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ON THE DISSIPATIVE EVOLUTION EQUATIONS ASSOCIATED
WITH THE ZAKHAROV-SHABAT SYSTEM WITH
A QUADRATIC SPECTRAL PARAMETER

JYH-HAO LEE

ABSTRACT. In this paper we derive some results for the Zakharov-Shabat sys-
tem of the form dm/dx = z2[J,m]+ (zQ + P)m; J is diagonal and skew-
Hermitian (8, 10, 12]. Following the idea of R. Beals and R. R. Coifman, we
estimate the wedge products of the columns of m by L2-norm of the potential
(Q, P) [4]. By this result we have the global existence of the dissipative evolu-
tion equations associated with this spectral problem if the generic initial data
(Q(x,0), P(x,0)) = (Qo, Py) is of Schwartz class.

1. DIRECT AND INVERSE SCATTERING FOR THE Z-S SYSTEM
WITH A QUADRATIC PARAMETER

By a potential here we mean a pair of functions (Q,P): R — M, (C) =set
of n x n complex matrices; Q is off-diagonal and the diagonal part of P
equals the diagonal part of Q(adJ)_'Q, and @, Q., P, P, € L'. We
consider the following spectral problem: Given z ¢ X = {z: Im(zz) = 0},
find m(-,z): R— M (C) with

(1.1) om(z,z)/0x = 2 [J ,m(x, z)] + (zQ + P)m(x, z),, where
J = diag(id, ,id,, ... ,id,), d <d,<d;<---<d,;
(1.2) m(-, z) bounded, m(x,z) — I as x — —oo.

Let
Q, ={z: Im(z) >0}, Q_={z: Im(z") <0}

For a certain set of potentials, called generic, m has the following properties
[8, 10]:

(1.3) For any z € Z, there is a unique matrix v(z) such that for

- 2 2

allx, m*(x,z)=m (x,z)exp(xz J)v(z)exp(—xz"J), where

+ .
m™(x,z) = limit of m on X from Q_ ;
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(1.4) m(x,-) has a finite number of poles at D = {z,,z,,...,z\}
(which do not depend on x); for any z;, there is a matrix
v(zj) such that

Res(m(x,),z;) = lim m(x, z)exp(xz,J)v(z;) exp(~x2,J);

(1.5) The map (Q,P) - v ={v(z);z,,2;,...,25,0(2,),0(2,,),
...,U(zy)} is injective. We denote this map by sd;
re., sd(Q,P)=v.

By a similar argument in [2], we can show that generic Schwartz class po-
tentials form an open and dense set in Schwartz class potentials. To make
our exposition clearer, from now on we assume (Q,P) is of Schwartz class.
If (Q,P) is generic, we call the associated function v: ZUD — M, (C) the
scattering data. We introduce some more notation. For any matrix 4, we let
d; (A) and d, (A) denote the upper and lower k x k principal minors. The
scattering data satisfies the following constraints:

(1.6) di(v)=1,1<k<n;d (v)#0, 1<k<n.

(1.7) If z; is a pole, then v(zj) =Ci€ ki for some k if
z,€ Q. ; v(z,)=ce 4 for some k if z, € Q .

(1.8) The winding number of d, (v) = /)’;’ - B, , where /3,:r is the
number of z; in Q_ such that the n — k + 1 column of
v(z;) #0 and B, is the number of z, in Q_ such that
the n — k column of v(z)) # 0; ie., ﬂ: - B, = [sdlargd, (v)]
and X is oriented such that Q is in the left side.

(1.9) w(z)— I is of Schwartz class in X.

Let SD = set of v satisfying (1.6)—(1.9). Given v € SD , then the inverse
problem amounts to solving an analytic factorization problem (Riemann-Hilbert
problem) with one parameter x. The set v € SD such that m is solvable is
open and dense in SD, and such v is called generic [2, 8, 12]. Note that v € SD
is generic if and only if there exists a potential (Q, P) such that sd(Q,P)=v.

