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ON INFINITE ROOT SYSTEMS

R. V. MOODY AND A. PIANZOLA

Dedicated to our good friend Stephen Berman

ABSTRACT. We define in an axiomatic fashion the concept of a set of root data
that generalizes the usual concept of root system of a Kac-Moody Lie algebra.
We study these objects from a purely formal and geometrical point of view
as well as in relation to their associated Lie algebras. This leads to a coherent
theory of root systems, bases, subroot systems, Lie algebras defined by root data,
and subalgebras.

1. INTRODUCTION

The theory of finite root systems is very well understood and has been the
subject of several beautiful expositions [Bbk, Stn]. In comparison, the theory
of infinite root systems is still somewhat awkward and a number of difficulties
remain to be overcome. Among the most obvious of these is the problem of
subroot systems. We begin by illustrating this with an example.

Let A be a (generalized) Cartan matrix 4 = (4, <ij<i- BY definition A
satisfies the axioms

Forall i<i, j</,

A; ; € Z,
4,;=2,
A.. <0 wheneveri#j,

ij =
A,.j=0«=>Aji=0.

A realization of A (over a field K of characteristic 0) consists of a finite-
dimensional vector space V' and a pair of sets Il = {a, ... ,qtCV, n =
{a),...,a/} c V" (V" = dual space of V) such that

(a) the elements of IT (respectively IT') are linearly independent in ¥V
(respectively V™)

(b) (ai,a}/) = A, forall 1 <i, j </ where (-,-) denotes the natural
pairing of V x V* - K.
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Given a realization R = (V,I1, l'IV) of A we can define the Weyl group W
(respectively dual Weyl group W) as the group generated by the reflections r

: \
(respectively r;) where
ri:vHv—(v,a;/)a YveVlV,
\Y \

\% \"2 \" \ \%
rpiv v —(a,v )a;, Yv €V

i

Since W ~ W via r, e rly we normally identify these two groups. Under
this identification

(wv,vv) = (v,w_lvv) forallveV, v eV’ andforallw e W.
The (real) root system of R is now defined as
A=W
and the corresponding (real) coroot system as
A =W

We say “real” because the Kac-Moody Lie algebra g(4) associated to A has
roots outside A, these additional roots being the set of imaginary roots MA.
(By convention here 0 is a root so 0 € ™A always.) For the moment let us
consider only the real roots.

For each a € A, writing a = wa,, w € W, a, € I, we define a reflection

r, = wriw_1 and a coroot a" = wa,Y . Both r_and o depend only on a
(not on the choice of w and «,) and
ra:vn-»v—(v,av)a YvevV,
v v —(a,v)a’ werv’.
Now we can define subroot systems. A nonempty subset Q of ™A is a
subroot system if for all o and B in A

a,BeQ=r pecQ.

To justify this definition (which is the natural one in view of the finite-dimen-
sional theory) we need to produce a Cartan matrix and a base (like IT) for
Q. The following example illustrates that this is not always possible within the
framework we have here.

Example 1 (Maxwell’s Demon). Let

2 -2 0
A= -2 2 =2].
0 -2 2

Let ¥V = Ra, @ Ra; @ R, be a 3-dimensional real space, V* its dual, and
(-,): ¥ x V" — R the natural pairing. Let I = {o,,,a,} C V and define
MY = {ey,a),ay} C V" by (e;,0]) = 4,;; 0<i,j <2. With the Weyl

J
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group W = (r,|i =0,1,2) defined in the usual fashion and identifying wY
with W let . y ‘v
B, =(ryr)) oy and B, = (r,r)) .
Claim 1. B, = ay+2k*a, +2(k* + k)a, and B = ay + 2k’a) + 2(k* + k)ay
forall keZ.
To establish this, reason by induction on k. O

Claim 2. For all p,q€ Z, p # q we have
\% \%
(B,,B,)<0 and (B,,B8,)=2.
Assume without loss of generality that g —p=k >0,
(B, B,) = ((ryr,) o (ryr)) g
k
= (ao’(rzrl) ag)
= (ao,ag + 2k2a\l/ + 2(k2 + k)a;/)
=2-4k*. O
We return to our main construction. Let
\%
B = ((B; ’ﬂj ))i,jGZ .
Then B is a Cartan matrix (infinite of rank 3). Let

T= {Bk}kez and T'= {ﬂ:}kez
and define
Q=W,T and Q' =w,T’
where
Wy=(rg lkeZ)cW.

It is clear that Q is a subroot system of X := WII. However, Q does not
admit a base in the sense that X does, as we will see in the sequel.

There is no shortage of examples of this type. For instance, one can let
k above vary over any infinite subset of Z and arrive at a similar situation.
This shows that any theory of infinite root systems must allow the possibility
of infinite bases and that the linear independence condition, which is usually
assumed for bases, is too strong.

In this paper we give a modified set of axioms which allow us to address five
problems which seem to us to be essential.

(a) The theory should be rational in the sense that it allows shifting of base
fields.

(b) Subroot systems should satisfy the same axioms as root systems.

(c) To these new root systems we should be able to associate Lie algebras
and (closed) subroot systems should correspond to subalgebras.

(d) There should be a conjugacy theorem for bases.

(e) The theory should lead to a chamber geometry in the style of [Bbk].
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The chamber geometry in fact is the main tool that we use in the study of
conjugacy and subroot problems. The rationality properties of root systems
allow us to work over R. Among the root systems that are included in our
treatment is the root system of the Lorentzian lattice A®! in 26-dimensional
space. Our work has obvious similarities to that of Vinberg [Vnb], who also
studied chambers with infinitely many faces and infinitely many symmetries.
His work differs from ours in the important respect that he considers only dis-
crete groups in hyperbolic space. Although the Demon is realized in hyperbolic
space, this is not so for root systems in general.

We would like to thank D. Maclean for his computer-drawn picture of the
Demon appearing in §5.

2. RooT DATA

Let K be a field of characteristic 0. By a set of root data over K we will
understand a 6-tuple

(2.1) D =A,0,117, V., VY (-,

consisting of

(RD1)  a Cartan matrix 4 = (4,;); ,.; where J is an index set;

(RD2) a pair of vector spaces V' and VY over K together with a nonde-
generate pairing (-,-): V' x rY - K;

(RD3)  subsets

O={a}CV, M ={a}, g,V
such that (ai,ay) = AU forall i,jeJ.
Furthermore we require

(RD4) Q:=3, Za; and Q' =%, Za] are free abelian groups ad-

mitting bases of the form {y;},,; C Q and {y:/}iEl c QY where I is

an index set and where the y, and y;/ are linearly independent over K
and satisfy

IIc @Nyi and II" C @Ny;/.
i€l i€l

The last of these axioms requires some comment. The root system of a Kac-
Moody Lie algebra g over K is a rational geometric object to the extent that
g can be obtained from a rational Kac-Moody Lie algebra by extension of the
base field. Axiom RD4 can be motivated by this fact and we shall see later (§4)
that sets of root data can always be obtained from rational sets of root data.

The assumption that Q and Q" are lattices parallels the analogous fact for
Kac-Moody Lie algebras and Lie algebras with triangular decompositions [MP].
Note, however, that I1 and TV are not assumed to be bases of these lattices
even though IT and ITV lie each entirely in one orthant of a lattice. This last
fact is analogous to the division of roots into positive and negative and will
allow us to build the geometry of this new type of root system.
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Example 2. If A is a Cartan matrix and R = (V,I1,I1) is a realization of A4
then (4,I1,ITV,V,V*,(-,)) is a set of root data.

Example 3. Let the notation be that of the Maxwell Demon as in Example 1.
Then 2 = (B,Y,YY,V,VY,(-,-) is a set of root data. Indeed, to satisfy
RD4 we may simply take

o=y, ¥ =20, ¥,=4a,

and
V_ v VgV vV _ 40V
Yo =0y, V) =L, Y, =4a,.

The reader can verify that Y, ., Z8, = @7 Zy, and Y, ., ZB = D, Zy, .

Example 4 (Monstrous root data). Let A*"! be the unimodular lattice of sig-

nature (l25 , — 1) in 26-dimensional space R®'! with symmetric bilinear form
(+|-) defined by

24
2 2
(x]X) =) % —Xy5, X =(Xgs.ee X3 %p5)-
i=0

Let IT be the set of Leech roots in A*>*! and let o = & for all « €I1. Then
L:=((a|B)), pen 1s a Cartan matrix and
M = (L,ILLII,V,V, ()

is a set of root data for L. Later we will see that the associated Lie algebra
g(#) is the Monster Lie algebra of Borcherds, Conway, Queen, and Sloane
[CS]. See §8 for details.

The linear independence of IT and IT" in the Kac-Moody setting is replaced
in the root data situation by the following weak independence property.

