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EXTENDIBLE SETS IN PEANO ARITHMETIC

STUART T. SMITH

ABSTRACT. Let &/ be a structure and let U be a subset of |&/|. Wesay U is
extendible if whenever % is an elementary extension of & , thereisa V C |Z|
such that (&, U) < (&, V). Our main results are: If .Z is a countable model
of Peano arithmetic and U is a subset of |.#|, then U is extendible iff U is
parametrically definable in .# . Also, the cofinally extendible subsets of |./|
are exactly the inductive subsets of |.#|. The end extendible subsets of |.#|
are not completely characterized, but we show that if .#" is a model of Peano
arithmetic of arbitrary cardinality and U is any bounded subset of .#", then
U is end extendible.

0. INTRODUCTION

In this paper, we are interested for the most part in models of Peano arith-
metic. However, the main definition we require makes sense for any structure,
with no restrictions on the language.

Definition 0.1. Let &/ be a structure and U be a subset of |&7].

(i) Suppose Z is an elementary extension of &/ . We say U is extendible
to # if thereisa V C |#| such that (& ,U) < (Z,V).

(i) U is extendible if U is extendible to & whenever % >~ & .

(Here, of course, we have added to the language a new unary predicate symbol
which is interpreted as U in & and as V in &% .) The term “elementary
extendible” would be more precise, but it is also more cumbersome, and no
ambiguity results from dropping the word “elementary”.

Proposition 0.2. Let U be a parametrically definable subset of | |. Then U
is extendible.

Our basic question is: What are the extendible subsets of a given structure
(or more generally, of the models of a given theory)? For countable models of
Peano arithmetic we have answered this question by showing that the converse
to Proposition 0.2 holds.

Theorem 0.3. Let .# be a countable model of Peano arithmetic and let U be a
subset of |#|. Then U is extendible < U is parametrically definable in A .
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Proof. The nontrivial direction (=) follows from two theorems which appear
later in the paper. Suppose U is a subset of |#| which is not parametri-
cally definable in . . If U is inductive, Theorem 3.3 shows that U is not
extendible. If U is not inductive, we can apply Theorem 4.15. O

After some preliminaries in §1, we discuss extendibility in a general model-
theoretic context in §2. The remainder of the paper is devoted to models of
Peano arithmetic. In view of the following Elementary Splitting Theorem (cf.
[Smo1]), we need consider only end and cofinal extensions, which we do in §§3
and 4, respectively.

Theorem 0.4. Suppose # £ PA and # < N . There is a unique model #'
such that M <, M' <, N .

We show in §3 that if .Z is a model (of arbitrary cardinality) of PA and
U is a bounded subset of .Z , then for any elementary end extension .#" of
A we have (A ,U) < (#,U); we say that U is end extendible. In §4 we
complement a result obtained (independently of each other) by J. Schmerl [Sch]
and H. Kotlarski [Ko] by showing that for countable .# , the cofinally extendible
subsets of |.Z| are exactly the inductive subsets of |.Z].

In §5 we refine some of our results. We show that Theorem 0.3 still holds if
we consider only simple elementary extensions. Similarly, Theorem 0.3 remains
true if we require all the models to be recursively saturated.

The paper concludes with §6, in which we list some open questions.

1. PRELIMINARIES

We deal first with arbitrary structures before specializing to models of Peano
arithmetic; we let %/ , % (with universes A, B respectively) denote structures
for any first-order language, and use .#, .#° (whose universes are M, N
respectively) to designate models of PA. The set of parametrically definable
subsets of 4 in & is denoted by Def(%/). Where there is no ambiguity,
we will be careless about distinguishing between predicate symbols and their
interpretations in a structure.

We will continually make use of the following criterion for determining when
an extension is elementary (cf. [CK]).

Proposition 1.1. Suppose &/ C.%B . Then &/ <% ifand only if for all formulas
p(x,y,,...,y,) and all a,,...,a, € A, if & F 3Ixp(x,a,,....q,), then
there is an a € A such that B F ¢(a.a,,....a,).

Sometimes we can show that an extension is elementary by demonstrating
that the theory in question is model complete. Recall:

Definition 1.2. A theory T is model complete if whenever &/ , % are models
of T and ¥ C %, then & <. % .

The following theorem (which can be found in [CK]) is useful.
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Theorem 1.3 (Lindstrom). Let T be a theory in a countable language such that:

(i) All models of T are infinite.
(ii) The union of any chain of models of T is a model of T .
(iii) T is k-categorical for some infinite cardinal .

Then T is model complete.

We now move on to models of Peano arithmetic. Suppose .# and ./ are
models of PA and .# C.7". ./ is an end extension of # (# C, V) if

(Vae M)(Vbe N\ M)(a<b).
A is a cofinal extension of M (M C M) if
(Vbe N)(Bae M)(b<a).

We write # <, 4" and # <_ ./ if the extensions are also elementary. ./ is
a simple extension of 4 if there exists a b € N such that every element of N
is definable in .#" with parameters from M U {b}. We write 4 = .#(b).

It is convenient to use the usual notation for intervals in .# ; thus [a,d) =
{me M:a <m< b}, etc. Asubset C C M is a class in .# if for every
aeM, Cn[0,a) € Def(#). C is a proper class if C is a class but C ¢
Def(#) .

We code .# -finite sequences in .#Z in one of the usual ways; e.g. we could
take (x)y to be the exponent of the yth prime p, in the prime factorization
of x.

A subset U C M is inductive if the expansion (.# ,U) satisfies full induction
in the expanded language. One can prove (by induction on a € M in the
definition of class, and using the codability of .# -finite sets) that every inductive
set is a class.

We now borrow some terminology from [KS]. A subset I C M is a cut of
A if I is a nonempty initial segment with no greatest element. The standard
cut is simply w. Suppose [ is a cut of # and # < .#. Then A4 fills I
with b if be N and i<b< j forall iel and j € M\I.

Let t(x,y,,...,y,) be a set of (parameter-free) formulas with at most
X,Y--.,y, free such that the set of Godel numbers of the formulas in 7
is recursive. If a,,...,a, € M are such that 7(x,a,,...,a,) is finitely sat-

isfiable, we say that t(x,d) is a recursive type over A . A is recursively
saturated if every recursive type 1(x,d) over .# is realized by some b€ M ;
that is, .# F 1(b,d) for some be M.

We have some latitude in our choice of language L for PA. Theorem 0.3, and
Theorems 3.3 and 4.15 on which it depends, are true for any countable language
L extending the usual language of PA, provided we assume full L-induction.
For Theorems 3.11 and 3.14 we must be more careful, since our proofs are
ultimately based on the existence of a satisfaction definition for X -formulas
(necessary for Lemma 3.5). When we discuss recursively saturated models in
85, the language must be effectively presented.
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2. EXTENDIBILITY IN A GENERAL SETTING

In this section we discuss arbitrary L-structures, where L is any first-order
language. For convenience, we record some simple properties of extendibility
in the following proposition.

Proposition 2.1. Suppose &/ and B are L-structures, &/ < % , and the subset
U C A is extendible to % .

(i) If L' is a sublanguage of L and /', B' are the corresponding reducts
to L', then U C || is extendible to B'.

(ii) Let W C &/ be any set parametrically definable in the expansion (&7 ,U).
Then W s extendible to % .

(ii) Let {P : a <k} be an arbitrary collection of new predicate symbols such
that each Pf/ € Def(&/). Then U, considered as a subset of the universe of

(&, {I{f‘/} , is extendible to the expansion (% , {Pf?}

The definition of extendibility lends itself to alteration in various ways, as in
the following:

a<k } a<K) .

Definition 2.2. Let &/ be a structure and let U be a subset of A4.

(1) U is weakly extendible if there exists a proper elementary extension %
of &/ such that U is extendible to % .

(i1) Suppose &% is an elementary extension of &/ . We say U is uniquely
extendible to & if there is a unique V C B such that (& ,U) < (Z,V). U
is uniquely extendible if U is uniquely extendible to % whenever % > & .

Clearly unique extendibility implies extendibility, and for infinite structures
we also have that extendibility implies weak extendibility. Note also that parts
(ii) and (iii) of Proposition 2.1 hold if we replace the word “extendible” by
“uniquely extendible”.

The next proposition shows that Definition 2.2 enables us to characterize the
weakly extendible and the uniquely extendible subsets of an infinite structure
.

Proposition 2.3. Let &/ be an infinite structure.

(1) Every subset U of A is weakly extendible.

(i1) A subset U of A is uniquely extendible < U is parametrically definable
in &7 .
Proof. (i) By compactness (or by Lowenheim-Skolem) (& ,U) has a proper
elementary extension (% ,V).

(i) (<) Trivial.

(=) This follows immediately from Beth’s Definability Theorem (cf. [CK]),
where we take X(U) to be the set

2(U)=Th(¥ ,U,a) o

acA”
Definition 2.2 will prove to be more fruitful when we restrict the allowable
class of elementary extensions, as in §§3 and 4.
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For a given structure & , let & (&%) denote the collection of extendible sub-
sets of &7 . It follows that

Def(&/) C &(¥) C P (),

where (%) denotes the power set of the universe of ./ . Supposing that .&/
is infinite and that the language is countable (so Def(/) # (%)), we note
that exactly one of the following conditions holds for . :
(i) EW)=2),

(ii) Def(#) C &) S P (),

(iii) & (&) = Def().

