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PROJECTIVE n-FOLDS OF LOG-GENERAL TYPE. 1

M. BELTRAMETTI, A. BIANCOFIORE, AND A. J. SOMMESE

ABSTRACT. Let X be a normal n-dimensional Gorenstein irreducible projec-
tive subvariety of a complex projective space with codimension 3 singularities.
This article introduces new projective invariants of X and shows that they sat-
isfy certain inequalities and relations making them useful tools in the projective
classification of varieties. The main tools used are the recent precise adjunction
theoretic results on classification of projective varieties.

INTRODUCTION

We are interested in the classification of projective varieties in terms of their
projective invariants. In order to use the precise adjunction theoretic results
that now exist without continually changing hypotheses, we assume that X" c P
is a normal n-dimensional Gorenstein irreducible variety with codimension 3
singularities and L" = Gp(1) xn -

In [So7] it is shown that except for a small list of very well understood vari-
eties there is a birational morphism 7: X" — X with X a normal Gorenstein
n-fold and

(a) any positive dimensional fibre F of © isa P""! with Ll’,‘ -1 R Opi(1)
and n(F) smooth,
(b) there exists a line bundle L on X such that

KXA ®L/\n—l ~ n'(KX ®Ln—l)

where L is ample, L = [n(4")] for a general element A" € |L|,
K,® L"!'is ample and spanned by its global sections and in fact, very
ample if X" is smooth.

Such a pair (X, L) is called a reduction of (X" ,L").

Except for a second small list of very well understood pairs (X”,L"),
K, ®L" % is semi-ample and big. If n = 3, this means that X\ A for a general
A €|L| or equivalently X"\4" for a general 4" € |L"| is of log-general type.
The main problem of the projective classification lies with the pairs (X,L).
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Smooth surfaces S given by transverse intersection of n -2 general members
of |L| are minimal models of general type.
Welet 7, =K, ® L"™? and define the projective invariants

j =i
d =% L

for j=0,...,n. Forasmooth S as above it is easy to see that d, = K- K,
d, = K- Lg, and that a smooth curve C obtained as the intersection of
n — 1 general members of |L| has genus g(L) where 2¢(L) -2 =d +d,,
d =d,. Note g(L) = g(L"). All these dj are positive and are linked by
Hodge inequalities
dedj_l < df forj=1,...,n.

One main result is that for such pairs (X,L), K, + n%, is effective except if
n=3,4,or6, %, is spanned by global sections, and I'(-Z}) gives a birational
map ¢: X — P". For these special classes we compute all possible invariants
dj’s. Eg.if n=3then d; =1, d,=5, d <25, d <125 and a smooth
S € |L| has the same Hodge (p,gq) numbers as a smooth degree 5 surface in
P’. In this case d, and d can vary quite a lot. We give a few examples, one
with d = 13 and d; = 9. The only cases when d = 125, d, = 25 are the
degree 5 surfaces in P’. The fact that, except for the above special varieties,
K, +n%Z, is effective gives us a new and very useful inequality

(n+1)djz(n—2)dj_1, j>1.

Note also that d ; and d i1 have the same parity if j is even. These inequalities
imply for example that

where d” = (L")" and, e.g. for n=3,

In terms of the notion of spectral value (X ,L) of a pair (X,L) introduced
in [So7] (see §1), these results show that if a(X,L) > 3 then the effectivity of
K, + nZ, gives the inequality o(X,L) > (4n+ 1)/(n + 1). Previously pairs
with a(X, L) < 3 have been classified.

In the particular case when n =3 and X is smooth, we use the effectivity of
K, +nZ, and the semipositivity of appropriate combinations of Chern classes
of the first jet bundle J,(X, L) of L to obtain other inequalities (see also [So4,
Li-So)).

Finally we include a list of invariants for threefolds in P’ with g(L) < 14.
To get such a list we use a Pascal program using all the above inequalities, plus
other tricks discussed in the paper, running on a VAX 750 of the College of
Science of the University of Notre Dame.
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In §0 we summarize background material that is not so well known in the
form that we use it. We also explain the notion of reduction and give references
for the adjunction theoretic results we use.

In §1 we give the basic theory of the d ;’s and in §2 we prove the effectivity
result for K, + n%, discussed above.

In §3 we give numerical classification results in the three dimensional case.
The search for results that allows us to effectively enumerate the numerical
invariants of projective varieties has been a major, if not the main, reason for
the development of adjunction theory (see also [R]).

We would like to thank the referee for his suggested improvements of Theo-
rem (2.2); we originally only gave the proof for dimension three.

We would like to thank the University of Notre Dame and the Universities
of Genova and L’Aquila for their help in making our collaboration possible. We
are grateful to Kenneth Grant for his help in running our jobs on the VAX’s
of the College of Science of the University of Notre Dame. The third author
would like to thank the National Science Foundation (DMS 8420 315) for its
financial support.

0. NOTATION AND BACKGROUND MATERIAL

We work over the complex number C. By variety we mean an irreducible
and reduced projective scheme X of dimension n. We denote its structure
sheaf by @, . For any coherent sheaf & on X, h'(¥) denotes the complex
dimension of H'(X,¥).

If X is normal, the dualizing sheaf K, is defined to be jtKReg( x) Where
J: Reg(X) — X is the inclusion of the smooth points of X, and Kegix) is the
canonical sheaf of holomorphic n-forms. Note that K, is a line bundle if X
is Gorenstein. We denote by Irr(X) the irrational locus of X .

Let . be a line bundle on a normal variety X . . is said to be numerically
effective (nef, for short) if & -C > 0 for all effective curves C on X, and in
this case .2 is said to be big if ¢,(Z)" > 0 where ¢,(Z) is the first Chern
class of .. We say that . is semi-ample if .Z#' is spanned by global sections
for some positive integer ¢. We shall denote by || the complete linear system
associated to .# and by I'((¥’) the space of global sections.

(0.1) If .2 is a nef and big line bundle on a normal variety X , then a convenient
form (see [So7, (0.2.1)]) of the Kawamata-Viehweg vanishing theorem is

(0.1.1) h(K,®L)=0 fori>max(0,dimIrr(X)).

(0.2) We fix some more notation:

~ (resp. =), the numerical (resp. linear) equivalence of line bundles;

1(2) = S(-1)'h' (&), the Euler characteristic of a line bundle .% ;

e(X) = ¢,(X), the topological Euler characteristic of X, for X smooth,
where ¢, (X) is the nth Chern class of the tangent bundle ., and hence
of X.
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Abuses. Line bundles and divisors are used with little (or no) distinction.
Hence we shall freely switch from the multiplicative to the additive notation and
vice versa. Sometimes the symbol “- ” of intersection of cycles is understood.

(0.3) For a line bundle .# on a normal variety X, the sectional genus g(.%)
of (X,.Z) is defined by
(0.3.1) 286(F)-2=(Ky+(n-1)Z). 2"".
(0.4) Lemma. Let .& be a line bundle on a normal variety X . Then the sectional
genus g(£) is an integer number.
Proof. Choose an integer ¢, ¢t even and large, an ample line bundle M on X
such that # +tM is very ample. Then g(& +tM) is an integer and the genus
formula gives
28(F +tM) = (K, + (n — 1)(Z + M) - (£ +tM)""!

