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DOUBLE SHOCK FRONTS FOR HYPERBOLIC SYSTEMS
OF CONSERVATION LAWS IN MULTIDIMENSIONAL SPACE

AN TON BUI AND DENING LI

ABSTRACT. The existence of a unique double shock front for hyperbolic systems
of conservation laws in several space variables is established, extending an earlier
result of Metivier. An example of a double shock wave arising from physical
applications is given.

The purpose of this paper is to show the existence of a unique double shock
front for hyperbolic systems of conservation laws in several space variables
describing physical phenomena.

Unlike the one-dimensional case, it is only recently that Majda [7], using
microlocal analysis, established the existence of a unique stable shock front for
hyperbolic systems. For double shock fronts the only known result is due to
Metivier [8, 9], where 2 x 2 systems of conservation laws in two-dimensional
space are considered.

In this paper the existence of a double shock front for hyperbolic systems of
conservation laws in several space variables is established. When restricted to
2 x 2 systems in two-dimensional space, our result is similar to that of Metivier
but our approach is somewhat different and perhaps simpler.

The notation and the basic assumptions are given in §1. The free-boundary
problem is transformed in §2 into one with fixed boundaries. The linearized
problem is considered in §3 and the nonlinear one is studied in §4, using the iter-
ation method. Finally, in §5 an application to isentropic gas in two-dimensional
space is given.

1

Let G be an open subset of R"” with a smooth boundary, 4G, and let
X =(x;,...,x,) be the generic point of G. For each n-tuple a = (o, ... ,,)
of nonnegative integers we write

n n
D' =[IDpy", D, =0/3x;, lal=) a,
J=1 j=1
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234 AN TON BUI AND DENING LI

We denote by Hk(G) the Sobolev space
H*(G) = {u;D"u in L*(G), |a| < k}.

It is a Hilbert space with the norm

12
a 2
”u”Hk(G) = { § : “D u“LZ(G)}

lal<k

and the corresponding inner product.

HY 2(6G) is the usual space of trace functions.

Let n > 1, S be a subset of R, and denote by H,’; (G x S) the hyperbolic
n-weighted Sobolev space H:(G x S) = {u(x,t): n (DanZ_"u)exp(—m) in
L*(GxS), la| <k, k, +k, <k}.

It is a Hilbert space with the norm

|u;G x S|k‘,, = ”u”H:((;xs)
1/2

= Z / r;Zk‘(D“DfZ_"u)2 exp(—2nt)dxdt
K+ <k T GXS
[a| <k,
H: (0G x S) is similarly defined with the norm
lu;0G x S|, = ||u||H5(anS).

In this paper we shall consider the system

n
(1.1) D{Fyw)}+> D{F,u}=0 inR" xR/,
j=1
where u = (u,,...,u,). The system (1.1) may be rewritten as
n
(1.2) Du+Y A;uDu=0 in R"xR;.

j=1

Throughout the paper it is implicitly assumed that the system (1.2) is sym-
metric hyperbolic; i.e., there is a smoothly varying positive matrix A,(u) with
AyA,; symmetric and A; € C™(Q) for 1 < j < n, where Q is the value

domain of u in R”.
Let T, be a smooth hypersurface containing the origin and consider the
Cauchy problem

13) D{Fy(u)}+ % D{F;(u)} =0 inR"x R,
' u(x,0) = uy(x) inR",

where u,(x) is a piecewise smooth function with a discontinuity of the first
kind along T, .



DOUBLE SHOCK FRONTS FOR HYPERBOLIC SYSTEMS 235

Since the speed of propagation of a hyperbolic system is finite and we are
seeking a local solution of (1.3), there is no loss of generality in assuming that
outside a neighborhood of the origin, u, = constant and I’ is represented by
x, = 0. In the neighborhood G of the origin, we assume that T, is given by

