z) <
Y (Z) = y(F) and r,(P,) < 1, (P) < r(P) = (%), and Theorem 6.2 applies
to P,. Hence r(P) = /(J) = r( ), and in view of Proposition 6.10 r(P) is a
51mple eigenvalue of P., such that, by Theorem 6.2 again, 1/r(P) is a simple
zero of 1/{(Y,,z).

As {(X,z) = I'II.C(Yi z), there are exactly d irreducible components %
of (Z, —),say S ,...,.%,, for which r(P)=r(P) is a simple eigenvalue of
P

i
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Now Proposition 6.10 guarantees the existence of measures m; and y; =
h, - m; with full topological support on Y. Since the Y, are closed subsets of
the X,, these measures can be interpreted as measures on X; with topological
support Y,. Since TY, = Y,, the u; are ergodic, T-invariant probability
measures.

We use the operators G(4,t,s) defined in (6.10) and denote by G,(4,¢,5)
the corresponding operators for the P,. Observing (6.11) we see that D
and DNY, have actually the same analytic structure for all D € .#,. Hence
(P"(f - Xx )y, = })i"(lei)’ in particular (Ph,)y = Pi(h;y) = hy and
(Phi)lxi = hile . Thusforall 0<t< 1 and s> 1

(G(r(P),t,9)(f - xx))y, = G,(r(P), £,5)(fy,)-
=1 G;(r(P),t,s) =0 for s > 2, whence
(Eo(f - 1))y, = (G (P, £, 1)(f < )y,
= %1_13} G,’(r(P)9t9 l)(fiy,) = E,"l(f“/,)

=/ fdm,.-hi=/ fdm;-h; by Proposition 6.10.
Y; Xi

But lim

In view of (6.11), [ X, Sfdm, - h; extends uniquely to the nonnegative function
E(f-x x,) defined on X. This proves (a) and (b).
We turn to (c): For k >0 let

X, ={xeX:T'xeX,, T'x ¢ X,(j=0,....k-1)},
and for a bounded measurable function f let
k
m  (f)i=m (P (f-2;,), wherey, =xy .

Then m; =3, , r(P)_km,.’k is a o-finite Borel measure, and using the rela-
tions

Plxio=PfXi 0+ x: 1),

Pf-Xix=P(fXisy) (k21)
it is straightforward to check that m (Pf) = r(P)-m/(f) for fe L,'ﬁl . o
B. Examples.

6.12. Example I (topological Markov shifts, sofic systems).

For a finite state Markov shift whose transition matrix has a positive spectral
radius Theorems 6.1 and 6.2 apply imediately, because y,, = r,. = 0 < r(P)
and Id € & . (The latter assures condition (iii) of Theorem 6.2.)

If p,,..., p, are as in Example 5.9, then

-1
Gy = zec’: |z| - r(P) < (Hpj)

j=1
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Hence, the smaller the p ;i (i.e. the “smoother” the functions in # (%)), the
bigger is G .

If Uy=C(DeD),ie if #°(Uy)=C’ and #°) =" then
Theorems 6.1 and 6.2 reduce to statements about matrices (cf. 4.8).

These results are well known, of course. The analyticity part of Theorem 6.2
(and much more) for finite state Markov shifts is due to [Ruelle, 1976].

For general countable state Markov shifts the assumptions of the theorems
must be checked in each case individually.

As the canonical Markov extensions of sofic systems are finite state topolog-
ical Markov chains, the above remarks apply to these extensions as well.

6.13. Example II (up-and-down-counter, cf. 3.13).

We consider the canonical Markov extension of the counter (Q(W),),S,2).
Its Markov diagram is uniformly forward finite, since each D € & has at most
two successors. Fix an analytic structure & and a weight function g such
that (Q(W,,),S,Z ,g) is an & -expanding weighted system (cf. 5.2, 5.3, 5.9).
Let & = {E,F,} (cf. 3.13). As there are no closed paths in & \ &, we have
Vas = 7(Z\ &) = 0. As the number of paths of length n in &'\ & starting at
any De Z \ & is bounded by n,

I/n

e < T (1118, ]100)"" = 25

for P acting on #*°(«/). Hence Theorems 6.1 and 6.2 apply if g < r(P)
or g, <yZ).

If g=1, then r(Pg) > 1= g_ asthe diagram (&, —) contains finite sub-
diagrams describing topological Markov shifts of positive entropy. In particular
Theorem 6.2 applies in this case and G 2 {|z| < 1} provided the p; from 5.9

have been chosen such that 1'[7=l p;- yZ)<1or U,=C(DeZ). From the
explicit formula for the zeta function (see Example 4.9) or from Proposition
6.10 it follows‘immediately that y(@)_l =Ar(1f’)_l is a simple pole of ’(z).
Hence A, = r(P) is a simple eigenvalue of P.

If M =N, then fl(z) = (1+z)/(l—2zz) (see 4.10), and {|z| < 1} is indeed

the greatest ball around 0 to which ¢ 1—1 (z) can be analytically extended.

6.14. Example III (piecewise monotonic transformations with finitely many
monotonicity intervals).

In order to check the assumptions made in Theorems 6.1 and 6.2 we need
some informations from [Hofbauer, 1985, Theorem 9 and its Corollary 1] about
the structure of the Markov diagram for piecewise monotonic transformations:

Let 9, =2 and Z,,, = Z,U{D € Z:3C € Z, such that C — D}
(n>1). Then

(6.12) 2,¢2,,(n21), |J2,=2, crd,)=0(n),
n>1
(6.13) nlingo r(MI_fZ,\:,”) =1,
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where M|\, is the transition matrix of (£, —) restricted to entries from

2\ Y, and acting by right-multiplication on row vectors of /" (Z\Y,). Now
let w=D,---D, be apath of length n in & . Then

(6.14) D, eZ, if D, € Z,, and

+n

o 1is closed, then it is completely contained in &, provided

(6.15) n > n, for some ny,eN.

As Z is finite, each D € & has at most card(Z") successors, i.e. (&, —) is
uniformly forward finite.