=K+ (n-1)2)- 2" mod(2)

=2g(&)-2 mod(2).
Therefore g(%) is an integer.

(0.5) Spectral value. Let .2 be an ample line bundle on a normal variety X of
dimension n. Following [So7] we define the spectral value of the polarized pair
(X,-Z) as the smallest real number 7 such that given any fraction p/q > 1

0

h"(m(Ky+(n+1-p/q)ZL)) =0
for all integers m > 0 with g | m.
(0.6) Let X" be a normal Gorenstein variety of dimension n > 2 andlet L" be
a very ample line bundle on X" . If n > 3, let us assume that cod Sing(X") > 3
and dimIrr(X") = 0. By a Bertini type theorem (see [So7, §0]) the transverse

intersection of n—2 (resp. n— 1) general elements of |[L"| is a smooth surface
S” (resp. a smooth curve C").

(0.7) Reductions [So7, (0.5)]. Let (X",L") be as in (0.6). We say that a pair
(X, L) is a reduction of (X",L") if L is ample and
(0.7.1) there exists a morphism 7n: X" — X expressing X " as X with a finite
set F blown up, F contained in Reg(X);
(0.7.2) L™ ~ n*L — [~ '(F)], or, equivalently,
Kyn+(n—1DL" ~ " (K, + (n - 1)L).

Note that there is a one-to-one correspondence between elements 4" € |L"|

which are smooth in a neighbourhood of n_'(F ) and elements A4 € |L| such

that F C Reg(A4). The correspondence is gotten by sending such an A4 to its
proper transform AN,

(0.8) Semi-ampleness of K, + (n —2)L. Write Z, = K, + (n —2)L and let
(X,L) be a reduction of (X",L") as in (0.7), with n > 3. Then we have
(compare with (1.2.2)) the following proposition.
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(0.8.1) Proposition. Let %, be nef and big. Then %,\i is spanned by global
sections for t > 5.

Proof. First note that T’ (.Z‘f) spans 5{‘5 on Irr(X) for all positive integers ¢
(see [S06]). Thus let x € X\Irr(X). Choose a general A € |L| with x € 4.
Note that 4 is normal and Gorenstein by Bertini (see [So7, §0]). Consider the
exact sequence

0— KX®Ln—3®%; —»ﬁzﬁ“ —>.5fAt+l —0.
Now h'(K, ® L"> ® %) = 0 by the Kodaira vanishing theorem, hence

is onto for £ > 1 (note %, = %y, ,) . Therefore sections lift and by induction it
suffices to prove this for n = 3. Thus we are reduced to proving the following
lemma.

(0.8.2) Lemma. Let S be a normal Gorenstein surface with only rational singu-
larities. If K is nef and big, then K; is spanned by global sections for t > 5.

Proof. This is due to Bombieri. Let p: S’ — S be the minimal desingulariza-
tion of §. Note K, = p'K., so that K, is nef and big. Then the result
follows from [Bo].

(0.8.3) Corollary. There exist a normal projective variety Y , an ample line bun-
dle # on Y and a proper modification r: X — Y such that %, = r's#.

Proof. Let sor: X =Y — P" be the Remmert-Stein factorization associated to
I‘(ﬁfx5 ). Since 5?; = r‘.,ls for some ample line bundle .#; on Y and since the
Remmert-Stein factorization is independent of ¢ if .%j\f is spanned one has also
Z = r*#, for some ample line bundle .# on Y. Then %, = r"(#, 0.4, ').

(0.9) Theorem (Sommese). Let (X" ,L") and S" be as in (0.6) and let us
assume that K, + (n—1)L" is nef and big. Then

(0.9.1) there exists a reduction n, (X,L) of (X" ,LA)X and Ky +(n—1)L
is ample.

(0.9.2) Further assume that T'((Ky . +(n —2)L™)") > 0 for some t > 0. Then
K, + (n — 2)L is nef and there is a smooth surface S which is the transverse
intersection of n—2 general members of |L| such that S is a minimal model of
nonnegative Kodaira dimension. Moreover the restriction m|g,: SN = S is the
map into its minimal model.

(0.9.3) If K, + (n—2)L is nef and big, then S is a surface of general type.
Proof. (0.9.1) and (0.9.2) are proved in [So7, §4]. As to (0.9.3), note that
(Ky +(n— 2)L)™ is spanned by global sections for m > 5 in view of (0.8.1).
Let ¢,: X — P" be the morphism associated to |(K, +(n —2)L)"| and let qS'm
be the restriction of ¢, to S. If dim ¢:n(S) < 2, then [So7, (0.3.2)] applies
to say that dim¢, (X) = dim¢/ (S) < 2, which contradicts K, + (n—2)L to
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be nef and big. Then dim ¢:n(S) = 2, hence the m-canonical map of S has a
2-dimensional image too.

(0.10) Castelnuovo’s bound. Let (X" ,LA) , 8", C" beasin (0.6). Assume
that ILA | embeds X" in a projective space pY , N>4, andlet d" = L.
Then g(C") = g(L") and Castelnuovo’s Lemma (see e.g. [Li-So, §0]) says that

A A
A d* -2 A da‘' -2 N-n
0.10.1) g(C") < [N_n] (d “N+n—1- ([N_nl - 1) . )
where N =h°(L") - 1= ho(Lg\,\) +n—3 and [x] means the greatest integer
< x. We shall simply write Castel(d”",#°(L")) to mean the right-hand side of
(0.10.1).

Now, let (X, L) be a reduction of (X”",L") and let S = n(S") as in (0.9).
Look at the nonsingular curve C = n(C") and write d = L". Then the
inequality
(0.10.2)

g(C)ga(d—h°(L)+n—(a—1)

W(L)~1-n d-2

- a— P 0=—5-"" - >
2 L) -1-n

holds true. Indeed, the base point set Bs|L| of |L| consists of a finite set of

points, so that |[L| embeds C, out of Bs|L|, as a curve of degree d' < d in
some projective space. Thus

g(C) < Castel(d’, h°(L)) < Castel(d ,n°(L)).

(0.11) Lemma. Let (X",L"), S" be asin (0.6). Assume that |L"| embeds
X" in a projective space P" andlet d" = L"". Then

0.11L1) ifN=n+2, d"-5d" —10(g(L) - 1)+ 12x(F;) = 2K, - Kgn

0.11.2) ifN>n+3, d"-5d"-10(g(L) - 1)+ 123(F,) > 2K, - K -

Proof. Let N = n+2. Then h°(L},) = h°(L")—n+2 and |L,| embeds "
in P* , s0 (0.11.1) follows from the standard exact sequence of tangent bundles

0—’09:9/\ i l"?pd —*‘/t/..S"\/’P‘_'O’

where i: S — P* , as in [H, p. 434].

