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DOUBLE SHOCK FRONTS FOR HYPERBOLIC SYSTEMS

OF CONSERVATION LAWS IN MULTIDIMENSIONAL SPACE

AN TON BUI AND DENING LI

Abstract. The existence of a unique double shock front for hyperbolic systems

of conservation laws in several space variables is established, extending an earlier

result of Metivier. An example of a double shock wave arising from physical

applications is given.

The purpose of this paper is to show the existence of a unique double shock

front for hyperbolic systems of conservation laws in several space variables

describing physical phenomena.

Unlike the one-dimensional case, it is only recently that Majda [7], using

microlocal analysis, established the existence of a unique stable shock front for

hyperbolic systems. For double shock fronts the only known result is due to

Metivier [8, 9], where 2x2 systems of conservation laws in two-dimensional

space are considered.

In this paper the existence of a double shock front for hyperbolic systems of

conservation laws in several space variables is established. When restricted to

2x2 systems in two-dimensional space, our result is similar to that of Metivier

but our approach is somewhat different and perhaps simpler.

The notation and the basic assumptions are given in § 1. The free-boundary

problem is transformed in §2 into one with fixed boundaries. The linearized

problem is considered in §3 and the nonlinear one is studied in §4, using the iter-

ation method. Finally, in §5 an application to isentropic gas in two-dimensional

space is given.

1

Let G be an open subset of Rn with a smooth boundary, dG, and let

x - (xx, ... ,xn) be the generic point of G. For each «-tuple a — (a, , ... ,a )

of nonnegative integers we write

D(í = f[D']>,        Dj = d/dXj, |a| = ¿ay.
7=1 ;=i
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234 AN TON BUI AND DENING LI

We denote by 77 (G) the Sobolev space

7/(C7) = {w;.DawinL2(C7), \a\ < k}.

It is a Hubert space with the norm

1/2

\   ¿Z   'I0   MH¿7(G)
\a\<k

and the corresponding inner product.
k— 1II

77        (dG) is the usual space of trace functions.

Let r\> I, S be a subset of Rt and denote by 77(G x S) the hyperbolic

77-weighted Sobolev space 77 (G x S) — {u(x,t): r\ l(DaDl2~au)exp(-rit) in

L2(G x S), \a\ <k2, kx+k2<k}.
It is a Hubert space with the norm

\u;GxS\ fc.il l#*(GxS)

£    I     r¡2kl(DaD^~aü)2e¡

k¡+k2<k
I   |a|</c2

IGxS

1/2

H (dG x S) is similarly defined with the norm

\u;dGxS k,r, lH¡¡(dGxS)-

In this paper we shall consider the system

(1.1)

where u = (ux, ... ,u  ). The system (1.1) may be rewritten as

(1.2)

d,{f0(u)} + Y,DÁFM)} = ° in R"x K.
7=1

Dtu + J2Aj(u)DjU = 0   in R"xR+.
7=1

Throughout the paper it is implicitly assumed that the system (1.2) is sym-

metric hyperbolic; i.e., there is a smoothly varying positive matrix AQ(u) with

AQA-  symmetric and A. E C°°(Q)  for  1 < j < n, where Q is the value

domain of u in Rm .

Let  ro  be a smooth hypersurface containing the origin and consider the

Cauchy problem

Í D,{F0(u)} + E;=1 Dj{Fj(u)} = 0   in RnxR;,

\ u(x ,0) = u0(x)    in 7?" ,

where u0(x) is a piecewise smooth function with a discontinuity of the first

kind along T0 .

(1.3)
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Since the speed of propagation of a hyperbolic system is finite and we are

seeking a local solution of (1.3), there is no loss of generality in assuming that

outside a neighborhood of the origin, un = constant and TQ is represented by

xx = 0. In the neighborhood G of the origin, we assume that T0 is given by

xx =cp0(x2, ... ,xn) = </>0(x').

Set

í2q = {x: x E G,cfi0(x') <xx},       Q~ = {x: xeG,xx < cf>0(x')}.

Let T (?), /' = 1,2, be two hypersurfaces given by xx = cp^x , t) and let

Q (t) = {x: xx < 4>x(x',t)},       Q (/) — {x: cf>x < xx < cf>2},    and

Q,3(t) = {x: 4>2(x ,t) <xx).

Denote by

n7-=   U   Q'W.        1 </<3.
o<i<r

Definition 1.1. Let cp0, u^ be C°°-functions with cp0 = 0, u0 = const, for |x|

large. Then {u;Tx(t),T2(t)} is said to be an %fT -double shock wave solution

of (1.3) if

(i)   r, (0) = r2(0) = r0, u(x, o) = u0 = {u+n, u~} -,

(ii)    Tj(t) is given by

xx=cpj(t,x'),       7 = 1,2,

with t/>j in Hk+X(R"~X x (0,T)) for some T > 0;

(iii)    u is a solution of (1.3) with u\Q'T in 77 (Q.'T), 1 < i < 3 ;

(iv)   the Rankine-Hugoniot conditions are satisfied:
77

^[F0(u)]j + E NhFi(u)l  = 0   on ry(i) ,7 = 1,2,
7=1

where (A¿ , NJX , ... , NJn) is the unit exterior normal vector to T^/) and [f]J

is the jump of / across Y (?).