X, = 0g(Xy, -5 X,) = Bo(X).
Set
Q) ={x:x€G,p,(x)<x.}, Q ={x:x€G,x, <¢y(x)}

Let I“j(t) , j=1,2, be two hypersurfaces given by x, = qﬁj(x' ,t) and let

Q') ={x:x, <¢,(x',0)}, Q()={x:¢,<x <4}, and
3
Q1) = {x: ¢,(x", 1) < x,}.
Denote by . '
Q.= Qu, 1<i<3.
0<i<T
Definition 1.1. Let ¢, ugt be C*-functions with ¢, =0, u(f = const. for |x|
large. Then {u;I' (¢),T,(7)} is said to be an Z/Tk-double shock wave solution
of (1.3) if
(i) T,(0)=T,0) =T, ulx,0)=uy={uy,uy};
(i1) I',(1) is given by
x =¢,1,x), j=1,2,
with ¢, in H*'(R"™" x (0, T)) for some T > 0;
(iti)  is a solution of (1.3) with u|Q} in H*(Q)), 1<i<3;
(iv) the Rankine-Hugoniot conditions are satisfied:
NylEy()Y + Y N/IF, )Y =0 onT (1), j=1,2,
i=1
where (N({ , N{ e N,{ ) is the unit exterior normal vector to l"j(t) and [ f]j
is the jump of f across I'.(1).

In this paper we shall establish the existence of an %k-double shock wave
solution of (1.3). We shall need the following assumptions.
Assumption (I). (i) F, isin C*™ for j =1, ...,n and the system (1.2) satisfies
the block structure of Majda [6].

(i1) There are two scalar functions n(') , né with né > né and a state function
i defined on I, all in H:f (the uniformly local Sobolev space of Kato [3])
such that

nolFy(@)]' = [F,()] + Y _[F(@)/ D¢y =0 at1=0,
j=2
i=1,2,where i = (ua,ﬂ,ug).
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(iii) Two constant state shock fronts (u , i, né) and (#, ug , né) are sepa-
rately uniformly stable in the sense of Majda [6].
A compatibility condition is required throughout the paper.

Assumption (II). The compatibility conditions arising from
D0} + Y D AF, (1) = 0
j=1
and from j
[Fo(w)]' D@, — [F,(w)] + Z"j[F,-(u)]"D,qs, =0, i=1,2,
j=2

are satisfied up to order r with r large.

Remark 1.1. (1) The compatibility condition (II) is equivalent to the require-
ment that 4 > 4, in Theorem 6.11 of [9].

(2) For an m x m system of conservation laws, if we are seeking an m-shock
wave solution, then the compatibility condition is not needed. One has m x m
boundary conditions with m x m unknowns. If a smooth solution exists, then
the compatibility condition is automatically satisfied.

(3) In this paper, with the Euler equations of polytropic gases in mind, As-
sumption (II) is needed. A calculation shows that the stable multi-shock front
solution for polytropic gases can have at most two shocks emanating from a
single discontinuity.

2

In this section we shall transform the problem of finding a double shock wave
solution of (1.3) into one with fixed boundaries. It will be carried out in three
steps.

Step 1. Set
(2.1) t=1,  V=x,  y=dx, -4, 0H(, -9
The transformation (2.1) has been used in [2] to treat rarefaction waves; see

also [10]. _
With the transformation (2.1) the domains ’(7) become respectively

Y,=R" xR xR ={(y.1):y,<0,1>0},
Y2=R"_l xR'x{y:0<y <t}, and
Y3=R"_l><Rl+x{yl:0<t<yl}.
Moreover, 0/0t=0/0t+a,(y,7)0/0y, with
(2.2) a,(y.1) =D{t(x, — ¢,)(b, — ) '}

= —1(py—¢,) D, + vt
X {d)z - ¢| - ID,(¢2 - ¢1)}

n—1

1 =1

(0, —¢))
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Proposition 2.1. Suppose that Assumption (1) is satisfied and that d)j is in
H'"R"™™ x R"). Then a, is in H* (R" x R}) for any k with k > k, >

loc t loc

I+ [(n+1)/2].
Proof. For k> 1+[(n+1)/2], H* is an algebra. It is clear that we have only

to consider the case when 7 — 0" . Since ¢,(x’,0) — ¢,(x",0) = 0, we have
1
b, (x' 1) — ¢, (x" 1) = t/o D¢, - }(x',st)ds
So

1

23 liml(@ 0 - o 00 = [ DAg -9} 0)ds
= (ng —n)(x") >0

by Assumption (I). Rewriting a,(y,?) as

a,(y,1) = -D,¢,{t(¢ N4y, (6, - ) DAtS, - 6"}

we get the proposition by takmg into account (2.3) and the Banach algebra
property of HI';C

With the transformation (2.1) we have

(2:4) 5o-0) = 4,0, = =1(8,=0) "' D,y =3, 10y= )" D (9= )

J
for 2<j<n.

