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QUANTIZATION OF CURVATURE OF
HARMONIC TWO-SPHERES IN GRASSMANN MANIFOLDS

YUNBO ZHENG

Abstract. Various pinching theorems for curvature of minimal two-spheres

in Grassmann manifolds have been proved. In particular, we show that when

the curvature is large, then the minimal map from .S"2 into G(m, N) must be

either holomorphic or antiholomorphic. Also, minimal two-spheres of curvature

k > 2 in G(2,4) have been classified.

0. Introduction

It is known that starting from a harmonic map / from a Riemann surface

into a complex Grassmann manifold, one can define sequences of harmonic

maps by using the ¿5-transform and the d-transform. These sequences are called

harmonic sequences [CW]. When / is holomorphic, the sequence generated

by / via the d -transform is called a pseudoholomorphic sequence, and the

corresponding maps are called pseudoholomorphic maps.

In 1980 A. M. Din and W. J. Zakrzewski [DZ], and then in 1983 J. Eells

and J. C. Wood [EC], showed that all harmonic maps from S to the complex

projective space CPn are, in fact, pseudoholomorphic. Recently, F. Burstall,

J. Rawnsley and S. Salamon announced in [BRS] that all stable harmonic maps

from S~ into irreducible Hermitian symmetric spaces are either holomorphic

or antiholomorphic. It is also known that when the target space is a general

complex Grassmann manifold, holomorphic curves do not generate all harmonic

maps [CW], [Ra].

On the other hand, M. Rigoli showed in [R] that for a linearly full nonsingular

holomorphic curve from S into CPn, if its curvature k > 4/n , then k = 4/n

is constant. Then J. Bolton et al. [BJRW] generalized this result to pseudoholo-

morphic maps, and showed that for a linearly full isometric pseudoholomorphic

map of position r from S2 into CP" , if its curvature k > 4/(2r(n - r) + n),

then k - 4/(2r(n - r) + n) is constant.

In this paper, we prove various pinching theorems of curvature for harmonic

maps and show that for any nonsingular harmonic map from S into a com-

plex Grassmann manifold, if the curvature of its induced metric is large, then

Received by the editors January 18, 1988 and, in revised form, April 11, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 53A10, 53C55.

Key words and phrases. Harmonic maps, pseudoholomorphic, pinching.

©1989 American Mathematical Society

0002-9947/89  $1.00+ $.25   per page

193



194 YUNBO ZHENG

it is actually a holomorphic or antiholomorphic curve of constant curvature.

Precisely, we show that for any harmonic isometric immersion from S2 to

G(m, N), if it is not antiholomorphic (or not holomorphic), and if its cur-

vature k > 4/rank(i9/) (or k > 4/rank(<9/)), then / must be a holomor-

phic map (or antiholomorphic map) of constant curvature 4/rank(9/) (or

4/rank(9/)). When / generates an orthogonal harmonic sequence and if its

curvature k > K(f), a number associated to the sequence generated by /, then

k — K(f) is constant, and / is a holomorphic map which essentially generates

a Frenet pseudoholomorphic sequence. We also show that for a harmonic map

/ in a Frenet harmonic sequence of position j generated by a harmonic map

g , if its curvature k > K(g ,j), a number associated to the sequence and j,

then again K = K(g,j) is constant and the directrix g is holomorphic. In par-

ticular, / is a pseudoholomorphic map of constant curvature K(g,j). Notice

that when the directrix is holomorphic and the target space is CPn, we recover

the pinching theorem of J. Bolton, et al.

Some relations between the pinching conditions of curvature and the ranks

of the d-transform and the «9-transform are discussed in this paper. As exam-

ples of using the technique developed in this paper, we prove some pinching

theorems for harmonic two-spheres in (7(2,4) and (7(2,6). As a by-product,

we show that for a minimal two-sphere in (7(2,4), if its curvature k > 2,

then k is either 2 or 4, and all these maps are explicitly classified up to u(4)-

congruences.

The main tool used is the method of moving frames. Extensively using this

method, we are able to develop a system of partial differential equations asso-

ciated to a family of invariants. The study of these invariants plays a key role

in proving the main results of this paper.

Definitions and basic formulas are given in § 1. General pinching theorems

are proved in §2. In §3, we give a detail discussion of harmonic two-spheres in

(7(2,4) and (7(2,6).
This paper is a slight revision of a part of the author's Ph.D. thesis. He would

like to thank his advisor Professor Gary R. Jensen for his direction. Also, he

would like to thank Janie McBane for typing this paper.

1. Harmonic maps, harmonic sequences and

pseudoholomorphic maps

The complex Grassmann manifold G(m, N) is the set of all /«-dimensional

complex linear subspaces of C through the origin, which can be realized as

the homogeneous space U(N)/(U(m) x U(N - m)), where

n: U(N) -» G(m,N)

is a principal U(m) x U(N - w)-bundle, 0 is the N x m matrix

I
m

o    '

and /    is the m x m identity matrix.
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Let  IV = (IV4B) = g   ' dg be the Maurer-Cartan form of U(N), where

1 < A,B < N, and let é> be a local section of n: U(N) -^G(m,N). Set

(1-1) ^AB=^iWAB)

and

(1-2) Km,N)=      E     ̂ A-
1<7<777

m<a<N

Then dsG,m N, is a (/(A)-invariant Hermitian metric on G(m, N). When

m = 1 and N = n + 1, this is just the Fubini-Study metric on CP" of constant

holomorphic curvature 4.

Suppose M is a Riemann surface with a Riemannian metric dsM .  Then

locally

(1.3) ds2M = 06

and

(1.4) dd = iw/\d,

where 9 is a local unitary coframe of bidegree (1,0) which is determined up

to a C(l)-valued function, and w is the real-valued Levi-Civita connection

form associated to the coframe 9 . Also,

(1.5) dw=l-K9N9,

2
where k is the Gaussian curvature of ds'...

