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*-DIFFERENTIAL IDENTITIES
OF PRIME RINGS WITH INVOLUTION

CHEN-LIAN CHUANG

ABSTRACT. Main Theorem. Let R be a prime ring with involution * . Suppose
that ¢(xl.Af, (x,.Aj )*) =0 isa -differential identity for R, where A; are distinct
regular words of derivations in a basis M with respect to a linear order < on
M. Then ¢(zj, z;j) = 0 is a *-generalized identity for R, where z;; are
distinct indeterminates.

Along with the Main Theorem above, we also prove the following:

Proposition 1. Suppose that * is of the second kind and that C is infinite. Then
R is special.

Proposition 2. Suppose that Sw(V) C R C Ly (V). Then Q, the two-sided
quotient ring of R, is equal to Ly (V).

Proposition 3 (Density theorem). Suppose that pV and Wp are dual spaces

with respect to the nondegenerate bilinear form (, ). Let vy,..., vs, Vi,een,
v € V and wuy,...,ur, ul,...,u;, € W be such that {vy,...,vs} is D-
independent in V and {uy,...,u;} is D-independent in W . Then there exists
a € Sw(V) such that via=v] (i=1,...,s5) and a*u; =u; U=1...,0 if

andon[yif(v;,uj)=(v,~,u;.) Jor i=1,...,s and j=1,...,1.

Proposition 4. Suppose that R is a prime ring with involution * and that f
is a *-generalized polynomial. If f vanishes on a nonzero ideal of R, than f
vanishes on Q, the two-sided quotient ring of R.

The objective of this paper is to prove the following generalization of Khar-
chenko’s theorem on differential identities to prime rings with involution (the
notation here is explained in §I below):

Main Theorem. Let R be a prime ring with involution *. Suppose that
¢(xiAf , (xf’)*) = 0 is a *-differential identity for R, where A ; are distinct reg-
ular words of derivations in a basis M with respect to a linear order < on M .
Then ¢(z, j,zfj) = 0 is a generalized identity for R, where z, ; are distinct
indeterminates.
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We have the following immediate

Corollary. Let R be a prime ring with involution ™. Then any *-differential
identity of R is a consequence of the basic identities (1)-(9) of §1 and *-
generalized identities of R.

There is a similar work [5] by Lanski. However the main result (Theorem
7) of [5] is false. Before proceeding, it seems proper to give the following
counterexample to Theorem 7 [5] (and Theorem 4 [5] as well):

Counterexample. (Using Lanski’s type of notation [5].) Let Q be the field of
rational numbers and let F = Q(¢), the field of rational functions in ¢ with
coefficientsin Q. Set R = F, , the ring of all nxn matrices over F , and endow
R with the transpose involution *; that is, for x = (a,.j) eR, x" = (aji).
Define the derivation é on R by setting, for x = (a;;) €R, x° = ((d/a’t)aij),
where d/d¢ is the usual differentiation derivative with respect to ¢. Observe
that (x*)° = (x°)" for x € R.

Let e (i,j=1,...,n) be the matrix units of R; that is, let e be the
matrix of R with | in the (i, j) entry and zero elsewhere. Let

1 0

n

2
b= Z ie;; =

i=1 ’

0 n

Define the derivation d on R by setting X=X+ [b,x] for x € R. Now
consider s = x¢ + (x*)Y —[2b,x"] for x € R. We compute s = x* + (x*)* -
[26,x ] = x° +[b,x]+(x")° +[b,x"]1-2[b,x" 1= x° +[b, x]+ (x°) = [b,x"] =
x4 (x's)' +[b,x—x"]. So s is always symmetric and hence €,,5€, —€,5e, =
0. We have thus shown that

fx,p) =, (x* +y" = 12b,y)ey, — e, (x7 +y* = [2b,¥)e,,

isa G*-DI of R in the sense of [5]. The derivation d is obviously outer and can
be chosen to be the first element in the well-ordering of the basis of the space
of derivations on R modulo the space of inner derivations (that is, M\M,
in [5]). Let @ denote the empty set. Theorem 7 [5] asserts that f,(x,y)
= e,,[2b,y]e,, — €,,[2b,y]e,, is a G"-PI of R. But, since fy(e,,,e,) =
fz(e,,,€,,) = 2e,, # 0, this is obviously false!

The crucial difference between Lanski’s Theorem 7 [5] and our Main Theorem
above is as follows: In [5], © remains inside of derivation words. By introducing
d* for each derivation d on R, we are able to push * outside of the derivation
words in our Main Theorem and this gives the right form for doing induction.

Ignoring the falsity of [5], our improvement is to remove the multilinearity
assumption of [5]. Viewing the complexity of Kharchenko’s analogous work
[4] for rings without involution, this part is quite intricate. For this work, a
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structure theory for *-primitive rings with socle is required and this is developed
in §II. There, as auxiliary results, we obtain an interesting characterization of
the Martindale two-sided quotient ring and we also prove the useful x-version
of the Jacobson density theorem.

One minor difference worth emphasizing is that the coefficients of our x-
differential identities must be allowed to lie in the left Martindale quotient ring
of R, instead of the two-sided Martindale quotient ring as in Lanski [5]. This
is not simply a matter of generality and is actually crucial to our proof, as will
be seen in §IV.

Our method is by mixing Kharchenko’s techniques with a theorem due to
Rowen. The material is organized as follows: In §I, we generalize Kharchenko’s
original theorem slightly and meanwhile explain our notations. In §II, we treat
the case when * is of the second kind and introduce the notion of special
differential identities. In §III, we generalize those well-known results on rings
with nonzero socle to their *-versions. The proof of the Main Theorem is given
in §IV.

Along with proving the Main Theorem above, the interesting auxiliary results
obtained are singled out under the title “Proposition”.

Most of the notation here is adopted from Kharchenko’s original work [3, 4]
instead of Lanski [5].

I. PRELIMINARIES

Suppose that R is a prime ring and that F is the set of all its nonzero
ideals. Let R, be the ring of left quotients of R relative to F; thatis, R F=
li_n)l Hom(g/, R). Consider the subring Q of R, consisting of those elements
a € R for which there exists a nonzero ideal I, € F such that al CR. Qis
called the two-sided quotient ring of R relative to F . The center of Q, denoted
by C, coincides with the center of R, and is called the extended centroid of
R.

Let DerQ consist of all derivations on Q. For ¢ € DerQ and o € C,
define oo by x°® = (x°)a for x € Q. For o,u € DerQ, define x'”*! =
(x?)* = (x*)? for x € Q. oa and [o,u] thus defined are also derivations
of Q. In this manner, DerQ is a right vector space over C and is also a
Lie algebra (over the subfield consisting of a € C such that o’ = 0 for all
o € Der Q). DerQ is called the differential Lie C-algebra of derivations in Q .
Let Der R consist of all derivations on R and let D = (Der R) - C . Obviously
D CDerQ.

By a differential polynomial, we mean a generalized polynomial involving
noncommutative indeterminates which are acted by derivations of R as unary
operations. We allow the coefficients of a differential polynomial to lie in R, .
Obviously, every differential polynomial can be written in the form qb(xiA’) ,
where ¢(z; j) is an ordinary generalized polynomial in z, ; and A ; are words
of derivations of R. ¢ = 0 is said to be a differential identity for R if
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¢ assumes the constant value 0 for any assignment of values from R to its
indeterminates.

The following basic differential identities hold in any prime rings:

(1) (xy)’ =x y+xy , where g € DerQ.

(2) (x+y) =x"+)° ,where oge€DerQ.

(3) x° = xa — ax, where o is the inner derivation defined by a€ Q.
(4) x19H = (x7)* = (x*)°, where ¢,u € DerQ and [o, 4] is their commu-
tator.
p-limes
e

(5) ¢ ((xH-) = x(”p), where o € Der Q and where p is the char-
acteristic of the given ring. If p = 0, then this identity assumes the form
X=x.

6) x”"F = (xYa + (x*)B, where ¢,u€DerQ and a,B € C.

Let D, be the Lie subalgebra of DerQ consisting of all inner derivations
of Q. We choose a basis M|, for the right C-vector space D, and augment
it to a basis M of D, + D. We also fix a total order > in the set M such
that u, > u for u, € M, and u € M\M;. We then extend this order to the
set of all derivation words in M by assuming that a longer word is greater than
a shorter one and that words of the same length are ordered lexicographically.
By a regular word in M , we mean a word of the form A =4;',"---J," such
that

(1) 6, e M\M,, for i=1,...,m,

(2) 6,<d,<---<4,,,an d

(3) s;<p for i=1,...,m, if the characteristic of R is p>0.

By means of the basic identities (1)-(6), any differential identity can be trans-
formed into the form ¢>(fo) =0 where

(1) ¢(ZU.) is a generalized polynomial in distinct indeterminates Zijs
and where

(2) A, are regular words in M .

