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REALIZATION OF
THE LEVEL TWO STANDARD sl(2k + 1,C)  -MODULES

KAILASH C. MISRA

Abstract. In this paper we study the level two standard modules for the affine

special linear Lie algebras. In particular, we give the vertex operator realizations

of all level two standard modules for the affine special linear Lie algebras of odd

rank.

Introduction

The existence of explicit constructions of some nontrivial "standard" modules

is one of the most interesting features of the representation theory of affine Lie

algebras. In recent years it has been established that the existence of such

constructions gives rise to a number of important connections of affine Lie

algebras with different branches of mathematics and physics.

The study of level two standard sÍ(«,C)~-module was started in [8, 9]. In

[8, 9], among other results, the level two standard modules for the affine Lie

algebras sl(3,C)~ and sl(5,C)~ were explicitly constructed. However, the

arguments involved some explicit computations which could not be generalized

to arbitrary rank case.

The main result of this paper is Theorem 3.15, which gives an explicit basis

of all level two standard sl(2k + 1 ,C)~-modules. In order to accomplish this

we have strongly used the fact that the "principal" characters of these modules

differ from the product sides of the generalized Rogers-Ramanujan identities

by a simple factor. Furthermore, throughout the paper, our arguments are

very much influenced by two recent papers, [6] and [7]. We are thankful to

Robert L. Wilson for some valuable suggestions.

1. Preliminaries

In this section we will recall some notation and facts from [9]. There will be

minor changes in the notation which will be self-explanatory. For more details

see [9].

Consider the (complex) simple Lie algebra g - sl(n + 1 ,C), with n > 2.

The associated affine Lie algebra g has a basis (see [2, 9]),

(1.1)   S = {c,B(j),X(m,i)\i,JEZ,jj=Q mod(n + l),m = l,2,...,n),
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where  c  is a central element (suitably normalized),   B(j) ■-■■ E1 ® tJ, and

X(m,i)
DmE'

t . Here t is an indeterminate, D

diag(fc),«y2, ... ,œ",l),     and       E = (ô{i+l),j)"iJ=0,

where co is a primitive (n + l)th root of unit and prime denotes reduction

modulo (n+ 1). Denote

±
s    = n CB(±j)

j>0
;=É0  mod(7i+l)

and s = s   ©Cc©s+ . Then s is a Heisenberg subalgebra of g, called a principal

Heisenberg subalgebra. For an indeterminate C, define the formal power series:

;i.2)

' B(Q = ^ZM0 moà{n+X)B(j)CJ,

X(m,Q = ¿ZiezX(m,i)C,

HO = E,€Zï>   and

l^(C) = Eí€z'C'-

m 1,2, ... ,n,

Proposition 1.1 [9]. Let Ç, and Ç2 be two commuting indeterminates. Then for

j ^ 0 mod(« + 1 ) and m,l = 1,2, ... ,n , we have

(1.3)

and

(1.4)

[B(j),X(m,U] = (co'"J - l)CJX(m,L),

[X(m,Çx),X(l,Ç2)]

ô(to'ç.x li2)X((m + I)', C2) - ô(a>-mÇx/Ç2)X((m + I)', co'"C2),

for m +1 t¿ n + 1,

l cDÔ(co'rx/r2) + S(colCx/C2)[B(C2) - BicomÇ2)],   form + l = n+\.

Let a = C(£) denote the centralizer of £ in g . Then

a = spanc{E,E , ... ,7s"}

and o is a Cartan subalgebra of g. Let h denote the Cartan subalgebra of

g in apposition to a (cf. [5]). Note that h is the usual Cartan subalgebra

spanned by the (n + 1 ) x (n + 1 ) diagonal matrices of trace zero. Let Ei, F(, 77;,

i = l,2,...,«, denote the usual canonical generators of g with respect to the

Cartan subalgebra h,. Let E0 be a lowest root vector and F0 a highest root

vector suitably normalized such that [77^7^] = 2E0 and [770,F0] = -2F0,

where 770 = [EQ,FQ]. In g for i = 0,1,2, ... ,n, set

(1.5) '.  A Ft®t~
-i

and    ht. = 77(. <8> 1 + (n + 1)    c.
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Then {e¡, f¡, 7ï/10 </'<«} form a system of canonical generators for the

affine Lie algebra g = sl(n + 1 ,C)A . Observe that c = Yá"i=0hi. Let d be the

derivation of g given by

(1.6) d(ei) = el,    d(ft) = -fi,    and       d(ht) = 0,

for 1 = 0,1,...,«. Observe that

(1.7) d(B(j)) = jB(j),    d(X(m,i)) = iX(m,i),    and   d(c) = 0.

