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GENERATORS FOR THE BORDISM ALGEBRA OF IMMERSIONS

M. A. AGUILAR

ABSTRACT. Let us denote by I(n,k) the group of bordism classes of immer-
sions of closed smooth n-manifolds in closed smooth (7 + k)-manifolds (k >
0). We can make I(*, k) into a graded algebra over the unoriented bordism
ring. This algebra is polynomial. In this paper we give two sets of immersions
which are polynomial generators.

1. STATEMENT OF MAIN RESULT

We consider immersions of closed smooth rn-manifolds in closed smooth
(n + k)-manifolds, £k > 0, n > 0. Given two immersions f: M — N and
f': M’ = N’ we say that they are bordant if there exists an immersion F: V —
W such that (i) V' is a compact smooth (n+ 1)-manifold whose boundary oV
is diffeomorphic to the disjoint union M II M’ (ii) W is a compact smooth
(n+k + 1)-manifold whose boundary is diffeomorphic to NIIN’, (iii) F|M = f
and FIM' = f.

We denote by I(n,k) the set of equivalence classes under this relation and
by [f: M — N] the equivalence class of an immersion. Letting .#, denote
the unoriented cobordism ring, I(,k) is an .#,-algebra with the following
operations:

(a) [f: M- Nl+[f:M->N]=(fuf:MumM - NIN],
(b) [f:M—-N][f:M N
=[fxidlidxf: Mx N IINxM — NxN',

(€) [M1-[f:M—Nl=[idxf: M x M — M x N], where[M'] ./,

Consider the antipodal action of the symmetric group X, on the sphere S If
X is any space we have a free action of X, on the product S" x X x X given
by (a,x,,x,) — (-a,x,,x,). We denote by N Xy, X x X the quotient space.
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In this paper we are going to study operations Q,: I(n,k)— I12n+k+r,k),
k>0, r>0, given by

Qf: M —NI=[/: S xNxM=S x; NxNI,

where f (a,y,x)=[a,y, f(x)]. With these operations we shall construct gen-
erators for the algebra I(*,k), foreach k > 0. Let £ = (E,p, M) be a smooth
vector bundle. We denote by D(£) the disc bundle and by 5(5) the double
of D(&¢). Now consider the embedding M — 5({) of M in 5(5) as the zero
section.

Our main result is the following

Theorem. The algebra I(x,k), k > 0, is a polynomial algebra over /¥, on
{Q,-IQ,-Z"’Q,'J[PHI X P % ... x P™ D(y x7y x---x y”k)]; 0< il < 1'2 <

ry t% —

<, d>0;0<a, <a,<---<a.}, where y, is the canonical line bundle
over the real projective space P" .

We also give a similar set of generators formed from Milnor manifolds. In
§2 we define generators for the bordism of embeddings which will be used to
construct the generators for I(x,k). We begin §3 with a theorem [13] that gives
an isomorphism between I(x,k) and the bordism of an infinite loop space.
Then, following [2, 12, 16], we define Dyer-Lashof operations in homology and
in bordism. In §4 we define the operations Qr and give the proof of the main
theorem.

I would like to express my appreciation to Dr. B. J. Sanderson. This work
is part of a doctoral thesis written under his supervision and presented to the
University of Warwick.

2. EMBEDDINGS MODULO BORDISM

In order to study the algebra /(x,k) we have to consider first the .#,-module
E(*,k) of bordism classes of embeddings. The definition of E(n,k) is the
same as that of I(n,k) but now we take embeddings instead of immersions.
The operations (a) and (c) give E(x,k) the structure of an .#,-module.

We denote by MO the Thom spectrum for unoriented cobordism and by
A, (—) the associated geometric homology theory [6]. The structure of E(x,k)
is given by the following.

