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PROCESSES DISJOINT FROM WEAK MIXING

S. GLASNER AND B. WEISS
Dedicated to the memory of Douglas McMahon

ABSTRACT. We show that the family 7+ of ergodic measure preserving trans-
formations which are disjoint from every weakly mixing m.p.t. properly con-
tains the family & of distal ergodic m.p.t. In the topological case we show
that Z.7 , the family of proximally isometric flows is properly contained in the
family .# (# L) of multipliers for #'+ .

INTRODUCTION

Let 77" be the class of all weakly mixing measure preserving transforma-
tions. Z°* will then denote the class of all ergodic m.p.t. disjoint from each
element of 77" . It was shown in [F] that 7 C ¥+ where F is the family
of ergodic Kronecker m.p.t. Since group extensions preserve disjointness, it
follows that the class < of measure theoretically distal, ergodic m.p.t. is also a
subset of 7. (Z =ergodic Z-actions with generalized discrete spectrum in
the terminology of [Z].) We say that an m.p.t. (X,% ,u,T) is a multiplier for
¥+ if for every ergodic m.p.t. (Y ,%,v,S) in v, every ergodic joining
XxY,FQF,L,TxS)of u and v isin 7. The questions we ask here
are

Q) IsZ+ =27
(i1) Does .# (Wl) , the class of ergodic multipliers for %", coincide with
D7

In [G, ] the first question—in the topological dynamical setting—was investi-
gated. It was shown that the class A7 of proximally isometric minimal flows
satisfies 27 G #'* , where here 7 is the class of topologically weakly mixing
minimal flows. (Since for minimal flows disjointness from a minimal topologi-
cally weakly mixing flow is preserved by proximal as well as group extensions,
ZLF which of course contains the family of minimal distal flows, is the correct
substitute for & .)

In this paper we show that in the measure theoretical case & g ¥+ . The
method used is that of [G-W]. Specifically, we use an irrational rotation R, of
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690 S. GLASNER AND B. WEISS

the circle as a basis for building, generically skew product extensions with the
property of being disjoint from every ergodic m.p.t. which is disjoint from R .
When the “fiber flow” is weakly mixing, generically, these extensions will also
be weakly mixing extensions of R, hence notin & .

It follows by induction on towers that & C # (¥ ") (RAF C M (X ) in
the topological case). Do we have equalities? We use a slight generalization of
a result of D. MacMahon to show that 27 G A& (WL). The corresponding
question remains open in the measure theoretical case.

In §1 we show that generically skew extensions of a strictly ergodic flow
(Z ,0) with a weakly mixing real fiber flow (Y ,R) yield weakly mixing exten-
sions.

In §2 we prove the existence of an ergodic m.p.t. in W‘L\QJ . The proof of a
key lemma whose proof is probabilistic is postponed to §3. In §4 we show that
in the topological case 25 G .# 7).

1. WEAK MIXING EXTENSIONS

Let (Z,0) be a strictly ergodic flow with a unique invariant measure u.
Let (Y,{h},g) = (Y ,R) be a real flow preserving a measure v such that the
measure preserving real flow (Y ,v,R) is weakly mixing. Put X = Z x Y and
let X 5 Z be the projection map. Denote the group of homeomorphisms of
Y by #(Y) and denote the subgroup {4}, by &. With each continuous
map z — g, of Z into & we associate the homeomorphism G of X defined
by G(z,y) =(z,g.(y)). Let & be the subgroup of #Z(X) which consists of
all such G. Put

F(0)={G 'o(6 xid)oG: GEZ}.

We use the topology of uniform convergence of homeomorphisms and their
inverses on #(X). Under this topology -#(X) becomes a complete metrizable
space.

1.1 Theorem. There exists a residual subset # C (o) such that T € #
implies (X, T,uxv)> (X,0,u) is a weakly mixing extension.