If N> n+3,then |L},| embeds S" in a P'~"*? = P. Look at the
generic projection S, of S" into a P*. The surface S, has a finite number
# of nodes as singular points. Let 5’ be the minimal desingularization of Sy -
Then Lemma 2.2 of [Sol] applies to say that there exists a connected complex
manifold % that contains S’ as a submanifold and such that §' — P* extends
to a holomorphic immersion 6: Z — P*. Hence we have the exact sequence

0 Ty = &' Ty = Sy =0
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where « denotes the inclusion of S’ in % and Gy = 0" T, . Again the same
argument as in [H, p. 434] works, noting that

(M) = (S -8y = (8" -8")p - 28

(0.12) Implications of the Barth-Lefschetz Theorem. Let (X", L") be as in (0.6)
and let N = hO(LA) — 1. Under the further assumption that X" is a locally
complete intersection a standard consequence of the Barth-Lefschetz Theorem
gives the following conditions (see [Fl-La and So5]).
(0.12.1) X" is simply connected if 2n — N > 1.
(0.12.2) If 2n — N =1, there exists an exact sequence
0 — Pic(P") — Pic(X) = & — 0

where r: Pic(PN ) — Pic(X) is the restriction map and the cokernel & is a
torsion free group.
(0.12.3) If 2n— N > 2, then Pic(P") = Pic(X) via r. O

Let us recall the Riemann-Roch formula we use in case of isolated singulari-
ties.

(0.13) Riemann-Roch Theorem (see [F, Chapter 18.3]). Let (X" ,L") be as
in (0.6) and let (X ,L) be a reduction of (X",L"). Assume n = 3 and let
p: X' = X be a resolution of singularities. Since X has a finite number of
singular points, for a line bundle & on X, we have

XL =L 6 +p,c,- L 1a4+p,(c+6)- L/12+ 1(E)

where ¢; = c,(F,,) are the Chern classes of X', i =1,2. Furthermore (&) =
x(@y.) + 2 n,[x] with the sum over all singular points x in X and

n, = /(R'p.@x,)x - /(Rzp‘ﬁx,)x
where /(¥ ), denotes the length of the stalk of the sheaf ¥ at x. O
By using the projection formula one sees that
pc - Lr=c -2 =-K, - &
and
p(cH-F=cpZ= Ki, ‘2.
Therefore the Riemann-Roch formula takes its usual form
0.13.1) (L) =L [6-K, L4+ (K} +c)(X))-L/12+ x(F))
where ¢,(X) stands for p,c,(X’).

(0.14) Some special varieties. We say that a polarized pair (X,.%), £ an
ample line bundle on X, is a scroll over a variety Y if there exists a surjective
morphism f: X — Y such that (F, %) = (P°,#(1)), with s =n-dimY,
for every fibre F of f.




832 M. BELTRAMETTI, A. BIANCOFIORE, AND A. J. SOMMESE

If —K, isample we say that X is a Fano variety. The largest positive integer
r such that —K, ~ rZ, for some ample line bundle .#° on X, is the index of
X . A polarized pair (X,.?) is said to be a Del Pezzo variety if K, ~ (1-n).Z .

(0.15) The generalized Hodge index theorem. As a consequence of the usual
Hodge index theorem we get the general results below which gives useful in-
equalities we need through the paper.

(0.15.1) Lemma. Let X be an n-dimensional variety and let M ,N be line
bundles on X, such that M is ample and N is nef. Thenfor j=1,...,n—1

(Mj+l _Nn—j—l)(Mj—l .Nn—j+l) < (Mj.Nn—j)Z'

Proof. First assume N to be ample. Choose D, ... ,Dj_l €|mM|, E, ...,

En_j_l € |mN|. Then for m > 0 the transversal intersection of D, ... ,Dj_l R
E,...,E,_ i1 is a nonsingular surface Y. By using the usual Hodge index

theorem one sees that
mZn(Mj+l . Nn—j—l)(Mj—l . Nn-—j+l)
_ mZn(Mj—l NI .MZ)(Mj—l NI .N2)
2
= (My : My)(Ny : Ny) < (My : Ny)
_ mZn(Mj—l 'Nn—j—l M- N)
- 2n(Mj . Nn—j)Z
and hence we get the result.
Now assume N to be nef. If H is an ample line bundle on X, and ¢ is

a positive rational number, the Q-divisor N + ¢H is ample. Therefore, for
m > 0, m(N +¢H) is a very ample Cartier divisor. Then by the above

(M (N +eH)" ™M (N +eH)" M) < (M (N +eH)")
so we are done as soon as € goes to zero.

(0.15.2) Remark. If in (0.15.1) we have the equality and if j = n—1 also, then
N is numerically equivalent to a rational multiple of A . Indeed in this case
we have ,
(My - My)(Ny - Ny) = (My - Ny)

where Y is the nonsingular surface obtained as the transversal intersection of
n—2 general members of |mM|, m>0.Let a=N,-N, and b=M,-N, .
Then M, -(aM, —bN,) =0 and therefore by the usual Hodge index theorem
one has aM, ~ bN, since M, isample and (aM,,—bNY)2 = 0. It thus follows
that aM ~ bN by the first Lefschetz theorem on hyperplane sections. 0O

Let L,,...,L, be nef line bundles on an n-dimensional variety X . Let
cl(L)J for a multi-index J = (j,,...,j), j, 20, i =1,...,k, denote
Hi;l C](L,')h . Let IJI = 2;;1 j,' .
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(0.15.3) Theorem. With the notation as above, given a multi-index J with |J| =
n we have

k .
(a) e,(L)’ = [Jte, (L)"Y";

i=1
k " k iy
(b) l(zc.(L,.)) } 23 [e@)] -
i=1 i=1

Proof. Relation (b) easily follows from (a). To prove (a), first note that by
passing to a desingularization of X we can assume that X is smooth. Next
note that it suffices to prove the theorem for ample line bundles. Indeed, let H
be an ample line bundle. If the results were true for ample line bundles, then
for positive integers m

k A\" & .
(H ¢ (mL,+ H)”) > [Te,(mL, + H)")".
i=1

i=1

1/n

Dividing by m we get

k .
m"(c,(L)")" + p(m) = m" [J(e,(L)")" + a(m)
i=1
where p(m), g(m) are degree n — 1 polynomials in m with Chern numbers
of the L; and H as coefficients. Dividing by m and as soon as m goes to the
infinity, we find

k
J i
(e, @) = Te, @)™
i=1
Further since the truth or falsity of the inequality above is uneffected by multi-
plying each L; by a large m we can assume without loss of generality that all
the L, are very ample.

Claim. If the theorem is true for k = 2, then it is also true for k > 2.

Proof of the Claim. We will do an induction on the number ¢ of very ample
line bundles. Assume we know the result when ¢t < k — 1 where k > 3. Let
J=(0,>---5J;)- If j, =0, then we are done. Otherwise choose j, general
elements of |L,| and intersect them to get a (n — j, )-dimensional submanifold
Y of X . Then by the induction hypothesis we have, for t =k — 1,

kol i k=1 P .
(%) cl(L)J = H cl(LilY)"’ > H[Cl(Lily)”-Jk]Ji/("—lk)
i=1 i=1

as well as, for 1 =2,
(+%) e (Lyy)" ™ = e (L) 7 e (L™
> (e, (L)1 e, ()"
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Now the claim easily follows by combining (*) with (xx) and also recalling
that n—j, =j,+--+j,_,. O

Thus we are reduced to prove the statement in the case of very ample line
bundles L,, L, on X . Let g; = log(c,(L,)’-¢;(L,)""’) . Then Lemma (0.15.1)
above gives

(#) qu(q]_l+qj+l)/2, i=1,...,n’—1.
We have to prove
(##) q; 2 (j/m)q, + ((n—j)/n)q,.

