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QUANTIZATION OF CURVATURE OF
HARMONIC TWO-SPHERES IN GRASSMANN MANIFOLDS

YUNBO ZHENG

ABSTRACT. Various pinching theorems for curvature of minimal two-spheres
in Grassmann manifolds have been proved. In particular, we show that when
the curvature is large, then the minimal map from S% into G(m, N) must be
either holomorphic or antiholomorphic. Also, minimal two-spheres of curvature
Kk > 2 in G(2,4) have been classified.

0. INTRODUCTION

It is known that starting from a harmonic map f from a Riemann surface
into a complex Grassmann manifold, one can define sequences of harmonic
maps by using the d-transform and the d-transform. These sequences are called
harmonic sequences [CW]. When f is holomorphic, the sequence generated
by f via the d-transform is called a pseudoholomorphic sequence, and the
corresponding maps are called pseudoholomorphic maps.

In 1980 A. M. Din and W. J. Zakrzewski [DZ], and then in 1983 J. Eells
and J. C. Wood [EC], showed that all harmonic maps from S? to the complex
projective space CP" are, in fact, pseudoholomorphic. Recently, F. Burstall,
J. Rawnsley and S. Salamon announced in [BRS] that all stable harmonic maps
from S? into irreducible Hermitian symmetric spaces are either holomorphic
or antiholomorphic. It is also known that when the target space is a general
complex Grassmann manifold, holomorphic curves do not generate all harmonic
maps [CW], [Ra].

On the other hand, M. Rigoli showed in [R] that for a linearly full nonsingular
holomorphic curve from S? into CP" , if its curvature k¥ > 4/n, then k = 4/n
is constant. Then J. Bolton et al. [BJRW] generalized this result to pseudoholo-
morphic maps, and showed that for a linearly full isometric pseudoholomorphic
map of position r from S* into CP", if its curvature k > 4/2r(n—r)+n),
then x =4/(2r(n —r) + n) is constant.

In this paper, we prove various pinching theorems of curvature for harmonic
maps and show that for any nonsingular harmonic map from S? into a com-
plex Grassmann manifold, if the curvature of its induced metric is large, then
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it is actually a holomorphic or antiholomorphic curve of constant curvature.
Precisely, we show that for any harmonic isometric immersion from s? to
G(m,N), if it is not antiholomorphic (or not holomorphic), and if its cur-
vature x > 4/rank(df) (or k > 4/rank(df)), then f must be a holomor-
phic map (or antiholomorphic map) of constant curvature 4/rank(df) (or
4/rank(0 f)). When f generates an orthogonal harmonic sequence and if its
curvature kK > k(f), a number associated to the sequence generated by f, then
Kk = k(f) is constant, and f is a holomorphic map which essentially generates
a Frenet pseudoholomorphic sequence. We also show that for a harmonic map
f in a Frenet harmonic sequence of position j generated by a harmonic map
g, if its curvature x > k(g,Jj), a number associated to the sequence and j,
then again x = k(g,j) is constant and the directrix g is holomorphic. In par-
ticular, f is a pseudoholomorphic map of constant curvature x(g,j). Notice
that when the directrix is holomorphic and the target space is CP", we recover
the pinching theorem of J. Bolton, et al.

Some relations between the pinching conditions of curvature and the ranks
of the d-transform and the d-transform are discussed in this paper. As exam-
ples of using the technique developed in this paper, we prove some pinching
theorems for harmonic two-spheres in G(2,4) and G(2,6). As a by-product,
we show that for a minimal two-sphere in G(2,4), if its curvature ¥ > 2,
then x is either 2 or 4, and all these maps are explicitly classified up to u(4)-
congruences.

The main tool used is the method of moving frames. Extensively using this
method, we are able to develop a system of partial differential equations asso-
ciated to a family of invariants. The study of these invariants plays a key role
in proving the main results of this paper.

Definitions and basic formulas are given in §1. General pinching theorems
are proved in §2. In §3, we give a detail discussion of harmonic two-spheres in
G(2,4) and G(2,6).

This paper is a slight revision of a part of the author’s Ph.D. thesis. He would
like to thank his advisor Professor Gary R. Jensen for his direction. Also, he
would like to thank Janie McBane for typing this paper.

1. HARMONIC MAPS, HARMONIC SEQUENCES AND
PSEUDOHOLOMORPHIC MAPS

The complex Grassmann manifold G(m, N) is the set of all m-dimensional
complex linear subspaces of C A through the origin, which can be realized as
the homogeneous space U(N)/(U(m) x U(N — m)), where

n: UN)— G(m,N)
g —1[g-0]
is a principal U(m) x U(N — m)-bundle, 0 is the N x m matrix

IIN
O k]

and 1, isthe m xm identity matrix.
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Let W = (W,,) = g_'dg be the Maurer-Cartan form of U(N), where
1<A4,B< N, and let e be alocal section of n: U(N) — G(m,N). Set

(1.1) Ye=¢ W,
and
2 —_—
(1.2) dsgomm = O, ¥Vl
1<i<m
m<a<N

Then dsé(m’ N) is a U(N)-invariant Hermitian metric on G(m,N). When
m =1 and N = n+1, this is just the Fubini-Study metric on CP" of constant
holomorphic curvature 4.