Proof. By definition n is w.m. w.r.t. T if the map induced by T on (Z x
Y x Y, uxvxv) is ergodic. For a continuous function f on Z xY x Y with
[fdvxvxv=0, f|f|2d,u><1/><1/=l,and e >0, put

Then choosing an appropriate sequence of such functions { fi}j’:l the set ¥ =
N, ; E [y will be the desired set, provided we show that each of the open sets

E, . is dense in ?Z(o).
"Now given G e % we have

GOEMOG“

1n—l P
;Z/(foT)-fd,axuxz/
=0

E, = {T € #,(0): 3In with

'_E

foG1 "
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Thus G 'oogoGeE, , ® o €E,;,,. (Wewrite G'ogoG for G o
(0 x id) o G.) Therefore in order to show that each E /e 1sdense it suffices to
show that 0 € E fe In turn this will follow if we show the following:

Claim. Given f and ¢ as above and J > 0 there exists G € &, such that

(i) d(6,G 'oc0G)< 4,
(i) G loooGEE,,.
We proceed to prove this claim. First consider for any G € ?; the sums

n—1
%Z/(foG_lonoG)°fduXVXV
Jj=0

k —

1 n—1 | .
= ZZ/f(a Z’gakzgz(yl)’gakzgz(yz))
j=0

-f(z,y,,y)du(z)dv(y))dv(y,).

Interchanging sum and integral signs we get by strict ergodicity of (Z,o) that
these sums tend uniformly in z,y,,y, to

/ / / fw, g g.0) .82 8.0,V f(z .y, vy du(w)du(z)dv(y,)dv(y,)

Thus in order to show (ii) it suffices to show that G can be chosen so that the
absolute value of the last expression is smaller than &¢. This will be done by
showing that already the expression

(%) / fw.g ' e.(v,). 82" 8.(v,)du(w)

is small for most (y,,y,). In turn this will be done by showing that the integral
in (%) is small over very small sets where the dependence of f on the first
variable can be neglected.

The idea of the construction of G is roughly this. We split (almost all of) Z
into finitely many Cantor sets K, ;> on each of which f(w,y,,y,) depends only
slightly on w € K,.j. Choosing w,; € K,.j we let f,.j(yl V) = f(w,.j,yl 2 V3) -
These are continuous functions on Y x Y and we use the weak mixing of
(Y,R) to findan L > 0 for which {fOL fij(h,yI ,h,y,)dt approximately equals
fffij(u,v)du(u)du(v) for (y,,y,) in a big subset of Y x Y. We then define
0. K, - [0, L] sothat 6((u | K, )/u(K;)) is normalized Lebesgue measure on

[0,L]. Now 6 is extended to all of Z and we define g, = ho_(i)' These consid-
erations and constructions put together should yield (ii). Property (i) is obtained

by letting 4 = U,-M=| Koj be a basis for a Rohlin tower 4,04, ... ,aNz_'A
(large N); (thus K, = aiKOJ.). Defining 6 in such a way that 6(gz) = 6(z)

2_ N i .
for z € Uf;l N=16'4 we make G almost commute with o. We now make
these ideas precise.
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By weak mixing of (Y ,R,r) and continuity of f there existsan L > 0 and
aset W CYxY with v xv(W) > 1-e¢ such that (y,,y,) € W implies

VzeZ, /fz,htyl,,y2 /fzuvdv( Ydv(v)| <

Fix a > 0 such that d(z,,z,) < a implies |f(z, V.Y — f(z, ,v,V)| < e for
all y,y' €Y. Let n >0 be such that |, —¢,| < n implies d(hg'h,2 ,id) < 6
and choose N € N for which 2t <7 and § <e.

By Rohlin’s lemma there exists a Cantor (i.e., closed totally disconnected
perfect) subset 4 of Z with u(A4) > 0, such that 4,04, ... ,aNz_'
pointwise disjoint and such that 1 — ,u(Ufi 20_1 aiA) < ¢. We can further split
A into a disjoint union 4 = U;”:l K ; of Cantor sets K i such that u(K j) >0
and radius (ain) <afor 1<j<M,0<i< NY -1, Finally choose points
w; €K, and define

A are
f;'j(yl ayz) = f(ale 'Yy ,y2)°
We let

We have forall z,y,,y,

/f(w,g;'gz(y,),g;’gz(yz))f(z,y, yyy)du(w)