More precisely, the inverse problem is solved following the argument of Beals
and Coifman in the case of the first-order system [2]. For x < 0 the solution
m has the form m = rm" exp(xzzj)u exp(—xz"‘J), where u is a piecewise
rational function, m’ satisfies an equation of the form (1.1) with v* and
o' -1 small, and r is rational in z. The solution for x > 0 has the same
form with different u, m", r. Given v € SD, the function u and m® above
can be determined. Determination of r amounts to solving a finite system of
linear algebraic equations with parameter x, and v = sd(Q, P) if and only if
these equations are solvable for all x € R.
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2. ESTIMATE OF m IN L*-NORM OF (Q,P)
Recall that the spectral problem is of the form

(2.0) dmjdx = 2°[J ,m] + (zQ + p)m,  z¢Z,
m(x,z) =1, asx—oo, P =(Q(ad])' Q)"

In Lee’s dissertation a technique of integration by parts enables one to control
the term zQ forlarge z [8]. An alternative method is given in [9] to control the
z-dependence. We may solve m(x,z) for |z] < N by the argument of Beals
and Coifman [2]. In (2.0) the constraint on the diagonal part of P enables us to
pose the inverse problem easily. (This constraint implies lim|z|—>oo m(x,z)=1,
s0 in the inverse probem we may solve m normalized at z = oo .) For technical
reasons, we need the following transformation:

Let /= exp(— [*_(Q(adJ )"'0)%)m ; then 1 satisfies

dimjdx = 2°[J ,ml+z0m + Pm, z¢Z, m(x,z)— I as

x — oo where

@0 g=ewp(- [ (0aas) Q") Qexn ([ (a0,

Pew - / :(Q(ad 570" ) P exp <—/1(Q(ad J)“Q)‘“*‘g) .

Here é and P are both off-diagonal. Note that

(Q(adJ)~' Q)" = (Q(ad J) ' Q)**®,
1012 < exp(cll @l ICl2s 1Pl < exp(cllQl)IP
Im,;(x,2)| < |m,,(x,2)|exp(cl|Qll2)

lim 7, (x,z)l <exp(||Qll,2) Xlggomu(x,z)‘ . where Q. = > 110;,--
i,j

X —+00

If Q* = —Q, then (Q(adJ)™'Q)%® is purely imaginary and M, (x,2)| =
Imij( z)|. From now on we write m, Q, P instead of m, Q P. We may
convert (2.1) into an integral equation
(2.2)
dm (x,z)
——

_ { Sy + o0 €T D(20(0) + Py))m(x, 2)), dy fork 21,

_ fxoo e(x—y)ﬂi(dk—dz [(ZQ(J/) + P(y))m(y, Z)]kldy for k < /.

The first column m, of m satisfies a Volterra equation. But the remaining
columns m j of m satisfy Fredholm equations. Following the idea of Beals
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and Coifman, the wedge products m Am,, m AmyAmy, ... ,m Amy,A---A
m,_, satisfy Volterra equations. If we normalize m at x = oo, then m,,

m,Am m,Am,  Am also satisfy Volterra equations.

n—1? n—2>°"°"

(2.3) Lemma. If a € M, (C) is an invertible matrix with columns a,, a,, ...,
a,, then a is uniquely determined by the wedge products

a,a Na,,a, Na,Aa,,...,a,Aa,A---Aa,,
ANa,,...,a,NayA---Aa

an’an—l/\an’an—Z/\an—-l n

Proof. See Beals and Coifman [2].

(2.4) Lemma. Given Q = (Qu)nxn, Q, =0, Q € LZ(R), el,. =
Simi Q2 ¢, =0, ¢, € C, Rec; < 0, and |c| K|Rec)|, i > 2,
then there are unique absolutely continuous bounded functions u; satisfying the
following ordinary differential equations:

du,/dx = Z#. Qlj J?
(2.5) du,Jdx = clu, + (c] Q,u VFYaa60u,),  i=2,3, 0,
U (-o0)=1, wu;(-00)=0, i>2,
and ||lu\ll,~ < C = CK,[IQll), llull, £ C=CK, QL) llu/cll= <
C=C(K ”Q“LZ i>2.
Proof. We convert equation (2.5) into an integral equation

u(x) =1+ % (£, Q,)) u
X o=y [ 2 =
x)=[* e [ciQHul+Z#“ ,Quuj] ,  i=2,3,

At first we look for the solution u, € L=, u, € L? , i >2. Let X be the
Banach space {u = (u,u,,us, ..., u,): u € L®, u;, € L*, i> 2}, with the

norm |||ul|| = Mang,'s,,{”ul”l_w s ”u,‘”Lz}‘

n

(*)

