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ON TWO-CARDINAL PROPERTIES OF IDEALS

JACEK CICHON

ABSTRACT. We investigate two-cardinal properties of ideals. These properties
involve notions such as Luzin sets, special coverings, etc. We apply our results
to the ideals of meagre sets and of negligible sets in the real line. In case of
the negligible sets, we relate these properties to caliber and precalibers of the
measure algebra.

1. INTRODUCTION

We shall use standard set theoretical notation and terminology (see e.g. [K]).
We work in the ZFC set theory. By CH we denote the Continuum Hypothesis,
by GCH the General Continuum Hypothesis and by MA the Martin’s Axiom.
If x is a cardinal then by MA_ we denote the Martin’s Axiom restricted to
c.c.c. partial orders of powers less then k. By ¢ we denote continuum. Letters
K ,A,u denote cardinal numbers and o, 8,7, denote ordinal numbers.

By P(X) we denote the family of all subsets of the set X . A family J C P(X)
is called an ideal on the set X if it is closed under finite unions and subsets,
and contains all finite subsets of the set X . For any ideal J on the set X we
define the following four cardinal numbers:

add(J) = min{|x|: xC 3&Ux¢3} :

cov(J) = min {|:£|: xci&Jx= X} ,
non(J) =min{|4|: AC X&A &7},
cof(J) = min {|X|: X C J&(V4 € J)(IB € X)(A C B)}.
By w” we denote the family of all sequences of natural numbers. On the set
w” we define the relation <" by
<" g e (@new)(Vm>n)(f(m)< g(m)).
Let
b = min{|X|: ~(3f € 0”)(Vg € X)(g <" /)}
and
0 = min{|X|: (Vf € 0*)(3g € X)(f < &)}
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Note that the notations b and o are due to E. van Douwen. A sequence
(f,: a < k) of functions from w® iscalled a x-scale if A <* fﬂ fora< <k
and for every function g € w” there exists a < k such that g <" f . Note
that x-scale exists for some x if and only if b=10.

Let R denote the set of real numbers and Q the set of rational numbers.
Let . denote the ideal of Lebesgue measure subsets of R and let .Z denote
the ideal of the first category subsets of R. The following diagram shows the

relations which holds between the cardinal functions introduced above for ideals
Z and &

cov(Z¥) —— non(Z) —— cof(F) —— cof(L)
7 7
b [

1 1
add(¥) —— add(%¥) —— cov(#) —— non(¥)

In this diagram x — A means ZFC x < A. Two additional relations hold:
add(%Z’) = min(cov(%),b) and cof(Z) = max(non(%),0d). A detailed dis-
cussion of this diagram can be found in [F].

Let & denote the family of all Borel subsets of the real line. The measure
algebra % is the quotient algebra #/.¥ . Let B be a complete boolean algebra
and let x,A be cardinal numbers. We say that the algebra B has (x,A)-caliber
if for every family X C B of cardinality x there exists a subfamily % C X
of cardinality A4 such that inf(%') > 0. We say that the algebra B has (x,4)-
precaliber if for every family X C B of cardinality x there exists a centered
subfamily % C X of cardinality 4. It is well known that any c.c.c. boolean
algebra has (R, R;)-precaliber and that the measure algebra has (R, , X,)-caliber
(see e.g. [T]).

Let Z@% denote the family of all functions from « into finite subsets of
w such that for every n € w we have |f(n)| < n. The following three lemmas
are proved in [F]:

Lemma 1.1. There are functions ¥: % — % and G: & — F such that for
every A€ % and Be . if F(A) C B then AC G(B).
Lemma 1.2. There are functions F: ° — % and G: % — w* such that for
any A€ X and few® if F(f)C A then f <" G(A).

Lemma 1.3. There are functions F: w” — % and G: & — L EF such that
forany few” and A€ if F(f) C A then for all but finitely many n € w
we have f(n) € G(A)(n).

2. ARBITRARY IDEALS

Let J be an ideal on a set X . A subset 4 of X is a (x,A)-Luzin set for
the ideal J if |4| = k and for every B € J we have |4 N B| < A. Recall
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that (c,X,)-Luzin sets for Z are called Luzin sets and (c,R,)-Luzin sets for
& are called Sierpinski sets. It is well known that MA implies the existence
of (c,c)-Luzin sets for % and .. The construction of (c,R,)-Luzin sets for
this ideal in the absence of CH requires the forcing techniques. Namely, if
C ={c,: a <k} is a sequence of independent Cohen reals over the model M
of ZFC then in the model M[C] the set C is a (x,R,)-Luzin set for the ideal
Z . A similar fact is true for random reals. If C = {r_: a <k} is a sequence
of independent random reals over M then in M[C] the setis a (k,R,)-Luzin
set for the ideal .. It was proved by A. Krawczyk that if M (b =10) and r
is a random real over M then in the model M|[r] there exists a (b,b)-Luzin
set for & (see [P, Theorem 3.1]). If ¢ is a Cohen real over M then there are
a (b,b)-Luzin set and a (v,9)-Luzin set for the ideal .Z° in M|[c] (this easily
follows from results from [CP]).