M

Let / be a smooth map from M to G(m,N). Choose a local unitary frame

e — (ex, ... ,eN) along / such that ex, ... ,em span /. Then for 1 < A < N

77

(1-6) deA=Y.eBWBA>

5=1

where w AB = f*ÇVAB) = e*(WAB) are the entries of the pull back of the Maurer-

Cartan form of U(N) via e .

The Maurer-Cartan structure equations give

N

(1.7) dWAB = -T,WACAWCB

c=\

and

(1.8) wab+wba~ = °-

For 1 < j < m and m + 1 < a < N, set

(1.9) w . = a   9 + b ,0.
v     ' i>_/       f»y        itj
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Then / is an isometric immersion if and only if

(1.10) y    a   b , = 0v ' /   j aj    OcJ

\<]<m
m<a<N

and

(1.11) Y*   (a iâ— + b .b ,-) = 1.
v ' /   .     v   a]    aj aj   aj '

\<}<m
m<a<n

The harmonicity condition for / is

7! 777

(1.12) da, + ia,w+   Y^   a„ w R - ^ a ,w.: = 0    modo,
v ' aj aj /   j        ßj     aß        /   .    at     tj '

ß=m+\ 1=1

which is equivalent to

71 777

(1.13) db . — ib   w +   y   b„ w „ - V* b ,w, . = 0    mod 9.
v ' a) aj /   ;        ßj     aß        /   -.    at     tj

ß = m+\ 7=1

In terms of matrix notation, we can rewrite these equations as

(1.10') tr(AlB) = 0,

(1.11') \A\2 + \B\2=l,

(1.12') dA = -iwA + A®xx-<I>22A    modo

and

(1.13')

where

777+1.1 "777+1,771    \ /   ^777+1,1 " 777+1,777

A =

^11

aN,l "■" "V,777      J V     "AM "V.777

Wl.l      ••■      W\,n\ fWm+l,m+l      '"      Wm+

WmA     '"      Wm,mJ V   W N ,m+\        '"        WN,N

Here we define the norm |x| of a matrix x by \x\~ - tr(x x) in a standard

way.

For a harmonic map / from M into G(m, N), using the ¿^-transform and

the d-transform S. S. Chern and J. G. Wolfson defined new harmonic maps,

df: M -* G(mx, N), if / is not antiholomorphic, and df: M -> G(m_x ,N),

if / is not holomorphic. These maps satisfy

(1.14) d/(*) = span {   ¿  aaj(x)ea(x): 1 < j < m \
Vq = 777+1 )
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and

(1.15) df(x) = span     ¿  baj(x)ea(x): l<j<m
aj'

a=m+\

for x E M, except for at most isolated points. Here m, and m_x are positive

integers, called the rank of df and the rank of df, respectively. Sucessively

using these transforms they obtained two sequences of harmonic maps

and

f = f0^f^f2

/ = /o-/_,-/_'0        J-\        J-2 '

which are called the harmonic sequences, where for /' > 1, f = df,x : M —►

G(mj, N), and for j < -1 , f. s dfj+x : M - G(m] ,N). We say that f} and

T are orthogonal, if for x E M, fAx) ± f¡(x) as linear subspaces of C with

respect to the standard Hermitian inner product. If f. _L ̂  for / ^ j in a

sequence, we say this sequence is orthogonal. In addition, if m. 's are equal,

we have
ddd

*o tr J1 ^ 72 t? 73 ' ' '
odd

which is called a Frenet harmonic sequence. It is a finite sequence, and /0 is

called the directrix of this sequence.

When / is holomorphic, it will generate a harmonic sequence,

which is orthogonal and therefore is finite. This sequence is called a pseudo-

holomorphic sequence, and each map f is called a pseudoholomorphic map

generated by / with position j .

A locally defined smooth function V : M D U —+ C is of analytic type,

if either v is identically zero on U or for any local complex coordinate z

centered about x, the local representation of v has the form v(z) = zf^(z)

where g(z) is a C -valued smooth function such that g(0) ^ 0.

The following proposition will be repeatedly used in this paper, whose proof

can be found in [Z].

Proposition 1.1. Let U be an open subset of M, C be a k x k-matrix-valued

smooth function defined on U, and 9 be a unitary coframe field defined on U.

Suppose that C satisfies

(1.16) dC = Crj + cprj - CV mod 9 ,

where rj is an imaginary valued l-form and cp and *F are k x k-matrix-valued

I-forms with (trcp-tr^P) imaginary valued. Then detC is a function of analytic

type, and

(1.17) (Alog|detC|)0AO = 2rC7Í?7-r-2^(tr0)-2íi(trvr')

on U\Z , where Z is the set of zeros of det C on U.
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Remark. When k = 1 and cp -^V = 0, this is the formula given in [EGT].

2. Quantization of curvature of harmonic

TWO-SPHERES IN   G(m, N)

Let / be a harmonic map from a Riemann surface M into G(m ,N). Take

a local unitary frame e — (ex, ... ,eN) along / such that ex, ... ,em span /.

Then

[IV)
(pxx        -A9   -B9

A6 + B9 cp22

where A,B E Cvo(M((N - m) x m)), </>,, e C°°(u(m)® T M) and <rJ22 E

C°°(u(N - m) ® T*M). Here we denote C°°(M(mx x m2)) as the set of all

locally defined mx x m2-matrix-valued smooth functions and C°°(u(k)®T*M)

as the set of all locally defined w(/c)-valued smooth 1-forms, where u(k) is the

Lie algebra of U(k).