In this paper we shall establish the existence of an %fT -double shock wave

solution of (1.3). We shall need the following assumptions.

Assumption (I). (i) F, is in C°° for j = I, ... ,n and the system ( 1.2) satisfies

the block structure of Majda [6].
12 2 1

(ii) There are two scalar functions «0 , «0 with «0 > «0 and a state function

ü defined on T0, all in 77^ (the uniformly local Sobolev space of Kato [3])

such that

n0[FQ(û)^ - [Fx (û)]1 + J2lFM)ïDA = °   at l = 0 -
7=2

i = 1,2, where û = («"" ,ü,Uq) .
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(iii) Two constant state shock fronts (w~7 ,u,n0) and (u,Uq ,«0) are sepa-

rately uniformly stable in the sense of Majda [6].

A compatibility condition is required throughout the paper.

Assumption (II). The compatibility conditions arising from

Dl{F0(u)} + J2DJ{FJ(u)} = 0
7=1

and from
77

[Fn(u)]'Dtcpi - [Fx (m)]'' + Y^FjMÏDA = °>        '' = 1 '2 '
7=2

are satisfied up to order r with r large.

Remark 1.1. (1) The compatibility condition (II) is equivalent to the require-

ment that X > X0 in Theorem 6.11 of [9].

(2) For an m x m system of conservation laws, if we are seeking an w-shock

wave solution, then the compatibility condition is not needed. One has mxm

boundary conditions with mxm unknowns. If a smooth solution exists, then

the compatibility condition is automatically satisfied.

(3) In this paper, with the Euler equations of polytropic gases in mind, As-

sumption (II) is needed. A calculation shows that the stable multi-shock front

solution for polytropic gases can have at most two shocks emanating from a

single discontinuity.

2

In this section we shall transform the problem of finding a double shock wave

solution of (1.3) into one with fixed boundaries. It will be carried out in three

steps.

Step 1. Set

(2.1) t = x,      y' = x,      yx=t{xx-4>x(x ,t)}/((p2-4)x).

The transformation (2.1) has been used in [2] to treat rarefaction waves; see

also [10].

With the transformation (2.1) the domains £V(/) become respectively

F, =7?""' xR+txR- = {(y,t):yx <0,t>0),

F2 = 7?""1 x7<,+ x {yx: 0<yx </},    and

y3 = rlx/?,+ x{y|:0</<^}.

Moreover, d/dt = d/dr + a,(y,x)d/dyx with

(2.2) ax(y,t) = Dl{t(x[-cj>x)(cp2-ct>lf1}

= -t(cp2-cPx)-lDlcpi+yxrl(cp2-cp])-1

x{4>.-4>. -tDU2-4.x)}.
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Proposition 2.1. Suppose that Assumption  (I)   is satisfied and that cfi    is in

Hx+x(Rn~x x R+).   Then ax  is in Hxk0C(Rn x R+) for any k with k > k0 >

l + [(n+l)/2].

Proof. For k > ! + [(« + l)/2] ,77   is an algebra. It is clear that we have only

to consider the case when t —> 0+ . Since <t>2(x , 0) - 4>x (x , 0) = 0, we have

tp2(x ,t)-4>x(x ,t) = t [ Dt{cp2-cj)x}(x ,st)ds.
Jo

So

(2.3) lim{(cp2(x ,t)-cpx(x ,t))t  '}= f Dt{à,2 - cf>x}(x',0)ds
7—0+        L Jo

,   2 0W   7,        _
= («0-«,)(x)>0

by Assumption (I). Rewriting ax(y ,t) as

ax(y,t) = -Dtcpx{t(cp2 - <t>x)~X} + yx(<p2 - cPx)rxDt{t(cp2 - 0,)"'}

we get the proposition by taking into account (2.3) and the Banach algebra

property of 77^.

With the transformation (2.1) we have

(2.4) JL(yl) = aj(y,t) = -t(<fi2-<l>l)  lDjcpx-yxt(cp2-ct>x)  xDj{t  X(4>2-cpx)}

for 2 < j < n .

Proposition 2.2. Suppose the hypothesis of Proposition 2.1  are satisfied.  Then

üj is in HxkJRn x R¡), 2 <;<«.

Proof. Same as that of Proposition 2.1.

We now rewrite equation (1.3) as

77

(2.5) Dtu +Äx(u ;4>x,4>2)Dxui+ Y^Aj(u)D]u =0   in F , 1 < / < 3,
2

where

7!

(2.6) Ax(u ;cpx ,<p2) = Ax(u') + ax(cf>x,cp2) -Y,AJ(u')aj(cpl,cp2).

