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REALIZATION OF
THE LEVEL TWO STANDARD s((2k + 1,C)”-MODULES

KAILASH C. MISRA

ABSTRACT. In this paper we study the level two standard modules for the affine
special linear Lie algebras. In particular, we give the vertex operator realizations
of all level two standard modules for the affine special linear Lie algebras of odd
rank.

INTRODUCTION

The existence of explicit constructions of some nontrivial “standard” modules
is one of the most interesting features of the representation theory of affine Lie
algebras. In recent years it has been established that the existence of such
constructions gives rise to a number of important connections of affine Lie
algebras with different branches of mathematics and physics.

The study of level two standard si(n,C)”-module was started in [8, 9]. In
[8, 9], among other results, the level two standard modules for the affine Lie
algebras sl(3,C)” and sl(5,C)” were explicitly constructed. However, the
arguments involved some explicit computations which could not be generalized
to arbitrary rank case.

The main result of this paper is Theorem 3.15, which gives an explicit basis
of all level two standard sl(2k + 1,C)” -modules. In order to accomplish this
we have strongly used the fact that the “principal” characters of these modules
differ from the product sides of the generalized Rogers-Ramanujan identities
by a simple factor. Furthermore, throughout the paper, our arguments are
very much influenced by two recent papers, [6] and [7]. We are thankful to
Robert L. Wilson for some valuable suggestions.

1. PRELIMINARIES

In this section we will recall some notation and facts from [9]. There will be
minor changes in the notation which will be self-explanatory. For more details
see [9].

Consider the (complex) simple Lie algebra g = si(n + 1,C), with n > 2.
The associated affine Lie algebra § has a basis (see [2, 9]),

(L.1) S={c,B(j),X(m,i)|i,jeZ,j#Z0 mod(n+1),m=1,2,...,n},
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296 K. C. MISRA

where ¢ is a central element (suitably normalized), B(j) = E'® ¢, and
X(m,i)=D"E'"®t" . Here t is an indeterminate, D =

diag(w,wz,...,w",l), and E=(6(,.+l),’j)7’j=0,

where w is a primitive (n + 1)th root of unit and prime denotes reduction
modulo (n + 1). Denote

ss= [ cBE=)
j>0
Jj#0 mod(n+1)

and s =s~ @®Cc®s' . Then s is a Heisenberg subalgebra of §, called a principal
Heisenberg subalgebra. For an indeterminate {, define the formal power series:

B(0) = %,20 modins1y B

X(m,0) =Yg X(m,i)¢',  m=1,2,...,n,
8(0) = Lez¢'s and

D3({) = Tiez 18-

Proposition 1.1 [9]. Let {, and {, be two commuting indeterminates. Then for

(1.2)

j#0 mod(n+1) and m,[=1,2,...,n, we have
(1.3) [BU), X(m, L)l = (0™ = 1)/ X(m, (),
and

(1.4)

[(X(m, ), X(1,¢)]
5(wlC,/CZ)X((m +1),8,) = 6(w™ " L)X (m+ 1), 0"y,
= form+1[#n+1,
eD3('L,/0,) +6(w'C, /LB - B L)), form+1=n+1.
Let a = C(E) denote the centralizer of £ in g. Then

a=spanC{E,E2, ,E"}

and a is a Cartan subalgebra of g. Let h denote the Cartan subalgebra of
g in apposition to a (cf. [5]). Note that b is the usual Cartan subalgebra
spanned by the (n+1)x(n+1) diagonal matrices of trace zero. Let E,,F,, H,,
i=1,2,...,n,denote the usual canonical generators of g with respect to the
Cartan subalgebra h. Let E, be a lowest root vector and F, a highest root
vector suitably normalized such that [H,E ] = 2E, and [H, F)] = -2F,
where H, = [E;,F]. In g for i=0,1,2,...,n, set

(1.5) e, =E®t(, f=F®t', and h=H®el+(n+1) c
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Then {e;, f;,h;|0 < i < n} form a system of canonical generators for the
affine Lie algebra § = sl(n + 1,C)". Observe that ¢ = Z:;O h;. Let d be the
derivation of § given by

(1.6) dle)=e;, d(f)=-f,, and d(h)=0,

for i=0,1,...,n. Observe that

(1.7) d(B(j)) = JjB(j), d(X(m,i)=iX(m,i), and d(c)=0.
Form the semidirect product Lie algebra

(1.8) g=sl(n+1,C) =goCd.

