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ON THE KUMMER CONGRUENCES AND
THE STABLE HOMOTOPY OF BU

ANDREW BAKER, FRANCIS CLARKE, NIGEL RAY AND LIONEL SCHWARTZ

ABSTRACT. We study the torsion-free part of the stable homotopy groups of
the space BU , by considering upper and lower bounds. The upper bound is
furnished by the ring PK.(BU) of coaction primitives into which n$(BU) is
mapped by the complex K-theoretic Hurewicz homomorphism
n3(BU) — PK.(BU).

We characterize PK.(BU) in terms of symmetric numerical polynomials and
describe systematic families of elements by utilizing the classical Kummer con-
gruences among the Bernoulli numbers. For a lower bound we choose the ring
of those framed bordism classes which may be represented by singular hyper-
surfaces in BU . From among these we define families of classes constructed
from regular neighborhoods of embeddings of iterated Thom complexes in Eu-
clidean space. Employing techniques of duality theory, we deduce that these
two families correspond, except possibly in the lowest dimensions, under the
Hurewicz homomorphism, which thus provides a link between the algebra and
the geometry. In the course of this work we greatly extend certain e-invariant
calculations of J. F. Adams.

INTRODUCTION

One of the main goals of stable homotopy theory has long been to compute
the groups nf(X ) for as many examples as possible of spaces and spectra X .
For a few well-known cases such as the Eilenberg-Mac Lane spectra, various
types of K-theory spectra, and bordism spectra like MU and its mutants,
such computations have been carried out, either by direct construction from
the definition or by Adams spectral sequence methods.

For spaces, however, almost no global results are known. A major factor
in this situation has been the extreme difficulty of the simplest case, X = s° ,
which defines the coefficient ring nf(SO) , usually abbreviated to nf . Systematic
knowledge here would allow Atiyah-Hirzebruch spectral sequence techniques to
be brought to bear on the general case.

Mosher’s paper [36] is one of the few studies with which we are familiar
which carries out specific calculations along these lines; it deals with the case of
infinite-dimensional complex projective space, X = CP™.
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Of course, the Adams and Novikov spectral sequences are always lurking in
the shadows, awaiting use by the bold. However, in many cases the algebraic
complexity which they embody is enormous and, we suggest, may obscure the
more geometric aspects of the space at hand.

One of the few satisfactory investigations of nf has been the determination
of the groups ImJ, mainly by Adams [2]. These constitute a cyclic direct
summand of order m(2n) in each dimension 4n — 1, where m(2n) is the
denominator of the divided Bernoulli number B,, /4n expressed in its lowest
terms.

At one time it seemed plausible that the geometrical description, pioneered by
L. S. Pontrjagin, of nf(Y) as the framed bordism group Qi'(X ) , might herald
a significant breakthrough. But experience has shown that, in the case of the
coefficient ring, it is exceedingly difficult to assemble examples of nonbounding
framed manifolds.

There is, however, a chink in the armor for the case of a general space X .
We may map framed boundaries into X and still hope to obtain nonzero classes
in the reduced groups ﬁf(X ). The simplest example of this idea is suggested
by ImJ, which measures bordism classes of framed spheres. Thus, if we map
spheres into X, we are examining the image of the unstable groups 7 _(X) in
7 (X).

Our strategy here is to investigate singular manifolds which, while still framed
boundaries, are a stage more complicated. They are, in fact, hypersurfaces, that
is, codimension one submanifolds of spheres. Each may be constructed by em-
bedding a finite CW-complex Y in a sphere. By this procedure we are actually
examining the image of 7 (Q(S 'A X )) in nf(X ) under the stabilization map.

Our study concerns the case of the classifying space of the infinite unitary
group, X = BU . We shall show, in the geometric part of our work, that the
above method yields much information. In the main this involves the complex
Y being an iterated Thom complex, a type of space with many useful properties.

One of our hopes is that, by exhibiting this approach in action, others may
find it applicable to their own choice of spaces.

Of course, having evolved such a process, we require a detection procedure
for the classes so created. Here enters complex K-theory.

For any X, the Hurewicz homomorphism

75 (X) = K, (X)

has image lying in the subgroup PK_ (X) of elements which are primitive with
respect to the coaction of the cooperation algebra K (K). Indeed, if X is the
spectrum MU the Hattori-Stong theorem tells us that this map to the primi-
tives is an isomorphism. This is also the case, modulo torsion, for the space
X = CP®. Thus the primary topic of the algebraic part of our work is the
investigation of PK_(BU). Since BU is a loop space, all the groups involved
are in fact rings, via the Pontrjagin product.
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It is in the context of PK, (BU) that we encounter the Kummer congruences,
although we require a considerable amount of preliminary algebra to make the
connection. From the time of their discovery in 1851 [32], these congruences
remained something of a mystery until Kubota and Leopoldt, and later Mazur,
showed how they follow in a simple fashion from the existence of a certain
p-adic measure [30]. We show here that the Kummer congruences, in the form
in which they were originally introduced, rather than their later generalizations,
fit naturally into algebraic topology.

For us the congruences are encapsulated by the existence of a transformation
from K, (CP%) to K (K). This transformation is closely related to the Thom
isomorphism in K-theory and may be used to obtain families of elements in
PK_(BU). Moreover, in this guise we are able to give a new, purely algebraic
proof of the congruences which may be of some interest in its own right. A
particular feature of this approach is that we are able to describe phenomena
globally, i.e., for all primes simultaneously, rather than for one prime at a time.

It should by now be no great surprise to discover that the primitives obtained
by iterating the Kummer congruences are exactly the Hurewicz images of the
stable classes created out of embeddings of the iterated Thom complexes. Thus
do the algebra and geometry finally combine. Since this point is the crux of our
thesis, we shall briefly digress to detail the simplest case. Here, as throughout,
we write X, for the Bott generator of n,,(BU), as well as for its stabilization
in n:i.(BU) and its Hurewicz image in K,,(BU).

A two-cell iterated Thom complex has the form s U, ety , where o gen-
erates the image of the complex J-homomorphism, and so has order Im(j).
Embedding in S**/*¥*! for suitably large k , and mapping the resulting hy-
persurface into BU , yields an element of ng( ,(BU) whose Hurewicz image
we compute to be

i+j+k

(Bj/j)(zi+jzk - Zizj+k)'
This is an element of PK _(BU) which is given by a single application of the

Kummer congruences. Its existence is effectively equivalent to the von Staudt
theorem on the denominator of B /-

We deduce that in ”§(1+,~+k)(BU) , the class Z,.+j2k - XX, is divisible by
m(j)/2 modulo torsion. In fact, in this and in certain other cases we can
actually establish that this divisibility holds precisely.

As we iterate these procedures we obtain a family of even more intricate di-
visibility statements in nf(BU ) ; their complexity is, however, exactly tabulated
by the iterated congruences. It transpires that the numerators of the divided
Bernoulli numbers Bj /Jj, as well as their denominators, play a leading role.
This suggests that, in the past, too much attention has been paid to the function
m(j) rather than to the numbers B ) /J themselves.

Throughout our work the geometry and algebra are obviously closely inter-
twined, and we have so far found it easier to describe the geometry first by way



388 ANDREW BAKER ET AL.

of motivation. In the main body of the text, on the other hand, it has seemed
more natural to get to grips with PK_(BU) first and regard the iterated Thom
complex construction as a realization process for the primitives already intro-
duced. In any case the families of primitives which we construct exist in slightly
lower dimensions than those in which we are able to realize them. A further
point of view would be to present both the algebraic and geometric aspects si-
multaneously, but, since we feel that each may have independent interest, we
have avoided this course.

Our computations could easily be adapted so as to apply to more general
complex-oriented homology theories E_( ), and so to study the Hurewicz ho-
momorphism

n°(BU) — E,(BU).

The Bernoulli and Stirling numbers would be replaced by their generalized ver-
sions; see [35], [9], and [42]. Readers may wish to try this for themselves as
and when they feel it useful.

There is, however, one reason why K (BU) is a particularly important blend-
ing of the stable and unstable. There is a case to be made for considering it
as an unstable cooperation ring for K-theory. This perspective is related to
Boardman’s [12] and puts several of our results in an attractive context.

Developing this theme, and writing Q°°Eoo for the zero space in the Q-
spectrum of E , we could study the Hurewicz homomorphsim

7 (QYE_) — E,(QCE_)

by our methods. That this would produce results in the universal case £ = MU
follows from the work of Ravenel and Wilson [41].

The most general setting of all would be to examine F*(Q°°Eoo) for some
other complex-oriented theory F,( ). But this is uncharted water, which we
have managed to steer away from!

We now outline the contents of each section.

In §1 we characterize the K-homology of the classifying space of a torus by
identifying K (BT) with the ring of rational polynomials which are integer-
valued on the integers. We refer to such polynomials as numerical. We further
identify the primitive elements, under the coaction of K (K) on K (BT), with
the subring consisting of those numerical polynomials which are homogeneous.
Most of this algebra has recently become folklore. It is, however, surprisingly
intricate, as we demonstrate by constructing a p-local basis for the ring of
homogeneous numerical polynomials in two variables, thus completing a project
begun by Knapp [29].

In §2 we turn our attention to K,(BU(n)), which we are now well prepared
to describe as the group of symmetric polynomials satisfying a certain integrality
condition. Once more, the primitive elements correspond to the homogeneous
polynomials. Since the Bott generators of the unstable homotopy groups of
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BU play, as might be expected, a major role in our stable calculations, we give
formulas for their K-theory Hurewicz images.

83 is purely technical and is devoted entirely to algebraic procedures which
are required in §§4 and 5. We introduce a certain sequence of recursively defined
polynomials and describe their elementary properties.

We are now in a position to commence our program of defining the family of
primitives E; K in K (BU). Thus number theory predominates in §4, where
we are concerned with the construction of numerical polynomials in a single
variable. The key ingredient is Theorem 4.3, which is a'global version of the
generalized Kummer congruences, and whose proof is inspired by the geometry
underlying the space BU . This leads us to certain criteria, formulated in terms
of admissible sequences, for ensuring that the polynomials constructed along
the lines of §3 are numerical. Such polynomials generalize, and provide an
alternative approach to, some congruences of J. F. Adams. We explain the
connection at the end of §4.

It is then possible, exploiting the relationship established in §§1 and 2 between
numerical polynomials and K,(BU(n)), to develop these considerations into
the construction of the elements Z, KD this we explain in §5. In so doing, we
introduce certain other elements in K (BU) which are not primitive. These
are required in order to realize the Z, Kk s stable homotopy classes. This
realization is the goal of the next three sections.

In §6 we show that the global Kummer congruences are intimately related to
the K-theory Thom isomorphism; the parallel is in fact apparent in our proof
of the congruences. We are thus led to define the notion of an iterated Thom
complex, by analogy with the process of iterating the congruences. We show
that, for each such complex, the K-theory slant products of basis elements are
represented by the nonprimitive elements of K,(BU) introduced in §5. This
entails the derivation of a formula for the behavior of slant products under the
Thom isomorphism. The results of §6 are used in §8.

Our strategy for constructing elements nf(B U) is as follows. Given an em-
bedding of a finite complex Y in a sphere Nl , let M be the boundary of
a regular neighborhood of Y, selected so as to be a smooth manifold. As a
hypersurface M is framed, so that each map M — BU determines a stable
homotopy class in nfn(BU ). In §7 we show how to compute the K-theory
Hurewicz image of such a class by using S-duality, in the case that K (Y) is
torsion-free.

We implement this strategy in §8 by choosing Y to be an iterated Thom
complex. We show that E; i K is stably spherical for each strictly admissi-
ble sequence K, although K need only be admissible for g Kk o exist as
a primitive in K,(BU). Our realization results imply that certain quadratic
expressions in the Bott generators are divisible modulo torsion in nf(B U). In
the latter part of §8 we give a partial answer to the question of whether this
divisibility holds exactly.
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In §9, to show that our methods may be applied in other cases, we define a
second family of primitives and deduce that these too may be realized spheri-
cally, at least in sufficiently large dimensions. We utilize the results of §7 in the
case where Y is a complex projective space, and as an aside we note that a ho-
motopy nonembedding result for CP" can be read off from our computations.

Our work might suggest that we believe that the stable K-theory Hurewicz
map is an epimorphism. However, in §10 we give a 2-primary counterexample
to such a conjecture. Also in §10, by considering the case where Y is a two-cell
complex in the construction of §7, we describe how to improve our realization
results in certain low-dimensional cases.

In the concluding §11, we offer a few tentative conjectures and discuss a
variety of questions which, we believe, would repay further investigation.