Kharchenko [4] has proved the following (actually for semiprime rings with
characteristic):

Theorem (Kharchenko). Let R be a prime ring. Suppose that ¢(x,.A’) =0isa
differential identity for R, where A , are distinct regular words. Then ¢(z, ;)= 0
is a generalized identity for R, where z, ; are distinct indeterminates.

Now suppose that R is a prime ring endowed with the involution *. Note
that * can be uniquely extended to Q in the following manner: Let a € Q
and let I € F be such that 7a C R and al C R. Define a* by the following:

&I~ — pR via r’a” = (ar)". It is obvious that a” € R, . We can verify
easily that for r € I, a"r" = (ra)” € R. So a" € Q as desired. We assume
henceforth that * is defined on the whole Q. We say that * is of the first kind
if a* =« for all a € C. Otherwise, we say that ~ is of the second kind.
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By a x-differential polynomial, we mean a generalized polynomial involving
noncommutative indeterminates which are acted by the involution * as well as
derivations of R, regarded as unary operations. Although, in general, * cannot
be extended to R, we still allow the coefficients of a x-differential polynomial
to lie in R, . The following is an example of a *-differential polynomial:

d 2

*0| * 5y % ) _*
(x,y)=a,x"""ay a;+ b yb,y x by,

where a,,a,,a;,b,,b,,b;€ R, and 6,,6,€ D, +D.

For a #-differential polynomial ¢, we say that ¢ = 0 is a *-differential
identity for R if ¢ assumes the constant value O for any assignment of values
from R to its indeterminates.

The following basic identities are trivial for any rings with involution *

(7) (xp)" =y"x".

(8) (x+») =x"+y".

For o € DerQ, we define ¢* as follows: For x € 0, x'") = ((x*)’)".

It is easy to verify that ¢*, thus defined, is also a derivation of Q. The
following basic *-differential identity holds in any rings with involution *

(9) (x°)" = (x")"°", where ¢ € DerQ.

An immediate generalization of (9) is the following:

9) (X770 = (x")ODO) where §8,,6,, ... ,8, € DerQ.

By means of (9)', we can push * inward or outward through derivations.
Bringing * outside of derivations, every x-differential identity can be trans-
formed to the form ¢(xl.A’ ,(xl.A’)*) = 0, where A ; are words of derivations
only, not containing any . By using identities (1)—(8), we can further trans-
form each A y into regular words as we did in Kharchenko’s theorem. From

now on, unless specified otherwise, whenever we write <i>(x,.A’ , (xiA’)') , A ; are
always understood to be regular words.

Our main objective is to prove the following *-version of Kharchenko’s the-
orem:

Main Theorem. Let R be a prime ring with involution ™. Suppose that
qﬁ(xf’ , (xiA’)') = 0 is a *-differential identity for R, where A ; are distinct reg-
ular words of derivations in M with respect to <. Then ¢(z, T z;.'j) =0isa
x-generalized identity for R, where z ;j are distinct indeterminates.

Now we prove an immediate generalization of Kharchenko’s theorem, which
will be needed later. Suppose that for each indeterminate x;, we pick a basis
Mé” for D, and then augment M(()i) to a basis M for D, + D. We also
fix a total order < in the set M such that u <V K, for u, € Mé” and
u e M“\Mé”. We then extend this total order to the set of words in M"
and also define regular words in M with respect to <, as we did before
for M with respect to < when we stated Kharchenko’s theorem. If desired,
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MY , <" can be made to coincide with each other. But in general, they are
completely arbitrary and independent of each other.
By means of the basic identities (1)-(6), any differential identity (without

(1)
involution ") can be brought to the form qb(x?’ ) =0, where

(1 qﬁ(z,.j) is a generalized polynomial in distinct indeterminates Zis
and where A .

(2) for each i, A;') are regular words in M

We have the following:

Generalized Kharchenko theorem. Let R be a prime ring. Suppose that
(1)

A . . . . ' .

¢(x;’ ) =0 is a differential identity for R, where A(j') are distinct regular words
in M, with respect to <0 foreach i, j. Then ¢(z, ;) is a generalized identity
of R, where z, ; are distinct indeterminates.

Proof. Let us assign arbitrarily certain fixed values from R to the indetermi-
. . ll)
nates Xx,,Xs, ... of ¢ other than x,. The resulting expression qb“)(fo )=20

is a differential identity involving the indeterminate x, only Applying the orig-
inal Kharchenko’s theorem to ¢“) = 0, we obtain that ¢ (z ) =0 is a gener-

alized identity for R. Since the assignment of values from R to Xy Xy, onn 18
completely arbitrary, ¢(z, j ,x?y}) > = 0, the identity obtained by substituting

. for x,Ai” in ¢(x “)) = 0, is still a differential identity for R. Continuing
this process, we can eventually replace all Xx; a7 by x, ;- This completes the

proof.

If we let M s < all coincide with M = MV s <=<W , then the above
generalized theorem specializes to the original one.

Back to the x-version, let M,, M, < be as explained in Kharchenko’s
original theorem. Define M, = {u": u € My} and M™ = {u": u € M}. For
K, W, € M, we define u] <" u; if and only if u, < u,. For a word of
derivations A = 6,6, -6, , where §, € M, we define A" = 6,4, ---6, . Note
that if A is a regular word in M with respect to <, then A" is a regular word
in M" with respect to <" .

Using the identity (9)', d)(xiAf ,(xf’)*) =0, where A ; are regular words in
M , can be transformed into d)(xiA’ , (xl.*)Af‘ ) =0, where A, and A; are regular
words in M and M™, respectively.

II. SPECIAL *-DIFFERENTIAL IDENTITIES

Let w(x, A s (x] )A,) = 0 be a =-differential identity for R, where A, A'
are simply words of arbitrary derivations, not necessarily regular words m M
Then w(x; ,( ;.') ) 0 is said to be special for R if ://( : ,y, 7y =0 is
a differential identity for R, where y, are new mdetermmates distinct from
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x,. In other words, n//(xf.s’,(x:)A;) = 0 is special for R if x; and x; can
be regarded as independent indeterminates. This generalizes the definition of
special generalized identities given in [7, p. 471].

Suppose that we use identities (1)-(6) to transform l//( (x) I’) =0 into

another identity 6( (x ) ) 0, where Aj A are also words of arbi-
trary derivations (not necessarlly regular in M ). Then the same procedure also

transforms  (x.” ,y, ), =0 into 0( .A’,y,’) = 0. Thus if y(x¥,(x)) =0
is special for R, then so is 6(x; ,(x,* )A) = 0. We have thus shown that
the speciality of a x-differential identity is independent of transformations using
identities (1)-(6).

If every x-differential identity of the form t//(xf&f , (x; )A;) = 0, where A B
A; are words of arbitrary derivations (not necessarily regular), is special for R,

then R is said to be special. The relationship between the speciality and our
Main Theorem is the following:

Lemma 1. If R is special, then the Main Theorem holds.
Proof. Suppose that d)(xiA’ , (xf’)*) = 0 is a *-differential identity, where Aj
are regular words in M . Using the identity (9), ¢(x,A’ (xf’)*) = 0 can be

i k
transformed into ¢(x.”, (x")) = 0, where A} are hence regular words in M" .
Suppose that R is special. Then ¢(xiAf , yiA’) = 0 is a differential identity for
R, where y, are new indeterminates. By the generalized Kharchenko theorem

é(z; oW ) = 0 is a generalized identity for R. In particular, ¢(z ) 0 is
a x-generalized identity for R.

u’

The aim of this section is to prove the following generalization of Theorem
717, p. 473]:

Proposition 1. Suppose that ™ is of the second kind and that C is infinite. Then
R is special.

The proof will be completed by a series of lemmas. First, we recall some more
definitions from [3]. Let Q' be the ring anti-isomorphic to Q with the same
additive group. That is, Q' is the opposite of Q. Let B denote the subring
of the tensor product Q ®, Q' (where Z is the ring of integers) generated by
the elements of the form 1®r, r® 1, r € R. Elements of B are of the form
> r®v,, where r;, v, € R. Forae Q, f=Y,r0v, € 0Q®, Q' let
a- /3 Ziviari. For a € Q, let a© = {fe€B:a-p=0}. For VCB, let

— {a€ Rp:a-V =0}. If A is an endomorphism of the abelian group
Q, we set g* = > r,.A ® v,. (This is well defined!) If f(x) is some linear
expression involving the variable x and if g = ) .r, ® v, € B, then we set
Sf(x)-B =) ,v,f(rx). Observe that if f(x) is identically zero on R, then so
is f(x)-B.
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We quote the following [3, Lemma 1]:
Lemma 2. Suppose that a,€ R (i=1,2,...,m). Then

m m N 1

E a.C = ﬂa. .
1 1

i=1 i=1

Suppose that ¢(xiA’ , (xiA’)*) =0 is a *-differential identity, where A ; are reg-
ular words in M . q’)(xl.A’ , (x,.Af)*) = 0 is said to be trivial if the x-generalized
polynomial ¢(z; D z:j) is trivial, or equivalently if the ordinary generalized poly-
nomial ¢(z,;,y,;) (without *) is trivial.