This follows immediately from (#). Indeed let f: [0,n] — R be the function
such that f(j) = g; and which is extended by linearity between i,i + 1 for
i=1,...,n—-1. The relation (#) simply says that the function f(x) is
convex. The desired relation (##) is a consequence of convexity. To see this
note that (j/n)q, + ((n—j)/n)q, is just the y value of the point over j of the
line segment joining the points (0,q,) and (n,q,). So, by convexity, f(j) is
greater or equal to this value. This completes the proof. O

For further background material we refer the reader to [So7, §0].
1. THE (n — 2)-PLURIDEGREES OF A POLARIZED PAIR

Throughout this section we fix a polarized pair (X",L") as in (0.6). In
[So7] a complete description of all cases where K, + (n — 1)L" is not nef and
big is carried out. Thus we can assume K, . + (n — 1)L" to be nef and big.
Then there exists a reduction (X, L) of (X", L") in view of (0.9). From now
on when n >3 we can also assume K, + (n — 2)L to be nef and big: indeed
all cases where n > 3 and K, + (n — 2)L are not nef and big are completely
described again in [So7]. As in (0.8), write

Zy=Ky+(n-2)L
and define the (n—2)-pluridegrees of (X, L) (or simply pluridegrees, for short)
d=x]-L"7, j=0,...,n.

For j =0, d,=d is the degree of (X,L).
The fact that .7, is nef and big gives us some general inequalities. First note
that
dj>0, j=0,...,n.

(1.1) Lemma (The generalized Hodge index theorem). For j =1,...,n—1
we have

2
(1.1.1) d>d,d_,;
(1.1.2) d’=d, d_, if dl=dd,;
(1.1.3) d >dyd"™’.
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Proof. (1.1.1) and (1.1.2) follow from (0.15.1) and (0.15.2) by taking M =L,
N = %, , while (1.1.3) follows from (0.15.3) for k=2,L =%,, L,=1L,
and (J,,j,)=(0,n—-Jj). O

As a consequence we find a condition on d, and we also improve (0.8.1).

(1.2) Corollary. With the notation as above and n > 3:
(1.2.1) The inequality d, > 3 holds.
(1.2.2) '7,\5 is spanned by global sections for t > 3.

Proof. Let d" = L™ and note that d > d". If d, = 1, then d, = d|
d =1 by (1.1.1). Hence d" =d =1 which means that (X",L") = (X,L)
(P",4(1)), contradicting the nefness assumption on %, . Again by (1.1.1) we
findford,=2,d;=4,d, =d=1ord,=d, =d=2. The first case leads to
the same contradiction as above. In the second case one has d” # 1: otherwise
(X", L") = (P",#(1)) which contradicts the assumption that K xat(n— 1)L"
is nef and big. Therefore d = d" =2, (X",L") = (X,L) = (Q,8,(1)), @
quadric hypersurface in P!, % = ﬁQ(-—Z) , again a contradiction. This gives
(1.2.1).

The statement in (1.2.2) is due to Reider’s method. Indeed let S" be as in
(0.6). Then S is a minimal model of a surface of general type (see (0.9.3)) and
K ; is spanned by global sections for ¢ > 3 (see [Be]). Now the same argument
works as in the proof of (0.8.1).

(1.3) Lemma. We have, for j=1,...,n

(n+2)d; 2 (n-2)d,_,.
Proof. Since 7, is nef and big, x(K, + t%y) is a polynomial of degree n
and x(K, +t%,) = i’(K, + t%,) if t is positive by (0.1.1). Hence there

exists an integer ¢, 1 <t < n+ 1, such that h°(K x + 1%Zy) > 0. Writing
Ky +t%, =(t+1)Z; — (n—-2)L we find, for j>1,

R

(t+1)d,—(n-2)d,_ = ((t+1)F - (n-2)L)-Z ' -L" >0
which gives the result. O

As a consequence of (1.3) and genus formula (0.3.1) (see also (1.5) below)
we easily get the bound

d<(n+2)(g(L)-1)/n

which is stronger than the bound d < 2g(L) — 2 obtained from (0.3.1). Note
also that if X has nonnegative Kodaira dimension the stronger relation

d<2(g(L)-1)/(n-1)

can be proved (see [Li-So, §0]).
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Let A be the transversal intersection of n —k — 1 general members of |L|.
Then A is a normal Gorenstein subscheme of X of dimension kK + 1 and the
adjunction formula gives

Eya~>Ky+(k-1)L,=2%,.
(1.4) Lemma. For j=0,...,n—1 and j even,
d;=d;,, mod(2).
Proof. Let A be as above. Then for k =0, ...,n—1 we have
Ky +kZy+(n—k-1)L)-F - L" ' = (K, +kZ,) - Z}.
The left-hand member is equal to
(k+1)Z + (1 —k)L) - F - L
By genus formula (0.3.1) it thus follows that
(k+1)d,, , - (k-1)d, =2g(%,) -2
and g(%Z,) is an integer by (0.4). This gives the result. O

"2 (k+1)d,, - (k- 1)d,.

Note that for k = 1, A can be assumed to be the smooth surface S as in
(0.9.2), (0.9.3), the minimal model of a surface of general type. It is easy to see
that

d=Ls-Lg; d=Kg-Lg; dy=Kg K.
First, the genus formula gives
(1.5) d =2g(L)-2-d.

From well-known properties of surfaces of general type (see [Ba-P-V, Chapter
VII]) some further relations follow.

(1.6) d, < 9x().

Indeed Noether’s formula x(&Z,) = c*+c¢,)/12 and the Miyaoka-Yau inequality
s 176

"12 < 3c, lead to d, < 9x(&) . Note that the equality cannot happen. Otherwise
S is a ball quotient and hence standard arguments show that S would be a
K(m,1), thus contradicting [So3, 1.3].

Furthermore from Noether’s inequality p 2 (S) < cf /2 + 2 it follows that

(1.7) d, > 2x(5) - 6.

A result due to Beauville, the Beauville-Castelnuovo inequality, gives us condi-
tions for A°(Lg) > x(Lg) .

(1.8) Lemma. We have hO(LS) > x(Lg) (respectively hO(Lg\,\) > x(L;\A)) if
one of the following holds:

(a) d,<3x() - 10;

(b) (Kg—Lg)-Lg<0 (resp. (Kga — Lgp)-Lga < 0);

(¢) (Kg—Lg)-(Kg+Lg) <0 (resp. (Kgn — Lga) - (Kga + Lga) < 0).
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Proof. Clearly (b) or (c) leads to h*(Lg) = h°(Kg—Lg) = 0 and hence h°(L) >
A(Lg) (resp. h°(Lgy) 2 x(Lgy)) -

If d, < 3x(&) — 10 then d, < 3p,(S) — 7. Therefore Beauville’s result
mentioned above says in particular that the rational map associated to I'(K)
is not birational. Since Lg is very ample out off a finite set of points (resp. LQ,\
very ample) it thus follows that h°(Kg — Lg) = 0 (resp. h°(Kgn — Ljs) = 0)
and we are done.