Proposition 1. Let & be a set of root data as above. Then for all k € J

Za, N (ZNaJ) =(0),
J#k
Za) N (ENa}’) =(0).

J#k
Proof. Suppose —n,a, = Z#k n;o; where n; > 0 forall j#k.If n, <0

by computing (-, a,\:) on both sides we obtain a contradiction. If n, > 0, then

(¥) Y na;=0

JEJ

(WIP)

where n ;2 0 forall j€J and not all n ;=0. By RD4 we can write

(%) a; = Zcijyi

i€l
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with ¢, ;2 0. Combining (*) and (x*) then gives a contradiction. The case of
IT" is similar and WIP then follows. O
Given a set of root data & we define W c GL(V) and W' c GL(VY) in

the usual fashion: for each j e J, r; € GL(V) and rj\./ € GL(V") are defined
by

Toy i = rj:af—»a—(a,a}/)aj forallaeV,
roi=r] th—h—{a;, h)a forallhev”.
J

Then
Wie=(rljed), W :=(]jed)

and the systems of real roots and coroots are defined by
s=wn, z=w'n’.

We also call £ and X" the root and coroot systems of D .
We also define the usual accountrements

bt (ZNaj) nx,
JEJ
z) = (ZNa]Y) nE,

™M
Il

j€d
\Y \Y
X = —Z+ and X := —Z+ s
Q:=ZZaj, QK:=EKaj,
j€d j€d
\% \% \" \Y%
(0] :=ZZaj, Ok :=ZKaj.
jed jed

We proceed now to outline the basic expected results that follow from the
definition.

Proposition 2. There exists a unique group isomorphism * : W — W satisfying
ry = r;’. Moreover, if we identify W and W via this isomorphism then
(a,h) = (wa,wh)

forall a€eV, heV', and we W.
Proof. This uses only the definition of r; and r;/ and the nondegeneracy of
(. , ) . o

Henceforth W and W' will be identified as in Proposition 2.

Given any Cartan matrix 4 = (4,); ;c; We can form a realization of A

[Kac, MP]. By definition this consists of a vector space V and subsets of lin-
early independent elements Il = {&;},.; C V, ' = {6:;’},.GJ C V* such that
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(@;,a ) A . This immediately gives rise to a set of root data 9 with Cartan
matnx A. For RD4 we can set I=J and {y;},., =10 and {3}, =1".

Given a realization of 4 we can construct a Lie algebra g(A4) from 4 whose
Cartan subalgebra is 7* and whose set 3 of real roots (respectively coroots) is
wil (respectively Wﬁv) . Thus in the case of a realization we can identify the
set of real roots (coroots) with the set of real roots (coroots) of a Kac-Moody
algebra. In particular,

£=3 U, ZI'=Z Ul
(both unions disjoint).

It is possible to prove that this partition into positive and negative parts exists
without appeal to the Lie algebra (see [Ljg] and [MP]). In any case, we will later
see that this positive-negative duality also holds for arbitrary sets of root data
D=4,V vV, I0,I0,(,).

Let & be a set of root data and let & = (A,I7,I7* s fl,flv,(-,-)) be the
set of root data obtained by means of a realization of 4 as we have described
above. A set of root data & of this form will be called the universal covering of
Z . All the objects naturally associated with g carry tildes. There are unique
linear maps

'//:QK—"QK, Wv:é]\(/—’Q]\(,
satisfying
w@)=0a, v'(@&)=a foralliel.
Proposition 3. Let the notation be as above.
(i) The mapping Iy, ™ Ta extends uniquely to a group isomorphism o :
WoWw. _ ~
(ii) Relativeto a, y isa (W ,W)-equivariant map; i.e., for all w € W the
diagram B
O —— O

of o)

éx —— O

commutes. Likewise w is (W, W)-equivariant.
..V
(iil) Forall © € QK , € QK

(0,9") = (yo,p"0").
(v) y:E— z and y" 3V 3V are bijections.
(v) kery = {B e Oxl(B,a])=0 Vjed}.
In particular, if A has linearly independent rows then y is injective. Similar
statements hold for v (use rows of AT).

Proof. If the homomorphism o exists it is clearly unique. Let i,j € J. Then

L Y ~ N
Ty, G —(a;,4;)a; =a; — A6,

o
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while

ra, ta; —Aijaj.

This shows that for all j1 seeesJ, €J

(*) Ta, @ Zcuaj =l Zcu j

JEJ JEJ
(The reverse implication is not immediate because the c; ; on the right-hand
side may not be unique.) From (*) it is easy to conclude that o exists and that
the diagram of (ii) commutes.

Suppose that w € W and o(w) = 1. Then for each i, y(
Writing wé; =} c;&; whereall ¢ ; have the same sign we obtain }_
This contradicts WIP unless ¢, = 1 and ;= 0 for j #i. Thus W&, =&
all /. But this is well known to imply @ =1 [MP].

D
R
[

(iii) This is obvious.

(iv) Suppose &,8 C £, & # B, and wa = wfB. By (ii) it follows that
l//dj = w9 for some 9 # dj and some j € J. Now yjy € £_ or
vy € L_ and in either case « 2 will contradict WIP. Having
established that the restriction of y to T is injective, we use the fact
that

y/§=y/ﬁ7ﬁ= W://ﬁz WIl=X

to conclude that y is a bijection of T onto X.
(v) This is a simple calculation. O

Corollary. In a set of root data the following wonderful union property holds
(WUP) 2=% UX_ and X =3 ux’
( the unions being disjoint) .

Proof. £=yZ=y(E, UL )CX, UZ_,whichshowsthat T=3, UX_. That
£, NZ_=(0) follows from WIP. O

Given a € T there is a unique & € £ such that wé = o (Proposition 3(iv)).
Writing & = ) ¢,&; we can write o = )_c,o; where all the ¢; € Z and all have
the same sign. We call a = ) c,a; the natural expression of « in terms of II.
Since IT need not consist of linearly independent elements, o can in general be
expressed in many ways in terms of the {a;}, even with all coefficients of the
same sign. However, the natural expression is unique and we will use it when
studying the geometry of root data. s

We can use Proposition 3 to transfer standard results from £ to & . In
particular:

(a) W is a Coxeter group with Coxeter generators r,,i € J.

(b) Defining for each w e W

S, ={acX, |w a€X },
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we have card(S,) = /(w) where [ is the usual length function, and if w =

rjl o 'rjn

Sw = {ajl ’rjlafz L ’rjl ”.rjn—lajn}’
S,=0ew=1.
(c)For i,jeJ and we W,
wa, = ta, Swrw =r,.
i J ! J

(d) There is a unique W-equivariant bijection

“)V:z-3%"
such that
(ai)v = a;/ forallielJ.
Furthermore
() :z, -z
and

(a,(@)")=2 forallaeX.

In the sequel (a)” is denoted simply as oV, (This notation is consistent
with (a;)" = a; .) For proofs of these facts one may refer to [MP].

We finish this section with a few words about parabolic subroot data. Let I
be a nonempty subset of J and let

I,={o,|iel}, I ={a|icl}.
If we let A4, be the submatrix of 4 corresponding to I it is clear that
D[ = (A],HI,H;/, V’ VV,(‘:'))

satisfies RD1-RD3. We shall see in §6 that RD4 also holds ! and hence that D,
is a set of subroot data of D. The Weyl group of D; is the parabolic subgroup

W= (r,liel)
and its root and coroot systems are given by
\" \Y
I =wmli, I, =Wl .

We will let £, and Xy, stand for the obvious objects.

The standard results about parabolic subgroups (see [Bbk] and [Ctr]) also
hold in our present situation. For the purpose of this work, however, all we
need is the following technical fact.

1 See §6, Theorem 1. That Dy has property RD4 depends only on two technical lemmas about
lattices (§6, Lemmas 4 and 5).
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Proposition 4. Let 1 C J be nonempty. If o € X is such that
a = Z c,.ai
i€l
in natural form (see Corollary to Proposition 3, infra) then a € Z;.

Proof. We maintain the notation of Proposition 3. By assumption & =
> ic1€i@; € . We assume that ht(&@) > 0 and reason by induction on ht(&)

to conclude that & € fl = ’W]ﬁl. Write a” = Y e d jd}/ where d; > 0. Then
~ ~V ~ A~V
2=(a,a’) =) da,a;)
j€l
and hence (&,a’) >0 for some i € I. Thus r,é € £, by induction and hence
& € X, . Finally

a=yaeyl =yWI) =W, =%,. O

3. IMAGINARY ROOTS

Let T be the root system of a set of root data & = (4,I1,I1V,V,V",
If peQ, a€X,and r ¢ = ¢ + ua for some u € Z, then the root string
between ¢ and r_ ¢ is defined as
{p,p+a,...,p+ua} ifu>0,
lo,r0]:= .
{p,p—a,...,p+ua} fu<O.
A subset ® of Q is said to have the root string property RSP relative to X if
(RSP1) X cC®;
(RSP2) whenever ¢ € ® and o € X then [p,r p]C D.
There is a unique minimal subset A of ¥ with RSP relative to X. In fact,
if we define inductively
Ay=Z, A, ={B|Belp,r,p]forsomeacXwherepecA |}

then Ay CA, C--- and A:=|JA, has the root string property and is minimal.
Henceforth A denotes this minimal set with RSP relative to £. We call A
the root string closure of . We often denote A\X by ""X.