A linear -generalized identity f(x) is of the form

f(x) = Zaixb,. +chx*dj =0,
i J

where al,bi,cj,dj € R,. [ istrivial if and only if ), a,®. b, = 0 and
Zj ¢; ®c d;, = 0. A linear =-differential identity ¢(x) can be written in the
form

n; m;

A, Iy* (k) Ay (k) — (), Tyy* )

¢ =d(x ,(x/)):E E a,'Xb,' +§,§:Cj (xj)dja
=1

i k=l J

where aik),bﬁk),cﬁ.[),dj(.[’ € R, and where A, Fj are regular words in M .
Using the identity (9)', ¢ can also be written in the form
n; m;
A, T3 (k) A (k) (PN irt))
6= o ()T = T3t b - el
i k=1 J =1
where I“; are, certainly, regular words in M*. ¢ is said to be trivial if and
only if 7 a* ®c b*) =0 forall i and ¥/, c;/) ® dj(/) =0 forall j.
The following lemma is essentially the x-version of Lemma 2 [3].
Lemma 3. Suppose that every linear x-generalized identity of R is trivial. Then
so is every linear *-differential identity of R.

Proof. We need the following formula from [3, p. 158]: Let A=4,---J, bea

m

regular word in M such that 6, =d, = -~ =6, #J,,, where 0 <s <p if
chR=p>0.Let f€B. Then
(1) (ax"b)- B =(a-B)x*b+s(a- i )x‘sz"‘o\"’b o,

where the dots above denote a sum of terms dx* b in which A’ < 0y -0, .
We define a partial order on ordered pairs of regular words in M . Assume
that A, A,, I',, and I', are regular words in M. We define (A ,I') >
(A,,I,) if Ay>A, and T, >T, orif Ay >A, and I') >T,.
Let M be a finite subset of M . Note that the set of all regular words in
M is well ordered under <. Hence the partial order < on word pairs defined
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above is well-founded when restricted to ordered pairs of regular words in M .
Let .#(M) denote the set of all linear -differential identities involving only
derivation words in M . _#(M) consists of the *-differential identities of the

form _ _
NS 4B+ Y Cj,(xr’)*Dj, =0
ik J |

where A, T, are regular words in M .
Now suppose that

ZZa xA’b +ZZC (x’)d

i k=1 J

is an arbitrary linear *-differential identity in _#(M); that is, A, Fj are
regular words in M . We may assume that (A,,T)) is the leading word pair of
¢; thatis, A > A, and T', > I"j for all i, j. We proceed by induction on the
leading word pair (A,,I';) (under the partial order defined on word pairs) to
show that ¢ is trivial.

If (A,,T)) =(2,9), then ¢ is simply an ordinary x-generalized identity
without derivations. By our assumption, ¢ must be trivial. So suppose that
(A,,T)) # (2,9). Let us first assume that A # &. Obviously agl) . aﬁ”')
can be assumed to be C-linearly independent.

We claim that it suffices to prove the case when n, = 1: Suppose that n, > 1
is given. Let f € ﬂk>2(a(lk))l . Using formula (1), ¢(x)- S has a single term

(a( - B A'b containing the regular word A, . If we have proved the case
1 1

when n, =1, then ¢(x) B is trivial and hence all. /3 =0. So a(l -p=0
1 I

forall g e ﬂk>2 l and, by Lemma 2, al e ka al C a contradiction
to the C-linear mdependence of al Y s ,a}"') .

So we may assume n, = 1. Suppose A, =4,4,---J, , where §, =6, = --- =
o,#0,,,and 0<s<p if chR=p>0.Set A =6,---5,,. Let u,,...,u,
be all derivations in M other than &, such that u,A, ..., u A, occurin ¢
as some A, . Let us say Ar. = WA, ... ,Ar" = u,A, . We also assume that
A, occursin ¢ as A, - In view of formula (1), the sum of terms of ¢(x)- 8

containing x*' has the following form:

Ny,

stal" - g7 A'b +ZZ 1) A'b +Z " B)x A‘bko

=1 k=1

If ai” - p = 0, then the leading word pair of ¢(x)- # is strictly less than that
of ¢. Since ¢(x)-pB € (M), by our induction hypothesis, ¢(x)- must be
trivial. So we have

(2)  s(a)- g @ b} Z ) @ b Z B e. b =0.

0
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Since 0 < s < p in the case of chR = p > 0, s is nonzero as an element of

C . Hence a(l') . ,B‘S' can be linearly expressed in terms of aﬁf”- p* and af\,?- B.

Using the linearity of ( )-8“", ()-8, and introducing new notation, we have
al g "d B+ h-p=0.
T

Since the right coefficients of (2) do not depend on g, neither do d, and 4.
This shows that the mapping

galV - pal’ g2 d kB,

where f ranges over B, is well defined. Choose I € F such that ]a(ll) CR,
Id. CR (t=1,...,n),and ThCR.Set T=B(11). If pe T =B(11),
then both a(ll) - B and C(ai” -B) fall in R. Thus { is defined on the ideal

{ai” -fB: B €T} of R and the range of this ideal under { is also contained in
R . Furthermore, for v € R,

(@ g) =@ o))
=a" - p1ev)+ Y d. f(1ev)+h-flev)

1
=0l(a," - B).
Hence, by the definition of R, there exists ¢ € R, such that, for f €T,

@ pru=¢@" py=al" g+ d g h- B
For x € R, we compute
(@' B)xt) = (@) p)x)t = (@' - Bx @ V)t
=a”- (Bre 1) +3 d - (Bx@® 1) +h-(B(x® 1))

= (@ p")x + (@) p)x”

+> - B )x+ ) (d, - B)x" + (h- B)x,
and

@ gyex) = (@ - Byryx = @\ p)x + 3 (d, - B)x + (h- B)x.

Hence we obtain
3) (@ Bx,=(a"pyxt—tx) = (@" - p)x" + S (d, - p)x".

Now suppose that a(l') = a,,a,,... is a basis for the subspace a(l” -C +

>..d.-C. Express d_ in terms of this basis:
d=aa + -, a e€C.

T
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Let B €5, al NT. Then d - =aa,-B). By (3), we have

(ail) - B) ([X,t]—xa' —Zarx”‘> =0.

Hence [x,?] = x4 > arx”' . This contradicts with our choice of the basis
M . So we must assume that A, =@ and '} # &.

Replacing x by x* in ¢ and using the identity (9)' to bring * inside of
derivations, we have

(x*)=2ia§k)(x* +EZC1) (rs) (l)
i k=1 J

By a similar induction on regular words in M~ = {6%: 6 € M} with respect to
<™ we can show that I"; = . This is another contradiction. We have thus

shown that any linear *-differential identity of .7 (M) is trivial.
Now let

n; m;
(k) _Ai g (k) (), Tjyx 4(0)
X>=Z§:ai x'b; +ZZCJ (x7)d;" =
T k=l =1

be an arbitrary linear *-differential identity. Let M be the finite subset of M
consisting of all derivations occurring in A; and T’ ;- Then ¢ € (M) . By the
result of the previous paragraph, ¢ must be trivial.

Lemma 4. Suppose that every linear x-generalized identity of R is trivial. If
d)(xiA’ , (xl.A’)*) =0, where A ; are distinct regular words in M , is a multilinear
«-differential identity for R, then ¢(z, T yij) = 0, where Z,;, ¥, are distinct
indeterminates, is a multilinear generalized identity of R.

Proof. If ¢ involves only one indeterminate, say x, , then ¢ = ¢(xlA’ , (xlA’)*) is
trivial by Lemma 3. Hence ¢(z, D2 j) = 0 is also a trivial generalized identity
for R.

Now suppose that ¢ involves more than one indeterminates, say D A
Let us assign certain fixed values from R to x,, ..., x, . The resulting identity
thus involves the indeterminate x; only and hence must be trivial by Lemma
3. As in the previous paragraph, we can replace xlA’ , (xff)‘ by new indeter-
minates z, j» ¥, toobtain a generalized identity. Since the values assigned to

Xy, ... ,X, are completely arbitrary, (z Zi VX & (x ) )i>2 = 0, the iden-
tity obtained by replacing xl , yl’ in ¢ =0 by z i yl B respectively, also
holds on R. Repeating the same argument for x,,...,x, , the desired result
follows.

By assigning fixed values to all indeterminates but one, we can reduce a given
identity to an identity involving only one indeterminate. This technique, used
in proving the generalized Kharchenko theorem and also in the proof above,
will be used frequently throughout this paper.



262 CHEN-LIAN CHUANG

Lemma 5. Suppose that ™ is of the second kind. Then every multilinear
x-differential identity of R is special.