Suppose M is a Riemann surface with a Riemannian metric ds,zw. Then
locally

(1.3) ds,, = 60
and
(1.4) do=iwng,

where 6 is a local unitary coframe of bidegree (1,0) which is determined up
to a U(l)-valued function, and w is the real-valued Levi-Civita connection
form associated to the coframe 6. Also,

(1.5) dw:%xe/\é,

where x is the Gaussian curvature of d5i4 .
Let f be a smooth map from M to G(m,N). Choose a local unitary frame

e=(e,,...,ey) along f suchthat e ,...,e, span f. Thenfor I<A<N
n

(1.6) de, =) eywy,.
B=1

where w,p, = f"(¥,,) = e"(W,;) are the entries of the pull back of the Maurer-
Cartan form of U(N) via e.
The Maurer-Cartan structure equations give

N

(1.7) dw , = *Zw.«‘ ANWep
c=1

and

(1.8) W+ W, =0.

For 1<j<mand m+1<a<N, set

(1.9) w, =a,60+b 6.
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Then f is an isometric immersion if and only if

(1.10) Z a(!jb(lj = O
1<j<m
m<a<N
and
(111) Z (anjryj-*_bujbaj):l'
1<j<m
m<a<ln

The harmonicity condition for f is

n m
(1.12) da, +ia, w+ Y agw - a,w, =0 mod6,

p=m+1 =1

which is equivalent to

n m
(1.13) db, —ibw+ Y bpw, ,~ b w,;=0 modd.

B=m+1 =1

In terms of matrix notation, we can rewrite these equations as

(1.10") tr(4'B) =0,
(1.11) |47 +|B)* =1,
! .
(1.129) dA = —-iwA+ AP, - P,,4 modb
and
¢ ! . -
(1.137) dB =iwB + B®, —®,,B mod¥b,
where
am+| N am+l m bm+l ,1 bm+l .m
A= : s B = ,
Ay 0 Ay by, o by,
wl N wl .m wm+l m+1 wm+l N
Q= : _ : and @), =
wm,l e wm,m wN,m+l e wN N

Here we define the norm |x| of a matrix x by |x|2 = tr(x'X) in a standard
way.

For a harmonic map f from M into G(m,N), using the d-transform and
the d-transform S. S. Chern and J. G. Wolfson defined new harmonic maps,
8f:M — G(m,,N),if f is not antiholomorphic, and 8/: M — G(m_,,N),
if f is not holomorphic. These maps satisfy

N

(1.14) af(x)=span{ > a“j(x)e”(x):ISjgm}

a=m+1
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and

(1.15) af(x) _span{ Z b,;(x)e, 1<]<m}

a=m+]
for x € M, except for at most isolated points. Here m, and m_, are positive
integers, called the rank of df and the rank of 8 f, respectively. Sucessively
using these transforms they obtained two sequences of harmonic maps

f=£26216-
and _ _
fER S 5=,
which are called the harmonic sequences, where for j > 1, fj =0 fj_l: M —

G(m;,N),and for j < -1, f ngjﬂz M — G(m;,N). We say that f, and
Jf; are orthogonal, if for x € M, fj(x) L fi(x) as linear subspaces of cV with
respect to the standard Hermitian inner product. If fj L f for i#jina
sequence, we say this sequence is orthogonal. In addition, if m j ’s are equal,

we have

f?)flfzfs

which is called a Frenet harmomc sequence. It is a finite sequence, and fo 1s
called the directrix of this sequence.

When f is holomorphic, it will generate a harmonic sequence,

f=%6%f-
which is orthogonal and therefore is finite. This sequence is called a pseudo-
holomorphic sequence, and each map fj is called a pseudoholomorphic map
generated by f with position ;.

A locally defined smooth function V: M > U — CF is of analytic type,
if either v is identically zero on U or for any local complex coordinate z
centered about x, the local representation of v has the form v(z) = z g(2)
where g(z) isa C L_valued smooth function such that g(0)#0.

The following proposition will be repeatedly used in this paper, whose proof
can be found in [Z].

Proposition 1.1. Let U be an open subset of M, C be a k x k-matrix-valued
smooth function defined on U, and 0 be a unitary coframe field deﬁned on U.
Suppose that C satisfies

(1.16) dC=Cn+¢n—-CY¥ mod@,

where n is an imaginary valued 1-form and ¢ and ¥ are k x k-matrix-valued
1-forms with (tr ¢—tr'¥Y) imaginary valued. Then det C is a function of analytic
type, and

(1.17) (Alog|det C|)0 A O = 2kdn + 2d(tr ) — 2d (tr ¥)
on U\ Z, where Z is the set of zeros of detC on U .
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Remark. When k =1 and ¢ =¥ = 0, this is the formula given in [EGT].

2. QUANTIZATION OF CURVATURE OF HARMONIC
TWO-SPHERES IN G(m, N)

Let f be a harmonic map from a Riemann surface M into G(m, N). Take

a local unitary frame e = (¢, ... ,e,) along f such that ¢ ,...,e, span f.
Then ¢ 46 -'Bo
CWy=g=| S o |
2

where A,B € C*(M((N —m) xm)), ¢,, € CZ(u(m)® T"M) and ¢,, €
C™(u(N —m)® T"M). Here we denote C™(M(m, x m,)) as the set of all
locally defined m, x m,-matrix-valued smooth functions and C*°(u(k)®@ T"M)
as the set of all locally defined u(k)-valued smooth 1-forms, where u(k) is the
Lie algebra of U(k).