This paper has taken a long time to prepare and has often been referred to
as “in preparation.” We can now only apologize for the delay, which has been
due, at least in part, to the geographic separation of the authors.

We should thank Sam Gitler for unwittingly setting the whole project in
motion in 1979 and Dieter Puppe for helping us to locate [18] at Oberwolfach
in 1985.

1. THE K-THEORY OF THE CLASSIFYING SPACES OF TORI

The spaces CP™, BT", BU(n), and BU are of course extremely familiar
and their K-theory has been known from the earliest times. However, we shall
give a description of their K-homology which makes the coaction of the cooper-
ation algebra K (K), and hence the primitive submodule, easy to understand.
This section is concerned with CP™ and BT". The classifying spaces of the
unitary groups will be dealt with in §2.

Most of the spaces encountered in this paper have cells in even dimensions
only. Because of the periodicity of K-theory we may, therefore, consider only
the group in degree zero. For such a space X, K, (X)=n (K)® K,(X).

We write ¢ € =n,(K) for the Bott generator and u and v € K,(K) for
its image under the left and right unit maps, respectively; see [5]. Then if
a € Ky(X) and ("a € K,, (X) is primitive, 1 ® {"a = y("a) = u"y(a) [3].
But 1®¢t"a=v"®a [3],so that y(a) =w" ® a, where w = ulve Ky (K).
We therefore define the group

P Ky (X)={aeKyX):y(a)=uw"®a},

which is isomorphic to the group of primitive elements in dimension 2m . Thus
the Hurewicz map factors as

Tom(X) = P, Ky(X).

If X isan H-space, so that K, (X) and K, (X) are rings, then the coaction
maps are ring homomorphisms. Thus the set of primitive elements of K (X)
forms a subring which is isomorphic to the graded subring P, K (X) of K (X).
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At the center of this paper is the result 1.3, first proved in [15] and [46], that
the K-homology of the space CP* as Pontrjagin ring (with product induced
from the tensor product map) is isomorphic to the ring of numerical polynomials
in one variable.

Definition 1.1. A polynomial f(w) € Q[w] is said to be numerical if f(n)
is an integer for every integer n. We let A denote the set of all numerical
polynomials.

Clearly A is a subring of Q[w] which contains Z[w].
Proposition 1.2. Let

n n!

<w) ww-1)---(w—-n+1)

denote the binomial coefficient polynomial, then () € A and {1 = (3), (%),
(%), ...} is a basis for A as Z-module.

Proof. This is an elementary exercise in the use of the difference operator; see
Lemma 5.1 of [5].

Proposition 1.3. The ring A is isomorphic to K,(CP*), where K,(CP™) has
the ring structure induced by the map CP> x CP™ — CP> which classifies the
tensor product of line bundles.

Proof. Let xe H 2(CP°°) be a generator; then the Chern character
ch: K*(CP%) — H™(CP%;Q) = Q[[x]]

identifies K°(CP™) as Z[[e* — 1]], ¢* being the Chern character of the Hopf
bundle [8].

Let w € H)(C P®) be dual to x; then, under the Kronecker product,
(x",w") = n!. The homology Chern character

ch: K,(CP™) — H,(CP%;Q) = Q[w]

will identify K, (C P%) as the subring of Q[w] which consists of those poly-
nomials f(w) which pair integrally with (¢* — 1)" for all n > 0. This is
equivalent to requiring that (¢"*, f(w)) € Z for all integers n. But now, if

f(w) = E,‘ a,‘wl >
nx njxj i i
(€™, flw)) = Z<T,aiw > =Y an' = f(n).
LRy i

Thus f(w) € KO(CP°°) if and only if f(n) is an integer for each integer n
as required.

Now
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If kK > n every term in this expansion is zero, while if k < n the expression
also equals zero since, expanded as a power series in x, (¢*—1)" contains terms
of degree n and above, while (}) has degree k. Clearly ((¢* —1)",(})) =1.

Thus the binomial coefficient polynomials () are dual to the powers of
e” — 1. Therefore, in the notation of [4], (') = B, . We shall use both notations
for this element.

We let S, denote also the image of f, = () under the inclusion

i, K(CP®) = K,(BU(1)) — K,(BU).

The elements S, 8,, ... are polynomial generators, with respect to the product
induced by the Whitney sum, for the ring K,(BU) [4].
K,(K) may be defined as the direct limit of the system

K,(BU) £ K (BU) 2= K (BU) 2= ..

under the Bott map B, : K (BU) — K,(BU). By Lemma 6.11 of [5] or Corol-
lary 17.27 of [52], B,(B,) = kB, + (k + 1)B,,, modulo decomposables, while
B, annihilates decomposables.

Consider the diagram

(L4 .| .|
K,(BU) 2~ K (BU) —2— K (BU) —2— - K (K),

where the maps 4 — 4 are multiplication by w . It follows from the identity

w(k) =#(E) v 0l )

that although each square does not commute it does so after the application of
another Bott map. This is sufficient to induce a map in the limit

Alw™'] = K, (K),

which it is now easy to check is an isomorphism; in fact it is an isomorphism
of rings, both ring structures being induced from the tensor product of vector
bundles.

This gives a simplified proof of the unitary case of the main result of [5].

We refer to elements of A[w—l] as stably numerical polynomials. They are
characterized as those rational Laurent polynomials f(w) such that f(n) €
Z[1/n] for every nonzero integer n. For every stably numerical polynomial
f(w) there exists k > 0 such that 'wkf(w) is numerical.

Since the natural map CP> — K induces the inclusion 4 C A[w‘l] and
the diagonal of the Hopf algebra K (K) = A[w_'] maps w to w ® w, the
coaction

v Ky (CP™) = K (K) ® Ky(CPY)

is also given by the ring homomorphism w — w @ w .
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Thus, for example, the image of B, = (%) under the coaction is (“$"),

- H0-00-00
0000

gives (we think of x as w® 1l and y as 1 @ w)

- (5o (1) o)) o,
() o5) e(5)) o

Similarly, a numerical polynomial f(w) € A will represent an element of
P, K,(CP%) if and only if it satisfies
Jwew)=w" e f(w),
which implies that f(w) is an integer multiple of w™ .

Since w € P, K,(CP™) is realized by the homotopy class s?=cP'ccp®
which we denote by I, it follows that the Hurewicz map

72 (CP™) — PK,(CP%)

is onto, with w™ € P, K (CP*) realized by (I',)" € 13, (CP™).

This confirms Mosher’s result, Theorem 2.1 of [36], that nf(CP°°) modulo
torsion is a polynomial ring on I', . We will see below that the situation is more
complicated for nf(BU).

Definition 1.5. A polynomial f(w,,...,w,) € Q[w,, ... ,w,] is numerical if
fk,, ... ,k,) €Z forevery (k,,... ,k,)€ Z" . The numerical polynomials in

n variables form a ring, which we denote by 4, .
Proposition 1.6. The ring A, is isomorphic to the iterated tensor product A®"
and hence has a basis consisting of the elements

(k1)<k2) (kn)’ ki ,ky,....,k,>0.

Proof. See §26.1 of [25], or [14, §12, no. 4, Proposition 12]. The essential idea
is that the proof of Proposition 1.2 generalizes to show that 4, =4, , ® 4.

Corollary 1.7. If BT" = (CP™)" denotes the classifying space of an n-torus then
K,(B T") is isomorphic to the ring A, of numerical polynomials in n variables.
The coaction

v:K,(BT") = Ky(K)® K(BT")
is the ring homomorphism determined by y(w,) = w ® w,.
Proof. Use the Kiinneth formula and naturality of the coaction map.
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Proposition 1.8. The group of primitive elements PmKO(BT") is isomorphic to
the group of numerical polynomials in n variables which are homogeneous of
degree m.

Proof. The condition that f(w,,...,w,) € PmKO(BT") is that
fwew,...,wew)=w"® f(w,,...,w,).
In other words, f is homogeneous of degree m .

The next proposition gives us a method of constructing homogeneous numer-
ical polynomials.

Proposition 1.9. Suppose that f(w,, ... ,w,_,) € A,_, has total degree k and
denominator M, so that M f(w,, ... ,w,_,) has integer coefficients; then, for
J sufficiently large, u),’:)'jf(u)lujn_1 y e ,wn_lwn_l) is a homogeneous numerical
polynomial of degree k + j .

In fact u)f:”f(u)]u)n_1 yeen ,w"_lwn—') is numerical if j is greater than or
equal to the maximum exponent of any prime occurring in M .
Proof. Let g(w,, ...,w,_,) denote the numerator M f(w,, ... ,w,_,) so that
w: gww, b W, W, l) is a homogeneous integer polynomial. We need
to show that if p is prime, p° divides M and j > e, then

af,”g(a,/an ,..oa,_,/a)=0 modp°,

for all integers q, ... ,qa,.

n .
If p divides a, then p° divides af, and the congruence holds.

Otherwise we choose b so that a,b =1 mod p°, then

a:”g(al/a",...,an_l/an)za:”g(alb,...,a b) mod p°.

n—1
But p® divides any value of g since f is numerical.

The estimate for j in this proposition is not, in general, the best possible.
Considering the case n = 2, where we write x = w, and y = w,, it is clear that
any homogeneous numerical polynomial g(x,y) of degree r can be written as
y'f (xy-l) , for a unique numerical polynomial in a single variable defined by
f(w) = g(w,1). If f(w) has degree k it may happen that r — k is less than
the largest prime exponent in M , the denominator of f(w). The polynomials
g,(x,y) defined below are examples, for / > 1. If, however, M f(w) is monic
and a prime power p° divides M, consideration of the value of Mg(l,p)
modulo p¢ shows that r must be at least k +e.

To demonstrate the nontrivial nature of the graded ring of homogeneous
numerical polynomials we proceed now to give a p-local basis, for any prime
p, in the two-variable case. This problem has also been considered by Knapp
in [29].

Fix a prime p. Let A(x,y) be a homogeneous integer polynomial of degree
p2 — 1 such that for all integers @ and b which are not both divisible by p we
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2_ 2_ _ 2_

have h(a,b) =1 mod p. Forexample, let h(x,y) = x" '—x? PyP= 147 1

2_ 2_ 2_ 2_

or, if p is an odd prime, A(x,y) = x” ' = xW N2y =02 | ppi-l
has the advantage of symmetry.

Given h(x,y), we define the sequence of polynomials q,(x,y) recursively

by

, which

q,(x,y) = (xy’ = x"y)/p,

4 (x,9) = (@, (x,9F —h(x, 0 g (x.9)/p, ifk>1.

It is clear that g, (x,y) is a homogeneous polynomial of degree pk + pk_l ,

and its denominator is p” **"*"*?*! It follows that if p divides both a
and b then g, (a,b) is an integer; in fact it is divisible by p . Fermat’s theorem,
together with the property we have assumed for A(x,y), shows inductively that
g,(a,b) is an integer for all other integral values of @ and ». Thus q,(x,y)
is a numerical polynomial.

If p is odd and a symmetric choice is made for /(x,y) then g, (x,y) is
antisymmetric for all k > 1.

Given integers m and n, with 0 < m < n, let m = (p + 1)t + r, with
0<r<p+1, and write ¢t = ¢ +t2p+---+tkpk_l, where 0 <7, <p. We
define

X"y g, (0,9) 4%, 0) % g (x,p)*,ifr<p,

n
g, (x,y)= _ ]
mX>) {y" " (x,p) g (x, ) g (x, )%, ifr=p,

so that g;, (x,y) is a homogeneous numerical polynomial of degree » .

Lemma 1.10. If f(x,y) = an=o /lmg:,(x,y) where the coefficients A, are in-
tegers and f(a,b) =0 mod p for all integers a and b, then p divides each
coefficient A, .

Proof. We use induction on k, the largest index such that q,(x,y) appears in
f(x,y) with a nonzero coefficient.

If k=0 then f(x,y) = Efn;:)imx"_mym +lpy". The coefficient A, =
f(0,1) is divisible by p, while f(1,y)— f(0,1)y" is a polynomial of degree
at most p—1 which has p distinct roots modulo p, and so it must be the zero
polynomial modulo p. '

For k > 0 we write f(x,y) = Ef.:o'fi(x,y)qk(x,y)', where f(x,y) =
25;5 lm+iKg,',',_iK(x,y) with K = p* + p*~! and A;=0 for j>n.

The induction step will be completed if we can show that, for each i, p
divides f(a,b) for all integers a and b.

Since p divides qj(a,b) if both a and b are multiples of p it follows that
fi(a,b) is certainly divisible by p in this case.