Let & = {B[2,]: n € N}. For B = B[Z)] and f € #°(«) we have in
view of (6.3)

I 2 7 1l < const I £y 18,0 - (Mg g)" 1,

i.e. s < 8o . r(MIQ\-%)’ and thereforeA T = li_mﬂey rp < &o by (6.13).
Hence r,, < r(P) provided that g < r(P). Similarly it follows from (6.15)
that y,. < g, cf. the proof of Lemma 5 in [Hofbauer/Keller, 1984].

We turn to the particular case where T is piecewise analytic as discussed in
Example 5.10 and where g = 1/|T'|. Let g be the “lift” of & to the associated
piecewise compact space X (see 3.14, 3.15). Choosing ¢ > 0 in 5.10 small
enough, (X,7T,Z,g) becomes a weighted % -expanding system. In particular
r(P)>1 as [Pfdm = [ fd (where i is the Lebesgue measure lifted to
the Markov extension X of X ). Hence Theorem 6.1 applies if 8o <1.

Assumptions (i) and (ii) of Theorem 6.2 are now trivially sastisfied as

card({x: T"% = %}) < (card(Z))".

We check assumption (iii): Let 8 = B[Z,], n €N, and a = B[Z,,,]. Then,
in view of (6.14), a(Pﬂa)jPﬂ =P;Pp for 0<j<n.
We summarize the results for the case g = 1/|7|: Fas = Tas < 8o s Yas

<
8oo s »(Z) = r(P) = 1, and hence k < 8,.7(Z) = g, . In particular G5 2
{lz] < g;'} . We also note that in this case

I/n
(6.16) 1=9(2) = lim (Z nDrw(xw)u)

where the sum extends over all closed paths w of length n. If g # 1/|T'],
then (6.16) still allows the conclusion k¥ < g_ - 7(Z) = g_, and hence again

Gy 2{lzl<gl'}.
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7. EIGENVALUES AND EIGENFUNCTIONS FOR
NON-MARKOVIAN SYSTEMS

A. A general result.

Suppose that (X,7T,Z,g) is a weighted, %/ -expanding, piecewise com-
pact system (not necessarily Markovian) and that (X,7, %, g) is its canoni-
cal Markov extension. Our goal is to derive knowledge about eigenvalues and
eigenfunctions of Pg and poles of ¢{ g(z) from corresponding results for Pg
and g(z) proved in the last section.

¢,(z) and ¢ ;(2z) have been related in Lemma 4.7 and Examples 4.8-4.10,
and it seems difficult to prove general results about this relation more precise
than Lemma 4.7.

P, and Pg are related by

n,0P, =P on, (Lemma 4.6).

This identity, however, is of no use, unless one has some additional information
about the range of n,: Z° (&) — mb(X).

In order to state a rather general result, which applies to various examples,
we introduce the following notation:

Let P=P,, P= Pg , and suppose

(A1) (H, || . |I) is a Banach space of (equivalence classes of) functions on
X, P(HYCH.

(A2) (H,| .|)) is a Banach space of (equivalence classes of) functions on X,
P(HYCH.

(A3) n(H)C H and n,_: H — H is continuous.

(A4) P: H — H is quasicompact with spectral radius r(P) and essential
spectral radius 7, , and for 7> 7 there is N = N(7) € N such that

N

N
P=>"J(E,+N)+Q
i=1

asin (2.2). We write £, =E, if A=4, and E, =0 otherwise.
(AS) P: H— H is bounded with spectral radius r(P).
Under these assumptions we can state

7.1. Proposition.

(a) Assume that || P" ||= O(r(P)"), |P"|| = O(r(P)"), and that = (H) is
dense in H. If (P~ A1d)*f = 0 for some f€ H, k > 1, |A| = r(P), then
Pf =Af, and there is f € H with n‘fzf and Pf =Af. Briefly

)k

U kernel((P — A1d

k>1

) = kernel(P — A1d) = n,(E,(H)).




PIECEWISE INVERTIBLE DYNAMICAL SYSTEMS 477

(b) If (P — AId)kf =0 forsome fe H, k>1, |A| > 7., and if condition
(A6) below is satisfied, then there is f € H with n,f = f and E,f = f. Briefly
| kernel((P - A1d)") = =z (E,(H)).

k>1

The condition mentioned above is: X A
(A6) There are a sequence of functions f, € mb(X) and constants a,f,
?1>7,C >0 such that for m = [Bn]

P e, NPT NSCo, IS -m IS Chs,
P foeH, ||PTLINSC v, If=nfll<C-y
J) a+f
W<—Za> "h<|7Tm
Foss r(P)

7.2. Remark. If f € n‘(I:I), one may choose f" =f,a=1, §=0, =1,
7, = 0 in (A6), and the condition reduces to |4| > 7. . This is always the case
if e, (HYCH.

|}.Ia+ﬂ

Proof of the proposition. '

(a) Define S, , = %2;’;0'(1_?)’ and S, , analogously. As || P =
O(r(P)"), lim,_ S, , = E, strongly and P E, = AE, (see Corollary VIIL5.2
in [Dunford/Schwartz, 1958]). Hence

nl_i_,ngosl,n om, = nll»ngo T, o Sﬂ.,n =n,o EA
strongly. Since n,(H) is dense in H and ||P"| = O(r(P)"), we may assume
Pf = Af, and there are fj € H with llf—SA‘"(n,‘f‘j)ll < j7! for all n.
Hence |f - n,(E, fj)ll < j~', and as range(n, o E,) is finite-dimensional,
f € range(n, o E;) . This proves (a).

(b) In view of (A6) we can fix 7> 7, and r > r(P) such that

A

r

S
a+p

a+p
(7.1) F <4, V1<|_|‘fa—’ 7, <

We may assume that O from (A4) has spectral radius less than 7.
Suppose now

(7.2) (P-A1d)f=h=mnhen,(E(H).

We shall show

(7.3) fen,(E(H)).