The frame e is determined up to U(m) x U(n —m)-transformations. Chang-
ing such a local frame, & = e[f) 2], where K| € C*(U(m)) and K, €
C™(U(N — m)), we shall have

1 ' 'h
FWy=d=| . ¢>“~_ —AQ— BO
A6 + BO ?5,
where A=K, '4K, and B = K, 'BK, . So,
(2.1) AB =K, 'ABK,.

Setting C = 'AB and C = 'AB, we see that detC = detC and trC = tr C.
Notice that changing a local unitary coframe 6 into 6, det C becomes u,detC
and tr C becomes u,trC, where u, and u, are smooth functions of absolute
value 1. Thus |detC| and |trC| are globally defined nonnegative invariants
on M , which are continuous.

Proposition 2.1. det C and tr C are of analytic type. Furthermore, away from
zeros of |det C| and |tr C|, they satisfy

(2.2) Alog|det C| = 2mxk
and
(2.3) Alog|trC| = 2k,

. : . 2
where K is the Gaussian curvature of the metric ds,, .

Proof. Taking the exterior derivative of C and using (1.12) and (1.13) we
obtain

(2.4) dC = -2iwC+'¢,,C-C'¢,, modb.
Applying Proposition 1.1 to (2.4),
(2.5) Alog|detC|OAG = —4midw .

(2.2) then follows from using (1.5) to (2.5).
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For (2.3), we take the trace on both sides of (2.4). Then
(2.6) d(trC) = =2jw(trC) mod#8,

and the conclusion again is obtained by using (1.5) and Proposition 1.1 for the
caseof k=1. Q.E.D.

Following this proposition, we have

Corollary 2.1 (Vanishing Theorem). If M is a closed Riemann surface, then
either the genus g of M is positive or both |detc| and |trc| vanish identically.
In particular, if the Gaussian curvature k > 0, then either k = 0 or both |detc|
and |trc| are identically zero.

Proof. Use the Gauss-Bonnet formula and Stokes’ Theorem on (2.2) and (2.3).
Q.E.D.

Remarks. 1. Corollary 2.1 is known [CW].

2. When M = S?, then |tr C| = 0, which means that harmonic maps from
s? into G(m,N) are weakly conformal (i.e., (1.10) holds).

We say that the O-transform (resp. the O-transform) is degenerate, if
rank(d f) < rank(f) (resp. rank(df) < rank(f)).

Corollary 2.2. For a harmonic map from S? into G(m,2m), one of the 0-
transform and the O-transform must be degenerate.

Proof. Observe that in this case det C = det 4-det B, and generically rank(4)
= rank(0 f) and rank(B) = rank(8f). Q.E.D.

Now suppose that M = S? is the Riemann sphere and f is a harmonic
isometric immersion so that k is the Gaussian curvature of the induced metric
f *dsé(m, vy - The following theorem says that if the curvature is large enough,
then f is forced to be holomorphic or antiholomorphic.

Theorem 2.1. If f is not antiholomorphic, and if k > 4/rank(0 f), then f is
a holomorphic map of constant curvature 4/rank(8f). Similarly, if f is not
holomorphic, and if k > 4/rank(0f), then f is an antiholomorphic map of
constant curvature 4/rank(9 f).

Proof. Suppose f is not antiholomorphic. Choose a local unitary frame e =
(€,,...,ey) along f so that e, ... ,e,, span f and it -+ 2 €0 SPAN
0f, where k, = rank(df). Furthermore, we can require that €l e Em
span the kernel of the d-transform. The pull back of the Maurer-Cartan form
of U(N) by e is then

Qll le _Tzn?__ Tﬁno _:Ezle

¢ = QZI _ sz_ - 3120 - Bzz‘9
4,60 +8,,6 B0 Q;, Q,,
B, 0 B, .60 Q Q

where 4,,, B, € C*(u(k, % k,
€

€
C®(M(ky x (m - ky))), B, Q,, €
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C®(ulky) ® T*S?), Q, € CO(M((m - ky) x ky) @ T*S?), Q,, = -'Q,,,
Q,, € C¥(u(m — k) ® T*S?), Q3 € COM((N - m — ky) x k) ® T"S?),
Q,,=-"Q,, and Q,, € C®WU(N —m — k) ® T*S”). From (1.11'), we have

2 2 2 2 2
(2-7) |A11l +|B“| +|B12| +|B21| +|Bzzl =1.

It can be easily checked that |det A, | is a well-defined invariant on s2.
Harmonicity condition (1.12") of f gives

2.8) d[A“ o]:_iw[A“ 0J+[A“ 0} [Q“ le]

0 0 0 o0 0 0 o Qy
_[933 934][/411 0] mod 6,
s Qu 0 0
from which it follows that
(2.9) dA, = —iwA, +4,,Q, —Q;;4,, modd,
(2.10) Q;4,,=0 modf

and
A“le =0 mod@d.

(2.10) shows that Q,, and Q,, are matrices of bidegree (1.0) forms. So

(2.11) Q,=X,0
and
(2.12) Q= X,,0,

where X, and X,; are matrix-valued smooth functions.
Applying Proposition 1.1 to (2.9) and using (1.5), we get

(2.13) Alog|det A, |6 A0 =kkOAE+2d(trQ,, —1trQ,,).

By (1.7), (2.7), (2.10) and (2.11),

(2.14) Alog|detA,,]|

2 2 2 2 2 2

= kok + 200X 51" + | X517 = 214,,1" + 2|B,,|” + |B),|” + By, ")
> ko — 4.