7=2

Step 2. We shall now use the compatibility Assumption (II) to transform the

problem into one with homogeneous initial data.

Let ù, n'0, i = 1,2, be as in Assumption (I). We can construct uJ0, cf>'0 in

77r, r large, such that

(2.7) vJ(y,t) = uJ-uJ0,        if.'(y',t) = cpi-cp,0



238 AN TON BUI AND DENING LI

have zero initial data. Equation (2.5) becomes

71

DtvJ +Ax(v] + u]0;4>'0 + y/')Dxv' + ^Ak(vJ + u{)Dk(vJ + w¿)

it=2

+ Äx(vJ + uJ0;4>'Q + v,')DxuJ0 = -D¡ui),        1<;<3, í = 1,2.

Using a Taylor's expansion for Ax, Ak we obtain

(2.8)    D,vj + Äj(vj + uJ0 ;</»¿ + yl)DxvJ

7!

+ J2Ak(yJ + K)DkvJ + Mj(yJ + «o ;^ó + v V
k=2

2

+ £W,V + "o ; </>0 + ̂  V + ívJíV + "o ; K + v W} = /,
1=1

where
7!

(2.9) -f\y ,t) = D^ + Ax(uJ0;^)DxuJ0 + Y,Muo)Dkuo
k=2

and Af7-, Ntj , N^ can be determined by Cauchy integral remainder, the explicit

form of which is of no consequence in the following discussion.

Let us note that fiJ depends only on uJ0, <j>'0, i.e., on the given data. With

uJ0 in Hr+X(R" x 7<+), </>0 in Hr+2(Rn~X x 7<+) for large r > 0, we have fj

From Assumption (II) we obtain

(2.10) DsJJ(y,0) = 0,       0<s<r- 1, 1 <j<3,

with r large.

From the Rankine-Hugoniot condition we have

(2.11) [F0(v' + u'0)]Dy + [F0(v' + u'^D^ - [Fx(v' + wj,)]
77 77

+ E^'HT^' + u'0)] + E^Ó^aV + K)] = 0
k=2 k=2

for yx = (i - l)t, i = 1,2.

Using the Faylor's expansion we rewrite (2.11) as

77

,~   , r,. .1/     7 1 + 1 I '+1 \r>        i    ,    V*  A i     ' '+1 ' '+'\r» '
(2.12) b0(v ,v     ;u0,u0   )Dly/ +2_^,bk(v ,v     ;u0,u0   )Dky/

k=2

+ ä(.(u ,«    ;w0'Mo   >^o) = <? -

where 7?( is a linear function,

b'0 = [F0(v' + u'0)],       b'k = [Fk(v' + u'0)],    and
71

-g1 = t),0o[f-o(W;)] - [F,(«¿)i + £[f,(k0)]/v;.
A.-= 2
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It is clear that q' depend only on the given data and by Assumption (II):

(2.13) Dstg'(-,0) = 0,       0<s<r-l,

for large r.

Step 3. We shall now use a singular transformation and reduce the original

problem to that of fixed boundaries. Let

(2.14) r = log/;       x =y ;       xx=y,    fory, <0;

xx= yxt       for 0 < yx < t;

y.-t+l   if t<y..

Then

F, = R"~X x R+ x R~    becomes Xx = Rn~x x Rx x 7?" ,

F2 = R"~   x R* x {yx : 0 < yx < t}   is mapped into X2 = R"~   x Rz x (0,1 ),

F3 = Rn~   x R* x {yx: t < yx}   is transformed into X} = Rn~   x Rr x ( 1, oo).

To simplify the notation we shall write t for x and set v =   '(v ,v ,v )

with v1 defined on X¡.

From (2.8) we get

77

(2.15)      Dtv + a(v ,\//)Dxv + '^2aj(v)Djv + M(v ,y/)v + N(v , i//) = e'f,
7 = 2

where

'e'Ä.(vx;vx,<j/2)

a(v,\p) =

(e'Aj(vx)

V      0

M(v ,y/) =

0

?'Aj(v2)

Ax-xxI

0

3

o      A

e'(Äx-I)J

2 < j < « ,

e'Aj(v3)J

e'Mx 0

e'M2

0 eM3

with

N(v,i//)
'e'ZlAKhW + ̂ Vy,')

e'EL,(A'>' + A'¿Vtí/')

e'\ZU(N¡^+N2^V')

Fhe boundary conditions are now

(2.17) b0(v ,v    )Dtu/ +e ¿^b^v ,v    )Dji// +eB¡(v ,v    ) = e g

7 = 2

on S. = {(x, t) : xx = i - 1}    for / = 1,2.



240 AN TON BUI AND DENING LI

Fhe problem (2.15), (2.17) will be studied in the next two sections.   Fhe

crucial observation is that the boundaries are fixed and are uncoupled.