Proposition 1. A is W-invariant.

Proof. We show that A, is W-invariant by induction on n. This is clear for
A,. For A ,let B€[p,r 9] where p €A, _ |, a€X. Let we W. We have
B =¢+ka where k €[0,u] and ((o,av) =u. Then

we,wr ] = [we,wr,w™ Wyl =[we,r, WP] C A,

> rwa

(by the induction assumption we € A, _,). Since [wg,wr 9] = [we,we +
uwa], it follows that wf = we + kwa € [we ,wr, 9] CA, . O
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Proposition 2. If £ = A where A is the root system of a Kac-Moody Lie algebra
then the root string closure of T is A.
Proof. Let ® denote the root string closure of X. We already know that A D
“A and A has RSP. Thus ® C A. We show that A \® = &. Similarly
A\®=0.
If A \® # & choose f € A \® of minimal height. Note that htg > 1.
Then by [Mdy] either
(i) there exists o € IT such that htr B < ht g, in which case r g € ® so
also B € ® by Proposition 1 or
(ii) for all @ € II, (B,a”) < 0 and for at least one o € II we have
B—ae€A, . Inthis case B —a € @ and since (B —a,a’) < -2,
pelp-a,r(f-a)lc®. O

Let @ be a set of root data as above and let J be its covering. We maintain
the notation of §2, Proposition 3.

Proposition 3. Let A and A be the root string closures of = and ¥ and let {Zn}
and {A,} be the sets as defined above that define A and A respectively. Then

WZ,, =A, forallneN and WZ=A.
Proof. wzo =yE=3= A, . Suppose that WZ}!——I =A,_,-

Forieé,AeQ with w1 = A and for &€, a€X with V& =a we

have

Y ., 2

“l lm

and y([4,r,A]) =[4,r,A].

Thusif B€A,, Beli,rd] forsome leA,_,aeZ,and f=y(B)e
[A,r,A] C A, . Conversely if g € A, then B € [4,r A] for some A €A, _,,
a € 2, and choosing preimages 1 € A,_,, & € £ we find f € [4,r,1] with
wfB = B . This shows ti/Zn = A, forall n €N and hence that y/Z =A. O

Remark. The map y : A — A need not be injective. For example, consider the

Cartan matrix
2 -2 —-14 -34

C =2 2 -2 —14
B=1_14 -2 2 -2
~34 -14 -2 2

which, as we saw in Example 1, is of row rank 3. With the notation of Ex-
ample 1 the set I' = {,,8,,8,,B;} provides us with a set of root data
2' =B',I,TV,v,vY, (-])). Call the resulting root system X' and observe
that B, - 38, +38,-B8,=0.
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Let &', with root system X , be a covering of 2’ and let A' and A’ be
the root closures of 3 and X' . We know that £ % X' is injective. However,
A" % A’ is not injective. Indeed 7 := B, + B, + B, + B, has connected support
and satisfies (7,8’) <0, i = 1,...,4. Thus 5 € A’ by the well-known
criterion of Kac [Kac]. For the same reason 33y + n(/?0 - 3/}1 + 3/§2 - [?3) el
for |n| < 10 and all 21 of these roots have the same image in A’.

Corollary. y| ~:"™% ™% and vy '(™L)nA="%.

imE
Proof. Suppose that 7 € im$ and y:= w(y) € L. Using W we can suppose
that y = o, € I1. Writing j = ch& In all ¢ of the same sign, we have
y = Ecja =, which contradicts WIP.

Conversely let y € my . If w() =7y and ¥ € T then y € X, which
contradicts "X =A\Z. O

4. MORPHISMS AND EXTENSION OF THE BASE FIELD

Throughout this section & = (4,I1,I1Y,V, VY (-,))) and 2' = (41T,
Y, v, v'V,(,-) will denote two sets of root data over K. We will use the
symbol ' to denote the objects of 2’ . For example,

! li
n = {aj/}jleJl .

By a morphism of & into 2’ we will understand a pair (¢,¢") of linear

maps
p:0x— Ok and 9" : 0y — 0"

such that

(MOR1) oI cI' and ¢ '(1Y)cIT,
(MOR2) (x,y) = (p(x), (pv(y))' forall x € Qg and y C Q;z.

Observe that the covering map is a morphism. The concept of isomorphism
and automorphism between sets of root data is defined in the obvious fashion.
Observe that the ambient spaces ¥ and V', VY and V'V are not required to
be isomorphic.

Let (¢,¢") be a morphism of & into 2'. It is easy to verify that for
eell, d ell

/ \" A%
pla)=a & ¢la)=a ,

and hence that
AY)

p:MM<II' and ¢V:HV<—>1'I

are injective maps. In view of this we will henceforth identify J with a subset
of J'.
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Lemma 1. Let (¢,9"):2 — 2' be a morphism. Then

(i) ¢ maps X injectively into ¥';
(i) @(A) c A" where A and A' denote the string closures of £ and X'
respectively;
(iii) W can be identified with a subgroup of W' .

Proof. Let & and &' be the universal coverings of & and 9’ respectively.
We then have the following commutative diagram:

~

§ (9.9Y) 9

(w,w")l l(w’ W)
g (9,9") 9’
where (¢,¢") is given by the subalgebra relationship between the Kac-Moody

Lie algebras of & and 2'. The lemma now follows from §2, Proposition 3
and §3, Proposition 3. 0O

Next we consider the set of root data obtained by extending or restricting
our base field K. Let F be a field containing K. Identify IT and IV with
subsets of V=V ®F and VFV =VY ®x F respectively in the obvious way
and extend (-,-) F-linearly to a (necessarily nondegenerate) pairing

(,)g:Vex Vg —F.

Then
2" = 4,1, Ve Vo o (5 )p)

is clearly a set of root data over F.

Here is how we restrict a set of root data to the field of rational numbers
Q. Recall that by RD4 there exist {y,},,; C Q and {yly}v c QY each linearly
independent over K such that

0=@1zy, and Q" =@Zy;/.

i€l i€l

It follows that (y,, yj\.’) €Q forall i,jel. Itis not hard to find aset M DI

and rational spaces
=B, Uy=PQs

JEM JEM
and a nondegenerate pairing
\%2
(g Ugx Uy —Q
such that

B:» B Vo =(vi7))
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forall i, € 1. (Forexample, set K =Iul' where I' := {i'|i € I}. Let {B,}, ¢
and {ﬂ,:/ }keK be the chosen bases of the Q-spaces UQ and U(\)/ respectively
and define (-, ')Q : UQ X U(\)/ — Q by setting forall i,jel and /',; el

(Bis B Vg =is7))
(B;»Bi)g =0, =B B g
(BysBj)g =0

Then (,-)q is as desired.) Let

Qo =EPzp, and Q)=EPzs’ .
i€l iel
We identify IT and IT" with subsets of QQ and Q(\; respectively in the obvious
way: if o, = Zcijy,. in Q then «, is identified with Zcij/}j in Oy and
similarly for a;/ . Clearly

(,0]) =4

[ ij

for all i,j € J. It follows that

Do = (4,11,11, Uy, Uy, (-,-)g)
is a rational set of root data with root system X. Notethat Q=3 < Za = QQ
so that Q can be identified with QQ. Similarly Q" can be identified with Q(\;.
Note that UQ and U(\; are not required to be subsets of ¥ and V.

Remark. The following observations will be used in §6. Let & be a set of root
data over K as above. For convenience we will refer to the above constructions
as field manipulations of D. We note that

1. After obvious identification the root and coroot lattice together with their
roots and coroots (and hence also IT and I1') remain unchanged under field
manipulation.

2. The geometric triple (Q,Q",(-,-)) remains unchanged under field ma-
nipulations.

We admit that this terminology is loose but its meaning is nonetheless precise.
From these considerations it is clear that

K K
90 ~% and 90 0290.