Denote
g, ={xeglld,x]=ix}, ieZ.

i=]]s:-
i€z
which gives a Z-gradation (called the principal gradation) for §, in the sense
that [g,,8 j] C 8- This induces naturally a Z-gradation in the universal

enveloping algebra Z(g),

Then

(1.9) 7@ =[#@®),.
i€z
Set
h=hoCcadCdC3§.
Then h is an abelian subalgebra of § which is spanned by {h,,4,, ... ,h,,d}.
Let A€h”. A g-module V generated by vector v, # 0 such that ¢,-v, =0
for i=0,1,...,n and h-v, = A(h)v, forall he b is called a highest weight

module with highest weight 1. Such a vector v, is called a highest weight vector
and is unique up to a scalar multiple. The scalar A(c) is said to be the /evel of
V. A highest weight §-module with highest weight A and corresponding highest
weight vector v, is called a standard (or integrable highest weight) g-module if
there is an integer r > 1 such that f,.’-v , =0, 0< i< n, which in turn implies
that A is dominant integral, that is, A(h;) € N, for 0 <i < n (see[l, 3]). For
each dominant integral A € §*, there is a unique (up to isomorphism) standard
g-module L(A) and it is irreducible (see [1, 3]). For convenience we will restrict
our attention to L(1) when A(d) = 0, so that A € span{h; [0 < i < n} CH"
where h;(h,) =6, and h;(d)=0,0<i,j<n.
Denote by L, C L(A) the eigenspace of d with eigenvalue i € Z. Then
(1.10) L) =[],
i<0
with L, =Cv,, L, =%(g),v,,and dimL, < oco. Note that for i <0, ve L,

we have d-v = iv. Hence we call (see [5]) the set of elements in L, the set of
homogeneous elements of degree i. In particular, we say that 7 € End(L(4))
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is homogeneous of degree z € C if [d,T]= zT . Observe that T € End(L(4))
has degree z € C ifand only if TL, C L, . forall i € Z. Define the principal
character y(L(A)) of L(A) by

(1.11) X(L(2) =) (dimL_,)q'

i>0
where ¢ is an indeterminate. Then x(L(4)) has a known product expansion
(for example, see [9, Formula 1.1]).

In this paper we will focus our attention on the level two standard §-modules
L(A) with A(d) = 0. To be more precise, we will study the standard g-modules
L(A) where A=hy+h;, 0<I<t—1,where t=[(n+1)/2]+1, [] denoting
the greatest integer. Note that up to an isomorphism of the Dynkin diagram of
§ it is enough to consider only the cases A = ha + h,* with 0 </ <t-1. Other
level two standard §-modules can be studied similarly. By direct computation
it can easily be checked that for A = hg + h,* ,0</<t—-1,

(1.12) X(L(A) =F I1 (1-4%""

k>0
k#0,x(/+1) mod(n+3)

if l<(n+1)/2,and

(113)  x(L(A) =F I1 (1-¢" 11 (1-4%),
k>0 k>0
k20,(/+1) mod(n+3) k=(l+1) mod(n+3)
if I=(n+1)/2 (ie, (n+1) is even), where
(1.14) F=yz6)n= [ 0-497"

k>0
k#0 mod(n+1)
It is important to observe that y(L(4)) differs from the product side of the gen-
eralized Rogers-Ramanujan identities due to Gordon, Andrews, and Bressoud
(cf. [4]) by a simple factor.
For a formal indeterminant {, denote by End(L(4)){{} the C-vector space
of formal Laurent series in { with coefficients in End(L(4)). Define

(1.15) E*(.0) = exp (£ (0™ - VBN ).

J
for k € Z, where j ranges through the positive integers # 0 mod(n + 1)
and exp means the formal exponential series. Also recall the formal Laurent
series B({), X(m,{), m = 1,2,...,n (see (1.2)). We can and do view
B({), X(m,{), and Ei(k,C) as elements of End(L(4)){{}. Note that if we
designate any of the elements X(m,{) or EX(k,{) by Y = Yz Y'C', then

[d,Y]1=3[d. Y)('=) iV
i€z i€z

Therefore, Y, is a homogeneous operator of degree i for each /i€ Z. We will
need the following facts in the sequel.
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Lemma 1.2 [9]. In End(L(A)){{} for m,k e Z,

+

EX(m, 0 OE*(k,0) = EX(m+k,0).