Since k > 4/k0,

(2.15) Alog|detd, |>0.

Notice that (2.15) holds on 52 except for at most finitely many points, and
that |detA,,| assumes its positive maximum value at some point where (2.15)
is valid. By the maximum principle of subharmonic functions, it therefore must
be constant. Then by (2.7) and (2.14) again, k = 4/k, and B, = B, = B, =
B,, = 0, which shows that f is a holomorphic map of constant curvature 4/k, .
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A similar argument will work for proving the second claim of the state-
ment. Q.E.D.

Recall that a holomorphic map or an antiholomorphic map from the Rie-
mann sphere into a complex Grassmann manifold is always stable. Thus we
have

Corollary 2.3. If rank(0f) # O (resp. rank(0f) # 0, and if k > 4/ rank(d f)
(resp. K > 4/rank(0f)), then f is stable.

Remark. One can construct a holomorphic map from S° into G(m,N) with
rank(0f) = k, and constant curvature k¥ = 4/k, in terms of homogeneous
coordinates in the following way,

Z, -
Zl
Z, 0
Z, 2k,
V4 . Z
0] = 0
f[ZlJ Z,
0 1
1 m -k,
1
_ 0 I} N=m—k,

When k0 > 0, a small perturbation of this map will produce a holomorphic
curve of nonconstant curvature x with rank(df) = k, and arbitrarily small
positive value of |k —4/k|.

For example, for any ¢ > 0 one can define f: S? - G(m,N) by

'(l+£)ZO T
Z,
Z, 0
Z, 2k0
V4
0] —
|7 z,
Z
0 1
1 m—k0
1
0 J} N-m-—k,
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It is holomorphic. In terms of the complex coordinate Z on s? , the induced
metric is ds’ = h(Z)iale2 , where
ky— 1 (1+¢)

h(Z) = .
O =izt izrr a1

Its curvature is
4 [ tgy-1)° (1+¢)°
3 76 T 2 7.6
R(Z) [1+1Z])" (Z]"+(1+¢€))
(ky— 1)(1 +¢)°
(L+1ZP2ZP + (1 + )
(ko — 1)(1+¢)
(1+1Z*Z1P + (1 +¢)*)
2k = D1 +8)'1ZP2e +8)°
(1+1ZHZP + (1 +e)))?
which is not constant. Since lim,_, f, = /', one certainly can make |k — 4/k|
as small as desired.
Now, if the curvature x is not that big, the following theorem describes some

relations between the pinching conditions of the curvature x and the ranks of
the O-transform and the d-transform.

K =

Theorem 2.2. Let [ be a harmonic isometric immersion from S? into G(m,N),
where N > 2m. Let k, =rank(df), k, = rank(0 f) and x be the Gaussian
curvature. We have the following.

(1) If 0 < k;, +k, < m and x > 4/(k; + k;), then k = 4/(k, + k,) is
constant, and f =[f, & f,®V]: S? — G(m,n), where Sy L f, LV such that
S S? - G(k,,N) is holomorphic, f,: S? - G(k,,N) is antiholomorphic and
V' is a constant complex vector subspace of C N of dimension m — k, -k, .

(i) If0<k <m, 0<k,<m and k, +k, > m, then mink < 4/(k, +k,).

(iii) If k, = m and 0 < k, < m (or 0 < k; < m and k, = m) when
N > 2m, then mink < 8/(2k, + 3k,); (or mink < 8/(2k, + 3k,)); when
N =2m, then mink < 4/(k, + 2k,) (or mink < 4/(k, + 2k,)).

(iv) If k, =k, =m and k > 1/m, then k = 1/m is constantand df L 9 f .
Furthermore, f is a pseudoholomorphic map in the following sequence,

[ f=h020,
where f_: s? - G(m,N) is holomorphic and f: s? - G(m,N) is antiholo-

morphic.

Remarks. 1. The hypothesis that N > 2m is not crucial, since for any har-
monic map f, its orthogonal complement, denoted by f L is also a har-
monic map having the same induced metric as that of f. Moreover, rank(9 f)
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= rank(3(f")) and rank(df) = rank(d(f")). So we can replace f by f* if
it is necessary.

2. (iii) says that when N > 2m, if k > 8/(2m + 3rank(df)) (or k >
8/(2m + 3rank(d f))), then the d-transform (or d-transform) must be degen-
erate; when N =2m, if k > 4/(m+2rank(d f)) (or k > 4/(m+2rank(df))),
then the 9-transform (or d-transform) must be degenerate.

Proof. Choosing a unitary frame e as in the proof of Theorem 2.1 and adopting
the notations there we have

(2.16) Alog|det 4, | = ki + 2(1X,,* + | X5 - 214,
+2/B,,* +|B,I +1B,, ).
Change such a unitary frame e into & such _that é=(¢,e,...,é,), where
é,...,6, span f, €ny1s o >Cpyy, SPAN df and 41> -+ €, span the

kernel of the O-transform. If we denote the corresponding new quantities by
adding tildes, then a similar argument leads to

(2.17) Alog|det B, | = kyk + 2(1X > + 24, > +14,,|°
= 2By, P+ 1Ay + 1Ry
Since ¢ = [ 2 ]e, where K, € C®(U(m)) and K, € C*(U(N - m)),
we have 4 = K; 'K, and B = K, 'BK,, and therefore |A” = |4|* and
B = 1BI”.
If 0<k,+k,<m and x >4/(k, +k,), then combining (2.16) and (2.17),

together with (1.11"), we shall have
(2.18)