2. THE EFFECTIVITY OF K, + nﬁ?x

Throughout this section we fix a polarized pair (X", L") of dimension n > 3
as in (0.6). Let (X, L) be a reduction of (X",L") and let ", S be as in
(0.9). Then by the above Z, = K, + (n — 2)L can be assumed to be nef and
big, so that S is a smooth surface of general type by (0.9.3).

First, we need the following general fact. We have heard it attributed to
Matsusaka. We give the proof in the three dimensional case: the general proof
runs parallel.

(2.1) Lemma. Let . be an ample line bundle on a normal variety Y of di-
mension n such that h°(Z) > n and &" = 1. Then & is spanned and
(Y,Z)=(P",8.(1)).

Proof (n = 3). Take a general element D € |.#| andlet C =.%-% . Since ¥
is ample and .¥ 3 =1, the surface D and the curve C are both irreducible.
From the exact sequences

0-0,-Z%-%,-0,
we find 4°(Z,) > 3 and A°(Z.) > 2. Since deg.Z. = Z* =1 and C is
irreducible it thus follows that C = P! . Therefore . = O (1) is spanned by

global sections, so that .#7, and £ are also spanned. Furthermore ho(%) =2

implies that ho(.%) = 3, hence h°(Z) = 4 and the morphism associated to
|-Z| is an isomorphism. O

As far as the effectivity of K, + nZ, is concerned we have the following
result. We thank the referee for suggesting an alternate proof to our original
result for n = 3. The special classes when the effectivity of K, + n%, fails
are described in Proposition (2.3) below.

(2.2) Theorem. With the notation as above, h°(K x+nZy) >0 unless n=3,4
or 6 and there exists a proper modification r: X — P" such that Z, = r*&,,(1).
Proof. Since %, is nef and big, p(t) = x(t%Z) is a polynomial of degree n.
Note that p(z) = h°(¢%,) for t >0 by (0.1.1) since

IZy =Ky +(t—-1)Z +(n-2)L
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where (¢ - 1)%Zy + (n —2)L is ample. Further p(t) = (—1)"h0(KX —t%Zy), for
t < 0, by the Serre duality and (0.1.1) combined with the fact that 7, is nef
and big. Assume p(-n) = (——1)”h°(KX +n%;)=0.

Note that either p(t) or p(¢t —n) is zero for ¢t =1,...,n— 1. This follows
because of the maps

I(Z) T(Ky ® %y ') = T(K, ® %)

and the latter group is zero by hypothesis. Thus since p(—n) = 0 and since by
the above remark the remaining zeros are between —(n — 1) and (n - 1) we
conclude that p(—(n — 1)) = 0. Indeed, if not, and if (—=1)"p(—(n—1)) >0
then we would have a zero between —n and —n + 1. Therefore we must have
(-D)'p(=(n-1)) <0, ie. hO(KX + (n - 1)%Z,) < 0, a contradiction. This
implies that p(1) # 0, since otherwise we would have more than n zeros of
p(t): i.e. we would have the zeros —n, —(n—1) andfor t=1,...,n—2 one
of t or ¢t — n. By looking at the maps

(7)K%, ') — (K, ®%)
it thus follows that p(¢) =0 for t = -1, ..., — n. Therefore
(2.2.1) p(t)=A(t+1)---(t+n)/nl; A=d =%.
Now by a lemma of Matsusaka [L-M, (2.1)],
h'(#,) < deg ®(X) + dim D(X)

where ®: X — P is the meromorphic map associated to I'(Zy) . Thus in our
case d,(n+1)=p(l) = ho(ﬁx) < d, + n which implies that
(2.2.2) l=d =%, K (F)=n+l.
By Corollary (0.8.3) there exists a proper modification r: X — Y such that
Z, = r".# for some ample line bundle .# on Y satisfying .#" = 1 and
ho(l) = n+1 inview of (2.2.2). Hence Lemma (2.1) applies to give (Y ,.#) =
(P",&(1)).

Now, by comparing the coefficients of ¢
Roch formula for p(t) = x(£.Z,) we see that

"~! in (2.2.1) and in the Riemann-

n(n+1)/2n = %" K, /2(n - 1)!

Since %, 'K, =—d, +(n—-2)d,_,, wefind (n+2)=(n-2)d,_, which
leads to either n=3,d,_, =5;n=4,d,_,=3;0orn=6,d,_, =2. This
proves the theorem.

(2.3) Proposition. With the relation as above let hO(K y +nZy) =0 and let
r: X — P" be the proper modification with n = 3,4 or 6 asin (2.2). Then
X(@) = n+2, where S is the transversal intersection of n—2 general members
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of |L|, and the only possible values for the pluridegrees of (X,L) are as in the
table below.

n d d, d, | d,| d,| d| d

3|0<d<125|3<d, <25| 5] 1

410<d<81|3<d <27|9]|3]|1

0<d<64|4<d <3216

0<d<dl|4<d <2414

Furthermore r is an isomorphism outside of a closed subset B c P" such that

dimB<1ifn=3o0r 4 and dmB<2 ifn=6.

Proof. For simplicity we give here the proof in the case n = 4; indeed the case

n = 6 is an easy modification of it, while the case n = 3 is straightforward.
Let 4 be a general element of |L|. By looking over the proof of (2.2) we

see that p(-1) = h°(2KX + 2L) = 0 and hence hO(KX + L) = 0. Then the

Kawamata-Viehweg vanishing theorem and the exact sequence

0—>KX®L—>KX®2L—->KA®LA—»O

giveus x(K,®L,) = h°(K ¥ ®2L) = 5. Hence the exact sequence
0-K,-K,®L,—-K;—0

yields

1) =x(Ks)=5+x(,).
Finally, from p(0) = x(@y) =1 and x(-L) = x(Ky,+L) =0 we find X, =
X)) =1,50 x(F)=6.

To prove the table, note that d, = 1 since %, = r’'@(1). Then d, <3
by (1.3). By combining (1.1) and (1.7) we find d32 > d,d, > 6 which gives
d; =3 and d, < 9. Now we know that ZXIS ~ K ; further the restriction rg
of r to S is the map associated to I'(K). To see this note that, since X is
birational to P*, then hi(ﬁx) =0 for i > 0. Thus by the Lefschetz theorem
h'(@,) =0 for 0 < i <3 and hence h'(Ky + L) = h*(@,) = h'(K,) = 0.
Then rg is generically 1 to 1 so that d, > 3x(&) — 10: otherwise it would
be d, < 3p,(S) — 7, this leading to a contradiction (see Lemma (1.8) and also
[Ba-P-V, VII, (8.5)]). Hence d, > 8 and therefore d, = 9 by parity Lemma
(1.4). From (1.1) we find 3<d, <27, 0<d <81.