Observe first that (7.2) implies
n—1

(7.4) @W'P) - f=2""Y (A PYhen (E,(H)
j=0

because (P om, 0 E))(H) = (n, 0 P E)(H) = (n, 0o E, P))(H) C n(E,(H)).
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Let / = [an]+ 1 and define
B, =@A"'"P-27'0) AP .
A . . . . A N A A
i, is an element of the finite-dimensional space W :=range(3_,_, E,), E, as

in (A4).
Note that E,(H) C W . Now

lr-v-o P)’*’"f)—n(a)
< |a'p -

( )l+mf_u)

< const - ]1\ -7y +const- | (271 Q)' AT BY" £, ||
by (A3), (A6), and the choice of r,

ro+p n . _
< const - (!I -y2> +const- #[A] 7Ty

1
< r a+f n fa "
< const - (‘I . )’2) + W)’l

—0 as n — oo by (7.1).

Hence f can be approximated by elements from n*(W) (see (7.4)), and as
dim(n,(W)) < dim(W) < 0o, we have fen (W),say f=n, weW.
Let K={weW:n (0)=0}. As t,oP=Pon_, wehave

(1.5) (P - A1d)K C K.

Let U = E;(H) and V = (T, EL)(I:I). Then U +V = W,
A - ll#i A -
UnV = {0}, and both spaces are stable under (P —4Id). (P —4ild)y is
an isomorphism of the finite-dimensional space ¥ and hence also of its stable
subspace 14 ﬂ K.
Let f=a+0,aeU, 0€V. Forlarge s we have

n(P—A1d)'d =n (P - A1d)'w = (P - Ald)’ f
=(P-A1d) 'n h=n(P-21d) 'h=0.

This shows that (P — 211d)°9 and hence also © beleng to ¥ N K. Therefore
f=rnw=nnen(E,(H)),and (7.3) is proved.
With A =0 in (7.2) this proves (b) of the proposition for the case k = 1.
For kK > 1 we proceed by induction:
Suppose we know that for some k > |

(7.6) (P—21d)" f € n,(E,(H))
implies
(7.7) fen(E,(H)).

For k =1 this has just been proved ((7.2) = (7.3)).
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If (P—-A1d)"'f € n (E,(H)), then f, := (P - 11d)f satisfies (7.6) and
hence f, € mn (E,(H)) by (7.7). But this means that f satisfies (7.2) with A
replaced by f,, and (7.3) tells us that f € n,(E,(H)), ie. (7.7). O

Proposition 7.1 does not exclude the case that n, o £ ,, =0 for some eigen-
value 4, of P, such that 4; is not an eigenvalue of P. It just says that under
suitable assumptions each eigenvalue of P is also an eigenvalue for P. It seems

quite difficult indeed, to show the injectivity of = \EL (D) for general A, even for
particular examples. 2 (But see also the last paragraph of Example 7.6.) For
A €T, however, we have

7.3. Lemma. Suppose Theorem 6.1(c) applies to P together with a Borel mea-
sure m satisfying forall C,De Y

m{xeCnn 'D:V(n%)Z D} -0 ask — oo
Then E1f= 0 forall €T and all f e L,lh with m f =0 mon '-ae (For
V,(x) see Definition 3.3.) In particular =,: range(E,) — L5, _, is 1-1.

Proof. Let Ny={x€ X:x, f(x) # 0}. Fix 6 > 0 and choose a decomposition
9 = 9,02, with a finite &, and such that |||fA2||lM < & where f; =2 pe, f

Xp> f,:=f—f;. For k €N let
B, = {x € X:3D € &, such that x € D but V, (x)  D}.

Then
T JEf10x) < I Exfy N + I Ef(F, - Gtgus, © 7)) Nl
(7.8) +m,|E( fl (Xx\vouse) © F)I(X)-
Now
I Efy o< 61 E; Ny
and
Il £,/ - (tngum, © ) Il < constlE, | ;) drin
n—Y(NoUBy)
LA -1
< const-| £, II £l | m(z"'Ny) + Y m(Cnn By
CG.@]
where the constant is the norm of Id: (range(£,), || - l,)— (range(E,), Il - Ill,)-

A

Since for j > k and y € X'\ B, there is Just one X € X such that T’ p = X

27 Added in proof. Recently V. Baladi and the author proved the injectivity of i for

|A] > Fess in the case of piecewise monotonic transformations. The proof can be adapted to quite
general systems. It will appear in Comm. Math. Phys. as Lemma 4.3 of the paper Zeta functions
and transfer operators for piecewise monotone transformations.
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forall y € n_'{y} (see Lemma 3.10(c)), we have
AT PY (f, - (o © T)IX)

< Z |g,,(y)"XX\(Nougk)(y)'|n,f|(y)|-
yET/x

For y € X\ N, we have ln*f”l(y)l = In,f"z(y)l < f2 ., < &, such that the third
term in (7.8) can be estimated by

n—oo

R R, .
lim — 3" 7,127 PY (- Gngwguny © I
j=k

n—1

] :
< a-"lggo;;Pgl <9l Ee 1l
j:

where E is the projection onto {Pg’tfﬁ = éﬁ} .

Putting everything together we have in the limit k — oco: 7, |E , f | <6C, with
a constant C, independent of 6, and as 6 > 0 was arbitrary, 7z*|EA/1 7 | =0,
i.e. E'1 f=0. 0O
7.4. Remark. Theorem 6.1(d) underlines the importance of measures # on X
with
(7.9) supp(1) = X and /Pfdm = /fdm for feL,.
Similarly there may be a measure m on X with

(7.10) supp(m) = X and /Pfdm:/fdm forfeL,'".

The relation between such measures on X and X is as follows: If m satisfies
(7.10), then 7 := mom_ satisfies (7.9), observe only Lemma 4.6. On the other

~

hand suppose that some 71 sastisfies (7.9) and that Lemma 7.3 applies to P
and 1. We show that m := moe, satisfies (7.10):

/Pfdm—/fdm=/(e‘P—Pe‘)fdm=/El(e*P—Pe‘)fdm=0

by Lemma 7.3, since n (e, P — Pe*) =0 by (4.13) and Lemma 4.6.
Observe that in any case [ fdm =0 if n,f=0.