In particular,
E*-m,0 "0DE (m,{) =1.

Proposition 1.3 [9]. Let {,,{, be two commuting indeterminates. Then on a
standard §-modules of level one we have for 1 <m <n, and k,l€Z,

(a) X(m,C)E™(k,&y) = E~(k, ()X (m, §)P(m,k, ¢, 8,)7
(b) E¥(k,C)X(m, ) = X(m,()E" (k,{)P(k,m,{,8)7", and
(€) E¥(k,{DE™(1,8,) = E-(1,G)E (k,L)P(k, 1L, L), where

(-0 ™0 /L)1 -4/8)
(1- 075, /0,)(1 - w'¢, /L)

Proposition 1.4 [2]. On the level one standard §-module L(h,*) ,0<1<n, we
have

P(k,1,¢,,8) =

X(m,0)=c"(E (m,0) " (EY(m,{)™",
where

(m) (I+1)m m
¢ =w [(w™ —1).

From here on, for convenience, we will denote the operators Ei(—l ,0),
X(1,8), X(1,i) and the constants ¢}, 0 < /< n,by EX(), X({), X(i),
and ¢, respectively.

2. GENERATING FUNCTION IDENTITIES

Let L(A) be any standard g-module with highest weight A and highest weight
vector v,. Let A({) and C(¢) be the following Laurent series in commuting
indeterminates { and & with coefficients in End(L(A)):

an { AQ) = Ty ADE
C) = COHX,
with [d,A(i)] = iA(i) and [d,C(i)] = iC(i) for i € Z (i.e., A(i) and C(i)
are homogeneous elements of End(L(A)) of degree i). Then
(2.2) AQCE) = Y AHCU)'E
ijEZ

is a well-defined Laurent series in two indeterminates { and &, with coefficients
in End(L(4)). However, if we set { = ¢ in (2.2), the product

(2.3) 40cw =3 (X atewm)d

keZ “i+j=k
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is not defined in general. We can write (2.3) if one of the following three
conditions holds (see [7]).

(2.4) C(j)=0, forj<0,
(2.5) A())=0, fori>0,
(2.6) [A(i),C(j)] =0, fori,jeZ.

Whenever (2.3) is well defined, we will sometimes also write (see [7])

(2.7) A(L)C() =§ig}A(C)C(€)-

Now for products of type (2.2) involving more than two commuting indetermi-
nates extend this definition of limit inductively.

Theorem 2.1. For commuting indeterminates {,,¢,, ... ,Cp, set
(2.8) F (.4, -.-.¢)
= I (-eg/0)0-w'0/0) XE)X(E) - X(L,).

1<i<j<p
Then for every permutation ¢ € Sp , we have
(2.9) L (N S S (R
Proof. First observe that by [9, Lemma 2.7] we have
(1- w8, /5,)3(wf,/5,) =0

and
(1-w ' /)6, /L,) =0.

Hence for r=1,2,...,p — 1 the commutation relation (1.4) implies

[T (- o/0)-w™"¢/L) X)) X)X, )] X(E,) =0,

1<i<j<p
and the result follows. O

Corollary 2.2. For p > 2 the limit

(2.10) XPUQ = tim F(Gys )
exists, where b, =0, b, =1,...,b,_, =t -2, and for k >t-1, b = b,

where k =k’ mod(t—1), k' <t—1.

Proof. This corollary follows from Theorem 2.1 and definition of limit by an
argument similar to Corollary 5.8 in [7]. O

Proposition 2.3. On a level one standard §-module L(h;), [ =0,1,...,n, we
have

(2.11) xUy =o,
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and for 2<p<t,
212 XM =¢ I (-0 E (") X" ' OE"(@")).