Definition. If & = (4,I1,11V,V , V", (-,-)) is as above, by a set of subroot

data of & we will understand a set of root data of the form

9,=(B’T’TV?V7VV,<'a'>)

where B is a certain matrix, Y ¢ £, and Y’ C V. An example of this is
given by the Maxwell Demon. Important for us in §6 is the fact that subroot
data transfer via field manipulations. More precisely, we will make use of the
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following fact. If @' is a set of subroot data of the real set of subroot data
DQR then @' corresponds to a set of subroot data of QQRQK ~9.

Remark. We can define an abstract root system as follows: A subset X of a
K-space V is called a root system if X is the set of real roots of a set of root

data of the form (4,I1,ITV,V,VY,(-,")).

5. THE GEOMETRY OF A SET OF ROOT DATA

Let & = (4,11, v ,V, 1784 ,{+,+}) be aset of root data over R. We maintain
all the notation of the previous sections. Throughout the present section we will
assume that dimg(V') = n is finite. Because of RD2 and RD4 we have

(a) dimg(V") =n;

(b) J is at most countable (though not necessarily finite);

(c) Q= EBLI Zy, and Q' = @Ll Zy; for some {y;} C Q and {y/}c Q"
linearly independent over R.

Henceforth we will think of both ¥ and V" as topological vector spaces by

identification with R”. If S c R” then S and S will denote the interior and
closure of S respectively.

Let he VY, h#0. Then H:={x e V|(x,h) =0} is a hyperplane of V.
H decomposes the set '\H into two open half-spaces

+
H” ={xeV|(x,h) € £R_}.

Two points x and y of V'\H are said to be on the same (respectively opposite)
sides of H if x and y lie (respectively do not lie) in one of these two open
half-spaces. If x and y in V\H lie on opposite sides of H we say that H
separates x and y.

Given o' € X define H, := {x € V|(x,a") =0}. Let H={H_, |a €
X_}. Following [Bbk], define an equivalence relation ~, on V' by:

Forall x and y in V' set x ~, y if and only if for all H € H either

(i) x and y belong to H or

(i) x and y lie on the same side of H (in particular, neither x nor y lies
in H).

Clearly wH,, = H, .
on the quotient set V/ ~.

The fundamental chamber F of & is defined by

F:={xe Vl(x,a;) > 0 for all j € J}
={xeV|x,a")>0forallaeX }.
For each subset I C J define a set F; by

F:={xeV|{x,a])>0if j ¢ Tand (x,a]) =0if jeI}.

= H_, . and hence W acts on H. Thus W acts

Note that F = F, and that each of the F] is a convex cone.
Since the elements of IT1" are not necessarily linearly independent, there is
no guarantee that F; # @ for all I C J. However,
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Proposition 1.

(i) F #@. Moreover F=F.
(i1) For all k € J we have that F (ky Supports the hyperplane H_, .
k

(1ii) F:UICJF[.
Proof. (i) Let y;/,...,ylv be as in RD4. The set A = {x € V|(x,yiv) >0,

1 < i<} isopen and nonempty. Since I C @', Ny itisclearthat A C F.
Thus F° # <. We claim that forall 0 << 1

(F+(1-0F°cF°.

Since the left-hand side is open it will suffice to show that it lies in F. Now
if y€F then (x,a) >0 forall j€J. Let y€ F* and 0 <7< 1. Then
(tx + (1 =)y ,a}/) > 0 for all j € J. This establishes our claim. Finally, if

x€F and y e F® then ]x,y] c F® sothat x € F°.
(ii) Let B be an open ball in F. For each x € B, r, x satisfies the inequal-
ities
(rex,a/)>0,  j#k.
The same goes for every point of the interior U of the convex hull of BUr, B.
Now Un Ha;’ is a nonempty subset of F, k> from which (ii) follows.

(iii) Let x € F;. If y € F then ]x,y[C F. Thus x € ]x,y[ ¢ F. This
shows that J,; F; C F . The reverse inclusion is clear. O

Proposition 2. For each subset 1 of J for which F, # &, F; is an equivalence
class of ~y .

Proof. Let x € F} and let X denote the equivalence class of x in V. Evidently
X C F since Fj is defined by a subset of the relations defining X . Now suppose
that y € F; and let a’ €XV. Since H , = H__, we can suppose that a’ € ZX
and write o = Ejecha}/, ¢; 2 0. Then (x,a’) = Zjech(x,ay) > 0 with
equality if and only if j € I whenever ¢ ; # 0. It follows that (y,a’) >0, and
(y,a")y =04 (x,a’) = 0. Thus either x and y both lie in H_, or both lie
on the same side of H_ , . This proves y ~x. O

Proposition 3. Let 1,I' ¢ J and let we W. If wF,NF, # @ then I =T,
wF, = F, = F;, and w € W}. Moreover w fixes F; pointwise.

Proof. This is standard [Bbk]. The key observation is that /(r,w) < [(w) =
wk C H; . O

We introduce the standard terminology as found in [Bbk]. Since W permutes
the set of hyperplanes H, W preserves the equivalence relation ~, and hence
permutes the equivalence classes of ~, . In particular, each of the sets wF;,
I c J, is an equivalence class if it is not empty. We call these particular
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equivalence classes facettes. The union of all the facettes is the Tits cone
Z = | J{wF|lwew,1cJ}
= | J(wF |w e W}.
Since each F] is a cone it is evident that 2’ is indeed a cone. Furthermore,

& is W-invariant. Since F contains an open subset of V', the interior 2 of
& is nonempty. If two facettes wF; and w'FI, intersect nontrivially, then,
by Proposition 3, I = I'. Thus each facette has a well-defined subset I of J
associated with it called the zype of the facette. The facettes of type &, which
are of the form wF, = wF , are called the chambers of 2. These are precisely
the facettes that contain open subsets of V. The facettes of type {i}, i €1,
are called faces of 2.

From Proposition 1(ii) it follows that every face supports a hyperplane and
it is elementary that faces are the only facettes supporting hyperplanes.

The faces F, ) i €J,allliein F. Indeed these are the only faces lying in
F, forif x € F then x € F; for some 1. If also x € wF{j} for some w e W
and j € J then by Proposition 3, {j} =1 and wF{ 0= F( i The faces lying
in wF for any w are then {wF, ) |i € I}. These are called the faces of the
chamber wF . The hyperplanes wH_, supported by these faces are all called

the walls of the chamber.

Example 5. We begin by showing that the chambers of the Demon are not open.
We maintain the notation of Examples 1 and 3. For a point aa, + ba, + ca,
to belong to F we must have

(acy +ba, +cay,B) >0 forallkeZ.
Using the expressions for B,:/ this translates into
—2ak*+2(c-b)k +(a-b)>0 forallkeZ.

Thus —a, —a, € F but it is clear that no neighborhood of —a, — a, can be
contained in F.

What follows is a description of the chamber geometry of the Demon in the
Poincaré model of the upper half-plane.

The interior of the Tits cone 2 for the root system defined by

2 =2 0
A= -2 2 =2
0 -2 2
is the set of points x = (x,, X, ,x,) satisfying
x§—2x0xl+xlz—2x]x2+x22<0, x, <0,

with fundamental region F bounded by the rays through (0, — 1, — 1

b

)5 (
-1,-1), (-1,-1,0). Projectivizing and setting X, = (x;/x,)—1, i=0,2, we
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have 2°/R™ given as the interior of the disk Xé +X 22 < 1. Identifying this with
the disk D = {z||z| < 1} C C, the three rays determine the points —1, 0, —i
whose convex hull is the image of F. One passes from the Klein model to
the Poincaré model by the transformation z — 2z/(1 + zZ), which fixes the
boundary of D pointwise. Following this by the Mobius transformation z —
i(z+ 1)/(—z + 1) we arrive at the upper half-plane model of the hyperbolic
plane # . The fundamental region is now the triangle with vertices 0, i, 1
respectively. The reflections r,, i = 1,2, appear here as inversions in the circles
whose diameters are 0, 1 and 0, co respectively, namely

rizw—7zZ[27-1, ryizwe =2z, ryr,

1z —z[/1 -2z,

The walls of the fundamental chamber C of the Demon are given by the hy-
perplanes H , o = (rzrl)kao, keZ. In 7, Ha0 appears as the orthogonal
semicircle y with diameter [—1,1]. The translates of this by (rzrl)k yield the
semicircles on diameters [1/(2n + 1),1/(2n — 1)], n € Z. This realizes the
fundamental region of the Demon as the connected region C in white beneath
the semicircle y (see Figure 1). Inversion in y yields the fundamental region as
the extended black region C' in which its infinite symmetry is clearly revealed.
One observes that O is not separated from C by any wall of C, nor is it on
a wall of C. Thus the ray R (0, — 1, — 1) lies in the fundamental region of
the Demon (in R’ ) while the ray R (-1, —1,0) lies only in its closure. The
Tits cone for the Demon is, as a point set, exactly the set 2.