Definition 2.1. L(J,x,A) & there exists a (x,A)-Luzin set for the ideal J.

A family X CJ is called a (x,4)-Rothberger family for the ideal if |X| =«
and for every Z C X if |¥| =4 then Y% = X. The existence of (c,c)-
Rothberger families for 7 or .2 can be easily deduced from MA. One Cohen
real always produces a (c,R,)-Rothberger family for the ideal 2 (see [CP]).

Definition 2.2. R(3,x,A) & there exists a (x,A)-Rothberger family for the
ideal J.

A family X C J is called a (x,A)-nonadditive family for the ideal J if
|X| = x and forevery ¥ C X if |Z| =4 then U%Z & J. Notice that every
(x ,A)-Rothberger family for J is a (x,A)-nonadditive family for J.

Definition 2.3. N(J,x,1) < there exists a (k,A)-nonadditive family for the
ideal J.

A family X C 7 is called a (k,A)-base of J if |X| =k and for every A €7
we have [{B € X: ~(B 2 A)}| < A. Note that if add(J) = cof(J) then there
exists a (add(J), add(J))-base of J.

Definition 2.4. C(J,kx,A) < there exists a (x,4)-base of J.

It is easy to see that C(J,x,4) = R(J,x,A), C(I,k,A) = L(3J,k,A),
R(J,x,A) = N(3,x,A) and L(J,x,4) = N(J,kx,4) for all cardinal num-
bers k¥ and A. Hence the property C(J,x,4) is the strongest one among those
introduced above and N(J,x,A) is the weakest one.

Lemma 2.5. If k > A then C(J,k,A) does not hold.

Proof. Suppose that A < k and that X isa (x,4)-base of J. Let {T, :a <A}
be any subfamily of X of different sets. For every a < A let C, be any set
from J such that C, T . Let D be any elementof {{T € X: C, C T}: a < 4}.
Then {T € X: ~(D C T)} 2 {C,: a < A}. This contradicts the definition of a
(k,A)-base. O
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The sequence (A4,: a < k) of elements of J is called a x-base of J if for
every element A of J there is a < k such that 4 C A, and 4 C Aﬁ if
a< f<k.

Lemma 2.6. If C(J,x,k) then there exists a k-base of the ideal 3.

Proof. If Kk is a regular cardinal number then an easy induction may be applied.
Suppose hence that cf(k) < k and let (k,: a < x) be a monotonic and cofinal
in k sequence of cardinal numbers. Let X be a (k,x)-base of J. For any
a < cf(k) let T, = {4 € X:|{T € X: ~(T 2 A)}| < k,}. Note that if
a < B <cf(k) then T C Ty. We claim that for every a < cf(k) we have
IT,| < k. Suppose that the claim is not true for some a < cf(x). Then T
is an ordinary base of J and it follows that it is a (x,k,)-base, contradicting
Lemma 2.5.
We define by induction a sequence (4 : a < cf(x)) as follows:

A, €e{{BeXx:B2C}: CeTaU{AC: {<a}l}.
It is easy to check that there is a cf(x)-base of the ideal J. O

Theorem 2.7. If C(J,k,A) then k = A and cf(x) = add(J) = cof(J). Con-
versely, if add(J) = cof(3) then C(J, add(J), add(3)). Moreover, if cf(x) =
add(3) = cof(J), ¥ < |X| and (VA € J)(3B € J)(|B — 4| = |X|) then
C3,k,kx).

Proof. The first part of the theorem follows from Lemmas 2.5 and 2.6. The
proof of the second part is by standard transfinite induction. Note that if
(A,: a < cf(k)) is a cf(k)-base of J and (VA4 € J)(3B C J)(|B — 4| = |X])
then we may assume that if a < § then |4 p— A= |X]. Hence it is possible
to refine the sequence (A4 : a <cf(x)) tolength k. O

The next two propositions show the connection between properties of ideals
introduced previously and the cardinal functions.

Proposition 2.8. (1) N(J,x,k) = (add(J) < k & cf(kx) < cof(T)),

(2) R(3,x,k) = (cof(J) < k & cf(kx) < non(J)),
(3) L(3,k,k)= (non(J) < k& cf(k) < cov(T)).

Proposition 2.9. Suppose that A < k. Then
(1) N(J,k,4) = (add(J) < A < k < cof(T)),
(2) R(3,x,4) = (cov(J) <A< Kk <non(J)),
(3) L(3,k,A)= (non(J) <A<k <Lcov(T)).

We omit the elementary proofs of these propositions.
Supposethat ACU XV, ueU and ve V. Then A, ={yeV:(u,y)€
A} and A’ = {x € U: (x,v) € 4}.

Lemma 2.10. The following two conditions are equivalent:
(1) cf(x) = cf(4),
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(2) there are two sets A,B C Kk x A such that AUB =k x A, for every a < k
we have |A | < A and for every B < i we have 1B?| < k.

Proof. 1t is clear that condition (1) implies condition (2). Hence suppose that
condition (2) holds. Observe that from the symmetry of assumption it follows
that it is sufficient to prove that cf(x) > cf(1). Let us suppose that cf(x) <
cf(A) . We will consider two cases.

