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ON SOME LIMIT THEOREMS FOR CONTINUED FRACTIONS

JORGE D. SAMUR

ABSTRACT. As a consequence of previous results on mixing random variables,
some functional limit theorems for quantities related to the continued fraction
expansion of a random number in (0, 1) are given.

1. INTRODUCTION

The aim of this paper is to collect some results about the convergence in dis-
tribution of sums of some random variables associated to the continued fraction
expansion of a random number @ in (0,1).

As discussed in §2, the results in [24, 26] apply directly to the sequence {a }
of partial quotients when w is chosen under Gauss’s measure. If it is replaced
by any probability measure absolutely continuous with respect to Lebesgue mea-
sure, similar results hold (by [20, Lemma 1]; in the case of Lebesgue measure
[12, Lemma 19.4.2] works). Then some theorems of Lévy [18, 19] and Doeblin
[7] are obtained as corollaries and some information is added (see Examples
2.6, 2.14 and Remarks 2.7, 2.15 for references). In particular, we get necessary
and sufficient conditions on a function f for the validity of a functional limit
theorem (invariance principle) for sums Y i<n fla j) under Lebesgue measure

n (0,1); then a certain class of positive functions f of real argument is ex-
amined and we obtain (Corollaries 2.12 and 2.13) functional limit theorems for
S regularly varying (and bounded on finite intervals).

In §4 we consider sums involving x., the complete quotients, and u; , de-
fined in (4.1), which measure the approximation of w by its convergents We
extend some results of §2 (see Examples 4.1) including functional limit theorems
for Zj_<_n f(xj) and ZJSH f(uj) for some regularly varying f; in the case of
{x j} , Corollary 4.2 generalizes [18, Theorem 4] and Corollary 4.6 contains for
a certain class of regularly varying functions a result suggested in [18, pp. 200-
201]. Example 4.7.2 gives the functional form of a limit theorem indicated
by Doeblin. Lemma 4.5, which is used to deal with u IE essentially contains
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54 J. D. SAMUR

the theorem in [15]; the proof given here is based on a relation due to Lévy
(Proposition 2.1).

In order to achieve these extensions of the results of §2, we isolate from [5]
(and [11]) some facts which lead to Corollary 3.4 (see Remark 4.4(a)).

2. SUMS OF FUNCTIONS OF THE PARTIAL QUOTIENTS

Given an irrational number a € (0, 1), let

a=0,a,(a),a,(a), ...]
be its (infinite) simple continued fraction expansion, defined by the continued
fraction algorithm

1
x (@)

, xl(a)zal(a)-kL,...,

*= X,(a)

1

9 oo

x,(a) =a,(a)+

n+l(a)

where a,(a) = [x,(a)] (throughout the paper, [-] denotes the integer part of
a real number; we refer to [4, §4] and [10] or [17] for the elementary facts
about continued fractions). The a, ’s are the partial quotients and the x, ’s the
complete quotients of «.

We are interested in a; and x; as functions defined on the set of irrational
numbers in (0, 1). Denote it by Q and let % be the class of its Borel subsets.
On (Q,%) we will consider the Lebesgue measure 4 and Gauss’s measure

P(B) 1 dw

Tlog2 JpTrw’

If p is a probability measure on (Q,%) we shall write E ) (similarly
Var . Cov p) for the corresponding expectation operator and _?p(é ) for the law
of a random element ¢ defined on (Q, %, p); often we will write E = E,,
£ = Z,. If moreover p is absolutely continuous with respect to 4 we shall
write p < 4.

Also we will deal with the functions p,, g, defined for w € Q by

Be#.

py(w) =0, p(w)=1, p,(w)=a,(w)p,_(0)+p,_,(w) ifn>2,

gp(w) =1, q(w) =a/(v), q,(w) =a,(0)g,_(®)+q,_,(w) ifn=>2
For each w € Q and n >0, p,(w)/q,(w) =[0,a,(w), ... ,a,(w)] is the nth
convergent to .

Following Lévy [20, Chapitre IX] we write, for n > 1 and w € Q

q,(w)

V()= 7. (@)

=[a,(w),a,_(®),...,a ()]

It is well known that endowing (2,.%) with Gauss’s measure P, {a;:) > 1}
is a (strictly) stationary and y-mixing sequence of r.v.’s with an exponential
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mixing rate and satisfies the condition y* < oo ([4, p. 50] or [12]; the last fact
follows from the right inequality in (4.15) of [4]).

Throughout the paper, we use freely notation and concepts quoted in
[24]. The dependence coefficients ¢(k), w(k), w" refer to {aj} defined on
(Q,%,P).

The following relation, due to Lévy [19, equality (8) in §74] and called the
Borel-Lévy formula by Doeblin [7], will be useful later (the indicated depen-
dence properties of {aj} can be proved starting from it [19]).

2.1. Proposition. If n > 2, y = [k .k with k, ... ,k,_, € N" and

1<a<b then

n—1>"°

yy+1)
(ya+1)(yb+1)
(Apart from being stated here in €, this is (4.12) of [4] since

""" =xn_l fTo=w"- [w_']

Ma<x,<bly, ,=y)=4(a,b])

and
{weQy, [(w)=I[k,_,....K]}
={weQa(w)=k,...,a, (0)=k,_,}.)

In order to apply some of the results in [24, 26] it appears to be necessary
to verify that ¢(1) < 1 and this can be done using Proposition 2.1. But, under
the properties of {a j} indicated above, no further argument is needed. The
following property was overlooked by us in [24, 26] and is stated by Bradley in
[6, p. 184]: given a probability space (X,% ,Q) and two sub-c-algebras .# ,
N of &/ we have ¢ = ¢(A ,N) < 1 if y* =y (# , V) < oo (see for
example [26] for the definitions). For the sake of completeness, we show that
d<1—-(v) " if g <oo (¥ >1 always). Assume ¢ > 0; observe that for
each ¢ € (0,¢) there exist A € #, B €4 such that Q(4) > 0 and

¢ —& < (Q(4B) - Q(4)Q(B))/Q(4) < 1 — O(B)

(if Q(4B)~Q(A)Q(B) <0, Q(4B)-Q(4)Q(B°) = —(Q(4B) - Q(A)Q(B)) >
0) which implies Q(B) > 0 and

(I-(¢—2) (&) <QB) (p—8) <y" - 1.

The inequality follows from this. We remark that in a recent article Philipp [23]
proves the stronger fact that w(1) < 0.8 for {aj} , thus obtaining ¢(1) < 0.4.