Form the semidirect product Lie algebra

(1.8) g = sl(« + l,Cr =t®Cd.

Denote

Qi = {xEg\[d,x] = ix),       íeZ.

Then

S   =   ll Ö7'
7'€Z

which gives a Z-gradation (called the principal gradation) for g, in the sense

that [q¡, g ] ç g .. This induces naturally a Z-gradation in the universal

enveloping algebra %(g),

(1.9) ^(0) = 11^(0),.
¡ez

Set

i) = i)®Cc®CdEQ.

Then fj is an abelian subalgebra of g which is spanned by {hQ,hx, ... ,hn,d} .

Let X E rj*. A g-module V generated by vector vx ^ 0 such that ei -vx — 0

for i' = 0,l,...,« and h -vx = X(h)vx for all h El) is called a highest weight

module with highest weight X . Such a vector t^ is called a highest weight vector

and is unique up to a scalar multiple. The scalar X(c) is said to be the level of

V . A highest weight g-module with highest weight X and corresponding highest

weight vector vx is called a standard (or integrable highest weight) g-module if

there is an integer r > 1 such that fi[ • vx — 0, 0 < i < n , which in turn implies

that X is dominant integral, that is, X(h¡) E N, for 0 < / < « (see [1, 3]). For

each dominant integral X E t)*, there is a unique (up to isomorphism) standard

g-module L(X) and it is irreducible (see [1, 3]). For convenience we will restrict

our attention to L(X) when X(d) = 0, so that X E span{/z* |0 < / < n} ç fj*

where h*(h}) = Ó¡J and h*(d) = 0, 0 < /,j < n .

Denote by L¡ ç L(X) the eigenspace of d with eigenvalue i eZ. Then

(1.10) L(X) = ]}Li
7<0

with L0 = Cvx , Lj — (ï/(g)AJx , and dim L¡ < oo . Note that for / < 0 , v E Li,

we have d -v = iv . Hence we call (see [5]) the set of elements in L¡ the set of

homogeneous elements of degree i. In particular, we say that  T E End(L(A))
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is homogeneous of degree z e C if [d ,T] = zT. Observe that T E End(L(X))

has degree z e C if and only if TL¡ c L. z for all i eZ. Define the principal

character xi.L(X)) of L(A) by

(1.11) *(L(A)) = ^(dimL.y
¿>o

where q is an indeterminate. Then #(L(A)) has a known product expansion

(for example, see [9, Formula 1.1]).

In this paper we will focus our attention on the level two standard ¿-modules

LiX) with Xid) — 0. To be more precise, we will study the standard g-modules

L(A) where X = h*0 + h*, 0 < I < t- 1, where t = [(«+ l)/2] + 1, [•] denoting

the greatest integer. Note that up to an isomorphism of the Dynkin diagram of

g it is enough to consider only the cases X — h* + h* with 0 < / < í — 1 . Other

level two standard g-modules can be studied similarly. By direct computation

it can easily be checked that for X = h* + h*, 0 < I < t - 1,

(1.12) XW)) = F J] (I-/)"'
7C>0

7c=É0,±(/+l)  mod(7i+3)

if /<(« + l)/2,and

(1.13)  x{l(x))=f     n     (i-/)-1    n    (!-/).
lt>0 7C>0

k£0,V+l)  mod(7i+3) /c=(/+l)   mod(7i+3)

if / = (« + l)/2 (i.e., (n + 1) is even), where

(1.14) F = x(&(s-))= Il        (I"«*)"1-

Tc^O  mod(7i + l)

It is important to observe that ^(L(A)) differs from the product side of the gen-

eralized Rogers-Ramanujan identities due to Gordon, Andrews, and Bressoud

(cf. [4]) by a simple factor.