Our next task is to provide examples of structures satisfying each of these
conditions in turn.

Proposition 2.4. Let L be a language consisting of finitely many unary predicate
symbols P, ... P, and let &/ be an infinite L-structure. Then &(¥/) =
P(H), i.e. every subset of A is extendible.

Proof. First let us introduce 2" new unary predicate symbols {R : o € S},
where each ¢ is a sequence of the form (¢, ...,¢,) in which each ¢, is either
+1 or —1. We define the R_’s in terms of the P,’s as follows:

R, (x)= R(e. mek)(x) =g P(x) A, Py(X)N - Ng P(x),

where (+1)P is taken to be P and (—1)P is -P.
Then the sets Rf:/ partition A, although one or more of the partitions might

be empty. Since & is infinite, at least one R:/ is also infinite.
Each P, is definable from the R_’s. By Proposition 2.1, it is enough to show

1
that every subset of 4 is extendible in the L'-structure &' = (A,Rf/)
where L'={R_ :0 € S}.
Let U C A be arbitrary. We let T be the theory in the language L' U {U}
axiomatized as follows:
(i) Given 0 € S, if U OR‘;/ 1s finite of cardinality n > 0, then T contains
the sentence “There are exactly n x’s such that U(x) A R_(x)”.

g€ES”’

(i) If Un R‘;’/ is infinite, then 7 contains all sentences of the form “There
are at least n x’s such that U(x) AR (x)” forall ncw.

(ui) If (A\U)nN R';’/ is finite of cardinality n > 0, T contains the sentence
“There are exactly n x’s such that -U(x) A R_(x)”.

(iv) If (A\U)n R‘;'/ is infinite, T contains all sentences “There are at least
n x’ssuch that ~U(x) AR (x)” forall n€w.

Since at least one of the partitions R';/ is infinite, we see that all models of
T are infinite. The union of any chain of models of T is clearly a model of
T,and T 1s R, -categorical; by Theorem 1.3, T is model complete.

Now suppose B’ is an L'-structure such that &/ < %’ . It suffices (by the
model completeness of T') to finda ¥ C B such that (&', U) C (&',V) and
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(#',V)ET. Foreach c € S, let U, = UNR. and define ¥, C R, as
follows:
(i) If U, is finite, take V, = U,_.

a
. o . : Vi 2 o
(i) If R \U, is ﬁlmte, take V. C R suchthat R \V_ =R/ }Uw
(iii) If U, and R‘:/ \U, are both infinite, we can choose V_ C R‘f arbitrar-
ily so long as U, C ¥, and RY \U, C RO\V,.
We now take V =, V, . Itis easy to check that (&', U) C (%', V) and

(#B',V)E T. Thus the arbitrary set U is extendible to %’ and therefore to
Z ,hence & (X )=RP(K). O

We are grateful to Matatyahu Rubin for suggesting consideration of the fol-
lowing example.

Proposition 2.5. Let &/ be a dense linear ordering without endpoints, where we
take the language to be L = {<}. Then Def(¥/)C & (&) C P ().

Proof. We first remark that the theory of dense linear orderings without end-
points is model complete, so any extension of &/ to another d.lL.o. without
endpoints is automatically elementary.

Let us begin by showing that & (/) C (). This is a consequence of the
following lemma.

Lemma 2.6. Let ujy<u, < - <u,< - (n€w) be an increasing w-sequence
of elements of A. Then the set U = {u,: n € w} is not extendible.

Proof. Let X = {a € A:3u, € U(a < u,)}, and let (I, <) be a dense
linear ordering with least element ¢ and no greatest element; we assume that
ANI =. We define a new dense linear ordering % as follows: B =AU/,
and the given orderings on A and I are extended so that X < I < (4\X); i.e.,
a, <i<a, whenever a, € X, i €1, and a, € A\X. (Note that 4\X might
be the empty set.)

Clearly % is a dense linear ordering without endpoints and & C % ; by
our earlier remark, & < % . We show that there is no ¥V C B such that
(& ,U) < (% ,V). Any such V' would have to be of the form UUD for some
subset D C I ; we assume that such a D exists and derive a contradiction.

Case 1. Suppose D =@ . Then V = U has supremum c (the least element of
I)in %, whereas U has either a different supremum or no supremum at all
in &7 . This contradicts the assumption that (& ,U) < (% ,V).

Case2. If D# @ and (& ,U) < (% ,V), then the least element ¢ of I has
the following property: there are elements of V' less than ¢ and there is at least
one element of V greater than or equal to ¢, but the set of elements of V' less
than ¢ has no greatest member. However, there is no a € A exhibiting this
property with respect to U in (&, U)—this contradicts the assumption that
(&, U)<(Z,V). 0
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Next we demonstrate that Def(&/) C &(&). One can show (e.g. by elimi-
nation of quantifiers) that the parametrically definable subsets of ./ are those
sets X C A4 such that X is the union of finitely many intervals (closed, half-
open, or open) in % and finitely many singleton sets {a} with a € A. Thus
the following lemma and corollary complete the proof of Proposition 2.5.

Lemma 2.7. Let U C A be such that U is both dense and codense in &/ . (We
say that U is codense in &/ if A\U isdensein &/ .) Then U is an extendible
subset of A.

Proof. Let T be the theory in the language L U {U} obtained by adding the
following axiom to the axioms for a dense linear ordering without endpoints:

VxVylx <y - Jz3w(x <z<yAx<w <y AU(z) A-U(w))].

This axiom states that U is dense and codense in &/ . A routine back-and-forth
argument shows that 7 is R -categorical. Clearly T also satisfies conditions
(1) and (ii) of Theorem 1.3, so T is model complete.

Let Z be any elementary extension of . ; by the above, it suffices to find
a subset V' C B such that (& ,U) C(%,V) and (% ,V)E T. We show that
this is always possible by proving the following statement:

(¥x) Let & = (B, <) be a dense linear ordering without endpoints, and let
A C B be either the empty set or such that & = (4, <) is a dense linear
ordering without endpoints. Let U C 4 be empty if 4 = &, and such that
U is dense and codense in &/ otherwise. Then there isa ¥ C B dense and
codense in & suchthat VNA=U.

We prove (*) by induction on the (infinite) cardinality of B. If card(B) = R
the argument is straightforward and corresponds to Stage 2 in the inductive step
which follows.

Now take k > R, and assume () holds for all % such that R, < card(B) <
K . Let & be a dense linear ordering without endpoints such that card(B) = « .
Let C = {I : a < A} enumerate all open intervals in % such that card(/)) <
K,and let D = {Jﬂ: B < u} enumerate all open intervals in % such that
card(Jﬂ) =k . Here A, u are cardinals such that 0 < A, u < x and at least one
of them is equal to «.

Let 4 and U satisfy the hypotheses in (x). We show how to extend U to
a suitable V' C B.

Stage 1. We extend U to AU (JC). Let a < A and assume inductively that
for each y < a we have defined a subset W C I. which is dense and codense
in I~ and such that

W ﬁl(s:W(sﬁl7 whenever d < y

and W.nd= I.nU.
Now AU(U . 1,) 1s a dense linear ordering without endpoints (unless a=0
and 4 =0 in Wthh case it is the empty set). Clearly U U (|J,_ W.,) is dense

7<«
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in AU (U;, < 1,); to see that it is also codense, note that it suffices to show
that whenever § < y < a, we have not included any elements of I;\W;—
or of A\U—in W/ But by the induction hypothesis, Wy niI (5 C W;, hence
W.n({I\W;) =2. Similarly, W.nAcU so W n(A\U)=

Consider I N[4AU(U, e, 1)]. ThlS set is exther empty, or consists of a single
point, or else 1t is a dense linear ordering (with 0, 1, or 2 endpoints). In the last
case, I N[AU (U/< «1)] has I N[UU (U/m W))] as a dense, codense subset.
Since card(/ ) < xk and 1solated points pose no problems, we can apply the
induction hypothesis (x) to extend I N[U U (U, W)] to asubset W _C I
which is dense and codense in [, and such that

Jof) ool 0]

If we take the intersection of both sides of this equation with I, where J < a,
we obtain

7<«

wWnl,=1n l(Uﬂlé)U (U(W},mé)ﬂ

7<a

n [(Umﬁ)u (U(% nI,))l

7<«

=1 N[UNL)UW,]=1nW,

as required, where we have used the fact that W;n I = W, when y =94,
and is a subset of W, otherwise, to get that |, seal W NI ) W;. We also
use the induction hypothe51s to replace W Nn1; by W al I and to show that
unl;, Cc Ws;. A similar proof verifies that W NA= I n U This completes
the mductlon

Let W=UuU(J
and WnNnA=U.