2.1 Theorem [17]). The Thom-Pontryagin construction defines an isomorphism of
N,-modules E(x,k)y=4,  (MO,). O

*+k

Recall that any map of spectra ¢: E — F defines a natural transformation
@: E*(-) — F"(—) between the cohomology theories defined by E and F , and
a natural transformation ¢: E (—) — F,(~) between the associated homology

theories. Using the fact that the smash product of spectra is a bifunctor on the
homotopy category of spectra [14] one can easily prove the following.
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2.2 Lemma. Let ¢: E — F be a map of ring spectra. (i) If X is an H-space
then ¢: E (X)— F,(X) preserves the Pontryagin product. (ii) (@(x),p(y)) =
o(x,y), (i) g(@and) = @gla)neb). (Qv) ¢ and ¢ preserve the external
products. O B

Let HZ, be the Eilenberg-Mac Lane spectrum with Z/2Z = Z, coefficients.
We denote by ¢: MO — HZ, the map of ring spectra defined by the universal
Thom classes [3]. We have a natural transformation u: .7 (-) — H, (-;Z,)
given by u[M, f1= f.o(M), where a(M) is the fundamental class mod2 of
M . Thom proved that u is surjective [15]. Let M be a closed n-manifold.
The fundamental class of M in bordism 3(M ) is given by 3(M )y=[M,id] €
A (M) .

Using the fact that u is the unique natural transformation that sends the
fundamental class of a closed manifold in bordism to its fundamental class in
homology and the properties in 2.2, one can easily show that, under the natural
equivalence 7, (-) = MO,(-), t corresponds to u. The structure of ./ ()
as an .#_-module is given by the following.

2.3 Theorem [6]. Let X be a space. The /,-module /¥ (X) is free. A fam-
ily {a;},c,; of homogeneous elements in W (X) is an /K -basis if and only if
{/,t(al.)}iel is a Z,-basis for H (X ;Z,). O

In order to find generators for the bordism of embeddings, we begin by giving
generators for ./, (BO(k)). Let £ be a vector bundle. We denote by 3(5) its
Euler class and by ;(é) its Thom class in cobordism. We denote by e(&) its
Euler class and by ¢(¢) its Thom class in Z,-cohomology. Let z: X — T¢
be the inclusion of the zero section into the Thom space of &. Since 2(6) =
25 (1(&)) and e(&) = z*(¢(&)), it follows that #(e(&)) = e(&). It is known [3]
that MO*(BO(1)) = MO*(pt)[[g(y(l)]] and that H*(BO(1)) = Z[le(y(1)],
where y(1) is the universal bundle over BO(1). We then have unique elements
B, € V(BO(1)) and B, € H(BO(l) Z,) such that (e(y(1))',8,) = 6, and

(e(y(1 ) ,BJ.) = 6/ We also define [)’0 = [{point}, /], where [ is the mclusmn
and B, the generator of H (BO(1);Z,).
Now we are going to give a basis for H (BO(k);Z,). Take & = y(1)x

?(1) (k factors) with classifying map m, : BO(I)k — BO(k). The ith Stiefel-
Whitney class of & is given by my(w,(y(k))) = o,(u,,u,,...,u,), where
o, is the ith elementary symmetric polynomial in U, Uy,...,u, and where
u; € HI(BO(I)k s Z,) is p;(e(y(l))) % BO(l)k — BO(1) the projection on
the jth factor. It is known that mZ is an isomorphism onto the symmetric
subalgebra S ¢ H*(BO(1 )k 2). For each sequence 0 </ <, <--- <10,
consider the monomial u" '2 . " and let @, ,, be the smallest symmet-
ric polynomial containing this monomlal Clearly these polynomlals are a basis
for S. Therefore, for each collection 0 < i < i, < -+ < I, , the elements
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a, ;. € H(BO(k);Z,) such that m}(a,

10y e Sk 1] ,iz eer ,ik

for H*(BO(k);Z,).

)=®, , . ,are a basis
1202 505k

2.4 Lemma. Consider f, € H(BO(1);Z,) and the map m,: BO(I)k — BO(k).
The elements my (B, % B, x---xﬂik),for each collection 0 < i, <i, <--- <1,
form a basis for H (BO(k);Z,).

Proof. 1t is easy to see that

{e i
and
{my (B, x B> x B)I0< i) <y < <y}
are dual bases. O
2.5 Proposition. An ¥, -basis for N (BO(k)) is given by the elements
m, (B. xzi, X+ ></°?. ), for each collection 0 < i, <i, <--- <1 .