3

In this section we shall consider a linearized form of equations (2.15) and

(2.17). Let wJ be in Hk(Xj), x' be in 77A+1(5;) for 1 < / < 3 and i =1,2.

We shall study the linear problem

(3.1)
' Dtv + a(w,x)Dxv + J2"J=2 a}(w)DjV + M(w,x)v + N(v ; if/) = e'fi,

,i,       7 7+1 \r» 7     , ' v—»77 »/'/       7 7+l\r\ '     , t n   /     7 7 + l\ I      7
'   bQ(w ,w    )Dtip +e ¿ZJ=2bj(w >w    )Dj1/ +eBt(v ,v    ) = e g

, on S¡., i = 1,2.

Since the speed of propagation of a hyperbolic system is finite, we may assume

without loss of generality that the coefficients of the matrices a , a-, M, N,

b'k , Bi are constants for large \x\.

First we consider the simpler problem where the lower-order terms in (3.1)

are omitted:

(3.2)
' Dtv + a(w;x)Dxv + £"=2aj(w)Djv = e'f,

lj I      I '+l\r>       i    ,    S~>71 lull      i '+l\r->        I    ,       In  I    ' 1+1 '\ '     '
'   ^(ítj ,w    )Díip +¿Zj=2ebj(w 'w    )DjV +eBt(v ,v     ,X) = eg ,

. on Si;, i = 1,2.

Proposition 3.1. Let f1,  g'  be given by (2.9)-(2.10) and by (2.13), respec-

tively. Then:

(i)  e'fix  isin Hk(R"~l x(-c,0)x(-oo,T)),

(ii) e'fi2 belongs to Hk(Rn~x x (0, 1) x (-oo,77)),

(iii)  e'f1 is in Hk(R"~x x(l,c)x(-oo,T)),

(iv)  e'g is in Hk(R"~x x(-oc,T))

for 0 < c < oo.

Proof. With x = log?, we have from (2.10) by writing t for x :

e-"lDkfJ(y,t)EL2(Xj).

A simple calculation shows that e'fJ belongs to the stated spaces if r = r] + k .

Similarly for e'q'.

By using a partition of unity we shall now assume that e fJ , e q' are zero

and the coefficients a , a ■, M, N, b'k , Bj in (3.2) are all constant for large

Definition 3.1. The ^ -double shock wave solution of (3.1) is said to be uni-

formly linearly stable if the linear problem (3.2) is well posed and its solution
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satisfies the energy estimate

^ lU 10,77 + 1^10,,, + l^lî,, ̂ C\l    V/lL + É^VloJ

for t] > r]Q > 0 where v = (vx ,v2 ,v3), y/ = ((//', <// ), and

3     ,

lulo,, = E/  (vJ)2eM-2»t)dxdt,
j=\ JxJ

2      f
E / {(v')2 + (v'+x)2}exp(-2r]t)dx'dt
:,    JS,

i    |2
1^0,7,

with
2 -

HÎ,, = E    E    J   n2kx(D^Dk2-aw')2exp(-2rit)dx'dt.
7=1   k,+k2<l    S'

The boundaries in (3.2) are uncoupled; we now consider the problem sepa-

rately near Sx and near S2. Set

v = (vx,v2)',        /=(/',/)',

-7      ,     (e'A. 0      \ (e'Ai      0
À x,0 = '     ~ ,       a,= [       J     .

y      '     V   0      i4,-*,i/ J     \   0      e'Aj

We have

(33) [Dfi + aDxv + Y:j=2àJDJv=e,f,

l 60/)/lf'1+e'E;=26>^1+^1(u,,ü2) = fV    on 5,.

Extending the coefficients to be constant for large |jc, | and making the change

xx h-> -xx in X2, we obtain

( Dv + äD.v + Y," ,â D-v = e'f   in R"~x xR~ xR,,
(3 4) I     ' ' ;=2   J   J '

I    tin       1    ,   v-»n liln       1    ,      ' r>  / -1     -2, I     1 0
t b0Dtif.   + ¿ZJ=2e bjDJ1/  +eBx(v ,v)=eg     onS{.

TT - Í/-1        -2, -1 1 «2/ 7       .\ 2/ 7       ..
Here v =    (v  , v ), v   = v  , v (xx, x , t) = v (-xx ,x , t).

For simplicity of notation we shall drop ~ when no confusion is possible.

In a similar fashion, we have

( Dlv + aDlv + J2"aiDiv = e'f,
(3 5) I J      '   '

1    t2n      2   ,   s-^n        1,2 „      2   ,      tD ,   2      3, 7    2 0
\bQDt\p  +Y.]=2e bjDjUy  +eB2(v ,v ) = eg     on S2.