If B=AuU(JC) we can stop here, but in general we must go on to:

. Then W is a dense, codense subset of 4 U (lJC)

a<i

Stage 2. We extend W to AU(JC)U(UJD) = B. Let f < u and assume
inductively that for each § < 8 we have defined x;, y; € J; such that x; ¢
(AUUC))\W and y; ¢ W forall § < B,and {x;: 6 < B}n{y;: 0 < B} =9

Consider the interval ‘]B and in particular the intersection Jﬂ NAuUJC))
If there are two elements in this intersection, then there are infinitely many,
hence there are also infinitely many elements in the sets Jﬁ N W and Jﬂ N
(AU (UC))\W . Choose x;, arbitrarily from the former set and y; from the
latter in this case.

Now suppose card(Jﬂ NAUJC))) < 1. Since card(J/,) =k and f<u<
K , there are k¥ many elements in the set

A [Au(UC) U{x,: 6 <ﬁ}u{y6:5<ﬂ}].
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Let Xy # Vg be two arbitrary elements of this set. Then Xg and Vg have the
requisite properties and the induction is complete.

Finally, let V' C B be any set satisfying the properties WU{xﬂ: B<urCV
and {yﬂ: B <urul(4u(UC)\W]C B\V. Then every open interval I or
J/, contains an element of V' and an element of B\V,and VNA=U. O

Corollary 2.8. Let &/ = (A, <) be a dense linear ordering without endpoints.
Then &/ has a dense, codense subset U .

Proposition 2.1(ii) implies that & (%) is closed under complementation for
any structure &/ . However, we can now show that & (&) need not be a field
of sets.

Corollary 2.9. Let &/ = (A, <) be a dense linear ordering without endpoints.
Then & (&) is not closed under unions or intersections.

Proof. Let U be a dense, codense subset of &/ andlet 5, <s, <--- <5, <
(n € w) be an increasing w-sequence of elements of U ; take S = {s,: n € w}
and W = (A\U)US. Then W is also dense and codense in &% . Thus U and
W are extendible by Lemma 2.7, whereas U N W = S is not by Lemma 2.6.
Taking complements shows that & (&) is not closed under union either. O

We complete our series of examples with the following:

Proposition 2.10. Let N denote the standard model of arithmetic, formulated
in any countable first-order L which includes the usual language of arithmetic.
Then &(N) = Def(N).

Proof. In fact more is true: If .# is any proper conservative elementary ex-
tension of N, then the only subsets of N which are extendible to .# are the
parametrically definable ones. This follows from Theorem 3.3 in the next sec-
tion, if we note that every subset of N is an inductive class. O

3. END EXTENDIBILITY

We restrict our attention to end extensions of models of Peano arithmetic in
this section; accordingly, we modify Definition 0.1 as follows:

Definition 3.1. Let .# be a model of PA and U C M. U is end extendible if
U is extendible to .#° whenever .# <, 7.

Our goal in this section is to describe the set of end extendible subsets of .Z .
We fall short of a complete characterization, but Theorems 3.3 and 3.14 give
us substantial information. We make no assumptions regarding the cardinality
of A .

An extension .# C ./ is conservative if for all X € Def(/), XNM €
Def(.#) . Conservative extensions are automatically end extensions. The basic
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existence result for conservative extensions is:

Theorem 3.2 (MacDowell-Specker [MS])). Every .# = PA has a proper conser-
vative elementary end extension.

The MacDowell-Specker Theorem has the following immediate consequence.

Theorem 3.3. Let .# = PA and let V" be a proper conservative elementary end
extension of # . Let U C M be a proper class in # . Then U is not extendible
to N . In particular, no undefinable inductive subset of M is extendible to V" .

Proof. The fact that U is a class means that
(A ,U)EVx3IYVz < x(U(z) < p.ly),

where p_ is the zth prime number and p_|y means p_ divides y. If U were
extendible to some V C N, we would also have

(W VYEVXIYVz < x (V(z) <= p_ly),

so V' would also have to be a class. Take b € N\M . Then VN[0, b) € Def(4").
Since the extension is conservative, we must have

Vn[0,b)Nn M € Def(#).

But this set is V' N M = U, which is a proper class by assumption. This
contradiction shows that no such V exists. O

In particular, the end extendible subsets of N are precisely the parametrically
definable sets. We will show that N is the only model of PA with this property.

Let L be the language for Peano arithmetic which, besides containing the
usual symbols +,-,0,1, <, also contains a two-place function symbol 8 for
some definable pairing function, and one-place function symbols 7, and 7,
such that # (B(x,y)) = x and n,(B(x,y)) = y. As before, we will work
with certain expansions of L as well as with L itself. We must therefore
be somewhat careful in our terminology; for example, we need to distinguish
between X - and 3, -formulas.

Definition 3.4. Let L' be an expansion of L and let .# F PA be an
L'-structure.

(i) 3, (= V,) denotes the set of L'-formulas with parameters from M
(henceforth denoted by L'(.#)) which are logically equivalent to open for-
mulas.

(i) 3,,, [V,,,] denotes the set of L'(#)-formulas ¢ such that ¢ is logi-
cally equivalent to a formula of the form 3xw(x,y,,...,y,) [resp.
Vxw(x,y,,...,»)], where w(x,y,,...,y,) isin V¥, [resp. in 3, ].

(iii) Forall ne w, D, =3, NV, .

(iv) £, I1,, and A, are defined in a corresponding way to 3,, V, , and
D, , respectively, the only difference being that £, (=1II; = 4,) is the set of all
L'(.#)-formulas logically equivalent to L'(.#)-formulas having only bounded
quantifiers.



EXTENDIBLE SETS IN PEANO ARITHMETIC 347

In L. this distinction is unnecessary since the Matijasevic theorem tells us
that £ =3 forall n > 0. For this reason we will use the X -hierarchy when
dealing with L, and the 3, -hierarchy in connection with expansions of L.

It is well known (cf. [Smo2], for example) that for each n € w there is a
definable satisfaction relation for X -formulas in PA. More precisely, given n €

w , there is for each k € w a formula Satlgn(x,y1 sV ---»¥,) such that for any
X -formula ¢(y,,...,y,) of L whose free variables are among y,,...,y,,
we have
koo,
PAI—Vyl Vyk[go(yl PR ’yk) Hsat):"( 9 ’yla 9yk)]‘

(Here "¢" is the Godel number of ¢ according to some recursive assignment
of Godel numbers.) Using Overspill we can conclude the following:

Lemma 3.5 [Smo2]. Let .# £ PA be nonstandard and let n € w. Then every
recursive X -type over A s realized in M .

We can of course replace £, by Il, or A, here. So if we confine our atten-
tion to recursive types of bounded complexity, every nonstandard .# behaves
like a recursively saturated model. We thus expect some properties of recur-
sively saturated models to be mirrored in arbitrary nonstandard models of PA.

For instance, a basic fact about all recursively saturated models is that they
are w-homogeneous (see [BS]). The corresponding result about arbitrary non-
standard models appears in Lemma 3.7.

Definition 3.6. Let .Z EPA andlet ncw.

(i) Let a,,...,a,,b,,...,b, € M. The X -type of a,...,a, over b,
..., b, is the set of all X -formulas (X5 ... x,b,...,b) in LU{D,, ...,
b} such that

MHEpa,...,a,b,....b).

(i) Let a, ... 45 Cpyeen s € M. We write (A ,a, ... »a;) = (A,
cl‘, ) if ap, ... a4, and ¢, ...,c, have the same X -type (over Q).
(Similarly for IT, and A, .)

Note that a, ... ,q, and c, ... , ¢, have the same X -type over bl e by
iff b,,....b,,a,,... »a;, and b, ....b,c,... ,¢, have the same X -type
(over ).

Lemma 3.7. Let # E PA, n > 1, and suppose s e Q€5 ..., €M and
(A ,a,...,a) =, (A ,c,....c,). Let a, , beany element of M. Then
there exists a c, ., € M such that
(A ,a,,...,q.,) =,, ey 0)-

Proof. The lemma is true but uninteresting if .# is standard, so we will as-
sume that .# is nonstandard. Let t(v sy seee sl 5Cp s ..., C) denote the
following recursive set of A -formulas:

T(v,d,0) =(p;(@,....a;,a,,) = 0(c,...,c,v):

@;(x;,...,x.,,) is a parameter-free A -formula).
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Then t(v,d,c) is a A, -type. For if we define ¢, for each i € w by

a—{ +1 f A Epa,....q,,),
J ~1 iflE-pla,... . aq.,)),
then for any / € w we have

M E E!x/\isl epla,,...,q.,x).

Here we take (+1)p to be ¢ and (—1)p to be —¢. Note that thisisa X -
formula since ¢, and -¢, are A, for each i. (The assumption that n > 1
comes in here, as X is not closed under existential quantification.) By the
hypotheses of the lemma, then,

ME Ev/\,-glgi‘/’i(cl s s €, 0),

and any v which works in this formula also satisfies the first / + 1 formulas of
T.

