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ON THE VARIETY OF PLANE CURVES OF DEGREE d
WITH ¢ NODES AND x CUSPS

PYUNG-LYUN KANG

ABSTRACT. Let PV be the projective space which parametrizes all plane curves
of degree d and V(d,d,k) the subvariety of PV consisting of all reduced and
irreducible plane curves of degree d with § nodes and k cusps as their only
singularities. In this paper we prove that V(d,d,x) is irreducible if ¥ < 3,
except possibly when ¥ =3 and d =5 or 6.

1. INTRODUCTION

In this paper we study the locus V(d,d,k) of reduced and irreducible plane
curves of degree d with J nodes and k cusps as their only singularities.

Let PV be the projective space parametrizing plane curves of degree d, and
Vi ¢ the locally closed subset of P" of reduced and irreducible plane curves of
degree d and geometric genus g . Harris [H1] recently proved that the variety
Vig is irreducible. Knowing this fact, Diaz and Harris [DH1] showed that

(L) If W c Vi, ¢ is any subvariety of codimension 1, and D € W a general
point, then the singularities of D are either (1) m nodes, (2) m —1 nodes and
one cusp (CU), (3) m — 2 nodes and one tacnode (TN), or (4) m — 3 nodes
and one ordinary triple point (TR), where m = %(d -1)d-2)-g.

They asked in [DH2] whether those loci are irreducible. In this paper we
prove that the variety V(d,d,1), CU in (1.1), is irreducible. We essentially
follow the same idea as that in [H1]; first we show V(d,1(d—1)(d-2)-1,1),
the locus of reduced and irreducible rational plane curves of degree d with
%(d — 1)(d — 2) — 1 nodes and one cusp, is irreducible; second we show that

there exists only one component of V' (d,d,1) which contains
Vid,Nd-1)d-2)-1,1)

in its closure; finally we prove that every component of V(d,d,1) admits a
degeneration to V(d,$(d — 1)(d —2) - 1,1).
Using the same argument as above we prove the more general theorem.
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(1.2) Theorem. The variety V(d,d,k) is irreducible if k < 2. If k = 3, then,
except possibly when d =5 or 6, V(d,d,k) is irreducible.

Remark. Ziv Ran has recently and independently shown that V' (d,d,1) is
irreducible. He has also shown that the two other divisors TN and TR of Vi g
in (1.1) are irreducible.

(1.3) Definitions and notations. We mean by the (geometric) genus g(C) of
a reduced curve C the genus of its normalization; in particular, if C has
irreducible components C,,C,, ...,C,, then

=) g(C)—k+1.

If C is a reduced plane curve, then the class ¢(C) of C is the degree of
the dual curve C* in (P?)", the projective plane of lines of P*. If a reduced
plane curve C has J nodes and x cusps as its only singularities, then g(C) =
1d-1)(d-2)-6-x and ¢(C)=d(d-1)—25 - 3k.

By a nice curve with given singular points we mean a curve all other singu-
larities of which besides given ones are nodes.

Acknowledgment. 1 would like to thank my thesis advisor Dr. Steven Diaz for
his helpful advice and careful proofreading throughout the preparation of this

paper.

2
In this section we prove the first two claims before (1.2) in the Introduction.

(2.1) Theorem. Assume d > 3. Then V(d,i(d —1)(d —2) -k k) C Vig is
irreducible if k < min(d — 2, 5(d +1)).

Proof. Note that any rational plane curve of degree d can be realized as a
projection 7, of a rational normal curve C in the projective space P from
a (d — 3)-plane A.

Fix a rational normal curve C and a projective plane P’ to project onto
once and for all. Let Gr(d — 3,Pd) be the Grassmannian of (d — 3)-planes
of PY and 7 the dense subset in Gr(d — 3,Pd) of (d — 3)-planes which
occur in the above fact and avoid the ﬁxed projective plane. Then we have
amap n from 7 to V, 70 modulo Aut(P ) defined by n(A) = n,(C) for
A € 7. Tt is therefore enough to show that v, 3(d—1)(d-2) -k ,x))
is irreducible in Gr(d -3 ,Pd) . In fact, since any automorphism of C is given
by an automorphism of P, we have 7,(C) = n,,(C) if and only if A = A(A")
where A lies in Aut(C) C Aut(Pd).

Let Ae n—l(V(d,%(a’ —1)(d-2)—k,k)). So A meets x distinct tangent

lines, say, ¢, of C away from C where ¢, are tangent lines of C at p, €

C,for i =1,...,k. Let gy(t,) = {(d - 3) planes meeting 7,} which is a
codimension two Schubert varlety of Gr(d -3 ,P ) (see [GH] for notations).
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Then A € ﬂ, 1 0,(t,) and a general (d — 3)-plane in ﬂ, ; 0,(t;) meets only k
distinct tangent llnes otherwise (i.e. if it meets more than x distinct tangent
lines of C) it will be a general member of a subvariety with higher codimension
(cf. [EH, Theorem (2.3)]).

Let C,_ be the kth symmetric product of C and A be the diagonal of C,_,
ie, A={(p,,...,p,) € Cp; = p; for some distinct i and j}. Note that
C.\A is irreducible. Since, from what we observed before,

a ' (V(d,1(d - 1)(d-2) - k,K))

can be considered as a fiber space over C, \A with a fiber over a point (p,, ...,

p,) in C \A an open and dense set of ﬂf:l a,(t;) consisting of (d — 3)-planes
which meet ¢, transversely away from C, it is enough to show that ﬂ’i;l a,(t;)
is irreducible and of constant dimension. For this purpose we now fix for
a while x distinct points p,,...,p, on C and the tangent lines ¢, of C
at p;. Let x, € t,, i = 1,...,k, and 04(x;,) be the Schubert variety of
(d — 3)-planes containing x; which is codimension three in Gr(d — 3,Pd).
Consider ﬂ;;l 03(x[.) consisting of (d — 3)-planes which contain the plane S,
spanned by xl , ..o » X, then N_, 05(x;) C N7, 6,(¢,) . On the other hand, any
Ae ﬂ _1 05(2;) will 11e in N_, o5(x;) where x; = ANnt,. We therefore have

U ﬂ a3(x

(X1 e X )VEL X oo Xty T=1

a,(t,).

||
I Dx

We can now consider in 77 ﬂi=| o,(t;) as the fiber space over 7, x --- x
the product of x lines with a fiber ﬂle g,(x;) over a point (x,,...,X, ) €
t, X t,x---xt, ie., each fiber consisting of general member of N}_, o5(x,).
We claim that ﬂ:;l 0,(x;) is a nonempty irreducible subvariety of Gr(d-3, Pd)
of dimension 3(d —x —2) whenever d —k —2>0 and 2k —2<d—1. To

see this, choose (x,...,x,) €t x---xt_ . Then we claim that {x,x}
spans a (k —1)-plane S, . Suppose not, then {x, ... ,X,} would span at most
a (k — 2)-plane and together with py,---,p, at most a (2x — 2)-plane since

we may assume that no x; is on C, which meets C at 2k points counting
multiplicities. But any n-plane, n < d — 1, meets a rational normal curve
of degree d in at most n + 1 points. This gives a contradiction once we
have 2k —2 < d - 1. Call S_ the (k — 1)-plane spanned by x ,...,x,.
Considering the projection g P’ — P from S, we can easily check that

N, 05(x,) =~ Gr(d—x—3,P*™*), which conﬁrms that N_, a,(x,) isirreducible
of dimension 3(d-k-2). (Note that (7_ _105(x;) ={S,} when d—x-3=-1))
Since the base space t, x - xt  and the ﬁbers are irreducible, so is the total
space (_, 0,(1,). Q.E.D.

(2.2) Theorem. Assume that k < min(d — 4, 3(d — 1)). Then there exists only
one component of V(d ,d,x) which contains V(d,(d —1)(d - 2) — k k) in
its closure.
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Proof. Through a point E in V(d,$(d — 1)(d —2) — k k), there exist
d-1)d-2)-«
(%(d— 1)(d—2)—x~5>

sheets of the closure of V(d,d,k) each of which corresponds to smoothing
some 3(d — 1)(d —2) — k — 6 nodes. Since V(d,3(d — 1)(d - 2) - k,k)
is irreducible, it is enough to show that these sheets come from the same
component of V(d,d,k), which is equivalent to showing that we can inter-
change the %(d —1)(d —2) —xk — J nodes as E varies along a closed arc in
Vid,3(d-1)(d-2)-x,K).

