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ON SOME LIMIT THEOREMS FOR CONTINUED FRACTIONS

JORGE D. SAMUR

Abstract. As a consequence of previous results on mixing random variables,

some functional limit theorems for quantities related to the continued fraction

expansion of a random number in (0,1) are given.

1. Introduction

The aim of this paper is to collect some results about the convergence in dis-

tribution of sums of some random variables associated to the continued fraction

expansion of a random number w in (0,1).

As discussed in §2, the results in [24, 26] apply directly to the sequence {a A

of partial quotients when u> is chosen under Gauss's measure. If it is replaced

by any probability measure absolutely continuous with respect to Lebesgue mea-

sure, similar results hold (by [20, Lemma 1]; in the case of Lebesgue measure

[12, Lemma 19.4.2] works). Then some theorems of Levy [18, 19] and Doeblin

[7] are obtained as corollaries and some information is added (see Examples

2.6, 2.14 and Remarks 2.7, 2.15 for references). In particular, we get necessary

and sufficient conditions on a function / for the validity of a functional limit

theorem (invariance principle) for sums 2^,<„/(a,) under Lebesgue measure

on (0,1); then a certain class of positive functions / of real argument is ex-

amined and we obtain (Corollaries 2.12 and 2.13) functional limit theorems for

/ regularly varying (and bounded on finite intervals).

In §4 we consider sums involving x , the complete quotients, and w , de-

fined in (4.1 ), which measure the approximation of œ by its convergents. We

extend some results of §2 (see Examples 4.1 ) including functional limit theorems

for ¿Zj<n f{X;) and J2j<nf(Uj) for some regularly varying /; in the case of

{Xj}, Corollary 4.2 generalizes [18, Theorem 4] and Corollary 4.6 contains for

a certain class of regularly varying functions a result suggested in [18, pp. 200-

201]. Example 4.7.2 gives the functional form of a limit theorem indicated

by Doeblin.   Lemma 4.5, which is used to deal with  «., essentially contains
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the theorem in [15]; the proof given here is based on a relation due to Levy

(Proposition 2.1).

In order to achieve these extensions of the results of §2, we isolate from [5]

(and [11]) some facts which lead to Corollary 3.4 (see Remark 4.4(a)).

2. Sums of functions of the partial quotients

Given an irrational number a E (0,1 ), let

a = [0,ax(a),a2(a), ...]

be its (infinite) simple continued fraction expansion, defined by the continued

fraction algorithm

where an(a) — [xn(a)] (throughout the paper, [•] denotes the integer part of

a real number; we refer to [4, §4] and [10] or [17] for the elementary facts

about continued fractions). The an 's are the partial quotients and the xn 's the

complete quotients of a.

We are interested in a. and x as functions defined on the set of irrational

numbers in (0,1). Denote it by Q and let £% be the class of its Borel subsets.

On (£l,&) we will consider the Lebesgue measure X and Gauss's measure

P(B) = ±-J-^,        BE®.
log2 JB I +oj

If p is a probability measure on (Q,^) we shall write E (similarly

Var , Cov ) for the corresponding expectation operator and A¿'(C) for the law

of a random element £ defined on (Q.,£$, p) ; often we will write E = Ep,

Azf = A^p . If moreover p is absolutely continuous with respect to X we shall

write /)«!.

Also we will deal with the functions pn , qn defined for co E Q by

p0(co) = 0, px(co) = 1, pn(o)) = an(co)pn_x(co) + pn_2(co)   ifn>2,

q0(co)= I, qx(co) = ax(a>), qn(co) = an(co)qn_x(co) + qn_2(co)    if n > 2.

For each co E Q and n > 0, pn((o)/qn(a>) - [0,ax(a>), ... ,an(a>)] is the nth

convergent to co.

Following Levy [20, Chapitre IX] we write, for n > 1  and co E Q

y»{c0) := -q^%) = K(oj),an_x(w),...,ax(w)].

It is well known that endowing (Q.,®) with Gauss's measure P, {üyj> 1}

is a (strictly) stationary and  ^//-mixing sequence of r.v.'s with an exponential
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mixing rate and satisfies the condition y/* < oo ([4, p. 50] or [12]; the last fact

follows from the right inequality in (4.15) of [4]).

Throughout the paper, we use freely notation and concepts quoted in

[24]. The dependence coefficients <j>(k), y/(k), y/* refer to {a^} defined on

(Çï,â8 ,P).
The following relation, due to Levy [19, equality (8) in §74] and called the

Borel-Lévy formula by Doeblin [7], will be useful later (the indicated depen-

dence properties of {a } can be proved starting from it [19]).

2.1. Proposition. If n > 2, y = [kn_x, ... ,kx] with k{, ... ,kn_x E N* and

1 < a < b then

(Apart from being stated here in Q, this is (4.12) of [4] since

Tn~   = x~     if Tco = 0)~   - [oj~ ]

and

{coEQ:yn_x(co) = [kn_x, ...,kx]}

= {coEQ.:ax(co) = kx,... ,an_x(co) = kn_x}.)

In order to apply some of the results in [24, 26] it appears to be necessary

to verify that cp( 1 ) < 1 and this can be done using Proposition 2.1. But, under

the properties of {a } indicated above, no further argument is needed. The

following property was overlooked by us in [24, 26] and is stated by Bradley in

[6, p. 184]: given a probability space (X ,sf ,Q) and two sub-er-algebras .<#,

yV of srf we have cf> := cfi(JA,yV) < 1 if y/* := y/* (^,yV) < oo (see for

example [26] for the definitions). For the sake of completeness, we show that

eh < 1 - (y/*)~~ if (//* < oo (y/* > 1 always). Assume cf> > 0; observe that for

each e e (0,0) there exist AeJA, B eaV such that Q(A) > 0 and

cf> - e < (Q(AB) - Q(A)Q(B))IQ(A) < 1 - Q(B)

(if Q(AB)-Q(A)Q(B) < 0, Q(ABC)-Q(A)Q(BC) = -(Q(AB)-Q(A)Q(B)) >
0) which implies Q(B) > 0 and

(1 - (cp - e))~x(cf> -e)< Q(B)~x(cP - e) < y,* - 1.

The inequality follows from this. We remark that in a recent article Philipp [23]

proves the stronger fact that y/(l) < 0.8 for {a } , thus obtaining 0(1) < 0.4.

In this section, H denotes a real separable Hubert space with norm || • || and

inner product (-,•). For the sake of clarity, we recall some facts and terminol-

ogy about certain measures on (the Borel cr-algebra of) H (see [2]). If v is

an infinitely divisible (i.d.) probability measure then there exist a symmetric

nonnegative trace class operator S and a Levy measure p (in the Hubert space

case, it can be described as a nonnegative measure which satisfies

/ min{l, ||x|| }p(dx) < oo ]
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such that for each t > 0 there exists zx E H such that the characteristic

functional of v can be written as

v(y) = expli(zr,y)--(Sy,y)
(2.1) l

+ j(e'{x'y) -l-i(x,y)IBr(x))p(dx)

(y E H ; Br = {x: \\x\\ < x}). S and p are uniquely determined by v

and so is zr for each x. When zT and p vanish, v is the centered Gaus-

sian measure with covariance operator 5 (with the notation of [24], we have

<&„((•> >>)>(• >:>>}) = f(x,y)2u(dx) = (Sy,y)). If zr and S are zero, v is

called the t-centered Poisson measure with Levy measure p and is denoted by

cTPoisp ; if p is finite, crPoisp = (Pois/i) * âb where bx = - fB xp(dx) and

Pois/* is exp(-p(H))exp(p), whose characteristic functional is exp(p-p(H));

the classical Poisson measure with parameter X > 0 is Poissa, ). Therefore, if

v is i.d. relation (2.1) says that, for each x > 0,

(2.2) v = S^ *y *cPoisp,
-r '

y being the centered Gaussian measure with covariance operator S ; this is the

Lévy-Khintchine representation of v .