In this section, H denotes a real separable Hilbert space with norm ||-|| and
inner product (-,-). For the sake of clarity, we recall some facts and terminol-
ogy about certain measures on (the Borel g-algebra of) H (see [2]). If v is
an infinitely divisible (i.d.) probability measure then there exist a symmetric
nonnegative trace class operator S and a Lévy measure u (in the Hilbert space
case, it can be described as a nonnegative measure which satisfies

/mmuwWwwm<w)
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such that for each 7 > 0 there exists z, € H such that the characteristic
functional of v can be written as

U(y) = exp {i(Z,,y> - %(Sy,w
(2.1)

+/(ei<x,y> 1= ,'(x,y)IBr(x))ﬂ(dx)}

(y € H; B, = {x:|lx|| £ t}). S and u are uniquely determined by v
and so is z, for each 7. When z_ and u vanish, v is the centered Gaus-
sian measure with covariance operator S (with the notation of [24], we have
D, ((,y),(,») = f(x,y)zu(a'x) = (Sy,y)). If z_ and § are zero, v is
called the 7-centered Poisson measure with Lévy measure u and is denoted by
c.Poisu; if p is finite, ¢ Poisy = (Poisu) * 6, where b, = — [, xu(dx) and
Pois u is exp(—u(H)) exp(u) , whose characteristic functional is exp(i—u(H));
the classical Poisson measure with parameter A > 0 is Pois(4d,) . Therefore, if
v is i.d. relation (2.1) says that, for each 7 >0,

(2.2) V= ‘5:, xyxc Poisu,

v being the centered Gaussian measure with covariance operator S ; this is the
Lévy-Khintchine representation of v .

The Skorohod space (see [5]) of H-valued functions on [0, 1] shall be de-
noted by D([0,1],H) and we shall write D = D([0,1],R). If v is an i.d.
probability measure on H, Q, denotes the law on D([0, 1], H) of a stochastic
process & = {&(1):t € [0, 1]} with stationary independent increments, trajecto-
ries in D([0,1],H), £(0) =0 and &(1) having law v .

If {an} = {an:j =1,...,n, n > 1} is a double array of H-valued
measurable functions on (Q2,.%) we shall consider the property
(%) {rycN',r,<n,r/n—0=> X, —0 inmeasure.

j=1

In our first statements we refer directly to some assertions in [24], taking
there B=H, j, =n, L = f/;, E = E, and replacing the letter f by & to
denote functionals.

2.2. Proposition. Let {f,:n > 1} be a sequence of functions from N* into H
and define X, = f,,(a,) if j=1,...,n, n> 1. Suppose that the following
conditions of [24, Corollary 6.5) are satisfied: (1), (2) modified by assuming
the existence of the limits only for h in a sequentially w"-dense subset W of
H', (3). Then (a) and (b) of that result hold and
(c) for any p < A and for every 1€ C(u),
L&) =, Queposy in D0, 11, H)
where
&= S (X, -EX,) (te[0.1]).

1<y<[n]
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Proof. Use [24, Corollary 6.5, 26, Corollary 3.3(iii)] and Lemma 2.3 below,
noting that {X, ;—EX } satisfies (x) (see the proof of [24, Corollary 6.5]. O

nlt
2.3. Lemma. Let p < A. Assume {f,}, {an} are as in Proposition 2.2,
{X,,} satisfying (x).

() Let &,(1) = Xy, Xy (€ 10,1]). I {Z(E)} or (&)} con-
verges weakly (in D([0,1], H)) then both sequences have the same limit.

(b) Part (a) holds with Y=7_, X, . in place of &, .
Proof. (a) Take {r,} as in the definition of () with r, — co; write fn(t) =
> X . (t€[0,1]). First we observe that

rn<j<[nt] " nj
k
> X,
Jj=1

(this follows from (x) and a well-known maximal inequality quoted, for exam-
ple, in [24, Proposition 2.2]).
On the other hand, if g is any bounded continuous real function on

D([0,1],H), Lemma 1 of [20] shows that lim, (E,g(&,) — Epg(én)) =0 since
En is a(aj; J > r,)-measurable. O

sup [|€, (1) — & (2)|| = max — 0 in measure
te[0,1] k<r,

2.4 Proposition. Let {f,} and {X, j} be as in Proposition 2.2. Suppose that
Sfor some p < A, {%(Z;zl X, j)} converges weakly to a probability measure v
on H.

I If {an} satisfies (x) then v isid. andif (2.2), T € C(u), is its Lévy-
Khintchine representation, assertions (a)-(c) of [24, Theorem 6.2]
hold and also we have (b') of [24, Corollary 6.3] if the second part
of (i) of that result is satisfied.

(II) Let &, be the random function &, (t) = ZISJS[M]XM (t € [0,1])
and suppose that {Z,(&,)} is relatively compact in D([0,1],H). Then
{X,,;} satisfies (x), v isid. and _9’;(5") -, Q,-

Proof. (I) Lemma 2.3 and [24].
(II) The argument in [26, Theorem 3.2, proof of (III) = (II)] shows that
{an} satisfies (x). Then use (I), Lemma 2.3 and [26, Theorem 3.2]. O

2.5. Remark. In the real-valued case, the convergence in law of éf:)(l) in
Proposition 2.2 also follows from the main theorem in [16], which improves
[3]; it gives necessary and sufficient conditions (under certain preliminary as-
sumptions) even in the nonstationary case. See [26, Remark 3.4.2] for another
reference (convergence to stable laws).

Next we give examples which are related to some results in [7].

2.6. Examples.
2.6.1. Let /* be the Hilbert space of square summable real sequences and
let {e,:p > 1} be its canonical orthonormal basis. Define r'".Q -2 by

I"L")(a))zcard{jsn:aj(w)zp}, p>1, weQ,
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and y =(7,),5, by

1 1
. Vo= = = —— > .
(2.3) 7, =Pla, =p) 1nglog<l+ ), p=>1
Then, if £, is the random function

&) =n"20" Zualy)  (telo,1)),

for any p <« 4 we have i’p(én) —, @, where v is the centered Gaussian
measure on /> whose covariance operator S satisfies
(2.4)

oo
(Se,,e) =8,,7,= 7,7, +2) {P(a,=p,a;,, =a)-7,7,}, p21,421;
j=1

here 6pq=1 if p=q,=0if p#gq.

Proof. Let f(p) =e, and take f,(p) =n"""(f(p) - 7). Since E,||f(a,)|* <
00, by the same arguments which led from [24, Corollary 4.5] to [24, Corollary
4.7] we can verify that {f } satisfies the hypotheses of Proposition 2.2 with
= 0 and ®(h) = Varh(a)) + ZZﬁlCovP(h(al),h(ajH)) (see also [24,
Remark on p. 405]). Concerning (2.4), we remark that P(a, =p, a,., = q) =
P(a, =¢q, a,, =p) (see[18, p. 182]). O

2.6.2. Let § >0 and a € R. Foreach n > 1 define {, by
& =n"" Y al, 4 (1€]0,1]).

1<j<[n1]
Then for any p < 4, _7/,({") —

(a) if @ >0, v =Poisu with u(dx)=1,. , (x)(a log2) 'x7 " dx, ie.,
the characteristic function of v is

U(y) = exp {(alogZ)_l (/ e x T dx — ™! } ;
9o

Q, where

w

(b) if a <0, v = Poisy with u(dx) = I 4., (x)(—alog2)”'x~""""dx,

ie.,
-1 A -1
5(y) = exp{ (—alog2) / L
0

(c) if @ =0, then & (1) = card{j < [nt]:a; > On}, (t €[0,1]) and v =
Pois((6log2)™'4,).