1<k<p-1
Proof. Using Proposition 1.4, Lemma 1.2, and Proposition 1.3, it can easily be
seen that on L(h))

14 14
Fy(Cyson8) =) I (1=¢/¢) 1‘[ (@" ) TE (@"¢)
1<i<j<p i=1 i=1
=¢, T[] (1 =8 /0 E (@ C)E,_ (& - L)ET (@"E).
2<k<p
Hence the proposition follows. O

As indicated in §1, we will be interested in the level two standard §-modules
L(A) with highest weights 1 = hg + hf , 0 </ <t—-1. Suppose that the
fundamental modules L(h;) , 0 <[ < n, are generated by the highest weight
vectors v, # 0, 0 </ < n, respectively. Then observe that L(h;) ® L(h;) is
a g-module of level two with highest weight A = h; + h, and highest weight
vector (v,®v,). Set v, = v,®v,. Then by uniqueness of standard modules the
standard g-module L(A) with highest weight A = h; + A, will be isomorphic
to the submodule of L(h;) ® L(h,) generated by v, . Hence from here on we
can and do view the level two standard g-modules L(4) with highest weight
A=hy+h, 0<1<t—1,assubmodules of L(hy)® L(h;) respectively.

Theorem 2.4. On the standard §-module L(A), with highest weight A = h(’; + hl* ,
0<I<t-1, we have

(2.13) X0 = g E (") X" O E (0")

where q = (-2w1+l)nl§k§t—2(l _ (L)_Zk)z(l _ w2k+l)(l _ ka—l) ‘

Proof. We will prove that the identity (2.13) holds on the g-module L(h;) ®
L(h;) , hence it holds on the standard g-module L(1) with highest weight 1 =
hg+h , 0<I<t—1.

First observe that on L(h;)® L(h;) we have

EX) =ES () ®E®()

and
X=X e1l+18X({).
Hence
(2.14)
Fy, 8= I -wg/)t-o't/L)

1<i<j<t

Y XE) - XEG) X X)X X(E,)

k=0 1<ij<--<ixy <t

(continues)
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(continued)
= Z > I -t/ -w'0/1)
k=0 1<ij<---<iy <t 1<i<j<t
[{i 3N {iy ik =1
I (SN RN SN ALY A (RN 4
1+l/2]
= Z > [I  (-eig)u-o't/)

k=0 1<i<-<ip <t 1<i<j<t

{i 3N i =1
AF s G n s QO R 0 8)

Ik

o A(STURIN G LY N (SRR S SN )

where means “delete the corresponding term” and for any set S, |S| de-
notes the cardinality of the set .S. Now take limit of (2.14) as {;, — w? {. Then
using Lemma 1.2, Proposition 1.3, 1.4, 2.3, and Theorem 2.1 and reindexing

after neglecting the zero terms, we have

w9

[(1=1)/2] . _
X[t](c -9 Z Z H (l—a)2'+1)(l—w2’—l)
r=0 1<j< <, <t—20<Li<t-2
H (l —(,UZI_"]-H)(I _w21—2j—l)
1<i<j<t=2
[{i. 3Ny e H=1
2j 2(1-2
AF_,_ (L0, 0, 0™ 0™ T
1 r 2ji 2j,
®©F,,(C, w”c 0 )+ F, (L0, 0™ )

®F,_,_,(C,wC,...,w‘“{,...,wéf' T e To%
= (2c,e)(1 - @)1 - ') II (1- 0 (1 -®™1-™

1<k<t-2

Z H . (l _ w2i—2j+l)(l _ w21—2j—l)
r=0 1<jj<<y,<t=2 1<i<j<t=2
i3 ik =1
AE (" OF_,_y(@°¢,...,0" .07, . o T OE ("))
E (@"OF (¢, ... .0 OE ("))
E (" OF(0”¢, ..., 0 OE (")
QE (0"OF_, (', ..

[(1=1)/2]

wz“C, e TOE (")

=(_20)/+l) H (l_w—zk) (l_w21\+l)(l_w2k—l)

1<k<i-2

E ("X " N’ OE (")),
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since
[t=2], 2 . .
X (w {) = C—"lu}}‘*zc}:’._z(gl LA act_z) = Cillvg)IZ'CF;_z(Cl LI 951_2)
[(1=1)/2] |
= Jlim Z > 11 (1- ¢/ -w ¢/L)
1<i) << <t=2 1<i<j<t-2
'{".’}n{ll ’~~~’ik}|=1

.{F‘I—Z—k(cl’ ,Z,-], >E,' s

k

L) ®F (s n )