The Skorohod space (see [5]) of //-valued functions on [0,1] shall be de-

noted by D([0,l],H) and we shall write D = D([0,l],R). If v is an i.d.

probability measure on H, Qv denotes the law on D([0,l],H) of a stochastic

process t\ = {£,(t):t E [0,1]} with stationary independent increments, trajecto-

ries in D([0,l],H), «¡;(0) = 0 and i(l) having law v.

If {Xnj} = {Xn :j - 1, ... ,n, n > 1} is a double array of //-valued

measurable functions on (£l,A$) we shall consider the property

rn

(*) {r } c N*, r  < n , r In —► 0 => Y" AT . —» 0    in measure.

;=i

In our first statements we refer directly to some assertions in [24], taking

there B = H, jn = n , A? = AAAp , E = Ep and replacing the letter / by h to

denote functional.

2.2. Proposition. Let {f„'.n > 1} be a sequence of functions from N* into H

and define Xnj = fn(a¡) if j = I, ... ,n, n > 1. Suppose that the following

conditions of [24, Corollary 6.5] are satisfied: (1), (2) modified by assuming

the existence of the limits only for h in a sequentially w* -dense subset IV of

//', (3). Then (a) and (b) of that result hold and

(c) for any p < X and for every x e C(p),

£A(c;W)^    Q .  p        (nfl([0,l],if)

where

C(')=   E  (xnj-EFXnu)      Ce[0,1]).
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Proof. Use [24, Corollary 6.5, 26, Corollary 3.3(iii)] and Lemma 2.3 below,

noting that {Xn.-EXnU} satisfies (*) (see the proof of [24, Corollary 6.5].   D

2.3.    Lemma. Let p < X.  Assume {/„},   {Xnj} are as in Proposition 2.2,

{Xnj} satisfying (*).

(a) Let í„(í) = Ei<;<[ní]^ (t e [0,1]). // {-%(£„ )} or {^p(Q} con-

verges weakly (in D([0,1], //)) then both sequences have the same limit.

(b) Part (a) holds with £"=1 Xnj in place of t\n.

Proof, (a) Take {rn} as in the definition of (*) with rn -» oo ; write <fn(?) =

^r„<j<int] Xnj   (' e [0,1]). First we observe that

sup ||í„(í)-í„(OII = max
í€[0,l] k<r„

j=i

0   in measure

(this follows from (*) and a well-known maximal inequality quoted, for exam-

ple, in [24, Proposition 2.2]).

On the other hand, if  g   is any bounded continuous real function on

D([0, l],H), Lemma 1 of [20] shows that limn(Epg(în) - Epg(£n)) = 0 since

c\n is o (a ■;/> rj-measurable.   D

2.4    Proposition. Let {fn} and {XnJ} be as in Proposition 2.2. Suppose that

for some p -C X, {A¿? (J2"=x XnJ)} converges weakly to a probability measure v

on H.

(I) If {Xnj} satisfies (*) then v is i.d. and if (2.2), x E C(p), is its Lévy-

Khintchine representation, assertions (a)-(c) of [24, Theorem 6.2]

hold and also we have (b1) of [24, Corollary 6.3] if the second part

of (ii) ofthat result is satisfied.

(II) Let £„ be the random function £„(/) = E,<;<[m]^ (' € [0,1])

and suppose that {^(i^)} is relatively compact in D([0,l],H). Then

{Xnj} satisfies (*), v is i.d. and ^,(i„) -*w Q„ ■

Proof. (I) Lemma 2.3 and [24].

(II) The argument in [26, Theorem 3.2, proof of (III) => (II)]  shows that

{Xnj} satisfies (*). Then use (I), Lemma 2.3 and [26, Theorem 3.2].    D

2.5. Remark. In the real-valued case, the convergence in law of <^T)(1) in

Proposition 2.2 also follows from the main theorem in [16], which improves

[3]; it gives necessary and sufficient conditions (under certain preliminary as-

sumptions) even in the nonstationary case. See [26, Remark 3.4.2] for another

reference (convergence to stable laws).

Next we give examples which are related to some results in [7].

2.6. Examples.

2.6.1.  Let /    be the Hubert space of square summable real sequences and

let {e :p > 1} be its canonical orthonormal basis. Define r("':Q —> I2 byp

(rn) = carHi / < »- u ■r{pn)(ù)) =card{/' < n:aj(co) = p} ,       p > 1, coeQ,
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and y = (yP)P>i by

U&^{1 + W-+2)

Then, if t\   is the random function

(2.3) yp = P(ax= p) = — log ( 1 + _,_ , , J ,       p>l.

í„(0 = «"1/2(r(I"'1)-[»í]y)     (íe[0,i]),

for any p <c A we have -S^(^„) —►„,  Q„  where v  is the centered Gaussian

measure on /   whose covariance operator S satisfies

(2.4)
oo

(Sep, eq) = ôpqyp - ypyq + 2 £{/>(<!, = p,aj+l = q) - ypyq},       p>\,q>\\

7=1

here Spq = 1  if p = q , = 0 if p f q .

Proof. Let f(p) = ep and take fn(p) = n~x/2(f(p) - y). Since Ep\\f(ax)\\2 <

oo, by the same arguments which led from [24, Corollary 4.5] to [24, Corollary

4.7] we can verify that {fn} satisfies the hypotheses of Proposition 2.2 with

p = 0 and «D(A) = Varph(ax) + 2£", Covp(h(ax) ,h(aj+x)) (see also [24,

Remark on p. 405]). Concerning (2.4), we remark that P(ax = p, a.+ x = q) =

P(ax =q, aj+x = p) (see [18, p. 182]).   d

2.6.2. Let 8 > 0 and a E R. For each n > 1 define £n by

«„« = «-   Yl   *?{aj>en}      Ce [0,1]).

Then for any /?< X , 5?p(£„) -+w Q„ where

(a) if a > 0, v = Pois,u with p(dx) = I(6„    ,(x)(alog2)    x    'a    dx , i.e.,

the characteristic function of v is

v(y) = exp < (alog2)_1 I /     e'xyx~ dx-ad~   J

(b) if a < 0,  v - Pois/z with p(dx) = I{0 g„)(x)(-alog2)~ix~x/a~x dx,

i.e.,

v(y) - exp< (-alog2)_1     /     e'"v>'x_ dx + a6~     > ;

(c) if a = 0, then Zn(t) = card{/ < [nt]:a} > On},  (t E [0, 1]) and i/ =

Pois((<9 log 2)~'<$,).

Proof. Take /„(/?) = (p/n)"I{0n ^(p) in Proposition 2.2. Condition (1) there

is satisfied with the corresponding p because, for positive x ,

(2.5) P(a.>x) = -—- log ( 1 + r—¡-—r ) ~ ;—-■-   asx^oo.
1       '     log 2       V       M + 1 /      log 2   x
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On the other hand, observe that if a > 0, XnXS = 0 for ô E (0,0°].