If d is aninteger (a+dp*)’ = a” mod p**'. It follows that g, (a+dp* ,b) =
q,(a,b) + db"’pk_l mod pk . This implies that q,(a + a'pk ,b)=q,(a,b) mod

¥, so that q, (a+dp* b)Y = g,(a,b)’ mod p*, which gives qz(a+dpk ,b)y=
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g,(a,b)—h(a,b) db"pk‘2 mod pk_1 . We use here the fact that h(a+dpk ,b) =
h(a,b) mod pk since A(x,y) is an integer polynomial.
Iterating this argument we have

g,(a+dp*,b)=q,(a,b)+ (-1 "h(a.n) " ar T mod ptUH,
for j<k.

Thus g,(a + dp*,b) = g;(a,b) modp, if j < k, and this implies that
fi(a+dpk,b)zf,.(a,b) mod p.

Now if p does not divide b, then h(a,b)

q,(a,b) + (—l)k_' db modp.
Therefore for all integers d

1 modp, and qk(a+dpk,b) =

p—1 )
S fa,b)(g(a,b)+(=1)""db) = fla+dp",b) mod p
i=0
=0 modp,
implying that f(a,b)=0 modp, for i=0,1,...,p—1.

If p divides b, but not a, an almost identical argument, in which the roles
of a and b are reversed, yields the same result.

Theorem 1.11. The polynomials g,',',(x ,y), m=0,1,...,n, provide a p-local
basis for the group of homogeneous numerical polynomials of degree n .

Proof. Note first that the g,':,(x, y) are rationally independent. If this were

not so there would be integers 4,,4,,...,4,, not all divisible by p, such that
S oA, &m(x,y) =0, which would contradict the lemma.

The group of homogeneous polynomials of degree n has rank n + 1 so that
g (x,¥),8 (x,¥),...,8,(x,y) form a rational basis.

Given a homogeneous numerical polynomial f(x,y) of degree n,let f(x,y)
= 3 o Mn8m(x,y) with u € Q. Choose the integer N so that Nu, € Z
for m=0,1,...,n,and p does not divide N,uj for some j. If p divided
N then the lemma would be contradicted. Hence u,, is a p-local integer for
all m.

In [47] one of us has considered certain algebraic consequences of the exis-
tence of this basis.

2. THE K-THEORY OF BU(n)

If we now think of 7" as the maximal torus of the unitary group U(n), the
map BT" — BU(n) induces an epimorphism A, = K (BT") — K,(BU(n))

w, wy,

under which (') is mapped to g, , forall i, so that (kl ) (',‘(’22) . (k) is mapped
to Bklﬂkz...ﬂkn.

Recall that K ,(BU(n)) has a basis (as a Z-module) consisting of the mono-
mials in the B, of length at most n [4]. Note that these monomials are with
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respect to the product induced by the Whitney sum, while the product which
we have been using in K (B T") comes from the tensor product of bundles.

We can, however, give a different description of K (BU(n)) in terms of
polynomials satisfying an integrality condition.

Theorem 2.1. A4s a K, (K)-comodule K,(BU(n)) may be identified with the
subcomodule of Qlx,,...,x,] consisting of those symmetric polynomials
S(xys ..., x,) satisfying
n!
nt---nl

flky, ... ,k,)€Z,
where the sequence of integers k, ...k, contains r distinct elements repeated
n,,...,n, times, respectively. Here Q[x,,...,x,] has the multiplicative co-
module structure given by y(x,) = w ® X;.

The map A, = K,(BT") — K,(BU(n)) sends a numerical polynomial

flw,,...,w,) to the symmetrization (1/n!)3 ¢ f(xa(l) s s X)) -

Proof. This is a special case of a result in the appendix of [39], which provides
a description of K (BG) as a K (K)-comodule for any compact, connected Lie
group G. An explicit proof of the case in question may be found in [47]. For
an explanation of the significance of the variables x; see [43].

Corollary 2.2. The group of primitive elements P K (BU(n)) may be identified
with the group of homogeneous symmetric polynomials of degree m satisfying
the integrality condition of the theorem.

Though j,: K,(BT") — K,(BU(n)) is, of course, onto, the restriction of
J, to the graded group of primitive elements is not an epimorphism, as the
following example shows.

Example 2.3. Let g (x,,x,) = X, X5(x, — x2)2 , which is clearly symmetric and
homogeneous. It is trivial to verify that if r > 2 then g (x,,x,) satisfies the
integrality conditions of Theorem 2.1. Hence g,(x,,x,) € P, ,K,(BU(2)) for
r>2.
Let f(w,,w,) = jwjwy(w, — w,)(w, - 1); then f(w,,w,)€ KO(BTz) for
r>2,and
j*(f;(wl ,'LUZ)) = %(f;(xl ,XZ) + f;(XZ ’xl))
= bxxy((x; — x,)(x; = 1)+ (x, — x,)(x, = 1))
=g.(x,,X,).
However f(w,,w,) is not homogeneous, i.e., not primitive. We will show
that g (x,,x,) does not belong to the image of

J. P

2
212K (BT™) — P2r+2Ko(BU(2))-

Assume that j, maps & (w,,w,) € P2r+2KO(BT2) to g,(x,,x,). Thus

%(hr(xl 5x2) + h,(xz ax|)) = gr(xl 9x2) )
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so that 4 (x,x) = g,(x,x) = 0. Therefore x, —x, divides A (x,,x,), in
Qlx,, x,].

Write h,(x,,x,) = 3(x, — x,)5,(x,,x,) ; then
r.r
5, (x;,x)) = 85,(%5, %) = X, X,(X, —X,).

Since h,(x,,x,) is homogeneous of degree 2r + 2, it follows that s,(x,,Xx,)
is homogeneous of degree 2r 4+ 1, and thus that 5, (x, —x) = —s,(—x, x) .

Thus, setting x, = x, x, = —x in the above relation, we obtain s,(x, —x) =
(=1)"x**". Therefore h(1,-1)=(-1)"}, contradicting the assumption that
h,(w,,w,) was numerical.

We shall see in §10 that g,(x,,x,) does not belong to the image of the
Hurewicz map 7},(BU(2)) — P,K,(BU(2)).

We conclude this section by establishing notation for some standard primitive
elements and giving various formulas which relate them.

Definition 2.4. Let ¥ €, (BU) denote the Bott generator and also its image
in 75 (BU) and P,K,(BU).

Being unstably spherical, Z, is also primitive in another sense. Since K, (BU)
is torsion-free it possesses a diagonal map

A: Ky (BU) — K,(BU) ® K,(BU),

which makes it a coalgebra (in fact a Hopf algebra with respect to Whitney
sum). An element a € K(BU) is diagonal primitive if

Alo) =a® 1+ 1®a.

The primitive elements which are our main object of study will be referred to
as coaction primitives if the context is not clear.

It follows immediately from the definition that B (X ) = X
Bott map B, : K,(BU) — K,(BU).

Now X, = B, and, accordingly to [5],

(2.5) B,(B,)=(-1)"(g,,,—7,),
where g, is the Newton polynomial N,(8,,...,8,) in B, ..., B,.

Since o, = (—l)i_li B; modulo decomposables, and B, annihilates decom-
posables,

a1, under the

Thus
%, =B.(Z)=0,-0,= B +25,~ B
X, =B,(%,) =09, - 30, + 20,
= B, +6B,+6B,— 3B — 68,8, + 2B,
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and in general
k

T =Y (-1 - 1)S]0,.

i=1

Here S,i is the Stirling number of the second kind [11], defined by the identity

k
2.6 w* =3 is! (w) .
(2.6) ; k i

The elements X, € P K (BU) will provide the building blocks out of which
divisiblity relations will be constructed. They are, of course, geometrically very
natural. However their expression in terms of the algebra with which we have
been analyzing the primitives of K,(BU) is rather complicated.

We shall therefore need another basic set of elements, which like the z,
are rational polynomial generators for P K (BU), but which are algebraically
simpler.

Let the image of wke PkKO(CP°°) in P K,(BU) be denoted by I, . Since
o, = (—I)Hiﬂi modulo decomposables and g, = (%) in K ,(CP®), compar-
ison of the formula for X, in terms of the o, with the formula (2.6) which
defines the S,i shows that £, =T', modulo decomposables in K,(BU). In fact
the two are congruent modulo decomposables in P, K,(BU).

It follows that, for k >0,

(2.7) B*(Fk) = B*(Zk) = }:k+l :

Under the limit map /: K (BU) — K (K) = Alw™'] of diagram (1.4),
both X, and I', are sent to w* . The image of / is clearly the subgroup
AC A[w_l]; in fact / induces an isomorphism between the indecomposable
module QK (BU) and the subgroup of A consisting of the numerical poly-
nomials without constant term. The group AK,(BU) of diagonal primitive
elements of K,(BU), for which the o, form an integral basis and the X a
rational basis, maps monomorphically into QK,(BU). Since g, = (—l)i_liﬂi
modulo decomposables, /(g;) = (—l)i_'i(’f’) . It follows that / maps AK (BU)
isomorphically onto wA C A[w_'] . In other words we have proved the follow-
ing result.

Proposition 2.8. If f(w) = Z:zo Aiwi € A, there is a unique rational linear
combination of the ¥, which | maps to wf(w). It is given by Z:zoli):m,
which belongs to K,(BU) since it equals B,i (f(w)— f(0)) + f(0)Z, .

3. THE ALGEBRA OF A-SEQUENCES AND W -POLYNOMIALS

In this section we define the W-polynomials associated to a sequence of
rational numbers 4,45, ... and prove the results on such polynomials which
we shall need in §§4 and 5. There the A-sequence will be the sequence
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Ay = (—l)kBk /k , where B, is the Bernoulli number, and we shall prove that,
subject to certain admissibility conditions, the associated W -polynomials are
stably numerical.

Definition 3.1. Given a sequence 4,,4,, ... of rational numbers, define the
additive homomorphism A : Q[w] — Q[w], by A(w") =2, (w" - 1),

Definition 3.2. If K = (k,, ... ,k,) is a sequence of natural numbers we write
len(K)=r and |[K|=k +---+k,.If J=(j;,...,J,) then KJ denotes the
sequence (k,, ...,k ,Jj,...,j;). In particular K(k) = (k,, ...,k ,k), and
(k)K = (k,k,,...,k).

We let () denote the empty sequence.

If k is a natural number and K is nonempty we let K + k denote the

sequence (k,, ..., k,,k +k).

Definition 3.3. Fix the A-sequence 4,,4,, ... . For each sequence K define the
W -polynomial W, (w) € Q[w] recursively by

r’

W (w)=1 and W, ,(w)=Aw Wy(w)).

Thus
k
W (w) = A (w* ~ 1),
- _
W, o) = (A, ('™ = 1) =2, (w’ - 1)),

and so on.

Note that W (w) has degree |K]|.
Lemma 3.4. For any natural number k and any nonempty sequence K,

Wi (W) = 4 (Wi (w) = Wy (w)).

Proof. The result follows by induction on len(K), using Definition 3.3.
Corollary 3.5. For all nonempty sequences K we have W, (1) =0.

The following multiplicative property of W-polynomials will be crucial in
§84 and 5.

Theorem 3.6. In Qw, z]

Wewz)= S "W, w)w,(2).
1J=K

Proof. The proof is by induction on len(K). If K has length one the formula
is trivial to verify.

It is convenient to write z' for z

Consider WK(k)(wz) which, is equal to A, (Wy_ (wz) — Wy(wz)), by the
lemma. The lengths of both K + k and K are less than that of K(k), so that
we may use the induction hypothesis to expand

Wiy (w2) ='1k( PBEERAMIMCEDY ZIWI(w)WJ(Z)) :

LM=K+k 1J=K

1|



KUMMER CONGRUENCES AND STABLE HOMOTOPY OF BU 401

Now, in these two sums, / and L run through the same set of sequences,
except when I = K and L = K + k. Apart from these terms, if IJ = K
L=I,and LM =K+k,then M=J +k.

Thus
Wi (wz) =4, Yoz "W, (w)( W, (2) — W,(2))
iy
+ 2w (w) = KW (w)
= 3 W)W, (2) + A (2 W () - W w)),
1J=K
I1#K

where we have used the lemma again to simplify each summand.
Now the final terms are

A (25 WK+k(w> — W (w))

= 325w, (w) - W (w) + W (w) - W (w)),
= 2 W (W) + 2 W ()W (2),

using the lemma and the fact that W(k)(z) = /Ik(z -1).
This provides all the terms in the summation of the statement of the theorem.

4. THE KUMMER CONGRUENCES AND STABLY NUMERICAL POLYNOMIALS

In this section we discuss various families of stably numerical polynomials.
These elements of the K-theory cooperation algebra will lead, via the techniques
of §5, to the primitives in the K-theory of BU which will be realized in §8.