Ik

T A (SN INT-Y AN (SPUNUIY SNIN ATUIR A )
[(1=1)/2] o .
— Z Z H (1 _ w21—21+l)(1 _ w21—2]—l)

k=0 1<ij<-<ix<t—2  1<i<j<i=2
i3, i =1
AF_ @, 0™, 0™, 0™ TPl

F(0™¢, ..., 0™ )+ F (0™, ..., 0™
OF_, @, ..., 0", ..., 0™, ..., 0?0} O

3. BASES FOR LEVEL TWO STANDARD sl(2k + 1,C)” -MODULES

Let L =L(A) C L(hy)®L(h/), 0<!<k (notehere n =2k and t =k+1),
be the level two standard si(2k +1,C)~-module with highest weight A = hj +A,
and highest weight vector v, = v, ® v,, where v, and v, are highest weight
vectors in L(hg) and L(h,*) , respectively. For any sequence of integers u =
(m,,m,, ... ,m,), p>0, define the elements X (u) = X(m,,m,, ... ,m,) in
End V' by the equation

(3.1) F G, n0) =) X(m,,....m RIeReacl

where the summation ranges over all integers m, ,m,, ..., m,. Note that for
p = 0 we have the unique sequence u = & (empty sequence) and in this case
we define X(J) = 1. Now by Theorem 2.1, for ¢ € Sp we have

(3.2) X(m,,...,m)=X(m

p o(1)s e Mg(p) -

For any sequence u = (m,,m,, c,m,) € Z’, p > 0, define I(u) = p,
Ul = m, +my+---+m,, and write u(i) = m,, 1 < i < p. Also define
[(Z) = 0. For two sequences of integers u = (m,,m,, ... ,mp) and v =
(nl,nz,...,np), p >0, we define x4 >, v if and only if

mPan;mp_|+mp2np_|+np;...;ml+~~+mp2nl+--~+np

Then clearly for any sequence 6 = (r,r,, ... :r,), g 20, of integers we have
(3.3) U2y v=pob>,vof and fou>,0ov

where the composition is defined by juxtaposition, i.e., uo6 = (m,,...,m

p’
rl,...,rq).
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Lemma 3.1. Let us define the coefficients a(u), b(u) by the formal identities
[T 0-wt/t)a-0'¢/) =3 awe™ - "
1<i<j<p UEL?
and
[T -/ -0 ') =3 b .
1<i<j<p uezr

Then a(0) = 1 = b(0) and a(u) = 0 = b(u) unless u <, 0, where 0 =
(0,0, ...,0). Furthermore,

(1) X(my,...,m)="Y" a(@X(m —u(1)-- X(m, - u(p))
HEZLP

and

(2) X(my)--X(m) =" bu)X(m, —u(l),...,m,—up)).
HEZLP

Proof. For (1) compare the coefficient of {{"'()"---{" in Equation (3.1). For

(2) multiply Equation (3.1) by [T, ;,(1 - wc,-/cj)“(l - w"‘C,—/C,-)‘1 and
then compare the coefficient of ;"' () --- (.

The next corollary follows immediately from Lemma 3.1.

Corollary 3.2. For u=(m ,m,,...,m) € 7’ , we have

(1 X(u)=X(m)---X(m)+ Y a(u—-v)X@(1)--- X(p)),

v>TH
(2) X(my)---X(m,)=X(u)+ Y bu-v)X(@v).
v>TH
Corollary 3.3. We have

X(m,,...,mp)X(nl,..

+ > c(W)X(v)

.,n,):X(ml,...,mp,nl,...,nr)

Jor some scalars c(v).
Proof. 1t is clear from Corollary 3.2 (1) and (3.3) that

X(my,....m)X(n, ... ) = X(ml)~--X(mp)X(n1)~~-X(nr)
+ > dW)X(v(1))-- X(v(p +71))
u>r(my,....mp 0y ,....ny)

for some scalars d(v). Now the result follows from Corollary 3.2 (2). O

For any two sequences u,v € Z°, we say u < v if and only if /(u) > I(v)
or u <, v. Then, using equation (3.3), it follows that

(3.4) U<v=puof<vof and fou<fov,



LEVEL TWO STANDARD sl(2k + 1,C)~-MODULES 305

for any sequence 6. Let & denote the set of all sequences u = (m, ,m,, ...,
m,) € Z°, p >0, such that m; < m, < -+ < m, < 0. For the standard
sl(2k +1,C)"-module L =L(1), A=h; +h/, 0<[<k, define

(3.5) L= Y % )XW, u#D,
vels

for all p € & and define L(D) = {0}. Clearly, we have

(3.6) L,2L,, forusv, pves.