- [w)sw.e g0 8 'g_,(yz))f(z,yl,yz)d/t(w)‘ -

and

/lk(w)-f(w,g;'gz(yl),gglgz(yz))f(z,y.,yz)du(w)

=5 [t @) €00 8, .00z vy )| = OG).
ij

For (y,,y,) € W we have

LS u®) [ 1yt e = S k) [[ £ vidvwdvio)| <
L - J 0 [T 72 7 J ij

For each j let 6: K, — [0, L] be a continuous map for which Ou| K;/u(K)))
= A/L where A is Lebesgue measure on [0, L]. A
Define 6 on K = U, U O"aK by 6(z) = 6(c” z) if z€ 'K, and
extend it to a continuous map §: Z — [0, L]. Put 6(z) = i vaol 6(c' z) and
-1
8. = hy,
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We now have

W) S8 8,0, 8, 8, S (2,7, ,y,)du(w)

—N—1
.
=0(e).

M
) / £y 8:01) s oy 802 9, s y)dp(w
Jj=1

Butforwer.”:lKj, OgisNz—N-l,and z,y,,y, with

(.0),8.0,) €W,  6(c'w) = f(w)

and

[ 5 B0 Ray 80123y ) ()

), hg, (v ) f(z,y,,y,)dt.

Collecting our estimates we get for (g,(y,),g,(y,)) € W

ij

/f(w,g,;'gz(yl),g;'gz(yz))f(z,y, ,¥,)du(w)

= O(¢).

= Y uik) [[ 1,007y p)dvwdv()
ij

Since also

= O(¢)

u(K;) [, v)dv(u)dv(v) — [ fduxv xv
Sk, [[ 1, /

and since [ fduxv xv=0 we get

/f(w,g;'gz(yl),g,;'gz(yz))f(z,y, ,yz)du(w)' = 0(e).

For a fixed z€ Z g, preserves v. Since v, X v,(W) > 1 —¢ we get

l JI 1w 82t e.000 85 00123, 3 - Ddutwidv ) )av ()

Finally we integrate w.r.t. du(z) and obtain (ii) of our claim.
(i) follows since for each z€ Z |6(oz) — 0(z)| < 2—L < n. Hence

d(g,. g..id) = d(hg,  hy., , id) < 9.

Our proof is complete.

693

)

= 0(g).



694 S. GLASNER AND B. WEISS
4
2. IS

When working in the measure theoretical category we restrict our discussion
to quadruples (X ,% ,u,T) where X is compact metric, % its Borel field,
41 a probability measure and 7 a self-homeomorphism of X . We call such
an object a topological process. To see that this is justified we refer the reader
to, e.g., [G,]. When X is a topological space, &(X) denotes the space of
probability measures on X with the weak = topology. For two topological
processes & = (X,%,u,T) and ¥ = (Y, ¥ ,v,S) a joiningisa T x S
invariant measure A on X x Y such that nyA=u and 7, A=v. Z and &
are disjoint if their only ergodic joining is A = u x v. A flow is a pair (X, T)
where X is a compact metric space and 7 a homeomorphism of X ; or more
generally a pair (X,%) where & is a group of homeomorphisms of X .

2.1 Proposition. Let (X,n,T) 5 (Z,u,T) be a homomorphism of strictly er-
godic flows. Let # = {0 € P(X): n(0) = u}, then A is T-invariant. Suppose
(5,1 (the point mass at n € P(X)) is the unique T-invariant measure on M ,
then (X ,n,T) is measure theoretically disjoint from every ergodic topological
process which is disjoint from (Z ,u,T).

Proof. Let (W,v,S) be ergodic and disjoint from (Z,u,T). Let A €
P(W x X) be an ergodic joining of v and 7 and let

i= /aw x A, dv(w)

be a disintegration of A with respect to v. Projecting on W x X we get a
joining A’ of v and u with the corresponding disintegration

A= /aw x A dp(w).