Certain cases of the elements which we construct are related to the number
theory of §11 of [2]. We explain the connection with our results at the end of
this section.

If n is a nonzero, even integer and p a prime, let Vp(n) denote the exponent
of p in n. Thus p”" divides n but p'*" does not. Following Adams,
we define m(n) as that natural number for which

0, if p — 1 does not divide n,
v,(m(n)) =q 1+v,(n), ifpisoddandp—1 dividesn,
2+uv,(n), ifp=2.
It is a simple consequence of the structure of the group of units modulo a prime
power that, for each nonzero, even n,

(4.1) (w" — 1)/m(n) is stably numerical ;
see Theorem 2.7 of [1].
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The polynomials (w” — 1)/m(n) are not divisible within the ring A[w_l] ,
as can be seen by setting w equal to a primitive (p — 1)p*”?"th root of unity
modulo p”"”(") for each prime p such that p — 1 divides n. The argument
must be slightly modified for p = 2.

We wish to generalize this construction to obtain elements of A[w™ l] involv-
ing a larger number of terms. Unfortunately, even though A[w_l] is known to
be a free Z-module [6], we do not have a natural basis at our disposal.

Adams proved that m(n) is the denominator of B,/2n, where B, is the
Bernoulli number, defined by the identity t/(e' — 1) = 2k>0 Bktk /k!. See
Theorem 2.6 of [1], but note the change of notation for the Bernoulli numbers.
The earliest proof of this result appears to be in [51].

Thus, for each even n, the polynomial (B, / 2n)(w" — 1) is stably numerical,
being an integer multiple of (w" — 1)/m(n). But the latter element can also be
obtained from the former using the following result.

Proposition 4.2. If f(w) and (a/b)f(w) are both stably numerical, where a
and b are coprime integers, then (1/b)f(w) is stably numerical.

Proof. By the Euclidean algorithm there are integers 4 and B such that 1 =
Aa+ Bb. Thus (1/b)f(w) = A(a/b)f(w) + Bf(w) € Alw™'].

We will work with the elements (B, / 2n)(w" —1). Not only does this enable
the number theory to be generalized, but also it turns out to be more natural
geometrically. This is illustrated by the fact that the e-invariant of the image
of a generator of n,, (U) under the J-homomorphism is (B,/n)(w" —1).
See [2] or [52].

The family of numerical polynomials which we shall construct depends on a
version of Kummer’s congruences among the Bernoulli numbers.

Theorem 4.3 (Global Kummer congruences). The linear map
k : Qw] — Qw]
defined by
B )
ky _ k+1 Pry k+1
k(w')=(-1) —k+1(w
maps the ring A of numerical polynomials into the ring A[w_l] of stably nu-
merical polynomials.

Proof. Define the linear map ¢ : 4 — Q[w] by

(D)= (£ o2 20

where N, is the kth Newton polynomial, and we adopt the convention that
N,=0.

Note that w™" (4) = ((w—=1)---(w = j+1))/j! is indeed a polynomial in
w which is clearly stably numerical.

1, k>0,
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Since the binomial coefficient polynomials form a basis for 4 and the New-
ton polynomials have integer coefficients, ¢ maps A into A[w'l] .

In fact, since N, has total degree k , we have wkd)((’,‘(’)) € A foreach k> 0.
Let the linear map f: A — A be defined by

ﬂ((:)):(“)k((ﬂl)—(i,f)), k>o0.

We will show that k¥ = ¢ o #, from which the result follows.
Let F(t) = ;50 (}’j)tk = (141" € A[[7]], and let F*°#(¢) denote the series
in A[w™'][[7]] obtained by applying $o B to the coefficients of F (t). Thus

F¥ 0 = Y (-1 <Nk+l <w_l<1§> e ’w—l<k$2))

k>0
—1fw -1 w k
—Nk<w <2),...,w <k+1>)>l
k=1

- -1fw -1 w k—1
(07 (2). e ()
k>1

=(1+0))_(-1)

=<1+t>%,

where G(1) = ijow']( v

g
The last step follows from the identity

k—1 k-1 d j
Y =D TIN(ey et = 7 log (chtj) ,

k>1 Jj20

which could be taken as the definition of the Newton polynomials.

Nowlet r1=¢'—1=s+5/21+5/314--- € Q[[s]]; then F(ef —1)=e"" =
Sisow's*/k!, and F*P (e’ — 1) = ’G'(¢’ ~ 1)/G(e’ — 1).

By the chain rule G'(¢°— 1) = e °(d/ds)G(e’ — 1), but from the power series
definition of G(¢) we have

G(t)=((1+0" = 1)/wt,
so that
Ge' —1)= (" = 1)jw(e’ - 1).
Thus
d ewS B (eUIS _ l)eS

S
d—SG(e—l)—es_l w(es_l)z,
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so that
ws S
¢of we e
F (es_l):ew:_l—es_l
w 1
=w-1+ e _ 1 _es__l
k k+l Sk
_ +l
w1+ 2 - Dy
k>0
Since B, = —% and the other odd Bernoulli numbers are zero, it follows that
ky _ k+l _ k
do ") = (=D L@ - 1) = k(w).

Our aim is to construct numerical polynomials with large denominators by
iterating the map x . However, since x transforms numerical polynomials into
polynomials which are only stably numerical, each new application of ¥ must
be preceded by multiplication by a suitable power of w . The minimal allowable
power is, in general, difficult to predict. The results of Johnson [27] imply that
a general stably numerical polynomial of degree m may have to be multiplied
by w>™ """ before it becomes numerical, where a(m) denotes the sum of the
dyadic digits of m . However the following proposition gives us a smaller, and
simpler, upper bound for the case in which we are interested.

Proposition 4.4. Let f(w) € A have degree n; then w™ Mk (f(w)) € A.

Proof. Note that B(f(w)) is an integer linear combination of 1, w, (%), ...,
(,4)) - Since we((})) € 4 forall k>0,

w™ Kk (f(w)) = w" o B(f(w)) € 4

Proposition 4.5. If k > 0 then (B, /k)(w" — 1) € A[w™"].

Proof. The given element is (—l)kic(wk_]) .

w

If k = 1 the proposition asserts that (w — 1)/2, which equals w™' (5),is
stably numerical. For other odd values of & the result is vacuous.

If k is even then the denominator of B, /k is m(k). Thus, apart from a
factor of 2, we have another construction of the elements of (4.1). The following
result shows that the extra power of 2 can be recovered.

Proposition 4.6. If k is even and positive then (Bk/2k)(wk -1e Alw™.

Proof. Apply the homomorphism x to wk_l(l -w)/2€A.
Since k is even and positive, B, , =0 and we obtain the required element

of Afw™'].
Proposition 4.7. If j and k are even and positive, with j sufficiently large, then

B B. . ; _
St (3w - 07 -0 ey
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Proof. Apply k to

w1 -w)B,, «

=< -1
% b
which will be numerical if j is greater than or equal to the maximum exponent
of any prime in 2m(k).

If p is an odd prime then, since p divides the denominator of B, _,,

1(B; Bjip-i j+p=1 -1
If p—1 does not divide j, so that B j /2j is a p-local integer, we may set w
equal to a primitive (p — 1)th root of unity modulo p to obtain the congruence

B;/2j =B, , ,/(2j+2p—2) modp.

It is this result which is usually referred to as Kummer’s congruence; see for
example §8 of Chapter 5 of [13]. In fact the result in Kummer’s [32] is slightly
more general. It is the congruence obtained by applying this technique to the
numerical polynomial wi((wj o w)/p)", where j is a multiple of p — 1.

The process of constructing numerical polynomials may be continued. The
next elements of A[w'l] which can be obtained by our method have the form

B, (B (B, . By s
ﬁ(ﬁ(ﬂw"l)_zwzj(w -1
B B . B .
otk [ Bi by Tikjtk o iRk
2j + 2k (21(“’ D=5+ ™ ”)) :

We state the general result in the language of §3.

Definition 4.8. A sequence K = (k,, ... ,k,) of positive integers is said to be
admissible if kj+l > kj +- - +k for j=1,2,...,r. It is strictly admissible
if the strict inequality holds for all relevant values of ;.

Proposition 4.9. The W-polynomial W, (w) of Definition 3.3 corresponding to
the A-sequence A, = (—l)kBk/k is stably numerical if the sequence K is admis-
sible. Moreover lelWK(w) is numerical.

Proof. The homomorphism A corresponding to this A-sequence is character-
ized by A(wf(w)) = k(f(w)). Thus Theorem 4.3 and Proposition 4.4 imply

that if f(w) € A has degree n then ka(f(w)) €4 if k> n. Since W (w)
has degree |K| the result follows from Definition 3.3 by induction on len(K).

Corollary 4.10. If K is admissible then w?K! WK(w_l) is a numerical polyno-
mial.

Proof. 1t follows directly from the proposition that WK(w_') is stably numer-
ical and clearly lelWK(w_') is a polynomial. The force of the corollary is
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that it becomes numerical if multiplied by w'¥! , which we prove by induction
on len(K).

To start the induction note that w?* W(k)(w_') = —w* Wi (w), since

k

W (w) = (1) (B, /k)(w" - 1)

In general set z = w™" in Theorem 3.6, and use Corollary 3.5 to obtain

-1 —1
0=We(1)= 3 w W, ww,w™).
1=K

2[K|

Multiplying through by w and rearranging,

W w™ == 3wy W, (w”

1J=K
J#K

since 2|K|—|I|=|I|+2|J] if IJ =K.
Now by Proposition 4.9 and the induction hypothesis all the terms in this
sum are numerical polynomials, and the proof is complete.

1

)

As we have seen in Proposition 4.7 for the case of sequences K of length
two, Proposition 4.9 remains true for the A-sequence A, = (—l)kBk [2k, if K
is strictly admissible. However the elements which we shall realize in §8 are
related to the W-polynomials formed without the extra 2, as in the statement
of Proposition 4.9.

If we work a prime at a time the admissibility conditions in the previous
results can be eliminated. To do this we need the following local version of
Theorem 4.3.

Theorem 4.11 (Local Kummer congruences). Let p be a prime. The linear map
Kk, : Qw] — Q[w]
given by

k+1 k

(1Pt @ -, k20,
maps the ring A p)[w_l] N Q[w] of p-local stably numerical polynomials into
itself.

Proof. See the introduction of [28], where Katz states an equivalent result which
follows from the existence of the p-adic Bernoulli measures.

Kk,(w") =(-1)

We have not been able to find an elementary proof of Theorem 4.11 along the
lines of the proof of Theorem 4.3. The most accessible account of the measure
theoretic approach is to be found in [30].

Katz remarks that these congruences were “essentially known to Kummer.”
However the extra factors (1— pk) do not, as far as we know, occur in Kummer’s
work. The full congruences do not seem to have been noticed until the work of
Kubota and Leopoldt [31] on p-adic zeta functions.

Notice that the difficulties in iterating the map k of Theorem 4.3, which we
discussed after the proof of that theorem, do not arise for the local K, .
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Corollary 4.12. If K = (k,, ... ,k,) is a sequence of natural numbers then the

polynomial Wy (w) corresponding to the A-sequence

e = (=0 = pB, /(K + 1)
is a p-local stably numerical polynomial.

The trinomial case of these polynomials, which are local versions of the poly-
nomials of Proposition 4.7, occur, at least implicitly, in [2]. There Adams shows,
in Lemma 11.2, that for » and v distinct, nonzero, even integers, there exists
a rational number é(u,v) such that for sufficiently large ¢ and for all integers
n

("™ —n"y = 6(u,v)(n"™" —=n"Yy=0 mod mu)m(v - u).

We now show how our results give simple congruences for the numbers
d(u,v), which differ from those in [2]. It is the presence of the Bernoulli num-
bers in our formulas which systematizes our approach and enables the results
to be generalized.

Adams’ result can be restated in terms of numerical polynomials as the fact
that, if j and k are even,

1 [(w -1 o wt o .
—— | ——— -y, k)———~ | € A[w ],
) ( mGy U0 [

m(j + k)
where y(j,k) is the integer m(k)d(j,j+ k).
Comparing this with the polynomials W( i k)(w) associated to the A-sequence
Ay = (- - pk)Bk+l/(2k + 2), we obtain the congruence

(4.13) (1-p" ()G, k) =n(j+k) modp™',

for all odd primes p such that p"(p — 1) divides k, where n(j) denotes the
numerator of B; /j.If p=2 and 2" divides k, the congruence (4.13) holds

modulo 2"*%.
If j sufficiently large we have the global congruence

n(j)y(j,k)=n(j+k) mod m(k).