Case 1. Note that
e, x>0 isinL'nL?,
h(x)=
0, x <0.

and ||A),, = 1/|Rec‘2| Ihll,2 = 1/y/2IRec?|. If u, € LY, u,e L*, i>2,

then QuujeL for j#£1, QiluleLz,and

[ e ) u| <10y sl s < 1@l

o \J#! Jj#1
2 2
“h,' *C; Q”ul ”LZ < ”hi”Ll |C,' HlQ,l ||Lz||u| ”L°°

< (I71/IRec,DIQ; 2l Il oo
< KI|Q,, Il l1ull];
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for j#1,i, QuujeL

;% ¢;Q 11l 2 < AN L2l 11Q N 2l 2

< (lel/ /21 Re DN, M 2l ]2
< VE721Q,l :Mllulll.

HCHCC ”h * C; Q,l 1 +Ej941,ih,' *c,QU _/“L2 — (K+ VK/2)||Q||L2|||u|” The
integral equation (x) is of the form u = (1,0,0, ...,0)+Ku, where [||Ku||| <
a||Q|l.l|lull| and a = Max{1,K ++/K/2}. If ||Q] is small enough such that
all@| < 1, we may solve u € X and |ju|| < 1/(1 —a|Q]); ie., (4l <
V(A =all@), llull. <1/(1=all@l), i 2 2. Recall that

X
u,.()c)zhl.*ciQ,l () + / 1Y) (Z ciQijuj) fori>2,

J#LI
2
|, COL < W2l MG oy N oo + D 161N 2l
J#L

2
< (ej1/\/2IRec]| + e, DlIQl allul]

lu,(x)| < le|(VK/2+ DIQI . (1/(1 = |lQl]).
Hence
lu;/cll = < (VK/2Z+ DIQIl(1/(1 = all@])) fori>2.

Case 2. Let N be a positive integer satisfying «|Q||,,/N < 1. There ex-
ists a fine number of points Xy = —00, X, X;,...,X, = oo such that

. 2 12
U1, < lQll,./N
By Case 1, the solutions u; exist up to the point x, . Then we consider the
following equations with initial values at x, :

uy () =, (x) + [ (2,0 Q1)) )
u(x) = €T () + [ e[ u + 8, 00 u] P22

since azij(f;.Z |Qij|2 12 < < a||@||;./N < 1. Again by Case 1 we may extend
the solutions u; to the points x,. If we continue, we obtain u; defined on
the whole line and |u ||, < C = C(K,[Qll,.), llull,. < C = CK,|Qll,.),
lu,/cillp» < C=C(K,|Q]l;.) for i >2. We are done.
Let m be the solution of
(2.6) dm/dx =Z'[J,m]+(zQ+ P)m,  Q,P are off-diagonal,
m(x,z) -1 asx— —oco, z¢Z.

For 0, Q,., P, P, € L', m is solved in [8, 9]. Note that m(x,z) —
exp(— [ (Q(adJ)_'Q)d‘ag)J(Z), d(z) = diag(d,(z), J,(z),...,d,(z)) as

X — +00.
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(2.7) Theorem. Let Q = (Q, ;). P = (P;) be off-diagional and of Schwartz
class. If |z| > 1 and § < |Rez|/|Imz| < 2, we may control the solu-
tion m(x,z) in (2.6) by the L*-norm of (Q.P); ie, |Im(-,2)]; < C =
CUQN 25 1PNl 2516, (2)],16,(2)], - .- 416, (2)]) -