Case 1. A< k. Note that cf(x) < cf(d) <A1 <k, hence k is a singular cardi-
nal number. Let (k,: a < cf(x)) be a monotonic and cofinal in k sequence of
cardinal numbers. For any # < A we define

f(B) = min{a < cf(x): |B®| <k }.

Then f: A — cf(x). Hence there exists o, < cf(x) such that If_l({ao})l =A.
Let T = U{B’: B € f'({ay})}. Then |T| < x. Let us take a, € k — T.
Then f —1({%}) C A4, but this is impossible. Hence Case 1 is eliminated.
Case 2. A > k. We may assume that cf(41) # x since otherwise we would have
cf(x) = cf(1) and this contradicts our assumption.

Subcase 2.1. cf(A) > k. For g <A weput f(B) = min(x—B*?). Then f: 1 —
x and we can find o, < x such that lf_l({ao})l = A. But f_l({ao}) c4,,
which is impossible.

Subcase 2.2. cf(2) <. Let (x,: 5 <cf(x)) be a monotonic and cofinal in
sequence of regular cardinal numbers. For any f < A we define

f(B) = min{n < cf(x): (V¢ 2 m)IB” nier] < k).
Then f: A — cf(x). Since cf(x) < cf(4) there exists 5, < cf(x) such that
I/ "' ({n})l = A. Let n, be such that n, < n, < cf(x) and k, > cf(4).
Note that if 8 € f_'({no}) then |Bﬂ nk,| <k, . For { <k, we define
H, = {B < A: f(B) =1, and x, N B’ C(}. Then H, C H, if { < ¢ and
S meh) = UiH: ¢ < ke, )

We claim that there exists { < K, such that |H,| = A. Suppose that this is
not true. Since cf(1) < A we can find a monotonic and cofinal in A sequence
(A4,: a < cf(A)) of regular cardinal numbers. For { < K, We put g0 =
min{n < cf(4): |H,| < /1”}. Then g: k,,l — cf(A) and g is a monotonic
function. Hence g is a bounded function! Let u be such that for every { < K,
we have [H | < A,. Then A=|f""({n )| = |U{H: { <k, } <A, xK, <k.
Hence the claim is proved.

Thus we can find { < & such that |[H,| = 1. But then if § € H, then
(,B) ¢ B hence ({,B)€A. Thus H C A, andhence A<k. O

Theorem 2.11. If L(J,k,k,) and R(3,4,4,) then x =x,, A=A, and cf(x) =
cf(A).
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Proof. Notice thatif L(J,x,A) and k > v > u > A then L(J,v,u). Similarly,
if R(3,x,4) and k > v > u > A then R(J,v,u). Hence it is sufficient to prove
that from assumption L(J,x,x) and R(J,4,4) it follows that cf(x) = cf(4).

Let {x,:a < k} be a (k,k)-Luzin set for J and let {4 :a < A} be a
(4,4)-Rothberger family for J. Let 4 = {(a,f8) € k x A1 x, ¢ Ag} and
B =k xA— A. Itis easy to check that sets 4 and B satisfy condition (2) of
Lemma 2.10. Hence cf(k) =cf(1). O

If 3 and J are ideals on a set X then we say that they are orthogonal if
there are two sets 4 and B suchthat 4€J, Be€J and AUB=X.
© Suppose now that J is an ideal on the group &. We say that J is an
invariant ideal on a group % if forevery A€J and a € % we have a+ A4 =
{a+x:xeAd}e].

Note that % and £ are invariant and orthogonal ideals on the group
(R, +).

Theorem 2.12. If 3 and 3 are invariant and orthogonal ideals on a group &
and L(3,x,4) then R(J,k,A).

Proof. Let A€3J and B € J besuchthat AUB=%. Let L bea (x,4)-Luzin
set for the ideal J. Consider the family X = {B — x: x € L}. We claim that
this is a (x,A)-Rothberger family for the ideal 3. Suppose that 7 C L and
|T|=A4 and that | {B-x:x€T}#%.Let geZ-U{B—x:x€T}. Then
forevery x€ T wehave g¢ B—x,hence g+x¢B. Thus (g+T)NB=g
and therefore TN ((—g)+ B) = . Butthen T C (—g)+ 4. The ideal J
is an invariant ideal on %, hence (-g)+ 4 € J. Thus T € J and we get a
contradiction. O

Corollary 2.13. If J and 3 are invariant and orthogonal ideals on a group,
L(3,x,k) and L(3,A,A) then cf(k) = cf(A).
Proof. From Theorem 2.12 it follows that if J and J satisfy assumptions of

the corollary then R(J,x,x) holds. Thus Theorem 2.11 may be applied to
ideals J and J. O

Corollary 2.13 is a generalization of a result of Rothberger who showed that
from the same assumptions the inequality cf(x) < A follows.

Corollary 2.14 (Rothberger). ((Z,¢,R|)&L(Z ,¢,R|) < CH.