The geometry of the Demon we have described is related to the Schwarz
triangle with vertices in —1, 1, oo and sum of its interior angles equal to zero
[Ctd, p. 184].

For each I C J let W] be the parabolic subgroup

W= (rliel).
Proposition 4. Let the notation be as above. Then

(i) Z ={xeV|(x,a") <0 for a finite number of « € X }.
(il) & is a convex cone.
A similar result applies to & .

Proof. The proof is the usual one (see [Kac, MP]). O

Proposition 5. Let x,y € & . The following are equivalent.

(i) There exists w € W such that both x and y belong to wF .
(i1) There exists no hyperplane of H separating x and y .

Proof.

(1) = (ii) Clear.

(i1) = (i) Consider the open interval ]x,y[. We claim that if p,q €]x,y[
then p ~ g . For if not we may assume that there exists H € H such that either
peH" and ge H or pe H and g € H™ , and it follows in either case that
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H separates x and y. Since ]x,y[c & it follows that ]x,y[ is included in
one equivalence class of 2. Thus

Ix,y[c w,
for some w € W and I cJ. Hence

[x,y]cwF,=wF, CwF.

Proposition 6. Let x,y € 2 and we W .
(i) There exists a finite number #(x,y) of hyperplanes of H separating x
and y.
(i) If x€ F and y = wx then #(x,y) =Il(w).

Proof. Recall that the elements of H are in one-to-one correspondence with
the elements of X, . Since W stabilizes both 2”7 and H we can assume that

x€F and y =wz forsome z € F. Let aVeZ+. Then

H_, separates x and y <
(x,av) >0and (y,a") <0«

(x,a”) >0 and (z,w_'av) <0&

(x,a"y>0andw 2’ €%’ &

(x,ay>0andw 'a €l <«
(x,av) >0anda €S, .
Both (i) and (ii) now follow from the fact that Card S, = /(w). (See §2.) O

Proposition 7. Let x € & . The set
H :={HeH|x€H}
is finite.

Proof. Let B be a closed ball about x such that B C % . Assume that
{Hi}i=l,oo C H is a sequence of distinct hyperplanes such that x € H, for
all i >0.

Let S, := Hi\(U#,.(Hi N Hj)) . By Baire category each S, is infinite. Fix
i and let y € ;. We claim that L(y) := {(1 = 4)x + Ay |41 € R\{0}} C &,
(i.e., the line through x and y lies entirely in §; U {x}). Indeed L(y) C H,,
so if L(y) ¢ S; there exist A # 0 and j # i such that (1 —A)x +4y € H,.
But (1 — A)x € Hj. Thus Ay € Hj and hence y € H,. This contradicts the
assumption y € S, and establishes our claim.

The line L(y) intersects the frontier of B at two (diametrically opposed)
points that we will denote by ¢, and d,. We have shown that for all i # j

(*) c;,d; € H and ci,d,.qéHj.
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However, it is clear that if j # 1 then H . separates c, and d,. This
contradicts Proposition 6 and hence establishes our result. O

Propocition 8. Let 2 be the Tits cone and let F be its fundamental chamber.

(i) For all x,y € & the closed interval [x,y] lies inside the union of

finitely many facettes. _

(i) If we W and 1 C J are such that wF,NF # & then w € W; and w
fixes F; pointwise.

(iil) If w € W fixes x € & then w fixes pointwise the facette containing
x. ‘

(iv) The following conditions hold.

(FD1) W acts simply transitively on the set of chambers.

(FD2) If x € Z there exists a unique z € F such that x e Wz.

In particular, F is a fundamental region for the action of W on Z .

Proof. The only part that needs some explanation is (i). Let x,y € 2, x #y.
The open interval ]x, y[ is cut by precisely those hyperplanes separating x and
v, of which there is only a finite number. Each cut point lies in a single facette
and so also does each open interval between two cut points. Finally, x and y
each lie in a single facette. O
Remark. At this point we have established the axioms of [MY] (notably Propo-
sition 11(i), (ii)).
If Y is a nonempty subset of V' we define

H,:={HeH|Y C H},

w' = {weW|wy=yforallyeY},

[Y] := the subspace of V' spanned by Y.

Proposition 9. Let Y be a nonempty subset of & andlet K =) Heny, H - There
exist we W and 1C J such that
G wi=w' =wk cwww™" ;

(ii) Hy =w{H_, |a" €Z/}.
In particular, the following three groups are equal:

1. the elements of W that fix Y pointwise;

2. the subgroup of W generated by all reflections r, such that r, fixes Y
pointwise’,

3. the subgroup of W generated by all reflections r, such that Y C H .
Proof. Choose x € [Y]NZ such that x ¢ H for all H € H\H, . By means
of W we can assume that x € F; for some I c J. By Proposition 8(ii)

wt = = whi,

Let o’ € X} be such that H, € H,. Then x € [Y] & (x,a") = 0. Write
o’ = cha}’ , € € N in natural form (see §2). Using the definition of F; we
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find that ;=0 if j ¢ I. Thus o’ € Z;’ (82, Proposition 4). On the other
hand

avezi/cr(x,av)=0$erav =H,€eH,.
Thus H, = {H_, o' e Z;}. It follows that forall i €I, r_fixes K pointwise
and hence that W' c W . The rest of the proof is standard. O

Corollary. If r € W is a reflection then r =r_ for some a € X.
Proof Let H be the hyperplane of fixed points of r. It is trivial to see that

H 02’ # & and hence H 02? spans H . By the proposition, wH s generated
by the reflections r, for which H = H_, . It follows at once that a is unique,
up to sign, and hence that w =r_ . O

o
Proposition 10. Let x € & .
o
(i) There exists an open convex set B in & containing x and satisfying

(%) HNB#QJ & xeH forall HeH.

(ii) If B C & is open and convex containing x and if B satisfies (x) above
then for all w e W we have wBNB # @ & w e W,

Proof. (i) Let I, ... , I, be closed intervals in linearly independent directions

of V lying entirely in £ and containing x in their interiors. Each [ ; lies
inside the union of finitely many facettes (Proposition 8(i)) and each of these
facettes intersects I either in a relatively open subinterval or in a point (since
facettes are convex) Let z. o Zk, be the points obtained in this fashion.
Note that if H € H intersects the interior of / ;ata single point p then p = z i
for some 1 <i<k(j). Let J . be an open subinterval of [ ; chosen so that

x€J;, and z, ¢ J; forall1<i< k(j) whenever z; # x.
The above discussion shows that for all H €e H
HnJ,#0exeH.

Then the convex hull B of the set J,U---UJ, is by construction a set satisfying
(%) .

(ii) Let B C £ be an open convex neighborhood of x satisfying (). As-
sume that wBN B # &. If wx # x then there exists H € H separating x
and wx. By assumption then B and wB lie on opposite sides of H. Thus
wBNB=@. It follows that wx = x and hence that w € wit o

Next we state without proof equivalent conditions for finiteness of a set of
root data.
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Proposition 11. The following are equivalent:
(i) the Cartan matrix A is of finite type;
(ii) there exists w € W with wF = —F;
(ii) 0e2;
vy =V,
(V) the number of facettes is finite,
(vi) the number of chambers is finite,
(vil) W 'is finite;,
(viii) X is finite;
(ix) X is a finite root system.

The next two results are based on [Ljg] and [MY].
Proposition 12. Let x € 2. Then

xeZ > w™ s finite.
In particular the stabilizer of any facette in & is finite. If 11 is finite then
w*Y is finite & xe 2.

Proof. Suppose that x € &. Let B be an open ball with x € B ¢ £ and
satisfying (x) of Proposition 10. Any chamber with x in its closure meets B
and it follows from Proposition 7 that the set of such chambers is finite. Since
wix} permutes these and the action is faithful, w*} s finite.

Now suppose that Il is finite and let us prove that w*} finite = x e 2.
We can assume that x € F; for some I C J. We let II; := {¢;|i € I} and
l'I;/ = {ay |i€l}. Let 4, := (4;;) be the submatrix of 4 obtained from
I. Then

i,jel

gi = (AI9H13H;/9V9VV9("°))
is a set of root data.

The Weyl group of D, is the parabolic subgroup W;. For Z; the funda-
mental chamber is

FY:={yeV|{y,a))>0foralliel}
and its Tits cone is
(%) 29(1) — U wF(l) .

weEW

Suppose that W s finite. Since W} = w% = W, (Proposition 12) it
follows that W] is finite. Then by Proposition 11

(+%) 2V =v.

Furthermore, since x C F; we have (x,a") >0 forall o’ € I"\IT) and
since Wyx = x, (x,wa") >0 forall we W, and o’ € II'\I; . Hence

xeC:={yeV|{y,wa')y>0forallwe W, o' e M'\I'}.
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Since C is defined by finitely many inequalities, there exists an open ball B
about x lying entirely in C.