For the rest of the proof we are continuing with the previous set up of (2.1).
Say that E = m,(C) . Note that the nodes and the cusps of E correspond to the
intersection points of A with secant lines and tangent lines of C, respectively.

Let {x,,...,x.} =ANTC, where TC is the tangent variety of C. Note

that x; ¢ C. Define 7 : P? — P?7 as before. We then claim that the image

C.of Cin P'" isa nondegenerate rational curve in P™" of degree d with
K cusps as its only singularities. It is easy to see that it has no more cusps since
A meets only x distinct tangent lines of C transversely. Now suppose that C,
has (at best) a node. Then the (x —1)-plane S, would meet a secant line of C
besides x tangent lines of C, which is impossible since S, with the x tangent
lines and the secant line above will span at most (2x)-plane. This means that
there exists a (2k)-plane, if 2x < d — 1, meeting a rational normal curve C at
2k + 2 points, which is a contradiction.

Since no secant lines and tangent lines other than 7, meet S, , they map via
mg to the corresponding lines of C, . And ng (A) meets %(d -1)d-2)—-x
distinct secant lines of C, away from C, since E =mn, -ng (C), A, = nSA_(A).
Let #(C) and #(C,) be the chodal varieties of C in P’ and C, in P,
respectively. Suppose now that 7 = Mg 10 () #(C) — #(C,) is generically one
to one under our assumption k < min(d — 4, 3(d — 1)). Now { hyperplanes
of P* containing S, } = { hyperplanes of Pd—K}. Thus the degree of #(C, )
is equal to (d — 1)(d — 2) — k, the degree of #(C) -k, since #(C,) misses
k points on % (C) under the projection 7g . As the nodes of E correspond
to the intersection of A and the secant lines of C, they correspond to the
intersection of A _ and the secant lines of C,_. Then applying the uniform
position theorem [ACGH, H3] to #(C,) we get that the monodromy action on
the points of intersection of (smooth locus) of #(C, ) with a general (d —x —3)-
plane P in P?™" is the full symmetric group. Buta (d—k—3)-plane P in P
with S_ spans a (d — 3)-plane A the projection 7, of C from which gives a
curve in V(d,4(d —1)(d —2) -k, k). So we may assume, in the beginning of
this proof, that E = 7, (C) where A occurs in the above way. So we are done
once we show that n: #(C) — #(C,) is generically one to one.

Suppose not. Then, for a general point ¢ of a general secant line L of
#(C,), there is another secant line through ¢. Now take L, and L, two
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general secant lines meeting at ¢ ¢ C, . Let X, = {p € C_: some secant line
(# L,,L,) through p meets L \q}; and X, = {p € C,: some secant line
(# L,,L,) through p meets L,\g}. Then both X, and X, are densein C,_,
so we can choose p € C,, whose two second lines meet L, and L, away from
C,, so we can choose p € C, whose two secant lines meet L, and L, away
from C,_ and g. Consider the 3-plane P, spanned by L,, L, and p. Then
P, meets C, at seven points. If P; is a hyperplane of P we stop here. If
not, we do the same thing and find a point p’ € C, at which two secant lines of
C, meet L, and L,, respectively, away from C,_, g and those intersection
points of L; with the lines we get in the previous steps to get a (2 + m)-plane
of P meeting C, at 4 4+ 3m points until the (2 + m)-plane becomes a
hyperplane of P ie, m=d —x -3 and 4+ 3m = 3d — 3k — 5. Since
deg(C,) = d, m cannot be multiple to one if 3d — 3k — 5 > d, equivalently,
if k < (2d —5)/3. Note that k¥ < (2d — 5)/3 if k < min(d — 4,1(d - 1))
except when d =7 and k =3. If d =7, k =3 and = is multiple to one,
then we cannot have in P’ a rational curve of degree 7 with 3 cusps and one
node because any such curve in P’ would be a projection of C, = C; C p*
from a point g on some general secant line of C; and there are at least two
secant lines through g . But now consider a rational plane curve D of degree
5 with three cusps and three nodes, blow up P’ at two nodes and four smooth
points of D (no three collinear nor all on a conic), and then embed it in p’
via the system of cubics through the 6 blown up points to get a rational curve of
degree 7 in P’ with three cusps and one node. Therefore 7: Z(C)— #(C,)
is generically one to one.

(2.3) Remark. Even though (2.1) or (2.2) does not include some cases of The-
orem (1.2) when d =4 and d = 5, we can see that they are still valid.

(1) If d =4 and k = 3, then V' (4,0,3) is the only possibility and it is
irreducible because it is the family of duals of elements of (3, 1), the locus
of reduced and irreducible plane curves of degree 3 having one node as their
only singular point.

(2) If d —k = 3 in the proof of (2.2) then #(C,) is P’ or dense in P
and any (d — 3)-plane in ﬂ:.‘:l 0,(x;) maps to a point. So we cannot use the
uniform position theorem as we did in (2.2). Butif d =4 and « = 1, a
(d — 3)-plane A which is a line in P’ maps to a point in P° through which
two secant lines pass. Now we have a two-fold covering from % (C) to (a dense
set) of P’. Considering the monodromy action to this map we can show that
the monodromy group is S, , the full symmetric group on two elements.

If d =5 and k¥ = 2, then any A € ﬂle 04(x;) maps via 7mg to a point
in P* at which four secant lines meet. So we have a four-fold covering from
Z(C) to a (dense set of) P°. If d =5 and k = 2 then V(5,4,2) which
consists of rational curves, V(5,3,2), ¥V (5,2,2), V(5,1,2) and V(5,0,2)
are the only possibilities. Considering the monodromy action to the four-fold
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covering we can show that (2.2) remains true for V(5,3,2) and V(5,1,2).
To get V(5,0,2) from V' (5,4,2) we have to smooth all four nodes, so there
exists only one branch of V' (5,0,2) through each member of V'(5,4,2). For
V(5,2,2), we prove it by direct computation: first note on three singular points
of degree 5 curve are collinear; pick four points (1,0,0), (0,1,0), (0,0,1)
and (1,1,1), first two for cusps and the others for nodes, and show by explicitly
writing down equations that the family of curves in V' (5,2,2) which have their
nodes and cusps fixed as above is irreducible. Since we can always move by
automorphisms of P’ four general points to the above four points, it is done.

(3) If d = 4 and k = 2, there is again only one sheet of V'(4,0,2) in its
closure through each general member of V' (4,1,2).

3

Let U(d,d,k) be the locus of points of pY corresponding to reduced plane
curves of degree d with & nodes and k cusps as their only singularities. In this
section we want to estimate the dimensions of some subloci of V(d,d,k) or
U(d,d,k) which we will use in the next section. We begin this by introducing
a slightly larger locus than U(d,6,x). Let UY ¥ (V¥ resp.) in P" be the
locus consisting of reduced (and irreducible resp.) plane curves of degree d,
genus g and class ¢. Then Y€ is a union of some components of UEe
whose general member is irreducible. Diaz and Harris then showed

(3.1) Theorem [DH1, (1.2)]. If ¢ > 2g — 1, then any component W of yagc
has dimension d + c — g + 1 and any singular point of a general member C of
y-8< s either a node or a cusp. In fact, C has & nodes and ik cusps where
g=4%d-1)d-2)=06—-x and c=d(d - 1)-25 - 3k.

Unless confusion arises we mean g = $(d —1)(d —2) - —x and ¢ =
d(d — 1) = 26 — 3k in the context of U“¥ or U(d,é,k). Note that the
condition ¢ >2g—1 in(3.1) canbereadas k <2d—1 and d+c—g+1 as
g +3d — k — 1. By examining Theorem (3.1) for each d one by one we get

(3.2) Corollary. Let k < 11. If W is a component of U8 then dimW =
d +c— g+ 1 and the general member of W has d nodes and k cusps as its
only singularities.

Throughout this section the main tools are the following propositions.