Proposition 3.4. L = L(4) = Uue oLy

Proof. By the Poincaré-Birkhoff-Witt theorem, Proposition 1.1, and (3.2), we
have

L =span{% (s )X(u)v,|ue€Z’, p >0}
= Span{%(s_)X(#)vilﬂ = (ml PARC ’mp) GZp’p Z Oaml S S mp}'

Let
V =span{Z (s )X(v)v,|v e P}.

Clearly V' C L. To show L C V' we will use induction on the ordering of the

sequences u = (m,,m,,...,m,), p>0. Fix ,u=(ml,m2,...,mp)eZ”,
m < my<---<m, . Assume that X(u')v, € V forall u' > pu. It is enough
to show that X(u)v, € V. Suppose u = (m, ... Mo m ,mp), where
m<---<m <0and 0<m <---<m,. By Corollary 3.3 we have
X, =X(my, ... ,m)X(m,.,m)v, + Y c(u) X (W), .
w>p

Hence, by assumption, it is enough to show that

X(m,...,m)X(m

, rp1s e M)V EVL

If r 2 0, then this follows from the induction hypothesis by using Proposition

1.1 and Corollary 3.3 since (m,_, ... ,mp) > u. Now suppose r = 0. Then
we have 0<m <. < m, . By Corollary 3.2,

X(uyv, = X(m,) - X(m,)v, + > d(@) X (u),,
w>p
where d(u') are some scalars. But since v, is a highest weight vector and

0<m <---< m,, so )('(ml)--~X(rrzp)v/1 is a scalar. Hence it follows that
X(wv,eV. 0

For p > 1 and n € Z denote by (p;n) the unique sequence of integers (see
(71

i) =(m, my,...,m)
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such that
n=m +my,+ - +m,
mlﬁmZS“’Sml,,

and
OSmp—mlgl.

The following lemma is clear (see [7, Lemma 8.2]).

Lemma 3.5. Let p=(n,,...,n,)€P, p>0,and |u|=n. Then we have
(1) (psn)<u,
(2)if u# (p;n), then n, < —2+n,.
For p > 2, let
(3.7) XUy =57 xP e
nez

The next proposition follows immediately from Corollary 2.2 and Lemma 3.5
. 2k+1
since w =1.

Proposition 3.6. For n€ Z and p > 2, we have
XV myeaxpin)+ Y #(sT)XWw),

v>(pin)
for some scalar a # 0, where X (p;n) denotes X((p;n)).

For a sequence u = (m,,...,m,), m <---<m_, we say that u satisfies
the difference two condition if for every i€ {1,...,r —t+ 1} we have m; <
-2+ m,,,_, . Observe that for n € Z the sequence (¢;n) does not satisfy the

difference two condition.
Theorem 3.7. If u € P does not satisfy the difference two condition, then
X(uw, € L,

Proof. Since u € % does not satisfy the difference two condition, it must be
of the form

u=(mg,....,m. (t;n),m ,m.).

r+t+10 0 s

Let

(t;n)=(m m

r+l r+l)'

Then Theorem 2.4 implies that for any v € L,
Xy e > (s
()<t

This together with Proposition 3.6 implies that
(3.8) X(t;n)v e Z (s YX(v)v.

v>(1:n)
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Nowset v =X(m, > ...,m,)v,,and multiply equation (3.8) from the left by
X(m,,...,m,). Now thanks to Proposition 1.1, Corollary 3.3, and equations
(3.1), (3.4) we have the desired result. O

Observe that (see Proposition 1.4)

(3.9) X(0)v, = ¢,(1+ ),

for A=hy+h , 0<I<t-1,where ¢, =w/(w—1). For r>0, write
(3.10) ur)=(-1,...,-1)eZ.

For p > r, write

(3.11) w(r)=(-1,...,-1,0,...,00€Z"

with r entries equal to —1. The next lemma follows from (3.9) and Corollary
3.2.