Let y € B. By () and (+*) there isa w € W, with wy € FY . Thus
(wy,a") > 0 for all a” € II;/. Since (wy,a") > 0 for all a € I'IV\I'I;/
(because y € B) we have wy € F ¢ &. Thus y € 2 and in conclusion

BCc#Z and xeZ. O

Proposition 13. W acts properly discontinuously on & ; in other words, given
any pair of compact subsets U and V of &, the set {w € W|wUnNV # I}
is finite.

Proof. We may cover each of U and V with a finite number of closed balls
B, lying in 2 that satisfy the hyperplane condition (x) of Proposition 10(i):
HNB, # @ = x € H. In particular, by Proposition 7, only finitely many
hyperplanes of # meet each of these balls. It suffices then to prove that if U
and V are closed balls and only finitely many hyperplanes of # meet U and
V' then the set {w € W |wUnNV # &} is finite. Now in this case one shows
that U is covered by finitely many facettes. The same goes for V' . The relation
wU NV # @ indicates the existence of facettes €, &' with

CNU+0, EnNV+0, wé&=%¢.

The same pair (Z,%’) can occur for only finitely many w € W since w'® =
% =w' eW? and W7 is a finite group (by Proposition 12). O

6. SUBROOT SYSTEMS

Let & = (A,I'I,l'IV,V,VV,(~,-)) be a set of root data over K. In this
section we assume that dim, V' = dimg VY = n is finite. We maintain all
previous notation and terminology for & . Recall that a nonempty subset Q
of X is called a subroot system if for all a,f € X

a,BeQ=r peQ.
The main result of this section is

Theorem 6. Let & = (A,I1,I1V,V V" (-,-)) be a set of root data over K.
Let X be the root system of & and let Q C X be a subroot system. Then
there exist a Cartan matrix B and a subset T of ¥, such that if we define
T = {av |a € T} then (B, T, .V, VY, (-,+)) is a set of root data with root
system Q.

The proof of this theorem will be given later as a consequence of a series of
preliminary results. Because of the remark about subroot systems made in §4 it
will suffice to establish Theorem 6 in the case when K = R. We will henceforth
assume that this is the case.
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Define an equivalence relation ~, on V' as before but now using the set of
hyperplanes H, := {H_|a € Q}. Since H, C H we have

X~yy=>x~qy forallx,yeV.

The set of chambers relative to Q is defined by &, := {C|C is an equivalence
class of ~;, on V and there exists a nonempty open subset U of V' such that

UcCny.

Note. If F' is a chamber of & then F' c C for some equivalence class C of
~q on V. Clearly C is a chamber relative to Q. In particular &, # &.

A face of a chamber C is an equivalence class of ~, on V' that lies in C
and supports a hyperplane H_ , € Hg. In this case we also say that H , is
a wall of C. Note that if Q = X then all these concepts coincide with those
defined before. The first aim is to prove that walls exist.

o

Let W, :=(r,|a € Q). Since W, stabilizes H, and 2 we see that W,

stabilizes & .

o
Given x,y € £ we let
#,(x,y) = Card{H € H,, | H separates x and y}.
Note that #,(x,y) is finite by §5, Proposition 6.

Lemma 1. Let C € 6, and let x € CNZ. Let yeéf\UHeHnH. Then there

exists an open ball B about y in é’ such that #5(x,y) = #g(x,z) for all
z€eB.

Proof. Take B to be an open ball about y in £ asin () of §5, Proposition
10. O

Recall that if x,y € V', x # y, the (open) ray from x through y is defined
by
R(x,y):={x+1(y —x)|t€R,}.

Lemma 2. Let C € %, . Let xeCnéﬂ and ye;%\f. If B is any open ball

about y in Z\C then the cone of rays F(x) = Usep R(x,b) cuts at least one
face of C in an open subset of that face.

Proof. Let Z C B be a set of representatives of the lines of % (x); that is,

(a) be B=3z€ Z such that R(x,b) = R(x,z) and

(b) z,,2,€Z; z; #2z,= R(x,z|) # R(x, z,).

If z € Z the closed interval [x, z] is covered by finitely many classes of ~q
(85, Proposition 8), one of which is C (since x € C). Clearly CN[x,z] =
[x,c(z)] for some c(z) € [x,y]. Moreover ¢(z) € é’ and there exists o’ (z) €
Q" such that ¢(z) € H,

V(z)*
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For each o’ € Q" let Z(a") ={c(z)|z € Z and c(z) € H .} . Then there
exist o’ € Q" such that Z(a") spans an affine subspace of dimension n — 1.
(For otherwise %, which is open, would be the union of a countable number
of closed subsets of dimension n — 1, namely

F = U (Z# n (affine span of x and Z(av))) J)
avVeQY
Thus Z(a") generates H_, as an affine space for some e’ eQV. Let c(z,),
.,c(z,)€eZ (a") be an affine basis of H .. If S denotes the open simplex

with the ¢(z;) as vertices then S isopenin H ., SC H ,NZ and S C C. O

Corollary. Walls in %, exist. Moreover, if C and C' are distinct chambers of
@, then there exists a wall separating C and c'.

Proof. Let C € %, (we already know that %, # &). It will suffice to show

that 2 ¢ C. To see this notice that if x € Cn % as above and o € Q then
rxeZbutrx¢C. O

Fix C € %, . According to the last corollary C has at least one wall. Let T
be defined as follows:

Y :={a€Q|H, isawall of C and (x,a’) >0 forall x € C}.

Let

W, .=

L=, laeT).

Proposition 3. Let the notation be as above. Then
(i) Wy acts transitively2 on &,;
(i) W, =Q and W, ' =Q";
(iti) ((a,B")), ger IS a Cartan matrix.

Proof. (i) Let C' e % - It is clear that the cardinal #,(x,y) with x € C and
y € C' is finite and independent of the choice of x € C and y € C'. We
denote this number by #(C,C’) and reason by induction on it to show that
wC = C' for some w € W,

If #C,C')=0 then C = C by the last corollary. Assume N =#(C, C ) >

0. Let U be an open subset of ¥ such that U c C’ 02’ Fix x € Cr‘aé?¢ By
Lemma 2 we can find y € U such that the open ray R(x,y) meets a face of
C.Let H,, o” € T, be such a face. Let {x,,...,x,} €lx,y[ be the distinct
points at which a hyperplane of H, cuts [x,y]. We order these points starting
from x (see Figure 2). Let z €]x,,x,[ where x,:=y if n=1.

Then z € r, C (this is because H . is the unique hyperplane of H, going
through x, since x, liesin a face). Since [r,z,r y] iscutby N—1 hyperplanes
we have #(C,r C') = N - 1. By induction r,wC = C’ for some w € W, .

2 Once we have established Theorem 6 it will follow from §5, Proposition 8(iv) that the action
of Wy on #%q is simply transitive.
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Hoev

FIGURE 2

(i) Let B € Q. Let x € HﬂV ﬂé’ be chosen so that x ¢ H whenever
H e Hy\{H,,} . By considering a ball around x as in §5, Proposition 10, we
see that x lies on a face of some chamber C’ relative to Q and that Hﬂv isa
wall of this chamber. By (i) we can write C' = w™'C forsome w e W, . Then
wHy, =H, 4, is a wall of C and hence +wB" € YV. Thus 8" € WTTV. By
using the bijection (-)" (see §2) we conclude that g € W.T=Q.

(iii) Let B € T. We claim that Hy, is the unique hyperplane of H, sepa-
rating C from rﬂC . For suppose Hyv separates these two relative chambers.
Then

(¥) (x,7)>0 and (x,7")—(x,8")(B,7") <0
for all x € C (we may have to replace y by —y if necessary).

Choose x inside an open subset of V' lying in C N &2 . Then we can find
an open ball B about rgX with B C rBC such that the cone of rays from x
to this ball B cuts H}Bv in an open subset S of Hﬂv. Choose z € S such
that z ¢ H,. If we now let x approach z in (*) we reach a contradiction.
This establishes our claim. In particular, if a € T, a # f, then H , does not
separate C and rBC . Thus

(%) (x,a’y>0 and (x,a”)—(x,B")B,a")>0 forall xeC.
If we now let x approach a point of H , not in H,, we conclude that

(B,0") <0 as desired. O

This last proposition contains most of the information needed to establish
Theorem 6. However, we still need a result about lattices to eventually show
that RD4 holds.

Lemmad. Let L be a lattice in R" and C a convex cone. Suppose that C # & .
Then C contains a basis of L.