B. Examples.

7.5. Example I (topological Markov shift).

Suppose that Theorem 6.1(b) applies to the system (cf. Example 6.12). Al-
though P and P coincide as operators on mb(X) = mb(X), we distinguish
between P: C(X) — C(X) and P: #*°(¥) — #*(«), and Proposition
7.1(a) still tells us that if |A| = r(P) and ||P"|| = O(r(P)"), then each contin-
uous eigenfunction of P with eigenvalue A belongs to #°°(&). For finite
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state Markov shifts part (b) of that proposition implies that if E, f = f and if
f varies by at most C - y;' on cylinders of length n (where y, < %,L) ), then
fe#*H). As F =0, it suffices to choose g =1, y, >r(P), and a close
to 0 and to use Lemma 6.5 in order to show that if f is constant on cylinders

of length n, then || 2" f, ||, < const- |If, |- Il 2"1 I, -

7.6. Example II (up-and-down-counter, cf. 3.13 and 4.9).

Although the same remarks as above apply, this does not really help in this
case, because eigenfunctions may be (and will be in general) discontinuous and
cannot be approximated as before. (< does not consist of cylinders only!)
Hence Proposition 7.1 must be applied in a different way.

In Example 3.13 we saw that ¥ = {F,,G,: i > 0} is the only irreducible
component of (2, —) not consisting of a single loop only, and Theorem
6.11.c) provides a o-finite measure /i1 on X such that (7.9) holds for Pil_l .

Since D\ int(D) C {0,1%} for all D € &, and since for cylinders Z € Z,
(7.11) m(Z) = Al"”/f’"xz dm < A" sup m(D),
DeZ

we can apply Lemma 7.3. (Observe that 4, > 1, cf. Example 6.14). Hence
Remark 7.4 shows that the measure m = moe, on X satisfies (7.10) for the
operator P,-,. In particular m(Z) = m(e, x,) < const -,1,"" for Z € Z, by
(11,

Hence, if f € mb(X) is of bounded variation with respect to the lexico-
graphic ordering on X, and if f, = ZZGZ, Az ﬁ [, fdm, then

[ 17 = fldm < m(x)- 37" var(f)
and P"(e,f,) € #* (). Since also

Il 2" (e, £,) Il < const- | fll - Il B"(e,1) I < I1fll, - comst- 4]

by Lemma 6.5, we can apply Proposition 7.1(b) with H = #*°(&), H =
L,y =A =rP),f,=1,y,=4",and B = 1, which results in the
following conditions:

7
> Tess

Al > A7, Al > AT
The optimal choice for « is 1 in which case we obtain |4 > /4, .

We resume: If f € L,ln is of bounded variation and if (P — lId)k f=0
for some k > 0 and |4 > /A, then f == f for some f € E,(#*(¥)).
Also A, is a simple eigenvalue for P: L,ln — L,'n in view of Lemma 7.3, and
if M Zk-N forall k > 2, then the irreducible part of (£, —) has period
2,and r(P) and —r(P) are the only eigenvalues of maximal modulus for P.

Unfortunately this result tells nothing about those 4 with 1 =7 < |A| < /4, .
Better results cannot be expected, however, unless one can show directly that
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fen (#F(X)), as it has been done for certain interval maps in Lemma 11
of [Hofbauer/Keller, 1984].

7.7. Example III (piecewise monotonic transformations).

Suppose that .Z is finite. In just the same way as in the foregoing example,
but using the Lebesgue measure, which is a priori given, instead of the measure
m constructed there, one can check (A6) when H = L,ln ,H=7>), v, =
A=rP)=1,F <8 7, =8,+¢€ (any €>0), B=1,and a =1. The
resulting condition on 4 is |4| > /g . Again there is a gap to G5 = {|z| <
g2} (cf. 6.14).

Proposition 7.1(a) and Lemma 7.3 show that for 4 = 1 there is a 1-1-
correlspondelnce between eigenfunctions of P: #Z*°(«) — #°°(&) and of
P L, —L, .

8. INVARIANT MEASURES

A. Preliminaries.

Suppose that (X ,T,Z,g) is a weighted, piecewise compact, % -expanding
system with a canonical Markov extension (X,7T,Z, &) whose Markov dia-
gram is uniformly forward finite. Let P =P, , P = P, , and assume that there is
a Borel probability measure m on X with [Pfdm = [ fdm forall f € L,'" .
Let m = mon, be the “lift” of m to X (see Remark 7.4). If Fos < r(P) for
some projection net .# , then Theorem 6.1 applies to P . In particular =1,
and for each 0 < h € L,lh such that Ph = h and [ hdm = 1 the probabil-
ity measure dji = hdsm is T-invariant. It is easily seen that du := hdm is

T-invariant, where h = n_(h), and that

(8.1) /fd,u:/fondﬂ forall feL..

8.1. Remark. T acts isometrically on Li , and its adjoint T~ satisfies T" f =
P(fh)/h. T'T = IdL;, , whereas TT" is the orthogonal projection onto T(Li)
(see Lemma 9 in [Hofbauer/Keller, 1982]). For f € Li and A€ C with |A| =1
we have Tf = Af if and only if T*f = Af if and only if P(fh) = Afh (ibid.,
Theorem 2).

8.2. Lemma. (T ,u) is weakly mixing if and only if
(8.2) /fd,u=0=>7t*Ei(fo7toiz)EO (feL:l,/lel“)

Proof. Assume (8.2), let f, € L;°, f, € LL, and let [ f,du = 0. Then
n.(fyom-h)=fyh,and

/floT"~f2d,u=/fl-n‘f’"(fzon-il)dmﬁo as n — oo

by Theorem 6.1(c), i.e. (T, u) is weakly mixing.
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Conversely, suppose that (7 ,u) is weakly mixing. Fix k € N such that
Af =1 forall 1, eT. Let f, € L:", f, € LL, and suppose that [ f,du =0.
Then f,-h=n,(f,on-h) and

/f,oT""-f;du=/f,-P""(fh)dm
=/f,~nj""( om- harm—»Zj/f1 n,E,(fyon-h)dm

Aer
as n — oo. Since (T, u) is weakly mixing, this implies ), -7, E o fzon h) =
0. Now use (4.13), Lemma 4.6, and (6.2) for P to show that n E e n E

* U * *
6,,7E, for 2,ueT. Then (8.2) follows at once. O

B. Equilibrium states.

We recall some concepts from ergodic theory specialized to piecewise invert-
ible systems. General references are e.g. [Parry, 1969], [Walters, 1981}, or
[Petersen, 1983].