For (b), note that sup„ nEX2nXÔ < â2supn nP(ax > dn) = 0(S2) and that

UmnnEXnXe„  = ((1 - a)8x~a log2)~x .   If a = 0  then  Xnis = 0  for S E

(0,1).     D

2.6.3. Fix a sequence {6r} such that 0 < Ö, < 62 < •■• and limr 6r = oo.

Define L(n):Q^/2 by

L{"y(to) = card{/ < n: 6rn < a^co) < 6r+xn},       r > 1, to 6 £2,

and £„ by {„(/) = /J1"'1', r € [0,1]. Then for any p < A, ^(i„) ->M ß,

where

1     /l 1   \,
¡v = Pois p   with /" = E

r=l iog2\ör   er+x    *

Moreover, (Pois/z)(F) = 1 where Z7 = {(x, ,jc2, ...) e / :xr € N and only

a finite number of xr 's is nonzero} and

<***>«*»=«"(-vb)n¿(¿fe-¿))" if"f-
Proo/. Take /M(p) = Y^x L6rn ör+l„](P)er m Proposition 2.2.   Note that for

every «J g (0,1), XnXÓ — 0 and that for any subset A of H we have

\(nJ?(XnX)\B¡)(A) - p(A)\ < £ |wP(ôr« < a, < er+xn) - (log2)~'(ö,"1 - 8
r=\

which goes to zero as n —► oo because each term tends to zero and

oo

^«/>(0r« < ax < 9r+xn) = nP(ax > 8xn) - (Ö, log2)_1
r=l

oo

= E(log2)-'(ö;1-ö-11).
r=l

The expression for Pois p follows by direct calculation of p*n, n > 1 .   n

2.7. Remarks. Example 2.6.1 gives a natural extension of the result in [7, §2,

no. 5]. The limit laws of £n(l) given in (a) and (c) of 2.6.2 appear in [7, §4, §3]

where (a), case a = 1, is used for deriving the limit law of £ (1) in Example

2.14.2 below. The proofs presented in [7] of both results have been objected

and the last one established in [13] by using [8].

Now we are interested in sums of the form J2 ■<„ f(a ) ■

2.8. Proposition. Let f be a function from N* into R and let {x(n)} c

R  and {b(n)} c (0,oo)   with  b(n) —> oo.   Assume that for some p < X,
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Lp(b(n)~ (52" f(aj)-nx(n))) —* v, a nondegenerateprobability measure. Then

v is stable.

Proof. Since b(n) —> oo we can find {rn} c N* , rn < n , rn —> oo such that

b{n)~ 2~3i" f(aj) ^ 0 in measure. Arguing as in the proof of Lemma 2.3 we

can replace p by P in our hypothesis and then [26, Remark 3.4.3.1] or [22,

Theorem 2] concludes the proof.   □

A function R:[r,oo) —» (0,oo) (r > 0) is regularly varying (at oo) with

exponent a E R [27, 2] if it is Borel measurable and limx^ooR(tx)(R(x))~x =

f for every t > 0. If a = 0, R is slowly varying.

2.9.    Proposition. Let f: N* — R.

(a) Let {x(n)} c R and {b(n)} c (0,oo) with b(n) —► oo. The following

assertions are equivalent:

(I)  77zé> random functions Çn defined by

(2.6) {B(0 = ô(«)_I    £   (/(«;)-*(»))       Ce [0,1])
i <;<["']

satisfy

(2.7) -S^CO —» W7,     the Wiener measure on D.
/        77        „,

(II)   ^(¿>(«)_1 E"(/(ap - *(«))) ->„, ^(0,1), iAe standard normal distri-

bution, and {Xnj} := {b(n)~](f(a.)-x(n)): 1 </<«,«> 1} satisfies

(*).

(b) The assertion

(A) Z/ze/"? ex/s/ a bounded sequence {x(n)} c R a/îuf {£(«)} c (0,oo) w/í/i

ô(«) —► oo such that (I) is satisfied,

holds if and only if

(2.8) lim    *2£*:l/(*>l>**"2       o

x-°°Zk:Wk){<xf2(k)k-2

or, equivalently, if

(2.9) «7(x):=(log2)-'     £     A*)*"2
fc:|/(*)l<*

« slowly varying. If this is the case and U(x) —* oo as x —► oo, we can take

x(n) = Epf(ax) and any {b(n)} such that limn nb(n)~ U(b(n)) = 1 .

(c) If (I) holds for some {x(n)}, {b(n)}, then (2.7) holds with X replaced

by any p < X.

Proof, (a) and (c): [26, Corollary 3.3(iii)] and Lemma 2.3.

(b) First we observe that U'(x) :- Ep(f"(ax) ; |/(a,)| < x) is slowly varying

if and only if U is ( U and U' both have a finite limit as x —► oo or both tend
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to oo ; in the later case, U ~ U' by (2.3)); moreover this holds if and only if

(2.8) is satisfied.

Then, that (2.8) implies (I) (with {x(n)} and {b(n)} as indicated in the case

U(x) —► oo) follows from [26, Corollary 3.7] and its proof (see [25]) noting that,

with the notation there, O(,0) = 1 and O^0) = 0 if /' > 2 (use that yi* < oo

and [24, Proposition 2.7]).

For the converse, suppose that (II) holds and that U'(x) —> oo as x —►

oo. Fix S E (0,1) and write YHjâ = Xn]& - EpXnj6. By (a) and (b) of

Proposition 2.4 (I) (or [24, Theorem 4.2]), Hmn.E(£" YnjS) - 1 ; moreover,

E(E" Yn}6? < (1 + 4Er <f>lßÜ))nE(X2x ; \Xnl\ < S) by an inequality of Ibra-
gimov. Then, using that {x(n)} is bounded and b(n) -»oo we obtain

\<Mnb(n)-2E(f2(ax);\f(ax)\<b(n))

if n > nx for some M > 0 and nx E N*. Since limn nP(\f(ax)\ > b(n)) — 0

(use (a) of Proposition 2.4 (I) and that x(n)/b(n) -> 0) and b(n + I)/b(n) -> 0

we can conclude that x2P(|/(a,)| > x)(E(f2(ax); \f(ax)\ < x))~x -» 0 as

x —► oo, which says that U' is slowly varying.   □

2.10. Proposition. Let /:N* —> R and Kx,K2,ß be such that kx > 0,

k2 > 0, kx + k2 > 0, ß E (0,2). Denote by v(Kx,K2,ß) the stable law

cxPois(p(K{, k2 , ß)) with Levy measure

p(Kx,k2 , ß)(dx) = {I(^oom{x)K2\x\~x~ß + I{0oc)(x)Kxx~x~ß}dx,

i.e.,

v(kx ,K2,ß)'\y) = exp{ I    (exy - 1 - ixyL, qJx))k2\x\  '  ß dx

+ I    (e'xy - 1 -;x>'/{0jl](x))7X-1x'"1"^f/x|.

(a) Let {x(n)} c R and {b(n)} c (0,oo) with b(n) —> oo.   The following

assertions are equivalent: (I) t\n defined as in (2.6) satisfy

(2.10) S?,(£ )-.Q,
V ' lV,n'    w     ^V(K\ <K2,ß)

(II)   ^(ô(n)-1 £,(/(*,)-*(")))•;+ v(Kx,K2,ß) and {Xnj}:=

{b(n)~x(f(a])-x(n)): 1 </'< n, n > 1} sai/s/TCT (*).