By Lemma 3.5, 7 is realized by some c,,, € M which therefore satisfies the
conclusion of the lemma. O

The proof shows that we can replace A, | by X in the hypothesis of the
lemma, but the form given here is more convenient for proofs using induction
on n.

Another property of recursively saturated models of PA is that they are tall.
That is, if .# is recursively saturated and q, ... ,a, €.# , then the set of ele-
ments of M definable using only the parameters a, , ... ,q, isnot cofinal in .#
(see [Smo2]). The appropriate version of this result for arbitrary nonstandard
models is:

Lemma 3.8. Let .# F PA be nonstandard, n € w, and a,,...,q, € M.
Let Hg (a,...,q;), the X -hull of a,, ...,a,, denote the set of elements of
M definable by X -formulas whose parameters are among a,, ... ,4a, . Then
Hg (a,...,a;) is not cofinal in A .

Proof. The set of formulas

T=(U>uxe(x,a,,...,a.):0,(X, ¥, ...,¥)
is a parameter-free X -formula)

is a recursive I, -type (once we rewrite the formulas without the p-operator),
so it is realized. Any b € M realizing 7 is bigger than all the elements of
Hzn(a] N B

Now we are in a position to show that if .# F PA is nonstandard, then there
are end extendible subsets of M which are not in Def(.Z). We will in fact
show that w is such a subset. Let L' be L together with a unary predicate
symbol (also denoted by w) for w, and let .# F PA be nonstandard. In
L'(# ,w) we can express many notions which cannot be expressed in L(.Z).
For example, we can say that two elements of .# are in the same block (i.e.
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their difference is finite) or that they have the same standard prime factors. The
sets in the standard system SSy(.#) are also definable in (/ , ) (cf. [Smo2]).
We can also show:

Lemma 3.9. Let # E PA be nonstandard. There is a formula y(x,y,z;w) of
L'(A ,w) such that if a,b,c €. then

(A ,w)F y(a,c,b;w) < a and ¢ have the same X -type over b .

(Similarly for I, A,.)

Proof. The set of Godel numbers of X -formulas of L with two free variables
is recursive, hence there is an L(.#)-formula 6(u) such that for all "¢" € w,
M FO(9") < ¢ isa X -formula of L with two free variables. Let y be the
following L'(.#)-formula:

w(x,y,z;0) =V [(w(p") AO(p7)
— (Saty (9", x,2) — Sat; (¢",,2)]. O

The above is more than just another example. We will show that the pre-
ceding result in some sense characterizes the limits of the expressive power of
L'(# ,w).

Theorem 3.10. Let # E PA, a,b,c € #, and n € w. If a and ¢ have
the same A, \-type (with respect to L) over b, then a and c have the same

(3, UV,)-type (with respect to L") over b.

Proof. For .# =N this is trivial since A, 23,UV,, so suppose .# is non-
standard. Note that the pairing function # and the corresponding projection
functions 7, and 7m, in L enable us to encode and decode finite sequences
without affecting quantifier complexity in L' (where our quantifier hierarchy
does not provide for bounded quantification).

The proof is by induction on ». It is more convenient to perform the in-
duction on the following equivalent statement of the theorem: Let ¢(x,y;w)
be a 3 - or V, -formula of L', and suppose a,b,c € M are such that a
and ¢ have the same A _  -type over b and (#,w) F ¢(a,b;w). Then
(A ,w)F p(c,b;w).

(i) Let n = 0. Then ¢ is a quantifier-free L'-formula. We induct on the
complexity of ¢ ; in this case it suffices to assume that a and ¢ have the same
A,-type over b.

(a) Suppose ¢ is atomic. If w does not appear in ¢ the theorem is obvious,
so we can assume that ¢ is of the form w(¢(x,b)), where t(x,b) isan L-term.
Suppose a € M is such that (/# ,w)F w(t(a,b)). Then t(a,b) = e for some
e € w, so the Ay -type of a over b contains the formula

n+1

tx,b)=1+1+---+1.
N, s’

e times
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Therefore if ¢ has the same A,-type over b as a does, then t(c,b) = e as
well, so (4 ,w)E w(t(c,b)).

(b) Let ¢ be the negation of an atomic L'-formula; this time we can assume
that ¢ is -w(¢(x,b)) and that (/# ,w)F -~w(t(a,b)). The A -type of a over
b therefore contains all formulas of the form

ﬂ(t(x,b)= l+1+~~~+1)
N, e’
e times

forall e € w; when e = 0 the intended meaning of the above is =(¢(x,b) = 0).
If ¢ has the same Aj-type over b as a does, then from the above it is clear
that (/Z ,w)E -w(t(c,b)).

If (c) p=wVv@ or(d) ¢ =wA8&, the proof follows easily by induction.

Since any quantifier-free formula can be written in disjunctive normal form
(cf. [CK]), this completes the proof for n =0.

(ii) Assume the theorem for n and suppose that ¢ isa 3, ,-or V,  -formula
of L'. We consider the two cases in turn.

(a)If ¢ isa 3, -formulaof L', say

p(x,y;w)=3zy(z,x,y;0),
then the fact that L contains symbols for pairing and projection functions
enables us to assume that y(z,x,y;w) is a V, -formula of L'.leta,beM

be such that
(M ,w)F3zy(z,a,b,w),

and let d € M be such that
(A, w)Ey(d,a,b;w).

Suppose ¢ and a have the same A _ ,-type over b. By Lemma 3.7, there is an

e € M such that

n+2

(A ,a,b,d) =, (A ,c,b,e).
By the induction hypothesis, then,
(A ,w)F yle,c,b;m).
(Actually this requires a short detour in our argument. Define v'(u,y;w) to
be y(m (u),n,(u),y;w). Then y' is a v, -formula of L' and (#,w) F
v'(B(d,a),b;w). Now B(e,c) has the same A, -type over b as B(d,a)
does, so the induction hypothesis tells us that (7 ,w) E y'(B(e,c),b;w). In
other words (/£ ,w)F w(e,c,b;w).)
Therefore (# ,w)F 3z y(z,c,b;w).
(b) If ¢ isan V, -formula of L', say
p(x,yiw)=Vzy(z,x,y;0),
we can assume that y(z,x,y;w) is a 3, -formula of L'. Let a,be M be
such that

(%) (A, w)ENzy(z,a,b;w).
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Suppose ¢ and a have the same A, ,-type over b, and let e € M be arbitrary.
Lemma 3.7 gives us a d € M such that

(A ,c,b,e) =, (A ,a,b,d).

Now (%) implies in particular that

(A ,0)E w(d,a,b;w).
By the induction hypothesis (as in part (a)),

(A ,w)F y(e,c,b;w).
But e € M was arbitrary, therefore

(A ,w)ENzY(z,c,b;w)
which completes the induction and the proof. O

We can now prove:

Theorem 3.11. Let .# F PA be nonstandard. Then w C M is uniquely end
extendible.
Proof. Uniqueness is obvious. To show that w is end extendible, suppose
M <,V andlet ¢(x,y;w) be an L'-formula and b € M be such that

(W, w)FIxex,b;w).

To show that (/,w) <, (/" ,w) it suffices by Proposition 1.1 (and the fact
that L contains g, m,, and =, ) to show that in the above situation we can
always find a ¢ € M such that

(N, w)E p(c,b;w).

Take n such that ¢(x,y;w) € 3, UV, . Also let a € N be such that
(7 ,w) F ¢(a,b;w). By Theorem 3.10, any ¢ € N with the same A, -type
as a (with respect to L) over b will also satisfy ¢ in (/" ,w).

Now b € M, so by Lemma 3.8 we can find an m € M such that m is
greater than everything in HA/:.(b)- But HZM(b) = H/‘fﬂ(b) , therefore the
following set of L(.#")-formulasisa A _ _ -typein L(.#") over a,b,m:

n+1
t(v,a,b,m)={v<m}u(y,(v,b) — yl(a,b):
w;(x,y) is a parameter-free A, ,-formula of L).

By Lemma 3.5, 7 is realized by some c€ N. But c<me M and # <, 1V,

therefore ¢ € M . Clearly ¢ has the same A, L-type as a over b. O

Note that we can replace w by an arbitrary subset of @ in Theorems 3.10
and 3.11; these results and their proofs go over basically unchanged. Our next
objective is more ambitious: We want to replace w by an arbitrary bounded
subset of A in Theorem 3.11. We could have proven the resulting generaliza-
tion directly, but the proof is more difficult and Theorem 3.10 is interesting in
its own right. Furthermore, in Theorems 3.10 and 3.11 we never used bounded
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quantifiers—we could replace A, , by D, , in Theorem 3.10, which implies
that we can generalize to languages for which 2, and 3, are not equivalent.
On the other hand, we will make essential use of bounded quantification in what
follows.

Let .# £ PA be nonstandard and let S C M be a bounded subset of the
universe; suppose S < m € M. To show that S is end extendible we will
need some sort of analogue to Theorem 3.10. The first problem we face is how
to handle atomic and negated atomic formulas, since S (unlike ) will not
be pointwise definable in general. Our solution is to required that a and c¢
have the same A, -type over b, r for all r < m, and we utilize bounded
quantifiers in order to accomplish this.