Suppose (X,T,.Z) is a generating, piecewise invertible system and % is
the Borel- g-algebra of X . By .#(T) denote the set of T-invariant Borel prob-
ability measures on X . For v € #(T) let

(8.3) g, =Y %z E 1T ' &
Zez

and

(8.4) h(v,T) = —/log g, dv,

the entropy of (T ,v). (Note that v{g, = 0} = 0.) From the general theory of
entropy it follows that (T ,v) does not depend on the particular choice of &
as long as Z generates.

Given a weight function g >0 and v € #(T), let

(8.5) F(u,T,g):h(V,T)+/loggdu.
If v{g=0}>0,then F(v,T,8)=—
v, € #(T) is an equilibrium state for log g, if
(8.6) F(vy,T,g)=sup{F(v,T,g):ve#(T)}.
If (X,d) is a compact metric space and if T and log g are continuous, then
the common value of both sides of (8.6) coincides with the pressure
e |
press(T, log g) = lim lim n log p, (T, log g,¢),

where

p,(T,log g,€) = sup {Z g,(x): Eis (n,s)-separated} .
x€E

(Recall that E C X is (n,é¢)-separated, if whenever x,y € E and x # y,

there exists some i with 0<i<n-1 and d(T'x,T'y) > ¢.) This variational

principle is due to [Walters, 1976].
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8.3. Theorem. Let (X ,T,.Z ,g) beas in part A of this section with the measures
m and p described there.

(@) u is an equilibrium state for log g and F(u,T,g)=0 (=logi,).

(b) Suppose supp(m) = X . Then each equilibrium state v for log g can be
represented as dv = h,dm with h, € n‘(range(El)) , and the number of ergodic
equilibrium states for log g equals rank(m, o EI). In particular, if A, =1 isa
simple eigenvalue of Pg , then there is a unique equilibrium state for log g .
Proof. (a) (a slight generalisation of [Ledrappier, 1974]). For v € #(T) let
P = Pg” , and observe that since we can choose EV[xZ|T_'<@] = TT:XZ ,

(8.7) /f1~PVf2dV=/floTof2dV

if both sides of this equation are well defined. In particular, since v is T-
invariant, P )1 = 1 v-a.e. Let a, be a measurable function such that log a, €

L!. Then
(8.8)
Fv,T,g) =h(u,T)+/log gdv =/log§—d1/

/loga du+/logla oT" H gogk]du) asvoT '=v
gO

S

;( [1080,dv+ [ a,07" H;"ZTTk l)
(
<

IN
I

S| -

—/logandu+/P: (a oT" H :Z;) - 1) by (8.7)
_/logandu+/P”(anoTn)dl/ - l>
(—/logandu+/an'7t*f’"(e‘l)a’u - 1)

Specialising to «, = exp(—/n) we obtain

exp(—=v/n)

+——— Il P" l,—0 asn—oo

1
\/_ n

S|— S|=

F(v,T,g) <

because || " ||= O(n°~'4}) = O(n°""), where o is the order of the pole 4,
of the resolvent of P

On the other hand, using the convention 0-log 0 = 0, we have for h =
n‘(iz): h|log h| < max{e” "', || A lll., -log || h ll,} <oo.Hence h-log h € L,ln
ie. logh eL/l‘,and as poT ' =y,

1 hoT |
og — eL log

duO
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Now

hoT~ hoT-
T T,
+ 8 4

hoT-
=/P(°—g“>dm— 1=/P(l)-hdm— 1
g U

=0 as Pﬂ(l) =1 p-ae.,

i.e. 4 maximizes F(v,T,g). This proves part (a).

We turn to (b): Since supp(m) = X, we have supp(si1) = X, and hence T’
is a finite group and all A € I' are semisimple (Theorem 6.1). In particular
there is k > 0 such that 2 = 1 and ¢7'2' = 0 forall 1 # 2 € I'. Using
the notation ¥ = P~ Y, [ AE, wecanfix # > 1 and 0 <y < 1 such that
ﬂr(‘i’)k <y<l.Let h= n‘El (e,1), a,= min{h_l ,,B["/k]} , and let v be any
equilibrium state for log g. Then F(v,T,g) = 0, and by (8.8) we have for
large j

0=k-Fw,T,g)

Jjk+k—1
5 /log—dv+k/ JknE(eldV—k+ Z/Jkn‘l’ (e,1)d

i=jk

l( loghdv — jlogB-v{h< B~ }+/a hdu—l+y)
J \Jin>p-1}
l loghdv —logB-v{h< B ’}+
T J g0y
Hence
j
(8.9) logB-v{ih<p 'y <1 / loghdv + L.
{h>p-7} J

As logh is bounded from above, —oo < [loghdv < oo is well defined. This
shows ¥{h =0} =0 (let j — oo in (8.9)).

We prove logh € L:: Suppose for a contradiction that [loghdv = —oo.
Then [, ;- loghdv <0 for large j and (8.9) yields v{h < B’} <y for
large j, which in turn implies [loghdv > —oo. This allows the following
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1—/h dv—/ (hhT)dV
“/P(hor > /h :rg av
>I+/log(hhT )u—l+/log< )

=1+Fw,T,g)=1
with equality if and only if (h-g)/(hoT-g,) =1 v-ae Hence g, =
(g-h)/(hoT) v-ae. Therefore we obtain for f € Ll', and neN

n
[ rav= /Pffdu:/%fh)dv
= /n"P (fo—‘_n.h)dt/.
h
In view of Theorem 6.1(d) there are 77 '-invariant sets X, and P-invariant
functions A, > 0 such that [, izjdrh =J, ; and

estimate:

(8.10)

d
Elf‘=§;/xf*dm.iz,. for fe L} .
i=1 !