Proof. Tt is clear that CH implies existence of a Luzin and Sierpinski set.
Suppose now that CH is false. Recall that for every ideal J if L(J,x,A)
and Kk > v > u > A then L(J,v,u). Hence we get L(ZI,k,,k,) and
L(Z ,x,,k,). By Corollary 2.13 we get cf(R,) =R, =cf(R,)=R,. DO

3. CONNECTIONS BETWEEN MEASURE AND CATEGORY

We shall consider connections between properties of the ideals % and &
which were introduced in §2. Let Z_ be the ideal of subsets of the Baire space
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w® generated by the family {K(f): f € v} where K(f) = {g € 0”: g <’
S} . Inother words, .Z, is the ideal generated by the g-compact subsets of w” .
It is easy to see that for any cardinal numbers x andi we have N(Z_,x,4) <
L(Z,,k,4) and C(Z,,k,A) & R(Z, ,k,A) & (k=4& cf(k) =b=02).

Theorem 3.1. For any two cardinal numbers k and A the following implication
holds:

R(Z ,k,A) e—— L(F,,A) —— CF,k,A) —— C(Z,x,A)

l !
N(Z, ,k,4) —— C(%,,Kk,4)
! l

N(Z ,k,A) «—— N(&,kA) —— R(X ,x,A) ——— N(Z,k,A).
Proof. There are only four implications in the above diagram which do not
follow directly from results in §2.

(1) N(&Z ,x,A) «— N(Z ,k,A).

Let F: ¥ - % and G:.¥ — % be functions from Lemma 1.1 and let
X be a (k,A)-nonadditive family for .Z°. It is easy to check that the family
% ={F(A): A€ X} is a (k,A)-nonadditive family for the ideal .&.

(2) N(Z,,x,A) — N(Z ,k,4).

Let F: 0¥ - % and G: % — w® be functions from Lemma 1.2 and let
X be a (k,A)-nonadditive family for Z . It is easy to check that the family
¥ ={F(A): A€ X} is a (k,A)-nonadditive family for the ideal .7 .

(3) R(Z, ,k,A) — R(Z ,x,4).

Let F: o” - % and G: % — w” be functions from Lemma 1.2 and let
X be a (x,A)-Rothberger family for Z . It is easy to check that the family
¥ ={F(A): A€ X} is a (x,A)-Rothberger family for the ideal .7 .

(4) L(X ,Kk,A) — N(Z, ,Kk,A).

Suppose that N(Z_ ,«k,4) is false. Then also L(Z_,x,4) is false. Let J be
the ideal of first category subsets of the Baire space w® . Then %, C 7, hence
L(3,k,A) is also false. Recall that the Baire space w” and the real line are
Borel isomorphic. Moreover, there exists such an isomorphism which preserves
first category sets of both spaces. Hence L(%Z ,k,A) is false.

Theorem 3.2. If N(Z ,x,A) then for every u such that A < u < k we have
R(Z ,xk,u) or N(Z ,u,4).

Proof. Suppose that 2 < u <k but ~R(Z ,k,u) and ~N(Z, ,u,A). We shall
prove that N(Z ,k,A) is false. Note that it will be sufficient to show that if X
is a family of closed nowhere dense subsets of R and |X| = k then there exists
a subfamily 2 C X such that |Z| =1 and UZ € Z. Hence let X be a
family of nowhere dense subsets of R and |X| = k. Let us consider the family
Y ={T+Q: T € X}, where Q denotes the rational numbers and + the
complex sum of subsets of the real line. Since there are no (x, u)-Rothberger
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families for the ideal Z° we can find a subfamily & C X such that |&/| = u
and U{T +Q: T € &} is a proper subset of R.

Let ce R—-{T+Q: T € &}. Thenforevery T € &/ wehave (c+Q)NT =
@. Let {g,:n€w}=c+Q. Forany T € & let f. be such a function that
for every n € w we have

( | + 1
R AR AT
Since N(Z,,u,A) is false we may find a subfamily # C &/ and a function

[

f € w” such that |%| =4 and for every T € @ we have f; <" f. Let
1 1
G={x€R: Vme w)(In>m <xe( - ,q + ))}
(ym € )G >m) (X €\~ 7y 4 * T
Then G is a dense G; subset of R and UZ NG = . Thus N(Z ,k,4) is
false. O

)nr-e.

4. LUZIN SETS

Let us fix an ideal J on a set X .
Definition 4.1. The ideal J is nice if for every A4 € J there exists B € J such
that |B — 4| = |X].

Note that the ideals # and .2 are nice. We shall deal from now on only
with nice ideals.

Definition 4.2. A family .# C [X ]IX | is called a (¢ ,A)-Luzin family for the
ideal J if |#| =« and for every 4 €J we have

KMe#:ANM =3} < A.
Note that if 1 < k then a (x,4)-Luzin family is also a (x,x)-Luzin family.
Proposition 4.3. If there exists a (k ,k)-Luzin family for 3, cf(k) =k <1 < |X|
and x = cf(A) then there exists a (A,A)-Luzin set for J.

A typical transfinite induction gives the following sufficient condition for the
existence of (k,x)-Luzin families:

Proposition 4.4. Suppose that add(J) = cof(J). Then there exists a (add(J),
add(J))-Luzin family for the ideal 7.

The strong assumption add(J) = cof(J) of Proposition 4.4 can be weakened
if we assume slightly more about the ideal J.