(3.3) Proposition [H1]. Let S be a smooth rational surface, D a divisor class on
S, and W c |D| a family of reduced curves of geometric genus g in the linear
system |D|. Assume that for a general member E € W the restriction to each
component of E of the anti-canonical divisor class —Kg contains an effective
divisor of positive degree. Then

(1) dimW <g-D-K;—1.

(2) If dimW =g —D-K; — 1, then the general member of W has only

nodes as its singularities; and
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(3) if dimW = g—-D-K;—1 and C C S is any curve, the general member
of W meets C transversely.

Note that if : X — P’ isa map, by n(X) we will not mean the reduced im-
age, but rather the image with multiplicities, so that degn(X) = deg(n" @, (1)) .

(3.4) Proposition [H1]. Let S be a smooth rational surface. Let n: 2 — B bea
Jamily of curves of geometric genus g with B irreducible, and n: 2 — S a map
such that if X, = ! (b) is a general fiber, n is not constant on any component
Z of X, , and the restriction of —K to the reduced image Z' of Z is linearly
equivalent on Z' to a positive effective divisor, and let W be the locus of images
{n(X,)}pcp of fibers of n under the map. Then
(1) dimW < g —deg(n K y,) = 1; and
(2) if equality holds in (1) then the map n | X, is birational onto its image,
and the conlusions of parts (2) and (3) of Proposition (3.3) above apply
to n(X,) accordingly.

(3.5) Definition. Let C be a reduced curve on a nonsingular surface S, g a
singular point of C. Take a sufficiently small neighborhood N of ¢ so that,
if h: C' — C is the normalization of C over N and C,,C,,...,C, are the
components of C', each C ,' contains only one preimage of ¢ . Define then

m,(C) =Y [mult, h(C;) - 1] and m(C) =Y m,(C).
i qgeC

If C has only one singular branch at ¢ then Wq(C ) > 1, and with equality if

I+l
"1 for some

and only if the singular branch of C is locally given by y2 =X
positive integer ».

If W is an equigeneric family of reduced curves on a nonsingular surface S
and has m(C) constant for all C € W then we call W an equiclassical family.

(Cf. [DH1] for details, in particular for the case S = P? J)

(3.6) Proposition. Let S be a smooth surface, D a divisor class, and W C |D|
an equiclassical family of reduced and irreducible curves C in S of genus g
and W(C) =k . Then
dimW <max(g-K;-D-x—-1,g).
Proof. Zariski [Z2] established the following fact: let W C |D| be a family of
curves in a smooth surface, then the tangent space 7.W to W at a general
point C € W be identified as a subspace of HO(ﬁC(C) ® I), where I is the
equisingular ideal of C. Let H be the equiclassical ideal of C (see [DH1] for
details) then I c H. Thus
dimW < h°(@.(C)e 1) < i°’(@.(C)® H).

Let ¢: C' — C be the normalization of C. Then there exist two divisors A’
and R on C’ of degrees 2(p,(C) - pg(C)) twice the difference between the



172 PYUNG-LYUN KANG

arithmetic and the geometric genera of C and 7(C) = k respectively, so that
there is an inclusion map

HYZ.(C)® H) — H*(C',¢"@.(C)— A = R') (cf. [DHI)).

Note that deg(¢*@-(C)-A4'-R)=C-C-2{}(C-C+K;-C)+1-g}—k =
~Kg-C-2+42g—k.If —=K;-C >k+1 then ¢"&.(C)— A" - R’ is nonspecial.
Applying the Riemann-Roch theorem to (p*ﬁC(C )—A =R on C' we have
dimW < deg(¢p’@.(C)-A' -R)—g+1=-K;-C-2+28-k—-g+1=
g-K;-C—k—1.1If -K;-C <k =m(C), then deg(p’@.(C)—A'—R') < 2g-2
and, by Riemann-Roch,

dim W < deg(p”@.(C) - A ~R)—g+1+h'(p°0,.(C) -4 -R) < g,
since
W9 @.(C)—a' - R)=h (K. —9"@.(C)+ 4 +R)
< deg(K. — 9" @.(C)+4A +R)+1. O

Let U (Vd'g resp.) in P" be the closure of the locus of reduced (and
irreducible resp.) plane curves of degree d and genus g. Unlike the degen-
eration of V¢ to ¥ in [H1] we have to control cusps too. Therefore we
consider here various subloci of U(d,d,x) or U?** defined by requiring
that for a general member the cusps lie at certain fixed points. To begin with
we choose and then fix k distinct points Q,,...,Q, no three or which are
collinear and a line L missing them. Now define

(3.7) U,‘:‘i (V;g:f resp.) as the closure of the locus of all reduced (and irre-
ducible resp.) plane curves C of degree d and genus g which do not contain
L, have a contact of order m with L at a point p (a smooth point p resp.)

of C, and satisfy WQ,(C) > 1 at the fixed k points Q,.

For the rest of this paper k < 3, and k points Q, and L are fixed unless
otherwise specified.

(3.8) Lemma. Let X be a component of U%%  For k <3 we have

m.K
(1) if X is nonempty, then
(a) dimX =g+ 3d -3k —m; and
(b) if C is a general point of X, (m > 2) the curve C has a unique
point p of intersection multiplicity m with L in a neighborhood
of p, C is a union of smooth arcs c', ..., ct having contact of
orders a,, ... ,a, with L respectively, 3 a, = m, having minimal
order of contact among themselves:

(C'- ), =min(a,,a,),

and (m > 1) C has cusps at Q, and the remaining singularities
of C are all nodes.
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(2) Let m: = — B be a family of smooth curves of genus g with B irre-
ducible, n: = — P’ a map whose restriction to a general fiber X, of =
has degree d , is not constant on any component of X, , does not map any
component of X, to L, n(X,) has a singular branch at each Q; and has
contact of order m with L at some point p € L. Let X = {n(X,)},cp C
PY be the locus of images. Then dim(X) < g+ 3d — 3k —m, and if
dim(X) = g +3d — 3k —m, n | X, is birational and X is dense in a
component of U,‘f,’i.

Proof. We begin the proof by introducing the following: for a component W
of U, let

W, = (the closure in U of) {C € W | C does not contain L and
(C-L),=m for some point p € L}; and

W = (the closure in Ut of) {C € W | C satisfies m

m,K
not contain L and (C-L), =m for some point p€ L}.

QI(C) > 1, does

We first consider a component X of U::l"f: whose general member C is
irreducible. Suppose 7(C) = k' > k. Then we may assume X C V&<
where ¢’ =2(d—1)+2g—«’. Let W' be a component of ¥¥*¥ . Fix now a
point p € L and let W,;O be the locus of curves C in W,:l having intersection
number m with L at p specifically but no cusps in general on L. Since
dim V9 = g +3d =k’ — 1 and (L-C),=m is expressed by m equations
on the coefficients of C, we have dim W,:,O > g+3d -« —m—1 if nonempty.

To prove that dim W,;O <g+3d—-«x'—m—1, we blow up P’ at p m times
in the direction of L : let S, be the blow-up of P’ at p, E, the exceptional
divisor, and p, € E, the point corresponding to L; define blow-ups S, by
letting S, , be the blow-up of S, at p,, E, +1 the exceptional divisor, and
P, € E,,, the point of intersection of E, , with the proper transform of L.
We blow up exactly m times if p is a smooth point of C; otherwise we may
stop before. Let C be a general member of W,;O , C; the proper transform
of C in §;, and b, the multiplicity of C, at p,. Letting m;: S, — S, and
n:dSm — P? we have on S, that C, ~7a"C—-Y"bn E, with 37"b, =m
an

m
Ks, =7 (3H)+ ) m E,
i

where H is a hyperplane divisor of P’. Therefore
-Ky - C,=3d-m

which is at least 2d (when m = d). Applying (3.6) to the family {C,1Ce
W%} of curves in the above, we get

dimW,;OSg+3a’—m—K'—l
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and
. / /
dimW, <g+3d-m-«x

(in fact an equality). Since there is an automorphism of P’ which maps the
line L to itself and three general points to another three general points,

dimX <g+3d-m-k' -2k <g+3d-m-3k

with equality only if k' = K, consequently only if M, (C)=1.