For a formal indeterminant Ç , denote by End(L(A)){£} the C-vector space

of formal Laurent series in Ç with coefficients in End(L(A)). Define

(1.15) E±(k ,Q = exp [±J2(to*kj - l)B(±JK±J /j^,

for k e Z, where j ranges through the positive integers ^ 0 mod(n + 1)

and exp means the formal exponential series. Also recall the formal Laurent

series B(Q, X(m,Q, m = 1,2,...,« (see (1.2)). We can and do view

B(Q, X(m,C),and E±(k,Q as elements of End(L(X)){Q . Note that if we

designate any of the elements X(m, Ç) or E  (k, Ç) by Y = Y.¡€z -^'í' >tnen

[d,Y] = ¿2ld,Yi]C = ¿2iY¿-
7€Z tez

Therefore, Y¡ is a homogeneous operator of degree i for each i eZ. We will

need the following facts in the sequel.
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Lemma 1.2 [9]. In End(L(X)){Q fior m,kEZ,

In particular,

E±im,co kQE±(k,Q = E±(m + k,Q.

E  i-m,o) mQE  (m,Q = l.

Proposition 1.3 [9]. Let £, , (2 be two commuting indeterminates.   Then on a

standard ¡¡-modules of level one we have for 1 < m < n, and k, I E Z,

(a) Xim,C,)E~(k ,C2) = E~(k,(2)X(m,f,)P(m,k,Çx,Ç2yx,

(b) E+ik,Çx)Xim,Ç2) = Xim,Ç2)E+ik,Çx)Pik,m,i;x,Ç2)-x, and

(c) E+ik,Cx)E-il,C2) = E-il,C2)E+ik,Cx)Pik,l,Cx,(:2),  where

P(k l r    r \ -   d-^'Ci^Kl-C./^)
(   '  ^"^"(l-^C/Wd-a/C/C,)"

Proposition 1.4 [2]. On the level one standard Q-module L(h*), 0 < I < n, we

have

Xim,C) = c\m\E-im,Q)-X(E+(m,Q)~X,

where
(m) (l+\)m .,    m      .,

c)     = co /ico   - 1).

From here on, for convenience, we will denote the operators E (-1,0,

X(l, C), X(\, i) and the constants c)x), 0 < I < n , by E±(C), X(Q , X(i),

and c,, respectively.

2. Generating function identities

Let L(X) be any standard g-module with highest weight X and highest weight

vector vx . Let A(Ç) and C(£) be the following Laurent series in commuting

indeterminates Ç and ¿; with coefficients in End(L(A)) :

(21) {A(Q = ZieZA(i)C,

with [<M(/)] = iii(i) and [rf,C(i)] = iC(i) for i e Z (i.e., ¿(i) and C(i)
are homogeneous elements of End(L(A)) of degree i"). Then

(2.2) A(QC(tl) = £ ¿(í)C(./)¿rV
l'j€Z

is a well-defined Laurent series in two indeterminates £ and £, with coefficients

in End(L(A)). However, if we set Ç = £ in (2.2), the product

(2.3) /K0C(C) = W£ ¿(i)CC/)V
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is not defined in general.   We can write (2.3) if one of the following three

conditions holds (see [7]).

(2.4) C(j) = 0,    fory<0,

(2.5) A(i) = 0,    for/>0,

(2.6) [A(i),C(j)] = 0,    forijEZ.

Whenever (2.3) is well defined, we will sometimes also write (see [7])

(2.7) A(QC(0 = lim A(Ç)C(Ç).

Now for products of type (2.2) involving more than two commuting indetermi-

nates extend this definition of limit inductively.

Theorem 2.1. For commuting indeterminates Ç,, Ç2, ... , £ , set

(2.8) Fp(Çx,Ç2,...,Çp)

=     n    (l-coÇi/c:j)(l-œ-xÇi/Çj)-X(Cx)X(Ç2)---X(i;p).
1<KJ<P

Then for every permutation o E S , we have

(2-9) ^aiX),...,ca{p)) = Fp(cx,...,t:p).

Proof. First observe that by [9, Lemma 2.7] we have

(l-tof1/C2)¿(a>C1/f2) = 0

and

(1-C7J-,C,/C2)<5(C7J-1C1/C2) = 0.