Proof. By Theorem 7 [8, p. 473], every multilinear *-generalized identity of R
is special. In particular, every linear x-generalized identity is special and hence
must be trivial by Lemma 1.3.2 [1, p. 22]. The result now follows from Lemma
4,

Lemma 6. Suppose that * is of the second kind and that chR = 0. Then R is
special.

Proof. Let ¢ be a given x-differential identity. Replacing each indeterminate
x; by 2x,, 3x;,... and using the Vandermonde determinant, we can solve
the homogeneous components of ¢. Hence each homogeneous component of
¢ is also a x-differential identity of R. It suffices to show that each homo-
geneous component of ¢ is special. Replacing ¢ by one of its homogeneous
components, we may assume from the start that ¢ is homogeneous in each
indeterminate.

Let 6 be the multilinearization of ¢. By Lemma 5, 6 is special. Identifying
the indeterminates in 6 properly, we obtain n¢, where n is a nonzero integer.
Hence n¢ is also special and so is ¢, since chR=0.

Lemma 7. Suppose that ~ is of the second kind and that chR=p > 0. If C is
infinite, then R is special.

Proof. By the technique used in proving Lemma 4 (and also the remark fol-
lowing), it suffices to prove the case when ¢ involves only one indeterminate,
say x. We proceed by induction on the degree of ¢. If deg¢p = 1, then ¢ is
linear. The result follows from Lemma 5. So we assume that deg¢ > 1. As the
induction hypothesis, we also assume that the result holds for any x-differential
identity with less degree. Bringing ™ inside of derivations by identity (9)' and
suppressing words of derivations for simplicity of notation, we write ¢(x,x")
for ¢(x™,(x")™). Now consider

0(x,x", Y,y ) =dx+y,x +y)—dx,x)—dy,»).

By the induction hypothesis (and the remark following Lemma 4), 6 is special
for R. Now regard x, x*, y,and y* in 6 as independent indeterminates as
granted. Set x =x, x" =0, y=0,and y" =x" in 0:

6(x,0,0,x") =d(x,x") —p(x,0) — (0, x7).

Thus ¢(x,0) + ¢(0,x") is also a *-differential identity for R. We also have
the identity ¢(x,x") = 60(x,0,0,x")+¢(x,0)+4(0,x"). Since §(x,0,0,x")
is special for R, it suffices to prove that ¢(x,0) + ¢(0,x") is special. This is
equivalent to showing that both ¢(x,0) =0 and ¢(0,x") =0 are differential
identities for R.

Set {(x) = ¢(x,0) and n(x") = ¢(0,x"). For positive integers ¢ > 0, let
¢,(x) and n,(x*) denote the sums of those monomials with degree ¢ in {(x)



*-DIFFERENTIAL IDENTITIES OF PRIME RINGS 263

and in n(x"), respectively. Pick sufficiently but finitely many a € C such that
o" =a. Let I be a nonzero #-ideal of R such that o1 C R for those finitely
many o € C we have picked. Then {(ofx) + n(o’x*) vanishes on I. Since
of are constants of any derivations, we can use the Vandermonde determinant
to solve the homogeneous components of {(a”x) + n(a’x") = 0. So we have
that, for each ¢ >0, {,(x)+#,(x") vanishes on 1.

We claim that there exists o € C such that o' # (a*)"': Pick 8 € C such
that B* # B. For s € C such that s* =5, set a(s) = s+ . Observe that

B -8
s+p

a(s)” _s+,3* .
als)  s+p8

I+

Hence if s # 5, then a(s)"/a(s) # a(s')"/a(s"). Since the equation y*' = 1
has only finitely many solutions in the infinite field C, there exists a symmetric
element s € C such that a(s)” # (a(s)")"".

Pick a € C such that o' # (a”)"’ as claimed above. Let J be a nonzero
x-ideal of R such that o’ J C R. Then {,(e”x) + n,((@”x)") = 0 holds for
x €1J. Hence for x € IJ, 0=a"(,(x) +71,(x")) = ({,(&"x) + 1,((e"x)")) =
(@ = (a")")n,(x"). Thus 75,(x*) = 0 holds on IJ. Similarly, {,(x) = 0
also holds on 7J. Note that {,(x) = 0 and #,(x) = 0 are simply ordinary
differential identities without the involution . By the remark on p. 74 in [4],
{,(x) =0 and 7,(x) =0 also hold on R. This completes the proof.

Proposition 1 now follows from Lemma 6 and Lemma 7.

One might wonder whether or not the assumption that C is infinite can be
eliminated in Proposition 1. The answer is negative, as the following example
shows.

Example. Fix a positive integer n > 1. Let @ be a finite field of characteristic
p > 0 with p2" elements. For a € @, define @ = o ". — is an involution of
the second kind on ®. The symmetric elements of ® satisfy the polynomial
identity s” " = 5. But the x-identity (x +X)” "= x+X is obviously not special.

For a noncommutative example, we can take any k x k matrix ring D,
(k > 1) with transpose involution * defined as follows: For a, €P (i,j=
L, ...,k), (g j)* = (a;,). For an infinite-dimensional example, let V' be an
infinite-dimensional vector space over ®. Pick a Hermitian bilinear form ( , )
on ,V . Thatis, (, ) satisfies the condition (av,fw) = af(v,w) for a,f €
® and v,w € V. Our desired ring is the set consisting of all continuous finite
rank linear maps in End(,V"). (See §III for definitions.)

Actually, we can prove that any counterexample to Proposition 1 must be of
the form described above.

III. *-RINGS HAVING MINIMAL ONE-SIDED IDEALS

We digress here to generalize some basic theorems on rings having minimal
one-sided ideals to their *-versions.
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First, we recall some basic definitions. Let D be a division ring. Suppose
that V' is a left vector space over D and W, a right vector space over D.
If there exists a nondegenerate bilinear form ( , ): V' x W — D, then V' and
W, are said to be dual with respect to ( , ).

Let A(V) = Hom(,V,,V) and A(W) = Hom(W,,W,). For a € A(V)
and be AW), if (va,w) = (v,bw) holds for all v €V and forall we W,
then we call b an adjoint of a. Not every element a € A(V') has an adjoint.
But if a € A(V) does have an adjoint, then that adjoint must be unique and
will be denoted by a*. a € A(V) is said to be continuous if a has an adjoint
a” € A(W). The set of all continuous elements a € A(V) forms a ring and
is denoted by L, (V). Let S,.(V) = {a € L, (V): dimy(Va) < oco}. For
v,,...,v, €V and w,...,w, € W, the linear transformation a € A(V)
defined by va = (v,w,)v, + -+ (v,w,)v, isin S, (V) and has the adjoint
a’ €S, (W) given by a'w = w,(v,,w) + -+ w,(v,,w). Conversely, any
a €S, (V) can be represented in the form described above. The following two
basic facts can be found in [2].

Fact 1. Let v,,...,v, € V be D-independent. Then there exist D-indepen-
dent vectors u,,...,u, € W such that (v,.,uj) =§U. for i,j=1,2,...,n.

Fact2. Let V;, and W, be finite-dimensional subspaces of V' and W/, respec-
tively. Then there exist finite-dimensional subspaces ¥, 2 ¥, and W, 2 W of
pV and W respectively such that the bilinear form ( , ) restricted to ¥, x W]
is nondegenerate. (Hence dim V| = dim W, by Fact 1.)

For a prime ring R, let Soc(R) be the sum of all minimal right ideals of
R. It is well known that Soc(R) is also the sum of all minimal left ideals of R
and that Soc(R), if nonzero, is the unique minimal ideal of R. We have the
following representation theorem for prime rings with nonzero socle.

Jacobson theorem. Let ,V and W), be dual spaces over a division ring D with
respect to the nondegenerate bilinear form ( , ). Let R be a subring of A(V')
such that S,.(V) C RC L,.(V). Then R is a primitive ring with Soc(R) =
Sy (V).

Conversely, given a prime ring R with Soc(R) # 0, we can find a division
ring D and a pair of dual spaces ,V and W, suchthat S,.(V)C RC L,.(V).

The following fact can be found in [4, p. 171] or Proposition 7, [6, p. 98].
However, we give here a new proof using the density theorem, which is more
related to our next proposition.

Fact 3. Suppose that S;,.(V) CRC L,.(V). Then R, = A(V).

Proof. Let h € R, . Since S,.(V) is the unique minimal ideal of R,
S, (V)h € R. We define h € A(V) as follows: For v, € V and r, € Sy V),
h: S vr, — Y v(rh). Note that rh € R and hence v/(rh) € V. We
must show that 4 is well defined: Suppose ) v;r, = 0. Since r, € Sy.(V),



*-DIFFERENTIAL IDENTITIES OF PRIME RINGS 265

dim, (3, Vr) < oco. Choose r € S, (V) such that r restricted to ), Vr, is
the identity map. Then r,r = r,. Hence

Y w(rh) = v, ((rnh) =Y v (r(rh)) = (O vr)(rh) =0.

Via this natural embedding # — &, we have R S AV).