Let B denote the closed subset of P* where r is not an isomorphism. Then
K, ~ r"KP. + J for some effective line bundle J such that r(supp(J)) = B
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and 2L ~ r*@(6) — J . Note that the pluridegree d, of the pair (P4 ,@(1)) is
d,(P*,&(1)) =d, = 9. We have

2d,=L-(r'@6)-J)-re()-rel)
=r,L-@6)-0(1)-@(1)-r,L-B-&(1)-6(1)
=2d,(P*,0(1)) - b,

where b = B.r, L-&(1)-&(1) > 0 if dimB > 2, a contradiction. This
completes the proof. O

The following examples show that numbers d and 4, can vary quite a lot.

(2.4) Construction. Let . ,.# be two spanned line bundles on an n-dimen-
sional projective manifold Y. Assume .# is very ample and ¢, (& ) #0 as
an element of Hz'(Y,Q). Then there exist ¢ elements 4,,...,4, of |Z|
meeting transversally along a smooth connected codimension ¢ submanifold B
of Y. Let p: X — Y be the blowing-up of Y along B, denote E = p_l(B) R
F'=p'%—F andput L =2"@p".# . Note that L is very ample: indeed
Z' is spanned by global sections and I'(#’) gives a map ¢: X — P'”' with
connected fibres and with &’ = ¢q"@,,_,(1). Further K, ~ p"K, + (t— 1)E.
Thus K, + (t—1)L~p"(Ky, + (t - 1)(& +.#)). Nowlet t=n—1. Then

Fy=Ky+(n-2Lnxp (Ky+(n-2)(Z +A4)) .

(2.4.1) Example. Let Y = P, 7= Ops(4), # = Op(1) and let F =
4" Cp (1), E=p"F(1). Then L=F+&, H =& . Now & =1, F =¢-F' =
0, éZ-F = 4, so we can compute d = (F+§)3 =13;d, = (F+§)2-§ =9;
dy=(F+¢&)-&=5;d,=E=1.

By taking & = (1) and # = O, (4) the same construction as above
gives rise to a pair (X, L) with pluridegrees d; =1, d, =5, d; = 24 and
d=112.

(2.4.2) Example. Let ¥ = P*, & = 0,,(2), # = Gp(1) and let F =
4" (1), E=p"Gp(1). Then L=F +&, #y=¢. Now &' =1, & F=2,
& F'=4,¢.FP=F*'=0,s0we find (d,d,,d,,d;,d,) =(33,19,9,3,1).

(2.4.3) Example. Let Y = P, P == Ops(1) . Here the same computation
as above gives us (d,d,,d,,d,,d, ,d;,d;) =(57,31,16,8,4,2,1). O

It is worth noting that something more can be said under some extra assump-
tions. We carried out this in the three dimensional case only.

(2.5) Remark (n = 3). By looking over the proofs of (2.2) and (2.3) one sees
that, for n = 3, the general element S € |L| has the same Hodge numbers
h*? = h?(Q%) as a smooth 5th degree surface in P.
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(2.6) Remark (n = 3). Assume X in (2.2) to be smooth. Then the results
of [So2] apply to describe the exceptional locus E of the proper modification
rr X -p. Precisely, P? is obtained from X by blowing down P'-bundles
to smooth curves or by contracting to points certain divisors explicitly
described as: P> , Fy, F or F,U p’ , where F, is the Hirzebruch surface
P(Op ©0 (e)), e =0,1,2. Furthermore by slicing E with a general member
S € |L| one gets either smooth sections of P'-bundles or reduced, irreducible
curves of type 4,,4,,4, or D, (see [So2, (0.5.2), (1.5.2) and (1.8.2)]).

(2.7) Remark (n = 3). Assume X has only rational singularities and let %7,
be ample. Then d, > 1 unless either

o (X,0)=(P°,6,(9);

e X is a Fano variety of index 2, K, ~ —2M for an ample line bundle M
on X such that L ~ 3M, M = 1,or

e (X,L) is a scroll over an elliptic curve, L, ~ &.(4) for every fibre
F =P,

As to the proof, let d; = 1. We can assume (K  +3%Z;) > 0; otherwise
by (2.2) one has (X,L) = (P3,é’],,(5)) since 7, is ample. Hence d,=1,2,3
or 4 in view of (2.8) below. Cases d, = 2,4 are excluded by (1.4) while d, = 1
yields d = 1 by (1.1.1). It thus easily follows that (X",L") = (X,L) =
(P3,ﬁl,3(1)) , contradicting .Z, being nef. So we can assume d, = 3 and
hence the genus formula for %, gives g(Z,) = 1. Then, by [Fj, Corollary
2], (X,Zy) is either a Del Pezzo variety or a scroll over an elliptic curve. In
the former case 3K, ~ —2L, so one easily sees that X is a Fano variety of
index 2, K, ~ -2M, M an ample line bundle on X', L ~ 3M and M=1
(an explicit example can be found in [I-Sh, Theorem 6, (V)]). In the latter
case ‘%XI F = Og(1), so that L, ~ @, (4) for every fibre F = P? and we are
done. O

Theorem (2.2) has some nice consequences. First, it allows us to improve
(1.3).

(2.8) Propesition. With the notation as above, we have
(n+1)dj2(n—2)dj_l, 121,
or K, +n%, isnot effectiveand (X ,L) is asin (2.3). Furthermore (n+1)d, >
(n—2)d, if X is not a quadric hypersurface.
Proof. If (X,L) isnotasin (2.3), then K, + n%Z, = (n+1)%, — (n - 2)L is
effective. Since %, is nef and L is ample, one has for j > 1,
(n+1)d;—(n-2)d,_, = ((n+ 1)Z — (n-2)L)- %' -L" >0.

Now suppose (n+1)d, = (n—2)d,. Then we have ((n+1)Kg—(n—2)Lg)-Lg =
0. The ampleness of L and the effectivity of (n+1)K;—(n—2)Lg imply that
(n+ 1)Kg ~ (n—2)Lg. Therefore (n+ 1)%y ~ (n—2)L by the first Lefschetz
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theorem on hyperplane sections, so that (n + 1)K, ~ —n(n — 2)L. This easily
gives K, ~ —nM, (n—2)L ~ (n+1)M for some ample line bundle M on X,
which means that X is a quadric in a P""’ (see also [So7, (0.2)] and [Fa-So,
(0.6.1)])). o

Note that (2.8) gives the bound

(n+1)(2g(L) —2)
2n -1 )

Let o(X",L") be the spectral value of (X",L") asin (0.5). If a(X",L")
< 3, all the reductions (X, L) have been characterized in [So7] in the n-dimen-

sional case. As a consequence of (2.2) all of the pairs (X, L) with (X", L") <
(4n+1)/(n + 1) can also be described.

d< ]

(2.9) Corollary. With the notation asabove, either a(X",L") > (4n+1)/(n+1)
or K, +nZ, is not effective and (X ,L) is as in (2.3).

Proof. Assume (X,L) is not as in (2.3). Then K, + n%, = (n+ 1)K, +
n(n — 2)L is effective and writing

(n+ DKy +n(n—2)L=(n+1) (KX+ (n+ - 4::11> L)

one sees that a(X",L")=o(X,L)>(4n+1)/(n+1). O

As far as the smooth three dimensional case is concerned, some bounds for
x(@y) and e(X) can be given.