Hence for r=l,2,...,p—1  the commutation relation (1.4) implies

J]    (l-toÇi/Çj)(l-co-xÇi/Çj)-X(Çx)---[X(i;r),X(Çr+x)]---X(Çp) = 0,
1<7<Í<P

and the result follows.   D

Corollary 2.2. For p > 2 the limit

(2.10) XM(Q=    lim   F(ÇX,...,Ç)

exists, where bx = 0, b2 - I, ... ,blX = t - 2, and for k > t - 1,  b, = bk,

where k = k' mod(/ - 1 ), k' < t - 1.

Proof. This corollary follows from Theorem 2.1 and definition of limit by an

argument similar to Corollary 5.8 in [7].   D

Proposition 2.3. On a level one standard g-module L(h*), I — 0,1, ... ,n, we

have

(2.11) Xin(() = 0,
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and for 2 < p < t,

(2.12) XW(Q = c,     I]    (l-co~2k)2E-(conQ-X[p-X](co2OE+(conC).

i <*</>-1

Proof. Using Proposition 1.4, Lemma 1.2, and Proposition 1.3, it can easily be

seen that on L(h*)

7yí,,...,y = (c/ n (i-c/c/n^^gn^^X)
1 <<</</> 1=1 '=1

= c, n (i-cx/ck)2E'(œ,'i:x)Fp_x(i:2,...,cp)E+(concx).
2<k<p

Hence the proposition follows.   D

As indicated in § 1, we will be interested in the level two standard g-modules

L(X) with highest weights X = h* + h*, 0 < I < t - 1 . Suppose that the

fundamental modules L(h*), 0 < I < n , are generated by the highest weight

vectors v¡ ^ 0, 0 < I < n , respectively. Then observe that L(h*) ® L(h*) is

a g-module of level two with highest weight X = h* + h* and highest weight

vector (v0®vt). Set vx = vQ®v¡. Then by uniqueness of standard modules the

standard g-module L(X) with highest weight X = h* + h* will be isomorphic

to the submodule of L(h*) ® L(h*) generated by vx. Hence from here on we

can and do view the level two standard g-modules L(X) with highest weight

X = h* + h*, 0 < I < t - 1, as submodules of L(h*0) ® L(h*) respectively.

Theorem 2.4. On the standard g-module L(X), with highest weight X — h*+h*,

0 < I < t - 1, we have

(2.13) Xll](Q = a!E~(conQXl'~2](C)E+(coni:)

where a, = (-2œ'+x)Y[x^t_2(l - œ~2k)2(l - co2k+x)(l - co2k-x).

Proof. We will prove that the identity (2.13) holds on the g-module L(h*Q) ®

L(h*), hence it holds on the standard g-module L(X) with highest weight X =

h*0+h*, 0 < / < t - 1.

First observe that on L(h*) ® L(hJ) we have

E±(Ç) = E±(Ç)®E±(Ç)

and

X(0 = X(Q®l + I®X(Q.

Hence

(2.14)

F,(CI,...,CI)=    II   (l-coÇJÇjXl-co 'Çt/Çj)
\<i<j<t

• ¿    Y,   x(cx)---x(li)---x(c¡k)---x(Q^x(i:¡i)---x(¡:¡k)
k=0 l<i\<—<ik<t

(continues)
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(continued)

=   É E il (l-O^/CyXl-ûT'C/C,)
*=0 1 < /1 <- - - </'jt < f l<i<j<t

\{i,j}n{il,...,ik}\=i

•Ft_k(cx,...,ch,...,cik,...,Q®Fk(i:ii,...,i:ik)
[C+l)/2]

= e   e      n    (î-coç^Ki-û)-1^)
*=0    l<ii<—<it<i l<i<j<t

|{ij}n{/,,...,ït}|=i

■ {Fí_t(c1,...,cÍI.....c4,...,cl)®/?Jt«:/l,...,cík)

+ ̂ (cíl,..-,í,)®^(c„,...,c/,,...,c,.,...,g},

where " ~ " means "delete the corresponding term" and for any set S, \S\ de-

notes the cardinality of the set S . Now take limit of (2.14) as C,■ —> œ ' C ■ Then

using Lemma 1.2, Proposition 1.3, 1.4, 2.3, and Theorem 2.1 and reindexing

after neglecting the zero terms, we have

[(/—1)/2]