Definition 4.5. The ideal J is kind if for every family .# C J of cardinality
less than cov(J) we have |X —|J#| = |X]|.

Proposition 4.6. If the ideal 3 is kind and cof(J) = cof(J) then there exists a
(cov(3), cov(3T))-Luzin family for 3.

Definition 4.7. A k-tower in the ideal J is an increasing sequence of elements
of J, the union of which is X .
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Note that if there exists a x-tower in J then there exists a cf(x)-tower in J.
If non(J) = | X| then there exists a non(J)-tower in J. If add(J) = cov(J) then
there exists an add(J)-tower in J. Conversely, if there exists a x-tower then
cof(J) < cf(k) < non(J). Hence, if for some cardinal number x there exists
a k-tower in J then cov(J) < non(J). It is easy to show that the inequality
cov(J) < non(J) is not a sufficient condition for existence of a tower in J.

Proposition 4.8. Ifthere exists a k-towerin 3 and L(3,4,A) then cf(x) = cf(4).

Proof. We may assume that x is a regular cardinal number. Suppose that
(A,: a<k) isa k-towerin J and let L be a (4,4)-Luzin set for the ideal J.
Note that (4, NL:a < k) is a monotonic sequence of sets from [L]<’1 .

Since L =J{4,NL: a <k} we have cf(1) = cf(|L|) < k. If A is a regular
cardinal then we immediately see that A = k. Suppose hence that cf(4) < 4,
cf(A) < x andlet (A : o <cf(4)) be asequence of cardinals cofinal with 1. For
every a < k let {  be the first ordinal number { such that [4 NL| < '1(' Then
(¢,: @ < k) is a monotonic sequence of elements from cf(4). But cf(4) < k¥
hence ({ :a < k) is bounded. Let u < A be such that for every a < k we
have [A,NL|<pu. Then A=|{4,NL:a<k}<u"<A. O

From the results above it follows that if J is a nice ideal and add(3) = cof(J)
then L(J,k,k) & (k < |X|& cf(k) = add(J)). Note that MA implies that
add(¥) = add(Z) = cof(Z) = cof (Z') = ¢. It is well known that the theory
ZFC + add(¥’) = add(Z') = cof(Z) = cof(Z) = R, + ¢ = R, is relatively
consistent.

5. THE IDEA OF FIRST CATEGORY SETS

We will prove that the ideal % is kind and that the existence of Luzin sets
and for % implies existence of Luzin families for % .

Lemma 5.1. There exists a Borel set P C R x R such that for every t € R
the set {y € R: (t,y) € P} is uncountable and for every A € Z we have
{xeR: (yed)((x,y)eAd)}eX.

Proof. Let BIN be the family of all nonempty and finite functions the domain
of which is contained in w and the range in {0, 1}. Let

S = {f € BIN”: (Vn € w)(max(dom(f(n)) + 2) = min(dom(f(n + 1))))}.
We treat S as a polish space. Let
P={(f,x)€Sx{0,1}*: (Vn€ w)(f(n) C x)}.

Then P is a Borel subset of the space Sx{0,1}“ with perfect vertical sections.

Suppose that A4 is a first category subset of the Cantor set {0,1}“. Let
(G,: n € w) be a decreasing sequence of open dense subsets of {0,1}“ such
that {G,: n<w}nA=0. Let f €S besuch that {x € {0,1}": f(n) Cx} C
G, forevery n€ w. Let

T={heS: (Vnew)3m>n)(f(m)=h(m))}.
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Then T is a comeager subset of the space S and
(VheT)(Vy € A)({h,y) € P).

Hence {h€S: (Vy € A)({(x,y) € A)} is a meager subset of S.

If we use Borel isomorphisms which preserves meager subsets between .S and
R and also between {0,1}” and R then we obtain a required subset of the
plane RxR. O

Lemma 5.1 is in fact a descriptive version of the well-known observation:
if ¢ is a Cohen real over a model M then in the model M[c] there exists a
perfect set of Cohen reals over the model M .

Theorem 5.2. The ideal % is kind.

Proof. Let P C R x R be such a set whose existence is proved in Lemma 5.1.
Suppose that & C % and |¥| < cov(Z). For Te & weput T* = {x €
R:(3y € T)({x,y) € P)} and &* = {T": T € &}. Then & C % and
|| < cov(Z) so U¥'R. Let ce R—J&" and S ={y € R: (c,y) € P}.
Then S is an uncountable Borel set and SNJ&~ =g. 0O

Theorem 5.3. L(% ,x,A) & there exists a (k,A)-Luzin family for % .

Proof. It follows from Proposition 4.3 that if there exists a (x,4)-Luzin family
for # then L(Z ,x,A) holds. Suppose that L is a (k,A)-Luzin set for %
and let P C R x R be such a set whose existence is proved in Lemma 5.1. We
claim that the set {{y € R: (x,y) € P}: x € L} is a (x,A)-Luzin family for
the ideal .Z" . Suppose that 4 C R and

HxeL:{yeR:{x,y)eP}NA#T} >A.
Let A" = {xe€R: (3y € A)({x,y) € P)}. Then |LNA"| >4 hence A¢.%Z . O

Corollary 5.4. If L(%Z ,x ,k), k <A <c and cf(x) = cf(k) then L(Z ,1,A).