For (1b), therefore, we may assume that X is a component of W, where

W is a component of V with ¢ = 2(d — 1) + 2g — k. Repeating the
previous dimension count by replacing W' by W and k' by «, we have

d,g.c

dmW _  =g+3d-3k-m.

m.K

We can also see, from the dimension counts in the previous paragraph, that
if C is a general member of W, ., then C is again a general one of W,S.
Thus we can easily remove the possibility that 7(C,,) > k. Since we require
that mg, (C) > 1 forall i, C satisfies mg, (C) =1 and has only one singular
branch C, at each Q, possibly with smooth branches through each Q,. Now
suppose that a general curve C in W_  has a more complicated singular point

m.,K

than a cusp, say, at @, . To count the dimension of a family of such curves C

we fix a line 7, through @, as a tangent line of a singular branch of C and

assume that C has, locally at Q,, r smooth branches transverse to 7| and s

smooth branches tangent to 7, as well as one singular branch C_ . Let x and
y be a local coordinate of P’ at g, and T, be {y =0} . Then we blow up S
as follows:

(3.8.1) Let S, , be the blow-upof S at O, E

s+ the exceptional divisor

and Qll € E,,., the point corresponding to 7 ; if a curve C in P’ has an

ordinary cusp at Q, (y2 = x3), then its proper transform C,  , in S |
. T . 1

meets E, |, with multiplicity (E, _, 'Cm+|)Q; = 2 at a smooth point Q, of

C,., ;blowingup S, at Ql' (callit S, ,) and again S, , at le the point

m+1>°
corresponding to E,_ . on S, , toget S, .. Thenon S, ., if a singular

branch of a general curve C has a cusp at Q,, the proper transforms C, , of

C in W,S with only Q, and T, fixed form an equiclassical family of curves
of genus g with m(C, ;) =k—1. Let n,: S, ;— S, and E, the exceptional

curve of §, — S, | for I </ < m+ 3, here SO:PZ. Then

m

m+3_7tC Zb —(r+s+2)n_,  E —(s+ ) E

mH m+1 m+7 m+2 _Em+3

where }"'b,=m. So -K, ,-C, ,=3d-m—r—2s—4. (From nowon K, is

the canonical divisor of S, .) If the local equation of a singular branch is given
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2n+1

by y2 =X , h > 2, then the proper transform C, _, of C is equivalent to

m+1 (s + 2)7"'m+2Em+2

m
n'C-> mE —(r+s+2m,, E

1]
with 7(C, ) = k — 1 provided that n =2 or m(C, ;) = k otherwise. In
either case, —x, ,-C, s =3d—m—r—2s—4 which is big enough to apply
(3.6) since r +2s +2n + 1 < d by considering the intersection multiplicity
of T, and C at Q,. Thus dim{C € W,)| with Q, and T, fixed} < g +
3d-m—-r—-2s—4—-k if n=1 or 2; or dim{C € W,ﬁl with @, and T,
fixed} < g+3d-m-r—-2s—5-x if n > 3. Removing the restriction on 7|
and moving Q, to any point we want, dim W,g <g+3d-m-r—-2s—-x-1
if n=1or 2; or dime0 <g+3d-m-r—-2s—x -2 if n >3, which
is always less than g + 3d — m — k — | the actual dimension of W,S provided

either that r or s is not zero, or that n > 3.

Now suppose that the local equation of C at Q, is y2 = x”. Then we blow
up S, as follows: let S be the blow-upof S, at Q,, E the exceptional

m+1 m+1
curve, Qll the point corresponding to T, C, the proper transform of C in

m+1
S, then C__ has an ordinary cusp at Qll ; now blow up S, . beginning

at Qll three times as we did in (3.8.1) to resolve a cusp, call S, .4 the final
blown up surface. On S, ,, {C, ,|IC € W,S with Q, and T, fixed} forms
an equiclassical family of genus g and m(C, . ,) = k— 1. Again by (3.6), since
K, .4 C,.4=3d—6—m where K, ., 1s the canonical divisor of S, ,,
this family has dimension at most g + (3d — 6 — m) — (k — 1) — 1, therefore
dim W,g < g +3d - x — m— 3, which again gives a contradiction.

Suppose this time that a general member C of W, « has a singular point
other than a node away from Q, and L. Then we consider the sublocus of

W,?, of curves C through a fixed point g (not p norin L) which is a singular
point with Wq(C ) = 0 but not a node of C, so either all branches at g are
transverse or some are not. By blowing up S, at g (once if all branches are
transverse, twice if some are tangential; see (3.10)) and counting dimension
of each component in a similar way we get a contradiction again since the
dimension of W,?, goes down at least by 1.

We now claim that if C is a general member of W,g then C, in §, must
meet the union E = |JE , of the El. transversely: otherwise we blow up those
points (including the intersections E N E j) at which C, and E do not meet
transversely and apply another dimension count to get a contradiction. In par-
ticular, C, will meet each I:fl. transversely at b,. -b distinct points other
than E,.OE,._I or E",nf?m.
in C, crosses Ea‘ will then be smooth and have contact of order a;, with L

i+1
Then a branch C' of C whose proper transform

at p; two branches C ! ,C J , since their proper transforms cross E at different
points, will have contact of order min(a, ,aj) .
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If a general curve C has a point g # p in L of intersection multiplicity
bigger than | with L then, by blowing up S, at g as we did for p, we get a
contradiction as well.

Let W° = {CeWwW I(C-L), =m fora fixed point p in L}. Then if

m.,K m.,K
Kk <2, dim W;S x
two points @, and Q,, and mapping p to any point in L except LN L,
where L' is the line through Q, and Q,.

To prove the lemma in case that C is reducible, suppose that C has k
components C, of genus g, and degree d, with a contact of multiplicity m,
with L at a fixed point p in L. If ¥ = 1 there is an easy way to see the
proof of lemma; we may blow up S, at Q, three times as in (3.8.1); then

on S, ., —K,  ; the anticanonical divisor is equivalent to an effective divisor

and any irreducible curve in S,  , other than the proper transform L of L

= g+ 3d — m -3k — 1 since there is an automorphism fixing

or Ei of E, meets —K, . positively; applying now Propositions (3.3) and
(3.4) to a family of curves in S, _, in the divisor class |[n"dH — Y7 b1 E, —
2n;z+1Em+l - n;1+2Em+2 - Em+3| we have part (l) and (2)

If k =2 we may assume either that C, has two cusps and the other com-
ponents have no cusps, or that each C; has a cusp at Q; for i =1,2 and the
others have no cusps at all. Then if the former case happens C, moves in a
family of dimension at most g, +3d,~m 7 and C, by [H1, Lemma (2.4)] at

most g, + 3d, —m, — 1 which is the dimension of v ’g)?n for i > 2, therefore
C in a family of dimension at most 3d + g —m —7 since g =) g —k +1.
If the latter case happens then C, moves in a family of dimension at most
g +3d,—m,—4 for i=1 and 2; g,+3d,—m,—1 for i >3, therefore C at
most 3d + g — m — 7. If we have an equality in either case, then all C, must
meet transversely except at p the point of intersection number m between C
and L and no C; meet at a point in L except p: if not, we blow up S, a
proper number of times at each of those possible unwanted points and apply
another dimension count to get a contradiction. We also have equalities for all
C,;. From the case that C is irreducible and [H1, Lemma (2.4)] we have the
desired results.

If k =3, it is enough to consider the following three possibilities: (i) each
C, has a cusp at Q, for i =1 ,2,3 and the other components have no cusp;
(i) C, has a cusp at Q,, C, has cusps at Q, and Q, and the others have
no cusps; (iii) C, has all three cusps and the others have no cusps at all. In (i)
and (ii), the proofs are exactly the same as the case x = 2 since dim W,S x =

g+3d—-m-3k—1if kK <2. For (iii) we know, from the case of V,Z_'f , that
C, moves in a family of dimension at most g, + 3d, —m, —9 without fixing a
point p in L if m is positive. (If m, is zero, it is easy to see that C| moves
in a family of dimension at most g, + 3d, — 10 and then choose p € L for the
remaining C,.) Then for each C|, p € L is automatically fixed and C;, moves

in a family of dimension at most g ,+3d,—m,—1 for i > 2. Therefore C moves
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in a family of dimension at most (g+k—1)+3d-m—-9—(k—1) = g+3d-m-9,
and with equality holding only if we have equality at each stage. From the case
of irreducible curves, [H1, Lemma (2.4)] and the above proof of ¥ = 2 for
transverse intersections between components of C, a general curve satisfies the
description in (3.8) with cusps at Q, .