Proof. Since C contains balls of arbitrary large diameter (being a cone) we
have LNC # @. Because C is a cone it follows that there exists v, € LNC
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such that v, is primitive. Extend v, to a basis {v ,v,,...,v,} of L. For

N sufficiently large Nv, +v, € C forall 2 < i < n and it is clear that
{v,,Nv, +v,,...,Nv, +v,} isabasisof L. O
Lemma 5. Let L be a lattice in R" and let C be a closed convex cone in R".

Suppose that the dual cone C* has nonempty interior C* . For example, this is
true [Rkf] if

(i) CNn-C =(0) (ie, C isproper);

(i) C is defined by a finite number of inequalities (i.e., C is polyhedral).

There exists a basis {v,, ...,v,} of L such that the real cone generated by
this basis contains C .

Proof. Let L be the Z-dual of L. The dual cone to C is
C":={xeR"|(x,v)>0forallve C}.

o
By assumption C* # &. By the previous lemma there exists a basis {vl' y s

v'} of L™ contained in C*. Let T be the real cone generated by this basis:
F=37 R,ov;,andlet T'" be its dual. Then

n
F+=ZR>0vi
=1
where {v,,...,v,} is a basis dual to {v;,...,v;}. Now Fc C" =T" >
C™ = C while {v],...,v)} isabasisof L = {v,,...,v,} is a basis of

L. O

Proof of Theorem 6. To the subroot system Q of X we have attached the
6-tuple (B,Y,Y",V,V" (-,-)), which has been shown in Proposition 3 to
satisfy RD1-RD3 and is known to have Q as its root system. All that remains
to be shown is that RD4 holds. Let y,, ...,y be as in RD4 so that

! i
[0) =®Zyi and IIC @Nyi.

i=1 i=1

Let C be the real cone of V' generated by {7,,...,7,}. Set
Q' =3 Za (root lattice of Q)
a€Q

and let C':= ¥'NC where V' := R®,Q’. Note that C’ is a proper polyhedral
cone of V' and that Q' is a lattice of ¥'. By Lemma 5, Q' contains a basis
{y|,...,7,} whose real cone contains C'. Finally Y c £* c C and hence
T c C'. Thus

m m m
TcC ((ZRZOY,‘) HGBZ?,') =Py
i=1 i=1 i=1

Similar considerations apply to YV .
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Corollary 1 (see also [Ddh]). Let S C X and let Wy = (r |a € S). Then W
is the Weyl group of a set of root data. In particular, Wy is a Coxeter group. O

Corollary 2 (see also [KW]). Let A€ V" and let
s ={a€Z|(a, ) eZ}.

Then X' is the set of roots of a set of root data. > o

7. CONJUGACY OF BASES
Definition. Let
D =4,0,11,V, V()

be root data with root system X. We assume that V is finite dimensional. A
subset T of X is a base of X if with

\%
B = (<a9ﬂ »a,ﬂGT
we have
D= B,1, 1, V.,V ()
is a set of root data with corresponding root system equal to X.

Thus with the notation of the definition we have

(a) B is a Cartan matrix;

(b) L= W,T where W, :=(r |a€T);

(c) V admits a fundamental chamber C relative to T and E” # & whenever
the base field is R;

(d) II is a base of X.

It is also clear that
(e) ITY and TV are bases of Z".

Definition. Let X be the root system associated with root data & . A subset
S C X is decomposable if

S=S,US,, S,#0,5,#92

and for all ylve Si, 7, €S8,, wehave (y,7,)=0 (=r,y =y =>rr =
r, 1, = (v,,7 ) = 0). Otherwise X is indecomposable.
Let 9 = (4,I1,I1Y,V,VY ,(-,-)) be a set of root data for = and let T be

abase of X.

Proposition 1. Il indecomposable < X indecomposable < Y indecomposable.

Proof. Suppose that T decomposes into T, UT, with (a,ﬁv) = 0 for all
a€Y,, p€T,. Then with the obvious notation we have W = Wr, WTz , the
elements of W; and W, commute, Wy (1) =1,, WTZ(’I‘I)=T1,

(0) = (Wy (1)), T5) = (Wy Wy (), 1) = (W, (1)), Wy (X)),

3 We do not know under which conditions * admits a finite base.
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and
L=Wy(Y) =W, (Y)UW, (T,
is a nontrivial decomposition of X.
Conversely, if £ decomposes as £, UX, thenset T,:=TNZX,, i=1,2.If
T, =@ then (,%}) = (W, (Y,),E;) = (0), which is impossible (a € Z, =
(a,a") #0).

Since IT is a base this argument applies equally well for I1. 0O

Theorem 2. Let & be a set of root data as above and let X be its root system.
Assume X is indecomposable. If T and Y' are two bases of T then there exists
an element w of the Weyl group of & such that either wY =T or —wY =T".

Corollary. The Cartan matrices of any two bases of an indecomposable root sys-
tem X are equal to (up to reindexing the rows /columns). In particular the Cartan
matrix is an invariant of £. 0O

Let X be the root system of & . By an automorphism of ¥ we shall under-
stand a pair (¢,0") € Auty (Qy) x AutK(Q;{ ) satisfying
Autl: X=X and ¢'X' =2,
Aut 2: (oa)” =c'a" forall a€ X,
Aut 3: (x,y) = (ox,0'y) forall x e Qk and y € Ql\é.

Let Aut(X) denote the group of such automorphisms and identify W inside
Aut(X) via w - (w,w").
Corollary. Let the notation be as above. Then

W aAut(X), WnAuw(Z)={1}, and

Aut(X) = W . Au(Z) if Xis finite,

Aut(X) = {£1}- W - Aut(Z) if X isinfinite. O
Proof of Theorem 2. Using the results of §4 we can assume that our base field
is R. Let F and C be the fundamental chambers for IT and T. It suffices
to show that WC N (xF) # &, for in that case, seeing that both wC and F
(or —F) are equivalence classes for ~,, wC = £F for some w € W. The
walls then being identical, zw?Y =II.

If A is of finite (respectively affine) type, then the interior Z°(Il) of the Tits
cone is V (respectively an open half-space of V). In either case Z(IT)NF or

Z(II)N(-F)# D and hence WC N (xF) #3.

We can suppose then that 4, and similarly the Cartan matrix B of T is
of indefinite type. By the last proposition, 4 and B are indecomposable.
Introduce a set J in 1-1 correspondence with T and write

T ={oli€d}.

Let 2’ and T be sets of universal root data for B and A with corresponding
root lattices Q' and Q. Then using the obvious notation there are linear maps
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v', w for which

O & % < &
T 5 7 N

n < 1
¥ 5 3xr & 3
imz/ . im A« imz’

Choose I C J, with the following properties:

(a) I is finite and B' = (B, j)i, jel is indecomposable;

(b) B' is indefinite;

(€) Ty:={a;|i €I} spans Qp
(although Q;, and Qp may be infinite dimensional, Qp is finite dimensional).
. Since B' is indecomposable and indefinite there is an imaginary root y €
™A’ (positive relative to T) such that

(i) supp(y) =1;
(i) (5',a"7) <0 forall jeT (see [Kac]).
Let ¥'(5') =:y € ™A and choose 7 € ™A with y(j)=7.
Now
(#.,0'7) <0 forall jeJ,

(by construction and because supp(7’) = I) and hence
()’,ay) <0 foralljed,,
with strict inequality on I. However, we claim that
(y,ay) <0 foralljeld,.
For suppose that (y,a}’) =0 for some j(€ J,\I). Write ,

~! ~
¥ =Zciai, ¢, >0.
el

7=2_co

iel

Then

and
0=(r,a,) =) cia;.a)) = (o) =0 foralliel.
i€l
But a; lies in the span of T, so 2= (a ; ,a}/) = 0. This contradiction shows
that —ye C.
Since no hyperplane H_meets C,

(%) (y,a"y#0 forallaeX.

Now j € ™A 4, (relative to II). Suppose that 7 € ™A .- Choose w € W so
that hty(w¥) is minimal and therefore

(wy,a")y <0 forallaell.
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Then v ~
(*) => (wy,a" )<0 forallaell
= (wy,a’) <0 forallaell
= -—wyekF.
Thus —wy e FNwC. If y € imZ_ we conclude similarly that wy € —wCNF .
This is what we wanted to prove.

Finally, there is no w € W with wF = —F (in the nonfinite case) since
then wX =2X_, contradicting the finiteness of the length function /(w). O
Remark. Maxwell’s Demon shows that Aut(Y) can be infinite. More precisely,
one can show that for the Demon Aut(YT) ~ Aut(Z)/+W is infinite dihedral.

We finish this section by describing an algorithm for computing bases of
subroot systems. Let & = (4,11, n,v,vY, (-,-)) be a set of root data. Let
Z be its root system and let Q be a subroot system of X. Let §,,8,,... bea
total ordering of QN X, in such a way as to respect increasing height (relative
to the natural expression in terms of IT). A base T of Q can be found by
setting

(i) B €T,
(ii) if n>1 then B, ¢ T if and only if

n—1
B, N (Z Nﬂ,-) # (0).

i=1
In other words, T is constructed so as to satisfy WIP.