Alog(|det A,,||det B, |)
= (ky + )k + 201X, + X, + X+ 1 Xl = 204, 208,
+21B,, 1 + B, + 1By, [* + 214, [* + 14, +14,, ")
> (k, + k)i — 4|4, +1B,,[")
=(k, +k,)k-42>0.
Using the same argument as in the proof of Theorem 2.1, we see that the globally

defined invariant |detA4 || det Bnl is constant and x = 4/(k, +k,) is constant.
Moreover, (2.18) implies

(2.19) |X|2|=|X43|:|B|||=|Blzl=|321|=0,

and
|X12| = |X43| = lA~11| = ,“ilzl = '/‘izl, =0
which mean that f L3 f.
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Specifying the local frame e further by requiring that € skyi 1> o > € SPAN

the kernel of the O-transform and using (2.19), the pull back of the Maurer-
Cartan form by e is then of the form

¢, 0 0 A48 0 07
0 ¢ 0 0 -Bno 0
s | 00 6 0 0 0
4,0 0 0 g, 0 0
0 B, 0 0 6 0
Lo 0 0o o R
where ¢, i =1,...,6, are matrix-valued I-forms, 4, € C*(M(k, x k,))

and B,, € C™(M(k, x k,)).
Now, we see that f = [f, & f,® V], where f, L f, L V, and f, =
span{e, ,e,, ..., € }: s G(k,,N) is holomorphic,

2
5= span{ekl+l Y ,ek]+k2}: S”— G(k,,N)

is antiholomorphic and V' = span{e, , hpt 1 o ,e,} 1S a constant vector sub-
space of complex dimension m — k, — k, .

Suppose now 0 < k;, <m, 0 < k, <m and m < k, +k,. If mink >
4/(k, + k,), then (2.19) would imply f =[g, © &,], where g L g,, &: s* -
G(k,,N) is holomorphic and g,: = G(m—k,,N) is antiholomorphic, with
rank(0g,) = k,. But this means that m — k; > k, which contradicts the
hypothesis that k, +k, > m.

When k, =m and 0 < k, <m (or 0 < k; <m and k, = m), there are
two cases.

(a) N > 2m. In this case, since k, = m, X,, = B, = B,, = 0, and
|B|> = |B,,|* + |B,,|* . Thus (2.16) becomes

(220)  Alog|detd, | = kx +2(1 X" = 214, + 2IB,,I° + |B,, ")
> kyk +2(=2]4]" + B]%).
Combining it with (2.17), we get
(2.21)  Alog|detd, || det B, | > (2k, + 3k,)x — 8(|4]" + |B[*)
= (2k, + 3k,)K — 8.

If mink > 8/(2k, + 3k,), then it would follow by (2.17) and (2.21) that
|4,,| = |4,,] = |4,,| = |X,,] = 0, which means that rank(4) = rank(3f) < m,
contradicting the assumption on rankd f .

(b) N = 2m. In this case, X,, = Xy, = B, = B,, = By, = 0 and [B|* =
IB,,I*. So (2.16) is now

(2.22) Alog|det 4, | = k,x + 4(1B]’ = |4,,1’).
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from which, together with (2.17), it follows that
(2.23) Alog(|det 4,,||det B, |*) > (k, + 2k,)x — 4.
If minkx > 4/(k, + k,), then again rank(0f) < m, which is a contradiction.
Finally, suppose k, =k, =m and k = 1/m. (2.16) and (2.17) become

(2.24)  Alog|detd,,| = k;x + 2(1X,,° = 214,,1* + |B) + |B,, ")

> mk — 4|4* + 2|B)*
and
(2.25)  Alog|detB,,| = kyxc + 2(|X,,° = 21B,,I" + 4" +14,,%).

> mi — 4|B|* + 2|4 .
So X

Alog(|det4,,||detB,,|) > 2mKk —2 > 0.
Thus k = 1/m is constant, and X,, = B, = X,; = 4, =0. Now it is easy to
see that 9f L 8 f and
fo=ardr=5%r=aof,

where f_, is holomorphic and f is antiholomorphic. Q.E.D.

An interesting situation is when the harmonic map f generates an orthogonal
harmonic sequence,

J J ¢
S= B

such that: when 0 < j < k,, then the rank (fj.) =m,;and for 1 <7<s, when

-1 t
Zki+1SjSZki’
i=0 i=0

then the rank(f;) =m ;and ¥}  k, =n.
For such a map, we can prove the following theorem.
Theorem 2.3. Let f be a harmonic isometric immersion from S? into G(m,N).

Suppose that [ generates an orthogonal harmonic sequence as above, and the
Gaussian curvature k is bounded below by the constant

4T ok, + 1)
K(f) = q sj 0 .
>o-olli, k,(kj + 1)m,
Then k = k(f) and f is a holomorphic map which essentially generates a
Frenet pseudoholomorphic sequence.