Proof Let us write e for e(y(l)) and e for e(y(1)). Using 2.2 we have
4

(e, 1(B))) = (I(¢"),1(B,) = 1(¢',B,) = 1(3,) = 8, Therefore 1(B,) = B,
and since we have identified ¢ with u it follows that u(f j) =4 - Using the
naturality of x4 and 2.2 we have that

um (B, x By x o x B)=my (B, x B xx B).

I

The result now follows from 2.4 and 2.3. O

2.6 Proposition. Consider the equivalence class of (P", g,) in N (P%), where
8, P" — P s the inclusion (n > 0). Then an W, -basis for ¥, (BO(k))
is given by the elements m,_([P",g 1x[P",g 1% - X [P* .8, 1), for each
collection 0 < i, < i, <--- <.
Proof. Tt is easy to see that
; ; 0 ifi#j,
oy P g ={ | 7
1 ifi=j.
Therefore u[P", g,] = B, and the result follows from 2.4 and 2.3. O

We now give specific representatives for the elements g, € /Z(BO(I)) .

2.7 Definition. We define b, € .7, (P™) to be the equivalence class of H(1,k)
c P' x P* 5 P* & p*™ where H(1,k) is the Milnor manifold [11] (a hyper-
surface contained in P' x Pk) and 7 is the projection.

2.8 Lemma. e(())ﬂb =b_,.

Proof. Let y, be the restriction of y(1) to P™ and let Ji: P*7' — P* be the
inclusion. We denote the equivalence class of H(1,k) — P ' P* by a, . Then
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o

e(»(1))Nb, = (g, om),(1 xe(y,)Na,). On the other hand

1

b,_,=(g 0 ”)*(2(7’1 Ry,)n(d ><jk),‘(<7(Pl x P~ ).

But g(yk) is Poincaré dual to [Pk_l ,J,] and so 1 x g(yk) is Poincaré dual to

(idxJ,),0(P" x P*"') . It is known that a, is Poincaré dual to é(y, ®y,) [3].
Therefore their cap products are the same and the lemma follows. O

2.9 Proposition. An ¥ -basis for #_ (BO(k)) is given by the elements m,_ (bi. X
b12 X e X b,.k),fo‘r each collection 0 < i, <1, <<,

Proof. We denote by P() the projective bundle associated to a vector bundle
&. Then H(1,n) = P(y,®¢""'), where &"~' is the trivial (n — 1)-bundle.
Hence by [7] [H(1,n)] =0 in ./, (n > 1). With this result and 2.8 we have
that

o

(1)), b)) = (1,e(»(1)N---ne(x(1)) Nby) = (1,b,_)
_{(1,1)0):1 if k=j,
CU(Lb ) =[H(Lk— )] =0 ifk#j.

Therefore b, = B, and the result follows from 2.5. O

2.10 Remark. In order to give the generators for E(x,k) we define the following
isomorphismes.

Let f: (M,0M) — (X,x,) be a map of pairs from a smooth manifold with
boundary to a pointed space. Let M be the double of M and let f: M- X
be the map induced by fllc: MII M — X, where ¢(y) = x, forall ye M.
We define d: .7, (X,x,) — 4, (X) by d[M,f] =[M,f]. Let i: {x;} —» X
denote the inclusion. One can easily show that ¥: ./, & 7, (X, x,) — 4, (X)
given by ¥(a,b) =i _(a)+d(b), is an isomorphism.

Now let £ = (E,p, V) be asmooth k-vector bundle. We define ¢: .7, (V) —
a +(T&,x) as follows. Take [N,g] € # (V) and consider the pull-back
g"(&). If we give a Riemannian metric to ¢ and we put the pull-back metric on
g(¢) then we getamap ¢: (D(g7¢),S(g7¢)) — (D(¢),S(&)), where D(-) de-
notes the disc bundle and S(—) the sphere bundle. If g: (D(&),S(€)) — (T&, *)
denotes the quotient map, then ¢ is given by ¢[N, g] = [D(g*&),q0£]. From
the geometric definition of the Thom isomorphism ¥ given in [3] one can see
that ¢ = c//_' . Hence ¢ is an isomorphism.