Proof. If L(%Z ,k,k) then, by Theorem 5.3, there exists a (x, x)-Luzin family
for Z . Hence by Proposition 4.3 we get L(%Z ,A,A). O

Let us notice that Mokobodzki [M] has proved that if P is a Z} subset of
the plane with all vertical sections uncountable then there exists a set 4 € &
such that

R-{xeR:(3yed)({x,y)eP}eZ.

A forcing version of this result is the following: if r is a random real over a
model M of ZFC then in M[r] there is no perfect set of random reals over
the model A .

Problems.

(1) Suppose that L(.Z ,k,A). Does there exists a (x,4)-Luzin family for
the ideal & ?

(2) Suppose that L(Z,x,kx), kK < A < ¢ and cf(x) = cf(4). Does
L(£,A,A)?
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6. LUZIN SETS IN FORCING EXTENSIONS

Suppose that ¢ is a Cohen real over a model M and that 4 is a Borel set
coded in the model M[c]. Then there exists a Borel subset 4 of R x R such
that A=A, (={yeR:(c,y)€e A"}). Moreover if A € % in the model M(c]
then 4" is a meager subset of the plane (see for example [CP]). An analogous
fact is true for random reals and the ideal £.

Lemma 6.1. Suppose that c is a Cohen real over the model M and that A is a
Borel set coded in the model M[c] and A € % . Then there exists a Borel set
B €% codedin M such that ANRM CB.

Proof. Let C be the Borel set coded in M such that C is a meager subset
of the plane and 4 = C,. Let B = {y e R: C’ ¢ Z} (where C’ = {x €
R: (x,y) € C}). Then from the Banach-Kuratowski theorem it follows that
B € % . Suppose now that a€ AN RY . Then

O<[aedl=[(c,a)eCl=IC,],

where [U], is the equivalence class of the set U in the algebra % /% and
[[#]] is the boolean value of the sentence ¢ in the algeba % /% . Hence
aeB. O

Corollary 6.2. If ¢ is Cohen real over the model M and M E (A is a (x,A)-
Luzin set for %) then M([c]F (A isa (x,A)-Luzin set for %').

An analogous lemma and corollary are true for the ideal £ and for random
reals. As we mentioned in §2 if ¢ is a Cohen real over M then M|c]
R(Z,c,R|). Hence if M F -CH then M[c] E (Vk)-L(Z,x,k). Let us
remark that Lemma 6.1 and Corollary 6.2 are also true for any number of
Cohen reals. For every ideal J let L(J) = {x: L(J,x,x)}.

Theorem 6.3. The theory ZFC +c¢ =Ry + L(Z) = {R,,R;} is relatively consis-
tent.

Proof. Let M be a model of ZFC+MA +c¢=R,. Let C=(c,:a<R,) bea
sequence of independent Cohen reals over M . Then in the model M[C], C is
a (X,,R,)-Luzin set for Z'. Moreover, since in M there exists a (¢, ¢)-Luzin
set for %, from Lemma 6.1 we deduce that the same is true in the model
M[C].

Suppose now that 4 € M[C], 4 CR and M[C]F (]4| =R,). Then there
exists o < R, such that [4N M[{c,: { <a)]| =R, and ANM[(c,: { <a)] €
M[(c,: < a)]. Let B =ANM[(c,:{ < a)]. Note that a < X,, hence the
boolean algebra which adds the sequence <CC: { < a) is isomorphic with the
algebra which adds one Cohen real. It was proved in [CP] that if one Cohen real
is added to the model of ZFC then the additivity of the ideal 7 is not changed.
Hence M[(c,: { < @)]F add(%Z) = R;. Thus B € .7 in M{{c,: { < a)] and
hence B € Z in the model M[C]. O
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Note that an analogous lemma for the ideal . is also true. Notice also that
if L(Z') ={R,,R;} then L(¥) = J and if L(Z) = {R,,R,} then L(Z) =
(Corollary 2.13).

Theorem 6.4. Suppose that (Pé , Qé : & < a) is a finite support iteration of notions
of forcing such that for every & < o we have F ¢ (O satisfies c.c.c.and |Q,| < k),
ACR, |A| >« and that A isa (|A|,«")-Luzin set for Z . Then E, (A isa
(|4, k¥)-Luzin set for % ).

Proof. If M C N are transitive models of ZFCand A C R, 4 € M then M E
(A is a nowhere dense set) if and only if N E (A4 is a nowhere dense set).

We will prove the theorem by the induction on «. Note that if the conclusion
of the theorem is not true for some o then there exists a P -name B such that
F,(BCU{F,: n€ w} and (Vn € w)(F, is nowhere dense) & B C 4 & |B| =
k*). Hence there exists a P -name B such that

I=O(B C A & |B| =k" & (B is a nowhere dense subset of R).

Assume that o is the least ordinal for which the theorem is false.

Casel. a=f+1 for some . Since Fg (IQB' < k) and Fg (Qﬂ(lBl > K))
we find a Pg-name C such that =, (ICI >k & B=Qﬂ (C C B)). Hence we have

Fg (|IC] >k & C C A & C is nowhere dense).