Since v and u are disjoint A’ = v x u = [d, x pdv(w). By uniqueness of
distintegraton we conclude that for v-a.e. w 4, = u. Thus n(4,) =4, =u
and therefore 4, € .# for v-ae. w € W. The map w — A, 18 measur-
able and carries v onto a T-invariant ergodic measure v* on .# . (In the
terminology of [G,] (A4 ,v*,T) is a quasi-factor of (X,n,T).) However,
by assumption, the only T-invariant measure on .# is (5,7 so that v* =
5” and A, = n for v-a.e. w. This concludes the proof since now A =
[é,xA,dvw)=vxn. O

Let (Z,o0) be an irrational rotation of the circle. (Z =T =1[0,1), oz =
z+amodl, a € R\Q). Let (Y,{h},g) = (Y,R) be a strictly ergodic real
flow with invariant measure v. Put X = Z x Y and let X 5 Z be the pro-
jection map. We denote Lebesgue measure on Z by u. Denote the group of
homeomorphisms of Y by #(Y) and denote the subgroup {4}, by .
With each continuous map z — g, of Z into & we associate the homeomor-
phism G of X defined by G(z,y) = (z,g£,(y)). Let &, be a subgroup of
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Z(X) which consists of all such G. Put
F(0)={G o (0 xid)oG: GEZ,}.

We use the topology of uniform convergence of homeomorphisms and their
inverses on Z(X).

2.2 Theorem. There exists a residual subset # C (o) such that T € %
implies (X, uxv,T) isin {(Z ,a)}ll, hence also in #™*

Proof. We split the proof into several steps.
1. Set £ = {6 € P(X): n(0) = u}; clearly # is T-invariant for every

T € (o). By Proposition 2.1 it is enough to show the existence of a residual
H C F (o) such that T € & implies the unique ergodicity of (/#,T) with
) uxy 35 the unique invariant measure. (Note that this implies in particular that
(X,T,uxv) is strictly ergodic.)

2. Let V' be a neighborhood of u x v in .Z . Put

Ey g 5= {T € #,(0): 3K > K, such that Y0 € .Z at most
[KJ] elements of the set {0,740, ... ,TKG} are not in V'}.

Then E, ¢ ; is open in (o) and by looking at generic points 6 for ergodic
invariant measures on % (#) we see that for a sequence V, \, {u x v},
ZF = ﬂEVK K.A/K is the desired set, provided that for each V,K and 4,

E, y s isdensein S (o).

3. By the nature of the topology on .# it is enough to consider neighborhoods
V ofthe form V=V, ={0e#:|[fdb| <e} where fe€C(X), [fdux
v =0 and |fll, < 1. Now for G € &, we have GE, ; ;G' = E,, . ;
where V' = VfoG,e; therefore G 'og oG GEV,K,J &o€ GF,,’K"SG_l S o€

E,, Ko Thus to show that E, K is dense it suffices to show that for each
V=V,,and K,0€ F,,’ x ¢ - For this the following will suffice:

Claim. Given ¢,6' >0 and K, there exists G € &, such that

() d(@,G 'oc0G) <,
(ii) G 'oocoGeE

4. To get (ii) of the claim in step 3 it suffices to find G for which

V.K.e"

2
/fd(G“ 0a* 0 G(8))| <&,

1 K
Sup ——
oe,‘}KHkX:(:)



696 S. GLASNER AND B. WEISS

5. Write
Ly
K+1 pre

1 K k -1
= K—Hg//f(a Zo,gakZOgZO(y))

.f(o'kwo » 8k 8, (V))d0(wy,v)dO(zy, y).

For fixed z, and w, = z, + the sums

2

/fd(G“ o’ 0 G(6))

K
| k —1 k -1
12 (0 200 80, 8, NS (07 (20 + 1) iz 82 (V)
k=0
converge by strict ergodicity of (Z,o), uniformly in ¢,y and v to

[ 1287 g, NIz + 1,8 g ) du(a).

Interchanging sum and integration we therefore have

1 XK: 2
K+1&

/fd(G“ oa*oG(O)| =1,

where
I= [[] 1z 8 e 0012 4 87 0D () dO(zy + 1,0) Bz 9).
6. Write F(z) = [ f(z,y)dv(y) then our assumption [ fduxv =0 implies
J[ FeF@du:)du) =o.