Fhe main result of the section is the following theorem.
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Theorem 3.1. Suppose that Assumptions (I), (II) are satisfied. Let wJ be in

Hk(Xj), x' be in Hk+x(S,) for k>k0> l+[(n + l)/2], and \\w2\\Hk + \x'\f{k+l <

eQ, for £0 « 1. 77,.?« there exists a unique solution {v ,i¡/} of (3.1), satisfying

l(((v)))l,, + \v\ltl + rl\e-'¥\ltl + (VV,)lll

<c(ei*í2m + '/"1EI/íÜ>
7=1 7=1

where

m   \\\2 I    -t/2    1 i 2       ,   i    2 i 2 i    -7/2   3 ,2
(((v)))k,„ = \e     v \k,n + \v \k„ + \e     v \k,n>

^W)l„ = \e-'Dl¥\2kn + \DV\2kr

C is a constant depending only on \\A}(-, w ,x)\\Hk, \\bj(-, w)\\Hk.

First we shall study the problem (3.4).

Theorem 3.2. Suppose that the conditions in Theorem 3.1  are satisfied.   Then

there exist a unique [v ,i// }, solution of (3.4). Moreover

I     1,2 U2
mv)))k,, + \v\k,, + r,\e- w Im + (V</Om

<C{g'\ln + r]-\\fi~\l,n + \f\~k.n)},

for k>k0> l+[(n + l)/2].

C depends on \\A (-,w ,x)\\fp. >   \\b A- ,w)\\Hk , and t] is a sufficiently large

number.

Proof. ( 1 ) By hypothesis of separate stability at (w , x) — 0 , we have for e0 « 1 :

b0s + e'J2bjUj
7=2

>y >o

for \s\2 + |<y|2 = 1  with s = i£ + r¡, r¡ > 0 , and ü>¡ = e'œ] , t negative.

Let  n(£>(,é>'7J> )   be the projection operator with symbol  n(x ,t;s,e'to)

given by

(.i        .A.i     ^ {bls + e'Y.)=2wjM
n(x ,t;s,eco)W = W-\b,s + e E^j  ^ + e> ̂ „.f

The symbol is clearly well defined for all (x, t, œ, s).

The boundary condition in (3.4) may be rewritten as

(3.6) YI(Dle'Dj)B](v) = n(gx)-n[e'bX0Dliy + J2blDJw\.
7 = 2
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(2) We shall now construct the Kreiss symmetrizer for (3.4), (3.6) by mod-

ifying Majda's proof [6]. Corresponding to Ax , Aje', and e'bj , 2 < j < n ,

we construct a matrix-valued function R(x ,t;s, e'œ) such that

(i)   7? is Hermitian,

(ii)

Re^7?a  ' IsI + e'^AjtOj

7=2

= RelRAx    \sI + e'J2Ajcoj

> Sr]diag(e~'l ,7)

for some ô > 0 and for « > rjQ > 0,

(iii)

R(x ,t;s,e'œ) + ô~ [Yl(x ,t;s,e'co)Bx(x ,t)}*

x{Yl(x',t;s,e'œ)Bx(x ,t)} >SJ.

The positive constants S and ôt depend only on

Ur{-,w,x)\\Hk,    \\b)(-,w)\\Hk.

Remark. Here the Kreiss symmetrizer R is exactly the same as in [6], except

that we have put e'co in the place of w in [6].  This means that instead of
2 2

constructing symmetrizer 7? on the unit sphere |s| -t-|c7j|   =1 and extending it
2 2

as a homogeneous function of 0-degree outside |s|" + \co\   =1 as usual, now 7?
2 /        2

is homogeneous in (s ,to) only outside a larger and larger set \s\" + \e co\ < 1

as t —* — oo. Consequently, the lower-order remainder terms coming from the

composite or transpose of pseudodifferential operators may have norms which

are uniformly bounded but no longer bounded by C/rj.

This difficulty can be eliminated by noticing that in the following energy

estimate, the operators  7J>     (j = 2, ... ,«)  are always accompanied by the

factor e .   Thus, the norm of the lower-order remainder terms can again be

controlled by a small constant for —t sufficiently large.

(3) We now establish the energy estimate. Consider

v,Ra~X    0, + f'è^U =(v,Ra~x(e'fi))-(v,RDxv).

A simple calculation gives

-2 Re(v , RDxv) = Re(v , (R - R*)Dxv) + (v , D.Rv) - (v , Rv),

where (•,•) is the inner product in L2(R"    ) with x. = 0
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Therefore:

(3.7)    Re i \v,Ra~x(Dt + e'J2ajDj)v

= Re{±(v,(R-R*)Dxv)

+ \(v , (DxR)v) -i(v,Rv) + (v,Ra'x(e'f))}.

By Lemma 4.2 of [6] and the techniques in [1, 4, 5], Ra~x is an operator of

order 0. So

\Re(v,Ra-l(e'f))\<c{\vx\0Je'fl\0n + \v2\0Je!f2\0t!

Similarly, R - R* is an operator of order -1 .