Conversely, suppose that 4 € A(V). In order to prove that & € R, we
must show that S, (V)h C R: Every element a € S,,(V) can be represented
by the form va = 3 ,(v,w,)v,, where v,v, € V', w, € W. Hence vah =
>, (v,w,)(v,h). Then ah € S, (V)€ R as desired.

The following proposition is interesting in itself.

Proposition 2. Suppose that S, (V) C RC L, (V). Then Q = L, (V), where
Q is the two-sided quotient ring of R.

Proof. Suppose that h € L, (V). Then hS,,(V)C S, (V)C R and S, (V)h C
Sy(V)CR.So heQ.

Conversely, since Q C R, by Fact 3 above, we may assume Q C A(V). Let
h € Q. In order to show that h € L, (V), we must find its adjoint 4" € A(W).

Let S, (V) ={r":reS,(V)}, R"={r":reR},and L, (V) ={r":re
L, (V)}. Observe that S, (V)" = S, (W) and L, (V)" = L,(W). Hence
S,(W)CR"CL,(W). Let F" be the filter of nonzero two-sided ideals of R”
and let ,.R" be the right quotient ring of R" relative to the filtler F*. By a
symmetrical version of Fact 3 for right quotient rings, we have F.R* = A(W).

Given h € Q, we define h™: S, (W) — R" as follows: For ¢t € S, (V), set
h*(¢*) = (ht)". Since h € Q, we have hS,, (V) C R as well as S, (V)h C R.
So ht € R and hence (ht)" exists. Thus 4" is well defined.

For r€e R and t € S,,(V), K (£"r") = h™((tr)") = (h(tr))" = ((ht)r)"
(ht)"r* = h™(t")r" . So h™ isaright R"-homomorphism and hence A" €,.. R"
A(W). To prove that A" is the adjoint of 4, we must verify that (v,h*w) =
(vh,w) forany veV, weWw.

Using the fact that S, (W) = S,,,(V)" and the Jacobson density theorem,
there exists ¢ € S, (V) such that /"w = w. Then we compute

(w,h"w) =, h"(t"w)) = (v, " Hw) = (v, (ht) w)
= (v(ht),w) = (vh)t,w) = (Vh,tw) = (vh,w).

So A" is really the adjoint of 4 and hence s € L, (V) as desired.

The following generalization of Theorem 7.3.16 [9, p. 269] is the *-version
of the Jacobson density theorem.

Proposition 3. Suppose that ,V and W, are dual spaces with respect to the
nondegenerate bilinear form ( , ). Let v,,...,v., v,,...,v. € V, and
Uy, ...,u, u,...,u, €W besuch that {v,...,v} is D-independent in
V and {u,,...,u} is D-independent in W . Then there exists a € S, (V)
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/ . * ! . . .
suf‘h that va=v; (i=1,...,5) and a u;=u; (j=1,...,1) if and only if
(v,.,uj):(v,.,u;) fori=1,...,sand j=1,...,t.

Proof. The necessity is easy: Suppose that there exists a € S, (V) such that
va=v, (i=1,...,s) and a*uj=u; (j=1,...,1). Then

li * /
(”w”j) = (via,uj) =(v;,a uj) = (v,.,uj).

To prove the sufficiency, by Fact 2, there exist finite-dimensional subspaces
Vo, W, of V', W respectively such that v ,...,v v; Y ,v; € V, and

> U s
U ,...,U, uy,...,u, € W, and such that the bilinear form ( , ) restricted
to ¥, x W, is nondegenerate. Also ¥, and W) are of the same dimension, say
of dimension n. Augment {v,, ... ,vs} to a basis {v, ... sUGUL s e U, }
for V.

By Fact 1, there exist x,...,x, € V}, such that (x;,u;) = 51‘,‘ for i,j =
1,...,t. Foreach s < k < n,define v, = Y,_ (v, ,u))x,. Then for s <k <n
and for j=1,...,¢,

(v,’\, ,uj) = (Z(vk ,u;)x,,uj) = (vk,u;).

[=1

Together with the originally given v/, ..., v,, we have that
(v,'.,uj) =(vi,u;) fori=1,...,nandforj=1,...,¢t.

By Fact 1 again, pick a basis {w, ... ,w,} for W, such that (v,.,wj) =
51.1. for i,j =1,...,n. Now we define our desired a € S, (V) by va =
Z:;l(v,wl.)vl'.. Observe that v,a = (vi,wi)v,'. = v,'. (i=1,...,n). Soit
suffices to prove that a*uj = u; for j=1,...,¢t.

Given u; (1<j <1, compute (vi,a*uj) = (va,u;) = (v,'.,uj) for i =
l,...,n. Since v,'. (i=1,...,n) are chosen so that ('Ul'.,uj) = (Ul.,u;) for
Jj=1,...,t,wehave (v,,a’u;) = (v;,u;) = (v;, ). So (v;,a"u; — u;) =0
for i =1,...,n. Hence (Vy,a"u; — u;) = 0. Note that a" is defined by
" w,(v;,u) € W, forany ue W . So, in particular, a’u, € W, and
hence also a”u I u; € W, . Since the bilinear form ( , ) restricted to V; x ¥
is nondegenerate, we have a’u I u’j =0 as desired.

*
au=

Let D be a division ring endowed with involution * and let pV be aleft
vector space over D. V' can also be regarded as a right vector space by the right
scalar multiplication defined by va = a"v, where v € V and a € D. Note
that A(, V') = A(V},) . For this reason, the action of a € A(V})) on V), will also
be written on the right-hand side. Suppose that there exists a nondegenerate
bilinear form on ¥ x ¥, . Then .V is said to be a self-dual space with respect

to (, ).
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The *-version of the Jacobson theorem is the following well-known:

Kaplansky theorem [1, p. 17]. Let R be a prime ring with involution * and with
Soc(R) # 0. Then there exists a vector space V over a division ring D endowed
with involution, which is self-dual with respect to a Hermitian or alternate bilinear
form ( , ) in such a way that

1. S,(V)CRCL,(V),

2. the * of R is the adjoint of R relative to this bilinear form ( , ).

Furthermore, the Hermitian and alternate cases are mutually exclusive, occur-
ring according as there is, or is not, a minimal symmetric idempotent e =e=
e .
Conversely, any R such that S, (V) € R C L,(V) and such that R* = R
must be a prime ring with involution * and with Soc(R) =S, (V) #0.

Proposition 4. Suppose that R is a prime ring with involution * and that f
is a -generalized polynomial. If f vanishes on a nonzero ideal of R, then f
vanishes on Q, the two-sided quotient ring of R.

Proof. Suppose that f vanishes on a nonzero ideal I of R. Replacing I by
INI", we may assume from the start that I is a *-ideal of R. We may also
assume that f is nontrivial. By Theorem 9 [8, p. 477], I satisfies an ordinary
nontrivial generalized polynomial identity (without *) and hence so does R.
By Martindale’s theorem, RC is a primitive ring with nonzero socle. By Ka-
plansky’s theorem, S, (V) C RC C L, (V) for a self-dual vector space V' over
a division ring D endowed with involution. By Proposition 2, the two-sided
Martindale quotient ring of RC is L, (V). Note that the two-sided Martin-
dale quotient ring L, (V) of RC includes the two-sided Martindale quotient
ring Q of R as a subring in a natural way. It suffices to show that f van-
isheson L, (V). Note that Soc(RC) = S, (V). By Proposition 3, it suffices to
show that f vanishes on Soc(RC): Suppose that f vanishes on Soc(RC).
Let ¢,,4,,... € L, (V) and let v € V. In computing vf(q,,q,,...) = v,
we need only finitely many relations of the form ug, = u', q;‘ w =w', where
u,u' ,w,w €V . Obviously, (u',w) = (ug,,w) = (u,q w) = (u,w'). Propo-
sition 3 asserts that there exists ¢, € Soc(RC) such that ug, = u' and ((j[)*w =
w'. Hence v' =vf(q,,4q,,...)=vf(d,d,,...)=0.

If C is finite, then there is a nonzero *-ideal J of R such that aJ C R
forall « € C. Then I D IJC. But IJC is a nonzero ideal of RC and
hence must contain the minimal ideal Soc(RC). So f vanishes on Soc(RC)
as desired.

Now let C be infinite. If * is of the second kind, then R is special by
Proposition 1. The assertion follows from the well-known corresponding result
for ordinary generalized polynomial identities (without *). So we may assume
that * is of the first kind. We proceed by induction on the height of f. Pick
sufficiently but finitely many o € C and let J be a nonzero *-ideal of R such
that oJ C I for these a picked. Replace each indeterminate x in f by ax
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for these o picked. Then the resulting *-generalized polynomials vanish on J .
Note that these o € C picked are symmetric and hence can be moved out of
* operation. By the Vandermonde determinant argument, we can solve these
x-generalized identities for the homogeneous parts of f. So each homogeneous
part of f vanishes on J. It suffices to show that each homogeneous part of
f vanishes on Q. Note that the height of each homogeneous part of f is not
larger than that of f. Replacing f by one of its homogeneous parts, we may
assume from the start that f is homogeneous in each indeterminate it involves.