2.11 Definition. Let H(1,n) C P' x P" be the Milnor manifold. We denote by
#, the restriction to H(1,n) of the line bundle P' x 7, = P' x P". For each
collection 0 < i, <i, <--- <, consider 5(2{1 X /Zz X - X /Zk) , the double
of the disc bundle, and the embedding H(1,i,) x H(1,i,) x --- x H(1 L) —
5(}2{I foz X fok) as the zero section. Similarly we construct the embedding

p" ><P'.2><~-~xP'l"—k—>l~)(yiI X Py, XXy )
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We also consider the empty collection and we associate to this one the embed-
ding ¢ C {point}. With this notation we have the following.

2.12 Theorem. (a) The embeddings
H(1,i)) x H(1,iy) x - x H(1,i) = D(# x Z, x - x %),

Iy

Jfor each collection 0 < i, <i, <---<1i,, are an N -basis for E(+,k).
(b) The embeddings

i i i ~
P'xP?x-xP* = D(y, Xy, X X7y,

Jfor each collection 0 < i, <i,<---<1i,, arean N -basis for E(+,k).

Proof. The theorem follows from 2.1, 2.10, 2.9 and 2.6. O

3. DYER-LASHOF OPERATIONS IN HOMOLOGY AND IN BORDISM

We begin this section with the theorem that gives an isomorphism between
the bordism algebra of immersions and the bordism of an infinite loop space.
Given a pointed space (X ,x,), we denote by QX the direct limit, under sus-
pensions, lim \ Q"S"(X,x,), where Q"(—) denotes the space of n-loops and

where S”(—) denotes the nth suspension.

3.1 Definition. We define «,: I(n,k) — /7, ,(OMO,) as follows. Let
[f: M — N] e I(n,k). We can find an embedding f,: M — N x R (tak-
ing r > n—k+ 1) such that f, is regularly homotopic to the composition

M 5 N c N xR’ . Clearly we have that Ve 2V, ¢", where v denotes
the normal bundle. Applying the Thom-Pontryagin construction we get a map
= S'(N*) — §" (T(I/ )), where N* denotes N II {+}. The classifying map
for Ve, M — BO(k) mduces a map of Thom spaces T, T(v ) — MO, . We
can take the composition

S (N 2 8"(Tv,) ™ S'MO,.

Taking the adjoint of this map we get amap N C N' — Q'S"MO, c QMO, .
Then o, [f: M — N] e/, ,(QMO,) is the equivalence class of this map.
With this notation we have the following

3.2 Theorem [13]. «,: I(x,k) — 4, (OQMO,), k >0, is an isomorphism of
N -algebras. O

In order to calculate .#,(QMO,) we need the Dyer-Lashof operations. To
define the operations we need the following two propositions [8]. Let E be a
contractible space with a free action of X, and let £, acton X 2 by permuting
the factors. We denote by B, the normalized Bar resolution for Z, over X,

*

(hence each B, is a free Z,[%,]-module in one generator ¢,).
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3.3 Proposition. There is a natural isomorphism
2 - ®2
H,(E x5 X*;Z,) = H,(B, ®, ;  H,(X)®),

where H (X )®2 is a chain complex with trivial boundary and with Z, acting by
permuting the coordinates. 0O

3.4 Proposition. Let {a j} e be an ordered basis for H (X ;Z,). A Z,-basis for
H, (B, ®z,5,) H.(X )®%) is given by the following elements:

{ e,®;,a,®a, r20,jel,
€®s,a,®q, j<k.
3.5 Definition [4, 5, 8]. Let & be an E_-operad and X a %-space [10] with
structure maps 6 : Z(r) X5 X " — X . We have homomorphisms 0,:H(X)—
H,, . .(X), which are natural with respect to maps of #-spaces, defined by the
following composition:
H(X:Z)'"" H

2n+i

2, &
(B, ®,5, H,(X)®) S H

2n+i

(B(2) xg, X5 Z,)
6y«

=

2n+i(X 3 Z3)

where h°(a) = ¢, ®; a®a.