Proof. Suitably choose a smooth unitary frame e so that the pull back of the
Maurer-Cartan form via e is

N 0 -"B,6 -"B,6
4,0 ¢, -T4,0
0
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where B, € C*(M(m x my)), B, € C*(M((N - 3I_ k,m; — my) x m));
foreach r = 0,...,s, when k_, +---+k_, <j<k_ + - +k, 4, €
C™(M(m, ><m))' for r=0,....s-1, 4, ., €C% (M(m er+1))

AneC - Y okm, —my) xm)); for r = 0,...,s, when k_|
~+k, < _] < k-|+ -~+kr, ¢, € C™(u (m)®TS) and ¢, €
C(u(N = Y okm, — my) ® T*S?). Here we set k_, = 0 for notational

convenience. Also, we can require

(2.26) Ak0+“.+k, = [O,Ak0+.,.+k,]

where A, € C®(M(m, xm,,)). Now (1.11") becomes

2 2 2

(2.27) |41 +|B,|" +|B,| =1,

and the harmonicity condition (1.12") and the Maurer-Cartan structure equa-
tions imply

(2.28) dA.——zwA +Ad> ¢+1 i mod 6,
for j=0,...,n—1. Thus, for k_ + - +k _, <j<k_, +-+k, , where
r=0,...,s,
(2.29) Alog|detd |0 A6 =2d(—imw +trd, —tr g, ),
and so
(2.30) Alog|detd | = mx+2(|4,_ | +|d,, " - 214"
if j#n-1,0,
Alog|detd, | =muc+2(4, oI +|4,)" =214, 1" +|B,")
and

2 2 2 2
Alog|det Ag| = mgic + 2(|4,° = 2|4,° + B, > + |B,)
2 2
> myge + 2( 4, = 214,°)

if ky#0.
For j =k, + - +k,, set

! Q) &y
®TS) Q’eC°°((,+])®TS)and
x(m, — M))@TS) Set also

D!
4= 20
where D/~' € C®(M((m, —m, ) xm,) and D}~ € C®(M(m

r r+1
Then

(2.31) d/ijz—iuf/i_/+A~jQL ¢, A, modo

where Q{l € C™(u(m,
Q) =-"Q), ¢ C°°(M(m

r+l)

r+1

r+1 X mr)) .
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and

(2.32) A2, =0 modd,

from which it follows that

(2.33) Q, =Xx)0,

(2.34)  Alog|detd, , ., |=m, x+2(Dy" !4 gt

7 2
- 2|Ak0+~~+k,| + |Ako+~-~+k,+1| )
for r=0,...,5s—1 and if k, # 0. Whereas if k, =0,

- 0,2 ~ 2 2
(2.35) Alog|det Ay > m i+ 2(1X5 * = 214,|° +14,")

2 - 2
Observe that |Ako+~~+k,| = |Ak0+~~~+k,| .For /=0,1,...,s, set
k_y+-+k—1
(2.36) F = > (k_y +ky+ - +k — j)Alog|det 4],
J=k_1+ko+--+ki—y

where for notational convenience we set detAk0 gk, = det /fko ik, > EVED
though the first one does not make sense. We set also D, '~ 0. Then F,,
1=0,1,...,s, are well-defined continuous functions on S,

A tedious computation shows that

s—1 s
(237)F+Z[H +1)]Fr

r=0 | j=r+l

ZHk(k +)mp + 204, L

r=0 j=r

-2 Hk +1)] (ko + 1) 4,

+2 leko+ kg — I!Z"'Z 1—[ k|D,\°+ ko — llzl

r=0 j=r+1

Jj=0

3 [Hkxk,- + 1)} mx=2] [k, + 1)
=0 | j=r

Now, if k¥ > k(f), then

s—1 s
Fo+)y [ IT k; +DF,

r=0 | j=r+l

which means that the function # defined by

(2.38) h=]h,
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is a subharmonic function on S° except for finitely many points, where for
0</l<s

k_1+"'+/(/—l H‘::H](kl"“
(k—y+-+k—J)
h, = log H |det4 |77 !
J=koy4e ko
and
ko4 +ks—1
(k—rteths =)
h, = log H |det 4| : .

J=koite koo

Therefore, & must be constant. It follows from (2.27) and (2.37) that k =

k(f).

(2.40) |B,| =1|B,| =0,
4,1 = 4, x| =0

and

s—1 [ s
(241) kDT LY [ IT  + 1)k,|D’2‘°+"'+k'-“‘|1 =0,

r=0 | j=r+l
which imply that f is holomorphic, f, is antiholomorphic and
(2.42) k| Dyt g
for r=1,...,s. Thus, either kK, =0 or D§°+"'+k"‘”l =0. But when r > 2,
D§°+"'+k""1 = 0 would imply that rank(df, , ..  _,) =m, < m,_, which

is a contradiction. Therefore k, =0 for r > 2. Also, k, = 0, unless k, = 0.
For the latter case by (2.34) and (2.37),

(2.43) X,=0.
The pull back of the Maurer-Cartan form is now the following,
-Q(l)l 0 -
0 = -
0 Q) -4, o 0
6= A,0 é, - A,0
A,0 é,
0 An—le ¢n 0
L 0 ¢n+l -

We see that after a unitary transformation on CN, f can be decomposed as
f= [f@ Wl s? - G(m,N), where V| isan (m — m )-dimensional constant
vector subspace of c” and f is a holomorphic map from S to G(m,,N),
and rank(fj.) =m,,for j=1,...,n. In this sense, f essentially generates a
Frenet pseudoholomorphic sequences. Q.E.D.
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Remark. Given a harmonic map f: s - G(m,N), one can define an associ-
ated vector bundle of f over S? in the following way:

6, ={(x.v)eS x C"|v e f(x)}.