The congruences 4.13 determine y(j,k), as long as none of the primes p such
that p—1 divides k also divide n(j). However in this case, which corresponds
to part (i) of the proof of 11.2 in [2], y(j, k) is simply chosen modulo p"J’l SO
that the constant terms cancel modulo p"JrI in

(W’ = 1)/m(j) =y, k)W’ = 1)/m(j + k),
and thus

1 [(w -1 o wth o i (w* =1
(k) (7(17 TR ) = ey ) mod Zplvl-
Hence Adams’ approach does not generate any more numerical polynomials
than ours.
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Murdock has used Adams’ function J(u,v) to study the e-invariant on two-
cell complexes [38]. He states general integrality conditions for the values of
the e-invariant in an n-cell complex, in terms of numerical polynomials, but
remarks that “the functions playing the role of d(u,v) seem to be unknown.”
They are essentially provided by the existence of the elements of the K-theory
cooperation algebra given by Corollary 4.12.

5. CONSTRUCTING PRIMITIVE ELEMENTS IN THE K-THEORY OF BU

In this section we investigate techniques for obtaining elements in the groups
P_K,(BU(n)). In the light of Theorem 2.1 this means that we need to be able to
construct homogeneous symmetric polynomials satisfying a certain integrality
condition. The families which we are able to construct derive initially from a
two-dimensional torus and thus from homogeneous numerical polynomials in
two variables.

We will write our primitive elements as rational polynomials in the elements
Z, or T',. Application of the Chern character shows that P K,(BU)®Q is a
polynomial algebra generated by X, ,X,,.... The I', will also serve as poly-
nomial generators. No power of the X, or of the I', is divisible, but more
complicated expressions may well be.

For example I' ', — l"; € P,K,(BU) comes from

3 2 2 2
W W, — W W, =w W, (W, — W)
in P,K,(B T2) . This element is clearly divisible by 2 in KO(BTZ) = A, . Hence
L(I,I, - T3) € P,K,(BU).

Constructing primitive elements in this fashion leads to polynomial expres-
sions in the I',. We now explain how to obtain elements involving the X, .

If we think of BT? as CP*™ x CP™ and map each CP™ separately into a
copy of BU , the polynomial %wlwzz(w2 —w,) givesriseto 3(I',@;-T,8T,)
in Ky (BU x BU) = K,(BU) ® K\ (BU). Applying the Bott map to each factor
and using formula (2.7), we obtain %(22 ®Z, - Z,®Z,), so that, applying the
Whitney sum, %(2224 - Ei) € P(K,(BU). This element is primitive since each
monomial has weight 6.

For the general case let f(w,,w,) € 4, be homogeneous of degree r. We
may assume that f(w,0) = f(0,w) = 0, since otherwise we can replace
f(w,,w,) by f(wl,wz)—f_(l,O_)wf—f(O,l)wg.

If f(w,,w,) = Z;;: Ajw{w;_’ , with 4, € Q, then we obtain

r—1
(5.1) Y 4T T,_ €PKy(BU),

j=1

r—1
(5.2) Y AT \Z,_,,, €P K (BU).
J=1
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Using the Bott map on only one factor gives rise to a third type of primitive:

r—1
(5.3) Z:Ajrjz,_”I € P K,(BU).
Elements of the form (5.2) may be identified in another way. The element

E; l'/ljZJH ®Z,_,,, € Ky(BU x BU) is mapped by

1®1: Ky(BU x BU) — Ky(K) ® K,(K)

to w,w,f(w,,w,) in w,w,4, =wAQwWAC A[w_l] ®A[w"] , where w, =
w®l and w, = 1®@w. Since ! is a monomorphism when restricted to the

summand rationally generated by the X, the element Z; 1'/1 _IZI 1 ®Z, it
may be characterized as the unique rational linear combination of the £, ® X ;
which is mapped to w wzf(w] ,w,) by I®1.

Similarly, Z} ]lj'w ®Z_;,, €K (CP x BU) = A ® K,(BU) is the

unique rational linear combination of the terms w'er i which is mapped to
w,f(w,,w,) € AQWAC A® Alw™' 1= K (CP®)® K,(K) by 1®1.

In §9 we will construct and realize some primitives of the form (5.3). We
now use the results of §4 to generate a family of primitives of the form (5.2)
which will be realized in §8.

If the sequence K = (k,, ... ,k,) is admissible and j > |K|, then, by Propo-
sition 4.9 and Corollary 4.10, w’ W, «(w) and w Kl (w_') belong to wA.
Definition 5.4. For such j and K we let A x and V x be the unique diag-
onal primitive elements of K (BU) which map under l KO(BU) — K\ (K) to
w’ W, (w) and w”'K'WK( '), respectively.

The existence and uniqueness of these elements are guaranteed by Proposi-

tion 2.8. .
Thus A; | = y=X,,and A; ==V, =(-1) (Bk/k)(2j+k -%).

Proposition 5.5. A K and V ;k may be defined recursively by

Aj —( 1) (Bk/k)(A1K+k AJRK)’

VK = (_1) (B, /k)(V jkek = Viek k)
Jfor every nonempty sequence K .

Proof. This follows immediately from Lemma 3.4.

If we now set w = w, and z = wz' in Theorem 3.6,

W, (w,w; ") szmW YW, (w; ).

1J=K
Multiplying by w Iw2211<|,
K|, 2|K]| ] 2u| |1 21J -1
wwy W “’wz Z Wy w, w, I’Vl(wl)wzl lWJ(wz )

1J=K
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which by Proposition 4.9 and Corollary 4.10 belongs to 4, , the ring of numer-
ical polynomials in two variables.

Note that w wéW (w,w, l) is clearly numerical for sufficiently large i and
J since W, (w) is stably numerical; see Proposition 1.9. The advantage of using
Theorem 3.6 is to provide a specific bound on such i/ and ;.

If i,j>|K]| the element

(5.6) wiw) W ww ) = 3w w)w) Y w (w) )

1J=K
can be lifted to a unique rational linear combination of the elements X, ® }:j
in K,(BU x BU).

Definition 5.7. Let E,., ik € P S+ K,(BU) denote the image of this linear

combination under the Whitney sum map.
Thus E; K is the element of the form (5.2) corresponding to the homoge-
neous numerical polynomial w' 'w 'w (W wy, ).

Proposition 5.8. If K is a nonempty sequence,

E‘i,j,K(k) =(-1) (Bk/k)(El J.K+k T i,j+k,K)’
which may be used to define the E, K recursively.
Proof. This follows from Lemma 3.4.

For example,

E, =%,
E juw =" “(Z,M JmZiZ )
Eiab = l)blz (Zi ) (arty ~ Zi b (@)

=(-1) ‘B})‘b‘ ((—1)a+b f‘rll)) (Zi+a+bz' - Zizj+a+b)

- (_1) a(21+a j+b lej+a+b)> :

Theorem 5.9. The following equation holds in K (BU):

= Z Ai,lvj,.l
1J=K
Proof. This is an immediate consequence of the formula (5.6).

This fundamental formula is the one which we shall use to realize Z, K
geometrically. It would not, however, be convenient to define E, P K in this
way, for a large amount of cancellation takes place. It is not even obv1ous that
the right-hand side is a weighted homogeneous expression in the X, which is
the condition for it to be primitive.
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One must not be misled by the obvious consequence of Theorem 5.9 that the
E ; x are decomposable in the ring K,(BU) into believing that this is the case
in the graded ring P K,(BU).

6. THE K-THEORY OF ITERATED THOM COMPLEXES

The algebra which we used in §4 to prove various cases of the Kummer
congruences is closely related to the Thom isomorphism in K-theory. The
following result shows this most clearly and leads us to a fuller understanding
of the A-elements of Definition 5.4.

We should remark that in the proof of Proposition 1.3 we have already chosen
the reduced Hopf bundle as a preferred power series generator for K 0(CP°°) .
Following [4], this leads to a choice of Thom class ¢ : MU — K, which agrees
with that of [52].

Proposition 6.1. The following diagram commutes:
A . — A[lw™"]

1 I

K,(BU) —2— K,(BU) ¢T_’ Ky(MU) —“— K (K)

where x is the homomorphism defined in Theorem 4.3, B, is the Bott map,
t: MU — K is the K-theory Thom class, and ® the corresponding Thom iso-
morphism.

Proof. In the notation of the proof of Theorem 4.3,

«((5) o5 ()
(o () 0)
- (o (). ()
o (2 (21)

On the other hand (}) € 4 mapsto B, € K,(BU) and
B, (B) = (—1)k(Nk+,(ﬂ1 s Bra) = Ne(Bys -5 B

see equation (2.5). :
Now @ and ¢, are both ring homomorphisms, while (D(biK) = B, and
t*(biK) =w™! (,¥)) ; see pages 400 and 435 of [52]. So

i+1

t*CD_lB*(,Bk) = (—l)k (Nk+l (w_l (g) s (kf 2))
- N, (w_l (2’) e w ! <k:l_] 1))) ,

and the diagram commutes.
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If a different K-theory orientation class is used to define both the Thom
isomorphism ® and the Thom class 1: MU — K then the diagram fails to
commute only by a function 4 — Z[w]. Thus no new stably numerical poly-
nomials arise.

Corollary 6.2.

1,07 '(2) = () B /W -1),  k>1.

Proof. w*™' € 4 mapsto T,_, in K,(BU) and B,(T,_,) = X, , by (2.7),
while x(w*™') = (=)} (B /k)(w" - 1).
Our next step is an unstable version of this corollary. If k < j then X,
belongs to K,(BU(j)) C K,(BU).
The Thom class ¢t € I?O(M U(j)) may be represented by a map
t:MU(j)— BU,

and the diagram
Ky(MU(j)) —— K,(BU)

l l

Ky(MU) —=— K(K)
commutes, where K,(BU) must be interpreted as the jth term in the limit
diagram (1.4), so that I'; and hence X, both map to w'™ in K,(K).
Let @, denote the Thom isomorphism K (MU(j)) — Ky(BU(J)) .

Proposition 6.3. Under the composition
-1

K (BU(j)) —— Ky(MU(j)) = K,(BU),

%, mapsto (=) (B /k)(Z,,, — X)), if j>k.

Proof. By Corollary 6.2, t*d>;'(2k) maps to (—l)k(Bk/k)(wk - 1) e K, (K).
Since j — 1 > k, the element X, belongs to K, (BU(j — 1)) so that the
diagram

K(BU(j — 1)) —=1 Ry(S>AMU(j - 1))

l l

-1
Ky(BU(j)) —— Ky (MU(}))) —=— K,(BU)
shows that 1,®]'(Z,) is the image of o (Z) € K (S AMU(j - 1)) and
hence is diagonal primitive. Thus t*CDj_'(Zk) is a rational linear combination
of the X, . It follows that

L®(Z) = (D (B h)(Z,, —Z)

k+j <y
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This result is a version of a standard e-invariant calculation; see Proposition
19.30 of [52] for example. We now generalize it to show how the elements of
Definition 5.4 can be related to the Thom isomorphism.

Let K = (k,, ... ,k,) be an admissible sequence of natural numbers, in the
sense of Definition 4.8, and let k > |K|. The element A, v x € Ko(BU), being
a linear combination of the X, with i < k + |K], belongs to K o(BU())) if
JjZk+I|K]|.

Proposition 6.4. If j > k + |K| then t*(D;l(Ak ) =8 k- where (k)K is the

sequence (k,k_, ... ,k), as in Definition 3.2.

Proof. We use induction on r =len(K). The case r = 0 is Proposition 6.3.
For the induction step note that by Proposition 5.5

A K(i "’1 k(B K+i _Ak,K)’
where A, = (—l)kBk/k , s0 that
LT (B k) = 26,07 (By g, = 1,97 (B, ),

which we may inductively assume equals A (Aj (OK+i —A. K k) - But, by Propo-
sition 5.5 again, this is A OK() - The inequalities of the induction statement
are sufficient to guarantee the validity of this argument. We interpret A

as A =X

J+i() J+i

The next step toward realizing primitive elements in K,(BU) is to show how
the A-elements can be realized in the K-theory of finite CW-complexes. The
complexes in question are constructed by iterating the Thom construction.

J()+i

Definition 6.5. If K = (k,, ... ,k;) is an admissible sequence of positive in-
tegers, the iterated Thom complex (X, f;) consists of a 2|K|-dimensional
CW-complex X, and its Thom class f: X, — BU. We define (X, f)
recursively as follows.

Let X, = S* and let f(k) be the Bott generator of =, (BU).