The frame e is determined up to U(m) x (/(«-^-transformations. Chang-

ing such a local frame, ê = e[K0' £ ] , where Kx e C°°(U(m)) and K2 E

Coc(U(N - m)), we shall have

ë*(W) 4>xx        -A9-'B9
Ä9 + B9 cf>22

where Â = K7 XAK,  and B = K7 XBK, . So,2    ""1   ■""*  " - "2

— T
1      "■"■"■!

(2.1) tÄB = KXtABK

Setting C = 'AB and C = 'ÄB, we see that detC = detC and trC = trC.

Notice that changing a local unitary coframe 9 into 9 , detC becomes «[detC

and trC becomes w2trC, where ux and u2 are smooth functions of absolute

value 1. Thus |detC| and |trC| are globally defined nonnegative invariants

on M, which are continuous.

Proposition 2.1. detC and trC are of analytic type. Furthermore, away from

zeros of \ det C\ and \trC\, they satisfy

(2.2) A log | det C| = 2wk

and

(2.3) Alog|trC| = 2k,

where k is the Gaussian curvature of the metric dsM .

Proof. Taking the exterior derivative of C and using (1.12) and (1.13) we

obtain

(2.4) dC = -2iwC + '<pxlC-C'<pu    modo.

Applying Proposition 1.1 to (2.4),

(2.5) Alog|detC|ÖAÖ = -4w/i/u;.

(2.2) then follows from using (1.5) to (2.5).
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For (2.3), we take the trace on both sides of (2.4). Then

(2.6) d(trC) = -2iw(trC)    modo,

and the conclusion again is obtained by using (1.5) and Proposition 1.1 for the

case of k = 1 .   Q.E.D.

Following this proposition, we have

Corollary 2.1 (Vanishing Theorem). If M is a closed Riemann surface, then

either the genus g of M is positive or both \detc\ and \trc\ vanish identically.

In particular, if the Gaussian curvature k >0, then either k = 0 or both \detc\

and \trc\ are identically zero.

Proof. Use the Gauss-Bonnet formula and Stokes' Theorem on (2.2) and (2.3).

Q.E.D.
Remarks. 1. Corollary 2.1 is known [CW].

2. When M = S , then | tr C| = 0, which means that harmonic maps from
2

S   into G(m,N) are weakly conformai (i.e., (1.10) holds).

We say that the ¿^-transform (resp. the 9-transform) is degenerate, if

rank(<9/) < rank(/) (resp. rank(df) < rank(/)).

Corollary 2.2. For a harmonic map from S into G(m, 2m), one of the d-

transform and the d-transform must be degenerate.

Proof. Observe that in this case detC = det.4 • detB , and generically rank(^)

= rank(df) and rank(5) = rank(df).   Q.E.D.

Now suppose that M = S is the Riemann sphere and / is a harmonic

isometric immersion so that k is the Gaussian curvature of the induced metric

f*dsG, N). The following theorem says that if the curvature is large enough,

then / is forced to be holomorphic or antiholomorphic.

Theorem 2.1. If f is not antiholomorphic, and if k > 4/ rank(df), then f is

a holomorphic map of constant curvature 4/ rank(df). Similarly, if f is not

holomorphic, and if k > 4/rank(df), then f is an antiholomorphic map of

constant curvature 4/ rank(df).

Proof. Suppose f is not antiholomorphic. Choose a local unitary frame e =

(ex, ... ,eN) along / so that ex , ... ,em span / and em+x, ... ,em+k<¡ span

df, where kn - rank(d f).   Furthermore, we can require that e, ^, , ... ,em
/Cqt 1 ffl

span the kernel of the d -transform. The pull back of the Maurer-Cartan form

of U(N) by e is then

On ">2    -"AjyB^e   -xb_2X9

Q21 £i22_ -XBX29 -TB229

Axx9_ + Bxx9   BX29_ Q33 QJ4
B2X9 B229 Q43 Q44

where Au, Bxx E C°°(u(k0 x kQ)), B2X E C°°(M((N - m - k0) x k0)), Bx2e

Ccc(M(kQ x(m- k0))),   B22 E C°°(M(m - kQ) x (m - k0)),   Qxx ,   Q33 E
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-*o2C°°(u(kQ) ® T SA),  Q2.  E C°°(M((m - k„) x k0 T*S2

Q22 e C°

"34 =

(2.7)

-*02
u(m - kQ) ® fy),  Q43 g C°°(M((A /M

Q.     - -TQ.1 '  "12 "21 '

k0)xk0)®T*S2),

Q43 and £244 E C°°(u(N - m - kQ) <g> 7*5"). From (1.11'), we have

+ 15, |2 + |£12|2 + |£21|2 + |Ä,,|2:=1.'221

It can be easily checked that | det .4,, | is a well-defined invariant on S2

Harmonicity condition (1.12' ) of / gives

(2.8) — - iw

Q.33

Au    0
0     0

Q

+

Q43    Q

-34

44

4XX    0

0     0

0

from which it follows that

(2.9)

(2.10)

and

dA, -iwAxx +AXX£1XX

0     0

«33^11

nn  qi2
^21  o22

modo,

modo,

^43^11 0    modo

AU^\2 0    mod 9.

(2.10) shows that Qp and £243 are matrices of bidegree (1.0) forms. So

(2.11)

and

-12 XX2d

(2.12) Q
43

XAi9,

where Xx2 and .Y43 are matrix-valued smooth functions.

Applying Proposition 1.1 to (2.9) and using (1.5), we get

(2.13) Alog\det A X[\9 i\~9 = kQK 9 ¡\ 9 + 2d (tr Q. {X -trQ33)

By (1.7), (2.7), (2.10) and (2.11),

(2.14) A log I det ̂  n I

= V + 2(I*,2|2 + IV;'431 2|.411|2 + 2|5|1!2 + |2?12|2 + |521|

>kQK 4.

Since K > 4/kQ ,

(2.15) A log I det ̂ i.. I > 0.