If f generates an orthogonal harmonic sequence then the trivial complex

vector bundle

n:8*xcY o §°

splits into orthogonal complex vector subbundles,
2 N
S xC =5f®5ﬁ®-~-®5ﬁ‘€95,

which are, in fact, holomorphic subbundles. Here ¢ is the orthogonal comple-
ment of ¢ PR o 0 Theorem 2.3 says that if the curvature is large, then
the ranks of & IE j=1,...,n,areequal, f is holomorphic and J is a trivial
subbundle.

We say that a map g is in a Frenet harmonic sequence (i.e. constant ranks
and orthogonal)

R
of positive j, if g = fj for some j =0, ...,n, where f is harmonic and
rank( fj) = m . For such a map, we show the following pinching theorem.

Theorem 2.4. Let g = fj s? - G(m,N) be a harmonic isometric immersion,
which is in the above Frenet harmonic sequence, and let K; be the Gaussian
curvature. Suppose that K; 2 4/m[2j(n— j)+n], then K; = 4/m[2j(n—j)+n]
is constant, and the directrix f is holomorphic.

Proof. We use the invariants developed in the proof of Theorem 2.3. These
invariants now satisfy

(2.44)  Alog|det Ay = mx; +2(|4,|* - 2|4,* + |B,|’ +|B,),
Alog|detd | = mx, +2(|4,_, [ + |4, I - 24,
for 0<t<n-1,and
Alog|detd,_,| = mk, +2(14, | + |4, —2/4,_ I + B,
(1.11") becomes
(2.45) A, P+14 =1, ifj#0,n-1,
|4,/ + B>+ B, =1, ifj=0,

and
2 2 2 n
[4,_ " +4,"+|B)|"=1, ifj=n-1.
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The case when j = 0 has been treated in Theorem 2.3 by setting m, = m
for 0<r<s, ky=n and k, =k, =---=0. When j >0, set

j—1
(2.46) H|detA|2j+l n—i— l+21] [HldetA |2j+l n— 1)} )

i=0 =j
Then

(2.47) Alogh, = + BT l1@in = )+ mymi, = 404 +14,_,1))]

+2(2j+1)(n—1 (B, I” + 1B,7) +2(2j + 1)(14, 1 + B, ")
n+1
2

The assumption on x i implies

2

((2j(n—Jj)+n)mk; —4].

AloghjZO,

. . _ 4
which means th.alt hj. 15 cqnstant, K; =
Therefore the directrix f is holomorphic. Q.E.D.

and A, =B

We say that a map f from M into CP" is linearly full, if f(M) is not
contained in some linear subspace CP" c CP", where n' < n. The following
corollary was first proved in [BJRW].

Corollary 2.4. For a linearly full pseudoholomorphic map fJ of positions j

from S? into CP", if it is an isometric immersion, and if the curvature k ;2
4/(2j(n — j)+ n), then K= =4/(2j(n — j) + n) is constant.

3. HARMONIC TWO-SPHERES IN (G(2,4) AND G(2,6)

In this section, we look at harmonic maps from S? into G(2,4) and G(2,6).

Let f be a harmonic isometric immersion from S? into G(2,4). By Corol-
lary 2.2, we know that at least one of the d-transform and the J-transform is
degenerate. Let us say rank (0 f) < 1. Choosing a suitable local unitary frame
e=(e ,e,,eq,¢,) along f asbefore, the pull back of the Maurer-Cartan form
is

¢11 ¢|7 5310__ b}lg ‘9416
b= 2 _ ¢22_ _b320 _b420
a5, 0 +by,0 by,0 ¢33 by |
b410 b42‘9 ¢43 ¢44
where
(3.1) lay, I* + [by, I” + by + 1, + 161" = 1.

From Corollary 2.1, the vanishing of trC = tr' AB implies
(3.2) ay b, =0.



HARMONIC TWO-SPHERES IN GRASSMANN MANIFOLDS 211

Harmonicity conditions (1.12") and (1.13") imply

(3.3) day, = ay (—iw+ ¢, — ¢5;) mod¥,
(3.4) ¢, =a,0

and

(3.5) B3 = ay30.

By Proposition 1.1, (3.3) means that a,, is a function of analytic type. Thus
either it is identically zero which means that f is an antiholomorphic map or
away from its zeros it satisfies

(3.6) Aloglay |0 A0 = 2d(—iw + ¢, — ¢33).

Suppose that f is not antiholomorphic. Then b,; = 0. Harmonicity condi-
tion (1.13) also implies

(3.7) dbyy = by, (iw + ¢,y — ¢5;) mod 8,

(3.8) db, = b, (iw+¢, —¢,,) modf

and

(3.9) dbyy, = by (iw + @5y — byy) + by by, — byyd,; modd,

from which it follows again that b,, and b,, are functions of analytic type.
If by, is not identically zero, then away from its zeros we get

(3.10) Alog|by,|0 NG =2d(—iw + ¢y — 6,,) .

Combining (3.6) and (3.10) and using the Maurer-Cartan structure equations,
we have

2 2 2
(3.11) Aloglay by, | = 2K + 4la,|” - 2|ay,|” + 2|b,,]
2 2
—2|by,|" = 2]b,,|
>2k—2.

Notice that the function |a,,b,,| is a globally defined continous function. If
k > 1, then we see that k = 1 and a,, = b,; = 0. Notice also that the
local unitary frame e is uniquely determined up to U(1) x U(1) x U(1) x
U(1)-transformations, and thus for i = 1,2,3 and 4, each e, defines a map
le]: $* — CP*. In this case since a, =b, =b; =0, [e] is holomorphic,
[e,] is antiholomorphic and f = [¢, @ e,].