Suppose now that (X, , f;) is defined and k > |K|, so that the sequence
(k)K = (k,k,, ... k) is admissible, then the iterated Thom complex corre-
sponding to the sequence (k)K is constructed as follows.

Since dim X, = 2|K| < 2k, the map f, factors uniquely as

X, -~ BU

AN

BU (k)
see Theorem 8 (2.6) on page 102 of [26], or 10.19 of Chapter IV of [53]. Then
X K is the Thom space of the U(k)-bundle over X, induced by f, and the

Thom class f(k)K is the composition Xk — MU (k) % BU, where ¢ is the
universal Thom class.
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Note that if k > |K|, which is necessary for (k)K to be strictly admissible,
then X, is a double suspension since f”K factors through BU(k — 1).

In a particular case it may be possible to factor f through BU(j) for some
j less than |K|. Thus iterated Thom complexes may exist for inadmissible
sequences. In this sense, CP" is an iterated Thom complex corresponding to
the sequence (1,1,...,1) of length n.

It follows from Lemma 12.26 of [52] that X, has a CW-complex decom-
position of the form

e p2krthemt) (L p2erka) ) 2IKT
Definition 6.6. The standard basis Xx, ,xIK, ,er for K, (Xg) i1s defined
recursively by x(f =1, and <I>(xf’+‘)lk) = xiK for i = 0,1,...,r, where

®: K o(X k)K) — K (Xy) is the Thom isomorphism.
Proposition 6.7. If the sequence K is strictly admissible then
(f](),.= : Ko(XK) - Ko(BU)

maps xiK 08 k) ifi>1.
Proof. The diagram
Ky(Xyx) — K, (MU(k)) —— K,(BU)

q>l’z d),‘l;
Ko(Xg) —2, K(BU(k))

in which the top row represents (f, . (k)k )« » ShOWs that

1

U)X ) = 1,0 (S (%)) -

Assuming inductively that (fK)*(x,.K) =8 ik

— e Kr—ig1) ?

KK\, o1
Jirg)e i ) =8P (B e, k)

= Dk ke kot k)
by Proposition 6.4.
The induction is initiated by the remark that t*fb;l(l) =X =A nE by
definition of X, .

Definition 6.8. The standard basis & ,&F, ... ,&" for K°(X) is defined re-
cursively by é(f =1, and <D(éK) = Cff;)lk for i = 0,1,...,r, where ® :
KO( Xg)— K° (X K) is the Thom isomorphism.

Thus f, represents él .

The standard basis for K 0(X ) 1s dual to the homology basis of Definition
6.6.
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Our final task in this section is to generalize Proposition 6.7 by providing
a formula for the slant product fl.K /xf = (é,.K )*(xj’.( ). To do this we need the
following results on the Thom isomorphism.

Lemma 6.9. Let M be the Thom complex of a bundle over B which is oriented
with respect to K-theory. Suppose that K (B) is torsion-free, so that K (B) is
a coalgebra with coproduct A : K (B) — K(B) ® K(B).
Let 6 : M — M A B_ be the reduced diagonal [33), and let ®: I?O(M) —
K (B) denote the Thom isomorphism.
Then we have
5.(x) = (@' @ 1)AD(x)

inK(M/\B) 0(M)®K(B)
In parttcular if ®(x) € K(B) is primitive then
5.x)=x01+® (1)@ d(x).
Proof. The following diagram commutes:

KaM 2 kamap, MMM gaB,

l/\61 l/\l/\A+l l/\A+l

KAMAB, 2 gk aMAB AB, X200, K AB AB,

where A, : B, — (B x B), = B_ A B_ is the diagonal, which induces the

coproduct on K (B), and ¢ € I?O(M ) is the Thom class.
The induced diagram of homotopy groups is

KM) 2 KB

.| Js
Ko(M) ® Ko(B) 22 K,(B) ® Ky(B).
The result follows.
Proposition 6.10. Given the assumptions of the lemma, let & € K° (B) be repre-
sented asamap §: B, — K and ®(&) € K° (M) asamap ®(&) M - K. If
X € I?O(M ) is such that ®(x) € K\(B) is diagonal primitive, then
D), (x) = 1,(x).&,(1) +1,(@' (1)) .&, (D(x))
in K,(K).
In particular, if & € I?O(B) then

D(E),(x) = £,(D' (1)) .&,(D(x)).
Proof. The map ®(&): M — K is the composition

M MAB, L KAK LK.
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Proposition 6.11. If the sequence K = (k,, ... k,) is strictly admissible, and
xf € K, (Xg), éiK € KO(XK) are elements of the standard bases then (éf)* :
K
K (Xg) — K (K) maps x; to
kr kl—l+ ; ’ ;

W W k@), 1SS,

0, ifi>j>0.
Proof. Since the sequence K is strictly admissible, all the Thom complexes
X (kr_s o ) ATE suspensions, so that every element of their reduced K-homology
groups is primitive. We may therefore repeatedly apply the previous proposition
to obtain

E0.0) =g, (x

i—1
kr+k,— (ky—3 ... ,k1) (kr—2 s k1)
=w ](é,‘_z l ),,(xj_z7 : )

L]

where we note that if ¢ € KO(M ) is the Thom class of a U(k)-bundle then
(@' (1) = w* € Ky(K).

This reduction will stop for one of two reasons.

First, we may reach xfk"/*' ki) , whose image under @ is 1, which is not

primitive. This occurs if j < i, in which case

(Kr—jt e k1) (kr—jst 5 K1)
(é,‘-jfll I )*(Xl ! l )= 0,

so that (&), (x}) =0.
If on the other hand j > i, we have

K K Ketotke v g (Krm ot v k1) (Kr—is1 5 5K1)
& )*(xj )=w 2(él l l )*(xj—i++ll ).

But, as a map into the spectrum K, éfk"‘“ +K1) {5 the composition of

f(’kr—l+l yeee akl) : X(kr—l+l ""vkl) - BU

with the limit map BU — K .
Now by Proposition 6.7

(kr-l+l yeee kl) —_
(f(‘kr—nl yeee xkl))*(xj_i+1 ) - Akr—:+l ’(kf—l 5een ykr—/+l)
in K,(BU), and

_ kr-:+|
I(Akr—H-l ~(kl—l oo vkr—J+|)) =w u/(k *k"“ﬁ”)(w) ’

The result follows.
Corollary 6.12. Under the conditions of the proposition, the induced map (é,.K ), !
Ky(Xg) — Ky(BU) maps xj’.( to

Ak1+"'+kr—l+l ,(1\',_,,... ‘kr—/+l) > lfl S ! S J ’
0, ifi>j>0.
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Proof. Since K is strictly admissible, X, is a suspension and thus the element
(éiK)*(xf) € K,(BU) is diagonal primitive. The result now follows from the
definition of the A-elements.

7. HYPERSURFACES AND DUALITY

This section is devoted to a geometric construction of elements in the stable
homotopy of BU . It is this technique which, in §8, will enable us to realize the
elements of P, K,(BU) which we constructed in §5. We will use it again in §§9
and 10.

After describing the construction we will show how S-duality may be used
to provide a formula for the K-theory Hurewicz images of the stable homotopy
classes generated by our method.

Suppose that 4 is a subcomplex of § . Let N denote a regular neigh-
borhood of A, so that N retracts onto 4. We may give N a smooth structure
so that the boundary of N is a smooth hypersurface M c S***! [22]. We
retract N onto a smaller neighborhood N’ so that N = N'U[0,1] x M. If
we identify 4 with N’ and let B denote the complement of N in Naat , We
have a decomposition of the sphere as

S = 4U[0,1]x MUB,

in which [0, 1] x M intersects 4 in {0} x M and B in {1} x M.

Let i: M — 4 and j: M — B denote the boundary inclusions. Given two
maps f:A— BU and g: B — BU, or equivalently elements of I?O(A) and
K 0(B) , we may combine them as the composition

2n+1

fog: M2 MxM-2L 4xBL*5, BUx BU - BU,

where w: BU x BU — BU is the Whitney sum map.
As a hypersurface, M is a framed manifold and the framed bordism class
of f@®g: M — BU defines an element of ngn(BU) .

Let ¢:S*' — S' AM denote the Pontrjagin-Thom collapse (see the proof
of Theorem 12.30 of [52]) so that the stable homotopy class represented by
[M, f® g] is that of the composition

s st am V8, g A By
Lemma 7.1. With the preceding notation the composition

2n+lL’Sl/\M IAIN] Sl/\A/\B

py:S
is an S-duality map, in the sense of page 326 of [52].

Proof. Though this result is well known (see for example [45]), the only com-
plete proof in the literature seems to be that in [18].

Lemma 7.1 provides us with an isomorphism
~O ~ ~ ~
D:K'(A) — K,,(B) = K,(B),



418 ANDREW BAKER ET AL.

which sends an element & of K 0(A) , considered as a map & : 4 — K, to the
element of K, (B) represented by the composition

S 2, s'AANB L S'AKAB.
Similarly, we have an isomorphism
~0 ~ ~ ~
D:K(B)— K, (A) = K,(A).

Lemma 7.2. Suppose that p : S — AAB isan S-duality map and that I?O(A)
is torsion-free with basis x,,x,, ... ,x,. Let the Kronecker dual basis for K o(4)
be denoted by &, ,¢&,, ... ,¢,, sothat DE, ,sz . Dé isa baszsfor K J(B) =
I?O(B) Themducedhomomorphzsm p,: K (SZ") —K o(AAB) = 0(A)®K( )
sends the generator g, to El:l X, ®D¢;.

Proof. The work of Dold and Puppe [18] provides a more general setting for
this result. In their terminology K|, is a monoidal functor and 4 is K-flat. It
follows from Corollary 2.4 of [18] that p_ is the coevaluation for the duality
between I?O(A) and I?O(B). The lemma follows from Example 1.4 of [18].

We can now prove the result which will enable us to compute the K-theory
Hurewicz image of stable homotopy classes realized on hypersurfaces.

Proposition 7.3. Let A and B be complementary subcomplexes of S such

that K,(A) is torsion-free, with M the hypersurface which separates them. Let
c: 8" . S' A M be the Pontrjagin-Thom collapse.
The composition

RS =K, (8™ < R (8" A M) LML R (ST A (4 x B)) = Ky(4 x B)
maps the generator to y_;_, x,® D&, where x,,x,, ..., X, is a basis for IZO(A)

and &, ,¢,, ... &, is the dual basis for K° (A).
Proof. If CX =[0,1]A X denotes the cone on X, let

AxB=CAxBUAxCBCCAxCB

denote the join of 4 and B; see page 482 of [53]. The Hopf construction,
when applied to the identity map, givesusamap I'l : 4* B — S'A (4 x B),
which, composed with the suspension of the quotient map 4 x B — AA B,
determines a homotopy equivalence between A*B and .S "ANANB ; see Lemma
8.15 of Chapter X of [53].

As we saw above, we can decompose S
and B.

We define y : S, 4« B as follows. If a € A let y(a) = a x * in
A x CB; similarly, y(b) =+ x b in CA x B, while on [0,1]x M,
ilm)x (2t A j(m))in Ax CB, ift <
(2=2tANi(m)) x j(m)in CAx B, ift>

2n+1

into the union of A4, [0, 1]x M,

7(t><m)={

= t—
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Consider the following diagram:

S2n+l Y )A*B

ch Jl’l
(7.4) S'AM 24, S'AM x M) LD, S A (4% B)
S'AMaAM 2N, S'AAAB

which is easily seen to commute.
The result now follows from Lemmas 7.1 and 7.2 since the map

T, :K (4+B)— K (S'A(Ax B))= K,(AA B) ® K,(4) ® K,(B)
maps onto the summand I?O(A AB).

Corollary 7.5. Suppose that, with the notation of the proposition, f and g are
maps from A and B, respectively, to BU. The K-theory Hurewicz image of

the class (M, f® gl is Y._, f.(x,)8.(D&).

We may apply other homology theories to the diagram (7.4) to obtain the
corresponding Hurewicz images. In particular, if we use the theory =n ( ), the
generator maps to [M, f @ g] itself. This observation will be useful in §8.

In order to make use of the formula of the corollary we need to be able to
evaluate g (D¢;). The next proposition shows how to do this.

Proposition 7.6. Let p : S™ _— ANB bean S-duality map with £ € I?O(A) and
y € K%(B), so that D& € K (B) and Dy € Ky(A). Then

y,(D&) = w"x(&,(Dy)) € Ky(K),

where &, and y, are the homomorphisms induced in K-theory by the maps
§:A— K and y:B— K, and ) : K,(K) — K(K) is the ring homomorphism
w e w™" induced by swapping the two copies of the spectrum.