(b)  T/íe assertion

(A)  There exist {x(n)} c R a«i/ {ô(n)} c (0,oo) w/iA ô(«) -> oo such that

(I) o/ (a) is satisfied,

holds if and only if

(2.11) R(x) :=     ^     k~   is regularly varying with exponent -ß ,

k:\f(k)\>x



62 J. D. SAMUR

lim
¿Zk:f(k)>x * K

-EfclMll«^        Kl+K2
„-2

-k:\f(k)\>x

and
-2

lim
l22Ak:f(k)<-x K K2

-002Zk.mk)]>xk-1~^+^

n5?p(b(n)-X f(ax))\Bcz -> p(kx ,k2,ß)\Bcr

If this is the case we can take x(n) = Ep(f(ax)\ \f(ax)\ < b(n)) and any

{b(n)} such that limnnb(n)~2U(b(n)) = (kx + k2)(\ - ß)~x (with U defined

in (2.9)).

(c) If (I) holds for some {x(n)}, {b(n)}, then (2.10) holds with X replaced

by any p < X.

Proof, (b) Assume that (II) holds. Proposition 2.4 implies that

1 '   w

for every x > 0. To conclude the proof of the "only if part see [2, pp. 81 and

84-85] and use (2.3). For the converse, apply Proposition 2.2 and argue as in

[2, pp. 87-88].    D

We point out that if x(n) = nx for some x G R then the condition that

{Xnj} satisfies (*) can be omitted in II of Propositions 2.9 and 2.10 [22, The-

orem 2; 26, Remark 3.4.3.1].

Next we make some remarks about the validity of (2.8) or (2.11) for certain

positive functions / of real argument.

Suppose f:[l, oo) —► (0,oo) is bounded on finite intervals and limx_>oo f(x)

= oo ; then the following functions are well defined for y G [/(l), oo)

f0(y) = inf{x > l:/(x) > y} ,    fx(y) = inf{x > l:f(x) > y} ,

f2(y) = sup{x> I: f(x)<y}.

We have 1 < f0 < /, < f2 ; each /. is nondecreasing and limï_>oo f¡(x) = +oo

for such an /. We will say that f eAF if / is Borel measurable, satisfies the

preceding conditions and f x(y) ~ f2(y) as y —> oo .

2.11. Lemma, (i) If f:[l,oo) —► (0,oo) is nondecreasing and limx_00f(x) =

oo then j'eA?.

(ii) // /: [ 1, oo) —> (0, oo ) is bounded on finite intervals and regularly varying

with exponent a > 0 then f'E&A Moreover f0(y) ~ f2(y) as y —> oo

and f  is regularly varying with exponent I/a  (i = 0, 1,2).

(iii) If f E AF and f x   is regularly varying with exponent   I ¡a for some

a > 0 then f is regularly varying with exponent a.

Proof, (i) /, = fj if f is nondecreasing.

(ii) First we prove that f0~f->. We will show that for every (> 1 we have

fjiy) ^ tfoiy) f°r au sufficiently large y by using the Karamata representation:
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f(x) = xac(x)exp(f'x s e(s)ds), c and e being measurable functions with

limx_oo c(x) = c > 0, lim^^ e(s) - 0 (see [27]). Fix t > 1 and take r e

(0,1) such that rt"' > 1 . There exists y0 such that for every y > y0 we have

f0(y) + 1 < tf0(y), r(tJ0(y)(fA(y) + l)"')a/2 > 1, \e(s)\ < a/2_if s > f0(y)

and c(x)/c(x) > r if x,x > f0(y) ■ Then if y > y0 and x > tf0(y), taking

x' such that f0(y) < x < f0(y) + 1 and f(x') > y, we have f(x)/y >

r(x/x')a/2 > 1 ; this implies that J2(y) < tf^(y) if y > y0 .

Now fix / > 0. Given r > 1 , by hypothesis we have

lim f(r-XrxlaJx(ty))lf(fx(ty) - 1) = /-"V
y—»oo ' '

which implies that, for all sufficiently large y ,

f(r-XrXI"Jx(ty))<rXf(7x(ty)-l)<y

by the definition of /, and r~xt~x/"fx(ty) < f2(y) by the definition of f2.

Then lim sup 00fx(ty)/f2(y) < t . By a similar argument we can deduce

from the fact that

lim f(rtXI"Jx(y)) If (J x(y)-I) = rA
y—»oo ' '

for each r e (0, 1) that liminfy^oof2(ty)/fx(y) > tx/a . This implies that J.

varies regularly with exponent 1/q because f0, /, , f2 are asymptotically

equivalent.

(iii) Take / > 0. For any r > 1, the hypotheses give that

lim fx(rtaf(x))/f2(f(x)) = rx/at
X—»oo

which implies that, for all sufficiently large x, fx(rtnf(x)) > tf2(f(x)) > ?x

by the definition of f2 and f(tx) < rf f(x) by the definition of /, . Then

limsup<._00/(i*x)//(x) < t" . On the other hand

Hm fx(rxraf(tx))/f2(f(tx)) = r-]/"r]

for each r E (0,1) and an analogous argument shows that

liminf f(tx)/f(x)>t".   a
x—>oo

2.12. Corollary, (a) Let f E .9~. Then assertion (A) of Proposition 2.9 holds

if and only if

(2.12) lim -X    f}x)     . = 0.

x-°°Zk:k<xf2(k)k-2

Moreover, in this case U (defined in (2.9)) is asymptotically equivalent to

¿/(x) = (log2)-'     Yl    f2(k)k~2;
k:k<J,(x)

here /, ca« be replaced by f. .
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(b) If f:[l ,00) —► (0,oo) is regularly varying with exponent a = 1/2 and

bounded on finite intervals then (A) of Proposition 2.9 holds.

Proof, (a) Assume that / satisfies (2.12). We claim

(2.13) J2   f2(k)k~2~     £     AW*   asy-00.
7c<7,(y) 7V</2(y)+l

Write

g(y) = (   £   /2^)^"2) / f E A*)*-2] •
Vtc</2(>>)+1 J \k<fx(y) J

Let e G (0,1/2).   There exists y0  such that if y > y0  then / (z)z      <

sz"'Ek:/2(^"2  for  z > /,(;;)  and  log((720>) + l)/(7,0>) - 1)) < 2.
Therefore if y > y/Q

E_    A*)*~2<2C  E  Aw2
/"iO')<*</'2Cy)-»-i A</2(y)+i

which implies  1 < g(y) < 1 + 2eg(y), that is  1 < g(y) < (1 - 2e)~  .  This

proves (2.13).

By the definitions of /, and f2 we have

y2 E k~2<y2 E r2<^) + 1)
^-" -        ¿-" ~      f (v) - 1

and

E A*)*~2> £ Aw2.
k:f(k)<y k<fx(y)

Then using that /, ~ 72, (2.13) and (2.12) we obtain (2.8).   That  U ~ Ü

follows from (2.13) and the inequalities

E A*)*~2< E A*)*"2< E A*)*~2.
k</,(y) k:f(k)<y k<f2(v)

Now suppose that / satisfies (2.8). Write u(x) for the quotient in (2.12).