Proposition 2.2. Suppose the hypothesis of Proposition 2.1 are satisfied. Then
. k .

a; isin H (R"xR), 2<j<n.

Proof. Same as that of Proposition 2.1.

We now rewrite equation (1.3) as
i e i i i i . .
(2.5) Du'+A,(u'¢,6)Du' +Y Aw)Du' =0 inY, 1<i<3,
2
where

(26) A, (19,0, =4,) +a,(,,4,) ZA u')a (¢, .0,).

Step 2. We shall now use the compatibility Assumptlon (IT) to transform the
problem into one with homogeneous initial data.

Let @, n{, , i =1,2, be as in Assumption (I). We can construct ué , ¢3 in
H', r large, such that

(2.7) Vi, y=u —ul, v, =¢ -¢,
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have zero initial data. Equation (2.5) becomes
n
J ) Jgl i i J J J J
D’ + A, (v + 13 g+ ¥ )Dv" + 3 A (v + 1) Dy (v + )
k=2

T od D j . o

+A4,(v" +uy; 5+ )Duy = —D,u, 1<j<3,i=1,2.
Using a Taylor’s expansion for A 1 » A4, we obtain

(2.8) D,vj +2j(vj + ué;qﬁg + v/i)Dlvj

+ YA (0 +up) Do’ + MV + ugs g+ y' )’
k=2

+Z{ v+u0 ¢0+z//)c// +N(v +u0,¢0+w W't =1,
where
(2.9) —f (1) = Dy + A (u);60) D,y + Y A, (uh)Dyuy
k=2

and M, x N ! , N 2j can be determined by Cauchy integral remainder, the explicit
form of Wthh is of no consequence in the followmg discussion.
Let us note that f d depends only on ”0 , ¢0 , 1.e., on the given data. With

u0 in H'(R" x RT), ¢y in H 3 (R™! x R') for large r > 0, we have f’
in H

loc *
From Assumption (II) we obtain

(2.10) D f'(y,0)=0, 0<s<r—1,1<;<3,

with r large.
From the Rankine-Hugoniot condition we have

(2.11)  [Fy(v' + up)IDy' + [Fy(v' + ug)ID,wy — [F,(v' + uy)]
+ Y (D W HE (' +ug)l + > Dyl (v +ug)l =0

k=2 k=2
foryl ={-1t,i=1,2

Using the Taylor’s expansion we rewrite (2 11) a
(2.12) b('.)(v",v‘+ uo,uéﬂ )D,y' +Zb uo,u:)“)Dku/'»

i+1 1} 1+I
+B,‘(U YU Uy, Uy ¢0) 5

where B, is a linear function,
by =[Fy (' +ul)], bl =[F.(v'+u})], and

~g' = DOy [Fy(u)] - [F, ()] + SIF, ()10, 6,
k=2
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It is clear that qi depend only on the given data and by Assumption (II):
(2.13) Dlg'(-,00=0, 0<s<r-1,
for large r.

Step 3. We shall now use a singular transformation and reduce the original
problem to that of fixed boundaries. Let

!

(2.14) 7=logt; x' =y x, =y, fory <O0;
xl=ylt_l for0<y <t;
x, =y, —t+1 ift<y.

Then

Yl=R"_lle+><R_ becomele=R"_'xRTxR",

Y, = R x R;' x{y,:0<y, <t} ismapped into X, = R ' x R, x(0,1),
Y, = R 'x R;L x {y,: <y} istransformed into X, = R x R, x(1,00).

To simplify the notation we shall write ¢ for 7 and set v = ’(vl ,v2 ,v3 )
with v’ defined on X It
From (2.8) we get

(2.15) Dy +a(v,y)Dw +Zaj(v)Djv +M@,yw+N@,y)=¢€f,

j=2
where
e'dw' sy, y?) 0
a(v,y) = A —x1 :
0 e'(d, - 1)
e'a,(v") 0
a; = e'Aj(vZ) R 2<j<n,
0 e'd,(v’)
e'M, 0
Mw,y) = ( e'M, ) ,
0 e'M,
with
ey (NLy! + N3Vy) 0
N(v,y)= ( e'SE (NS + NAVYY) )
0 o' L (Nsw'! + NAVy!)