In particular if X 1is an infinite loop space then X is a &, _-space, where
%, is the cubes operad. Since % is an E_-operad we have Dyer-Lashof
operations in the homology of X .

Now following [2, 12, 16] we define Dyer-Lashof operations in the bordism
of a %oo-space. We begin by defining functions

H(X) = A5, (8" Xs XxX), r<n<oo,

as follows. If [M, f]€ N,(X), then /[M, f]1=[S"xy M*,ix; f’]. (Here %,
acts on S” by the antipodal action and on M 2 by permuting the coordinates;
i:S" — 8" is the usual inclusion.) It is easy to see that when r < n, g’ isa
homomorphism.

3.6 Definition. Let X be a & _-space. We define homomorphisms Q A (X)
-, +r(X ), which are natural with respect to maps of & ~o-spaces, as follows
There is a Z,-equivariant homotopy equivalence j: S™° — & (2) [10] SO we

have a homotopy equivalence S* Xy, X X X = ~ % (2) Xs, X X X. Q is the
composition:

=

2n+r

(S Xz, X x X)

2n+r

(B(2) x5, X x X) %5 (X).

2n+r

The operations §' were defined when X is a closed manifold in [16]. The

operations ér satisfy properties analogous to those satisfied by the Dyer-Lashof
operations in homology [2, 12].
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Now we are going to see that the operations ér correspond under u to the

operations Q. Let us denote by Bi") the n-skeleton of the normalized Bar
resolution. We have, as in 3.3, a natural isomorphism

n . ~ (n) ®2
H(S" xg X xX;Z)) = H (B, ®,5,H,(X)").
Consequently, we can define natural functions
q,: H(X;Z,)) — (8" x5, X x X3Z,), 0<r<n<oo,
by the composition

H(X:Z,)"% H

25+r

2s+r

(B™ x, « H(X)®) =2

X Z,(5] (s" X5, X x X3 Z,),

2s+r
where //(a) =, ®; a®a.

3.7 Lemma. Suppose M is a connected m-manifold with fundamental class
a(M). We have o(S" xy M x M) = g;(a(M)).

Proof. Consider q" H (M;Z,) — 2err(S Xs, Mx M;Z,). As M is con-
nected, S” Xy M><M is also connected. Hence H2m+r(S X 2M><M;Zz) =Z,.
Consider the mclusmn i Xy, id: §” X5, M x M — S% Xy, M x M . It is easy to
see that (i xy id), og, =¢;°. Hence (i xy, id), q,(6(M)) = ¢q°(g,,) # 0 by
3.4,and so g (6(M))=0(S"xy, MxM). O

3.8 Lemma. The following dzagram commutes:

M) = (8% xg, X x X)

s 2s+r

al |
H(X;Z,) —— H, (S xy X x X)

Proof. The elements [M, f] € N (X) with M connected generate so we can
assume that M is connected. Then

UGTIM [ = (i xg, [ x [),0(8 xg, M x M) = (i x5, [ % f).4,(0(M))
by 3.7. But
ilefxf:idlefxfoixzzid

and
oo

(l X5, ld)* qur =4, -
By the naturality of ¢, we get
(i xg, fx )4, (0(M)) =g f(a(M)) =g uM,fl. O
3.9 Proposition. Let X be a % _-space. The following diagram commutes:

AX) = AL (X)
| |
[oF .