Xi!\0 = 2   E E IT   d-co2i+X)(l-œ2i-X)
r=0      l<j]<-<Jr<l-20<i<t-2

n/i 2i—2y-t-K,, 2Í—2j— K(l-CTj )(l-<a )

\<i<j<l-2

\{i,j}n{j,.¿}|=l

•{77i_r.l(C,w2C,...,^,C,...,wUC,...,w2('-2)C)

®Fr+x(Ç,co2j>Ç, ... ,co2jrQ + Fr+x(C,co2j'C, ... ,<o2j'C)

®Ft_r_x(t:,co2t:, ... ,co2hC,...,coij'C, ...,co2{'~2)C)}

= (2coC/)(l-co)(l-co'X)    []    (l-co-2k)2(l-co2k+X)(l-co2k-X)

\<k<l-2

[C-D/2]

• e    e       n    ■d-co2'-2j+x)(i-co2'-2j-x)
7=0      l<ji<-<jr<t-2 l<7'</<(-2

l{'j}n{i,.A}|=l

■ {rf^o^^jt^i,... ,coij,c,... ,«uc,... V^Vo

®£-(eo"C)Fr(û>y,C, ... ,ûi2;'C)£+(w"C)

+ 7--(c7J"0/rf(w27lC, ... ,co2j'C)E+(wnO

®E~(tonOF^r_2(co2Ç, ... ,

2/'i « 27r « 2(7-2) r. „+,     77 r,,

i    ->    '+'n       TT      7i -2k\2/i 2k + l\n 2k-ls
= (-2(1)      ) (I - CO        )   (1 - CO )(l - CO )

\<k<l-2

■E'(co"C)Xl'~2](co2C)E+(co"C),
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since

X[l~2](co2Q =     lim     Ft_2(Cx,..., C,_2) =   lim   F,_2(C,,..., C,_2)

Kí-D/2]

= cl™   E      E n     (i-o,c//cJ)(i-«-,ci/cJ)
kl        l    *=0    l</i<-</t</-2       l<í<;'<¡--2

|{i,7}n{i,,...,it}|=i

■{^-a-jtCC,.5,.C4.Ç-a)®/^^.Cfc)

+ Fk(cii,...,:ik)®Ft_2_k(çx,...,tii,...,lik,...,i:t_2)}

I(í-l)/2]

=    E E II (l-a,2,-w)(l-«2'-v-1)
*=0     l<ii< — <ik<t-2 \<i<j<t-2

|{«"J}n{/i.ik}\=\

■{Ft_k_2(œ2i:,...,cJ\,... ,cohkC... ,co2{'-2)0

® T^co2"C, ... , w2"C) + F,(tu2'''C, ... , co2"Ç)

®^_,_2(^2C, ... ,C7j2"C, ... ,a>iikÇ, ... ,co2i'-2)C)}.   Ü

3. Bases for level two standard sl(2fc + 1,C)~-modules

Let L = L(X) ç L(hl)®L(h*), 0 < / < k (note here n-2k and t = k+l),
be the level two standard s\(2k +1, C)~-module with highest weight X = h*+h*

and highest weight vector vx = vQ <g> v¡, where v0 and v¡ are highest weight

vectors in L(h*) and L(h*), respectively. For any sequence of integers p -

(mx,m2, ... , m ), p > 0, define the elements X(p) = X(mx ,m2, ... , m ) in

End V by the equation

(3.1) 7yç1,c2,...,y = E*K'---'%)C'--C>

where the summation ranges over all integers mx,m2, ... ,m . Note that for

p = 0 we have the unique sequence p = 0 (empty sequence) and in this case

we define X(0) = 1 . Now by Theorem 2.1, for a e S   we have

(3.2) X(mx ,...,mp) = X(ma(X),..., ma(p)).

For any sequence p = (mx ,m7, ... , m ) E Zp , p > 0, define l(p) = p,

\p\ = mx + m-, + ■ ■ ■ + m , and write p(i) = m¡, 1 < i < p. Also define

1(0) - 0. For two sequences of integers p = («i, ,m7, ... ,m ) and v =

(«! , «2,...,«), p > 0, we define p>T u if and only if

wp > «p;mp_x + mp > np_x + np;... ;w, + -■ • + mp >«,+•■• + «p.