Notice that (2.15) holds on S~ except for at most finitely many points, and

that |det/4n| assumes its positive maximum value at some point where (2.15)

is valid. By the maximum principle of subharmonic functions, it therefore must

be constant. Then by (2.7) and (2.14) again, k = 4/k0 and Bxx = Bv = B2X =

B21 = 0 , which shows that / is a holomorphic map of constant curvature 4/kQ .
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A similar argument will work for proving the second claim of the state-

ment.   Q.E.D.

Recall that a holomorphic map or an antiholomorphic map from the Rie-

mann sphere into a complex Grassmann manifold is always stable. Thus we

have

Corollary 2.3. // rank(df) ¿ 0 (resp. rank(ö/) £ 0, and if k > 4/rank(df)

(resp. K > 4/ rank(df)), then f is stable.

Remark. One can construct a holomorphic map from S into G(m,N) with

rank(<9/) = kQ and constant curvature k = 4/k0 in terms of homogeneous

coordinates in the following way,

/

0

> 2K

m -kr,

N - m -kr,

When kQ > 0, a small perturbation of this map will produce a holomorphic

curve of nonconstant curvature k with rank(df) = k0 and arbitrarily small

positive value of \k - 4/kQ\.

For example, for any s > 0 one can define j' : S2 —» G(m , N) by

f,

(l+8)Z0

z,

} 2K

> m-kn

>  N - m - kQ
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It is holomorphic. In terms of the complex coordinate Z on S , the induced

metric is ds h(Z)\dz\  , where

h(Z) =
k0-l (1+e)

(1 + |Z
|2\2 |Z|2 + (l+e)2)2

Its curvature is

k =

h\Z)

(*o-l)

1 + |Z|2)6
+

(l+£)c

;i+e)2)6

+
(*o-l)(l+2r

(1 + |Z
2x2,

Z|2 + (l+e)2)4

+
(k,-l)(l+e)2

d + |Z|2)4( Z\2 + (l+8)2)2

2(kQ- l)(l+£)2|Zl2(2e + g)2

(l + |Z|2)4(|Z|2 + (l+£)2)4

which is not constant. Since lim£^0 f£ = f, one certainly can make \k - 4/k0\

as small as desired.

Now, if the curvature k is not that big, the following theorem describes some

relations between the pinching conditions of the curvature k and the ranks of

the d -transform and the d -transform.

Theorem 2.2. Let f be a harmonic isometric immersion from S into G(m,N),

where N > 2m. Let kx = rank(9/), k2 = rank(<9/) and k be the Gaussian

curvature. We have the following.

(i) If 0 < kx + k2 < m and k > 4/(kx + k2), then k = 4/(kx + k2) is

constant, and f = [fx® f2® V]: S2 —» G(m , n), where fx _L f2 ± V such that

fx: S2 —► G(kx , N) is holomorphic, f2:S2-* G(k2, N) is antiholomorphic and

V is a constant complex vector subspace of C    of dimension m - kx - k2.

(ii) If 0 < kx < m, 0 < k2< m and kx+k2> m, then min k <4/(kx+k2).

(iii) If kx = m and 0 < k2 < m  (or 0 < kx < m  and k2 m) when

N > 2m, then min/c < 8/(2^ + 3k2) ; (or min/c < 8/(2k2 + 3/c,)); when

N - 2m , then min k < 4/(/c, + 2^2) (or min k < 4/(k2 + 2/c, )).

(iv) If kx = k2 = m and k > l/m, then k = l/m is constant and âf A df.

Furthermore, f is a pseudoholomorphic map in the following sequence,

f_x±f = f0±fx,

where /_, : S2 -> G(m , N) is holomorphic and fx: S2 -» G(m , N) is antiholo-

morphic.

Remarks. 1. The hypothesis that N > 2m is not crucial, since for any har-

monic map /, its orthogonal complement, denoted by / , is also a har-

monic map having the same induced metric as that of /. Moreover, rank(<9/)
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= rank(9(/"L)) and rank(<3/) = rank(d(f±)). So we can replace / by /""" if

it is necessary.

2. (iii) says that when N > 2m, if k > S/(2m + 3rank(<9/)) (or k >

8/(2m + 3rank(df))), then the ¿»-transform (or d-transform) must be degen-

erate; when N = 2m , if k > 4/(m + 2 rank(ô/)) (or k > 4/(m + 2 rank(9/))),

then the 5-transform (or ¿^-transform) must be degenerate.

Proof. Choosing a unitary frame e as in the proof of Theorem 2.1 and adopting

the notations there we have

(2.16) Alog|det^,,| = /c1/c + 2(|Z12|2 + |X43|2-2M11|2

+ 2|ß11|2 + |7i12|2 + |Jß21|2).

Change such a unitary frame e into ë such that ë = (ëx,ë2, ... ,êN), where

ëx, ... ,ëm span /, èm+x ,...,ëm+ki span df and ëki+x ,...,ëm span the

kernel of the ö-transform. If we denote the corresponding new quantities by

adding tildes, then a similar argument leads to

(2.17) Alog|det5n| = A:27Y + 2(|l12|2 + 2|i11|2 + |i21|2

-2|5n|2 + |i12|2 + |l43|2)

Since ë = [*' £ ]<?, where Kx e C°°(U(m)) and K2 e C°°(U(N - m)),

we have Ä = K~XAKX and B = K~XBKX , and therefore \Ä\2 = \A\2 and

\B\2 = \B\2.

If 0 < kx+ k2 < m and k > 4/(kx +k2), then combining (2.16) and (2.17),

together with (1.11 ' ), we shall have

(2.18)

Alog(|det^u || detÄu|)

= (kx + k2)K + 2(\XX2\2 + \XX2\2 + \XJ + \X43\2 - 2\A[X\2 - 2\ÊXX\2

+ 2\BXX\2 + \BX2\2 + \B2X\2 + 2\ÄXX\2 + \ÄX2\2 + \Ä2X\2)

>(kx+k2)K-4(\Axx\2 + \Bxx\2)

= (kx +k2)K -4>0.