Proof. A simple diagram chase.

8. REALIZING THE KUMMER CONGRUENCES IN STABLE HOMOTOPY

In this section we show that the elements Z, jx € PKy(BU) which were
constructed in §5 using the Kummer congruences can be realized in the stable
homotopy of BU .

In §5 we expressed the primitives _.k in terms of the A-elements and
the V-elements. In §6 we showed that the A-elements could be realized in the
K-theory of iterated Thom complexes. The only remaining component of the
proof of the main theorem of this section is to show how the V-elements may
be realized in the K-theory of the S-duals of iterated Thom complexes.
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Suppose that the iterated Thom complex X, , corresponding to the strictly
admissible sequence K = (k,, ... k), embeds in s , and thatY, is the
complement in >
the map p: S

. Thus Y, has the homotopy type of a suspension and
—S'A Xy ANYy of Lemma 7.1 is an S-duality map.

Proposition 8.1. Let y,,y,,...,y, € I?O( Y,) be the basis defined by Dy, =x,,
where x ;is the standard basis element of Deﬁmtton 6.6. Then ). O(Y ) —
K,(BU) maps D¢, to

Vn—|l<|+k,_,+---+k. (k=i k=) lfl <i< J ’
0, ifi>j>0.
Proof. By Propositions 6.11 and 7.6, (yj)* 1Ky (Yy) — Ky(K) maps D¢, to

{ wn_k,— —kr— i1 W (u)_l), if1<i<yj,

(k!—l yee vkr—j+l)
0, ifi>j>0.
But, since Y is a suspension, (yj)*(DCi) € K,(BU) is diagonal primitive
and thus a rational linear combination of the X, . The result now follows from
the definition of the V-elements, 5.4.

Theorem 8.2. Let K be a strictly admissible sequence, as in Definition 4.8, and
let n=k+j+|K|, where k,j > |K|. The element &, . , € P, K,(BU) of
Definition 5.7 is in the image of the stable Hurewicz homomorphism.
Proof. Let X (K)K be the iterated Thom complex corresponding to the strictly
admissible sequence (k)K ; see Definition 6.5. The complex X, has dimen-
sion 2k +2|K| and is (2k — 1)-connected. By a result of Stallings [50] (see also
Theorem 12.1 of [24]) it may be embedded up to homotopy type in SHKI+2k41 R
and hence in S*"*'.
Let Y be the complement of X(k)K in S
Y has the homotopy type of a suspension.
Let [ = f k)K — BU be the Thom class and let g : Y — BU be

chosen so that the dual K-theory class Dg is the element xri)lk of the standard
basis for K o(X k) -
We will show that if M is the hypersurface separating X KK and Y, the

241 Since j > |K| it follows that

element ¥, K of 7z2 (BU) represented by f&g: M — BU maps to _k k€
P K,(BU) under the Hurewicz homomorphism.

By Corollary 7.5 the image of ‘PJ Lk IS 2’“ f.(x)g,(DE).

But by Corollary 6.12 f,(x,) = A, , , and by Proposition 8.1 g, (Dg;)
= VJ ,(kr—1+l yeee -kl) )
Thus

r+1

S f(x)8(DE)= D" ALY,

i=1 1J=K
which, by Theorem 5.9, equals =, K-
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It is natural to ask whether we can realize any more primitives in K,(BU)
by varying the maps f and g in the proof of Theorem 8.2. Since our formula
for the Hurewicz image of [M, f @ g] is bilinear in f and g, it is sufficient
to consider the case where f represents ¢ € KO(X ) k) and, in the notation

of Proposition 8.1, g represents y, € I~{0(Y) . (In the proof of Theorem 8.2 we
had s=1 and t=r+1.) Then

f;‘(xi) = Ak+kr+“'+kr—s+2 Skt e Kr—is2) ? ! Z S5
and
8. (Dé’) = vj+k,_,+|+'~~+k| sk igt s kr—142) tst.

Thus, if s > ¢, the Hurewicz image of [M, f @ g] is zero; otherwise it is

Skt ga ke pr ekt kgt Ke—rr2) ?

which does not provide any improvement on Theorem 8.2.
It is clear that m, E, K is an integral bilinear combination of the X, in
P _K,(BU) for some minimal positive integer m, . We would like to deduce
the same divisibility result for the corresponding combination of the X, in

nf(BU ). Unfortunately, Theorem 8.2 tells us only that this is so modulo tor-
sion.

We complete this section by extending our methods to show, in Theorem
8.8, that the expected divisibility does indeed occur in nf(B U), although for
simplicity we replace m, by an integer ¢, which is, in general, larger.

We need first some preparatory constructions involving the iterated Thom
complexes X, . For a strictly admissible sequence K the complex X, is a
suspension so that for any integer ¢ and map f: X, — Z we can define the
t-fold sum of f with itself, written ¢f, by using the cogroup structure. In
particular, 7 : X, — X, will denote ¢.1 so that ¢f = ¢*(f). Welet S™'X
stand for an i-fold desuspension of X .

Let o(k) = 1m(k) denote the denominator of B, /k and hence also the
J-order of the Bott generator of =, (BU) [2].

Definition 8.3. If K = (k,, ... ,k,) is a sequence of positive integers, the iter-
ated wedge V} is defined as

VK _ S2k, v S2(k,+k,_|) V.V S2(k,+~~-+k2) Vv S2[K| )

Let the elements 'le ,'v2K y s ,v,K in nf(VK) be such that viK is represented

by the inclusion Skt k) - Vi . Let the elements VlK,V;, ,VrK €

ns(V,) be such that v* is represented by the projection V, — Sttt

Note that nf(VK) is free over nf , and the viK and u,.K are dual bases.

Definition 8.4. If K = (k,, ..., k) is a sequence of positive integers we let 0g
denote the least common multiple of o(k,), o(k, +k,_,), ..., ok, +---+k,),
and o(|K]), and define the integer ¢, inductively by

t() =1 and Lk = Ok i -
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Any element of KO(VK) has J-order dividing o .

It follows from Definition 3.3 that ¢, W, (w) is an integer polynomial for
every sequence K. In general f, is an overestimate for the denominator of
W, (w), which is also the denominator of =, jx - However, 1, is equal to
the denominator for all sequences of length one and for those sequences of
length two for which no cancellation takes place among the Bernoulli numbers
involved. For sequences of greater length our results could be improved by
making more precise estimates of the J-orders involved in the proofs.

Lemma 8.5. Let K be strictly admissible. There are maps ay: Vy — X, and

by : Xy — Vi, both of which are double suspensions, such that the composite
agby : Xi — X is homotopic to Yook

Proof. We proceed by induction on len(K).
For a sequence (k) of length one we let both A and b(k) be the identity

2k
on S

Now suppose that we have constructed a;, and b, and that k > |K|. The
complex X(k)K is the Thom complex of f, : X, — BU(k), which factors

through BU(k — 1). Thus, by Lemma 5.15 of [34], S_ZX(k)K is the cofiber of
the map J(f,):S* > A X, — §*7?, obtained by adjointing the composition

2k—2 q2k-2

sTx, S Uk - 1) L ¥ s

Furthermore, since a, desuspends and (aK)* fK over V. has J-order di-
viding ¢, , there is a cofiber diagram

SZk—3AVK N S2k—2 S V

I/\okaxl ll la(k)K

2k—3 Jfx)  o2k=2 -
R N I ) (A

which defines Ak

Similarly (¢, ,...,k.))*jK = (by)"(ay)" /¢ by ourinduction hypothesis so that
Sy has J-order dividing Okl ok = k- But X, is a double suspension,
so the codegree of f; also divides ¢ ; see [29] or [17]. Thus there is a cofiber
diagram

2%—3 J(fx)  2k=2 )
SEIax, L g ST AKX

lAbKl llx lbmk

2k-3 2k-2 -2
SETNY, —— ST —— 5T

which defines b( KK
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We can now amalgamate the two cofiber diagrams, suspend once, and deform
all cogroup structures onto the new suspension coordinates. This yields the
diagram

2k—2 J(fx)  <2k—1 —1
D T LI P

tl(l 1&( la(k)Kb(k)K

Szk—zAXK J(Jfx) S2k—1 S_IX(k)K
which completes the induction.

Our next step is to mimic the proof of Theorem 8.2 by embedding V (K in
S where n = k + j + |K| with j > |K|. The complement W admits a
homotopy equivalence

W~ § v SRR, Ly gRUtKE k) Q20K

Thus, for dimensional reasons, both W and the complement Y of X (k) K
are stable complexes, and we can realize the dual of b( jx asamap d:W-Y.
Lemma 8.6. With the notation of §7, the composition

a(k,K/\d).

s
”2n(X(k)K AY)

maps the generator to t, times the image of the generator under

nfn(szn) o). nin(VEk AW)

S, o2n
Py 75, (S )—’7‘2,,( (k)K/\Y).
Proof. Using Lemma 8.5 it suffices to note that the diagram

2n+1 Px 1
S 2 ST A X A YX‘
pyl b‘“"“l S'A Xux NY
S'AV Vipg N W —2% S'AV g AY Tkl

is stably homotopy commutative. This follows from standard properties of
duality; see [52].

Corollary 8.7. The element of nfn(B U) constructed as in §7 from the hypersur-
face H separating Viok and W, using the maps F = (a(k)K)*f: Vi — BU
and G=d"g: W — BU, is precisely Yy ik Thus it has Hurewicz image
1xE ; x in PKy(BU).

Note that the hypersurface H is a connected sum of a product of spheres.

Theorem 8.8. There are integers q;, for i =1, ... ,r, such that

r

Wik = > D2tttk 1)
i=1
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in 7t2 (BU), and

_‘k J K qu kr+ +I‘r 1+lzn_(k!+"'+kr—1+l)

in P K,(BU).
Proof. Using the previous corollary we may represent #,'‘¥, K by Fo G :
H — BU . Appealing again to [18], since s

*

is nf-ﬂat, we see, in Lemma 7.2, that the homomorphism

1s a monoidal functor and V(k) K

S 2 s
Py T, (S ") - TonVix ANW)

maps the generator to Z.S§=1 v, ® Dv;. Thus, as in Corollary 7.5, #,'¥, JK=
> F.(v)G,(Dv,) in =, (BU).
By definition, Dv; is represented by an inclusion S c W, so

that both F, (v;,) and G,(Dv,) originate unstably in 7, (BU). This establishes
the theorem.

Zn_(kr+"'+kr—wl)

9. ANOTHER FAMILY IN THE STABLE HOMOTOPY OF BU

In this section we use our machinery to produce another family of primitives
in the K-theory of BU and to realize this family in stable homotopy. Both
the number theory and the geometry are rather more straightforward this time.
The numerical polynomials involved arise directly from the binomial coefficient
polynomials, while the space which we have to embed is a projective space.
Proposition 9.1. If n is a natural number and o(n) denotes the sum of its dyadic
digits then wzz"_”(") (" l) is a homogeneous numerical polynomial.

Proof. The result follows from Proposition 1.9 since the largest exponent of
any prime in n! is v,(n!) =n—a(n).

Let ¢ € K°(CP") denote the reduced Hopf bundle, so that ,¢*, ..., "
the basis for K*(CP") dualto B,,8,,...,8,.

Proposition 9.2. The homomorphism (Ci)* 1Ky (C P") — Ky(K) maps B; to the
coefficient of () when (“}X) is expanded as a linear combination of the binomial
coefficient polynomials in x .

Proof. It is straightforward to verify that y(B,) = Z;’=,(Ci)*(ﬂj) ® B;. The
result now follows from the remarks which precede Definition 1.5 on the com-
putation of the coaction on K, (CP").

By a result of Mukherjee [37], CP" may be embedded in S*' “Vif n
is odd, and in S* ™ if n is even. We choose d so that
4n — a(n), if a(n) is even,
2d > { 4n—«a(n) -1, if a(n)and n are both odd,

1
4n —a(n)+ 1, if a(n) is odd and » is even.
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This ensures that CP" will embed in S*. Note that in every case d > 2n —
a(n), with equality holding only for n = 1. Assume now that n > 1. Let ¥
denote the complement of CP” in S$%*! Hence Y isan S-dual of CP" and
has the homotopy type of a suspension since CP" can be embedded in one
dimension less.

Proposition 9.3. If Y, € I~<0(Y) is such that Dy, =8, € I?O(CP") then (yj)

K,(Y) — K,(K) maps D({') to w® times the coefficient of (%) in (*%).
0 0 i J

* °

Proof. This follows immediately from Propositions 7.6 and 9.2.