First observe that

£       A*)*~2<£A*)*'2 + 2^
k:f(k)<f(x)-\ k<x

(x > 1 ) and that for some constant C

i < c   y    k-2
k:j\k)>f(x)-\

for all sufficiently large x  (by the definitions of /,   and f2  we have x >

7,(/(x)-l) and

(72(/w-i)+ !)"'<    E    k~2^    E    k~2>
k>f2(f(x)-l) k:f(k)>f(x)-\
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moreover, /. ~ f2 and f(x) —» oo as x —> oo ). Therefore we have for suchJ 2

x's

u{x) < c/2W^:/(^)>/(.v)-l^2

^2/v.^ ^
k:f(k)>f(x)-\f (X)¿2k:f(k)>flx)-l k

< C(l+2u(x))-
^•k:f(k)<f(x)-\Í   (k)k

Since f(x) —»oo as x —► oo, (2.8) implies that for any e G (0,(2C)_1) we

have u(x) < C(l + 2u(x))e and hence u(x) < eC(l-2eC)~ for all sufficiently

large x. This implies (2.12).

(b) Use (a), Lemma 2.11(h) and [2, Chapter 2, Lemma 6.15].   D

2.13. Corollary, (a) Let Kx,K2,ß be as in Proposition 2.10 with ß — l/a,

a> 1/2. Let f E &. Then (A) of Proposition 2.10 holds ifand only if f is
regularly varying with exponent a.

(b) Assume f: [1, oo) —> (0, oo) is regularly varying with exponent a > 1/2,

bounded on finite intervals. Let

(à,,    nuil-i * v |   ,'„■, ,0, - )     if a ¿ I ,((a-1) log 2)   ' \ a log 2 '     ' a I        ■>        ~      »

"(eH'0'1) ^a = 1'

(v(.,.,.) defined as in Proposition 2.10) and define Çn by

(2.15) £„(/) = /(«)"'    £    />,-)    ifa>l,
1 </<!«]

(2.16) í„(í) = /(»)"'    £   {/(aß - Ep(f(ai); f(ax)<f(n))}    if a = I,
i<;<[ni]

(2.17) {„(/) = /(«)"'    £   {/(fl7)-£p/(fl,)}    i/i<a<l.

l <><[«]

rAwi/or an, p < A, ^(ifl) -M C^ .

Ptoo/. (a) Since / g ^", by Lemma 2.11 it is sufficient to show

(2.18) £    k~2 ~ =-*—    asx^oo.
k:f(k)>x J \\x)

By the definitions of /", and /2

1  <  E***>**   *  <  1 + £*:7.W<*<7:Wfc   2  =  ! +V(JC) (       j

^k>f2{x) * ^k>f2(x) K

moreover

£      ^"2<(7,W-i)"'-(72W)-1
fc:/i(Jt)<*</2(Jc)
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and

£ ^-2>(72(x) + i)-'.

k>J2(x)

Then limwoo?j(x) = 0 and (2.18) holds since

£   ^"2~(72Wr' ~(7,W)_1    asx^oo.

k>Ji(x)

(b) From [2, Chapter 2, Lemma 6.15] we obtain

mol ..    Et<*A*)fc~2       i(2.19) hm-  ,   ,,-=--.
—      X~Xf2(x) 2a-1

On the other hand

^Zk-.f^xf2^-2  ^k^f^f2^'2

- Ek<7i{x)f2(k)k-2     \Zk<7x{x)f\k)k-2

which by (2.19) goes to one as x —> oo because /, ~ f2 and / is regularly

varying. Then by (2.9) and (2.19)

T^"»~¿7^   T-   ñk)k~2~ ISTHjEP

because / is regularly varying and fx(f(n))~n as n —* oo (observe that

7x{f{n))(J2(f(n)))-X <7x(f(n))n-x < 7, (/(«))/,(/(«)-1)

and  /,   is regularly varying).   Therefore we can take  b(n) = f(n),   kx   =

(alog2)"' , k2 = 0 in (2.10).    G

This result implies that if / satisfies the assumptions in (b) with a E ( 1/2,1)

then

2;^card |* <«: ± £/(«,) > Epf(c

converges to the law given in [1, Theorem 5.2] (observe that for such an a,

va is strictly stable and satisfies 0 < tv((0,oo)) < 1—use [9, Chapter IV, §1,

Theorem 7]).
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2.14. Examples.

2.14.1. Let /(x) = x'/2 and take b(n) = (n logn/log2)x/2, x(n) = Ep(a\/2)

in (2.6). Then (2.7) holds with X replaced by any p < X (observe that U(x) ~

(log 2)" x2 log x).

2.14.2. If iB is defined by

(2-2°) W = i  £  k-S}     Ce[0,1]),
l<j<lnt] K '

then for any p « A, i?„(<L) -+ ß„,, where i/ = 5X * 1/(1/log2,0,1), i.e.,

(2.21) ¿'(y) = exp i ixy + /    (e'vv - 1 - ixyl{0,i]M)j—-^x~2 dx J

with

X = lim ;-      y^ k log (   1 + y—;-r-  ]   - log /?tí   log2 If-      eV      k(k + 2)J

As a consequence, if J2f(¿¡) = ß^,,

^ (¿card {* < »: ¿ £*,. > gî|}) - -2W e [0,1]:«/) > 0}) = a

(say). We do not know an explicit expression for a (observe that v is not

strictly stable; on the other hand, [9, Chapter IV, §1, Theorem 7] shows that

a ¿S0, a ¿Sx).

2.14.3. Let a > 1/2 and c > 0 with ca > (a2 + 1)1/2; then f(x) =

x"(c-l-sin(logx)) belongs to 9" and is not regularly varying. Hence if a > 1/2,

f does not verify (A) of Proposition 2.10 (this is related to [18, footnote on

p. 199]). If a = 1/2, / satisfies (2.12) and (A) of Proposition 2.9 holds

with x(n) = Epf(ax), b(n) = ((c2 - i)(log2)_'«log«)I/2 (we have ¿>(x) ~

(c2 - i)(log2)"'log(/~'(x)); writing h(x) = log(/"'(x)) we obtain h(x) +

21og(c + sin h(x)) = 21ogx which implies h(x) ~ 21ogx. Then <7(x) ~

(2c2-l)(log2)-'logx).

2.15. Remarks. Levy [18] proves the convergence of A?(t\n(l)) of Corollary

2.13 for nondecreasing regularly varying functions (see also [19, Chapitre IX]);

the case f(x) = x (which improves a result of Khintchine [14, p. 377]) was also

given by Doeblin [7] (for p = X) and by Philipp [23] (using [24]). The assertion

that A¿?x((;n(l)) of Example 2.14.1 converges to the normal law is stated in [19,

Chapitre IX] without indicating the norming constants.

3. Comparison with other sums

Throughout this section, {r¡n.: 1 < /' < n, n > 1} denotes a double array of

measurable real functions on (Cl,A%¡).
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Define

(3.1 'ji
o(aj_l, ... ,a j+i>
a(a. ,a j+i>

if j-l> 1,

if/-/<l.

For the proof of the following inequality see [5, pp. 188-190].

3.1.    Lemma. Assume Eprjn  < oo for all n,j. If

(3.2)

where r\n[

^P)-H™™EP   (iHj-lnjl)
l=P

!<;<«

Ep(1 ), andnj\Mjl

V^+i
JSKSn-Zp

then for any e > 0, n > 1,  I < p < n/2 we have

max
1<7<77

j=i

> 6e | < 0(2/7) + 4(2/efnp2n(p) + 4nßn(p,e/2)

n

£^77
+ 2 max P

\<i<n
'"]

J = i

> e

3.2. Lemma. Assume

(1) Epr¡2nj < oo for all n,j .