Proof. Take f, (p) = (p/n)"l(0n 00)(P) in Proposition 2.2. Condition (1) there
is satisfied with the corresponding u because, for positive x,

| 1 1 1
(2.5) P(al>x)_@log<l+[x]+l>~log2~; as x — 00.
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On the other hand, observe that if o > 0, X, s = 0 for 6 € (0,6°].
For (b), note that sup, nEths < s sup, nP(a, > 6n) = 0((52) and that

lim, nEX, . = ((1 -—a)0' “log2)™'. If @ = 0 then X,,; = 0 for & €
(0,1). o

2.6.3. Fix a sequence {6,} such that 0 < 6, <6, <--- and lim 6, = oo.
Define L":Q — /* by

Lﬁ")(w)=card{j$n:0,n<aj(w)50r+ln}, r>1, weQ,

and &, by & (1) = L7 ¢ €[0,1]. Then for any p < 2, Z(E) =y O,
where

r+1

—Poisy withu=3 (Lo L )s
v=Poisuy wi u_r=110g2 50 ”

Moreover, (Poisu)(F) =1 where F = {(x,,x,,...) € lz:xr € N and only
a finite number of x,’s is nonzero} and

Xr
. 1 1 1 1 1 .
(POIS#)({X})—CXp (—W)gx—r' <@ (6:—0—1)) if x e F.

r+
Proof. Take f (p) = Zf:ll(em‘e’“n](p)er in Proposition 2.2. Note that for
every 6 € (0,1), X,,; =0 and that for any subset 4 of H we have

-1

(1 (X, IB§)(A) — m(A)| < 3 |nP(6,n < a, <6, n) ~ (log2)”" (6, - 67))]

r=1

r+1
which goes to zero as n — oo because each term tends to zero and

n)=nP(a, > 6,n) — (6, log2)”"

r+1

ZnP(()rn <a <6
r=1

= > (log2)™ (67" 6.
r=1

The expression for Poisu follows by direct calculation of ™", n>1. O

2.7. Remarks. Example 2.6.1 gives a natural extension of the result in [7, §2,
no. 5]. The limit laws of £, (1) given in (a) and (c) of 2.6.2 appear in [7, §4, §3]
where (a), case a = 1, is used for deriving the limit law of £ (1) in Example
2.14.2 below. The proofs presented in [7] of both results have been objected
and the last one established in [13] by using [8].

Now we are interested in sums of the form i<n f(a )

2.8. Proposition. Let [ be a function from N* into R and let {x(n)} C
R and {b(n)} c (0,00) with b(n) — oco. Assume that for some p < A

’
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Lp(b(n)-'(Z'; f(a;)—nx(n))) —v,a nondegenerate probability measure. Then
v s stable.

Proof. Since b(n) — oo we can find {r,} C N*, r, <n, r, — oo such that
b(n)™"! P f(a;) — 0 in measure. Arguing as in the proof of Lemma 2.3 we

can replace p by P in our hypothesis and then [26, Remark 3.4.3.1] or [22,
Theorem 2] concludes the proof. O

A function R:[r,o00) — (0,00) (r > 0) is regularly varying (at oo) with
exponent o € R [27, 2] if it is Borel measurable and lim, _, R(tx)(R(x))_l =
t* forevery t>0.If a=0, R is slowly varying.

2.9. Proposition. Let f:N" — R.

(a) Let {x(n)} C R and {b(n)} C (0,00) with b(n) — oo. The following
assertions are equivalent:

(I) The random functions &, defined by

(2.6) & =bm" Y (fla)-x(n) (1€[0,1])
1<j<[n]

satisfy

(2.7) Z(&,) — W, the Wiener measure on D.

w

(I1) _E’A(b(n)_l Z'l'(f(aj) —x(n))) =, N(0,1), the standard normal distri-
bution, and {an} = {b(n)_l(f(aj)—x(n)): 1 <j<n,n>1} satisfies
(*).
(b) The assertion
(A) there exist a bounded sequence {x(n)} C R and {b(n)} C (0,00) with
b(n) — oo such that (1) is satisfied,
holds if and only if

(2.8) lim A =0

or, equivalently, if
(2.9) Ux):=(log2)" S fhok™
k| f(k)|<x
is slowly varying. If this is the case and U(x) — oo as x — oo, we can take
= E,f(a,) and any {b(n)} such that lim, nb(n)_zU(b(n)) =
c) If (I) holds for some {x(n)}, {b(n)}, then (2.7) holds with i replaced

by any p < A.
Proof. (a) and (c): [26, Corollary 3. 3(111)] and Lemma 2.3.

(b) First we observe that U'(x f (a,);1f(a))| < x) is slowly varying
if and only if U is (U and U’ both have a finite 11m1t as x — oo or both tend
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to oo; in the later case, U ~ U’ by (2.3)); moreover this holds if and only if
(2.8) is satisfied.

Then, that (2.8) implies (I) (with {x(n)} and {b(n)} asindicated in the case
U(x) — oo) follows from [26, Corollary 3.7] and its proof (see [25]) noting that,
with the notation there, <D(10) =1 and d>5,0) =0 if j > 2 (use that y* < oo
and [24, Proposition 2.7]).

For the converse, suppose that (II) holds and that U'(x) — oo as x —
oo. Fix d € (0,1) and write Y s = X5 — E ana By (a) and (b) of
Proposition 2.4 (I) (or [24, Theorem 4. 2]) lim, E( 21 .js) = 1; moreover,
E(X1Y,,)" <(1+4X°¢"2()nE(X} ;1X,,| < 8) by an inequality of Ibra-
gimov. Then, using that {x(n)} is bounded and b(n) — co we obtain

L < Mnb(n)2E(f*(a,);1/(a,)| < b(n))

if n>n, forsome M >0 and n, € N". Since lim, nP(|f(a,)| > b(n)) =0
(use (a) of Proposition 2.4 (I) and that x(n /b( — O) and b(n+1)/b(n) — 0
wecanconcludethatxPlf |>x(Ef s 1 fa)l < x)” ' 0 as
X — 00, which says that U’ is slowly varying. D

2.10. Proposition. Letr f:N* — R and K,,Ky,B be such that k, > 0,
k, 20, Kk, +x, >0, B €(0,2). Denote by v(k,,k,,p) the stable law
¢, Pois(u(x, ,x,, B)) with Lévy measure

wrey 1y, BY(@X) = {I_ o o)V lx| ™ P 1 0 x ™ Y dx,

ie.,
A 0 ixy -1-8
i, ey BY'0) = expl [ (€ = 1= ixyl_y g ()l dx

oo
j ) —1-
+/O (e —1- ixyly (x)K x de}.