The boundary conditions are now

n
. _ o A — A
(2.17) bo(v', 0" )Dy' + €'Y b v Dy +e'B(v' 0" =e'g’
j=2
onS ={(x,0):x =i-1} fori=1,2.
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The problem (2.15), (2.17) will be studied in the next two sections. The
crucial observation is that the boundaries are fixed and are uncoupled.

3

In this section we shall consider a linearized form of equations (2.15) and
(2.17). Let w’ bein H*(x,), x' bein H**'(S,) for 1<j<3 and i=1,2.
We shall study the linear problem
(3.1)
Do +a(w,x)Dw+ ¥, a,(w)Dv+ M(w, x)v+ N(v;y) = e'f,
bé(wi’wm)thi +ol Z;Lz b;(wi,wi*l)Djy/[ +etBi(Ui’vi+l) —e'g
onS, i=1,2.

Since the speed of propagation of a hyperbolic system is finite, we may assume
without loss of generality that the coefficients of the matrices a, a;, M, N,

b,i , B, are constants for large |x|.
First we consider the simpler problem where the lower-order terms in (3.1)
are omitted:

(3.2)
Dy +a(w;x)Dw+ ¥ a(w)Dyv=e'f,
b(i)(wi,wiH)DlWi+27=261b;(wi’wi+l)Dj'//i+etB[(Ui,vi+l,Xi)zetgi,
onS,i=1,2

Proposition 3.1. Let fj, gi be given by (2.9)-(2.10) and by (2.13), respec-
tively. Then:

(i) e'f' isin H:(R"“ x (—c,0) x (=00, T)),
(ii) e'f* belongs to H,’;(R"'I x (0,1) x (=00, T)),
(iii) e'f> isin Hy(R"™' x (1,¢)x (=00,T)),
(iv) e'g isin H(R"™' x (—00,T))
for 0 < ¢ < oo.
Proof. With 1 =logt, we have from (2.10) by writing ¢ for 7:

—nt sk g 2

e "D f1(y, 1) e L°(X)).
A simple calculation shows that e'f 1 belongs to the stated spaces if r =n+k.
Similarly for e'q’.

By using a partition of unity we shall now assume that e'fj , e’qi are zero
and the coefficients a, a;, M, N, b,", , B, in (3.2) are all constant for large
lx, | .

Definition 3.1. The ;Z’;]k-double shock wave solution of (3.1) is said to be uni-
formly linearly stable if the linear problem (3.2) is well posed and its solution
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satisfies the energy estimate
2 2 2 1 2 2 i
- t 1
nlvlo,,,+|vlo,,,+|v/|,,,7SC{n Ieflo,,,+Z|€glo,,,}
i=1

for # > 1, >0 where v =(v',v*,0°), y = (y', ¥, and
3 -
o1, =3 [ @) expl-2n)dxdr,
j=17%

2 . .
|”|c2> n = Z/ (@ + @Y exp(-2nr) dx’ dt
’ i=1YSi
with

2

2 2 a Ka—a  0\2

Wi, => / n°k, (D5, D, “y") exp(~2nt) dx' dt.

i=1 ky+kp<1 7S
|| <k:

The boundaries in (3.2) are uncoupled; we now consider the problem sepa-
rately near S, and near S, . Set

o= Y, =Y,

ax.0) = (e’/i] 0 ) . _(e'Aj 0 )
N0 A-xp) TN 0 ea)
We have

~ ~ ~ n ~ ~ _ U7
(33) { e
t t t
byDy +e' Y7 ,b;D;y +e'B (v ,v)=e'g onS,.
Extending the coefficients to be constant for large |x,| and making the change
X, — —Xx, in X,, we obtain
4 {D,@+&Dlﬁ+z;?=2ajpj@=e’f“ inR""'xR™ xR,
: 1 1 1 1 L1a2 1
byDyw +3.,e'b;Djy +e'B (0" ,07)=e'g’ onS,.
Here 0 = ’('f)l ,1‘12), o' =o', t‘zz(xl X' t) = 112(—xl X1
For simplicity of notation we shall drop ~ when no confusion is possible.
In a similar fashion, we have