Part (2) follows easily from part (1). Suppose that X, has components
X' xR X of genus g, and 7|y, has degree d has contact of order m;
w1th L at p, and has degree n over its image. Then d1v1de the cases as before
according to how many Q. the reduced image of each n(X / ) has. Q.E.D.

This time we consider the locus U ‘,g of curves C in U%* which do not

contain L, satisfy m, (C) =1 (so c(C) <c)and ) (C- L)p, = m for some
collection of / points p[ »--.»p; of L. Then we have

(3.9) Lemma. Let K < 3. Then

(1) d1mU ,K_g+3d 3k-m+1-1,

(2) let m: E — B be a family of smooth curves of genus g, n: Z — P’ 4
map whose restriction to a general fiber X , of ™ has degree d, is not constant

on any component of X, , does not map any component of X , to L, for some
set of distinct points p,, ... ,p, in L has total order of contact

oy mult_(7"L) =

i q€n='(p,)
and on its reduced image C, of n(X,) m,(C,) 2 1. Let X ={n(X,)},cp C
PY be the locus of images. Then

dmX <g+3d-3k-m+/-1.

Proof. The proof of part (1) is very similar to that of part (1) of (3.8): we fix
! points p,,p,, ... ,p, and blow up P’ at Py .-.,p; at most m times in the
direction of L, i.e., blow up P’ at p; until the proper transform of a general
curve C does not meet the proper transform of L. Call the blown up space S,,
The family Vdg "~ (cev® #13.(C- L), = m for fixed / points p,...,p,
and C has k pomts (not fixed) away from L at each of which m(C) > 1}
gives a family of curves C the proper transform of C in S,, of genus g and
#(C) 2 k with C-(-K,,) =3d—m. By (3.6) dim V¢ < g+3d-m-x—1,
SO dlmV’:ﬁK <g+3d-m-3k+1-1.

The case of reducible curves and (2) follow from (1) just as in (3.8). Q.E.D.

(3.10) Lemma. Let TN“2(k) be the closure in V¢ of the locus of reduced and
irreducible curves of degree d and genus g having k (x < 3) tacnodes away
from L and satisfying
Y(C-L), =
i
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Jfor some collection of | points p,, ...,p, in L. Then

(1) dimTNY¥(k)<g+3d-m—-Kk+1—1.
Let TN: $(k) be the sublocus of TN d.8 (k) whose members have their tacnodes
at the fixed x distinct points Q,, 1 < i < k. Since there is an (the) automor-
phism of P’ which maps L to itself and moves three general points to another
three general points of P’ we have

(2) dim TN ¥(k)< g+3d—m—3k+1-1.
We mean by a tacnode a point where a curve C has two smooth branches meeting
tangentially.
Proof. Let k = 1. Fixing then [/ specific points p,,...,p, in L, one point
Q, in P’ and a line T, through Q,, we consider TN19 (1) (the closure of) the
sublocus of TNd (1) of curves C with ) (L- C), =m and T, the common

1
tangent line of two branches of C at Q, which meet tangentially. Let .S be the

blow-up of P’ at p,,D,, --.,p, asinthe proof of (3.9). (Note that it was called
S, » but from now on, for the sake of notation we fix S the blow-up of P’ at the
fixed / points p, in L.) Let S| be the blow-upof S at Q,, E, the exceptional
curve of the blow-up §, — S, Q'l the pointon E| correspondingto 7, ,and S,
the blow-up of §, at Q; . On §, the proper transform fz of a general curve
C e TN19(1) is equivalent to 7n"C — 2”*E1 - 2n"E, where C is the proper
transform of C of the blow-up S — P*. Here n represents blow- up maps
from S, to §,, S, or P’ according to context. Since K, =7 K +7r E +E,

(so, —K S5 is equivalent to an effective divisor 7" H + T +L where T, and L
are the proper transforms of 7|, and L respectively, and H is a hyperplane
divisor of P* ), =K, - C, = 3d — m — 4 which is always positive since d is at
least 4 for a plane curve of degree d to have a tacnode. By Proposition (3.3)
we have dim TN19(1) isat most g+3d —m->5.

If ¥ = 2, then 4 is at least 5. Adopting the previous setting we fix the second
point Q, away fromboth Q, and L, and a line T, in general distinct from T}
through Q,. Now consider TN2(2) (the closure of) the sublocus of TN (2)
consisting of curves satisfying 3 (C-L), =m andeach 7;, i=1 or 2,
the common tangent line of two smooth branches of C at Q,. Blow up S, in
the above at Q, twice as we did S at Q,, getting S,. On S, we still have
effective anticanonical divisor —K, having positive intersection number with
C, the proper transform of a general member C . In fact by choosing 7 the
line through Q, and Q,, — ~L+2T+E +E and —-K,-C,=3d-m-8,
where ~ representing the proper transform in S of a correspondrng divisor.
Again Proposition (3.3) tells that

dimTNY(2)< g+3d—m—-9 and dimTN)(2)<g+3d-m—-7.

If xk =3 then d > 5 too. If we blow up all three tacnodes we will have
trouble in making first the anticanonical divisor effective and second 3d —m—12
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positive. Instead of fixing three tacnodes, therefore, we only fix two of them,
say O, and Q,, together with lines 7, through Q, asin the case xk = 2. Then
on S, we have a family of curves C, of genus g and C,-—K, =3d-m -8,
so of dimension at most g+3d —m —9 with equality holding if and only if C,
is a nodal curve. Since C, is not a nodal curve, the above family has dimension
at most g+ 3d —m — 10, and then g+ 3d —m —4 by removing the restrictions
on Q,. Thus dimTN{*(3) < g+3d-m—10+/. QED.

(3.11) Remark. If k > 2 and one (or two) of Q, is (are) replaced by cusp(s) in
(3.10) then on S, or on S,, depending on the number of tacnodes, we do the
same dimension counts as we did in the proof of (3.8) due to Proposition (3.6)
to get the same upper bound of possible dimension of a corresponding locus
This time we introduce the locus U - ; (k) consisting of curves in Ul £
general member C of which does not contam L, has one singular branch or
two smooth branches meeting tangentially at each of the fixed x points Q,,
and for some collection of / points p ,...,p, in L satisfies E,-(C'L)p, =m.

(3.12) Lemma. Let W be a component of U,‘:,f(x) for k < 3.

(1) (a) If k > 2 and a general member C of W has two irreducible com-
ponents which are tangent to each other at least at two points of Q,, or
(x =3) C has three components each of which is tangent to the others
(see (xiii) below), then

dmW < g+3d-m-3x+1.

(b) Otherwise;, dmW < g+3d-m-3k+1-1.
(2) There is a corresponding parametric version of (1).

Proof. If a general member C of a component W of U,‘f,‘j’ (k) has a singular
branch at each Q,, see (3.9). If a general member C is irreducible, see (3.10)
and (3.11).

Now assume that a general curve C is reducible. In this case we only consider
the possible cases for k = 3. If k = 1 or 2 we will have much fewer cases
than k¥ = 3, which will eventually be included in what we will consider from
now on. Note that it is enough to consider the components of C through 0,
because the remaining ones are in general of nodal curves with some contact
with L (cf. see the proof of (3.8) when C is reducible and [H1, Lemma (2.5)]).
Without further mention we assume that each component C j of C has degree
d ; and genus g, with 3°(C ;- L), = m; for some collection of / points in
L,where } . d =d, Y g —-n+1=g, n the number of components of C,
and E,— m;=m. Then C is one of the following:

(a) C has two components C; and C,
(1) with C| having a cusp or a tacnode at each of 0, and Q,, and
C, a cusp or a tacnode at 0,;
(ii) with C| havinga cusp or a tacnode at Q,, C, a cusp or a tacnode
at Q,,and C| and C, meeting tangentially at Q,;
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(i) with C| having a cusp or a tacnode at each of Q, and Q,, and
C, and C, meeting tangentially at Q,;
(iv) with C,; and C, meeting tangentially at Q, and Q,, and C,
having a cusp or a tacnode at Q,;
(v) with C, and C, meeting tangentially at Q,,Q, and Q.
(b) C has three components C,,C, and C;
(vi) with each C; having a cusp or a tacnode at each Q,;
(vii) with C; having a cusp or a tacnode at each of Q, and Q,, and
C, and C; meeting tangentially at Q,;
(viii) with C; having a cusp or a tacnode at Q, and being tangent to
C, at Qy, and C, having a cusp or a tacnode at O, ;
(ix) with C| having a cusp or a tacnode at Q, and meeting C, and
C, tangentially at Q, and Q, respectively;
(x) with C| having a cusp or a tacnode at Q, and meeting C, tan-
gentially at Q,, and C, being tangent to C; at O
(xi) with C; and C, meeting tangentially at Q, and Q,, and C;
having a cusp or a tacnode at Q,;
(xii) with C, meeting C, at Q, and Q, and C; at Q,.
(xiii) with C, tangent to C, at Q,, C, tangentto C; at Q, and C;
tangent to C, at Q,.
(¢) C has four components
(xiv) with C,, i =1 or 2, having a cusp or a tacnode at Q,, and C,
and C, meeting tangentially at Q,;
(xv) with C, being tangent to C, and C, at Q, and Q, respectively,
and C, having a cusp or a tacnode at (;;
(xvi) with C, having a cusp or a tacnode at Q, and meeting C, at Q,
tangentially, and C; and C, meeting tangentially at Q;;
(xvii) with C| and C,, C, and C;, C; and C, meeting tangentially
at Q,,Q, and Q; respectively;
(xviii) with C, being tangent to C,, C, and C; at Q,, Q, and 0,
respectively;
(xvix) with C, and C, being tangent at Q, and Q,, C; and C, at
0,.
(d) C has five components
(xx) with C, being tangent to C, at Q,, C; to C, at Q,, and Cj
having a cusp or a tacnode at Q,;
(xxi) with C, being tangentto C, and C, at Q, and Q, respectively,
and C to C; at Q5.
(e) C has 6 components
(xxii) with C, being tangent to C, at Q,, C; to C, at Q,, and C;
to C, at Q;.

In cases (i) and (vi), all components meet transversely, so apply (3.9) or
(3.10) to each C,.
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(i)
o,

0, o,

(iii) (iv) 0,

Q Q 0, 0,

vi)

(vii)
(viii)

(ix)
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(xi) C (xii)

(xix)
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Q,

Proofs of (ii), (iii), (iv), (viii) and (ix) are similar; we blow up some of Q,
without fixing others and use the existence of an automorphism. We only prove
(ii) here. Choose a line T; through Q; and / points p, in L. Blow up

P’ at p; asin (3.9) and twice at @, in the direction of T,. We now apply
(3.3) on this blown up space the anticanonical divisor of which is equivalent
to an effective divisor and has an intersection number 3d -m; - 2 with the

proper transform C ) of C o J=1or 2, to get that C i (without fixing Q)

moves in a family of dimension at most g+ 3d i —m;—4 since C ) is not a
nodal curve. Therefore C = C; U C, moves in a family of dimension at most
g+3d—-m+/-6 by moving a line T, and / points p, in L. Since there
is an automorphism which maps L to itself, fixes Q, and moves two points
(# Q; or ¢ L) to another two points (# Q, or ¢ L), the curve C in (ii)
moves in a family of dimension at most g +3d —m +/ - 10.

Proof of (vii). Consider C, as a curve in Vrﬁl’ﬁl Py TN,‘;I"“’,I 5(2) orin (3.11).
Then C; moves in a family of dimension at most g, +3d, —m, —7+/, . With
each C|, /| (< /) points p, € L are chosen. If /| < [, choose extra | — I,
points in L. We may assume that d, < d, (then d, is possibly 1 and d, > 2).
Then C, as a curve simply through Q, with some contact with L moves in a
family of dimension at most g, + 3d, — m, —2 and C; with the tangent line
of C, at Q; in a family of dimension at most g, + 3d; — m, — 3. Therefore

C moves in a family of dimension at most (g+2)+3d-m- 12+, +(I-1)).

Proofs of (x), (xv), (xvi), (xvii), and (xviii) are similar too. We only give the
proof of (xvi). Consider C, as a curve that has a cusp at Q, and passes through
Q, . Then applying (3.3) on the blow-up of S at Q, asin (3.8.1) and once at
Q, we get that C; moves in a family of dimension at most g, +3d, —m, - 5;
with the tangent line of each C, at Q, we see that C, moves in a family of
dimension at most g, +3d,—m,—3 (again if C, is a line then it is the tangent
line of each C| in general missing preassigned / points in L ); similarly G,
moves in a family of dimension at most g; +3d; —m; -2 and C, in a family
of dimension at most g, + 3d, — m, — 3.

Proofs of (xiv), (xx), (xxi) and (xxii): with preassigned / pointsin L we take
care of each C ; in appropriate order. We here prove (xiv). By (3.9) or (3.10),
C;, (=1 or 2, moves in a family of dimension at most g+ 3dj -m;—4.
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For C; and C, we do exactly the same thing as we have done for C, and Cj
in case (vii).

Proof of (xiii). Assume d, <d, <d,. If C, is aline through Q, and Q,,
then d, and d, are at least 2. Blowing up S twice at Q, (at Q, resp.) and
once at Q,, C; (C, resp.) moves in a family of dimension at most g, +3d, —
m,—4 (g,+3d,—m,—4 resp.). Since we may assume that C, misses preassigned
p; C moves in a family of dimension at most (g+2)+3(d—-1)-m—38. (In
fact we can get dimension bound as g + 3d — m — 10 unless both C, and C;
are conics.)

In general we may assume that 2 < d; < d, < d,;. Then C, as a curve
through Q, and Q, moves in a family of dimension at most g, +3d,—m, —3.
Now choose the tangent lines TJ of C, at Qj, J=2,3. Then C, (C; resp.)
moves in a family of dimension at most g, +3d, - m, -4 (g, +3d,—-m,;—4
resp.): blow up S twice at Q, (Q, resp.) in the direction of T, (7, resp.)
and once at Q, . Again we can have g+ 3d —m— 10 unless all three are conics.

Proofs of the remaining cases (v), (xi), (xii) and (xix). These are the cases
in which two components of C meet tangentially at least at two points. The
trouble only happens when both curves are conics ((xi), (xii), (xiii)) or when
one is a conic and the other is a cubic (v); otherwise we can prove similarly as
case (xvi). We here give the proof of (xi), but the proofs of the others are very
similar.

Proof of (xi). Choose / points p, in L and let S be the blow-up of P’ at
p; asin (3.9) or (3.10). If C, is a line then C, has degree at least 4. So C,
moves in a family of curves of dimension at most g, + 3d, — m, — 5: apply
(3.3) to the blow-up of S twice both at Q, and at @, in the direction of the
line through Q, and Q,. Since C; has one cusp or one tacnode, by (3.9) or
(3.10) C, moves in a family of curves of dimension at most g;+3d;—m;—4,
and thus C in a family of dimension at most g + 3d — m — 10 with / points
in L fixed.

In general assume that 2 < d, < d,. As a curve through Q, and Q, with
Zi(Cl-L)pl = m,, C, moves in a family of dimension at most g, +3d , —m, -3
apply (3.3) to the blow-up of S at Q, and Q,. Now fix only one tangent line
T, of C, at Q,. Then C,,asacurve tangent to 7, and through Q,, movesin
a family of dimension at most g,+3d,—m,—4 (in fact, g,+3d,—m,—5 unless
d, = m, = 2), therefore C in a family of dimension at most g +3d —m -9
with / points in L fixed. Q.E.D.

The dimension of the locus we will need finally in the next section is the
following: let T,‘fl‘_’f‘K be the locus of reduced plane curves C in U which
have an n-tuple point at Q, and singular points at the remaining Q,, do not
contain the line L, and satisfy Z,(C'L),,, = m for some collection of / points
py»---,p, in L. Then

(3.13) Lemma. (1) (a) dimT%% <g+3d—-m—-2k —n+/+1.

m ..k
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(b) Let W be a component of T,‘,’,”‘,g",c whose members C have a singular
branch at each Q, for i > 2, then

dmW <g+3d-m-n—-3k—-1)+[-1.

In particular, if n=3, dimW < g+3d-m-3x+[-1.
(2) There is a corresponding parametric version.