(a) Let {x(n)} c R and {b(n)} C (0,00) with b(n) — co. The following
assertions are equivalent. (1) ¢, defined as in (2.6) satisfy

(2.10) L&) 2 oty .-

() Z(b(n)™ TV(f(a;) - x(n))) = V(K ,k;, B) and {X,;} =

{b(n)_'(f(aj) —x(n)):1<j<n, n>1} satisfies ().

(b) The assertion

(A) Thereexist {x(n)} C R and {b(n)} C (0,00) with b(n) — oo such that
(I) of (a) is satisfied,

holds if and only if

(2.11) R(x) := Z k= is regularly varying with exponent —§ ,
kel f(k)[>x
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-2
lim Zk:f(k)>xk _ K|

N =2
X—00 Zk:lf(k)|>x k K, + K,

and
-2

 Dkefrye—x KT
lim Zkfk<-x _

x—00 Zk:]f(k)|>xk_2 K+ Ky
If this is the case we can take x(n) = E,(f(a,); |f(a,)| < b(n)) and any
{b(n)} such that lim, nb(n)_zU(b(n)) = (K, +1,)(1 = B! (with U defined
in (2.9)).
(c) If (1) holds for some {x(n)}, {b(n)}, then (2.10) holds with A replaced
byany p < A.

Proof. (b) Assume that (II) holds. Proposition 2.4 implies that
nZy(b(n)”' f(a))|B; — uli,,x,, B)IB,

for every © > 0. To conclude the proof of the “only if” part see [2, pp. 81 and
84-85] and use (2.3). For the converse, apply Proposition 2.2 and argue as in
[2, pp. 87-88]. O

We point out that if x(n) = nx for some x € R then the condition that
{X"j} satisfies (*) can be omitted in II of Propositions 2.9 and 2.10 [22, The-
orem 2; 26, Remark 3.4.3.1].

Next we make some remarks about the validity of (2.8) or (2.11) for certain
positive functions f of real argument.

Suppose f:[1,00) — (0,00) is bounded on finite intervals and lim _ __ f(x)
= oo ; then the following functions are well defined for y € [f(1),00)

fow) =inflx > 1: f(x) >y}, f,(v) =inf{x > 1:f(x) >y},

f,(») = sup{x > I: f(x) < y}.
We have 1 < f, < f, < f,;each [, is nondecreasingand lim ___ f,(x) = +o0
for such an f. We will say that /€% if f is Borel measurable, satisfies the
preceding conditions and f,(y) ~ f,(y) as y — oo.

2.11. Lemma. (i) If f:[1,00) — (0,00) is nondecreasing and lim__ __ f(x)=
oo then fe.F .

(it) If f:[1,00) — (0,00) is bounded on finite intervals and regularly varying
with exponent a > 0 then f€.% . Moreover 70()/) ~ 720’) as y — oo
and 71. is regularly varying with exponent 1/a (i=0,1,2).

(iti) If f € . and [, is regularly varying with exponent 1/« for some
a >0 then f is regularly varying with exponent « .

Proof. (i) 71 = 72 if f is nondecreasing.
(i1) First we prove that 70 ~ 72 . We will show that for every ¢ > 1 we have
72(y) < tj—‘o(y) for all sufficiently large y by using the Karamata representation:
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f(x) = x"c(x)exp fl s a s)ds), ¢ and & being measurable functions with
lim _ _c(x)=¢>0, e(s) = 0 (see [27]). Fix t > 1 and take r €

oo S oo

(0,1) such that rt*/* > 1. There exists ¥, such that for every y >y, we have
Fo0) + 1< tFo0), rtfo(T) + D72 > 1, Je(s)] < @/2 if s > Fo(v)
and c(x)/c(x") > r if x,x" > f(y). Thenif y >y, and x > tf,(»), taking
x' such that f,(») < x' < f,(») +1 and f(x') >y, we have f(x)/y >
r(x/x')*’* > 1; this implies that f,(y) < tf,(») if y > y,.
Now fix ¢t > 0. Given r > 1, by hypothesis we have
lim £ T () (1) - 1) =
which implies that, for all sufficiently large y,
a7 -1 p
S T ) < CUF ) - 1) <
by the definition of fl and r't” l/“fl(ty) < 72(y) by the definition of 72 .

Then limsup,_,  f,(ty)/f,() < ¢'/* . By a similar argument we can deduce
from the fact that

—a,—1
t

lim £(rd'"F /1T ) = 1) =
for each r € (0,1) that liminf

00 J2(t¥)/ T, (¥) > £/* . This implies that 7,
varies regularly with exponent 1/a because f,, f,, f, are asymptotically
equivalent.

(i11) Take ¢ > 0. For any r > 1, the hypotheses give that

Lim 7, (et fO /Ty (f(x) = r'™

which implies that, for all sufficiently large x, f,(rt" f(x)) > tf,(f(x)) > tx
by the definition of f, and f(tx) < rt"f(x) by the definition of f,. Then
limsup _ __ f(tx)/f(x) < ¢". On the other hand
Lim Ty 0) [Ty (fx)) = 7

for each r € (0,1) and an analogous argument shows that

liminf /(1x)/ f(x) > . o
2.12. Corollary. (a) Let f €.F . Then assertion (A) of Proposition 2.9 holds
if and only if

-1 2

(2.12) lim —> fz(x) -

e Ek:kg.\' f (k)k
Moreover, in this case U (defined in (2.9)) is asymptotically equivalent to

U(x)=(log2)”" Y kK™

kik <T5(x)

here 72 can be replaced by 71 .
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(b) If f:[1,00) — (0,00) is regularly varying with exponent a = 1/2 and
bounded on finite intervals then (A) of Proposition 2.9 holds.
Proof. (a) Assume that f satisfies (2.12). We claim

(2.13) Yo Lk~ S kT asy - oo
k<f,(») k<To(r)+1

=( > fz(k)k_z)/( > fz(k)k_z).
k<Fo(y)+1 k<f\(»)
2

Let e € (0, 1/2 There exists y, such that if y > y, then fz(z)z" <

Write

T e AR for z > () and log((F,(»v) + 1)/(F,(») - 1)) < 2.
Therefore if y >y,

Y FokTi <2 S fAwhT
FL0)<k<TH(0)+1 h<Fy(v)+1

which implies 1 < g(y) < 1 +2eg(y), thatis 1 < g(¥) < (1 - 28)—1. This
proves (2.13). _ _
By the definitions of f, and f, we have

y2 Z P <y Z _f(fz(y 1)

k:f(k)>y k>f f (,V) -
and
Y Lk S Lk
kif(k)<y k<fy ()