This gives a contradiction with the inductive hypothesis.

Case2. a isalimit ordinal and cf(a) > w. Since F, (B is a nowhere dense
set) there exists a P -name f such that F_ ( f is a code of a Borel nowhere
dense set & B C #f). (If f is a Borel code of a Borel set then #f denotes the
set which is coded by f.) Then there exists # < a such that f isa Pg-name.
Hence F (J#f N A| > k). This is a contradiction with the inductive hypothesis.

Case 3. a is a limit ordinal and cf(a) = w. Let f be a P -name such
that F_ (f: k" X1, B). For each & < k" let M, be a maximal family
of pairwise disjoint elements from P which decides the value of f(§). Let
Mé = {pnfz n € w}. For each n € w we fix Xpe such that Py F (f(¢) = xns,).
Let (f,: n € w) be a monotonic and cofinal sequence in a. For every p € P,
let supp(p) denote the support of the element p.

Let us fix k € w. We extend the set {p,.: n € v & max(supp(p,;)) < B,}
to a maximal antichain in Py . Let

{pni: n € w & max(supp(p,;)) < B yu{g,:n< w}

be such an antichain. Let f, be such a Py -name that for every n € w we have

(1) p,,f Fﬁk (ﬁ((é) = xné) s
(2) dne By, (f (&) is not defined).
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Note that F_ (V¢ < k7)(Vn € w)(f,(&) is defined — f (&) = f(&)) and
ko (W <x7)(En < 0)(£,&) = f(£) . Thus

F,@n<o)({< k't f,(&) is defined}| = kh.

Let pe P, and n, €  be such that
pF, ({€<K™: £, (&) is defined}| =« ).
Let ¢ € w be such that ny <t and supp(p) C B,. Then
pFg ({E<k™: £, (€) is defined}| = k7).

Let C bea Py-namesuchthat pF, (C = {fno(é): E<kt &fno(é) is defined}).
Then p F, (C C B). Hence p F, (C is a nowhere dense set). Therefore
pg, does not force that A is a (|4|,k")-Luzin set for % . Hence we get a
contradiction. O

Theorem 6.5. Let M be a model of ZFC + GCH and let k be a cardinal number
in M such that M k (cf(x) > R,). Then there exists a c.c.c. generic extension
N of the model M such that

NE(c=Kk+MA, +L(Z ,k,R,y)).

Proof. Let C = (c,: a < k) be a sequence of independent Cohen reals over
model M and let N, = M[C]. Then ¢=k and C isa (x,R,)-Luzin set for
JZ . We use now the Solovay-Tennenbaum technique to force MARz . Recall
that this can be done using c.c.c. finite support iteration of notions of partial
orders of size less than R, . Hence we may use Theorem 6.4 to deduce that in
the obtained model L(Z,x,R,) holds. D

If we apply the last theorem to k = R, 4+ thenwe obtain a model of ZFC +
MA,, + L(Z ,R R,). Hence

L) ={1<R

w +1°?

AR}

w+1
in this model. Thus the assumption A € L(%Z) does not imply that cf(1) €
L(X%).

Problem. Suppose that k¥ € L(.#). Does cf(k) € L(.Z)?

Theorem 6.6. The theory ZFC + L(Z) = {R,R w0 N, +1} is relatively consis-
tent.

Proof. Let M be a model of ZFC + GCH. Let C = (c,:a < R, ) be

a sequence of independent Cohen reals over model M and let N, = M[C].
Then ¢=R, ., and C isa (R R,)-Luzin set for 7.

w +1°

Note that if N is any model of ZFC and N E ¢ = 2% then there exists a
c.c.c. notion of forcing 4, which is an iteration of c.c.c. notions of forcing of

powers less than « such that [4,[=c and =, (MA, +c¢= ).
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We shall extend the model N, by c.c.c. finite support iteration of length R, .
For every a <R, weput P, =P * Ay . - Let P be the direct limit of
(P,:a<R) and let G be a P-generic set over model N,. Let N = N,[G].

It is easy to check that N E ¢ = RN w41+ Moreover, using Theorem 6.4 it is
easy to prove that NF (C isa (Nwl 1Ry, )-Luzin set for .%Z" ). Since at each
stage of the iteration a Cohen real is added an (R,,R,)-Luzin set exists in the
model N.

Suppose that N F (4 C R & R, < |4] <R ). Then there exists a < R
such that ANN,[GNP ]e€ N [GNP)] and

NE (4] =|4ANNIGNP,]).

Then N,[GNP,  )]F(ANN,[GNP]€ % ), hence NF (ANN,[GNP e T ).
Thus NE (A is not (|4],]|A4|)-Luzin set for Z'). O

7. THE MEASURE ALGEBRA

In this part we will show some connections between combinatorial properties
of the ideal . and the measure algebra.%# . One such connection is shown in
[CKP]. It is shown there that cof(.#’) is equal to the minimal cardinality of a
dense subset of # — {0}.

If A is a Lebesgue measurable subset of R then u(A4) will denote its
Lebesgue measure.