In particular & = Z;Ll ajizj for some o, €R.
Suppose now f is bounded and constant on each cylinder Z € 2, for
some N > 0. Then PV(fon-h) e #° () and LN P (fon k) —
PY(form-h) in #°(). Hence, for such f, (8.10) implies

/fdl/: /”*E'PNglf”'i')du

S /P fonhdm/*'dv

i,j=1

Il
L
—~
<
(o)
P
-~
.
3
—~
&
AN

- /fhy dm

for some h, e n (range( ). Since (X,T,Z) generates the Borel- o-algebra
of X, it follows that dv=h,dm. O

8.4. Remark. If m{x € D: Vk(x) g D} —» 0 as k — oo forall D e <, then
Lemma 7.3 applies, and there are exactly rank(E,) ergodic equilibrium states
for log g in Theorem 8.3(b).
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C. Exponential weak Bernoulli mixing.
Let (X,T,Z,g), m,and u be as described in part A of this section. For
finite or countable partitions # and & of X let

D(#,%)= Y. |uRNS)=uRu(S).
RER SEF
Z is called a weak Bernoulli partition for (T ,u), if

lim b(n) =0 where b(n) = sup D, (Z, T—(k+").‘:2’,).
h—oo k ,IEN

It is well known that
b(n) =2 sup/sup{|u(A|zk) ~u(A): AT NB, ) dy
kEN

where .. is the o-algebra generated by \/ioy T~ 'Z. 1b(n) is known as
the mixing coefficient of absolute regularity of the Z-valued stochastic process
¢, ¢, (x)=Z if T"(x) € Z . A discussion of this notion of mixing and a lot
of references are provided by [Bradley, 1983].

8.5. Theorem. Suppose that (T ,u) is weakly mixing. Then Z is a weak
Bernoulli partition for (T ,u) and

b(n) =0(r")
Jor each r > max{|A|/A,: A€ a(P), |A| <A}.

8.6. Remark. For finite state Markov chains an even stronger mixing property
was proved by [Bowen, 1975]. For piecewise monotonic interval transforma-
tions (with g of bounded variation) a result like Theorem 8.5 can be found
in [Hofbauer/Keller, 1982] and [Rychlik, 1983]. Here we adapt Rychlik’s very
elegant proof to our setting.

Proof of the theorem. Let A=T "% 4 de % .On BeZ wehave

_ B Uy g
”(A'Z‘)_u(B)/AXBhdm—u(B)/A'P (xgh)ydm.
Since u(A) = u(A) = [;hdm,

L(AIZ,) - u(A)] < /A \P"** (43 h)/u(B) - hldm on B
and hence

b(n) < sup 3 /|P"+k(x3 u(B) - h|dm.
k€N pe 7,
Let B = n_'(B). Then x; = xzom, n‘(xi,it) = xgh, and P"+k()(Bh) =
n,P"*(x; k). Hence

3o < sp 5 [ 1x P (g - wB) Byl dm

keN pe 7,

= sup Y [ m ¥ P ((2y - u(B)) ) dom

keN BeZ,
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by Lemma 8.2, where ¥ = P — Y ierAE; as the L,'h-operator (cf. Theorem
6.1(c). Now

%b(,,) < sup S 1" P ((x; — w(B)) )

kEN BeZ,

k-

Ak a a
< const-r"-sup > (| P (x5 h) Il +u(B)- 1 2 1I,,)
kEN BEZ,

IN

n 7 7 A -1
const- 7" [ || A fl, +sup Y [l(h-g,)e T, |,
k w pathinZ
of length &

const - r" <||| Rl +sup || B“(h%) IIIM)
keN

IA

by Lemma 6.5 where

h =3 1zl

ZeZ
Finally observe that sup,, [| P* ||, < oo and A" € #®(&/). O

8.7. Example II (up-and-down-counter).

In (7.6) we saw that the counter (Q(W,,),S) has a Borel measure m with

supp(m) = Q(W,,) and [Pfdm =4, [ fdm forall feL. . A
eigenvalue of P. Replacing g =1 by g = /11" , we can apply Theorem 8.3 and
see that the counter has a unique measure x4 of maximal entropy logd, for
each subset M of N. If M € k-N forall Kk >2,then 1 and —1 are the only
peripheral eigenvalues of 131_. . Hence (Q(W),,) ,S2) has exactly two ergodic
measures of maximal entror;y, both weakly mixing, and hence exponentially
weak Bernoulli mixing under s?.

is a simple

8.8. Example III (piecewise monotonic transformations).

Suppose that .Z 1is finite. In Example 6.14 we showed, how Theorem 6.1
applies. In particular, if & = 1/|7’|, then all equilibrium states on X for log g
are absolutely continuous with respect to the Lebesgue measure on X . The
number of ergodic equilibrium states for log g equals rank(E 1), and in view
of Example 7.7 this number is identical with the multiplicity of the eigenvalue
1 for the operator P acting on the space of functions of bounded variation on
X oron L} (X) (cf. [Hofbauer/Keller, 1982]).

As the spaces [0,1] = X and X differ only by countably many points, “ X ”
may be replaced by “[0, 1]” in the above remarks.
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9. APPLICATIONS

A. Limiting behaviour of processes S, = ZZ;& fo T*.
Let (X,T,Z,g) be as in §8.A, and assume that (7', u) is weakly mixing.
Fix fe Li with [ fdu =0 and suppose

(9.1) ST Sl < oo
k=l

(Y )eso=(fo T )k>o 18 a strictly stationary stochastic process with respect to
the probability measure x4 on X . Let S, = :;3 Y, and

oo
(9.2) o’ =var(Yy) +2-)_ cov(¥,,Y,) < cc.
k=1

An easy classical calculation [Kac, 1946] yields
. 2
(9.3) nlingo var(S,/Vn)=0".

The exceptional case o’ = 0 is characterized by the following lemma (see
Lemma 6 of [Rousseau-Egele, 1983]; we give a shorter proof).