In order to handle the induction step, we need to generalize Lemma 3.7.

Lemma 3.12. Let # F PA, n > 1, and suppose a,, ... ,a, ,c,, ... G, meM

and (A ,a,,...,a,,r) =, (A e y...,cp,r) forall r< 2" Let a,., be

any element of M . Then there exists a ¢, € M such that
(Aa,,...,a..,,r) =, (e, ....0,,T)

forall r<m.

Proof. Again we can assume that .# is nonstandard. Let 7 denote the follow-
ing recursive set of A -formulas:

t=(Nu<m(ga,....aq,a_,u)=@lc,....c,,v,u)):
@(x, 5 ..., X, »u) is a parameter-free A -formula) .

We will show that z(v,d,c) is a type.
Let / € w; we must show that

M E FvVu < m/\igl((pi(al s Qp s U) 2 @€, 0,0, ).
Recall the canonical indexing of finite sets; the yth finite set D, is given by
D, =2 ify=0,
D,={yy,---»y_} ify= 20 2 g2
and y, <y, < <y,_,
(see [Smo2]). The internal cardinality ¢ of D, is denoted by |Dy|. Note that
the formula y ;€ Dy is provably A, . Note also that if D, is an .Z-finite set

all of whose members are less than some m' € M, then e < 2" in ./Z .
For each i </, the set

{u<m.%t: ¢[(al’ e 7ak+l’u)}

is ./ -finite and its elements are all less than m , hence by Arithmetic Separation
it is coded by some r, < 2" . Let D, be the (genuinely) finite set containing all
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the r;’s for i </;then card(D,) </+1 since the r; might not all be distinct,

and r < 2%,

By assumption 4, ... ,a, and €5 ---,C, have the same A"+l-type over r,
hence over r,,...,r, which are A -definable from r. For each i </, the
definition of r, tells us that

MHENu<m(pa,,...,aq U < ueDri).
Therefore we have
M F FvVu < m/\iS[((pi(a1 e @y, UL U) S U eDr’).
Since u € Dr, is A, and n > 1, this formula is A, -So
M E FvVu < m/\,-g((pi(cl e GV U)o UED, ).

Any v satisfying the above also satisfies the first /+1 formulas of 7. By Lemma
3.5, 7 is realized by some ¢, , € M which therefore satisfies the conclusion of
the lemma. O

We have since discovered the nonhierarchical version of the above lemma
for recursively saturated models in C. Smorynski’s paper [Smo3], with a similar
proof. We are now in a position to generalize Theorem 3.10.

Theorem 3.13. Let # E PA and let S C M be a bounded subset of M . Let
L be the language obtained by adjoining a unary predicate (also denoted by S)
for S to L. Fix m € M such that S < m. Define g;(m) by induction on j

28j(m)

such that g (m)=m and gy (m)=2

Let a,b,ce M and ne€ w. If a and ¢ have the same A, . -type (with

respect to L) over b, r for all r < g,(m), then a and c have the same
(3, UV, )-type (with respect to L) over b.
Proof. Again we can assume that .# is nonstandard, and our other observations
at the beginning of the proof of Theorem 3.10 apply here as well. Again the
proof is by induction on 7 ; this time we restate the theorem as follows: Let
¢(x,y;S) bea 3 -or V -formula of Lg, and suppose a,b,c € M are such
that a and ¢ have the same A, +1-type over b, r forall r < g,(m), and that
(A ,S)E @(a,b;S). Then (#,S)F ¢(c,b;S).

(1) Let n = 0. Then ¢ is a quantifier-free L -formula. We induct on the
complexity of ¢ ; it suffices in this case to assume that a and ¢ have the same
A,-type over b, r forall r < m.

(a) Suppose ¢ is atomic; we can assume that ¢ is of the form S(¢(x,b)),
where t(x,b) is an L-term. Let a € M be such that (/#,S) F S(t(a,b)).
Then (a,b) = s for some s €S, so the Aj-type of a over b and s contains
the formula ¢(x,b) =s. But s < m, so if ¢ € M has the same A,-type as a
over b and all r such that r < m, then in particular the A,-type of ¢ over b
and s contains the formula #(x,b) = s. Therefore (#,S)¥F S(t(c,b)).
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(b) Let ¢ be the negation of an atomic L¢-formula; assume ¢ is ~S(¢(x, b))
and that (/,S)F -S(t(a,b)). Then for each s € S, the A -type of a over
b, s contains the formula -¢(x,b) = s. By assumption, for each s € S the
Ay-type of ¢ over b, s also contains the formula —z(x,b) = s, from which
we can conclude that (Z,S) E ~S(t(c,b)).

If (c) p=wvVvl or(d) ¢ =w A6, the proof follows easily by induction.

Any quantifier-free formula can be written in disjunctive normal form, hence
this completes the proof for n = 0.

(ii) Assume the theorem for n and suppose that ¢ isa 3, -or ¥,  -formula
of Lg.

(a) Suppose ¢(x,y;S) =3zy(z,x,y;S) isa 3, ,-formula of L, where
y isa Y -formula. Let a,b € M be such that

(A ,S)E3Izw(z,a,b;S).
Let d € M be such that
(A ,S)F w(d,a,b;S).
Suppose ¢ and a have the same A, ,-type (with respect to L) over b, r for
all r<g,, (m). By Lemma 3.12, there is an e € M such that
(A ,a,b,d,r)=, (A ,c,b,e,r)
for all r < g,(m). By the induction hypothesis,
(M ,S)E w(e,c,b;S).
(See the remark which appears at the corresponding point in the proof of The-
orem 3.10.) Thus
(A ,S)EIzw(z,c,b;S).

(b) Let ¢(x,y;S)=Vzy(z,x,y;S) bea Vv, -formulaof Lg, where y is
a 3, -formula. Let a,b € M be such that
(*) (A ,S)EVzy(z,a,b:S).

Suppose ¢ and a have the same A, _,-type over b, r foral r <g, (m),
and let ¢ € M be arbitrary. By Lemma 3.12 we can find a d € M such that

(A ,c,b,e,r) =, (A ,a,b,d,r)

forall r<g, (m).
Now (*) implies in particular that

(A ,S)Ew(d,a,b;S).
By the induction hypothesis,
(A ,S)E w(e,c,b;S).
But ¢ € M was arbitrary, therefore
(# ,S)EVzw(z,c,b;S),
which completes the induction and the proof. O

We now prove the main result in this section.
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Theorem 3.14. Let # E PA andlet S C M be a bounded subset of M . Then
S is uniquely end extendible.

Proof. Uniqueness is obvious, as is the theorem for .# = N. Let .# be non-
standard and S C M be bounded by m € M . Suppose # <, V", ¢(x,y;S)
is an L-formula, and b € M is such that

(W ,S)E3Ixe(x,b;S).

To show that (/Z,S) <, (#,S), it suffices to show that in the above situation
we can find a ¢ € M such that

(A, SYE @(c,b;S).

Take n such that ¢(x,y;S) €3,UV,. Let a € N be such that (/,S)F
¢(a,b;S). By Theorem 3.13, any ¢ € N with the same A, , -type as a over
b, r forall r < g,(m) will also satisfy ¢(x,b;S) in (/,S).

Now b€ M and n€ M. By Lemma 3.8, there isan m' € M such that m’'
is greater than everything in HZH (b,m) = H;i” (b, m) . Consider the following
set of A ,-formulas of L(M):

t(w,a,b,m,m)={v<m’}
UVu < g,(mly,(v,b,u) = y(a,b,u)l:
y,(x,y,u) is a parameter-free A, ,-formula of L).

If we examine the proof of Lemma 3.12, we see that for any / € w there is an

r < g,,,(m) such that

M E FvVu < gn(m)/\[sl(a//i(v,b,u) —ueD,)

(where the r;’s are definable from r as in the aforementioned proof), and
such that any v which instantiates this statement also satisfies the first / + 1
formulas in the second clause of 7. The least such v belongs to HZ’{H (b,m,r).
But r < g, ,(m), so it is easy to prove that no element of H‘A’fﬂ(b,m,r) =
H;m (b, m,r) is bigger than everything in H, (b, m). Thus we can find such
a v which is less than m’,so 7 isa A, -typein L(A).

By Lemma 3.5, 7 is realized by some ¢ € N. But ¢ < m' € M, hence
c € M. Clearly ¢ hasthesame A, -typeas a over b, r forall r < g,(m). O

A special case of the above theorem (for .# , .#° countable recursively sat-
urated models and S an initial segment of .# ) appears in [Smo3], along with
the result that under these assumptions we also have (/#,S) = (./",S) by an
isomorphism which is the identity on S.

Combining Theorems 3.3 and 3.14 and using Proposition 2.1(ii), we can
conclude the following.
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Corollary 3.15. Let .# £ PA be nonstandard, C a proper class in A , and S
a bounded subset of M. Then C ¢ Def(4 ,S).