Then using that 7, ~ 72, (2.13) and (2.12) we obtain (2.8). That U ~ U
follows from (2.13) and the inequalities

S Lk Y fokTi Y FikkT
k<fi(y) k:ft)<y k<T2(v)
Now suppose that f satisfies (2.8). Write u(x) for the quotient in (2.12).
First observe that

2
S Lk Y Lok 42l
k:f (k)< f(x)—1 ' k<x
(x > 1) and that for some constant C
1 -2
~<
~<C >k
k:f(k)>fix)—1
for all sufficiently large x (by the definitions of f, and f, we have x >
fi(f(x)—1) and
-2 -2
FUx-n+n~'s > kT > kT

k>Fo(f10)=1) ki f(k)>f(x)=1
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moreover, f, ~ f, and f(x) — oo as x — oo). Therefore we have for such
Xx’s

L) Cewgson-1 K
iy SR

2 k_2

<C(1+ 2u(x))f (x) Z'<:f(k)>f(‘);)—1 .
Lksirr< -1 S (KK

Since f(x) — oo as x — oo, (2.8) implies that for any ¢ € (0,(2C)_‘) we
have u(x) < C(1+42u(x))e and hence u(x) < eC(l1 —2.9C)_l for all sufficiently
large x . This implies (2.12).

(b) Use (a), Lemma 2.11(ii) and [2, Chapter 2, Lemma 6.15]. O

2.13. Corollary. (a) Let k,,k,,B be as in Proposition 2.10 with = 1/a,
a>1/2. Let f€.% . Then (A) of Proposition 2.10 holds if and only if f is
regularly varying with exponent o .

(b) Assume f:[1,00) — (0,00) is regularly varying with exponent a > 1/2,
bounded on finite intervals. Let

ux)<C

(2.14) v, = { omyas v (7z 0:3) Fat L,

(Iogz,O 1) fa=1,
(v(.,.,.) defined as in Proposition 2.10) and define &, by
(2.15) &W=,m~ > fla) ifa>t,

1<j<[n1]
(2.16) &,(1) = 'Y {fla) ~Ep(f(a); fla) S f(n)} ifa=1,
1<j<[nt)
(2.17) =) Y (fla) - Epfla)}y iy <a<l.
1<j<[n1]

Then for any p < A, ,S’p(én) -, 9,
Proof. (a) Since f €. , by Lemma 2.11 it is sufficient to show

- 1
(2.18) S ok~ as x — 0o
k:f(k)>x f1(x)
By the definitions of f, and f,
-2 -2
ZA S(k)> <1+ Lk, )<k <Ts(x) = 1 +0(x) (say):
Z:k>f7 k—z - Zk>72(x)k—2 ’

moreover

> kT - = (7)™

K () Sk<To(x)



66 J. D. SAMUR

and

Yo k>0
Then lim, _ _v(x) =0 and (2.18) holds since

Z k fz(x) (71()‘))—1 as x — oo.

A>f2 X)

(b) From [2, Chapter 2, Lemma 6.15] we obtain

Zk<\'f k~2 |

(2.19)

On the other hand

Yk rr<x S (k)k"2 - Tishuo k™

1 2 = 2
Z:I‘<f \) k ZA<f (k)k

which by (2.19) goes to one as x — oo because f, ~ f, and f is regularly
varying. Then by (2.9) and (2.19)

n 1 n 1
U ~— - ~—_—
o V) ~ e >A<,X;(,,))f o= Tiog3

because f is regularly varying and 71 (f(n)) ~n as n — oo (observe that

T NT ()™ < T (fapn™ < T (f() T (f(n) = 1)

and 71 is regularly varying). Therefore we can take b(n) = f(n), kK, =
(alog2)™', k,=0in (2.10). O

This result implies that if f satisfies the assumptions in (b) with a« € (1/2,1)

then
1 k
;//, <;card{ Z ) > E,f(aq })
1

converges to the law given in [1, Theorem 5.2] (observe that for such an «a,
v, is strictly stable and satisfies 0 < v ((0,00)) < I—use [9, Chapter IV, §1,
Theorem 7]).
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2.14. Examples.

2.14.1. Let f(x) = x'/* and take b(n) = (nlogn/log2)"*, x(n) = E,(a,")
in (2.6) Then (2.7) holds with A replaced by any p <« A (observe that U (x) ~
(log2)~ 210gx).

2.14.2. If ¢, is defined by

(2.20) L=r 3 {aj—ig%} (te[0,1]),

n
1<j<[n]

then for any p < A, 3(6 ) — " — Q ,, where v’ =0d, *v(l/log2,0,1),ie,

N . % ixy ] ———1 2
(2.21) o' (y) = exp {lxy +/0 (™ -1~ ’xyI(OJI(X))logzx dx
with

_11m (Zklog( kl+2)> _logn>.

As a consequence, if Z (&) =0, ,,

1 a logn .
.E”p (—card{ Sl_: logz}) 73(/1{16[0,1].6(0 >0})=0

(say). We do not know an explicit expression for o (observe that v’ is not
strictly stable; on the other hand, [9, Chapter IV, §1, Theorem 7] shows that
0 #0,, 0#7,).

2.143. Let a > 1/2 and ¢ > 0 with ca > (o’ + 1)"/?; then f(x) =

x“(c+sin(log x)) belongs to .# and is not regularly varying. Hence if o > 1/2,
f does not verify (A) of Proposition 2.10 (this is related to [18, footnote on
p. 199]). If a = 1/2, f satisfies (2.12) and (A) of Proposition 2.9 holds
with x(n) = Pf( ), b n) ((¢* - %)(logZ)_lnlogn)'/2 (we have U(x) ~
(c2 - 1)(log2)” log(f ); writing h(x) = log(f~'(x)) we obtain h(x) +
2log(c + sin h(x)) = 2logx which implies 4(x) ~ 2logx. Then U(x) ~
(2¢* = 1)(log2) ' log x)..
2.15. Remarks. Lévy [18] proves the convergence of iﬂp(én(l)) of Corollary
2.13 for nondecreasing regularly varying functions (see also [19, Chapitre 1X]);
the case f(x) = x (which improves a result of Khintchine [14, p. 377]) was also
given by Doeblin [7] (for p = 1) and by Philipp [23] (using [24]). The assertion
that .Z/(¢, (1)) of Example 2.14.1 converges to the normal law is stated in [19,
Chapitre IX] without indicating the norming constants.