Do+aDo+Y) ,aDv=¢f,
(3.5) 2 2 no 142 2, 1 2 03, 12
bOth +Ej=2ebij'// +e Bz(v , U )—eg on SZ'

The main result of the section is the following theorem.
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Theorem 3.1. Suppose that Assumptions (1), (I) are satisfied. Let w{ be in
HYX,), x' bein H*''(S)) for k > ky > 1+4[(n+1)/2], and |w* ||y +1x'| s <
&y, for &y < 1. Then there exists a unique solution {v,y} of (3.1), satisfying

2 2 — 2 2
(W), + 101, +1le” vl + (Vv
2 3
2 -1 Jp2
SC{Zlglk,,,M Zlflk,r/}’
i=1 j=1

where

r/2 1 2 | —1/2

()i, =e
(VWA,, le” DWl,\,,+|DW1;‘,,

, |v ,‘ "
C is a constant depending only on ||A;(-,w, x)|l . . l|bj(-,w)|[Hk .
First we shall study the problem (3.4).

Theorem 3.2. Suppose that the conditions in Theorem 3.1 are satisfied. Then
there exist a unique {7, ! }, solution of (3.4). Moreover

n(((9))); ,,+|v|A ,,+n|e A w‘> ;

SC{g Ik.r]+r’ |f~|l\',n+|f
for k> ky>1+[(n+1)/2].

C depends on ||Aj.(-,w IO g s ||bj(-,w)||Hk , and n is a sufficiently large
number.

Proof. (1) By hypothesis of separate stability at (w, x) = 0, we have for ¢, < 1:

i|zv>0

j=2

for |s| +|a)l =1 withs=i+n, n>0,and @, —ew , t negative.

Let l'I(DI,e Dj) be the projection operator w1th symbol n(x',t;s, e w)
given by

n(x' 15, e'w)w =w - (b s+e Zb

(b s+e’Z/l L0, W)
lbos +e' Y bl |t

-2

The symbol is clearly well defined for all (x,f,w,s).
The boundary condition in (3.4) may be rewritten as

(3.6) T(D,e'D))B,(v) = (g,) — 11 (e’b(')D,w +3 b, Djt//) :

j=
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(2) We shall now construct the Kreiss symmetrizer for (3.4), (3.6) by mod-
ifying Majda’s proof [6]. Corresponding to )fl , A je' , and e'b} , 2<j<n,
we construct a matrix-valued function R(x,¢;s, etw) such that

(i) R is Hermitian,

(i)

14
-1 t
Re{ Ra sl+e ZAjwj
j=2
n —t
= Re RAI~l sI+e'ZAjwj (eOI ?)
j=2
> éndiag(e '1,1)

for some J >0 and for n > 7, >0,
(iii)
R(x/,t;s,etw) +5:1{1'I(x',t;s,e'w)Bl(x',t)}*
x{I(x,t;s,e'®)B,(x", 1)} > 4,1

The positive constants 6 and J, depend only on

14,¢ow, Ol 18;C o)

Remark. Here the Kreiss symmetrizer R is exactly the same as in [6], except
that we have put e'w in the place of @ in [6]. This means that instead of
constructing symmetrizer R on the unit sphere |s|2 + |a)l2 =1 and extending it
as a homogeneous function of 0-degree outside |s|2 +|w* =1 as usual, now R
is homogeneous in (s, w) only outside a larger and larger set |s|2 + ie'a)l2 <l
as t — —oo. Consequently, the lower-order remainder terms coming from the
composite or transpose of pseudodifferential operators may have norms which
are uniformly bounded but no longer bounded by C/#.

This difficulty can be eliminated by noticing that in the following energy
estimate, the operators Dj. (J = 2,...,n) are always accompanied by the
factor e'. Thus, the norm of the lower-order remainder terms can again be
controlled by a small constant for —¢ sufficiently large.

(3) We now establish the energy estimate. Consider

-1

n
v,Ra D,+e'ZaJDj v =(v,Ra_'(e’f))—(v,RD,v).

j=2
A simple calculation gives
—2Re(v,RD\v) = Re(v, (R - R*)Dlv) + (v,D,Rv) - (v, Rv),

where (-,-) is the inner product in LZ(R"'I) with x, =0.
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Therefore:

(3.7) Re { (v ,Ra”'(D, +e'2n:aij)v) }

=Re{{(v,(R-R")D,v)
+1(v,(D,R)v) - L(v,Rv) + (v,Ra”'(e'f))}.