H(X;Z,) —%— H,, (X:Z,)
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Proof. Consider the following diagram:

§°

Hn(X) Honer(S%® x5, X x X) =

‘| |+

Hn(X ;Z,) Hynyr (S X5, X X XZ,)

[

a°

0>,
Honir(Boo(2) x5, X X X)  —=  Mypip(X)

| |
Hansr(Foo(2) X5, X X X Z2) —— Hanay (X 22)

The first square commutes by 3.8, the gther two by naturality of x. The com-
position at the top is the definition of Q, . It is easy to see that the composition
at the bottom coincides with Q  using the generalization of the theorem of
acyclic models due to Dyer and Lashof [8]. O

With these operations we can give the structure of H,(QX;Z,) and ./, (QX)
as follows: consider sequences I = (I}s0y ... ,0y) such that 0 < i < i, <
<y, d > 0, and call these sequences monotone. Take the iterated product

0,=0,0, -0, and é, = éil éiz e éi,, . We have the following

3.10 Theorem [4, 5, 8]. Let X be a connected space and let {X,}ocn bea Z,-
basis for ITI*(X sZ,) C H(QX;Z,). There is an isomorphism of Z,-algebras
H (QX;Z,)=Z,[Q,(x)|I is monotone, and a € A]. O

3.11 Proposition. Let X be a connected space and let {y} ., be an /¥, -basis
Jor #(X) C #(QX). There is an isomorphism of ¥,-algebras N, (QX) =
A IQ,(y ) is monotone and o € A].

Proof. Consider a monomial él. (ym)" éh (ynz)r2 e é,(yﬂm)”" , where each I
is monotone. By 2.2 and 3.9 we have -

wQ, )" Q1) 0y 7, ™)
=0, (k)" O (uy, )" Q, (uly, N™.

Since {y, } A is an %, -basis for /7(X ) then, by Theorem 2.3, the elements
{u(y,)},cp are a Z,-basis for H (X;Z,). Hence by Theorem 3.10 the el-

ements u(Q, (v, )" é,,(ym)r: "'é,m(y”m)r’") are a Z,-basis for H (QX;Z,).
The proposition follows from 2.3. O
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4. THE OPERATIONS @r: I(n,k) = I2n+k +r,k)

4.1 Definition. We define operations Qr: In,k)y—=I2n+k+r,k), k>0,
by the commutativity of the following diagram:

Ink)y —2— IQn+k+r,k)

rr;\.lg glu,\

Ak (@QMO) —— A, (eMO,)

p 2(n+k)
o, n+k)+r
We will give a description of Qr . In order to do this we need some preliminary
results.
The following two lemmas can be easily proved.

4.2 Lemma. Let f: M — N be an immersion and let p: N — N be a covering
space. Consider the maps associated to [ and to p by the Thom-Pontryagin con-
struction t ;2 S®(N") — $¥(Tv,) and 1,: S®(N") — S®(N*Y), where S*°(—)
denotes the suspension spectrum. Then the following diagram is homotopy com-
mutative:
Soo(N+) lﬁ;f SOO(TVf)
N\ ar =
S*®(NT)

4.3 Lemma. Let f: M — N be an immersion and V a manifold. Consider
the immersion idx f:V x M — V x N. If the Thom-Pontryagin map of f is
given by S®(N*) % S®(Tv,) STy S MO, then the Thom-Pontryagin map of
id x f is given by -

S5t

v AS®NT) L VT ASY(Tr,) B S¥(Tv,) " ST MO,

where m is induced by the projection on the second factor. 0O

We now recall the definition of the Kahn-Priddy transfer for covering spaces
[1, 9]. Let p: X — Y be an n-covering (X,Y C.W.-complexes) and take
X ={(x,,%,,...,x,) € X"|x; # x; if i #j and p(x,) = p(x,) = =p(x,)}.
Then X is a free I -space and the projection X — X/Z, is the principal X, -
bundle associated to p. Let A: X — %, .(n) be a classifying map (unique up to
equivariant homotopy). We define a map ¢: Y =X/T, — % _(n) xy X" by

Blx; Xy, o X, )= [, X5 a5 x,), (X, X5, o5 X))

and we call the unique map extending ¢, T: Y — Z (n) X5 (X" the
pretransfer. Let i: X* — Q(X") be the inclusion. The following composition,
denoted by t(p), is the transfer for p:

YL #E (n)xy (X7 — & (1) xg (QXT)" = QXT).

id x In in 6,
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4.4 Proposition [1]. Let p: N — N be an n-covering, where N and N are
closed smooth manifolds. The adjoint of the Thom-Pontryagin map associated
to p, adjt,: N — Q(N") and the transfer for p, t(p): N — Q(N") are
homotopic. 0O

4.5 Theorem. The operations Qr: I(n,k)—>12n+k+r,k), k>0, are given
by Qr[f: M-S Nl=[f:SxNxM-S xs, N x N], where fla,y,x) =
la,y, f(x)].