3. COMPARISON WITH OTHER SUMS

Throughout this section, {#,,:1 <, <n, n>1} denotes a double array of
measurable real functions on (2, %).
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Define

(3.1) B R e
S (AP TR YRS ¢

For the proof of the following inequality see [5, pp. 188-190].
3.1. Lemma. Assume EPn <oo forall n,j. If

[e o)

1/2
(32) w(p) =3 max E(n,; 1)
I=p 77

where n, ., := Ep(n, ,|#,), and

k+2p
Bilp.o)i= max P > In,l>e

Jj=k+1

2

then for any ¢ >0, n>1, 1 <p < n/2 we have

max
(l<1<n Z ’7"1

3.2. Lemma. Assume
(1) Pnz < 0o forall n,j.
(2) lim,sup, nu, (p) 0 (u, defined in (3.2)).
(3) 11m nmaxl<1<" (In,;| >€) =0 for each ¢ > 0.
(4) lim, max,_,., P(132_;n,;| >¢&) =0 foreach ¢ > 0.

s) < $(2p) + 4(2/e)’npl(p) + 4nB, (p,€/2)

+2maxP(

1<i<n

n
2y >
Jj=i

Then max, _,_, ]Zj.:] n,;l — 0 in measure.
Proof. Let ¢ > 0. By Lemma 3.1 it suffices to find p, — oo, p, < n/2

such that lim ng (p,,¢) = 0. This can be obtained from (3), noting that
np,(p.e) < 2pn max;_, P(|’7n,~| > ¢/(2p)) for each p (this is an argument in
[5,p. 175]). O
3.3. Proposition. Assume

(1) Epn,zlj <oo, Epn,. =0 forall n,j.

. 2

(2) lim, nmax, i, Ep”,,,- =0.

(3) lim,sup, nu,(p) =0 (u, defined in (3.2)).
Then max ., | Zj-:l N, — 0 in measure.

Proof. In order to verify that (4) of Lemma 3.2 holds it is sufficient to show
that

2
(3.3) li'r'n lr;llasxn E, (Z "n,) =0
J=i
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Write M, = max; <nEP’7n, and an(l) E (”n, '7n,1) Let 1<j<k<n
with k —j > 3. If ! =[(k — j)/3] arguing as in [11, p. 369] (or [5, p. 185]) by
conditioning with respect to /%j and ./, we obtain

20 (5] s s (57)
+I}l<a”x1/ ([E.g..!.]) .

Therefore, writing K,, =K, = K,, = M, and

=26 ([3]) 42 (sa, s ([3])) "+ mae ([3])

for h > 3, we get |EP’7n, Nl < K, ke if 1<j<k<n.Thenif 1<i<n

2
n oo
E, (Z'm) <nfr,e23 k|
j=i h=1

= SnM, +4nM, i ¢'"? ([g] )
h=3

2 h
+2n maxv, | (=] ])-
i<n 3
h=3

From this one can obtain (3.3). O
We will use only the following.

3.4. Corollary. Let {n ;1J 2 1} be a sequence of measurable real functions on
(Q,#) and {b(n):n > 1} c (0,00). Assume

(1) sup; EPn < oo and E, .—Oforevery j>1.
(2) lim, nb(n)'2 =0.
(3) X2y sup, E%(n, - Ep(n,\#,))* < co.

—1 i .
Then max, ., |b(n) Z}zl n,| — 0 in measure.

Proof. Write Maj = b(n)_'nj and observe that

2
sgpn#f,(p)ﬁ (supnb ) (ZsupE/ (n; - p('l,l/%,,))z) . 0
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4. COMPLETE QUOTIENTS AND THE SEQUENCE {u;}

Following Doeblin [7, p. 365] we write for w € Q, j> 1,

2

(4.1) q;_, ().

I P p;_(w)
B 4, (w)

Then u,(w) = x (w) and u;(w) = x;(w) + (yj_l(w))‘l if j>2.

We will try to extend some results of §2 to {x;} and {u;}. In our first
statements, if £ is a random element defined in terms of the a ; ’s, & denotes
that one obtained by replacing the a s by the x ; ’s; & is similarly defined when
considering the u;’s. For instance, if &, is as in Example 2.6.2(c), fn(t) =
card{j < [nt]: u; > On}.

4.1. Examples.

4.1.1. Let 6,a and ¢, be as in Example 2.6.2. Then the conclusion there

remains valid for f and é

Proof. We have sup,, €, () =& (0] < 71 In,;| where

”nj = n_”(uj.]{u,>0n} - aj I{a,>0n})'

Write

n

n
— (x
Emnjl <n ujI{u,>0n.a,§(1n}
Jj=1 Jj=1

- Z Iu” " {a >0n} — Xn + Yn (saY)-

Note that P(X, > 0) < nP(f)n —2<a; <6n)—0 (observe that g, < u; <
a; + 2) and, since

-1 —(a—=1) a—1
Yn < cn on Z aj I{a,>9n}
J<n
with ¢, = 2a3""" if a > 1, = 2Ja| if a < 1, 2.6.2 shows that ¥, — 0 in
measure. The proof for é , is similar. O

4.1.2. The statement of Example 2.6.3 is true if we put everywhere ~ (or !
over the random elements there.

Proof. (Case Czn) Let n,, = fuu;) - fn(aj), /f, being defined as in Example
2.6.3; it is sufficient to show that 37, ||, || —, 0. We have

) o)
I, 1" <2y, +1
r=1
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where
Anjr={0rn<uj§0r+ln,aj§0rn},
an,={0rn<aj§0,+ln,aj>0,+ln—2}.
Then
n [o <]
Z (Il > 0) <ZZP ) ZZP(B,,j,)=a,,+b’,, (say).

j=1 r=1 =1 r=1

Writmg @, = Zj=|P A4,,) we have a, = Yo, a, . Note that o, <

nr
nP(@.n—-2<a, <6n)—0 as n— oo foreach r. Moreover, given r, > 1,

Z a,, < ZP(uj > G,On) <nP(a, > O,On -2)

r>ro j=1
which tends to (6,,log 2)_l as n — oo. Then for every ry > 1, limsup,a, <
0, log2)”"; hence lim, a, = 0. Analogously lim, 8, =0. O

Now we turn to sums of the form Y7 f(x,), Y} f(,). From Corollary

2.13 we obtain
4.2. Corollary. Assume f is as in Corollary 2.13(b) with o > 1. If &, is
defined by (2.15) then fn and fn satisfy the conclusion there.
Proof. (Case é:” ) We will show that X, := f(n)_l E?=1 |f(uj) - f(aj)| —p 0.
Write f(x) = x"L(x), L being slowly varying. We have

X, < fn)"" S uf|L(u,) - Lia))| + f(n)”" Y (4} - a})L(a))
j=1 J=1
=X, +X,, (say).