Then clearly for any sequence 6 = (rx,r2, ... ,r ), q > 0, of integers we have

(3.3) p >r v => p o 8 >T v o 8   and    8op>T8op

where the composition is defined by juxtaposition, i.e., po 0 = (mx, ... ,m ,

r., ... ,r ).
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Lemma 3.1. Let us define the coefficients a(p), b(p) by the formal identities

n (i-c7Jí,/cJ)(i-^1c(/c,)= E^Kf'^'C1

and

n (î-K/c.r'd-^-'c/c,)-^ EMcf11-?"'-
\<i<j<p pez?

Then a(0) = 1 = /3(0) a«^ a(iu) = 0 = b(p) unless p <T 0, w/zere 0 =

(0,0, ... , 0). Furthermore,

(1) *(/«!,..., m,) = '£ia(fi)X(ml-p(l))---X(mp-fi(P))

nez»

and

(2) X(mx)---X(mp)= £ b(p)X(mx -p(\),... ,mp -p(p)).
tiezp

Proof. For (1) compare the coefficient of £j"' Ç22 ■ ■ ■ (™p in Equation (3.1). For

(2) multiply Equation (3.1) by ]!,<,</<„( ! - </C;)_1(l - ûT'Cf/C,)"1 and

then compare the coefficient of C¡"'C22 ■•• CT" ■

The next corollary follows immediately from Lemma 3.1.

Corollary 3.2. For p = (m, ,m2, ... ,m ) eZp, we have

(1) X(p) = X(mx)---X(mp)+ ^a(p-u)X(u(l))---X(u(p)),
V>Trl

(2) Z(/n1)-..X(mp) = X(/i)+ ¿2 b(ji-v)X{v).
v>tH

Corollary 3.3.  We have

X(mx , ... , mp)X(nx , ... ,nr) = X(mx, ... ,mp,nx, ... ,nr)

+ Y, c(u)X(u)
V>r(ni\ ,■■■ ,771p ,71i .77,)

for some scalars c(v).

Proof. It is clear from Corollary 3.2 (1) and (3.3) that

X(mx,...,mp)X(nx,...,nr) = X(ml)---X(mp)X(nx)---X(nr)

+ J2 d(v)X(v(I))---X(u(p + r))
H>T(m\ ,... ,777, ,77.,7!r)

for some scalars d(v). Now the result follows from Corollary 3.2 (2).     a

For any two sequences p, u E Zp , we say p < v if and only if l(p) > 1(f)

or p <T v . Then, using equation (3.3), it follows that

(3.4) p<v=>po8<vo8   and   8 o p < 0 o i>,
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for any sequence 8 . Let «9s denote the set of all sequences p = (mx,m2, ... ,

m) E Zp, p > 0, such that mx < m2 < ■ • • < mp < 0. For the standard

sl(2k + 1, Cr-module L = L(X), X = h* + h*, 0<l<k, define

(3.5) L(p)=  Y ^(5~)X(u)vx,        p¿0,
v>p

veil0

for all pE^A6 and define L(0) = {0} . Clearly, we have

(3.6) L{fl)OL{v),    for p<v, p,v e£° .

Proposition 3.4.  L = L(X) = \Jße<?> L(p).

Proof. By the Poincaré-Birkhoff-Witt theorem, Proposition 1.1, and (3.2), we

have

L = span{í/(s~)X(p)vx \ p E Zp, p > 0}

= span{1A(5~)X(p)vx \p = (mx, ... ,mp) E Zp,p > 0,mx < ■■■ < mp}.

Let

V = span{^(s")X(7v)u/11 u e &}.

Clearly V C L. To show L ç V we will use induction on the ordering of the

sequences p = (mx ,m2, ... ,m ), p > 0. Fix p = (mx ,m2, ... ,m ) E Zp ,

m, < m2 < ■ ■ ■ < m . Assume that X(p')vx E V for all p > p. It is enough

to show that X(p)vx E V . Suppose p ~ (mx, ... , mr, mr+x, ... , m ), where

mx < ■ ■ ■ < mr < 0 and 0 < mr+x <••• <m . By Corollary 3.3 we have

X(p)vx = X(mx,... ,mr)X(mr+x,...,mp)vx + Y c(p')X(p')vx.