Assume that the height of f is 0. Then since f is homogeneous, f must
be multilinear. It is obvious that f vanishes on I/C. Since I/C, a nonzero
ideal of RC, must contain the minimal ideal Soc(RC), f also vanishes on
Soc(RC) as desired. So we assume that the height of f is larger than 0. As
the induction hypothesis, we also assume that the assertion of the proposition
holds for any =-generalized polynomials with less height.

Given any indeterminate x in f, we suppress all indeterminates other
than x and write f(x) for f for simplicity of notation. Now consider
gx+y)=f(x+y)—- f(x)- f(y), where y is a new indeterminate. Since g
is of less height than f, g must vanish on Q by our induction hypothesis. So
f(x+y) = f(x)+ f(y). We have thus shown that f is additive on Q with
respect to each indeterminate it involves.

Now write f = f(x,,...,x,), where x,,...,x, are all the indeterminates

f involves. Set x, E D “ , where rj e I and aj € C. Using the
additivity of f on Q, we compute

() (1 (n) (n)

flx;, %y, o0 ,x,) = er a, ,...,er"aj"
) (") (n)

Z f(rjl ]I >t ]n ajn)

(1)\h (n)\hn (1) (n)
= Z (ajl)l"'(af ) f( Jl ""’rj:.)’

jl veeen)n

where h, = the x-degreeof f (i=1,...,n). Since r ‘eln, f Y. ,r;.,',”)

=0 and hence f(x,...,x,)=0.But x, = E, rj aj' are typlcal elemenls of
IC. So f vanishes on IC. Since IC, a nonzero ideal of RC, must contain
the minimal ideal Soc(RC), f vanishes on Soc(RC) as desired.

One might be wondering whether the two-sided Martindale quotient rings
respectively of R and of RC are equal or not. If R satisfies a nontrivial
polynomial identity (over C ), then R, , Q, the left Martindale quotient ring
of RC, and the two-sided Martindale quotient ring of RC are all equal to
RC . But, as the following example shows, this is actually false in general, even
if R satisfies a nontrivial generalized identity.
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Example. Let D be a (commutative) principal ideal domain and let C be its
quotient field. Suppose that .} is an infinite-dimensional vector space over
C. Fixabasis & ={v,,v,,...} of V. Forv=3% av,u=3% Bv,eV,
where v, € & and where o,, B, € C vanish for all but finitely many i, we
define (v,u) =}, ;. Then (, ) isa nondegenerate bilinear formon V'xV .
As usual, let A(V) = End(.V). For a € A(V) such that v,a = Zjaijvj,
where v;, v, € %, o ; € C, the adjoint of a, if it exists, is defined by
vja* = Eiaijvi‘ Hence, L, (V) consists of all a € A(V) such that for each
v, € Z (v,a,v,) =0 for all but finitely many i, and S, (V) consists of all
a € A(V') such that v,a =0 for all but finitely many /. Let D_ consist of all
a € A(V) suchthat (v,a,v;)eD for all v, xr €% . Define R=S,(V)ND_, .
Then RC =S,(V). Also, ideals of R assume the form dR for some d € D.
Hence the left Martindale quotient ring R, of R and the two-sided Martindale
quotient ring Q of R are equal to {a/d:a € D and 0 # d € D} and
R.NL,(V), respectively. So, if D is chosen so that D # C, then A(V) # R,

and L,(V)#Q.

IV. PROOF OF MAIN THEOREM

We begin with the following.

Lemma 8. Suppose that R satisfies a nontrivial *-differential identity. Then R
satisfies a nontrivial generalized identity (without ™).

Proof. By linearization, we may assume that R satisfies a nontrivial multilin-
ear *-differential identity (,b(x,.A’ , (xiA’)*) = (0. Assume toward a contradiction
that R does not satisfy any nontrivial generalized identities (without *). By
Theorem 9 [§, p. 77], R does not satisfy any nontrivial *-generalized identities
(without derivations) either. In particular, any linear *-generalized identities
of R are trivial. Hence Lemma 4 applies and gives that é(z, Vi j) =0isa
multilinear generalized identity of R. Since ¢(x,.A’ , (xiA")*) = 0 is not trivial,
é(z; Y j) = 0 cannot be trivial either. This is absurd.

If every #-differential identity of R is trivial, then our Main Theorem holds
trivially and there is nothing to prove. So from now on, we assume that R
satisfies a nontrivial *-differential identity. By Lemma 8 above, R satisfies a
nontrivial generalized identity.

We recall the following [4, p. 68]:

Fact 4. Assume that R satisfies a nontrivial generalized identity. Let u €
D+ D, besuch that 4(C)=0. Then u€ D, .

If C is finite, then u(C) =0 for any u € D+ D, . Hence by the identity
(3), any *-differential identity can be brought to a *-generalized identity without
derivations. So our Main Theorem holds trivially in this case. Thus we may
assume henceforth that C is infinite. By Proposition 1 and Lemma 1, we can

further assume that * is of the first kind.
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We recall the following definition [4, p. 64, fourth line from the bottom]: For
MUy M, €D+ D, ,wesaythat u,...,u, are strongly independent if, for
any o, € C, ) pa, €D, implies o, =a,=---=a,=0.

Lemma 9. Suppose that u,,...,u, € D+ D, are strongly independent and
that a, ..(.),an €R,. Ifforall o€ C, o"a +---+a"a, =0, then a, =
e = an = .

Proof. Suppose not. Without loss of generality, we may assume that a, # 0.
Choose a basis v, =a,, v,, ... for the subspace E;':l a,C. Express a, (i =
l,...,n) in terms of the basis v, ,v,,...: a, =v, and a, = v, +--- for
i > 2. Substituting these expressions into o ‘a +-- +a" "a, = 0 and collecting
terms according to v, ,v,, ..., we obtain

@+, + B+ v, + (v, + - =0.

Since v, ,v,, ... are C-independent, o/ + o**B, + o/* B, + --- = 0 follows.
Hence the derivation u; + u,B, + u;8, + --- vanishes on C and, by Fact 4,
must be in D, . This contradicts the strong independence of u,,4,, ..., 4, .

Lemma 10. If ¢ is a linear *-differential identity, then the Main Theorem holds.

Proof. ¢ may be written in the form

i

¢ =g(x™, (x*)) = 33 (@ X+ My al)
k=1

where A, are distinct regular words in M . Assume that A, is the greatest
among A,. We prove by induction on A, that if ¢(xA’ , (xA’)*) vanishes on a
nonzero ideal of R, then ¢(y, ,y;’) =0 is a x-generalized identity on R, where
y, are new distinct indeterminates.

If A, = &, then ¢ is simply a *-generalized polynomial (without deriva-
tions). The result follows from Proposition 4. So let us assume that A, # J.
As the induction hypothesis, we also assume that the assertion of this lemma
holds for any linear *-differential identity whose leading word is strictly less
than A, .

Write A, = 5:”5?~~ and assume that 5:” =6 = = (53(_"’ # dlfll,
0<s,<p (p=chR). Wealsoset A, = 3,8 ... Let p e C. Using the
formula (1) (in the proof of Lemma 3) and the fact that «* = « forany a € C,

we have

k

k Ay (k k) o Ak ) pd A, (k
aﬁ '(Bx) b,( )=a,(. 'Bx bﬁ )+s,.af. "B x bf)+~~-

and

k A+ gk k A+ ik k) o0t A x gk
By d™ = M px) T dN s, N B0 ()

! 1 !
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Hence

n;
k) A (k k), Ay gk
=ﬂ22(a§ 'x bﬁ )+cl(. '(x™) a’f )
i k=l
n; - —
W (k) A (k k), Aix 4k
DB @ B + ) )+
i k=1
.
‘ 0 (k) A (k k), Ak gk
=,b’¢>(x)+EZsiﬂ ! (af 'x bf )+c,(. J(x™) a’f N+
i k=1
Let I be a nonzero ideal of R on which ¢ vanishes. Pick a nonzero ideal J
of R such that J C 7 and BJ C I. Then ¢(Bx)— B#(x) vanishes on J.
Note that the leading word A, of ¢(Bx) — Bé(x) is strictly smaller than A, .
So the induction hypothesis applies.