Theorem 7.1. Suppose that cf(k) > w and that A < k. Then the following
conditions are equivalent:

(1) the algebra # has (x ,A)-precaliber,

(2) for any family &/ of sets of positive Lebesgue measure if || = k then
there exists a subfamily & C & such that || =A and ¥ # J;

(3) =#(Z,k,A).

Proof. Suppose that condition (1) holds and that &/ is a family of sets of
positive Lebesgue measure and |&/| = k. For every 4 € & let 4" be a
compact subset of 4 of positive measure. We may assume that if 4,B € &
and 4 # B then [A4], # [B], . There exists a subfamily & C & such that
|&| =4 and {[4],: A€ ¥} is a centered subfamily of % . Hence N& # 3.

Suppose now that condition (2) holds. Let & C.% and |&| = k. For any
A€ let A" be a measurable set such that u(4*) >0 and ANA" =@. Let
% C & besuchthat |€|=4 and N{4": A€} #2. Then Y& #R.

Suppose now that condition (3) holds. Let (a,: a < k) be a sequence of
elements from % —{0} . For every a < k we fixaset 4, suchthat [4 ], =a,
and for every x € 4, the density of 4 at the point x is 1.

We define two sequences (b : a < k) and (I : @ < k) such that

(a) (b,:a<k) is a decreasing sequence of elements of # ;
(b) (I,:a<k) is a sequence of pairwise disjoint countable subsets of « ;
(¢) (Va<k)(b,={a,:5€K— {Iﬁ: B<a}={a;:l€l}).
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Since cf(k) > w there exists aset T C k such that |T| =« and b € # {0}
such that (VYa € T)(b, = b). Let b =[B], and let

C,=B-{d:¢el}.

Then for every o € T we have C, € . Hence there exists a set S C T
such that |S| =4 and J{C,:a€ S} # B. Let x € B—{C,: a € §}. Then
x€{{4,:¢ €l }:a€S}. Let f be a function such that dom(f) =S and
for every a € S we have f(a) €I, and x € 4 f(a)- The family {4, ,:o€
S} ={ay,): a €S} is centered. Hence the theorem is proved. O

A special case of Theorem 7.1 was proved in [CSW], where it is shown that the
conditions (1) % has (R,,R,)-precaliber and (2) cov(-¥’) > R, are equivalent.

Theorem 7.2. Suppose that cf(k) > w, cf(1) > w and A < k. Then the
Jollowing conditions are equivalent:
(1) &# has (k,A)-caliber,
(2) =N(Z,k,4);
(3) for every X C w” if |X| = k then there exists a family ¥ C X such
that|%| = A and a function F € X% such that

(Vf € Z)(3En € w)(Ym > n)(f(n) € F(n)).

Proof. Suppose that condition (1) holds. Let {4 :a < k} € .Z. For any
a <k let U, be an open set of R such that 4 +Q C U, and u(U ) < 1.
We may assume that for every o < x and every open set U if U -U, € &
then U C U, . We also assume that if o < f# <« then u(U)) # ”(UB)' Then
{[U,]ls: a < k} is a subfamily of # of power k. Hence there exists a set

T € [k]' and a measurable set S such that u(R—S) > 0 and Y{[U,]: a €
T} = [S], . We may assume that for every open set U if U —-S € & then
U C S. Hence we have {U,: a € T} C S. Therefore for every a € T the set
A, is contained in the set D = ({S —¢: ¢ € Q}. Notice that D € . Hence
{A,:aeT}eZ.

The implication (2) — (3) follows immediately from Lemma 1.3.

Suppose that condition (3) holds and that (a, : a < k) is a sequence of
different elements from % . For every a < k we choose a measurable subset
A, of R such that a, = [A4 ], . Since cf(kx) > w we may assume that there
exists ¢ > 0 such that for every o <R wehave u(4)<1-¢.Let £={U:U
is a finite union of intervals with rational endpoints } .

Forevery new let Z(n)={U € &: u(U) < e/(n'2"+2)}. Forevery a < k
we fix a sequence (I, : n € w) such that

(@) 4,C{l,:n€w};

(b) u(l,) <1-¢;
() if n>0 then I, € D(n).
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We may assume that there exists J € &€ such that for every a < k we have
I, = J. By the assumption there exists a function F such that dom(F) = w
and (Vn € w)(F(n) € 9(n)5") andaset T € [x]l such that (Vo € T)(3n €
w)(Ym > n)(1,,, € F(m)). For every n € w let K, = F(n). Then u(K,) <
e/2"+2 for every n > 0. Moreover, for every a € T there exists n, € @ such
that

A, -(JU{K:0<n<w})Cl, u---Ul, .

But cf(4) > 0, hence there exist a set S € [T]'1 , New and J,...,J, such
that for every a € S we have:

(a) n,=N,
b) Jy=J,,....Iy=J .

Hence for every a €. S we have

A, CJU{K,:0<n<wjuJu---UJ,.
But

u(JU{K,:0<n<wjulJu---UJy) <1,
hence {a,:a€S}<1. O

Theorem 7.2 is a generalization of an unpublished result of A. Kamburelis.
He showed that conditions (1) # has (R, ,R)-caliber and (2) add(¥) > R,
are equivalent.
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