Let M denote the hypersurface separating CP" and Y. It follows from
Proposition 7.3 that the map induced in K-theory by the composition

IA(IX ]
_—

S s AM L S'A(CP" x Y)
sends the generator of I?O(Sz‘i) to Y0, B,®D().

Let f denote the inclusion CP" ¢ CP™ andlet g : Y — BU represent
y, - Since f,(B;) = (%) € K,(CP*), Proposition 9.3 shows that the map

1®1: Ky (CP®)® Ky (BU) — K,(CP®) @ Ky(K) = A® A[w™ ']

sends Y, f.(B,) ® g.(D((") to wg(’”"‘,‘,’z—l) , where w, = w® 1 and w, =
1®w . As Y isasuspension, g, (D({")) is diagonal primitive and the discussion
in §5 shows that the Hurewicz image of the class [M, f@glis 53" s, T.Z, ,,

i=1"n" 1
where s; is the Stirling number of the first kind [11] defined by the formula
nl(Y) =3 ssw', for n>0. Thus the class [M, f @ g] realizes the element

n
of the form (5.3) corresponding to the polynomial wg”'(“’l’:z_ ') , which, by
Proposition 9.1, is numerical since d > 2n — a(n).

As in §8 it is easy to see that no new primitive elements are produced by
varying g.

There is a range of values 2d, from 4n—2a(n) to approximately 4n—a(n),
over which 53" s'T,Z, . existsin P,K,(BU) but is not known to be stably
spherical. Any improved embedding results for CP" would imply that the
element was spherical for corresponding values of d .

The calculation can be turned on its head to obtain a nonembedding result.

Suppose that there is a subcomplex of S2+1 of the homotopy type of CP".
Let Y be the complement, with f and g as above; then we have seen that the
map in K-theory induced by the composition

SHH < §' A M AU, ST A (CP® x BU) = S' ACP® AK

sends the generator of I?O(SM) to wg (e l) . But, by the discussion at the
end of §2, this must be a two-variable numerical polynomial. Now the remarks
following the proof of Froposition 1.9 show that the bound on d given by
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Proposition 9.1 is the best possible, since n!(%) is monic. Hence d > 2n —

a(n), and CP" does not embed up to homotopy type in R*"2*"~!  We can
improve this statement by one extra dimension by using an amended version of
Proposition 7.6 which applies to embeddings in an even-dimensional sphere.

This result has been obtained by Hubbuck [23]. The fact that CP" does not
embed smoothly in R*72*" was obtained in [7] by methods which ultimately
rely on the same calculation with numerical polynomials as ours.

10. EXAMPLES AND COUNTEREXAMPLES

In the last two sections we have realized two families of primitive elements
in K,(BU). In this section we consider first a result in the opposite direction.
We give an example of an element of P _K (BU) which does not belong to the
image of the stable Hurewicz map. We then consider a generalization of the
construction of §8.

Recall that in Example 2.3 we defined elements

g, =g,(x,,x,) € P, ,K,(BU(2)), r>2.

We showed there that g (x,,x,) was not toroidal. In terms of the I', we have

(I‘r Y Fr 1), where here multiplication is induced by Whitney sum.

The closest we have come to realizing this element is

[1]

DN IED

_ 1
r+1,r,(1) _5( r+2 r+l)

which is stably spherical for r > 2 by Theorem 8.2.

Proposition 10.1. g, = %(F 4F2—I“§) does not belong to the image of the Hurewicz
map n;,(BU) — P,K,(BU).

Proof. We localize at the prime 2 and compute with the Atiyah-Hirzebruch
spectral sequence H,(BU ;nf) = nf(BU ). In [36] Mosher has studied this
spectral sequence for the space C P>, though his indexing is different; his E’-
term is our E*-term for example.

We write b, € H,,(C P%) for the generator, so that H,(BU) is the polyno-
mial algebra on b,,b,, .... Since the Chern character of I', is k!b, , we see
that ch(g,) = 12b,b, — 9b; .

We will show that 12b,b, — 9b§ is not an infinite cycle in the spectral se-
quence. It will follow that g, is not stably spherical.

Mosher’s results and the fact that the differentials are derivations are sufficient
to compute up to dimension 12. We use the standard notation for elements of
the stable stem.

By Proposition 5.1 of [36] dzan = nnb, . Thus dzbsbl = d2b§ =0 and
dzb“b2 = n(b,b, + byb,), showing that 12b,b, — 9b§ is a cycle in the E’-term.

The differential d is zero since H_(BU) is concentrated in even dimensions.
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By Proposition 5.2 of [36] d*b, = 2vb,, d*2b, = 2vb,, and d*b, = vb,. It
follows that d*(12b,b, — 9b7) = 12vb] — 36vb,b, .

But dz(n2b3b2) = 173b3bl , so that 36vb,b, is zero in E;’3 since n3 =4v.

However, 12Vb§ = 4yb§ is not zero. Certainly dzubg =0, but 4ub§ cannot
be the image under d* of any element of EIZO’2 = HIO(BU;ng) , for 712b4b1
and 172b3b2 are the only candidates, but d* sends both of them to 4vb,b, .

In [19] Felali independently obtained the same result and extended the spec-
tral sequence calculations to show that g, is stably spherical. In fact two of us
have shown in [44], by more geometric methods, that g, is stably spherical for
all r = 3mod 4. In view of Example 2.3 this gives examples of elements in
the stable homotopy of BU(2) which do not arise from the stable homotopy
of the classifying space of a maximal torus.

In the remainder of this section we give some examples of stable homotopy
elements which are realized by embedding two-cell complexes. These elements
generalize the elements of the form Z, J@ which were realized in §8.

We first make some general remarks about the connection between the e-
invariant and our construction for elements in the stable homotopy of BU and
then apply these remarks to two examples.

Let a: S ' = 8™ bea suspension, with n» > m > 1, and let X, denote
the mapping cone 2 U, e , so that X_ is a suspension.

By Corollary 3 of [16], X, embeds up to homotopy type in S , with
complement Y, = S¥u P XM if j > m, where B =S¥ ™q. Clearly
Y is also a suspension.

If e(a) is the (complex) e-invariant of a we can choose a basis x,, x, for
I?O(Xa) such that

2n+2j+1

W(Xl) = wm ®xl ’
wix,) =w"ex, +e(@w" -w")®x,.
If £, &, is the dual basis for I?O(Xu) then

CEx)=Z%,, ().0x;)=e)Z, -Z,),
(62)*(X1) =0, (éz),,(xl) =Z"a
in K,(BU).

Following again the program described in §7, we let f: X — BU represent
¢, and choose g:Y — BU so that its dual is x, € ko(Xa)' It follows from
Proposition 7.6, and the fact that Y is a suspension, that

g.(Dél) =e(a)(Zj—Zn+j_m), g*(Déz) =Zj'

If, as usual, M denotes the hypersurface separating X, and Y , the K-

theory Hurewicz image of [M, f & g] is

f.(x)8.(DE) + f.(x,)8,(DE,) =e(2)(Z,E, % % . ).
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If o is the double suspension of the element obtained by applying the J-
homomorphism to the generator of n,, , _ (U(m— 1)), whose e-invariant is
B, _,,/(n—m), we obtain the element = if m<2m and j >m. We
have a special case of Theorem 8.2.

Now if p is an odd prime and ps_l (p—1) divides k, then, by Theorem 6.2
of [21], for i > s there is a map

m,j,(n—m)?

o - S G
which is a suspension and which has e-invariant 1/p’. Our construction then
realizes (1/p°)(%,, %, -ZX, ), if j>i.

Now p* divides o(k), the denominator of B, /k . Thus for sufficiently large
i we simply have an integer multiple of the element Z; k) - For smaller values

of i, however, these are, in general, new elements of nf(B U).

The algebra underlying these examples is clear. The polynomial f(w) =
w* — 1 is divisible by m(k) in A[w™']. If N is a divisor of m(k), the
polynomial (1 /N)w{wfk Sflw,wy ') is numerical if i and j are at least as
large as the maximum exponent of any prime occurring in N. By choosing
N = p’, we have a numerical polynomial for smaller values of i and j than if
N = o(k). What we have shown is that this algebraic phenomenon is reflected
in the geometry.

11. CONJECTURES AND SPECULATIONS

We conclude with a brief discussion of certain conjectures and open ques-
tions.
The simplest possibility is provided by

Conjecture 11.1. At odd primes the Hurewicz homomorphism
7’ (BU) — P.K,(BU)
is an epimorphism.

Of course this is false for the prime 2, as illustrated by Proposition 10.1, but
we have no counterexample for any odd prime. In the unlikely event of 11.1
being true, we might consider using K O-theory for an improved statement at
the prime 2.

Snaith [49] has shown that there is a stable splitting BU ~\/, ., MU(m).
Thus it is possible to investigate Conjecture 11.1 in terms of the Hurewicz maps
nf(MU(m)) — P,K(MU(m)) for each m. If m =1, we do indeed have an
epimorphism, as we saw in §1.

For general m, recall that P,K (MU (m)) is rationally generated by the
monomials in the I', of length m, as a subgroup of P K,(BU). Thus by
appealing to the Hattori-Stong theorem, i.e., that

N

n21'+2m(MU(m)) - P,+,,,K0(MU(m))
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is an epimorphism in the stable range i < m, we at least deduce that any
element of P K (MU(m)) consisting of monomials in the 8, of length g or
more is stably spherical so long as r < 2q.

The fact that our work has identified two algebraically intricate families of
primitives as stably spherical might also be construed as further evidence in
favor of Conjecture 11.1.

Similar conjectures can be made after replacing BU by related spaces. For

example
Conjecture 11.2. The Hurewicz homomorphism

3 (BT™) — P,K,(BT™)
is an epimorphism for all m > 1.

Since this conjecture holds for m = 1, as noted above, and also for m = 2
through a considerable range of dimensions [29], it may well be a more likely
possibility than 11.1. Indeed it suggests that we might weaken 11.1 by proposing
that nf(B U(m)) — P _K,(BU(m)) is an epimorphism only at primes larger than
m.

Some information has also been obtained for the cases SO/U (see [10]) and
U (see [20]), while BSp at the prime 2 and U(n)/T™ for m < n are tempting
alternatives. Furthermore, one of us has shown [48] that at odd primes, and
after the inversion of certain elements, nf(BG)/ Torsion and P K,(BG) are
isomorphic for any compact connected Lie group G.

There are several other comments to be made, both algebraic and geometric.

We should stress that the elements realized in §8 are all quadratic in the
X, and we have no reason to believe that they and the elements of §§9 and
10 exhaust the algebraic complexity of P K (BU). Worse, if we write Z, for
the subring of P, K (BU) generated by the X, and the elements Ei,j,K of
Definition 5.7, we have no general information on the extensions of graded
rings

Z[X,.%,,...]CE, CPK,BU),

both of which extensions are finite in each degree. Such information would,
perhaps, begin to elucidate the real nature of the involvement of the Bernoulli
numbers and the Kummer congruences in the K-theory of BU .

In fact, open questions also remain about the Kummer congruences them-
selves. For example, we may ask whether the polynomials W, (w), or rather
their analogs when B, /k is replaced by B, /2k (see the remarks following

Corollary 4.10), are divisible within the ring A[w_l] of stably numerical poly-
nomials. Certainly they are not for sequences K of length one.

More geometrically, we should point out that we have been forced to work
with expressions involving the %, , rather than the potentially simpler I’ > by
our method of evaluating the effect in K-theory of amap f:Y — BU. Thus,
when Y is an iterated Thom complex or its dual, we consider first the induced
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map into K,(K) and then use the assumption that Y is a suspension to read
off the required answer as a linear combination of the X, . An extra price to
pay for such an assumption is the loss of a dimension. The question thus arises
as to which extra primitives, in terms of the I', as well as the Z, , may be
realized by this construction when Y is not a suspension; we are only able to
evaluate one or two low-dimensional examples.

A more positive feature of our realization technique is that all our stably
spherical classes lie in the image of 7 (Q(S "ABU )) — nf(B U). It is therefore
of great interest to understand how much of nf(B U) (modulo torsion) arises in
this manner. With a little care, several of our results can be rephrased to yield
information on n_(Q(S '"ABU )) itself, which may be thought of as the singular
hypersurface bordism ring of BU . This ring is rich in structure and subtleties
and, together with several of the issues raised above, has recently been studied
in its own right [40].

For the torsion subgroup of nf(BU ), and of the stable homotopy groups
of other related spaces, there seems to be no hope for early progress; even for
nf(C P%) the complexity is overwhelming [36]. As we remarked in §8, the
results there which relate to the multiplicative interaction between the torsion
and the torsion-free part of nf(BU ) can certainly be improved.
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