Since u‘l' a;' < a?,"_'a;.'_l then X , —, 0 will follow if we show that

, = f(n)” Ell i fa)—» 0. Observethat1fK>l

f(i)) n
< — 4
Mo < (o, 5) i & 7 .X_:f (@)
(write 1 =1 (a,<k} T I (a,>K} in each term). Then given ¢ > 0 we conclude by
Corollary 2. 13 that for every K > 1
11’11]‘1 P(M,,>¢) < lirllnP(én(l) > K(e/2))
<v,({xix > K(e/2)})

which goes to zero as K — oo. Hence M, —, 0.
On the other hand, for each K > 1

an§(1+3")CKf(n) f(n Zf(

L(u )
,)

{a,>K})
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where Cy =sup, . k., f(x) (finite by hypothesis). Let ¢ > 0. Given 5 > 0

take K > 1 such that sup,_ _, |L(x)_'L(x +s5)—1] <n if x> K (possible
by the Karamata representation of L ); then

im P(X,, > &) < im P(¢,(1) > (73%)" '(2/2))

<v ({x:ix> 3" e/2)})
which tends to zero as # — 0. Then X,, —, 0. O
4.3. Lemma. Assume f:[1,00) — (0,00) is Borel measurable and satisfies

there exist r > 0 and M:N" — [0,00) with EPMZ(al) < 00
(4.2) such that for every k € N*, |f(x) — f(»)| < M(K)|x —y|" if

x,y€lk,k+2].
Let {b(n)} C (0,00) such that lim, nb(n)™> =0. Thenif n, = f(u;)- f(a,) -
Ep(f(uj)—f(aj)) (j>1) we have max, .., |b(n) IE/ M | = 0 in measure.
The same result holds if we replace everywhere u i by Xx; in the definition of n;.
Proof. (Case {u,}) Since !f(uj) - fla))| < 2'M(aj), (1) and (2) of Corol-
lary 3.4 are satisfied; it remains to verify (3). First, fix j > 1, [ > 1, and

ki _jsooiik, € N" and take w,0’ € A= Aj(k;_y, ... .k;,,) where
(43) Ak, k) = { Wyt = oot =Ky} T 02
{al_k a,, =k} ifj-[<1;

we claim that
(4.4) u () - u ()] < 627"
We have

[x,(@) = x,(@)] = |a,(@) +x,, (@)~ (a,(@ >+x,+,<w’)“)|

= |x,,( ()™ - x,, (@ o —'| <227

because xjﬂ(a))-| = [0,k,ys- sk na,,,,(@,...] and )cjﬂ(a)')'l =
[O k. IRERET ,kj.+,, ”,H(w/) ...] both are in the fundamental interval of rank

{a € [0,1):a,(a) = k,+1’ vy o) = kj+,} whose length is less than
2_(1_”. This proves (4.4) when j = 1. Now suppose j > 2 and recall that

u,=x + ()7 If j—1 <1 wehave V(@) =10k, k) =
yj_l(a)')_l and (4.4) holds. Suppose j —/ > 2. If / =1 merely observe that
W, (@) =y, (@) <1< 427" 1f 1> 2 then, writing

@ =yj.__](a))‘I =[0.k, ... K a (o), .. a ()]

and

!

W =y _ (@) =0k _, ... k_a__ (@), .. a ()],
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we conclude that

ay (@) =0=ay@), a(®d) =k_;=a(@) if1<i<l-1
(we have used the following fact: if a = [k, ... ,ky] with k, € Z, k, ...,k
€N" and N > 2 then g,(a) =k, if 0<i < N-2). Thus @ and & both
belong to {a € [0,1):a,(a) = kj_l oy (a) = kj_(,_l)} whose length is

< 272 Therefore |yj_l(w)_] —yj_l(w')_ll < 427" and (4.4) holds. By
(4.2) we obtain

In,(@) = ()] < 6'(2) M(a,());
this implies
1) - 55 [ 1,4P| = |5z [0 - npar]

<6'(2) " M(a,(w)).

Hence
E*(n,— Ep(n,1#,))7 <6 (2)E;* M (a,)
forevery / > 1, j > 1 and (3) of Corollary 3.4 is verified. O
4.4. Remarks. (a) In the proof of the preceding lemma, {xj} case, Corollary
3.4 can be replaced by the (functional version of the) theorem in [5, p. 192]
(consider the function f(w) = f(w™ ") - f([w™']).
(b) Let @ > 1/2 and ¢ > 0. The function

f(x) = x%(c - (logx)™"? cos((m/3) "))

is regularly varying with exponent a but does not satisfy (4.2) (for some b > 0,
f(x) > bx"(logx)~"? if x € (k,k+1) and k > 1; then E,(f(x,)—-f(a,)* =
oo ). Hence (K,) below is not satisfied; we do not know whether the law of
Z'I' f(x ) suitable normalized, converges.

For x; we have ,S’},(xj)(dt) =1 oo, (Ot + 1)log2)~'dt for every j. For
U the next result is useful. (4.6) is proved in [7, p. 365] and (4.7) is (apart
from the specification of r) a reformulation of the theorem in [15]; by (a) both
are consequences of a result of Lévy. Our proof follows an indication in [7].

4.5. Lemma. Denote G, (t) = A(y, >1t) forreal t and n>1.
(a) If n>2 then

LR Nds ift>1
H(1):=AMu,<t)={ '7° G, (5)ds {ft_ s
0 ift<1,

and

, i1 _
hn(t)=I(]‘°o)(t){t—lGn_|((t—l)—l)—t_“/o G,_,(s ')ds}
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is a density function for <Z(u,),; moreover H (t) =1 — o+ E,(1/y,_)) if

t>2 and h ()=t (1+E,(1/y,_,) if t>2.
(b) Let H be the distribution function with density
-2

(4.5) h(t) = (log2) " {I, (0 (L =17+ 1y ()
Then there exists r € (0,1) such that

(4.6) sgpIH,,(t) - H(n)|=0("),

(4.7) 51[1p|hn(t) —h(1)] = O(r").

Proof. (a) Let n > 2. By Proposition 2.1 we have if 1 <¢<2

1
H()=) 12 (X,, ty oS 0y, , = y) Ay, =)
y n—

-1
= > AM<x, <t=y |y, =V, , =)
yy>(t—1)-1

oo - =y, =)

yuy>—=1-1

(-, >e-1)"-1"'E, (%;yn_l > (1 - 1)“)
n—1

and if t > 2
M2<u, <= A2-y  <x, <=y Iy, =»A,_ =)
y
=7 =)+ y AW, =)
v
1

— —1 .
=2 -t YA+ E()y,_ )
But an integration by parts shows that

1 1 1 =1 1
E, ; <t-1]=@-014 <t-1]- A <s|ds
Yoot Ynoi Yuoi 0 Yuoi

if ¢+ > 1, which implies (since y,_, > 1)

1 ! 1
E, =1—/ A <s| ds.
Yooi 0 Yuoi

From the preceding relations we can easily obtain the indicated expressions
for H . The property of h, follows from the equality

u t—1
/ / ) l <s)ds| dt
1 0 Yo
u u—1
:/ ll 1 <t-1 a’t—l/ A ! <s| ds
U\ Y.y ulJo Ynoi
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where u > 1. On the other hand, note that

h(t) = ( /lynl ‘)ds) if £ > 2.