Using the same argument as in the proof of Theorem 2.1, we see that the globally

defined invariant |deMn| |det#,,| is constant and k = 4/(kx+k2) is constant.

Moreover, (2.18) implies

(2.19) \Xx2\ = \X43\ = \Bu\ = \Bl2\ = \B2l\ = 0,

and

which mean that dfAdf.
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Specifying the local frame e further by requiring that ek +k +x, ... ,em span

the kernel of the 9-transform and using (2.19), the pull back of the Maurer-

Cartan form by e is then of the form

-  cpx 0       0     -Axx9 0 0 -
0        02       0 0 -B229 0

0 0(/>30 0 0
<t>~    Axx9      0       0        ct>4 0 0

0 B229    0 0 4>r 0

.   0 0       0 0 0 <f>6_

where cfii., i — I, ... ,6, are matrix-valued 1-forms, Axx E C°°(M(kx x kx))

and B22EC°°(M(k2 xk2)).

Now, we see that / = [fx © f2 © V], where /, _L f2 _L V, and fx =

span{e, ,e2, ... ,ek}: S  —► G(kx, N) is holomorphic,

f2 = span{^i + 1, ... ,eki+kJ: S2 - G(k2,N)

is antiholomorphic and V - span-fe^. k ,, ... ,em} is a constant vector sub-

space of complex dimension m - kx - k2.

Suppose now 0 < kx < m, 0 < k2 < m and m < kx + k2. If min k >

4/(kx + k2), then (2.19) would imply f=[gx® g2], where gx A g2, gx: S2 -►

G(kx,N) is holomorphic and g2: S —»• G(m-kx,N) is antiholomorphic, with

rank(dg2) = k2. But this means that m - kx > k2 which contradicts the

hypothesis that kx + k2> m .

When kx = m and 0 < k2 < m (or 0 < kx < m and k7 — m), there are

two cases.

(a) N > 2m. In this case, since kx = m, X[2 = BX2 = B72 = 0, and

|5|2 = \BXX\2 + \B2X\2. Thus (2.16) becomes

(2.20) Alog|deMn| = kxK + 2(\X43\2 - 2\AXX\2 + 2\BXX\2 + \B2X\2)

>kxK + 2(-2\A\2 + \B\2).

Combining it with (2.17), we get

(2.21) Alog|det^n|2|det5n|3 > (2/c, +3k2)K-%(\A\2 + \B\2)

= (2kx +3k2)K-S.

If min A: > 8/(2A:, + 3k2), then it would follow by (2.17) and (2.21) that

\ÄXX\ = \ÄX2\ = \Ä2X\ = |À"12| = 0, which means that rank(i) = rank(<9/) < m,

contradicting the assumption on rankdf.

(b) N = 2m. In this case, X{2 = X}4 = B[2 = B2X = B22 = 0 and \B\2 =

\BXX\2 . So (2.16) is now

(2.22) A log | det ^ ;, | =/c,/c + 4(|5|2 - M,,|2),
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from which, together with (2.17), it follows that

(2.23) Alog(\detAxx\\detBxx\2)>(kx+2k2)K-4.

If min« > 4/(kx + k2), then again rank(<9/) < m , which is a contradiction.

Finally, suppose kx = k2 = m and k — l/m. (2.16) and (2.17) become

(2.24) AlogldeM,,! - kxK + 2(\xJ - 2\AXX\2 + \B\2 + \BXX\2)

> mK - 4\A\2 + 2\B\2

and

(2.25) Alog|det5n| = k2K + 2(|143|2 - 2|7În|2 + |i|2 + |in|2).

>mK-4\B\2 + 2\A\2.

So

Alog(|det^11||det511|) > 2mK - 2 > 0.

Thus k = l/m is constant, and X4i = Bxx = X43 = Än =0. Now it is easy to

see that df 19/ and

f_x=df^f = f^fx=df,
where f_x is holomorphic and /, is antiholomorphic.   Q.E.D.

An interesting situation is when the harmonic map / generates an orthogonal

harmonic sequence,
_     r      Q      /•      d      r O       r

= J0~^J\~*J2~*'"~*Jn'

such that: when 0 < j < k0, then the rank (f) — m0 ; and for I < t < s , when

£*, + !<; <£*,>

7=0 7=0

then the rank(j^) = m! ; and X^=oK¡ = n-

For such a map, we can prove the following theorem.

Theorem 2.3. Let f be a harmonic isometric immersion from S into G(m,N).

Suppose that f generates an orthogonal harmonic sequence as above, and the

Gaussian curvature k is bounded below by the constant

f:m      4n;=0(^i)

Then k = K(f) and f is a holomorphic map which essentially generates a

Frenet pseudoholomorphic sequence.