Since f is uniformly continuous there exists N such that

(i) 1z = j/NI < 2/N = |f(j/N,y) - f(z,y)| <&’ ¥y €Y and

(i) (/NS L FU/NF(k/N)| < €.
For t €[0,1) welet k(t) =k if % <1< % . Coming back to integral I of
step 5, we write

N-—1
— -1 -1
I= jzz:o ///f(z,g_, g WNfz+1,8.,8..,(v)

' llf/NJ+I/N](Z)dlu(z)de(zo +1t,0)d0(z,,y).

By (i) above we have for each j and ¢:

SN
//N fz,8 g 0Nz + 1,87 g, (0)du(z)
J

- /j:lmf(%,g;'g%(y)) f(j +Al;(t) ,g:+,g:0+,(v)> du(z)

L2
ay
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2.3 Lemma. Given f,,f,,...,f, continuous functions on Y and ¢,6 > 0
there exists a continuous map ¢:[0,1] —» R and a measurable set D C [0, 1]
such that

(i) Vs €[0,1], |lp(s+a) —@(s)|<d (s+a istaken mod1l).

(1) Vu,veY and teD and 1 <j<N, 1<i,k<N

J+1/N
N[ Iy Sy, 0)R() ~ EF, <
where F, = [ f.(y)dv(y).

(i) w(D)>1-¢.
We defer the proof of this lemma to the next section.

8. We now apply Lemma 2.3 to the functions f;(y) = f&E,y), 1<j<N,
and define g, = h;(lz) ,2€[0,1). If & is chosen so that ||h, — hy|| < 8’ for
|t] < d then

d(G_'oaoG,a)=Supd((z+a,h o), (z+a,y) <
(z.) p(z+a)—p(2)

so that (i) of the claim in step 3 is satisfied.

9. Write I =1, + I, where in I, we integrate with respect to df(z,+¢,v)
(fixed z,)over DxY andin I, over ([0,1)\D)xY =D°xY . Since | f]| <1
we have |I,| < u(D) < ¢. Using Lemma 2.3 we get for ¢ € D and all Zy,Y,V
and j

/jo/Nf (1%, ,gZ'gZO(y)) S (j+—]\];(’),gz‘+‘,g20+,(v)) du(z)

/N
() e (55 <&

Applying the estimation we obtained at step 6 we now have
1= J J+ k(@) .

because 6 € .4, so that integration with respect to d6(z,+1t,v) (fixed z;) of
a function which does not depend on v is the same as integration with respect
to du(t). From this we obviously have

1= k
I = e ‘Z F (N) F <-A—,) +0(¢)
j k=0
and (ii) of step 6 now yields I, = O(¢). Hence I = I, + I, = O(¢) and (ii)
of the claim in step 3 is also satisfied by our choice of G. This completes the
proof of Theorem 2.2. O
Remarks. 1. Theorem 2 of [G-W] ensures the existence of a residual set in
& (o) of strictly ergodic transformations under either one of two strong con-
ditions 4 or B. Condition B is that £ is a compact peano space and that it
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acts transitively on Y . Condition A is a rather strong compressibility condition
of the flow (Y ,%). Theorem 2.1 above implies that under the mild assumption
that (Y ,%), is strictly ergodic every member of % is strictly ergodic. In fact
if strict ergodicity is all we want then a much easier proof can be given and the
conditions on (Z,0) and (Y,¥) ((Z,0)=(T,R,) and (Y,¥) being a real
flow) can be relaxed. (See also [N].)

2. An ergodic process of positive entropy always admits a weakly mixing
factor of positive entropy (e.g., a Bernoulli shift). Thus every element of v+
is necessarily of zero entropy. In particular a strictly ergodic member of /4
has zero topological entropy.