Hence, by assumption, it is enough to show that

X(mx,... ,mr)X(mr+x,...,mp)vx e V.

If r > 0, then this follows from the induction hypothesis by using Proposition

1.1 and Corollary 3.3 since (mr+x , ... ,m) > p. Now suppose r = 0. Then

we have 0 < m, <■■■ <m  . By Corollary 3.2,

X(p)vx = X(mx)---X(mp)vx + Y d(p')X(p')vx,
ß'>ß

where d(p') are some scalars. But since vx is a highest weight vector and

0 < m, < ■ ■ ■ < mp , so X(mx) ■ ■ ■ X(mp)vx is a scalar. Hence it follows that

X(p)vxEV.     U

For p > 1 and n eZ denote by (p ; n) the unique sequence of integers (see

[V])

(p;n) = (mx,m2, ... ,mp)
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such that

« = mx +m2 + —Y m ,

m, < m, < ■ • • < m ,1  —      2 — —      p '

and

0 < m  — mx < 1.

The following lemma is clear (see [7, Lemma 8.2]).

Lemma 3.5. Let p = (nx, ... ,n ) E £P, p > 0, and \p\ = n . Then we have

(1) ip\n)<p,

(2) if p^(p;n), then nx < -2 + np .

For p > 2 , let

(3.7) XM(Q = YxM(nKn-
nez

The next proposition follows immediately from Corollary 2.2 and Lemma 3.5
2*+l .

since co       — 1 .

Proposition 3.6. For n E Z and p > 2, we have

X[p\n)EaX(p;n)+   Y   &(b~)X{v),
v>{p;n)

for some scalar a ^ 0, where X(p ;n) denotes X((p ;n)).

For a sequence p = (mx, ... ,mr), mx < ■ ■ ■ < mr, we say that p satisfies

the difference two condition if for every ie{l.r- r+1} we have mi <

-2 + m¡     x . Observe that for n E Z the sequence (t;n) does not satisfy the

difference two condition.

Theorem 3.7. If p eAA? does not satisfy the difference two condition, then

X(p)vxEL(p).

Proof. Since p E AA° does not satisfy the difference two condition, it must be

of the form

p = (mx, ... ,mr,(t;n),mr+t+x, ... ,ms).

Let

(/;«) = (mr+x, ... ,mr+l).

Then Theorem 2.4 implies that for any v E L,

XW(n)vE Y W(s~)X(i;)v.

This together with Proposition 3.6 implies that

(3.8) X(t;n)vE   Y   ^{s~)X(u)v.
i'Xf,n)
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Now set v = X(mr+l+x, ... , ms)vx, and multiply equation (3.8) from the left by

X(mx, ... ,mr). Now thanks to Proposition 1.1, Corollary 3.3, and equations

(3.1), (3.4) we have the desired result.   D

Observe that (see Proposition 1.4)

(3.9) X(0)vx = c0(l+co')vx

for X = h* + h*, 0 < I < t - 1 , where c0 = co/(co - 1). For r > 0, write

(3.10) p(r) = (-l,...,-l)EZr.

For p > r, write

(3.11) pp(r) = (-l,...,-l,0,...,0)EZp

with r entries equal to -1 . The next lemma follows from (3.9) and Corollary

3.2.

Lemma 3.8. For p > r, we have

X(pp(r))vx E (cQ( 1 + co'))p-rX(p(r))vx + L{p{r)).

Lemma 3.9. For p > r, X - h* + h*, 0 < I < t — I, there is a polynomial

f, p r(x) of degree p - r which is independent of I such that the coefficient of

£"' • • • Çx  in Fp(Cx, ... ,Cp)vx belongs to

f!pr(c0(l+co'))X(p(r))vx + L{fi{r)).

Proof. From Theorem 2.1 we have

(3.12) 7yi,,...,g=W     E     X(mx,...,mp))Cw---Cw.
aeSp     nt\<-<mp

Hence the coefficient of Ç~ • • ■ Ç in Fp(Cx, ... , C„)vx is a linear combination

of terms of the form X(p)vx where p = (m. , ... , m ), s < p , m, <•••<

ms and mx + ■ ■ ■ + ms = -r. Since the coefficient of X(p(r))vÀ is nonzero and

also if p >T ps(r) then X(p)v, e L (r) ; therefore Lemma 3.8 and Corollary

3.2 give the result.    D

Proposition 3.10. For r < t, X = h* + h*, 0 < I < t - 1, there is a polynomial

S, r(x) of degree t - r, independent ofi I, such that

S!Ac0(l+co'))X(p(r))vxELfi{r).