We want to collect the terms in ¢(fx) — B¢(x) which contain the regular
derivation word A Let u,,...,u, be all derivations in M other than Jf”
such that 4, A , ..., u, A occurin ¢. Letussay u A, =A, .. uA =4
Then the sum of those terms in ¢(fx) — f¢(x) containing Al is of the form

SIBJ:” Z(a Alb +Cl )( )*dik))
k=1

n nre — —
T k) A k k Apvx gk
+ Zﬂ” (2:(air 'x 'bit 4 cL )(x 3] dfx ))) .
=1 k=1
By the induction hypothesis

6() * k
s B Zal yb +cl df))

+Eﬂ”’<z(a yb +ck)yd ))=O

is a *-generalized identity for R. Since this holds for any g € C and since
6;” s Uy, ...,u, are strongly independent, by Lemma 9,

0

Il

ny
(k) (k) | (k) x (k)
Z(aI yb +c 'y d))
k=1
is a *-generalized identity for R. Hence

n,
(k) Ay (k) (k) , _Aiy* 4(k)
=ZZ(a, XU 4 (x )d;™)
i>2 k=1

also vanishes on 7. The leading word of ¢, is obviously smaller than that of
¢ . So by the induction hypothesis again,

ZZa yb(" +c yd )=

i>2 k=1
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is also a x-generalized identity for R. Combining this with the identity

ny
Z(a(lk)ybil‘) + c(ll‘)y*d;l‘)) =0,
k=1

the desired result follows.

Using a proof similar to that of Lemma 4, we have

Lemma 11. If ¢ is a multilinear x-differential identity, then the Main Theorem
holds.

Using Lemma 11 and arguing as in the proof of Lemma 6, we have the
following

Lemma 12. If chR = 0, then the Main Theorem holds.

By Lemma 11, we may further assume henceforth that chR = p > 0, where
p is a fixed prime.

Since R satisfies a nontrivial generalized identity, by Martindale’s theorem
[7], the socle of RC is nonzero. Set 0 = Soc(RC). By the Kaplansky theo-
rem, there exists a self-dual space ,}° over a division ring D endowed with
involution such that

Sy(V)SRCC L(V)

and such that ¢ = S, (V). Note that V. is an irreducible right RC-module
and D = Hom(Vy, V). Since Soc(RC) # 0, all the irreducible right RC-
modules are isomorphic. The division ring D is also unique up to isomorphism
and is thus called the skew field of RC . Note that, by [7], D is finite dimen-
sional over C.

We need the following from [4, p. 74]:

Fact 5. Let I be a nonzero ideal of R. Then IC? Do.

Note that the coefficients of x-differential polynomials of R are allowed to
lie in R, . Since the left Martindale quotient ring of RC includes R, as a
subring in a natural way and since, by Proposition 2, both the left Martindale
quotient ring of RC and the left Martindale quotient ring of Soc(RC) are
equal to A(V), any x-differential polynomial of R can be naturally regarded
as a *-differential polynomial of Soc(RC). The following lemma is stated in
this sense.

Lemma 13. If ¢ is a *-differential identity of R, then ¢ is also a =-differential
identity of o .
Proof. We prove by induction on the height of ¢ that if ¢ vanishes on a
nonzero *-ideal I of R, then ¢ vanishes on JC? for some nonzero ideal J of
R . Our desired result will follow immediately from Fact 5.

As in the proof of Proposition 4, pick sufficiently but finitely many a € C.
Let J be anonzero *-ideal of R such that «J C I for those « picked. Replace
each indeterminate x in ¢ by ofx for those a € C picked. Note that the
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resulting -differential polynomials after such replacement vanish on J. Note
that of are constants of derivations and hence can be moved out of derivations.
Using the Vandermonde determinant argument, we can solve these *-differential
identities of J for the homogeneous parts of ¢. So each homogeneous part
of ¢ vanishes on J. Note that the height of each homogeneous part of ¢ is
less than or equal to that of ¢. Replacing ¢ by one of its homogeneous parts
(and I by J ), we may assume from the start that ¢ is homogeneous in each
indeterminate it involves.

If the height of ¢ is 0, then ¢ must be multilinear. If ¢ vanishes on I, then
obviously ¢ also vanishes on IC” as desired. So we assume that the height
of ¢ is larger than 0. As our induction hypothesis, we also assume that the
assertion holds for any x-differential polynomial of less height.

Let x be an indeterminate occurring in ¢ . Suppressing indeterminates other
than x, write ¢ = ¢(x) for simplicity of notation. Let y be a new indetermi-
nate not occurring in ¢. The x-differential polynomial ¢(x +y) — ¢(x) — d(y)
also vanishes on 7. Since the height of ¢(x +y) — ¢(x) — ¢(») is strictly less
than that of ¢, by our induction hypothesis, there is a nonzero ideal J of R
such that ¢(x + y) — ¢(x) — () vanishes on JC”. We have thus shown that
¢ is additive on JC? with respect to x .

Let x,,...,x, be all indeterminates occurring in ¢. Write
¢=¢(x,...,x,).
By the paragraph above, foreach i (i=1,...,n), there exists a nonzero ideal

J; such that ¢ is additive on J,C” with respect to x Set K=In(O.,/
Assume that the x;-degree of ¢ is h,. Set x; = E a ) where r(') €K and
a j') € C? . Using the additivity and the homogeneity of ¢, we compute

o el S ...,Zr;">a;">
J

(1) (2) (n) (n)
Z ¢ j jZ"'.’rjn ajll)

h 2)h (n)\hn m (2 (n)
() () ()

n

P’J

= O.
Hence ¢ vanishes on KC? as desired.

By the Jacobson-Noether theorem, the skew field D of R possesses a maxi-
mal subfield ® which is separable over C. ® is hence a primitive extension
of C. Assume that ® = C(v), where v is a primitive element of ® over C
satisfying the minimal polynomial

fx) =3 o x".
k
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By the separability of ® over C, f'(v) = > kak,uk—l £0.
Any derivation 4 on C can be uniquely extended to ® (= C(v)) by defin-

ing
v == (Y ap") (fon™"
Now consider the ring g ® - ®. Any derivation x4 on ¢ can be extended to
o ®. P by defining
rea)=reoa+red,
where r € ¢ and a € ®. The involution * on ¢ can also be extended to
0 ®, P by defining
rea) =r®a,
where re o and a € ®.

Since the left Martindale quotient rings of ¢ is a subring of the left Martin-
dale quotient ring of 0® . ® in a natural way, by means of the above extensions
of derivations and involution on ¢ to 0®,.®, any *-differential polynomial of
o can be naturally interpreted as a *-differential polynomial of ¢ ® . ®. The
following lemma is stated in this sense.

Lemma 14. If ¢ is a *-differential identity on o, then ¢ is also a =-differential
identity on 0 ®, P.

Proof. Let ¢ = qb(x,.Af ,(xf’)') = 0 be a *-differential identity for ¢. Using
identity (9)' to bring " inside of derivations, we have ¢ = ¢(x™, (x")*) = 0.
Suppressing derivation words for simplicity of notation, we write ¢ = @(x;, ,xl’.*) .
Set x, = Zj a;n,;, where a;; are fixed elements of o and n,; are indetermi-
nates intended to range over C. Since ~ is of the first kind, xf = Zj a:jr]ij.

Substitute these x; and x;" into ¢ and write the resulting expression in the
following form:

o) Za,jn,'j’ Za;ﬂ,j :Zb¢h('],'Ajk)a
J J b

where b are C-linearly independent elements in the left Martindale quotient
ring of ¢ and where ¢,,(r7[A;) are differential polynomials in ", with coeffi-

cients also in C. If n,, are assigned values from C, then, since Eaij"u €0
and (Y a,n,)" = Yain, €0, (X a,n,, >, a;;1,,) vanishes. Since b are
C-linearly independent, ¢;,('7,Af) vanishes on C for each b. Thus ¢h(nﬁ.“) =0
is a differential identity (without *) for C. By the Kharchenko theorem,

¢y(n4) =0 is an identity on C, where »,, are new distinct indeterminates.

Since C is an infinite field, ¢,(M;1) is a trivial polynomial. Thus qS,)(nﬁ.") also

vanishes trivially when n, are assigned values in @ . So ¢(Zj a; n;» Z/ afjr]ij)
vanishes when 7, range over ®. Since a, €0, N, € ® are arbitrary and
sinc.e }:aun,j, where a,, e o, n,; € ® are typical elements of 0 ® . P, ¢
vanishes on ¢ ® . ® as desired.
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As usual, each element in 0 ® . ® can be interpreted as a linear map in
End(,V) by defining
v(r® a) = avr,

where v € V', r € 0, and a € ®. Such a representation is faithful by Theorem
2.2 [7, p. 504]. Obviously, V' is an irreducible o ® . ® module. It is easy and
well known that the commuting division ring of 6®,® in End(,V) is ® itself.
D is finite dimensional over C and hence must also be finite dimensional over
®. For r € g, the range of r is finite dimensional over D and hence is also
finite dimensional over ®. So each element in o ®, ® is of finite rank in
End(4,V). Thus o ® . @ coincides with its own socle.

The bilinear form ( , ) defined on V' is no longer a bilinear form on 4V,
since the values of ( , ) fall in D but not in ®. However, by the Kaplansky
theorem, there exists a self-dual space U over a division ring A endowed with
involution such that

S,(U)Ca®.PCL,(U).