The other case is by, = 0. Suppose b,, is not identically zero. Then by
(3.8) and (3.6), we get

2 2 2 2
(3.12) Aloglb, ay | = 2K + 4ag|” — 2ib,,|" = 2|b,, 1" - 2|a,,|
> 2k — 2.

Again, if k¥ > 1, then k = 1 and a,; = 0. In this case, we see that [e;] is
an antiholomorphic map, [e,] is a holomorphic map and f = [e; @ e4]l .
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Finally, if b, = b,, =0, but b,, is not identically zero, then by (3.9),
(3.13) Alog|b42|0/\5= 2d(—iw + ¢,y — ¢5,)-

Taking the exterior derivatives on both sides of (3.4) and (3.5), and using the
structure equations, we get

(3.14) da, = a,(~iw—¢, +¢,,) modb
and
(3.15) da,, = a;(~iw + ¢35 —¢,,) modl.

Repeating the previous argument, we see that both @, and q,, are of analytic

type and that |a ,| and |a,,| are globally defined on N
We claim that if k > 1, then a,, and a,; are identically zero. There are
three cases to be checked.

Case (i). Both a, and a,, are not identically zero. Then from (3.14) and
(3.15),

(3.16) Alogla,,|0 A0 =2d(~iw — ¢, + dy)
and
(3.17) Alogla,|0 A6 =2d(—iw + ¢y5 — byy)-

These, together with (3.6) and (3.13), would give
(3.18) Alogla,,a; a,.b,,| =4k >4>0.

But then |a,,a;,a,,b,,] must be constant and k = 0, which is a contradiction.
Case (ii). a;, =0, but a,; is not zero. Then (3.17) holds and the combination
of (3.6), (3.13) and (3.17) gives

(3.19) Aloglay a,qb,,| =3k -2 > 1,

which again would imply &k = % , contradicting the hypothesis on & .

Case (iii). a,; =0, but a, is not zero. This case can be treated in exactly the
same way as Case (ii), and it cannot happen either.

Now since a,, = a,; = 0, by reading the pull back of the Maurer-Cartan
form we see that e, defines a holomorphic map [e,]: s’ -~ cP' ccpP’,and

that e, defines an antiholomorphic map [e,]: §? —cP'ccP’. Uptoa
unitary transformation the map f is then given by f = ho g in the following

way.
!

/’—\
(3.20) s? - cP' x cp' — cp’
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where g =[e,]x [e,]: S?> — CP' x CP" and h is the holomorphic embedding
given by

h((z,,Z,1,12,,Z,))
_ Z, Z Z, Z, .
VIZ2+1Z 1P I1Z2+1Z, 2 IZyF + 12 12,1 +12,

In summary, we have shown

Theorem 3.1. Let f be a harmonic isometric immersion from S? into G(2,4)
with tank(0f) = 1 and rank(d f) > 1. If the curvature x > 1, then either [ =
[e, D e,] or ft= le, ®e,] with [e,]: S? — CP*® holomorphic, le,]: s*—cP?
antiholomorphic and e, L e,. Moreover, if the curvature k is not constant 1,
then up a unitary transformation f is given by (3.20).

Remark. Suppose now that ¥ > 2. Then it happens only when A, = a4 =
by, = by, = b,, = 0. From (3.6) and (3.13), we set that

(3.21) Aloglay, b,,| =2k —42>0.

Thus k =2 and |a,,b,,| is constant. But by (3.1),
2 2

(3.22) las,|” + by, =1,

and thus both |a,,| and |b;,| are constant. We can specify the unitary frame
e so that a;; > 0 and b;, > 0 are constant. Using (3.6), it is easy to see
that a;, = b,, = % Thus all invariants are constant. In this case up to a
U(4)-congruence, f is the map V, 1 defined by

0
_|14 0
=10 z
0 =z

Notice that the map V| : s? - G(2,4), defined by
1.0

(3.16) Vlj[

Z, 0

Zyl _{Z, O
Vl,o[zl}_ 0 1|”

0 O

is the only holomorphic map from S° to G(2,4) with constant curvature 4 up
to U(4)-congruences. In [CZ], we also classified all holomorphic maps from s?
to G(2,4) of curvature 2. In fact, the argument in [CZ] actually shows that for
a holomorphic isometric immersion f from S? to G(2,4), if the curvature
K > 2, then either k = 2 or k¥ = 4. Theorem 3.1, together with the argument
in [CZ], shows the following.
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Theorem 3.2. Up to U(4)-congruence, all isometric harmonic maps from S * into
G(2,4) of curvature k > 2 aregivenby: V| 1, V| ,, and the holomorphic curves
(and their complex conjugates) of curvature 2 given in [CZ].

Now suppose that f is a harmonic isometric immersion from S? into
G(2,6). Then the only nonholomorphic or nonantiholomorphic cases are those
when rank(df) > 1 and rank(d f) > 1. These cases can be treated by using
Theorem 2.2. In fact, we have the following theorem.

Theorem 3.3. For a harmonic isometric immersion f from S? into G(2,6),
IF rank(df) = rank(0f) = 2, and if the curvature k > %, then x = § is
constant and f is a pseudoholomorphic curve of position one; if rank(d f) = 2
and rank(8f) = 1, or if rank(df) = | and rank(0f) = 2, then mink < §;

finally, if rank(d f) =rank(df) =1, and if k > 2, then k = 2 is constant.
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