Proof. We can write f as the composition:

S"XNxM - S’xNxN;»S’x,_szN.

idS’xN )(f

By 3.1 the element of .7, , (QMO,) associated to f is given by the adjoint

A ad Tr

of S®(N™) KA S°°(Tuf) — S°°M0k. Let ¢ = adj(S°°tfo tf): N — QMO,
then ér[N , ®] is given by the composition:
(1) S xzszNixz:;X(bS Xs, QMO, x QMO,

~

. %.(2)x;,@MO, x QMO, — QMO,.
2

JXx, id x id
By 4.2 and 4.3 we have the following homotopy commutative diagram

S¥US x5, Nx )] L 8%(Tw,) *= s° MO,
t | T 5%
(2) S®I(S" x N x N)*] STUS"x N)" AT,
!l il
(§"xN)Y"AS®(NT) —  (§"xN)" NS Ty,
id Aty
To prove the theorem we are going to show that (1) and the adjoint of (2) are
homotopic, thus representing the same element in ‘/I/2(n k) (@MO,). To do

this we construct a transfer for the covering S x N x N & §" xs Nx N as
follows. Consider the following diagram:

~.

S"xNxN s L, 5™ - £.(2)
d | | |
S" x5, NxN P’ P> —=— & (2)/%,

The first square is induced by the projection. The composition at the top is
equivariant so we have a pull-back diagram. We then have a pretransfer T
which in this case has the form T'(a,y,,y,) = [joi(a),(-a Vs V) s(a,y 3,1
This gives a transfer for p that we denote by 7(p).

Let Q> be the functor that associates to each spectrum the Oth space of the
associated Q-spectrum.
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The map associated to the immersion Qr[ f: M — N] is given by the ad-
joint of (2) so, by the naturality of adjointness, it is homotopic to Q1 ro Ono
Q> (id At;)o adj t,. By 4.4 adj ! is homotopic to the transfer for p. In par-

ticular adj 1, ~ 7(p). Hence the map associated to Qp[M , f] is homotopic
to

(3) QTfOQﬂOQw(id/\lf)OT(p).

Now putting side by side the two diagrams below we see that the composition
at the bottom is (3). The triangle commutes by definition of the transfer and
the squares commute because all the maps are infinite loop maps. Therefore
the composition at the bottom is the same as the composition at the top, which,
as one can easily verify, is precisely (1).

8" x5y, N2 ———— #50(2) X5, (Q(S" X N?)¥)? ———— % (2) x5, Q(S" x N)* A Tvp)?
id xzziZoT id xzzﬂw(id /\1_,~)2 - )
l ) l 6

“(p) e N2 r y
Q((S" x N9)*) P QUS"x N)* ANTvy)

#oo(2) X5, QUS™ X N)T A Trp)2 ——— %5(2) x5, Q(Tvy)? %oo(2) Xz, Q(MOy)?

l id x5, on? l id X}:ZQTZ,.

0> 0> 6,

QUS™ x N)* ATvy) ——————— Q(Twy) oMo, o
On » o,

4.6 Theorem. (a) The immersions

0,0, 0 [H(,a)x H(1,a,) x - x H(1,0,) = D(Z, x 7, x--x %, )],

) [¢3) ay
Jor each sequence 0 < i <i,<---<i,, d>0,and each sequence 0 < a <
o, < --- <y, are polynomial generators for 1(x,k), k>0.

(b) The immersions

éiléiz“’Qid[P(” XP(I: < . XPHA _’b(},{” X}/“: X o XY )]’

for each sequence 0 < i, < i, <---<1i,, d>0, and each sequence 0 < o) <
a, < --- < a,, are polynomial generators for 1(x,k), k > 0.

Proof. The theorem follows from 3.2, 2.12, 3.11 and 4.5. O

(o
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