8. RELATIONS WITH LIE ALGEBRAS

Let & = (4 Jqao.mn’.,v, vy, {-,-)) be a set of root data over K with associ-
ated (real) root system X. We construct a Kac-Moody-like Lie algebra over the
K as follows: form the free Lie algebra e on generators ¢,, f;, i € J, and form
the free product V¥ xe where V" is given an abelian Lie algebra structure.
Now factor out the well-known relations for all i, j € J and forall he V"

e, f;1=6,0],
[h,e]=(a;, h)e;,
[h.f]1=~(a,. k)],
(ade) e, =0=(ad f;) VTS, ifi# ).
We denote this Lie algebra by g(Z). It differs somewhat from the usual def-
inition of a Kac-Moody algebra inasmuch as {a;|i € J} is not required to

be linearly independent in V. Otherwise g = g(<) has the usual root space
decomposition

a 0 \
s=Pg. o=V",
a€X”
where X* is the root string closure of £. The real roots of g relative to 184
are precisely the elements of X.
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Following the conventional definition from finite-dimensional theory, we
have

Definition. Let & be root data with root system X and let 2’ be a set of
subroot data with root system X' . We say that @’ is closed in & and X' is
closed in X if

a,pel,a+pel=>a+pel.

Proposition 1. Let @ be a set of root data with root system X and let 9' be a
set of subroot data of @ with root system X' . The following are equivalent.
() @' is closedin D .
(ii) If Y is any base of T then Va,B€Y, a—p ¢ X.
(ili) The subalgebra of () generated by V" and the root spaces {g"|a €
+Y}, where T is any base of ¥, is a homomorphic image of g(2')
by a homomorphism that preserves root spaces and maps V" C g(2")
identically onto itself in f.

Proof. (i) = (ii) Let T be a base of ' and suppose that o, €Y and a—f €
Z. Then rg(a—B) =rga+ B € X. Since rgo,p € T’ so does rga+ B by
assumption. Thus also a — § € T', which violates WIP.

(ii) = (iii) Let g = g(2). Foreach a € T, ta € X so g* + Ko’ +g™*
is isomorphic to sl,(K). Let e, € g*, f, € g”* with [ ,f] = o’ . Given
a,BeT, a#p,let us show that a — f ¢ A (namely the root string closure
of X). Otherwise y ;== a—f € A\Z so that X is not of finite type. By §3,
Proposition 3, we can choose ye A\Z such that y — y. We may assume that
y e A . Choose w € W such that w¥ satisfies (wy,a ) >0 forall jeld.
Then by §2, Proposition 3, we have (wy,a ,) >0 for all j€J. Thus wy is
in the closure of the fundamental chamber and hence y lies in the Tits cone
& . Now ry(a—p)=a+nf e with n=—(a,8")+1>0 since a,B€T.
Thus o — f and a + nf both in 2 implies that o« € 27 by convexity. Thus
wa is dominant for some w € W and therefore X is of finite type, contrary
to assumption. (This argument assumes that £k = R and X is indecomposable.
We leave to the reader to check that this assumption can be made without any
loss of generality.)

Having established that « — f ¢ A we have

\%
[ea ,fﬂ] = Ja/;a

The identities [h,e,] = (a,h)e,, [h,f,] = —(a,h)f, forall a€ X, he V"’
are obvious. Since ade, is locally nilpotent in g and since [f, ,eﬂ] =0 if
a # B, it follows from sl,-theory that

(ade,)” e = 0
and likewise that

(adf) " p =0,
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Thus there is a surjective homomorphism
8(2) —

that is the identity map on V" and maps root spaces onto root spaces.

(iii) = (i) Let «, 8 € £’ and suppose that a + 8 € . Then in g(2) the
a-string through B contains a + 8, so [¢*,g”] # (0). Since g*,g* C f, the
corresponding root spaces g'® and g’ in g(2’) satisfy [¢°,g’’] # (0) and
hence a + f is a root of g(2'). Thus either a + 8 € X', which is what we
want, or a + f is an imaginary root in the string closure A" of X'. But then
2(a+ B) € A" and hence 2(a+ ) € A. This is impossible since a+f €X. O

Conjecture. The homomorphism in part (iii) of the proposition is an isomor-
phism. It is evident that the kernel a of this map is a Q-homogeneous ideal of
9(2') which intersects V" trivially; that is, a is a radical ideal. Thus in the
symmetrizable case a = (0) and we indeed have an isomorphism. In the case
that T is a subset of II it is an isomorphism in any case [MP].

Corollary. Let I’ C T be a closed subroot system of the root system X. Then the
subalgebra of §(2) generated by the root spaces g°, o €X', is a homomorphic
image of 9(2') by a homomorphism which preserves root spaces and maps V"
identically onto itself. This is an isomorphism if A is symmetrizable. O

Example 6. Consider Examples 1 and 3. The set of subroot data 2’ is closed
in & and Q is a closed subroot system of X. This is easily checked by
applying Proposition 1(ii) to T. Thus in the rank 3 hyperbolic Lie algebra
9(2), the subalgebra generated by the root spaces g*, a € Q, is an isomorphic
image of g(2'). A comparison of g(2') and the usual Kac-Moody Lie algebra
g(B,R) defined by a realization of the Cartan matrix B is interesting. The
Lie algebra g(B,R) has an infinite-dimensional diagonal subalgebra § which
includes @, Ko where Y’ is a set in 1-1 correspondence with T . Since B
has row rank 3, b has additional elements that serve to make the elements of Y
appear as linearly independent functionals on b. The derived algebra g'(B, R)
has diagonal algebra @ .. Ka" . There is an obvious homomorphism y of
g (B,R) onto g(Z) in which D e Ka" — V. The kernel of this map is a
codimension-3 ideal in @, KZ which is in fact the center of g'(B,R). In
the first place the radical of g'(B,R) is (0) and hence the kernel of y lies in
Doy K: . Then it is obvious that ker y must be central. But the center of
a(2") is (0) since the row rank of B =3 =dimV" .

Example 7 (The Leech lattice and the Monster Lie algebra). The reader is re-
ferred to [CS, Chapters 28 and 30] for more details.

The unique unimodular lattice of signature (125 , —1) in 26-dimensional real
space V is

I 26 26
AP = {x= (Xg» - s Xpg3Xp5) ELT U(Z+ 1)

24
in — X5 € 2Z}

i=0
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with associated symmetric bilinear form

2 2 2
(x|x)=xy5+ + X3, — X55.

Let
w:=(0,1,2,...,24;70),

which is isotropic, and define the set of Leech roots
M= {xeA”'|(x|x)=2, (x|w)=—1}.

The Leech roots form a set which is in natural 1-1 correspondence with the
Leech lattice. Furthermore

L:={(x|y)|x,yell}

is a Cartan matrix (indexed by the infinite set IT).
We claim that

M = (L, II,IL,V,V,(-|-)

is a set of root data. Axioms RD1-RD3 obviously hold. We sketch how to
prove RD4. First, the Leech roots generate A% as a lattice. This is easily
seen from the list of Leech roots in Chapter 28 of [CS]. We have to find a
basis for AZ>*! that contains II in its positive cone. We use the method of §6,
Theorem 1. According to [CS], if II, := {x € II| x,; = k} then k >0 and II,
is a base for a root system of type D,;. Let - denote the usual scalar product
in R* (coordinates indexed from 0 to 25) and let e,; be a unit vector along
the x,, axis. The closed convex cone

C={xeR26

X 65 o L}

(xp)'? = V2

contains all x € R*® with X,s 2 1 and (x|x) < 2. In particular C > >, I, .
The dual cone C* of C has nonempty interior. -

Let R® denote the subspace x,; =0 of R® andlet E bea proper closed
polyhedral cone in R? containing II, (it exists because I, is a base for D).
Let E = E xR, be the prism above E. Then the dual E* of E is E* xR,
where E* is the dual of E. It is clear that U := (C*)° N (E*)° # @ since
(C*)° is completely symmetric with respect to the X,s-axis. Thus U contains a
basis B = {ug yeens ugs} for the dual lattice Ags,n (relative to -). Then a basis
{ug, ... ,uy} of A25’, dual to B has the property szoui DCUEDII so
I C Y2 Zyou;. This proves RD4. We have Aut(Il) ~ Co_ (the Conway
group extended by all translations of the Leech lattice).

The resulting Lie algebra g(.#) is the Monster Lie algebra of [CS, Chapter
30] (already reduced so that the diagonal subalgebra is of dimension 26).
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