9.1. Lemma. Assume (9.1). Then e’ =0 ifand only if f = ¢ — T¢ for some
peL’.

Proof. By (9.1), f_ = ZZ‘;O(T')" f isin Li . A straightforward calculation
yields

0 = [+ T fo) oo = T" )
= foollzs = 17" £z
= Ifeallz; = 17T £ 13-

Since TT" is the orthogonal projection onto TLi , 6’ =0 is equivalent to
f, =TT f_, which is true if / = ¢ — T¢ and which, on the other hand,
implies f=f_ -T'f =TT f_-T'f_ . O

Let f, = E#[fli’n]. A convenient tool to verify (9.1) is

9.2. Lemma. Suppose f € Li is bounded, [ fdu =0, and
(9.4) I1fo = fll = 0(a")

for some 0 < a < 1. Then thereis 0 < b < 1 such that ||(T‘)"f||Lﬁ =0(").
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Proof. Fix k € N such that AK=1 forall el , and suppose that n = 2/k
for some /€N. Let ¥ =P -y, _AE, (as L, -operator). Then

1T il < Wil [ 1P - O]
<l [P o) dom

sllflloo-(

e [ Py 0 m ) dom
by Lemma 8.2 and as yp — ¢ ,
s lk alk :
Sl MY P (S om-h) il
ik ! kg
S Moo MY Mg I Moo PR,

by Lemma 6.5, where 4" = Z XZ”il'z”;/ J
ze#

Z/M*El(f,kon-iz)|a'm+/|n*‘i’n(f,ko7t-iz)|dm)

A€l

A 2 A
=01 ¥"" ll,) as sup || 2" [l < oo,

Since the spectral radius of ¥ is less than 1, the lemma follows from
I/ = fll2 = O(@"’?) and the fact that |T*||,. =1. O

There are (at least) four approaches to probabilistic limit theorems for the
process S, provided 0> >0.
9.3. L’-TECHNIQUE.

Assuming (9.4) and using Lemma 9.2 one can reduce the asymptotic normal-

ity of S, /V no’ to that of a backward martingale (see [Gordin, 1969]). This
approach to the central limit theorem was used by [Keller, 1980] for piecewise
monotonic interval maps.

9.4. oT" AS A FUNCTIONAL OF AN ABSOLUTELY REGULAR PROCESS.
n>0

Let ¢ (x) = Z € Z if T"x € Z. This defines a stationary Z-valued
process, which, by Theorem 8.5, is absolutely regular with exponential decrease
of mixing coefficients. Assuming (9.4) and observing that (X ,T,.Z") generates,

the process (Y,),, can be represented as a sufficiently regular functional of the

8

. .. 2 .
process (¢,),~, . and one obtains a central limit theorem with convergence

B . .29
rate n~" for some 0 < ¥ < 1 and an almost sure invariance principle = for

the process S, that is good enough to imply loglog-laws and weak invariance
principles. Details can be found in [Hofbauer/Keller, 1982] where this approach
has been used for piecewise monotonic interval maps.

28 Cf. [Ibragimov/Linnik, 1971].
29 Cf. [Philipp/Stout, 1975].
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The other techniques rely on direct estimates of the Fourier- or Laplace-
transforms of S,/\/n or S, . They apply only to “analytic” f, analytic in the
sense that for each Z € 2 there is f, € #°°(U,) such that f, o5 = fiz (cf.
§5).

9.5. FOURIER-TRANSFORM TECHNIQUE.
Let P, = P, exntits) for t € R. Then Theorem 6.1 applies to P,,

/ exp(itS,) du = / P"(h - exp(itS,)) dm = / P"(hydm,

and a perturbation expansion of the spectral representation of P, at t = 0 leads
to a convergence rate n~'? in the central limit theorem, while this expansion
for small [f| together with the spectral theory of P, for arbitrary ¢ leads to a
local limit theorem for S, . [Rousseau-Egele, 1983] has carried out this program
for piecewise monotonic interval maps.

9.6. LAPLACE-TRANSFORM TECHNIQUE.
We still assume f to be analytic in the above sense, but we skip the assump-

tion [fdu=0. Let now P, = o) for t € R. Then, similarly as above,

[exp(tS,)dm = [ P/ (1)dm , and Theorem 6.1(b) (or perturbation theory ap-
plied to P, ) yields quasicompacity of P, for small |¢|, say P, = 4,(t)E, (1)+¥(¢)
fort_<t<t, and E,(t)(f) =h -ffd[t. (Remember that (7, u) is weakly
mixing.)

Let (1) = +log [ exp(tS,)dm . Then

(@) v, (t)=Llog [, P'(e,1)dm —log A (t) =: w(t) < oo (n — 00),

(b) w(¢) is real analytic on (¢_,¢ ), since P, is an analytic family of oper-
ators,

(c) using Chapter VII, §2.3 and formula (2.14) in [Kato, 1976] it is not hard
to show that y'(0) = [ fdu and y"(0)=a’.

If o> > 0 one can choose 7_ ,t, so small that y"(1) >0 for 1_<t<r1,.
Let a_ = y'(t_), o, = y'(¢,). Properties (a)-(c) are sufficient for a large
deviations result, namely:

For all a € (¥'(0),a,)

s
lim %log m (7" > a) = ~I(a) € (=0, 0),

n—oo

and for all a € (a_, ¥'(0))

n—oo N

lim llog m (% < a) = —-I(a) € (~»,0),

where I(a) =a-t, — y(¢,) and ¢  is the unique solution of v'(t) = a. (Note
that if [ fdu =0, then I(a) = o’/2¢” + O(c’) in the limit a — 0.)

Here we used [Plachky/Steinebach, 1975]. A good discussion of the Laplace-
transform technique can be found in [Cox/Griffeaths, 1984].
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B. Limiting behaviour of statistics based on (f o T")n>0 .
The technique of representing (fo T”)n>0 as a functional of an exponentially

mixing absolutely regular process (cf. 9.4) can be used to derive limit theorems

for statistics based on the sample (f(x),...,fo T"“'(x)) , more complicated

than the simple “mean-value statistic” S, . This has been worked out for U-

statistics by [Denker/Keller, 1985]. We do not go into details.

C. Extinction probabilities and transient behaviour.

Suppose (X,T,Z,g) is a weighted system and m a probability measure
on X suchthat [Pfdm = [ fdm forall f e L,'n. Let A be a finite union
of cylinders from .Z* and let

7(x) =1,(x) =min{n > 0: T"x € 4}.