Let J,(L) be the first holomorphic jet bundle of L on X . Note that all the
usual inequalities that hold for Chern classes of spanned bundles (see e.g. [F1]),
hold also for J,(L) even though J,(L) is not spanned at the finite set of points
where L is not very ample. To see this we need the following general fact.

(2.10) Lemma. Let Y be a normal variety of dimension n and let E be a
rank r > n vector bundle on Y . Assume that the sequence

(*) XxI(E)—-E—-@C,—0,

where x € F and ev: X x I'(E) — E s defined by ev(x,s) = s(x) € E for
any (x,s) € X xI'(E), is exact, F is a finite sét and C _ is a skyscraper sheaf
supported at x with a single copy of C as fibre. Then

(2.10.1) ¢,(E)-Y,; >0 for all effective i-cycles Y, on Y ;

(2.10.2) (3(E) - ¢y(E))- Y, > 0 for all effective 2-cycles Y, on Y .
Proof. In view of condition (), any n — 1 general sections s,,...,s,_, of
E give linearly independent vectors of E, restricted to any x € F. Thus, for
i>1, ¢,(E) is dual to a cycle & that moves without base points; indeed 13
is defined as

& ={zeX:s5/(z),...,5,_,(z) are not linearly independent in E }.
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For i = 1, note that det(E) is spanned outside F and so (det(E))™ is spanned
by global sections for m > 0. This shows (2.9.1). For (2.9.2) note that

(CHE) - 6(E)- Y, =, (&) -p'Y,

where p: P(E) — X is the usual projection and ¢ is the tautological line bundle
on P(E). The above condition () translates into ¢ being spanned by global
sections outside of a finite set of points, so &” is spanned for m > 0. This
implies ¢, (f)'-Z, > 0 for all effective t-cycles Z, on P(E), in particular for
Z,=p'Y,. O

In (2.11.4) below, the numbers d; are the pluridegrees of (X",L") we
define at the end of this section.

(2.11) Proposition. Assume that X" is smooth of dimension three and |L"|
embeds X" ina PY. Let (X,L) be a reduction of (X",L"). Then the
Jollowing relations hold:

(2.11.1) (3d, +2d, —d +12(8,))/32 > 2(C);
(2.11.2) 2d, +7d, + 12d, — 3d — 18x(F,) + 48%(&,) > O;
(2.11.3) e(X) < 24x(F,) +28(L) — 2 - 2d,;

(2.11.4)  e(Xx") > 48x(F,) - 84x(F) — d" +20d" +17d) + 11d} + d7
with equality if N <6.

Proof. By looking over the proof of (2.2), we can assume that K, + t.%Z, is
effective for some ¢ = 1,2 or 3; otherwise it would be d; = 1 and hence

X(@y) = 1. We can also assume that ¢ =3 since for ¢ = 1,2 we find stronger
relations. Then Lemma (2.10) leads to

(2.11.5) ¢,(J,(L)) - (4K, +3L) > 0,
(2.11.6) (¢, (J,(L))* = ¢,(J,(L))) - (4K + 3L) > 0,
(2.11.7) ¢;(J,(L)) 2 0.

The vector bundle J,(L) fits in an exact sequence
09y ®L— J(L)y—=L—0
where .7; is the cotangent bundle to X . A standard computation shows that
C(Jy(L)) =c)(X)+ 3K, - L+6L-L,

¢, (Jy(L)) =Ky, +4L

where ¢,(X) = c2(.7x‘). Recall that by the Riemann-Roch theorem (0.13.1)
one has ¢,(X)-L = 12x(F5) —d, —d,, S general member of |L|. Then by
using the equalities above, it is purely a mechanical computation to show that
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(2.11.5) and (2.11.6) lead to (2.11.1) and (2.11.2) respectively, while (2.11.7)
gives (2.11.3).

Finally (2.11.4) is nothing but formula (0.7.2) in [Li-So], rewritten in terms
of the numbers d”, if N <6. For N > 7 a similar argument as in the proof
of (0.11) works.

(2.12) Example. As a consequence of (2.11) we can compute the number of
sections of .7, in some particular cases. E.g., suppose that there exists a smooth

threefold X in P’ with invariants g(L) =12, d =9, d, =13, d, =d, = 17,
(@) <9 (compare with Table 1). One has h'(&,) = h' () and p,(S) = 8

TABLE 1
dj’s d !" ’s Comments

dedjndj—h"—leZl
dr>did", n-12j>1

- Zk nef and big
dy>23;d;>22if j#n

(n+2)d; 2 (n=2)d;_y, j2 1| (n+2)d) > (n—-2)d,,

j=21, jodd
dj =dj;) mod(2), j even d;‘ = d;‘H mod(2), j even
genus formula
dy=2g(Ly-2-d dh = 2g(L)—2—d"
dy < 91 (8s) dy < 9x(s) Miyaoka’s inequality
dy 2 2x(8s) -6 Noether’s theorem
if I'(Kg) gives a generically 1-1
dy > 3x(Fs) — 10 map (Beauville-Castelnuovo

inequality)

(n+1)d;>(n-2)d;_y, j>1| (n+ l)d](‘ >(n- 2)11](‘_l , | unless n = 3,4 or 6 and there
j>1, jodd exists proper effective
modification r: X — P” with
Fx =r*@(1) (see (2.2), (2.3))
((n+ )dy > (n - 2)dy) (X is not a quadric)

(n+1)df = (n-2)dl | if RO(Ky +nFx)>0
>—(-1y@2n-1y,j21

2dp =d™? - 5d" - XANCPN¥, N=n+2
10(g(L) - 1) + 122(F)

2d) <d™2 - 5d” - XNCPN, N>n+3
10(g(L) — 1) + 12x(F5)
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for a general member S € |L|. From (2.11.1) we find hz(ﬁx) < 5 so that the
exact sequence
0L - Oy -0, —0

gives h(FZ,) > 3.

(2.13) Remark. Assume (X",L") = (X,L) and X smooth of dimension
three. By (2.11) we can conclude that cases g(L) = 10 or 12 with x(&g) = 1

and g(L) = 11 with (&) = 2 do not occur if X c P', N < 6. Eg
look at the case g(L) = 11, x(F;) = 2. From (2.11.1), (2.11.2) we find
-1 < x(@%) £1 and (2.10.3) gives e(X) < 60, contradicting (2.11.4). O

Let us go back to the general case of dimension n > 3. Let n: X" — X be
the blowing up of X asin (0.7) and let y be the number of points of X blown
up. As done in §1 for the pair (X, L), write

Fyn = Kyn + (n=2)L"
and define as usual the pluridegrees of (X" ,L") as
d) =%, -L"",  j=0,...,n
Then one has
(2.14) d'=d - (-1Yy, j=0,...,n.