Our characterization of the set of end extendible subsets of .Z is still in-
complete (except when .Z = N); we are left with the case when U C M is
undefinable and unbounded in .#Z and is such that no proper class C of #
is in Def(.Z ,U).

We close this section with the following result, which applies in particular to
all countable nonstandard ./ .

Proposition 3.16. Let .# = PA be nonstandard of cardinality k and suppose /A
is not k-like. Then there is a subset U C M which is not weakly end extendible.

Proof. By assumption there exists an a € M such that [0,a] has cardinality
k. Let g:[0,a] — M be any function whose image is unbounded in M , and
let U= {B(m,g(m)): m<a}. Clearly U is not weakly end extendible. O

In contrast to the above, if .Z is any model of PA and U is an arbitrary in-
ductive subset of M , we can apply the MacDowell-Specker Theorem to (.# , U)
and conclude that U is weakly end-extendible. O

4. COFINAL EXTENDIBILITY

This section is the counterpart of §3 for cofinal extensions. We begin with
the obvious:

Definition 4.1. Let .# F PA, U C M. U is cofinally extendible if U 1is
extendible to .#° whenever /# < /.

For most of this section we will need to assume .# is countable. Our reward
for making this restriction is Theorem 4.15, which completely characterizes the
cofinally extendible subsets of any countable nonstandard .# F PA.

Before we invoke our countability assumption we mention a couple of things
about the general case. First of all, the existence of proper cofinal extensions of
arbitrary nonstandard .# is a consequence of the Elementary Splitting Theo-
rem (Theorem 0.4). Secondly, one direction of our Theorem 4.15 is due to J.
Schmerl and H. Kotlarski (independently) and requires no assumptions about
the cardinality of ./ :

Theorem 4.2. Let .# = PA be nonstandard and suppose U C M is inductive.
Then U is uniquely cofinally extendible.

As proofs of this theorem appear both in [Ko] and [Sch], and the theorem
in any case is a generalization of Gaifman’s Cofinality Theorem in [G], we
content ourselves with the observation that the uniqueness is obvious. For
suppose .# <, ./ and V' C N issuch that (/#,U) < (/4 ,V). U is aclass,
so forevery ae M, {ueU: u <? a} is an . -finite set. Say b € M is such
that

(A, U)EVu <a(U(u) = ueDy).
Then (V' ,V)EVu<a(V(u)—~ueDb,).
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Since .#Z is cofinal in /", all the initial segments of V' are determined by
the above, so V' itself is uniquely determined.

Compare the above result with Theorem 3.3. To complete the proof of The-
orem 0.3, we will prove the converse to Theorem 4.2 for countable .# .

For the remainder of this section, we assume that the model .# is countable
and nonstandard.

Let U C M be a subset of M which is not inductive. Then Def(.#Z,U)
contains a nonempty subset ' which does not have a least element. Let

I={aeM:YweWa <lw}.

Then I is acut of # and I € Def(# ,U). If we prove that I is not cofinally
extendible, we can apply Proposition 2.1 to conclude that U is not cofinally
extendible either.

It is convenient at this point to introduce the following definition due to L.
Kirby [Ki].
Definition 4.3. Let J be a cut of .Z . Then cf/[(J ), the cofinality of J in A,
is the set of e € M such that whenever D, has internal cardinality < e (i.e.
whenever s € M is such that # F |[D| <e) then D, NJ is not cofinal in J .

Lemma 4.4. Let J beacut of # . Then ct”[(J) is also a cut of A, cf”(J) C
J, and cf?(J) e Def(# ,J).

We need one more definition and lemma, this time from Kaufmann and
Schmerl [KS]. See §1 for terminology.

Definition 4.5. Let ¢, i, and j be elements of the model .#Z and suppose
C € Def(#) . We think of C as consisting of codes of sequences of length e.
C is (i, j)-rich (for # and e)if j > 1 and forevery d € M, thereisa c€ C
such that

(d), = (¢);yx;, Wheneveri+kj<e.

Lemma 4.6. Suppose that C is (i,j)-rich for # and e, and that f: C —
[0,a) is parametrically definable in 4 . Then for some b < a, f~'({b}) is
(i+bj,aj)rich (for # and e).
Proof ([KS]). Suppose that forall b < a, f_l({b}) isnot (i+bj,aj)-rich. For
each b < a let d, be least such that there isno c € f _l({b}) satisfying
(dy), = (€)iypjika; Whenever i+bj+kaj<e.

We can code the sequence (d,: b < a);let d € M be such that (d),,,, = (d,),
whenever i+ bj+kaj<e and b<a.

Now C is (i, j)-rich, hence there isa ¢ € C such that (d)
whenever i+ (b + ka)j < e. In other words,

b+ka = (C)i+(h+ka)j

(d,), = (€)i1pj+ka; Wheneverb<aandi+bj+kaj<e.
Setting b = f(c) gives us a contradiction. O

Now we can prove that certain cuts of .#Z are not cofinally extendible.
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Lemmad.7. Let I be acut of # such that cf ’//(1 ) # w. Then I is not cofinally
extendible.

Proof. Our strategy is to construct an elementary cofinal extensmn N of A
such that .#* does not fill 7 and cf’ (1 ) = w. Here I’ denotes the cut of
A determined by [

I' =peN:gierp < 0.

Since .# does not fill 7, I'' is the only candidate for a set J C N such that
(A ,I) < (#,J). But by assumption there is a nonstandard m e M such that
mecf'/{(l),whereasmqﬁcf ’).ByLemma44 (A, T )7&(/1/1 ).
Therefore I is not cofinally extendxble.

It remains to construct .# . We adapt the proof of Lemma 4.10 of [KS]. We
will define a descending sequence of parametrically definable sets C, (n € w)
with the property that for every L(.#)-formula ¢(x) there is an n € w such
that either ¢(c) holds for all c € C, or else ~¢(c) holds for all ¢ € C, . The
sets C, thus determine a complete type over ./ ; if b realizes this type, we can
form the simple elementary extension .# (b) of .# . By Theorem 0.4 there is a
unique model .#* (which is the model we want) such that .# < /" <, 4 (b).

We define the sequence (C,: n € w) by induction. Let (a,: n € w) be a
sequence of elements of I which is cofinalin /. Let (¢,(x): n € ) enumerate
all L(.#)-formulas with one free variable and let (y,(x,y): n € w) enumerate
all L(.#)-formulas with two free variables. Fix e € Z\w.

Set C, = M, which is (0, 1)-rich for .# and e. Our inductive hypothesis
is that C, is (i,j)-rich for .# and e, where i, j € w are dependent on n.

We define C, | from C, in stages. First let C,? ={ceC,:(c), =a,t.
Then C' is (i, j,)-rich where iy =i+j€w and j,=j€ w.

Second, let f: C,? — [0,2) be defined by f(c) =1 & 4 F ¢,(c) and
flc)=0e AL+ -p,(c). By Lemma 4.6, either f_'({O}) is (i,2j,)-rich for
A and e or else f_l({l}) is (iy+Jg»2Jj,)-rich for .# and e. Thus there exist
i,,Jj, € w and C,i C C,? such that C,: is (i,,j,)-rich and either .Z ¥ ¢ (c)
for all c e C,], orelse £ F-p,(c) forall ce C,: .

Finally we must ensure that I is not filled in the extension. Let 4 be least
such that {c € C,:: uy w,(c,y) < h}y is (i;,2j,)-rich. (If no such £ exists,
choose h € M\I arbitrarily.)

If hel,set C_,, ={ce C,i i uy w,(c,y) < h}. By assumption, then, C,

n+l =
is (i,,2j,)-rich in this case.

If h¢l,set C . ,={ce€ C,iz uy w,(c,y) > h}. Define f: C,: —[0,2) by
flc) = l < uyy,(c,y)>h and f(c) =0+ pyy,(c,y) <h—1. By assump-
tion f~'({0}) is not (i,,2j,)-rich, hence by Lemma 4.6 C,  , = f‘l({l}) is
(i, +j,,2J,)-rich.

This completes the construction of (C,: n € w).
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Let £(v) = {¢,(v): £ F ¢,(c) forall ce C, ,}. Then Z(v) is a complete
type over .Z , so we can find a simple elementary extension .#(b) of .# such
that b realizes X(v). Now .Z(b) does not fill I, as every element of .Z (b)
is of the form uy y,(b,y) for some n € w, and the construction ensures that
either

M (b)F pyy,(b,y) < h

for some A €I, or else that
M(b)E uy w, (b,y)>h

for some he M\I.

Also by construction, for every n € w there is an [ € w such that .Z(b) E
(b); = a, . Thus for any nonstandard d € |.#(b)|, the sequence ((b);: i < d)
gives us an .# (b)-finite set of internal cardinality < d whose intersection with
I is cofinal in 7. Hence cf//{(b)(l"/{(b)) =w.

Finally, we can split the extension to find an .# such that ./Z <. A=<,
M (b). Clearly .# does not fill I, and for any nonstandard d € N and
d' € N\I the set {(b);:i<d}in [0,d') is ¥ -finite of internal cardinality < d
and its intersection with I" is cofinal in I”” . Thus cf” (I/V) =w. O

We are left with the case of cuts I such that cf? (I) = w. We require
another definition here.