(2) limpsupnnp2n(p) = 0  (pn defined in (3.2)).

(3) limnnmaxXij^nP(\r]n)\ > e) = 0 for each e > 0.

(4) limn max,^.^ P(\ J2%, "nj\ > e) = 0 for each e>0.

Then max|</<;j | J2',=\ n„¡\ ~* 0 '" measure.

Proof. Let £ > 0. By Lemma 3.1 it suffices to find pn —► oo, pn < n/2

such that limnnßn(pn,e) = 0. This can be obtained from (3), noting that

nßn(p,e) < 2pnmaxj<nP(\t]nj\ > s/(2p)) for each p (this is an argument in

[5, p. 175]).    D

3.3. Proposition. Assume

(1)   Epr]2  < oo, Epr]    =0 for all n,j.■p'hj P'lnj

(2) \imnnmaxl<j<nEptlnJ = 0.

(3) limp supnnp2n(p) = 0   (pn defined in (3.2)).

Then max|</<n | E/=i 'L/l —* 0 /AÎ measure.

Proof. In order to verify that (4) of Lemma 3.2 holds it is sufficient to show

that
2

(3.3) lim max E.
n    l</<7!     A

77

= 0.
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Write Mn = maXj<nEpn2nj and vnj(l) = Ep(r¡nj - r¡nj¡)2. Let I <j <k <n

with k - j > 3. If / = [(k - /)/3] arguing as in [ 11, p. 369] (or [5, p. 185]) by
conditioning with respect to .£-{ and Jfkl we obtain

Epnninnk\<^
1/2 k-j

M„ + 2 ( M„ max v
i<n

k-j 1/2

+ max v„
7<71       "

k-j

Therefore, writing K n = A:    = A: , = M   and"-7)2

^   =   20
1/2 A/„ + 2 ( M max tv

7<77

1/2

+ max tv
i<n   n

IE"

for h > 3 , we get |-E/>>,„,'7„J < A"o .   . if 1 < /' < k < n . Then if 1 < i < n

<"{^7,o + 2E^}

oo / r h~\\

= 5«M„ + 4nMn£^1/2     -
/7 = 3 MJJ/

OO /

+ 4(nM)X/2nX/2ymaxvX/2
V        "' ^ i<n    "'    I

U — 1       — V

OO

+ 2«£:
A=3

max iv
7<77        "

77=3

3

From this one can obtain (3.3).    D

We will use only the following.

3.4.    Corollary. Let {t].:j> 1} be a sequence of measurable real functions on

(Q.,33) and {b(n):n > 1} c (0,oo). Assume

(1) sup Ept]j < oo and Epr\] = 0 for every / > 1.

(2) Ximnnb(n)~2 = 0.

(3) e~i suPj ̂ y2(n¡ - ep("jW}i))2 <oo.

Then max1</<n \b(n)~ Yl!J=\ nj\ —> 0 m measure.

Proof. Write r/nj - b(n)~ r\. and observe that

supnpn(p) < (sup
77

^pnb(n)2^[f^supEXJ1(nj-Ep(nj\^jl))2\   .   a
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(4.1)

4. Complete quotients and the sequence {u }

Following Doeblin [7, p. 365] we write for co E Q, /' > 1,

Pj-i(a>)\

Uj(œ)
CO

Qj-i(o))
Ij-i(o)).

Then ux(co) - xx(co) and ufco) = x,(co) + (y■_,(<«))      if j>2.

We will try to extend some results of §2 to {x } and {u}. In our first

statements, if <^ is a random element defined in terms of the a¡ 's, £ denotes

that one obtained by replacing the a, 's by the x 's; c\ is similarly defined when

considering the u As.  For instance, if t\n  is as in Example 2.6.2(c), in(t) =

card{J < [«/]: u. > 8n}.

4.1. Examples.

4.1.1. Let 8,a and £n be as in Example 2.6.2. Then the conclusion there

remains valid for {n and c\n .

Proof. We have sup,G[01]||„(/) -{„(/)! < £¡ml \»nj\ where

r\n. = n '\u"l{Uj>en }    ajI{a1>en})-

Write

Y*K]\^n   aHU'jI{uj>en,aj<Bn}
j=\ 7=1

77

+ «""£ K - ^I'h^«} = x«+ y«  (say)-
7=1

Note that />(*„ > 0) < nP(8n - 2 < ax < 8n) -> 0 (observe that a; < w; <

a. + 2) and, since

..     . -1    -(a-l) v^    "-1 r
>;<ca« «     )yjaj i{aj>6n}

j<n

with cn = 2a3""'   if a > 1 ,  = 2\a\  if a < 1 , 2.6.2 shows that  F  -> 0 in

measure. The proof for t\   is similar.   D

4.1.2. The statement of Example 2.6.3 is true if we put everywhere * (or ~ )

over the random elements there.

Proof. (Case ln ) Let r\n} = fn(Uj) - /„(a,.), fn being defined as in Example

2.6.3; it is sufficient to show that £"=i \\rjnj\\ -+p 0. We have

OO

K/<2£(/,„,+ /*„,.,)
r=l
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where

An¡r = {8rn<u¡<8r+Xn,a¡<8rn},

Bnjr = ißrn < "j < Qr+\n>a, > 6rUn ~ 2)'

Then
77 77        OO 77        OO

£^(ll^ll>0)<££P(^) + ££/'(^>) = a„ + ̂ (say).
j=\ j=\ r=\ j=\ r=l

Writing  anr  = ¿Z"=i p(A„Jr)   we have  Q„  =  ^Z\anr-    Note that  anr ^

nP(8rn — 2 < ax < 8rn) —► 0 as n —► oo for each r. Moreover, given r0 > 1 ,

£«„,<£ P<Mj > Kn) < nP(ax >8rn- 2)
r>r0 j=\

which tends to (6r log2)~    as n —» oo . Then for every rQ > 1 , lim supn an <

(8r log2)"' ; hence limn an — 0. Analogously limn ßn = 0.   D

Now we turn to sums of the form E"/(-*,), E"/(",•)•   From Corollary

2.13 we obtain

4.2.   Corollary. Assume f is as in Corollary 2.13(b)  with a > 1.   If Çn  is

defined by (2.15) then Çn and Çn satisfy the conclusion there.

Proof. (Case |„ ) We will show that Xn := f(n)~x E"=, l/(",) - /(*;)! -, 0.

Write f(x) = x"L(x), L being slowly varying. We have

Xn < f(n)-x £ Uj\L{Uj) - L(aj)\ + f(n)~x £(«* - a*)L{as)

;=1 ;=1

= Z„1+Xn2    (say).

Since   u" - a"  < q3"~ íi"-   , then  Xn2 —*p   0  will follow if we show that

Mt,2 := /(")"' E"-i ajlf(aj) ^P 0. Observe that if K > 1

Mn7<(    max    A^ ) -j^- + T7-F7-^yV/(a,)
"2     V<e{'.->*}    «   //CO     Kf(n)j-^JKJJ

(write 1 = //a.<jn + ha>K) m eacn term)- Then given e > 0 we conclude by

Corollary 2.13 that for every K > 1

hlrlP(Mn2 >e)< îîïri/>(£„( 1) > K(e/2))
77 '"- 77 "

<va({x:x>K(e/2)})

which goes to zero as K —► oo. Hence Mm2 —»^ 0.