Proof. We may assume that C does not contain lines through two of Q,; in
this case the lines are fixed, so we may assume that these lines would miss the
preassigned p; or that some p, are fixed by these lines among / points in L.
Choose ! points in L. Let S be the blow-up of P’ at p; asin (3.9). Let
S, be the blow-up of § at Q,,0Q, and Q,. Then the proper transform of
any component of C has positive intersection number with the anticanonical
divisor of S;. Applying (3.3), we get dimT2¥ < g+3d-m -2k —n+1
since —Kj - C=3d-m-n- 2(k-1), C the proper transform of C in S .

To show (b), we blow up S only at Q, without fixing the remaining Q, .
Let S, be the blow-up of S at Q,. Then it can be easily checked that any
component of the proper transform of C satisfies the condition of (3.6). Apply-
ing (3.6) to each component and adding each possible dimension, we conclude
that C, without fixing Q, for /> 2, moves in a family of dimension at most
g+3d-m-n—(x—1)—1 since —Kslo€’=3d—m—n and "rﬁ(é)=x—l,
C the proper transform of C in S, . Moving first / points in L and using an
automorphism of P?, we have dim W < g+3d-m-n-3k~-1)+[-1. O

4. PROOF OF THEOREM (1.2)

Due to Theorems (2.1), (2.2) and Remark (2.3), Theorem (1.2) will follow
once we show that any component W of V(d,d,k) contains in its closure a
component of V(d,$(d — 1)(d —2) — k,k).

For this purpose we first show the following proposition asserting the exis-
tence of certain degenerations in the families V) (d,6,x) when k < 3, where

d.g d,
Vm,K(d,J,K)=V(d,5,K)ﬂV ¢ i.e., an open dense set of Vm’f.

m,k

(4.1) Proposition. Let W be a component of V,, «(d,6,k). Then W contains
in its closure either

(1) a component of V,, d,o,k); or

(2) a component of Ui:ﬁ‘l whose general member is a curve C that either
(a) is smooth at its point of intersection multiplicity m with L, and
has at most two irreducible components; or
(b) (if m > 2) has exactly two branches at its unique point p of in-
tersection multiplicity m with L, with each of its (at most two)
irreducible components containing p .

+l,K(
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Proof. Let X be the intersection of the closure of W with g+3d -3k —m—1
general hypersurfaces in the space P" of curves of degree d. Applying the
semistable reduction theorem we may make a series of finite base changes B ——
X and blow-ups and blow-downs to arrive at a 1-parameter family n: Z — B
of nodal curves of arithmetic genus g, with smooth total space =, a map
Nz — P’ mapping the fibers X, = n_l(b) of 7 to the corresponding plane
curves a(b) € X, and Z minimal with respect to these properties; i.e., there
are no rational components of fibers of 7 meeting the rest of the fibers in only
one point and on which # is constant. If m > 1, for general b € B, then
n" (L)X , Will have single point p, of multiplicity m ; by the assumption that
= is smooth, these points will extend to a section I of #. If m = 1, we can
(after possibly further base changes, blowing-ups and blowing-downs) similarly
arrive at a section I' of 7 meeting the general fiber X, in a point of 77—' (L).
There are also x sections I'; of # for 1 <i/<«k: for general beB, X , will
have single point 4y, which maps to Q, and again these points will extend to
a section y, of 7 since E is smooth.

Case (i). All the fibers of 7 are smooth.

In this case we claim that W must contain in its closure a component of
Viui1 (d,0,5) of genus g . To see this, write the divisor n"L as 'L = mI'+
I . Note that we cannot have I = 0, since 5" L has positive self intersection
and T nonpositive (cf. [H4]). On the other hand 7" L must be connected [Ha,
Chapter 3, Exercise 11.3], so I'NI” # &. Now, for any b, € n(I'nI"), we have
multpbo( n L] Xbo) > m+ 1. Thus the map n|X ho will have contact of order at
least m + 1 with L at Dby, - (See [H1] for the above.)

Also each T'; meets X, b, atone point g, because all the fibers are smooth.
Since 7 is regular, C;, = n(X, »,) has at least one branch with multiplicity at
least 2 at Q. = n(q;). So, m,(Cy) = 1. Therefore C, moves in a family

V,:f; « of dimension g + 3d — 3k — (m + 1) and we conclude from Lemma

(3.8) that C, is a general member of a component of V:,f; « Which is a nice
curve with cusps at Q; and has a contact of order m + 1 with L at a smooth

point of C;.

Case (ii). Some fiber X, of 7 is singular.

Let . be the pullback line bundle n*ﬁpz(l). Let p, € X, be the point of
intersection X, NI (Note that p, is a smooth point since = is smooth.) Let
Y(; C X, be the connected component of 77_' (L)N X, containing p,, ; this will
either be p, itself or a union of irreducible components of X, . Let Y, be the
closure of the complement of Y, in X, and write Y,nY,={p,,....p,} (s0
that, in particular, if ¥; = {p,}, then k = 1 and p, = p;). Let a, be the
multiplicity multp,(r]—l(L)|yo) with which p, appears in the divisor n_l(L)
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restricted to Y, and let n = Zle a;. Write

deg(Lly,) =,  deg(Fly) =d —a,

and let B be the sum of the degrees of 2 on the components of Y, in 77_1 (L).
Then from [H1], we know g(y,) < p,(¥,) < g—k+1 with equality holding only
if Y, is smooth and Y(; is of arithmetic genus zero. Secondly n > n_l(L)-Y0 >
m-—a.

In addition to the above we consider n_l(Qi) or I';. Since (', - X,) =1
each I', meets Y, at a smooth point ¢, away from components of n (L).

Let Y,. be the connected component of 7 l(Q,,)ﬂX0 containing g, .

Case (iia). Assume Yi' = {gq,} =T,nX, for all i. Then as in the case (i),
Tn‘Qi(CO) >1.

Let Y be the disjoint union of the normalizations of the components of
Y, not contained in n_l(L) on which 7 is nonconstant. Write 5: Y — P’
for the composite ¥ — Y, — P’. The image of 7 is of degree d —a — 8
and has k points with a total order of contact with L at least m — o and
WQ,.(W(Y)) > 1 since Q;, ¢ L. Thus, by Lemma (3.9), map 7|, moves in a
family of dimension at most 3(d —a—-8)+(g—-k+1)-3k—-(m—-a)+ k-1
which we expect is not less than 3d + g -3k —m—1. Thus —2a-38> -1,
which implies that a = 8 =0.

Having o = 0, all of Yé must map to the point 7(p,) = p and, from the
minimality of Z, Y(; is not of arithmetic genus zero when k = 1. Thus

n(Y) moves in a family Ud g‘ of dimension at most 3d + g, — 3k — m where
g, = genus(Y,) < min(g — 1 ,& —k + 1). By dimension count of a family of
n(Y) again by Lemma (3.8) we have

(%) 3d+g -3k-m>3d+g—-3k-m—1.

Therefore g, = g—1 and k < 2. Having an equality in (x), n(Y) is a general
member of a component of U g : having intersection number m with L at
apoint p. If k=1, pisa smooth point of 7(Y) and #n(Y) is simply a curve
of degree d with J + 1 nodes and x cusps at Q, as its only singularities;
if Kk =2, n(Y) has a double point at p consisting of two smooth branches
with contact of order a, k cusps at Q,, 6 + 1 —a nodes elsewhere, and no
other singularities. In any case n(Y) has at most two components otherwise
X, would drop its genus at least by 2. In particular Y, is smooth, so if Y,
has two components then they are disjoint but meet Y(; since X, is connected.
Both components of n(Y) thus go through p.

Case (iib). X, is singular and Y, 2 {g,} for some i.
Say i = 1. As we did in the analysis of 17"'( L), let Y’ be the connected
component of 1~ (Q ) N'Y, containing g, ; since we are assuming Y, 1 21{4q,},
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this is a union of irreducible components of X;. Let Y, be the closure of the
complement of Yl' in Y, . Say Yl' ny = {qll - ,q{"}. Then

g(Y) <p,(Y))=p,(Yy) —p,(Y)—n +1<p(Yy)—n, +1

equality only if Y, is smooth and Yl' is rational. Note that Y,’ is not rational

when n, =1 due to the minimality of Z. So,
(**) g(Y)) <min{p,(Yy) - 1,p,(Yy) —n + 1} <g—k—n; +2.