Since the socle of o ®. @ is nonzero, all the irreducible ¢ ® . ® modules
are isomorphic and hence so are their commuting division rings. Thus we
may assume A = @. Since the two-sided Martindale quotient ring of ¢ ® . ®
includes R as a subring naturally, by Proposition 4, it suffices to prove our Main
Theorem for o ® . ®. Replacing R by ¢ ® . ®, we may assume henceforth
that the skew field of ¢ coincides with its own extended centroid C.

Now are ready to give

Proof of the Main Theorem. It is well known that any J € D + D, can be
uniquely extended to a derivation on the ring R, of left quotients. See for
example, Exercise 10 [6, p. 101]. The derivation thus extended will also be
denoted by J. So we assume that any 6 € D + D, is defined on the whole
R..
Suppose that e is an idempotent in g. Then Ve is a finite-dimensional
subspace over C. Let us say that Ve is of dimension m over C. Choose
abasis {v,,...,v,} for Ve over C. Also choose a basis {v :a > m} for
V(1 —e). Then {v :«a > 1} is a basis of the whole space V. Let e, € R,
(= A(V)) be the linear transformation such that v.e,; =Vs and ve , =0
for y#a. If a,f < m, then e,p €ege. Also {e“ﬂ: a, B < m} forms a basis
of ege over the field C.

For each 6 € D + D.

int ? -
follows: Let a € R, be such that v a = Z,; CpUp - Define a° € A(V) by
setting

we define a new derivation J on R, (= A(V)) as

) Jy 3
v (a) = C,pVp -
B
Observe that e:f,, =0. Also d — ¢ acts trivially on C and hence must be

an inner derivation in R,.. Let r; € R,. be such that § = o+ ad(rg), where
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ad(r;) is the inner derivation defined by r; € R.. Let M = {6:5 € M}. For
6,,0, € M, we define 31 < 32 if and only if 6, < d,. For A=46,6,---9,,
where 6, € M, define A=5,0, -4, . Note that if A is a regular word in M ,
then A is also a regular word in 7 .

Suppose that ¢ is a given x-differential identity of R. As in the proof of
the generalized Kharchenko theorem (see also the remark following Lemma
4), we may assume that ¢ involves only one indeterminate x. Write ¢ =
d;(xA’ ,(fo)*) , where A ; are regular words in M . We may assume that A, >
A, > --- . For simplicity, let us also assume that {Aj: j=1,2,...} is closed
under subwords.

Our strategy is to replace each 6 € M in ¢ by the more concrete derivation
d+ad (r5) . But the difficulty is that * is defined only on Q and not on the whole

R, . The resulting expression after such substitution may involve (x‘;)* and
r; . Even if x is assumed to range over Q, x° may fall out of Q. Similarly,

r, may possibly not be in Q. In either case, the expressions (x'j)* and r;
make no sense.

Our solution is as follows: Using the identity (9), we bring qS(xA/ , (xA’)*) to
¢(fo , (x*)A; ), where A; are regular words in M~ . Observe the following: For
ae€eC andfor 6€ D+ D, ,

o = (")) = (a
since * is assumed to be of the first kind. Hence 6" —J§ vanishes on C and
so does 6" —d. Thus there exists t; € R, such that " = o+ ad(ty).

Now, in ¢(x®,(x")"), we substitute 3+ad(r;) for § in A; and 6+ad(t;)
for 6* in A;, respectively. Using identities (1)-(6), the resulting expres-
sion_of such substitution can be brought to a new =x-differential polynomial

J J\* J

) =a,

w(xY, (x*)zf) , where Zj are regular words in M .
Define A ; Uz inductively as follows: For j = 1, define 4, = the highest
total degree of x*' and (xA‘)* in ¢. For j > 1, define A ;= the highest total

1

degree of x% and (xA’)‘ in those monomials of ¢ whose total degree of x4
An* : . .
and (x™)" is h, foreach i< j.

We define the leading part ¢O(xA’ ,(xA’)') of ¢(fo , (xA’)*) to be the sum
of those monomials of ¢ whose total degree of xY and (xA’)* is hj for each
j > 1. Similarly, we define the leading part t//o(xA’ L(x)Y) of w(x™,(x")™)
to be the sum of those monomials of y whose total degree of x% and (x*)Af
is h i for each j > 1. Itis important that the generalized polynomial ¢,(z Y j)
coincides with the generalized polynomial y(z 1D ;), where z., y, are new
indeterminates.

Set x = Elg,. B<m é’(,,,C“/, , where Cf!ﬂ are indeterminates int*ended to range
over C and hence are assumed to commute with R,.. Since ~ is of the first
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kind, we have x” = Y i<a p<m aﬂcaﬁ Suppose that A = §,6, 6.0

is a regular word in M, where 6, =0, = =6_#6
(p=chR). Smcee =0 for d € M, we have

A A
X = Z eaﬂcaﬁ.

1<a,f<m

Using the formula (1) in the proof of Lemma 3,

A
* A *
(X) = Z eaﬂCaB
1<a,f<m
* LA * (0| 0203
= E (é’(,ﬂcuﬂ+5(€{,g)'fﬂfgs +"')>
1<a,f<m

—

where the dots above denote a sum of terms (e, B)A (<, B)A , where A, A" <
0,0, . Substitute these expressions for x* and (x*)* into w(xY,(x")Y)
and let n(C

«

5 ﬂ) be the x-differential polynomial thus obtained.
We define the leading part 7 (CA’) to be the sum of those monomials of 7
0\>ap

whose total degree of C,, (1<a,p<m)is h foreach j>1. Let { ,. be

aBj
new indeterminates. Observe that

”O(Cuﬂj) = .//0 Z e(lﬂcuﬁj 4 Z e(xﬂcaﬂj

I<a,f<m 1<a,p<m
*
= ¢0 Z euﬁcaﬂj ’ Z euﬂcuﬁj .
1<a,f<m 1<a,f<m

Now write '7(5(, 5) =2, U'I,,(ij;) , where v € R are C-linearly independent
and where r],,,(Cu;,) are differential polynomials in {_ P with coefficients in C.

When (| p are assigned values from C, n(CA!;}) assumes the constant value

[¢

0. Since v are assumed to be linearly C-independent, 7, (CZ”{,,) = 0 for each

«

v. Thus, for each v, 7, (C”ﬂ) 0 is a differential identity on C. By the
Kharchenko theorem, 7, ({, s ,) 0 is a generalized polynomial identity on C,
where { pj are new indeterminates. Hence 1({, ;) = 0 is also a generalized
identity on C (with coefficients in R, ). Since C is assumed to be infinite,
the leading part 7,({, 5;) =0 of n({, p;) =0 is also a generalized identity on
C . Since

1< .f<m 1<a.f<m

”O(Crrﬂj)=¢0( > NIVIE > Iy
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and since €.p (1 <a,p <m) span ege over C, we obtain that qﬁo(yj,y;) =0
for y ; €eae.

Given any finitely many y,,y,, ... € g, there exists an idempotent ¢ € ¢
such that y,,y,, ... € ecge. By the result of the previous paragraph, ¢,(y D y;)
= 0. Thus we have shown that ¢>0(yj , y;) = 0 is a *-generalized identity on
o . By Proposition 4, ¢0(yj , y;) =0 is also a *-generalized identity on Q.

Now consider

¢ (x™)) = go(x™, (x¥)).

Let ¢,(x™,(x™)") be the leading part of ¢'(x*,(x*)"). Repeating the above
argument, we can show similarly that qsg(y j,y;) vanishes on Q. Continu-
ing in this manner, we can prove finally that the Main Theorem holds for

P(x™, (x¥)").

Remark 1. In our Main Theorem above, derivations are assumed to be in
D, + C Der R. However, as remarked in [4, p. 74], Der R may be replaced
by the larger set consisting of all derivations u € Der R,. for which there exists
a nonzero ideal I of R such that I“ C R. Also the given differential identity
can be assumed to vanish only on a nonzero ideal of R instead of on the whole
ring R. The assertion of the Main Theorem above (together with its proof) still
holds for such a generalization.

! A
s

(x, (xM)) = p(x

Remark 2. As in [3] and [4], we have deliberately avoided the following two
fundamental questions: (1) With respect to a basis M of D linearly ordered by
<, does a differential polynomial give rise, via the basic identities (1)-(9), to a
unique differential polynomial of the form qb(xlA’ , (xl.A’)*) » where A are distinct
regular derivation words in M (with respect to <) and where ¢(z, i z:j) is a
x-generalized polynomial? (2) Is the nontriviality of a x-differential polynomial
independent of the choice of M and the linear order < on it? Both questions
have affirmative answers. Actually, we can give a free-product treatment of *-
differential polynomials as initiated in [5], where all the basic notions can be
made precise and then the two questions above can be proved mathematically.
As such a treatment is rather long and does not seem to be immediately relevant
to our main theme here, we take up these matters somewhere else.
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