On the other hand, for each K > 1

^■^(i+nc^^t^).
L(Uj)

L(fl.)
'{<*;>*}
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where CK = sup1<v<^+2/(x) (finite by hypothesis). Let e > 0. Given rj > 0

take K > 1 such that sup0<j<2 \L(x)~xL(x + s) - 1| < r\ if x > K (possible

by the Karamata représentation of L ); then

ÜmP(Xnl > e) < hmP(^(l) > (n3a)~\e/2))

<va({x:x>(r,?)-l(eß)})

which tends to zero as rj —► 0. Then XnX —>p 0.   D

4.3.    Lemma. Assume f: [1 , oo) —» (0, oo) is Borel measurable and satisfies

there exist r > 0 and M:N* —> [0,oo)  with EpM2(ax) < oo

(4.2) such that for every k g N* ,   |/(x) - /(j;)| < M(k)\x - y\r if

x ,y E[k,k + 2].

Let {b(n)} c (0,oo) such that limn nb(n)~2 = 0. Then if r\. = f(u)- f(aj) -

Ep(f(uJ)-f(aJ)) (j > 1) we have max,^.^ \b(n)~x Y!j=x ̂ 1 — 0 in measure.

The same result holds if we replace everywhere u   by x. in the definition ofr\ .

Proof. (Case {u}}) Since \f(Uj) - f(aj)\ < 2rM(a¡), (1) and (2) of Corol-

lary 3.4 are satisfied; it remains to verify (3). First, fix /' > 1 , / > 1 , and

kj_i, ... ,kj+¡ E N* and take co,to e A := Ajl(kj_/, ... ,kj+l) where

Í {aj_, = kj^!,-.., aJ+l = kj+l}   if j - I > 1,

\{ax=kx,..., aj+l = kj+l} if j - I < 1 ;

we claim that

(4.4) \Uj(to) - Uj(to')\ < 62~'.

We have

\Xj((o) -Xj(co')\ = \aJ(to) + xj+x(co)~l - (a^oj')+ xj+x((o')~X)\

= \xJ+l(co)~l -xj+x(co')~x\ <22"'

(4.3)    Aj,^,,...,^

CObecause  x;+1(ctj)      =  [0,kj+x, ... ,kj+/,aj+/+x(co), ...]  and  xj+x(t

[0, kj+x , ... , kj+l, a-/+](co'), ...] both are in the fundamental interval of rank

/,   {a E [0,l):a,(a) = kJ+{, ... ,    a ¡(a) = kj+¡}  whose length is less than

2~( _1). This proves (4.4) when j - I . Now suppose / > 2 and recall that

Uj = Xj + (yy_,)_l . If /' - / < 1 we have yj_x(co)~x = [0,kj_x, ... ,kx] =

y -[{i0')'1 and (4.4) holds. Suppose /' - / > 2. If / = 1 merely observe that

|j>;_i(<wr! -yj-\(o))~X\ < 1 <42_/. If / > 2 then, writing

co = yj_x(cofx = [0,kj_x , ... ,kj_/,aj_,_x(co), ... ,ax(co)]

and

to =yj-X(to'r> =[0,kj_x, ... ,kJ_l,aJ_,_x(co'), ... ,ax(co')],
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we conclude that

a0(co) 0 = aJw),       afeo) = k,_¡ = afeo)   if 1 </'</- 1

(we have used the following fact: if a = [k0, ... , kN] with k0 E Z, kx, ... ,kN

E N* and N > 2 then a ¡(a) = ki if 0 < i < N - 2). Thus œ and ty both

belong to  {a E [0, l):ax(a) = k._x , ... ,a¡_x(a) = kj_,¡_X)} whose length is

< 2"(/_2) Therefore \yj_x(to)~x - yj_l(co')~i\ < 42_/ and (4.4) holds. By

(4.2) we obtain

\rlj(co)-r¡j{to')\<6r(2r)-lM(aj(co));

this implies

^^-mbM=\w)L^{(ü)-^äp/'(A) ,A

< 6r(2r)~lM(aj(co)).

Hence

Ep2(Vj-Ep(rij\ -'exJ2>

for every / > 1

f;.,)r<6'(2') 'E'^M^a,)

j > 1 and (3) of Corollary 3.4 is verified.   D

4.4. Remarks, (a) In the proof of the preceding lemma, {x } case, Corollary

3.4 can be replaced by the (functional version of the) theorem in [5, p. 192]

(consider the function 7(a)) = f{to~ ) - f([co~ ])).

(b) Let a > 1 ¡2 and c > 0. The function

f(x) = xQ(c-(logx) -1/2cos((,r/3rw))

is regularly varying with exponent a but does not satisfy (4.2) (for some b > 0,

f(x) >/3x"(logxr1/2 if xE(k,k+l) and k > 1 ; then Ep(f(xx)-f(ax))2 =
oo ). Hence (K0) below is not satisfied; we do not know whether the law of

E" f(Xj), suitable normalized, converges.

For Xj we have £fp(Xj)(dt) = /,, oo)(/)(/(/+ l)log2)~xdt for every /. For

Uj the next result is useful. (4.6) is proved in [7, p. 365] and (4.7) is (apart

from the specification of r ) a reformulation of the theorem in [15]; by (a) both

are consequences of a result of Levy. Our proof follows an indication in [7].

4.5.    Lemma. Denote Gn(t) = X(yn > t) for real t and n > 1.

(a) If n>2 then

H„(t) := X(un < t)

i rt-\Gi fi Jo n-Al)ds     ift>l,

ift<i,

and

hit)
(1 ,oo (0 rxG

71-1 (C-i)   )-<*
Jo

Gn_x(s   )ds



74 J. D. SAMUR

is a density function for AA?x(un); moreover Hn(t) = 1 - /  '(1 + Ex(l/yn_x)) if

t>2 and hn(t) = r2(l+Ex(llyn_x)) if t > 2 .
(b) Let H be the distribution function with density

(4.5) M/) = (iog2)-1{/{12](/)/-1(i-r') + /(2,00)(/)r2}.

Then there exists r E (0,1) such that

(4.6) sup\Hn(t)-H(t)\ = 0(rn),

(4.7) sup\hn(t)-h(t)\ = 0(rn).

Proof, (a) Let n > 2 . By Proposition 2.1 we have if 1 < / < 2

Hnit) = £A (xn + pi- < t\yn_x=y\ X(yn_x=y)

=      £     X(KxH<t-y-l\yH_l=y)X(yn_l=y)

y:y>(t-l)-<

=      £     (I-fx-rxy-x)k(yn_x=y)

y.yXt-l)-'

= d - r^Ov, > (/- ir1) - r% (-L.,yn_x > (í- ir1 j

and if / > 2

X(2<un<t) = yX(2-y-x <xn<t-y~X\yn_x=y)k(yn_x = y)

y

= (2~X - rl)J2(l + y-X)X(yn_x = y)
y

= (2-x-rx)(l+Ex(l/yn_x)).

But an integration by parts shows that

E. ( — ; — </- 1 ] =(/- 1)A(—— </- 1 | - /     A ( —î— <s) ds
*\yn-i yn-\        ) Vn-i        J   Jo     \y„-!    J

if / > 1 , which implies (since yn_x > 1 )

E\j^)-X-Í\h<:)is'
From the preceding relations we can easily obtain the indicated expressions

for Hn . The property of hn follows from the equality

t~2X\ —!— <s | ds] dt

= r-x[ —<t-11 í/í-i r A(-î-<iirfi
/     '      V^-l / Uj° V*-l J
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where u > 1 . On the other hand, note that

hn(t) = r2 \2 - £ X(yn_x > s~X) ds J     if / > 2.