By Lemma 4.2 of [6] and the techniques in [1, 4, 5], Ra™' isan operator of
order 0. So

|Re(v,Ra”'(€'f))| < c{|vl |0,,7|e’fl |0J7 + |v2|0’”|e'f2|0.n.

Similarly, R — R" is an operator of order —1.
We have

n
—1 —1 -
Dv=a (e'f)—a (D,v)—Za 'aijv.
Taking into account the definition of a”! and of a; and noting that 1 < 0, we
obtain
1 =12 1 I —1)2
|Re(v,(R—R D) < Clv'e™ | (M o, +1v'eo,)
2 t 2
+C|U IOq{If |0n+|v IO,n}
< CUN)g 181 g, + (@),
Similarly, for (v,D,R.v). Hence

(3.8) |Re(v,Ra“(e’f))|+|Re v (R—R‘)D v)| + |Re(v, D, R.v)]
< CUNYgy + CU@Mg 1 Loy

(4) We now estimate (v, Rv) by considering the pseudodifferential operator
with symbol

R(O,x',t;5,@) +6, {T(x',t;5,@)B,(x", )} {II(x, £;5,®)B,(x", 1)}
With the properties of R we get
(3.9) Re{(v,Rv) + 3, ' (v, {T1B,} {IIB,(v)})} > 6,lv; .

We estimate Re(v, (I1B, )"(I]Bl (v))) by considering the boundary condition
associated with the symbol {I1(x',¢;s,@)B, (x",t)}. Following [6, p. 60] and
taking into account the results in [1, 4, 5], we have

2 1,2 -1 2
(3.10) Re(v,Rv) > 4, |v[y, — Cig'ly,, — Cle” vl -
A computation as in [6, pp. 61-62] gives

- 2 — 2 2 1,2 2
(3.11) ule I'//lo’,, + |e ID,‘//IO‘,, + tD,\'Wlov,, <C{lg |0,,, + |U|0,,,}~
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Using the formula for the composition as well as the adjoint formula together
with the sharp Garding inequality, we have from (3.7)-(3.11) the estimate of
the theorem for k =0.

For estimates in H,l; (R" x (—o00,0)) we proceed as usual with the tangential
derivatives first. The estimates for the normal derivatives are then obtained by
using the noncharacteristic property.

Once the estimates are established, the existence is trivial to prove. Indeed,
the adjoint problem has the same estimate, and by a Hilbert space argument,
the problem has a unique solution in the considered space.

Theorem 3.3. Suppose all the hypotheses of Theorem 3.2 are satisfied. Then
there exists a unique {0 ,y} solution of the problem

{ Do +aD 0+ ,a,D0+Mo+N(y)=e'f,

byD,w +e' >, b}ch// +e'B(0)=¢'g' ons,.
Moreover, {0,y} satisfies the energy estimate of Theorem 3.2. M, N are as
in (3.1).
Proof. To simplify the notation we shall drop ~. Let 0 < A1 < | and consider
the problem

5.12) {D,v+aDlv+z;’=2aijv +AMv +N(y))=eé'f,

byD,y +e' DY b;Djt// +e'B(v)=e'g' ons,.
Denote by A the set A = {1: 0 < A < 1, (3.12) has a unique solution
satisfying the estimate of Theorem 3.2}.

(i) A is nonempty. Indeed, by Theorem 3.2 we have A =0 in A.
(i) A is closed. Suppose that 4, isin A and that 1, — 4.

Corresponding to 4, , we have {v,,y,}.
. _t
Set: F,=e[f—A{Mv, +N(y,)}.

Applying the estimate of Theorem 3.2 with F, instead of e' f, we obtain by
taking n large and noting that ¢ > 0

2 2 2
o, ; , + V¥l , +alvl , < C,

C independent of »n.

From the weak compactness of the unit ball in a Hilbert space we get {v,y},
solution of (3.12) with the desired estimate. Hence A is closed.

(iii) A is open. The proof is standard, using a Neumann series.