All the properties of pluridegrees d;’s proved in §§1 and 2 hold true for the
d;\ ’s except those which need the nefness and bigness of .7}, . So numbers dj’.\ ’s
may be negative and properties (1.1), (1.2), (1.3), (1.7), (2.8) and (2.11) do not
work for the dJ’.\ ’s. Let us only point out that (2.14) and (1.3) lead to

(2.15) (n+2)d} - (n-2)d,_ > (-1)""2ny, j21,
while, if K, +n%, is effective, then (2.14) and (2.8) easily yield
(2.16) (n+1)d} —(n-2dy, > (-1 @n-1)y, j>1.

Table 1 summarizes all the relations in terms of the pluridegrees d ; ’s, dj.‘ ’s

we have found except the bounds for g(L), x(&y), e(X) and e(X ") given in
(0.10) and (2.11) respectively.

3. NUMERICAL CLASSIFICATION OF SMOOTH THREEFOLDS

Let (X,L) be a reduction of (X",L") of dimension n = 3 and let S",
C",S,C beasin §0. Recall that K, + 2L" and Zy = Ky + L are assumed
to be nef and big. Further suppose that X" is smooth and |[L"| embeds X"
in a projective space PY, N> 5. Our aim is to list all possible values for the
numerical invariants introduced in the paper for low values of sectional genus
8(L).

Note that we need the smoothness assumption only to use (0.12) and (2.11).
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(3.1) Remark. Case N =4 can be easily carried out. Indeed X " is embedded
by |L"| as a hypersurface of degree d" in P*, so that

Kyn+2L" ~8,,(d" - 3).
Since K, +2L" is nef and big it has to be d" > 4. Let S" be a general
member of [L"|. Then Kgn ~ Fynin & Oen(d" - 4) and d) = Kg, - L, =
d"(d" — 4). The genus formula gives
2g(L)-2=d"+d"@d" -4 =d"d" -3).

Thus the possibilities for (4", g(L)) are (d",(d"(d" - 3) + 2)/2). Note that
case d" =4, g(L) =3 is excluded: otherwise the genus formula yields df =0
and hence we get the contradiction d;, < 0. Then d" > 5, so in particular

Ky, ~ Oy, oris very ample. Note also that for d" =5,6,7,... the genera
are g(L)=6,10,15, ..., respectively. O
From Castelnuovo’s bound (0.10), by writing
A d"-2-¢
[(d” -2)(N -13)] o3 0<e<N-4,

we infer that

2
d“zN;‘+\](2(N—3)g(L)+(N2“5-s) ) 0<e<N-4,

which leads to

(3.2) > { (N=-1)/24+/(2(N-3)g(L)+1/4) ?f N-5 %s odé,
(N-1)/2+/2(N -3)g(L) if N -5 is even.

The Hodge index theorem (1.1) gives us d*? < d,, so that

(3.3) d+d*? <2g(L)-2

by the genus formula. Therefore, since d > d”, we find from (3.2), (3.3)

(3.4) 2428 + 2 +2Vg@)" < 2¢(L) -2

which implies that
g(L)=>1.

(3.5) Claim. Cases g(L) =17,8 do not occur.
Proof. If g(L) = 7, formulas (3.2), (3.3) and (1.5) give d = d" = 8 and
d, =4. Then one has d; =1, d, = 2 by (1.1.1). Again from (3.2) we see that
N = hO(Lg‘,\) =5,s0 (0.11.1) applies to give a contradiction.

If g(L) =8, (3.2), (3.3) yield 8 < d" <d <9 and from (1.1.1) we easily
rule out case d = 9. Therefore d = d" = 8 and the same argument as above
leads to a contradiction. O




TABLE 2

g(L)|d? |d | d | d, d; y | x(&s)| H.ir.
8| 8| 8| 8 8 0 6 0
91 9 1| 4
10 6| 3 1 6
10 0
91 9| 91 9 9 6 0
10 0
10 {10 4 2 4 24
1011 9 2o0r4 1 15
131 71 3 1 2 3 10
11 11
111 9| 7 3or$S 0 4 4
12 {12] 8] 4 2 0 2 16
91911317 (5<d3<21,0dd| O 16
10]12] 6 2 0 6 84
10 |11 |11} 7 3 1 6 44
12 10{12(12 |4<d3<12,even| 0 7 24
111y 8 0 5 33
2o0r4
12 {13] 9] 6 1 3 3
11{13]14 |4<d;<14,even| 1 8 15
10 :
10[{14| 915<d3<25,0dd| O 9 6
14|10 6 2 3 5 16
11{13] 9 3or5 0 6 70
1311 ]12]12]10 4,6, or 8 1 6 24
11{13[{15]5<d3<17,0dd]| O 7 4
151 91 3 1 3 3 36
16| 81 4 2 4 3 0
12 (12]12] 6 2 0 4 72
13111} 7 3 1 4 30
1211212 12 0 5 0
10 ({10} 16|20 [6 <d3 <24, even| O 10 56
13|13 6 2 2 6 91
14112 7 3 3 6 46
11 {11 | 15|10 4or6 0 7 115
1211411 3,5, or7 1 7 64
1111516 |4<d; <16, even| O 8 49
14
12114 7 3 0 5 112
13113 8 20r4 1 5 65
12 {1412 9 3ors 2 5 18
12114113 |[5<d3<1l,0dd| O 6 40
14112 6 2 1 3 60
131511 7 3 2 3 16
13[13]11 | 3<d3<9,0dd | 0| 4 26
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By using all the above relations it is purely a mechanical procedure to check
which invariants occur. We check this for threefolds (X”,L") in P" in the
following cases: N = 5 and g(L) < 14; N =6,7 or 8 and g(L) < 13;
N =9 and g(L) < 14; N =10 and g(L) < 16. We have carried these
computations out using Oregon Pascal on a VAX 750 of the College of Science
of the University of Notre Dame. We do not include here the program which
is, however, available on request.

As an example, it should be worthwhile to list the invariants we obtain for

threefolds in P’ of log-general type and with hO(K v +3%Z;) > 0. In Table 2,
“H.i.r.” stands for the Hodge index relation dl2 = dd,. Note that whenever
d =d| = d,, it also follows from (1.1.2) that d; = dj for j=0,1,2.
Added in proof. Note that cases (g(L),d") = (13,10), (14,10) in the table of
threefolds in P° do not occur. Indeed, as pointed out to us by J. Rathmann,
for codimension 2 manifolds (X" ,L") in P" the stronger bound g(L) <
ﬂ%‘ﬁ + 1 holds true whenever g(L) does not reach the maximum with
respect to the Castelnuovo bound (see L. Gruson and C. Peskine, Genre des
courbes de l’espace projectif, Algebraic Geometry, Proceedings, Tromso, Norway
1977, Lecture Notes in Math., vol. 687, Springer, 1978).

Furthermore the third author has shown in the paper On the nonemptyness
of the adjoint linear system of a hyperplane section of a threefold, to appear in
Crelle’s J., that if K, + L is nef and big, then given a smooth surface S € |L],
it follows that

2h°(K, + L) > x(F).

By using this and further arguments three more cases (g(L),d") = (9,9),
(9,10),(11,12) can be ruled out. Moreover explicit examples of three-folds
in P° can be constructed by using some of liaison’s techniques. We refer for
this to the preprint Threefolds of degree 9 and 10 in P’ by M. Beltrametti, M.
Schneider and A. J. Sommese.
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