We have
71

Dxv = a~ (e'f) - a~ (Dtv) - Ea~ ap¡v-
7=2

Taking into account the definition of a~   and of a. and noting that ? < 0, we

obtain

\Re(vx(R-R*)Dxv)\<C\vxe-'/2\0^{\fix\0^ + \vxe-'/2\0t¡}

+ C\v2\0^{\fi2e'\0n + \v2\0J

<C(((v)))0)){\f\0>1 + (((v)))0^.

Similarly, for (v ,DxR.v). Hence

(3.8)       | Re(w ,Ra~'(e f))\ + \ Re(v , (R - R*)Dxv)\ + \ Re(v ,DlR.v)\

<C(((v)))20^ + C(((v)))0Jf\or

(4) We now estimate (v ,Rv) by considering the pseudodifferential operator

with symbol

R(0,x', t ;s,cb) + S~l{n(x, t ;s,co)B{(x , t)}*{fl(x , t ;s,to)Bx(x, t)}.

With the properties of 7? we get

nn \*/n» t*,\\\\ ^ a u.i
O,!/"(3.9) Re{(v,Rv) + Stx(v,{nBx}*{IIBx(v)})}>ÔJv'2

We estimate Re(n , (Rßj^rißj (v))) by considering the boundary condition

associated with the symbol {U(x' ,t;s,co)Bx(x , t)}. Following [6, p. 60] and

taking into account the results in [1, 4, 5], we have

(3.10) Re(v ,Rv) > SJv\20r¡ - C\gx\20r¡ - Qe'*¥\l,„■

A computation as in [6, pp. 61-62] gives

(3.11) /*k"Vlo,„ + Ie"D,<„ + \DMl,n ± C{\SX\l,n + !<„}•
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Using the formula for the composition as well as the adjoint formula together

with the sharp Garding inequality, we have from (3.7)—(3.11) the estimate of

the theorem for k = 0.

For estimates in 77 (R_ x (-co, 0)) we proceed as usual with the tangential

derivatives first. The estimates for the normal derivatives are then obtained by

using the noncharacteristic property.

Once the estimates are established, the existence is trivial to prove. Indeed,

the adjoint problem has the same estimate, and by a Hubert space argument,

the problem has a unique solution in the considered space.

Theorem 3.3. Suppose all the hypotheses of Theorem 3.2 are satisfied. Then

there exists a unique {v , y/} solution of the problem

f Dfi + äDxi) + Z"J=2àjDjV +Mv + N(y) = e'f,

I bx0D,w + e' EUbjDjV + e'BiW = e>V    onSr

Moreover, {v,if/} satisfies the energy estimate of Theorem 3.2.  M, N areas

in (3.1).

Proof. To simplify the notation we shall drop ~ . Let 0 < A < 1 and consider

the problem

f Dtv + aDxv + Y!,J=1ajD]v+X(Mv + N(i¡/)) = e'f,

I bx0Dluj + e'T!1J=2b)DJy/ + e'Bx(v)=e'gx    on Sx.

Denote by A the set A = {X: 0 < X < 1, (3.12) has a unique solution

satisfying the estimate of Theorem 3.2}.

(i) A is nonempty. Indeed, by Theorem 3.2 we have X = 0 in A.

(ii) A is closed. Suppose that Xn is in A and that Xn —► X.

Corresponding to Xn , we have {vn , y/n} .

Set:     Fn=e'f-Xn{Mvn + N(¥n)}.

Applying the estimate of Theorem 3.2 with Fn instead of e'f, we obtain by

taking r] large and noting that t > 0

C independent of «.

From the weak compactness of the unit ball in a Hubert space we get {v ,i//},

solution of (3.12) with the desired estimate. Hence A is closed.

(iii) A is open. The proof is standard, using a Neumann series.

Therefore A = [0,1] and with X = 1 , we get the theorem.

Proof of Theorem 3.1. We shall first establish the energy estimate. Let {<Pn} be

a finite partition of unity and set vn = *F„f with v = (vx , v2, v3). For « with

supp(<PJ nS, / 0 and supp(<DJ nS2 = 0, Theorem 3.3 gives the estimate for

{v„,v2„} and if/xn.
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For q with supp^) n S2 ^ 0 and supp(0 ) n Sx = 0, a proof exactly as

that of Theorem 3.3 again gives us the estimate for {v ,v } and w .

We have only to establish the estimate for q with supp(<I> ) n Sx n S2 = 0

and supp(<P ) c {x, : 0 < xx < 1}, i.e., interior estimates. And this is standard.

Combining everything and considering the adjoint problem, we obtain the

stated result.

In this section we shall use the iteration method to show the existence of

a unique solution {vx ,v ,w3, i//x, i//2} of (2.15)-(2.17) in a neighborhood of

x = -co , i.e., for small t > 0 . As done in §3 we shall write t for x to simplify

the notation

Theorem 4.1. Suppose that Assumptions (I) and (II) are satisfied. Then there

exist:

(i)  r,«-i;
(2)   a unique {v,y/}, solution of (2.15), (2.17) in (-oo,77J. Moreover,

9(((«)))î., + l«lî., + 'ik"Vl^ + (V»r)ît,<e0.
For k > kQ > 1 + [(« + l)/2], rj is sufficiently large.   (((•)))k     and (-)k     are

as in Theorem 3.1.