(1) Assume n, = 1. Then Yl’ is not rational because of the minimality of

E. The picture of X, in this case looks like the following: We therefore see
that there is a branch of C, = n(X,) through Q, on which m, > 1: look

at a small neighborhood Z of qll, then mult, ., (7(Z)) > 2, and therefore
1
iy (N(Z) 2 1. |

!
YO

1
4,
g,

(2) Assume n, = 2. Then X, (near I'; ) looks like either one of the following
two pictures.

9,
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Now take a small neighborhood N, of q{ in Y, on which qf is the only point
of ﬂ_I(Q.) respectively. Assume N, NN, = J; if the image of any of ¥, is not
smooth at Q, , then m, (n(N;)) > 1; if the images of both N, are smooth, then
they meet at Q, with contact at least two since a cusp cannot be degenerated
to a node. '

(3) Let n, > 3. We consider N, as before at q; and assume N,NN, =Q
for i # j. If one of them has a nonsmooth image at Q,, then My (Co) 2 1.
If all the images of N, are smooth at @, , then either two of them meet with
contact at least two at Q, or all of them meet transversely. So the only new
case we see here is that the map 7| X has a triple point (in general an »,-tuple
point) at Q, .

If Y, is not smooth and Yi' 2 {g;} for some i > 2 in any possibility of case
(iib), do the same analysis we have done here; starting with Y, , getting Y2' , Y,
and n, = #{Yz' NY,}, and then in Y, (if necessary) Y3' ,Y; and n;. Then

(xx%) g(Y,) <p,(Y;) <min{p (Y,)-1,p,(Y))—n,+1) < g—k—-n,—n,+3.

Except for the case that at least two of Q, lie in (2) or (3) of case (iib) and
n(X,) admits no singular branches at Q, or Q,, let Y be the disjoint union
of the normalizations of the components of Y, not contained in n_l(L) or
n—’(Ql) on which 7 is not constant. Write 7: Y — P’ for the composite
Y—-Y — P?. Then the map 7|, lies in one component of the closure of the
locus described in (3.12)(b) if n; < 2 orin (3.13)(b) if n, > 3 with degree
d —a— f and genus at most g — k — n, + 2, therefore moves in a family of
dimension at most

(§—k-n+2)+3d-a-p)-3k-(m—-a)+k—-1,

which we expect is at least g+3d -3k —m—1. Thus —2a-38>n -2> -1
since n; > 1, which implies that « = § = 0. Having o = 0, k points of
Y(; NY, are mapped to one point 7(p,) and, due to the minimality of Z, YO' is
not arithmetic genus zero when k = 1,s0 g(¥,) <min(g-1,g -k +1) and
g(Y)) <min(g—2,g—k—n, +2) (see (++)). Letting g, the genus of Y, and
counting dimension again we get g, > g — 1, which is impossible.

In the case we have to consider Y,, let Y be the disjoint union of the
normalization of the components of Y, not contained in n (L) or n_'(Qi)
for i =1,2, on which 7 is not constant. Write n: ¥ — P? for the composite
Y-Y, - P2, We may assume n, > n, > 2. If n, =n, =2, we can say that
n(Y) has tacnodes at Q, and Q,, and has a singular point at Q, other than
a node from our previous analysis. By (3.12)(a), it moves in a family of curves
of dimension at most

(8—k-n-n,+3)+3d-a-p)-3k—-(m—-a)+k
>g+3d-3k-m-1.

(3
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So
-2a-32n+n,-4=0.

Thus a = f# =0 and k points of Y(; NY, are mapped to one point 7(p,). As
before, g(Y,) < min(g—1,g-k+1) and g(Y,) < min(g-3,g~k—n,—n,+3)
(see (x*x)). Letting g, = g(Y,) and counting dimension again, we get g, >
g — 2, which is a contradiction. If n, >3 and n, > 2, we may now assume
that the map 7|, admits a triple point at Q, and a tacnode at Q, due to the
dimension counts in the last section. Then the map 7 |, moves in a family of
dimension at most

(g—k-n—-n+3)+3d-a-p)-(m—-a)-2k-2+k
>g+3d-m-3k—-1.

So -2a -3 >n,+n,—k —22>0 (in fact, it is only worth considering when
k =3). Thus a = f =0 as in the previous cases. But if n, >3 and n, > 2,
& =gY,) <min(g-1-n-n,+2, g—k-n—-n,+3) < g—4. New
dimension count shows that g, > g — 3.

The only possibilities in case (ii) therefore are the ones that occur in (iia). O

(4.2) To complete the proof, we follow the same argument as Harris used in
[H1, §4] for v4e Let X c P be any closed family of plane curves whose
general member is reduced and irreducible of geometric genus g having cusps
at the fixed points. We have then a rational map ¢ = ¢,: X — m ¢ where
m ¢ is the moduli space of stable curves of genus g. We denote ® = @, C
X X _ﬁg the graph of this map and by ¢, , ¢, the projections of ® to X and
_ﬁg. Let Ay C ﬁg be the closure of the locus of irreducible singular curves.
We say that the family X degenerates to A if ¢(X) meets Aj, and that X
degenerates to A, in codimension one in cusp preserving manner if the inverse
image (/)_'(AO) = q)l((pz_'(Ao)) in X of A, has codimension one in X and a
general element of some component of ¢ : (A,) has cusps at the limits of cusps
of the general member of X .

We observe that since a multiple of the divisor A, in ﬁg is Cartier, ¢ : (4y)
can fail to be of codimension one in X only if it is empty or if the general
fiber of (p‘l(AO) over its image in X is positive dimensional. It follows that
X degenerates to A, in codimension one in cusp preservng manner whenever
there is an isolated point (C, D) of qu_'(AO)n (p]—'(C) and C has cusps at the
limits of the points where the general member of X has cusps.

One circumstance in which this will be the case is the following: After mak-
ing a finite base change a: B — @ there will exist a family n: = — B of stable
curves and a rational map 7: Z — P’ carrying a general fiber X, = n"l(b)
of m to the corresponding plane curve. Suppose now that for some point
(Cy,Dy) € P the map b, D, — C, is defined and birational on every compo-
nent of D, except possibly rational curves containing three or fewer branches
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of nodes of D, having cusps at the limits of cusps of the general member of
X—for example, D, — C, is just a partial normalization with cusps of G
desingularized in D,. Then clearly we cannot vary the isomorphism class of
D, without varying the curve C as well, so that (C;, D) is an isolated point
of the fiber (pl_l(CO) in ®. If in addition D, € A, we will call (C,,D,) a
cusp preserving good degeneration of the family X ; by what we have just said
a family that admits a cusp preserving good degeneration will degenerate to A,
in codimension one in cusp preserving manner. Note that if Y Cc X is a sub-
family of curves, generically of the same genus g and of having cusps at the
same points where the general member of X has them, and Y admits a cusp
preserving good degeneration, then X does.
A basic observation is the following:

(4.3) Proposition. Let W be a component of V,: f Then the following are
equivalent:

(a) W admits a cusp preserving good degeneration;

(b) W degenerates to A, in codimension one in cusp preserving manner; and

(c) W contains a component of U%¥7" of the type described in (4.1)(2),

m,K
whose general member is irreducible.

Proof. Same as in [HI, (4.1)].

Using this equivalence, we may deduce from (4.1) as in [H1, (4.2)] the fol-
lowing:

(4.4) Proposition. For g > 1, every component of V,z :f admits a cusp preserving
good degeneration.

Proof. Same as in [H1, (4.2)] except that all curves (or some components of
them) in p’ occurring in the proof have cusps at the fixed points Q, and their
partial normalizations desingularize cusps. Q.E.D.

d.g—1
1.k

member is irreducible is in fact a curve in a component W' of V(d,0+1,k).
Since any component W of V(d,d,k) contains in its closure a curve in W',
we see that it contains in its closure W' from the fact that any component
of V(d,d+1,k) is smooth and the local picture of V(d,d,x) at the point
of V(d,d+ 1,k). By induction on genus any component W of V(d,d, k)
contains in its closure a component of V(d, $(d — 1)(d — 2) — k k).

Now note that any general member of a component of U whose general
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