Proof. Suitably choose a smooth unitary frame e so that the pull back of the

Maurer-Cartan form via e is

cpn     -Aae 0 -B.O    -B-,9'

cp =

0W u -"1" ^2l

A09       cf>x       -Ax9

0 Aj_x9   </>j    -Afi 0
B¿ An_x6       cpn       -xAn9

B2e « 4,0       K+x  j
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where Bx E Cco(M(ms x mQ)), B2 E C°°(M((N - T.l=0kimi ~ mo) x mo)) -

for each r = 0, ... , s, when k_, + • • ■ + kr_, < j < k_ , + ••• + kr, A. E

C°°(M(mrxmr)): for r = 0, ... ,s - 1 , ^+...+fcr € C°°(M(mr x mr+x)) ;

An E C°°(M((n - Yfi=0kim¡ - mQ) x ms))\ for r = 0, ... ,s, when k_x

+ ■■■ + kr-i  < J < k_x + ■■■ + kr,  cpj e C°°(u(mr) ® F*S2)  and  </>j+1  g

C°°(u(N - Ylsi=C)kim¡ - mQ) <g> 77*5" ). Here we set /c_, = 0 for notational

convenience. Also, we can require

(2.26)

where A,
fco-I

(2.27) l^0l    -r |^,|    -r |i»2l

and the harmonicity condition (1.12') and the Maurer-Cartan structure equa-

tions imply

(2.28) dAj = -iwAj + Afij - cpj+lAj    mod 9,

for j = 0, ... ,n - 1. Thus, for k_, +-h/cr_, < 7' < /c_, H-h kr, where

r = 0, ... ,s,

(2.29) Alog|deM.|0A0 = 2d(-imrw + tr<pj -tr^+1),

and so

(2.30) Alog|det^.| = mfK + 2(|^_1|2 + |^+1|2-2M/),

if j¿n- 1,0,

^*B+-+*,  _ [°'^7f0 + -.+A:J

+ft G C00(A/(/?7/.+ 1 x mr+x)). Now (1.11 ' ) becomes

M0|2 + |5.|2 + |/i2|2 = l,

Alogldet^.J = msK + 2(\A„_/ + \a/ - 2\An_x\l + \BX

and

Alog|det^0| = m0K + 2(\A/ - 2\A0f + \BX\  + \B2\

>m0K + 2(\A]\2-2\A0\2),

if k0¿0.

For j = k0 +-h kr, set

J  i
"í.      ".2

'        L«2I      Q22

where Oj, G C°°(ß(mr - mr+l) ® T^2),  Í2722 G C°°(//(m r+U
rs2) and

Q^ rrV
21 Q{2 G C°°(M(mr+x x (wr - wr+1)) ®T SL). Set also

V-i

/J

[Di

7-1
1
7-1

V-" v-i
where /){"' g C°°(A/((mr - mr+1) x wf)) and D\     E CiX(M(mr+i x mr)).

Then

(2.3i; dAj = -iwÄj + Àp!22 t>j+xAj    mod 9
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and

(2.32)

from which it follows that

(2.33)

i.QJ21=0    mod0,

n2i =xJ2\e>

(2.34)     Alog|deti,o+...+,J = mr+1rC + 2(|Z)2fco+-+':'-1|2 + |^,)+-+i:f

- 2K+...+*

for r = 0, ... ,s - I and if kQ ̂  0. Whereas if k0 = 0,

(2.35) Alog|deti0|> w1K + 2(|^21|2-2|i0|2 + |^1

|2 + K+...+,.+I|2)

Observe that |^+...+fcJ   = l\+...+J  • For / = 0,1, .. . ,s , set

(2.36)

K0 + ---+t<i" '     Kfjï

fc_l+--+/C/-l

*/ = S (fc-i + feo + • • '+ ki - J)M°è\ detAj\ '
;=A:_i+A:o + -"+i:,_]

where for notational convenience we set detAk+  +k   — detA, +...+k , even

though the first one does not make sense.  We set also D2    = 0.  Then F,,

I = 0,1, ... ,s ,are well-defined continuous functions on 5 .

A tedious computation shows that

5-1

(2.37) /; + £
r=0

n^+i:
j=r+l

5        S

>2£nw+iKK+2i^+...+fcj
0 J = r

S

7=1

(*0+ 1)1^,1

+ 2 w fco-l—•+*,_!-1.2
s— 1      s

2 + E T[ (kj + Dkr\D%
fc0 + ---+7(,_L-I|2

7 = 0
n^+«:
J=r

r=0 j=r+\

s

mrK-2ll(kj + l]
7=0

Now, if k > k(f), then

5-1

', + E
r=0 ., = 7+1

>o,

which means that the function h defined by

(2.38) h = l[hj
7=0
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is a subharmonic function on S   except for finitely many points, where for

0<l <s

nL+i^+o
h, = log

*_i+-"+fc/-i

n IdeM

j=k-¡+•■■+*/_,

and
k-t+---+ks—\

x{k-i+—+ki-j)

Ak-t+--+ks-j)
hs = log \detA

J=k-i+—+ks-i

Therefore,  h must be constant.   It follows from (2.27) and (2.37) that k

k(f).

(2.40) \Bx\ = \B2\ = 0,

KI = K+...+J = o

and

(2.4i; KS\U2

5-1

+£

r=0

H(k] + l)kr\D
j=r+1

ftb+-+Ai-i-l|2 = 0,

which imply that / is holomorphic, /   is antiholomorphic and

(2.42) ks\D?
kd+--+kr-,-] ,2 = 0,

for r= I, ... ,s. Thus, either kr = 0 or £>*°+"+*'-' ' = o. But when r > 2,

Dka+-+kr-i-\ _ 0 would imply that rank(9/ +...+fc ,) = mr < mr_x , which

is a contradiction. Therefore Ä:f — 0 for r > 2. Also, /c, = 0, unless kQ = 0.

For the latter case by (2.34) and (2.37),

AT12 = 0.(2.43)

The pull back of the Maurer-Cartan form is now the following,

n„    o
0     Q22    -Â09

A09

Ax9

■Aye

\-J

0

0 '71+1

We see that after a unitary transformation on C , / can be decomposed as

/ = [/© VQ]: S2 —y G (m , N), where VQ is an (m - m,)-dimensional constant

vector subspace of CN and / is a holomorphic map from S to G(mx ,N),

and rank(/.) = m, , for j = 1, ... ,n . In this sense, f essentially generates a

Frenet pseudoholomorphic sequences.   Q.E.D.
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2
Remark. Given a harmonic map /: S  —► G(m, N), one can define an associ-

2
ated vector bundle of / over 5   in the following way:

ôf= {(x,v)ES2 xCN\v E f(x)} .