Proof. Let cpT(t) be a C°°(7<)-function with cpT(t) =1 for / < T and 4>T(t) =

0 for t > T + 1. Consider the system
77

(4.1)   Dtvk + a(vk_x, yk_x)Dxvk +Y^aj(vk-i)Djvk
7=2

+ N(vk_x , ^k_x)Vy/k + M(vk_x , Vk_x)vk = efcf>T,
77

,1/    1 1+1   x r^       7    ,       Í V—^ 7.'/    ' '+1  \ 7-,        '

b0(vk_x,vk_x)D!vk+e }_^bj(vk_x ,vk_x)D}y/k

7=2

I n ,    i        7+1 , tii ■        ,i
+ eBi(vk,vk    ;yk_x) = e g <pT,       i=l,2,

with A: = 1,2, ... .

(1)   Let {vQ,cp0} - 0; then it follows from Theorem 3.1 that there exists a

unique {vx ,4>x), solution of (4.1). Moreover,

(4.2) mVx)))ln + \Vx\ln + n\e-'¥x\2kn + (VHJx)2kn

<c|Ei^'l, + »"1|0r/|',f,J.

C depends on ||.<4■(•)!!#* , ||6j(')ll//* and is independent of T. Let e0>0;

then with cpT as above, it is clear that for T(e0) < -1 , the right-hand side of

(4.2) is less than eQ :

(4.3) *(((«,)))m + l«il*., + '/I^V.l, + (V^,L < s0

for 7- < F(e0).
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(2) We reapply Theorem 3.1 with w = vx , x = H>x ■ The constant C of

Theorem 3.1 depends on

\\AÁ-;vx,ujx)\\Hk ,      ||o¡(-;üi)IIh* .
J loe loe

For k > 1 + [(« + l)/2], 77,oc is an algebra. Since {vx, i//x} satisfies (4.3),

an easy computation gives

C(\\A](.;vx,HJx)\\Hk ,\\bj(-,vx)\\Hk) = Cx(\\A(-)\\Hk ,\\b'(-)\\Hk ,e0).
J loc J loc J loc J loc

Theorem 3.1 gives

(4-4) f(((w2)))ï., + \v2\l,, + ?k"V2llM + WÎE,,

<Cx{ri-l\cf>Tf\2k^ + \cßTq\ln}.

With the definition of 4>T , there exists Tt(e0, «) < -1 such that

Cx{r]~] \cpTJ\2k^ + \</>ng\2k^} <e0.

Clearly Tt does not depend on v2, y/2.

By induction we get {vs, y/s} , solution of (4.1 ) for all s — 1,2, ... .

(3) It remains to show that the sequence converges strongly in the appro-

priate norms. We have

DAVs+X-Vs) + a(Vs>Vs)D¿Vs+\-Vs)
71

+ E^'WK+i - vs)+MK > ̂)(Vi - vs)
7=2

+ N(vs,ys)V(vs+l-yrs)

= e'ficp^ - | D,vs + a(vs, ifs)Dxvs + ¿aj(ys)DjVs

+ M(vs, y/s)vs + N(vs, yfs\Vyfs \ .

Replacing e'fcpT   by (4.10), we obtain

77

(A * D'{Vs+l " Vs) + U{Vs ' ^)Dl(Vl - Vs) + Y.aÁVs)Dj(Vs+l - Vs)
l4-3/ j=2

+ M(vs, Vs)(vs+X - vs) + N(vs, WsW(¥s+i - Vs) = Ps

where

n

Fs = {a(vs_x, y,s_x) - a(vs, y/s)}Dxvs + EtyK-i) " aj(vs)ïDjv,

7=2

+ {M(vs_x , ys_x) - M(vs,ys)}vs + {N(vs_x, yt     ) - N(vs,ii/s)}Vy/s.
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Similarly, for the boundary equations we get

b>s)D,(¥'s+x - ^¡s) + e'Í2b>s)DM+i - W¡)

+efii(Vi>Vi;^)-eB,(vs>vs ;v,) = Gs-

(4)   We now estimate Fs and G's. Since 77       is an algebra we have

x{(((»l-v.)l^ + k",(irI-rl-1lllï}.

< c2í0{(((^ - vi)))Li,, + k'V, - ^.^iLi,,}'
C2 is independent of 5.

Applying the estimate of Theorem 3.1 we obtain

(((«, "Vi)))*-!,-, + le"Vs - ^+i)lLi,„

<C,C2e0{(((t;J-Vi)))Li,7, + le"'(^-^_,)lLi,7,}-

With C,C2e0 < 1/2 , we have

7C— I A'
ÍA. Vj + iv , V}    m H      and weakly in 77 .