Therefore A =[0, 1] and with A = 1, we get the theorem.
Proof of Theorem 3.1. We shall first establish the energy estimate. Let {®,} be
a finite partition of unity and set v, =¥, v with v = (', v’ ,v3). For n with
supp(®,) NS, # D and supp(P,)NS, = F, Theorem 3.3 gives the estimate for

{v,:,vfl} and t//nl.
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For g with supp(® )N S, # < and supp(® )NS, =T, a proof exactly as

that of Theorem 3.3 again gives us the estimate for {v; , v3} and qu .
We have only to establish the estimate for g with supp(tbq) ns,ns,=9
and supp(d>q) C {x,: 0 < x, < 1}, ie., interior estimates. And this is standard.
Combining everything and considering the adjoint problem, we obtain the
stated result.

4

In this section we shall use the iteration method to show the existence of
a unique solution {v1 ,vz,'u3 , u/l , a//z} of (2.15)-(2.17) in a neighborhood of
T=—00,1.e., forsmall t > 0. As done in §3 we shall write ¢ for 7 to simplify
the notation

Theorem 4.1. Suppose that Assumptions (1) and (11) are satisfied. Then there
exist.

(1) T.<-1;
(2) a unique {v,y}, solution of (2.15), (2.17) in (-0, T,). Moreover,
2 2 - 2 2
()i + 101, +1le” Wi, + (Vv)i, < &
For k > ky > 1+[(n+1)/2], n is sufficiently large. (((')))k,n and (-)k‘” are
as in Theorem 3.1.

Proof. Let ¢,(t) bea C*(R)-function with ¢,.(t) =1 for t < T and ¢,(1) =
0 for ¢t > T + 1. Consider the system

n
(4.1) D, +a(v,_,¥,_)Dyv, +> a(v,_ D,
j=2
+ N Ve )V + Mo v o =€ fér,

I 1
bo(vk 1’Ull<+1 D(//k—+-e Zb (vk 1’v11<+1)D Wk

+€B(’Uk,’l}1:+l,l//k_|)=€lgi¢7-, i=1,2,
with k=1,2,....

(1) Let {v,,¢,} = 0; then it follows from Theorem 3.1 that there exists a
unique {v,,¢,}, solution of (4.1). Moreover,

2 2 —t 2 2
(4.2) (W) + 101, +1le” Wil + (Vv
2
i2 -1 2
< C{Zl¢rg P |¢Tf|k,,,}.
i=1
C depends on ||A4;(-)]| . » ||b;.(-)||Hk and is independent of 7. Let ¢, > 0;

then with ¢, as above, it is clear that for T(¢,) < —1, the right-hand side of
(4.2) is less than ¢;:

— 2 2
(4.3) (Wi, + 10, +ale” vl , + (Vv <&

for t < Tf(e,).
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(2) We reapply Theorem 3.1 with w = v;, x = y,. The constant C of
Theorem 3.1 depends on

||A4(~;vl,v/1)llﬂ&’ (LGN

For k > 1+ [(n+1)/2], H,
an easy computation gives

Ioc is an algebra. Since {v,,y,} satisfies (4.3),

C(||AJ(°;U1 ) V/|)”Hl/;c s ”b;( ’vl)”H(:x) = Cl(”AJ()”H(;c ’ ||b,l()||H|/;C ’80)-
Theorem 3.1 gives

(4.4) n(((v)); a7t I'Uzlk a e “Wolle , + . (Vu): ”
<Cin oS i, +10rali )
With the definition of ¢, there exists T, (g,,#n) < —1 such that
-1 2 2
Cln | br. Sk p+ 187, 8l 1} < &
Clearly T, does not depend on v,, y,.
By induction we get {v_, y }, solution of (4.1) forall s=1,2,.