(b) It is proved in [19, Chapitre IX] that the function

/■(x):=(log2)"'log(2x/(x + l))   ifx> 1,

= 0   if x < 1

satisfies

(4.8) snp\X(yn<x)-F(x)\<Crn
X

for some C > 0 and r e (0,1). Now (4.6) and (4.7) follow from (a) since H

and h are related to 1 - F just as Hn and hn are to GnX .   a

4.6.    Corollary. Assume /:[1 ,oo) —> (0,oo) is regularly varying with exponent

a E [ 1 ¡2,1 ], Epf (ax) — +oo and satisfies

.    . /(x) = xQL(x) w/tere L(x) = cexp | JjX e(/)/_1 <//> vvii/i r > 0 ,

e: [1, oo) —> R measurable, bounded and lim(^oo e(/) = 0.

Let va be defined by (2.14) if a E (1/2,1] and write vxj2 = N(0,1). Le-/

/OO      /»OOy    (/(x + j;_1)-/(M))(xy+l)"2^x^
rOO      fOO

'I    J\

ifa=l, m(f) = ¡x°°f(t)h(t)dt (h being the density in (4.5)) i/a€[l/2,l)
and define <\n by

(4.9)

£„« = /(«)  '    £   {/(«;)-m(/)-£,(/(*,);/(at) </(«))}    i/a=l,
i <;<[«']

(4.10) {„(/) = /(«)-'    £   {/(«,) - m(/)}    */ a €(1/2,1),
i <;'<[««]

(4.11) {„(*) = ¿CO"1    53   {f(Uj)-m(f)}    if a =1/2,
l<y<[77/]

w/t-étí1 {&(«)} ¿s a«y sequence satisfying limn nb(n)~~ Ü(b(n)) = 1 (w///z £/

defined as in Corollary 2.12). Then for any p <g. X, JAfiä) —> Q . The same

result holds if cln is defined by replacing in (4.9)-(4.11) u. by x and m(f) by

m'(f) where m'(f) = Ep(f(xx)-f(ax)) if a = I, = Epf(xx) if a E [1/2,1).

Proof. By (KQ) f is bounded on finite intervals and, as we will show, it satisfies

(4.2). Writing M = max{l, sup;>, |e(/)|}, by (K0) we have if k E N*, k <

x <y < k + 2,

\L(x) - L(y)\ < L(x)((y/xf - 1) < M'L(x)x_1|x - y\
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where M1 = M2>' ~    (x~ y < 3) ; then, since a < 1 ,

\f(x) - f(y)\ < xa\L(x) - L(y)\ + \x" - yn\L(y)

<M'(L(x) + L(y))\x-y\.

On the other hand, there exists C such that L(x) < Cxx/4 for every x > 1 .

Thus if k E N* and x, y E [k, k + 2]

(4.12) \f(x)-f(y)\<M'2C(3k)x/4\x-y\ = M(k)\x-y\    (say)

which proves (4.2). Corollaries 2.12 and 2.13 and Lemma 4.3 now imply the

assertion about {x }. For {u } we conclude that AAAit1 ) —► 0 , £' being

defined by (4.9) with m(f) replaced by Ep(f(u.) - f(aA) (which depends on

/ ) in the case a - 1 and by (4.10)—(4.11) with m(f) replaced by Epf(u.) if

a€[l/2,l).
Suppose a G [1/2,1). By Lemma 4.5 we have

\EJ(un)-m(f)\< ( sup /(0Jsup|A„(0-A(0|
V'€[l,2] /     (

/•OO

Lnt)t 2dt ,+£'Gà -¿
'2

and hence, for some constant C, ,

(4.13) \EJ{un) - m(f)\ < Cxr"    for every n > 1.

Write gnl = Ep(f(un)\^n¡). As in the proof of Lemma 4.3, using (4.4) and

(4.12), we obtain that for some C2

(4.14) Ep/2(f(un) - gj2 < C22~'   for every «> 1 and / > 1.

On the other hand, since there exist constants K and r E (0,1) such that

\P(A) - X(A)\ < K(r')kP(A) for any A g o(ak,ak+x ,...), k > 1 (argue as in

the proof of [12, Lemma 19.4.2] using (7) of [20]), we have for some C3

(4.15) \Epgnl-Exgnl\<C,(r')n-'    if n > I > 1

(I Jo°°(p(gni >*)' ^77/ > x)) dx\ < KEpf(un)(r')n-'). Taking /„ = [n/2] we

get from (4.13)-(4.15)

\Epf(un) - m(f)\ < C22~'" + C3(/)"-/" + (21og2)1/2C22~/" + C/.

Thus   \Epf(un) - m(f)\  = 0(s")   for some 5 G (0,1)  which implies that

sup, \Zn(t)-£'n(t)\ —> 0 pointwise and so the proof in the case n < I is complete.

Now assume a = 1 . First observe that Proposition 2.1 implies that for any

Borel measurable function h

[ h(xn)dX= I T'h(x)Hy + \] dx)X(yn_l =y)
J{yn-i=y) \Ji (xy+lY     J
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provided one of the two members exists, y being a possible value of yn_x ■

Thus, writing

(4.16)    K(y) = J00(f(x + y-~X)-f([x]))y(y+l)(xy + l)'2dx,       y>\,

we have (by (4.12) K is bounded and the following integrals exist)

Ex(f(un) - f(an)) = £ f (f(xH + i\- f([Xn})) dX
,  J{yn-\=y} \    \ y/ /

Kd^(y„_x).L'[l,oo)

On the other hand, m(f) — L    ,KdF where F is the distribution function

appearing in (4.8).

Denote g(x,y) the integrand in (4.16) and v(x,y) = y(y + l)(xy + l)~  .

If x > 1 and y > y > 1 we get by (4.12)

l<

+ M([x])\x + (y'y v(x,y)-  v(x,y')\

10

Hence if y > y > 1 we have

\g(x,y) - g(x,y)\ < M([x])\y  ' - (/)  l\\v(x,y)\

< lOM([x])(xy) 2\y-y

\K(y) -K(y')\< 10 ^°°' M([x])x 2dx^jy 2\y-y'\

= Ay~2\y-y'\    (say)

and K is absolutely continuous. Then,

/oo
\X(yn_x>t)-(l-F(t))\r2dt

and (4.8) gives that \Ex(f(un) - f(an)) - m(f)\ = 0(r"). In order to complete

the proof, observe that analogous relations to (4.14) and (4.15) are valid and

argue as above.    G

4.7. Examples.

4.7.1. If f(x) = Xa where a G [1/2,1) then

m(/) = (a(l-a)log2)-'(2,,-l)

and we can take b(n) = (n logn/log2)x/2 in (4.11).

4.7.2. Let f(x) = x. Then m'(f) = (log2)_1 - 1 and m(f) = m'(f) +

(log2)_l ¡x°°y~2(y + l)"1 dy = 2((log2)_1 - 1). If tn is defined by (2.20) then

for any p « X, S?p(£n) -^ Q., and 5Ap(ln) ̂ w Qh, , where

P' = á((log2)-'-l) * I/'. »   = ¿2((log2)--l) * V' >
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v being defined by (2.21) (we use the notation at the beginning of this sec-

tion). Similar remarks to those made in 2.14.2 apply. We point out that the

convergence of =2^(<fn(l)) was indicated by Doeblin [7, p. 365].
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