If / generates an orthogonal harmonic sequence then the trivial complex

vector bundle
„2      „TV        „2

7i: S  x C   —> S

splits into orthogonal complex vector subbundles,

S   xC   = ôf®ôf ®---®ôf ®S,
J 7l Jn

which are, in fact, holomorphic subbundles. Here ô is the orthogonal comple-

ment of öj.® ■■■ ® or ■ Theorem 2.3 says that if the curvature is large, then

the ranks of ôf , j = 1, ... ,n , are equal, / is holomorphic and S is a trivial

subbundle.

We say that a map g is in a Frenet harmonic sequence (i.e. constant ranks

and orthogonal)

J = 70 —* 71 ~~* J 2 —* ' ' ' —* An

of positive j, if g = f. for some j - 0, ... ,n, where / is harmonic and

rank(/^) = m . For such a map, we show the following pinching theorem.

Theorem 2.4. Let g = fi: S —» G(m,N) be a harmonic isometric immersion,

which is in the above Frenet harmonic sequence, and let k be the Gaussian

curvature. Suppose that Kj > 4/m[2j(n - j) + n], then k = 4/m[2j(n - j) + n]

is constant, and the directrix f is holomorphic.

Proof. We use the invariants developed in the proof of Theorem 2.3. These

invariants now satisfy

(2.44) A log | detA0\ = mK] + 2(\Axf - 2^/ + \BX\2 + \B2\2),

Alog\detAz\ = mKj + 2(\Ar_x\2 + \Ar+x\2 -2\AT\2)

for 0 < T < n - 1 , and

Alog|det^_,| = mKj + 2(\An_2\2 + \An\2 - 2\An_x\2 + \BX\2).

( 1.11 ' ) becomes

(2.45) \Aj_x\2 + \Aj\2=I,    ifj¿0,n-l,

l^0l2 + |5il2 + l^2l2 = 1'  if y = o,

and

M„_1|2 + M„i2 + i^I|2 = 1,    if J = n-l.
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The case when 7 = 0 has been treated in Theorem 2.3 by setting mr = m

for 0 < r < s, k0-n and kx = k2 = ■■ ■ = 0. When j > 0, set

(2.46)

Then

hJ = Ridel A,
7=0

n + 1

(2>+l)(«-7-l)+2/
71-1

UldetA,
(27+l)(77-7)

'=7

(2.47)   Aloghj = -¿-[(2j(n - j) + n)mKj - 4(\A/ + \A}_X\A)]

+ 2(2/ + l)(n - 1)(|5,|2 + |t32|2) + 2(2; + 1)(M„|2 + \BX

> —-—[(2;'(n - j) + n)mKj - 4].

The assumption on k   implies

A log A- > 0,

which means that /r is constant, k . = w[2 . 4_ )+fi], and An — Bx = B1 = 0.

Therefore the directrix / is holomorphic.   Q.E.D.

We say that a map / from M into CP" is linearly full, if f(M) is not

contained in some linear subspace CPn c CP" , where n < n . The following

corollary was first proved in [BJRW].

Corollary 2.4. For a linearly full pseudoholomorphic map f  of positions j

from S~ into CP" , if it is an isometric immersion, and if the curvature k ■ >

4/(2j(n - j) + n), then k . - 4/(2j(n - j) + n) is constant.

3. Harmonic two-spheres in (7(2,4) and (7(2,6)

In this section, we look at harmonic maps from 5   into (7(2,4) and (7(2,6).

Let / be a harmonic isometric immersion from S into (7(2,4). By Corol-

lary 2.2, we know that at least one of the 9-transform and the ô-transform is

degenerate. Let us say rank (df) < 1 . Choosing a suitable local unitary frame

e -

is
VI ' *-l ' "\ > "a along / as before, the pull back of the Maurer-Cartan form

Vll YX2

021 022_

a-,.9 + b,,9   b„6

*3U

M
y32_

¿42Ö

-M
033

043

where

(3.1) \aix\2 + \bix\2 + \bi2\2 + \b4l\2 + \b421

-b429

034

044

1.

From Corollary 2.1, the vanishing of trC = tr' AB implies

(3.2) aixb3x =0.
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Harmonicity conditions (1.12') and (1.13') imply

(3.3) da3x — a3X(-iw + <f>xx - cp33)    mod0,

(3.4) 4>xl = aX29

and

(3.5) cp43 = a439.

By Proposition 1.1, (3.3) means that a3x is a function of analytic type. Thus

either it is identically zero which means that / is an antiholomorphic map or

away from its zeros it satisfies

(3.6) Alog\a3x\9 A9 = 2d(-iw + cf>xx - cf>33).

Suppose that / is not antiholomorphic. Then b3x =0. Harmonicity condi-

tion (1.13) also implies

(3.7) db32 - b32(iw + cp22 - cp33)    mod 0,

(3.8) db4X=b4X(iw + cf>ix-cp44)    mod0

and

(3.9) db42 = b42(iw + tf)22-c¡>44) + b4Xcpx2-b32cj)43    mod0,

from which it follows again that b32 and b4l are functions of analytic type.

If b32 is not identically zero, then away from its zeros we get

(3.10) Alog\b32\9 A~9 = 2d(-iw + cp3i - cf)22).

Combining (3.6) and (3.10) and using the Maurer-Cartan structure equations,

we have

(3.11) Alog|a31632| = 2K + 4|a12|2-2|a31|2 + 2|/341|2

-2|e32|2-2|¿>42|2

> 2k - 2 .