(3) It remains to show that the sequence converges strongly in the appro-
priate norms. We have

Dt(vs+l - ) + a(vs ’ Ws)Dl(vsH - vs)
+Za D(vsJrl V) + M(vg,p) (v, —v,)

+N(US,V/)V( Y1 — ¥5)

=e’f¢T‘—{Dv +a(v,y,)D +Za

+M(vg, y)v, + N(v,, WX)VWS} :

Replacing e'f ¢,. by (4.10), we obtain

(4.5) D,(UH.] v ) + a(vs’ '// )D :+l + Za D (vs+l s)
+M(US’W)( s+l )+N(vs’v/s)v('//s+l - s) st
where
F,={a(v,_,,v,_) —a(v,,y,)}Dv +Z{a (v,_,) = a;(v,)}D v,

+{M(v,_,,p,_)— M(v,, v/s)}vs + {N( VW) — N, w) V.
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Similarly, for the boundary equations we get
Bo(WD,(Wypy = wy) + €' Db (v)D (v, — )
(4.6) j=2
. . T o .
e Bl ) Bl ) = 6L

(4) We now estimate F, and Gé. Since H*™' 1s an algebra we have

— 2 —
n l IFS I k—1,n + |Gx|i'—l N b C2{(((Us)))12(,n + |€ ’Wsli,n}
SR (TG D)) S (2R 70 S §
< Coeo (v, = v Doy + e (W = Wi Dley -

C, is independent of s.
Applying the estimate of Theorem 3.1 we obtain

2 - 2
(((vs - Us+l)))k—l Nl + |€ I(WS - l//s+l)|k—l.r1
2 - 2
e (A Y )) UM (7 A |
With C,C,e, < 1/2, we have
{v,,¥}+{v,y} in H:—] and weakly in H,';.

It is not difficult to check that {v,y} is the unique solution of the problem.

5

In this section we shall give an example of a double shock wave arising from
physical applications.
Consider the equations of isentropic gas in two-dimensional space:

2
(5.1) {D’p+21=1Dj(pvj):O’
: 2 .2
D,(pv)+¥;_, D{pvv, +6,p(p)y =0 in R" xR/,
where p is the density, v = (v,,v,) is the velocity p(p) is the pressure, and

(51 ; is the Kronecker delta function.

We take the initial jump surface ') to be the line x; = 0 and the initial
conditions are

(5:2) p(x,0)=p" ifx; >00rx <0,
' vi(x,O)zv,.i, i=1,2,
+ +
where p~, v, are constants.
We look for double shock fronts of the form
I“i(t) ={(x,0):x, =14,}.

Clearly T*(0) = [y ={x,:x, =0}.
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Let {0, 5} be the constant state of Assumption (I). The Rankine-Hugoniot
condition on I"” (¢) may be written as

—A_(p-p )+ (PO, —p v )=0
(5.3) —A_(p0, = pTo] ) +{p(®,)’ +p(p) = p~(v]) = p(p7)} =0,
—A_(pUy = p vy )+ {p0,0,—p v, v, } =0
The shock front is noncharacteristic and hence 4_ # v, , A_ # 9, . It follows
that 9, = v, . Thus, on I' (f) we have

A_(p—p )+(pv -p v )=0
(5.4) A_(pB, — p vy )+ {p(B)) +p<p>—p‘<v:>2—p<p‘>}=o,
=,.

Similarly, on I'"(¢) we get

3,5 =)+ (B0, ~ o)) =0
(55) 2,50, - p"0]) + {50’ +p(p) - p(0])’ ~ p(pT)} =0,
172=v2+

For polytropic gas, p(p) = Ap’, y > 1, it is known that the uniform stability
condition of the shock front in the sense of Majda is equivalent to that of
compressibility, i.e., p > p_, p > p_. On the other hand, uniform stability is
equivalent to the uniform well-posedness of the problem.

In view of Theorems 3.1, 4.1 and of Remark 3.1 it suffices to show the
compressibility.

Let us consider the special symmetric case:

pr=p =p, vlzv,_=—vl+>0, A =2, A_=—A

+

Then (5.4), (5.5) become

—Ap—p)tpv =0,
(5.6) X , N

Alpv,) + pv; + Ap" — A(p)" = 0.
Therefore
(5.7) (5 — P){A(B) — Ap” — pv}} = (pv,)* > 0.

Equation (5.7) has a unique solution p > p. With j§ known, (5.6) gives 1
and hence we obtain the two shock fronts l"i(z) .

In the above example the constant state {0,p} of Assumption (I) is given
by 9, =0, 9, = v, = v, and j is the unique solution of (5.7). As for
Assumption (II), we have two relations for the two unknowns (4, , p) and hence
the compatibility condition is always satisfied.
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