Proof. Tt suffices to consider the case Im z2 > 0. The first column of m satisfies
{m“=1+ff j;g](ZQU"‘PU)mjla

m, = f_ (y—x)(id, —id)) Zj;é[(ZQlj + Plj)mjl , l>2.
Multiplying by z on both sides of the second equation of (2.8), we have
(2.9)
{mll_1+f Zj;él Q11+P11/Z)Zm )
zmy, = [*_ € Hy=x)(idy~ Rl (Ca Oy +zP)my + 3, (2Q, + P)(zm )]
Let m, =u,, zm; =u;, J 2 2. By Lemma (2.4), we have ||m (-, z)||,
< C(IQlls IPN2) and |lzm (-, 2)ll = < 1z|IC(I1Ql.., 1Pll2) for j = 2.
Hence ||mjl(~,z)||Loo < (1@l IP)l,.) for all j. Let Ak(C") denote the

space of alternating k-forms on C", 1 < k < n. It has a standard basis
{e; Ne, Ao Ne i 1<) <y <o <y < n}. The wedge product f (-,z) =

(2.8)

m (-, z) Amy(-,zZ)A---Am(-,z) isa Ak(C")-valued function and satisfies the
differential equation:

(2.10)
2/, 1
a_kk:Z Zm,/\mz/\m/\mj 1/\Jm Am N Amy
— 22(id, + idy + -+ id)) ],
+Zml/\m2/\~~-/\mj (zQ+P)m Amg A Amy.
Let
N = C<Z> = n!/(ki(n — k),
{C,=0,GC,,Cy,...,Cy}
={i(dj|+dj.2+--~+djk—dl—d2—~~~—dk):15j,<j2<-~<jk§n},
myAmy A Amy = Z Us i iz v JA}eJlAe A i
J1<Ja<e < Jk

Here o is a one-one correspondence from {(J,,/;,...,Jj;), 1 <Jj, <Jj, <<
Je<n}to {1,2,...,N} with g(1,2,3,...,k)=1. Then u, satisfies
du. 2 ~ ~
dxl =z C,.u,+z#:(le.j+P,j)uj
J#I




DISSIPATIVE EVOLUTION EQUATIONS 333
Let

i=0(iy 0y s 0)s @i, iys s i},
I=0(i, 0y, i, 00y, d)

Then Q, = Qo P, = Py
1Pl < IIPl,s - Coliy oy =id; +d, +- c+d, —d -dy--—dp),
W <Jy < <], C —0 mC >O for j>2. Wehavethesametypeof
equation as the first column of m . Hence lu,(-, 2)ll e < CUIQN 25 IIP2) for
|z] > 1. Note that

Qu = 1~’.. = 0 otherwise. Hence ||é||L2 <@l

m— exp(—/oo (O(ad J)"Q)‘“ag) 8(z), O(z) = diag(d,(2),0,(2), ... ,8,(2))

— 00

as x — oo, and we have Volterra equations for m, , m,_Am,, m,_,Am
m normalized at x = co. Since detm =1,

n—l/\

no e
||m,.(x,z)|l < ||ml(x,z)/\mz(x,z)/\'--/\m,.(x,z)ll

AImi(x,z)Am (x,z)A---Am, (x,2)].

Finally, we have |m, (-, 2)l|,= < C(IQl., 1Pl 2, 16,(2)],1,(2)], - .. ,18,(2)])

for |z| > 1.

(2.11) Remark. The existence of m in (2.6) was proved in [8, 9]. The point
of Theorem (2.7) is to control m(x, z) by the L*-norm of (@, P) for z large.
3. EVOLUTION EQUATIONS

Suppose the scattering data v(z,t) evolves as
dv(z,t)/dt = 27T, v(z,1)],
(3.1) dv(z;,1)/dt = zf_l[J,v(zj ,1)], k is an odd positive integer,
z, is fixed for each j.