(For other “traps” one must start with a refined partition .Z".) We investigate
p, = m{t > n}. Since T > n is equivalent to %ZZ;& X40 T¢ < 0, the
large deviation result from (9.6) (if applicable to f = x,) would yield
lim, | %logpn = -I(0). Butas f = x, >0, A(¢) is increasing in ¢ and
hence ¥'(f) > 0 such that a_ > 0, i.e. a = 0 is not in the domain of va-
lidity of the large deviation estimate. There is an alternative approach to this
problem, however, which shares the largé deviation flavour:

Let g, = g-(1 —x,). (Do not confuse this notation with the former
g, -) Suppose that Theorem 6.1 applies to (X,7,Z,2,) (it need not apply to

(X,T,Z,8)). Then
n—1 n—1
b= [TI0-r0odm= [ 2! (1‘[(1 —mor") dm
k=0 k=0
= /PgA(l)dm=/7z*Pg4(e*l)dm,

. 0 l ~
Le. lim _ _ .p, <log r(PgA) .

Similarly, if A, , =r(P,) and P, h, =4, ,h, >0, then

n—1
> Ik, 117 -/H<1 g T m (h,ydm
k=0

a0 / 7B (h)dm

g 555 [ 7 by dom,

and hence lim,___ +logp, = log 4, 4 provided [rn (h)dm > 0, eg. if
supp(m) = X .
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Theorem 8.3 provides an equilibrium state u, € #(T) with F(u,,T,g,) =
log 4, - In particular, t,{g, o 7" =0} =0 forall k>0, ie. supp(u,) =
(e ] —k
X SMeoo T "(X\4), g, >0, and

log A‘l,A = F(,u,q s T|XA ’gIX,4)
= Sup{F(V, T'le ’g|XA): v e‘/[(T]X4)}

= pl‘CSS(TIXA , log g|XA)

provided X, is a compact metric space (cf. §3.B).
We summarize these results in

9.7. Proposition. If X \ A is compact metric and if supp(m) = X, then

.1
Jim log m{t, > n} = press(Tiy, , log gy,).

For constant g this was proved in [Keller, 1984].

If the trap A4 is very small, it may take quite a long time until a trajectory
hits it with probability % , say, and it is interesting to characterize the behaviour
of the orbits before extinction. We shall show that it is in some sense indistin-
guishable from the behaviour of typical orbits of the system (7', u,) where u,
is an equilibrium state for log g, .

So suppose again that (X ,7,.Z,g) is a weighted system and m is a prob-
ability measure on X with supp(m) = X and [Pfdm = [ fdm for all
fe L,'n . m is lifted to a measure M = mon,_ on X . Let the trap A, the first
exit time 7, and the weight function g, be as above.

9.8. Proposition. Suppose that Lemma 6.9 applies to the system (X ,T,Z ,g,),
that A, , is the only peripheral eigenvalue of P§,4 and that 2, , is semisimple,
ie. P, =A E +¥ with r(¥) <A, ,. Let n, = (moE (e1)” -mok,,
m,=m,oe,  andfor neN let m,=m(-|t,>n).

For ®: X — R and n € N let Var, (®) = sup{|®P(x) -P(y)|: x,y € Z €
Z,}. Then there are S >0 and 0 < q <1 such that

’/dm’m" —/d>dmA

forall 0<k<n and ®: X - R.
Proof. For 0 <k < n let

<SS -¢" " + Var, (@)

m =Y. my(Z)-m(-Z),
Zez;

Ve o= > my(Z)-m (-1Z)x m,(-|Z).
Zez,
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m, . is a probability measure on X, v, on X x X, and

/<I>dm —/(deA
+’ ®opr dy, , - ®opr,dy, ,
XxX ’ ’

/d>dmn—/<l>dmkn
X X ’ XxX

where pr ,pr,: X x X — X are canonical projections,
S m,(Z) - mA(Z)l‘/ ®dm,(-|Z)| + Var,(®)
Zez, z
< 2Pl 'Sl;plm,,(B) - m (B)| + Var, (D)

I/\

IA

where the supremum extends over all B in the o-algebra o(Z;) generated by
Z, -
Next, if p, = m{t > n} >0, then

-1

m,(B)=p, / Xgdm
{r=2n}

| n—1 .
P /P" (XBT[(I —xA>oT') dm

i=0

=p_l/7z 137'kfdm wheref=f’f_'(e*x5)e/”/°°(%),
NS E fdm+ [9F fdin
l,AfEI(e*l ydm+ [¥"(e,1)dmn
A JE e xg)dm+ [V fdm
i'l',AfEl(e‘l)drh+f‘i-’"(e*l)drh'

Here we made use of the fact that #moE, isa o-finite measure on X invariant
under 4, APg (see Lemma 6.9).

Fix 0<§<gq<1 suchthat A7'r(¥) < g. As

o\ n— 2 n—k Kk
"7 I, < const- (&, ,@)" Il /Il < const- (4, ,@)" " (A, ,4/d)

n—k

< const- 4} , ¢ (use Lemma 6.5)

and
I ¥ (e, 1) |ll, < const- (4, ,q)",

we finally get
m (B) = / exydin, - (1+0(a") +0(g"™ )

=m,(B)+0(g"™")

uniformly in B. O
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9.9. Corollary. Let F, (n € N) be a sequence of functions from X " to R,
and assume that F, is Lipschitz-continuous in each variable separately with a
Lipschitz-constant L, , in the sense that (for some 6 > 0) |F,(...,x,...) -
F(..,y,...))| <L, -As(x,y), where As(x,y) = exp(—6 -max{n e N: 3Z €
Z, such that x,y € Z}).

If sup, \IFllo < 00 and if lim,_| L =0, then
. n—1 n—1
nlLrIgo /Fn(x,...,T x)dmn—/Fn(x,...,T x)dm,| = 0.

Proof. Let @ (x)=F,(x,...,T" 'x). Then

n
Var, (®,)<L,- (T‘l'—_a +n —k) ,
—e

and choosing k = k, such that n—k, - oo and L, -(n—k,) — 0 as n— oo,
the corollary follows from Proposition 9.8. O

9.10. Remark. If E : X — C[0,1] is defined as the path obtained by linear
interpolation of the points (-, n~'/2 E;=of° T (x)), (i=0,...,n—1) for

n—12
some Lipschitz-continuous function f: X — R (in the above-defined sense),
the corollary shows that the distributions of the £, under m, and under m

are asymptotically equivalent. The distribution of Z  under m, tends, in turn,

to the distribution of a Brownian motion over [0,1] as n — oo provided o’
as defined in (9.2) is positive, cf. 9.4.
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