(b) It is proved in [19, Chapitre IX] that the function
F(x):= (log2) 'log(2x/(x + 1)) if x> 1,
=0 ifx<l1
satisfies
(48) sup|A(y, < x) - F(x)| < C7"

for some C >0 and r € (0,1). Now (4.6) and (4.7) follow from (a) since H
and 4 arerelatedto 1 — F justas H, and A, areto G,_,. O

4.6. Corollary. Assume f:[1,00) — (0,00) is regularly varying with exponent
a€(l/2,1], Esz(al) = +oo and satisfies

) f(x) =x"L(x) where L(x) = cexp {flx e()! dt} with ¢ >0,

K
( ¢:[1,00) — R measurable, bounded and lim,_, _&(t) =0.

0
Let v, be defined by (2.14) if a € (1/2,1] and write Vi = N(0,1). Let

m(f) =og2)” [ [ (fx+y™) = FLD)xy+ 1) 2dxdy
1 1

ifa=1, m(f) = [° f(t)h(t)dt (h being the density in (4.5)) if a €[1/2,1)
and define &, by

(4.9)
W =rm™" Y {fw) - m(f) - Ep(f(@): fl@) < f(n)} ifa=1,
1<j<[ni]
(4.10) &0 =f(m)"" Y {fw)-m(N)} ifae(1/2,1),

1</<[n1]

(4.11) &M =bm™ 3 {flu)-mN} ifa=1/2,

1< /<nt]
where {b(n)} is any sequence satisfying lim, nb(n)—2(~](b(n)) =1 (with U
defined as in Corollary 2.12). Then for any p < A, i”p(én) o Q, . The same
result holds if £, is defined by replacing in (4.9)- (4.11) U by X; and m(f) by
ml(f) where m,(f) = Ep(f(xl) _f(al)) ifa =1, = Epf(xl) lfa € [1/2’ 1)‘
Proof. By (K,) f isbounded on finite intervals and, as we will show, it satisfies
(4.2). Writing M = max{l, sup,., le(t)[}, by (K,) we have if k € N", k <
x<y<k+2, B

IL(x) = L) < LE)(/x)™ = 1) < M Lix)x ™" |x - )
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where M’ = M3M~! (x_ly < 3); then, since a <1,
|/(x) = f)] < x"|L(x) = L) + |x" = y"|L(y)
< M'(L(x)+ L(y))|x - y|-
On the other hand, there exists C such that L(x) < cx'/*
Thus if k€ N* and x,y €[k, k +2]

(4.12) |f(x) = f)| < M'2C(3k)

for every x > 1.
1/4
Plx =yl =Mk)x -y (say)

which proves (4.2). Corollaries 2.12 and 2.13 and Lemma 4.3 now imply the
assertion about {xj}. For {u j} we conclude that ,S’p(é;) = Q> é; being
defined by (4.9) with m(f) replaced by E,,(f(uj) - f(aj)) (which depends on
j) in the case a =1 and by (4.10)-(4.11) with m(f) replaced by EPf(uj) if
a€el/2,1).

Suppose « € [1/2,1). By Lemma 4.5 we have

|E; f(u,) —m(f)] < (Ies[l:pz]f(l)) sup|#, (1) — h(D)]

oo _ 1 1
+</2 f(ot dt> HEX(J’,,_,)_@

and hence, for some constant C,,
(4.13) |E, f(u,) —m(f)| < C;r" forevery n>1.

Write g,, = Ep(f(u,)|#,,). As in the proof of Lemma 4.3, using (4.4) and
(4.12), we obtain that for some C,

(4.14) E,l,/z(f(un) - gn,)2 < C22_[ foreveryn > 1and /> 1.

On the other hand, since there exist constants K and r' € (0,1) such that
|[P(A) — A(A4)] < K(r')kP(A) forany A€ o(a;,,a,, ,,...), k > 1 (argue as in
the proof of [12, Lemma 19.4.2] using (7) of [20]), we have for some C,

/

(415) lEpg,,[ - E;tg,,/l < C (r )n-—

(|f0°°(P(gn, > x)—Ag, >x))dx| < KE,,f(u")(r')""[). Taking /, = [n/2] we
get from (4.13)-(4.15)

Epf(u,) = m(f)] < G2~ "+ Cy(r)'" ™" + (210g2) P C,27" + 1"

Thus |E,f(u,) — m(f)| = O(s") for some s € (0,1) which implies that
sup, |€n(t)—§,'l(t)| — 0 pointwise and so the proof in the case « < | is complete.

Now assume « = 1. First observe that Proposition 2.1 implies that for any
Borel measurable function 4

yiy+1)
)di = h(x L dx | Ay, =
'/{}‘,.-;:_l} (/l (xy + 1) X) v Yooy y)

D ifn>1>1
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provided one of the two members exists, y being a possible value of y,_,
Thus, writing

(4.16) K(y) = /l°°(f<x-+y“>—f([x1))y(y+1)<xy+1>‘2dx, y>1,

we have (by (4.12) K is bounded and the following integrals exist)

st ((set) i)
= /[l’w)Kdgjl(yn_l).

On the other hand, m(f) = f[l K dF where F is the distribution function
appearing in (4.8).

Denote g(x,y) the integrand in (4.16) and v(x,y) =y(y + )(xy + 1)
If x>1and y' >y >1 we get by (4.12)

-2

lg(x,y) — g, V)N < MIxDy ™" = /) v (x, )l
+ M(xDIx + () =[xl Jo(x,p) —v(x,p")]
< 10M([x])(x») "2y = ¥').

Hence if y' >y > 1 we have
K = KO <10 ( [ M@xdxdx) vy -

-2
=Ay "y -] (say)

and K is absolutely continuous. Then.
E,(f(4) = f(@) = m(N <4 [y, > 0 - (1= F)le dr

and (4.8) gives that |E,(f(u,) — f(a,)) — m(f)| = O(r"). In order to complete
the proof, observe that analogous relations to (4.14) and (4.15) are valid and
argue as above. O

4.7. Examples.
4.7.1. If f(x)=x" where a €[1/2,1) then

m(f) = (a(l —a)log2)” (2" - 1)

and we can take b(n) = (nlogn/log?2) 2 in (4. 11)

4.7.2. Let f( x) = x. Then m'(f) = (log2)"' =1 and m(f) = m'(f) +
(log2)™" [y (y+1)" dy = 2((log2)™" = 1). If &, is defined by (2.20) then
forany p <« 4, 3(5 ) =, @, and i’;(én) w @ » where

'lU

i li !
= O((1og2)-1—1) ¥V > :62((log2)"—l)*y )

e
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v' being defined by (2.21) (we use the notation at the beginning of this sec-
tion). Similar remarks to those made in 2.14.2 apply. We point out that the
convergence of ,'i’jl(f ,(1)) was indicated by Doeblin [7, p. 365].
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