Assume v(z,0) € SD is generic. Then v(z,t) is generic for ¢ small (since
the set of the generic potentials is open in SD) [2, 8, 10]. The corresponding
potential (Q(x,?),P(x,t)) satisfies the following evolution equation:

{ Q =lJ,F],
1)[ = [QaFk]+ [JaFk+|],
where F, = F, (Q, P) are computed by the recurrence formula

dF,/dx —[P,F]1=1Q,F  1+[J.F,], F,=J [8,10,12].
Let ¢ = (Q, P); equation (3.2) is of the form g,(-,1) = F(q(z,)).

(3.2)

(3.3) Definition. We say that the evolution is dissipative if Re [ tr[g"F(q) dx]
<0 forall ¢q.
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Let ||a]| = tr(a”a)'"* be a norm of M (C). ||q||§ = [tr(q"(x,0)g(x,1))dx.
(Note that this norm is equivalent to |lg]|,. = 5,;(f Ig,;I* dx)'%.)

%/U(q*q)dx = 2Re/tr(q*q,)dx.

Therefore if g(x,t) is the solution of a dissipative evolution equation, then
la(-, O)ll, < clla-,0)l, -

(3.4) Theorem. If (Q(x,0),P(x,0)) = (Q,,F,) is a generic potential of
Schwartz class and the evolution equation (3.1) is “dissipative”, then (Q(x,t),
P(x,t)) exists forall t € R.

Proof. Let m be the eigenfunction associated with (Q,P). Note that m —
d(z) = diag(d,(z),0,(z),...,6,(z)) as x — oo, d(z) is invariant under the
evolution (3.1) [8, 10], and d(z) — I as |z| — oo. By Theorem (2.7),
llm; (st 2)l e < CUIQl 25 1Bl 2) for z large.

(3.5)  mx,t,)=r(x,t,)m (x, 1, ) exp(xz* Nu(x,t,-) exp(—xzJ).

Let sd(Q,, P;) = v(z,0). Since the generic scattering data is open in SD, there
exists 7 >0, v(z,t) is generic for 1 < T . By the same argument as in [3, 11],
Ir(x,t,,2)| <c forxeR, 1<|Imz|/|Rez|<2,

zlarge,t, <T,t,—T.
Since [lm, (.1, 2)ll,= < CUIQgll,» I1Pyll,2) s lIr(x,,,2)| < C for ¢, < T,

z large. Passing to a subsequence, we deduce that r(x,¢,,-) — r(x,T,),
where the residues of r(x,T,-) solve the requisite linear equation at ¢ = T .
Therefore v(-,T) is generic. Since the set of of generic data is open in SD,
the solution (Q(x,t),P(x,t)) of equation (3.2) exists for 0 <t < T + ¢.

Obviously this implies the global existence of equation (3.1).

4. EXAMPLES

By a slight modification the argument in §3 works for the case
dm

(4.1) E:ZZ[J,m]+sz, where
0 ql q2 q”
"

J = diag(-Ni,i,i,...,i), Q=]|" . r=2q.
r

n
The associated evolution is an N-component derivative nonlinear Schrodinger
equation:

(4.2) (qj)l-—*i(qj)",x+8a(Z(qkq/:)qj>, e=+1,j=1,2,...,n
K x
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Since g; Iy j(q;qj) = 0, the L*-norm of Q is invariant under the evolu-
tion (4.2). We have global existence for the N-component derivative non-
linear Schrodinger equation if Q(x,0) is generic and of Schwartz class. For
n =1, (4.1) becomes the derivative nonlinear Schrodinger equation (DNLS).
The global existence of DNLS was obtained in [11]. Let v = mexp(xzzJ )3
then (4.1) becomes

(4.3) dy/dx = (z2°J + zQ)v.

For n = 2 Kaup and Newell obtained soliton solutions for the spectral prob-
lem (4.3) [7]. Gerzhikov et al. also considered this case [6]. Morris and Dodd
considered the two-component derivative nonlinear Schrodinger equation using
a larger scattering problem (i.e., n = 3) [15]. Sasaki derived a Hamiltonian
structure for the evolution (4.2) [16].
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