Definition 4.8 (Kirby and Paris [KP]). Let I be a cut of .# which is closed
under addition and multiplication. [ is strong in .# if for every parametrically
definable function f:.# — .# there is an n € M\I such that for all a € I,
either f(a)e I orelse f(a)>n.

Lemma 4.9. The sentence “I is strong in A " is expressible in (A ,I).
Proof. I is strong in ./Z if and only if

(A1) EVxIy[-~I(y) AVz(I(z) = {I((x),) V(x), >y})]. O

Lemma 4.10. Let I be a cut of # such that cf'/{(I) = w. Then I is not
cofinally extendible.

Proof. By Lemma 4.4, w € Def(.# ,I). Thus it suffices to show that w is not
cofinally extendible.

Case 1. w if strong in # . Modify the proof of Lemma 4.7 as follows. Take
I = w andlet (a,: n € w) be a sequence of elements of M\w which is coinitial
in M\w. Construct .#Z(b),#" as before. Since .Z(b) does not fill w, then
w is the only candidate for a set J C N such that (/#,w) < (#",J). But the
function f(j) = (b) i for all j € |.#(b)| demonstrates that w is not strong in
A (b). So w is not strong in ./ either, whence (# , ) 4 (/ ,w).

Case II. w is not strong in # . This time we have been unable to find a
construction which does not fill w, so we will use a different argument. Our
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main problem is that if .# <_.#" and .#" is countable and fills w, then there

are 2™ candidates for extensions of w.
Let the countable set .# enumerate all functions f: w — M which are
coded in .Z , i.e. such that there exists a b € M satisfying f(n) = (b), in A&

n

forall n € w. Let Z be a nonprincipal ultrafilter on w and let 4/ =.# 7 %
be the corresponding Skolem-type ultrapower of .# (where N = { fifes b
here f denotes the equivalence class of f as usual). For each m € M let
f™ denote the constant function such that f™(n) = m forall n € w. Let
0: M — N be defined by d(m) = f'\" for all m € M . Then the Los theorem
holds and ¢ is an elementary embedding of .# into .#". We identify .# with
its image and say that ./Z <./ .

In fact we have # <_ ./ . For if fe N, take b€ M such that f(n) = (),
in # forall n€w. Then # F f(n)<b forall n€w, whence /' £ f<b.

A 1s a proper extension of ./Z ; moreover, ./ fills w. Let j € % be the
identity mapping j(n) = n forall n € w. Then #/ E j > n forall n € w,
and #/ Ej<m forall me M\w.

Let W C N be defined by

W={feN:f<mforallme M\w}.

Then W isacutof N and w € W in fact j € W. Suppose Q C N is a
candidate for a subset of N such that (/Z ,w) < (#,Q). Then Q is a cut of
N and 0 CQC W.

Our strategy now is to choose the ultrafilter Z so as to eliminate all possi-
bilities for Q except for Q = w and Q = W . We will then show that (/" , w)
and (/, W) are not elementary extensions of (/# ,w) and this will complete
the proof.

Enumerate .¥ as (f,: n € w). We will define a descending sequence X,
(n € w) of infinite subsets of w such that each X, € SSy(.#")—in other words,
each X, is the intersection of w with a parametrically definable subset of M .

Let n € w and suppose X, | has been defined (take X_| = w).

Case 1. There is a k € w such that f (/) = k for infinitely many i€ X, _,.
Let X, ={ieX,_,:f,(i)=k}.

Case 2. There are only finitely many /i € X, | such that f (/)€ w.
Let Y, ={ie X, _,: f,(i) € M\w}. Since Y, differs from X, | only by a
finite set, then Y, is infinite and Y, € SSy(.#). Thus there is a nonstandard

a € M\w and an increasing sequence (y;: i < a) coded in .# such that
Y ={y,:i€w}. Nowforall j€w,

MHENCZJ,0) > )
hence by Overspill there is a nonstandard b € M such that
M ENIZb(Sf,(v,) > D).
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Therefore we have shown that
Y ={ieX,_,: f,(i)>b}.
Take X, =Y, in this case.

Case 3. (The only remaining possibility.) Range (f, [ X,_,)N® is unbounded

in w but for each k € w, fn—l({k}) NX,_, is finite.
Let S, , € Def(#) be such that S, Nw=X,_,,andlet F,: M - M
be a parametrically definable function on M such that F, | w = f,. Define
G,: M — M to be the function G, (x) = F,(x)+ x forall x € M, and let
g, =G, w. Then forall me M, G,(m) >m and G,(m) > F,(m). Since
G, is parametrically definable, g, € .
Now define V, € Def(#) as follows:

V.={meS,_: #F=¥x>m[S,_(x)—(G,(x)>G,(m))]}.
Let Z, =V, Nw. Then Z, C X, | and Z, € SSy(A#).
Claim 4.11. Z_ is infinite.

n

Proof. Let i € X, _, be such that f (i) € w. Then g, (i) € w as well; also
g,(i) > i. We will show that there is an element of Z, in the interval [i, g, (i)].
Since there are by assumption infinitely many i € X, | such that f (i) € w,
this suffices.

Given i € X, | as above, let ¢, be the minimum value of the function g,
on the finite set X, , N[i,g,(i)]. Since i € X, _,, clearly ¢, < g, (i). Let
d, e X,_,n[i,g,(i)] be maximal such that g,(d;) = ¢;. We will show that
deZz,.

Now d, € X,_, €S, ,. Suppose s€ S, | and s >d,. If s < g (i) then
seX,_,nl[i,g,i)], hence g,(s) >c, = g,(d,) by definition of ¢, and d,. If
s > g, (i), then G, (s) 25 > g,(i) > ¢, = g,(d;). Thus d, € w isin V,, so
deZ . & O

Now f (i) € w for all i € Z, ; this follows from the definitions and the
hypotheses of Case 3. Let (z,: i € w) be an increasing enumeration of Z,
which is coded in .# . Recursively define

Xy = Zq,
al =uzj[zj > X, AVIE< j(f,(z) <f”(zj))].

The hypotheses of Case 3 guarantee that each x, € w. Let X, = {x,: k €
w}. Then X, C Z is infinite and X, € SSy(.#). Also f, is I-1 (in fact
monotonically increasing) on X, .

We have defined our descending sequence X, (n € w). The collection
{X,: n € w} has the finite intersection property so it generates a filter, which
we extend arbitrarily to an ultrafilter % .

Now ({X,:n€ w} =. Forif jew and m is some arbitrary element of
M\w, then the function f: w — M defined by f(j) =m and f(i) =0 for all
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i # j was considered at some point, i.e., for some n € w we have f = f €.
Clearly j ¢ X, . Thus the ultrafilter U must be nonprincipal.

g‘laim 4.12. Suppose Q C N is such that (/£ ,w) < (/4 ,Q) and suppose
Jj € Q, where j is the identity function on w. Then Q=W .

Proof. We have already noted that such an Q must be a cut of N satisfying
w C QC W . Suppose fn € W\w. Then fn fills w in the extension, so at stage
n the set X, must have been defined according to Case 3. By construction,
then, Range( f X,) € w. But X, € SSy(#), hence there is some fn, eF
suchthatfn,.w—»wandf, X—f{X X, eU, hencef f
Furthermore fn = fn = fn,(j'). Let F,,: M — M be parametrically definable
in # suchthat F,, o=/, .
Now (A# ,w)F Vx[w(x) — w(F,,(x))]. Therefore we must also have

(A, Q) EVx[Q(x) — Q(F,,(x))].

By assumption (/" ,Q) E Q(j), so (/,Q) F Q(F,(j)). That is to say,
(W ,Q) E Q(f,,). Since fAn € W\w was arbitrary and w C Q C W, then
Q=W. O

Claim 4.13. Suppose Q C N is such that (/Z,w) < (#,Q) and suppose
Q+#w. Then jeQ.

Proof. By assumption there is some n € @ such that fn € W\w belongsto Q.
As in the previous proof, it must be the case that f, satisfies the hypotheses
of Case 3. By construction, then, Range(f, | X,) C w and f, isl-lon X .
Therefore if U, = Range(f, | X,) then U, C w is infinite and U, € SSy(#).
There is thus an 4, € F such that for all x € X, , A, (f,(x)) = x. Since
the only values of 4, which matter are those it takes on U, , we can find an
h, : @ — o such that h, €% and h, U, =h, U, Let H,: M — M be
parametrically definable in .# such that H, [w=h,,

So H,(f,(x))=x forall xe X,. Thus #/ F H,,(f,) = . We have seen
that

(A ,w)EVx[w(x) — w(H,(x))].

Thus (/,Q) F Vx[Q(x) — Q(H,,(x))]. By assumption (,Q) F Q £.), so
the above implies that (/",Q)F Q(H,, (f N, ie (VL QEQJ). O

Claims 4.12 and 4.13 together imply that if (/Z,w) < (#,Q), then either
Q =w or Q=W . The following claim completes the proof of Lemma 4.10.