Lemma 3.8. For p > r, we have

X (1,(r)v, € (o(1+ )" ™" X(u(r)v, + Ly, -

Lemma 3.9. For p >r, A=h;+h/, 0 <[ <1t-1, there is a polynomial
j;‘p (x) of degree p —r which is independent of | such that the coefficient of

C._I "'C,_l in F,({,....{,)v, belongs to
fyp o1+ @NX ()Y, + Ly

Proof. From Theorem 2.1 we have

(3.12) Fp(cl""’cp)zz < Z X(ml""’mp)> :nﬂ(”"'c:,naw-

geS, “m<---<m,

Hence the coefficient of Cl_' ~~-Cr'l in Fp(cl Y eun ,Cp)v/1 is a linear combination
of terms of the form X(u)v, where p=(m,...,m), s<p, m <--- <
mg and m, +---+m_= —r. Since the coefficient of X (u(r))v, is nonzero and

also if u >, u (r) then X(u)v, € Lﬂ(,); therefore Lemma 3.8 and Corollary
3.2 give the result. O

Proposition 3.10. For r <t, A=hy+h;, 0<1<1t~-1, there is a polynomial
8, ,(x) of degree t —r, independent of |, such that

|
g, (1 + )X (unv, e L, .
Proof. From Theorem 2.4, we have
(3.13)

lim [F(C), . 0) = qE (@™ L)F_y(C), .. L )E (0™ ), =0

C,_,a)Zh,C
where
a, =aw , a=(-2w) H (1 _w—ZS)]z(l —wZSH)(l _wZS—I)‘
1

<s<r-2
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In (3.13), first collecting the coefhicient of Cl_l e Cr_' by using Lemma 3.9 and
then taking the limit, we get
l !
(3.14) [f;,,,r(co(l +w))=af, 5 (c(1+@ )X (u(r)v, € L,,-
But

/ [ !
S el +w))—af, o (el +w))=f, (co(l +w))
-1 I / !
—acy (el +w))f, 5, (ce(1+w))+af ,_, (c(l+w)).
Hence setting
& ,r('x) = f;,l ,r(x) - acO_IX l,t—2,r(x) + af;,I—Z,r(x)
we have the desired result from (3.14). O

The following lemma is an immediate consequence of formulas (1.12) and
(1.14) (see [6, Corollary 13.14]) since here (n+3)—(/+1) =2k+3-/-1>[+1
for 0<iI<t-1=k.

Lemma3.11. If r</, A=hy+h;, 0<I<t—1, then
X(u(r))v, & L, -
Proposition 3.12. For A=h; +h;, 0<[<t—1, we have
X(ull +1))v, € Ly,
Proof. If r < t, then by Proposition 3.10 and Lemma 3.11 we have
g (el +w)=0 forl=r,r+1, ... t~1.

But since g, , has degree 7 — r, this implies that

(3.15) g (o1 +w ™) £0.

Now setting r = [/ + 1 in (3.15), we have g, (c,(1 + wl)) # 0. Hence by
Proposition 3.10 we have

Xu(l+ 1)y, € Ly

as desired. O

We say that a sequence u = (m,, ..., m ) € P satisfies the initial condition
ifat most /(0 </ <t—1) elements m, are equal to —1, thatis, if m_, < -2.

Theorem 3.13. If u € & does not satisfy the initial condition, then
X(uyv, €L, .

Proof. Since u € & does not satisfy the initial condition, it must be of the
form
u=m;,....m_,_,.m_,,... ,ms)

where
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Let v=(m,,...,m,_, ). Then u=vou(l+1). By Corollary 3.3 we have
X(wv, € X)X (u(l + 1)v, + L,.

Now the theorem follows by (3.4), Corollary 3.3, and Propositions 1.1 and
3.12. O

Denote by %, the set of all u € & such that u satisfies the difference two
condition and the initial condition.

Denote by # the set of all u = (m,,...,m ) in & such that m, #
0 mod(2k +1). For = (m,,...,m) € # we denote

B(u)=B(m,;)---B(m;) and B(Q)=1.
Theorem 3.14. The set {B(v)X(u)v,|v € F ,u€ %} spans L(4).
Proof. By Proposition 3.4 and the Poincaré-Birkhoff-Witt theorem the set of
vectors
{Bw)X(u)v,|v € 7 ,u€ P}

is a spanning set of L. Now using Theorems 3.7 and 3.13, the desired result
follows by induction on the ordering of &% . 0O

Now since for v € # and p €%,
BW)X(u)v; € Ly, 4
formula (1.12) for the principal character of L = L(A), together with the gen-

eralized Rogers-Ramanujan identities (cf. [4]) due to Gordon, Andrews, and
Bressoud, implies the following theorem.

Theorem 3.15. The set {B(v)X(u)v,|v € 7 ,u€ &} is a basis of L(A).
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