It is not difficult to check that {v , y/} is the unique solution of the problem.

In this section we shall give an example of a double shock wave arising from

physical applications.

Consider the equations of isentropic gas in two-dimensional space:

{DtP + Y,UDj(pVj) = 0,

\ D,(pv,) + J22J=X Dj{pV¡Vj + ôup(p)} = 0   in 7C x 7Ç\

where p is the density, v = (vx ,v2) is the velocity p(p) is the pressure, and

ô    is the Kronecker delta function.

We take the initial jump surface T0 to be the line xx = 0 and the initial

conditions are

Í p(x, 0) = p+    if x. > 0 or x. < 0,
(5.2) { . ' '

\v¡(x,0) = vf:,       i = l,2,

where p   , v.   are constants.

We look for double shock fronts of the form

A ="T±(t) = {(x,t):x] =tX,}.

Clearly T±(0) = T0 = {xx : xx = 0} .
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Let {v , p) be the constant state of Assumption (I). The Rankine-Hugoniot

condition on r~(i) may be written as

Í5.3)

■¿-(P-P ) + (pvx -P vx ) = 0,

/UM - p~v~) + {p(v.)2 + p(p) - p~(v7)2 -p(p~)} = 0,

A_(/7*2 - P~V~) + {pVxV2 - p~V~V~} 0.'2      f    w2 ' T Ir-"!":       F    -l   "2

The shock front is noncharacteristic and hence X_ ■£ v~

that v2 = v~ . Thus, on T~(t) we have

■*-(p- P~) + (pvx -p~v~) = 0,

X_ / vx . It follows

(5.4)

p vx

-X_(pvx-p vx) + {p(vx)2+p(p)-p  (vx)2-p(p  )} = 0,

w2 = t;2".

Similarly, on T+(t) we get

Í5.5) A+(/*Ö, -/«,")+ {/»(«,)    +p(/3)-/?+(7J1f)    -/7(/7+)} = 0,

772 = ÍJ2 .

For polytropic gas, p(p) - Apy, y > 1, it is known that the uniform stability

condition of the shock front in the sense of Majda is equivalent to that of

compressibility, i.e., p > p+ , p > p_ . On the other hand, uniform stability is

equivalent to the uniform well-posedness of the problem.

In view of Theorems 3.1, 4.1 and of Remark 3.1 it suffices to show the

compressibility.

Let us consider the special symmetric case:

p   = p   = p,       vx =vx  --Vy >0,

Then (5.4), (5.5) become

f  -X(p- p) + pvx=0,

k   — X, X -X.

(5.6)

Therefore

(5.7)

X(pvx ) + pvx + Ap' - A(pY = 0.

iP - P){A(pY - Ap'' - pv2} = (pvx)2 > 0.

Equation (5.7) has a unique solution p > p. With p known, (5.6) gives X

and hence we obtain the two shock fronts T (t).

In the above example the constant state {v ,p) of Assumption (I) is given

by ß, =0, v2 — v2 = v2 and p is the unique solution of (5.7). As for

Assumption (II), we have two relations for the two unknowns (X , p) and hence

the compatibility condition is always satisfied.



250 AN TON BUI AND DENING LI

References

1. M. Beals and M. C. Reed, Microlocal regularity theorems for nonsmooth pseudodifferential

operators and applications to nonlinear problems, Trans. Amer. Math. Soc. 285 (1984), 159—

184.

2. E. Harabetian, A convergent expansion for hyperbolic systems of conservation laws, Trans.

Amer. Math. Soc. 294 (1986), 383-424.

3. T. Kato, The Cauchy problem for quasilinear symmetric hyperbolic systems, Arch. Rational

Mech. Anal. 58 (1975), 181-205.

4. Dening Li, The nonlinear initial-boundary value problem and the existence of multidimensional

shock wave for quasilinear hyperbolic-parabolic coupled systems, Chinese Ann. Math. 8B ( 1987),

252-280.

5. _, The L2-boundedness of pseudo-differential operators with nonsmooth coefficient symbols,

(preprint).

6. A. Majda, The stability of multidimensional shock fronts—a new problem for linear hyperbolic

equations, Mem. Amer. Math. Soc. 273 (1983).

7. _, The existence of multidimensional shock fronts, Mem. Amer. Math. Soc. 281 (1983).

8. G. Metivier, Interaction de chocs, Sem. Bony-Sjöstrand-Meyer (1984-1985).

9. _, Interaction de deux chocs pour un système de deux lois de conservation, en dimension

deux d'espace, Trans. Amer. Math. Soc. 296 (1986), 431-479.

10. S. Alinhac, Existence d'ondes de raréfaction pour des systèmes quasi-linéaires hyperboliques

multidimensionnels (preprint).

Department of Mathematics, University of British Columbia, Vancouver, British

Columbia, Canada

Department of Mathematics and Mechanics, Nanjing Institute of Technology, Nan-

jing, People's Republic of China