Claim 4.14. (i) (A ,w) 4 (¥, ).
(i1) (/f w) k(N W),

Proof. (1) Recall that we are assuming that w is not strong in .#Z . Then there
is a parametrlcally definable function f: M — M such that

(A, w) F ~3x[~w(x) AVy(w(y) = (@(f(y)) V f(¥) > x))]
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However, (/",w) satisfies the negation of the above sentence—take x to be
any element of W\w.

(i) Take f asin (i). Then Range(f | w) N (M\w) is coinitial in M\w in
the model .# , therefore it is also coinitial in N\W in /. Now if k € w,
then the range of f | [0, k] is clearly not coinitial in M\w ; that is,

(A ,w) F -3x[w(x) AVy(~o(y) — 3z < x(~wf(z) A f(z) <p))].

However, (#", W) is a model of the negation of the above sentence (with W
replacing w ). Again we can take x to be any element of W\w, so in particular
Range(f | [0, x]) 2 Range(f | w), hence its intersection with N\W is coinitial
in N\W. 0O

We have proved Lemma 4.10. O

As we pointed out in the discussion following Theorem 4.2, we can combine
Theorem 4.2 with Lemmas 4.7 and 4.10 to obtain

Theorem 4.15. Let .# = PA be countable and nonstandard and let U C M .
The following are equivalent:

(i) U is cofinally extendible.
(i) U is uniquely cofinally extendible.
(1) U is inductive.
Furthermore, the implication (iii) = (ii) (as well as (ii) = (i), obviously)
holds for arbitrary nonstandard A .

We now provide a counterpart to Proposition 3.16.

Proposition 4.16. Let .# £ PA be countable and nonstandard. Then there is a
subset U C M which is not weakly cofinally extendible.

Proof. Let ¢y < ¢, <---<c¢, <-- (n€ w) be an increasing w-sequence
cofinal in .# andlet C = {c,: n € w}. Let g: C — M be onto M, and take
U={Blc,8(c,): n € w}.

Now ¢, < B(c,,g(c,)) forall n € w, hence the elements of U written in
increasing order also form an w-sequence cofinal in .# . For every a € M,
UnN[0,a) is finite, hence parametrically definable in .# so U is a (proper)
class.

Suppose .#" is a proper cofinal extension of .# , and suppose V C N is
such that (/#Z,U) < (/#,V). Since U is a class, there is only one possibility
for V' ; in fact, for each a € M we must have UN[0,a) = V' N[0,a) since the
former set is finite. But .# <_./", so it must be the case that ¥ = U. Now

(A, U)EVXIy(U(y) Am,(y) = x),

whereas the elements of N\M are not in the range of g. Thus (/Z,U) £
,U). o

The preceding proposition does not generalize to uncountable models.
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Proposition 4.17. Let .# F PA have uncountable cofinality. Then every U C M
is weakly cofinally extendible.

Proof. Let D be a nonprincipal ultrafilter on @ and form the ultraproduct
M = #|D. Then A" is a proper elementary extension of .# , and ./Z <_
A" because any countable sequence of elements of M is bounded in .Z . Let
V C|#7| be the set U”/D;then (& ,U)<(£",V). O

5. SIMPLE AND RECURSIVELY SATURATED EXTENDIBILITY

In keeping with the pattern of the previous two sections, we begin with a mod-
ification of Definition 0.1 obtained by restricting the collection of elementary
extensions to be considered.

Definition 5.1. Let .Z# £ PA, U C M. U is simply extendible if U is ex-
tendible to .#" whenever ./ is a simple elementary extension of ./Z .

Then Theorem 0.3 can be strengthened:

Theorem 5.2. Let . # = PA be countable, U C M. Then U is simply extendible
< U eDef(#).

Proof. (<) is clear from Proposition 0.2

(=) By considering a simple proper conservative elementary end extension
A of & , we can strengthen Theorem 3.3 to show that if U is a proper class
in . , then U is not simply end extendible. (Here there are no restrictions on
the cardinality of .7 .)

We turn now to cofinal extendibility. Given a cut I of .# such that cf//(I)
# w, consider the model .#~ constructed in the proof of Lemma 4.7. We see
by the construction that there is an ¢ € N such that for all » € @ there is an
i € w suchthat /" E (e), = a, . Then the simple extension .# (¢) of .# has the
following properties: .# <_.#(e), .# (e) does not fill I, and f 7Oy =
w. Thus I is not simply cofinally extendible. A similar argument applies to
Case I of Lemma 4.10.

In Case II of that lemma, the model ./ = /%7/?/ is already a simple ele-
mentary cofinal extension of .# , for .# = .#(j). To see this, let feN be
arbitrary where /€. ,andlet F: M — M be parametrically definable in .#
such that F | w = f. Then # E f = F(j). We have thus shown that if I is
a cut of .Z such that cf[(l) = w, then I is not simply cofinally extendible.
As before, this completes the proof of the theorem. O

Corollary 5.3. We can append two additional equivalent conditions to those of
Theorem 4.15, namely:

(iv) U is simply cofinally extendible.
(v) U is uniquely simply cofinally extendible.
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Next we consider a different type of alteration of the definition of extendibil-
ity. This time, instead of making restrictions on the extension, we place our
restriction on the models themselves.

Definition 5.4. Let .# = PA be recursively saturated and let U C M. U is
recursively saturated extendible (or r.s. extendible) if U is extendible to ./
whenever ./ is recursively saturated and /Z <./ .

Our main result goes through in this case as well.

Theorem 5.5. Let . # £ PA be countable and recursively saturated and let U C
M. Then U isr.s. extendible < U € Def(A).

Proof. Again (<) is clear. To prove (=), we first consider end extensions.
We cannot appeal to the MacDowell-Specker Theorem this time; a result of H.
Kotlarski’s shows that for any models .# , .#" of PA, if .#" is a proper conser-
vative elementary end extension of .# then ./ is not recursively saturated (see
[KS].) However, M. Kaufmann proves in [Ka] that if .# E PA is countable and
recursively saturated and U is a proper class in .# , then there is a countable
recursively saturated ./ such that .# <, /" and there does not exist a class
V C N such that VN M = U. From the proof of Theorem 3.3 it is clear
that U is not extendible to .#". (Note: Kaufmann’s lemma is generalized by
J. Schmerl in [Sch] to recursively saturated .# of countable cofinality.)

For cofinal extensions, the work has again been done for us. This time we
simply quote the Smorynski-Stavi Theorem [SS]: Any cofinal extension of a
recursively saturated model is again recursively saturated. Thus §4 carries over
unchanged, and the theorem follows. O

6. OPEN QUESTIONS

Our main open problem is the obvious one:
Question 6.1. Does Theorem 0.3 generalize to uncountable .Z ?

Theorem 3.14 reduces this to the equivalent question about Theorem 4.15;
in turn, it would suffice to generalize Lemmas 4.7 and 4.10 to uncountable .#Z .
Most of the available machinery for constructing cofinal extensions relies on the
models being countable.

As we remarked before, we failed in §3 to obtain a complete characterization
of the end extendible subsets of .# for .# nonstandard, or even for .# count-
able and nonstandard. An answer to the following question would be helpful.

Question 6.2. Let .# F PA be nonstandard. Is there an unbounded U C M,
U ¢ Def(#), such that U is end extendible?

There are many questions we could ask about extendible subsets of arbitrary
structures. It would be nice to find a structure ./ such that Def(/) € & (&) C
(&) and for which we have a complete description of & (). This leads us
to ask the following.
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Question 6.3. Let &/ = (&/, <) be a dense linear ordering without endpoints.
Is there a nice characterization of &(%/)?

Our examples in §2 suggest an inverse correlation between the strength of a
theory T and the size of & (#) (relative to Def(.#) and P (A#)). We would
like to make this idea more precise somehow.

Question 6.4. Is there a theory T such that & (&) = Def(&/) forall & ET?
Is PA such a theory? If a theory T has an infinite model % such that & (%) =
Def(Z), does & () = Def(«) forall & ET?

Question 6.5. The same question (excluding the second part about PA) with
P () replacing Def(/) and P (F) replacing Def(Z).

Finally, we mention the following question which arose during the prepara-
tion of §4.

Question 6.6. Let .Z F PA be nonstandard and let / be a cut of .Z such that
1 € Def(# ,w). Does cf“(I) = w?

A negative answer for all countable .# would eliminate the need for Lemma
4.10. A positive answer for all .# would give us a nice recriprocal definability
result, namely: Let .#Z = PA be nonstandard and suppose

U € Def(# , w)\ Def(A#).

Then w € Def(# ,U). [The proof would go as follows: By Corollary 3.15, U
is not a proper class in ./ , hence U is not inductive. Therefore, there isa cut
of # suchthat I € Def(.# ,U). Then I € Def(# ,w), so our positive answer
to Question 6.6 tells us that cf‘/{(l) = w. By Lemma 4.4, w € Def(.# ,I), and
since I € Def(.# ,U) we conclude that w € Def(.Z ,U).]
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