Proof. From Theorem 2.4, we have

(3.13)

lim   [Fl(Cx,...,Cl)-alE-(co2kCl)Fl^(i:x,...,i:i^)E+(co2kQ]vx^0

where

a{ = aco ,       a = (-2co) (1 - ctj ~s)]~( 1 - co's+l)(l - w"s~ ).

1<5</—2
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In (3.13), first collecting the coefficient of Ç~  ■ ■ ■ Ç   by using Lemma 3.9 and

then taking the limit, we get

(3-14) x-ft4j{c0(l+col))-alftt_2r(cQ(l+œl))]X(p(r))vxELp{r).

But

ft<t<r(c0(I + co1)) - alfill_2r(cr)(l+ co1)) = fu,(c0(l + to1))

-ac~x(c0(l+co'))fitJ_2j(c0(l +co)) + aftt_2r(c0(Y+co)).

Hence setting

s,M) = f,,,Ax) - acöixfu-2,M) + aft,t-2,M)

we have the desired result from (3.14).   □

The following lemma is an immediate consequence of formulas (1.12) and

(1.14) (see [6, Corollary 13.14]) since here (n+3)-(/+l) = 2/C+3-/-1 >/+l

for 0 < / < t - 1 = k.

Lemma 3.11. Ifi r < I, X = h* + h*, 0 < I < t - 1, then

X(p(r))vxiLß(r).

Proposition 3.12. For X = h* + h*, 0 < I < t - I, we have

X(p(l+l))vxEL{ßU+X)).

Proof. If r < t, then by Proposition 3.10 and Lemma 3.11 we have

glr(c0(l+col)) = 0   forl = r,r+l,...,t-\.

But since gt r has degree t - r, this implies that

(3.15) gtr(cQ(l + cor-X))¿0.

Now setting r = I + 1   in (3.15), we have gt /+,(c0(l + co1)) ± 0.   Hence by

Proposition 3.10 we have

X(p(l+l))vxELf¡(l+X)

as desired.   □

We say that a sequence p - (mx, ... ,ms) eS° satisfies the initial condition

if at most I (0 < I < t - I) elements mi are equal to -1 , that is, if ms_¡ < -2 .

Theorem 3.13. Ifi p E A? does not satisfy the initial condition, then

X(p)vx E Lw.

Proof. Since p E £P does not satisfy the initial condition, it must be of the

form

p = (mx,...,ms_l_x,ms_,,...,ms)

where

ms_, = --- = ms = -l.
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Let v = (mx, ... ,ms_i_x). Then p = v o p(l + 1). By Corollary 3.3 we have

X(p)vxEX(v)X(p(l+l))vx + Lfl.

Now the theorem follows by (3.4), Corollary 3.3, and Propositions 1.1 and

3.12.   D

Denote by Wx the set of all p E £P such that p satisfies the difference two

condition and the initial condition.

Denote by J" the set of all p = (mx, ... ,ms) in ¿P such that mi =á

0 mod(2rc + 1). For p = (mx, ... ,ms) Ej" we denote

B(p) = B(mx)---B(ms)   and   B(0) = I.

Theorem 3.14. The set {B(v)X(p)vx | v Ef ,p E Wx) spans L(X).

Proof. By Proposition 3.4 and the Poincaré-Birkhoff-Witt theorem the set of

vectors

{B(v)X(p)vx\vEf ,pE&)

is a spanning set of L. Now using Theorems 3.7 and 3.13, the desired result

follows by induction on the ordering of AP .   o

Now since for v E ^ and pE^

B(u)X(p)v,ELM+w,

formula (1.12) for the principal character of L = L(X), together with the gen-

eralized Rogers-Ramanujan identities (cf. [4]) due to Gordon, Andrews, and

Bressoud, implies the following theorem.

Theorem 3.15. The set {B(v)X(p)vx \ v e f, p e 5§¡} is a basis of L(X).
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