Notice that the function |a31632| is a globally defined continous function. If

k > 1 , then we see that k = 1 and ax2 = b4[ = 0. Notice also that the

local unitary frame e is uniquely determined up to U(l) x U(l) x U(l) x

(7(1 ̂ transformations, and thus for / = 1,2,3 and 4, each e{ defines a map

[e¡]: S -> CP . In this case since ax2 = b4X = b3x =0, [ex] is holomorphic,

[e2] is antiholomorphic and f = [ex® e2].

The other case is bJ7 = 0.   Suppose b4X  is not identically zero.  Then by

(3.8) and (3.6), we get

(3.12) Alog|A41û31| = 2k + 4|a43|2 - 2¡¿>42|2 - 2|641|2 - 2|a3,|2

> 2k - 2.

Again, if k > 1 , then k = 1 and a43 = 0. In this case, we see that [e3] is

an antiholomorphic map, [e4] is a holomorphic map and f =[e3® e4]
i
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Finally, if ¿>32 = b4x = 0, but b42 is not identically zero, then by (3.9),

(3.13) Alog |642|0 a 0 = 2d(-iw + cf>44 - <p22).

Taking the exterior derivatives on both sides of (3.4) and (3.5), and using the

structure equations, we get

(3.14) dax2 —ax2(-iw— (pxx+d)22)    mod0

and

(3.15) da43 = a43(-iw+ cp33-cp44)    mod0.

Repeating the previous argument, we see that both a,2 and a43 are of analytic

type and that |a12| and |a43| are globally defined on S .

We claim that if k > 1, then aX2 and a43 are identically zero. There are

three cases to be checked.

Case (i). Both ax2 and a43 are not identically zero. Then from (3.14) and

(3.15),

(3.16) Alog|a12|0A0 = 2</(-m;-011 +022)

and

(3.17) Alog |a43|0 A 0 = 2d(-iw + 033 - cp44).

These, together with (3.6) and (3.13), would give

(3.18) Alog|a12a31a43/342| = 4/c > 4 > 0.

But then |tf12£Z31a43¿742| must be constant and k = 0, which is a contradiction.

Case (ii). ax2 = 0, but a43 is not zero. Then (3.17) holds and the combination

of (3.6), (3.13) and (3.17) gives

(3.19) Alog|û31a43642| = 3A:-2>l,

which again would imply k = |, contradicting the hypothesis on k .

Case (iii). a43 = 0, but ax2 is not zero. This case can be treated in exactly the

same way as Case (ii), and it cannot happen either.

Now since aX2 = a43 = 0, by reading the pull back of the Maurer-Cartan

form we see that ex defines a holomorphic map [ex]: S  —► CP   c CP , and
2 1 3

that e2 defines an antiholomorphic map [e2]: S —» CP c CP . Up to a

unitary transformation the map / is then given by f = ho g in the following

way.

(3.20)
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where g = [ex] x [e2]: S

given by

/i([Z0,Z.],[Z2,Z3])

CP x CP   and h is the holomorphic embedding

^/\Z0\2 + \Zx\2'yfl + IZ, ' yJ\Z2\2 + \Z3\2' J\Z2 + \Z,

In summary, we have shown

Theorem 3.1. Let f be a harmonic isometric immersion from S   into (7(2,4)

with rank(df) = 1 and rank(df) > 1. If the curvature k > 1, then either f -
■i 2

CP   holomorphic, [e2]: S CP'[ex ®e2] or fi   = [ex ®e2] with [ex]: S

antiholomorphic and ex A e2. Moreover, if the curvature k is not constant 1,

then up a unitary transformation f is given by (3.20).

Remark. Suppose now that k > 2. Then it happens only when aX2 = a43 =

b-r, = ô„ = bAI -0. From (3.6) and (3.13), we set that'31 -è32 = 641 =0

(3.21)

Thus k = 2 and

Alog|a3A2| = 2K-4>0.

\a3Xb42\ is constant. But by (3.1),

(3.22) *31 I2    ,    \U     I2
I +\bA2\ 1,

and thus both |a,.| and |¿>,.| are constant. We can specify the unitary frame*31

? so that a7, > 0 and ¿>,, > 0 are constant.   Using (3.6), it is easy to see

that a
31

'31   -

b42

'31

'31

Thus all invariants are constant.   In this case up to a

(7(4)-congruence, / is the map Vx T defined byi ,i

(3.16) i .i 0

0

0

0

zn

Notice that the map V „ : 5  — C(2,4), defined by

1,0 -i j 0
0

is the only holomorphic map from S to G(2,4) with constant curvature 4 up

to C(4)-congruences. In [CZ], we also classified all holomorphic maps from S2

to (7(2,4) of curvature 2. In fact, the argument in [CZ] actually shows that for

a holomorphic isometric immersion / from S to (7(2,4), if the curvature

k > 2, then either k = 2 or k = 4. Theorem 3.1, together with the argument

in [CZ], shows the following.
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2
Theorem 3.2. Up to U (4)-congruence, all isometric harmonic maps from S into

(7(2,4) of curvature k > 2 are given by: Vx-X, Vx 0, and the holomorphic curves

(and their complex conjugates) of curvature 2 given in [CZ].

Now suppose that / is a harmonic isometric immersion from S2 into

(7(2,6). Then the only nonholomorphic or nonantiholomorphic cases are those

when rank(<3/) > 1 and rank(df) > 1 . These cases can be treated by using

Theorem 2.2. In fact, we have the following theorem.

Theorem 3.3. For a harmonic isometric immersion f from S into G(2,6),

IF rank(df) = rank(9/) = 2, and if the curvature k > j, then k — \ is

constant and f is a pseudoholomorphic curve of position one; if rank(df) = 2

and rank(df) = 1, or if rank(df) = 1 and rank(df) = 2, then minK < f ;

finally, if rank(dfi) = rank(df) = 1, and if k > 2, then k = 2 is constant.
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