2.4 Theorem. There exists an ergodic measure preserving transformation (X ,n,
T) which is in Y+ butnotin .

Proof. Notations as in Theorem 2.2, we now further assume that (Y ,R) is
weakly mixing. Then by Theorem 1.1 there exists a residual subset &%, C
(o) such that T € %, implies (X,u xv,T) is a weakly mixing extension
of (Z,u,o0). By Proposition 8.6 and Lemma 8.11 of [Z] we conclude that

(X,uxv,T) ¢ & . Our theorem is now valid for each T in ZNZ%,. O

3. THE PROOF OF LEMMA 2.3

Let us recapitulate our situation here. We have a strictly ergodic real flow
h,: Y — Y with invariant measure v. We are given a finite set of continuous
functions f,...,fy on Y and &£ >0, 6 >0, and wish to find a continuous
map ¢: R/Z — R such that

(1) For a measurable subset D C R/Z of measure 1 —¢, and all ¢t € D, all
u,v €Y we have

J+1UN
N/.i/N f;(h(/’(z)(u))f;c(h(o(z+t)(v))d:u(z)

- ([ £ ([ i) | <o

forall 1I<j<N,1<i,k<N.

(2) |lp(t+a)—p(t) <o forall teR/Z.

The idea of the construction is as follows. The strict ergodicity of the flow
means that for any y > O there is some 7| sufficiently large so that for all
T >T,, uniformly in u€ Y

<V

1 T
_T_/O fl.(hs(u))ds—/yf,(y)dV(J’)

for 1 < i< N. It follows that

T ,T
L[ [ rhtnsinonards - [ sav [ 1.av) <oy
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where M is an upper bound for all the f;’s. Thus to get (1) our function ¢

should have the property that on each interval of the form [, '], and most
t’s, the map {¢(z),9(z +t)} should take Lebesgue measure into a measure
which is y-close to the Lebesgue measure on the square [0, 7] x [0, 7] suitably
normalized. It is clear that given ¢ > 0 if y is small enough this will enable us
to prove (i) with the original ¢. After we accomplish this goal, (2) will be taken
care of by a simple modification based on a Rohlin tower which is similar to
what we did in §1.

We find it more convenient to work with a discrete situation so that we
begin by finding some L large enough so that for all 1 < i < N and all
ueY, |fi(h(u) - f(u)| < otz for all |s| < 1% Now divide the square
[0,T]x[0,T] into Lz-equal squares of size L X L and label them by an index
set AxA with 4={1,2,...,L}. The unit interval [0, 1] will now be divided

1

into n equal intervals of size ;. each and we will construct ¢ from a labelling

of these intervals by indices from A4 by having ¢ vanish at the endpoints of
each small interval of size 1 and assume the value £-T on most of the interval
where a is the labelling. The equidistribution property that we want for ¢ will
follow from the following property for the sequence of labels (a,,aq,,...,a,):
There is a constant g, so that for any g, < ¢ < n — ¢, and any m, the pairs
(@3 @) > (@15 Gi1)s -5 (@ sy gig,) are very well (to within o)
distributed over 4 x A. Here we take m + g etc., modulo n, since we are
really on R/Z rather than on [0, 1]. While deterministic constructions can be
given for sequences q,, ... ,a, with this kind of property it is somewhat easier
to let chance do the work for us (although which is “easier” is surely a question

of taste here).

Lemma. Given n > 0, for all n sufficiently large one can find sequences a,a, - - -
a, € A" and a constant q, satisfying:

1. g,/n<n.

2. forall m<n, q0 < g < n-—gq, we have

(*) L

o 2N ‘{0 <P <4y @y mygep) = (s j)}” <n.
YA

(Here |{-}| denotes the number of elements in {-} and indices of a,, are taken
modulo n.)

Proof of lemma. We shall show that if we let the a ,’s be independent random
variables uniformly distributed on {1,2,...,L} then with high probability
(*) will hold. For any fixed ¢ > g, all the indices {m +p: 0 < p < gy},
{m+qg+p:0<p < gy} are disjoint so that the pairs of random variables
{(a,, 102 migep) 0<DP < g,y are independent. It follows that there is a fixed
constant A < 1 that depends only on L and n such that for fixed m and
g, (*) holds with the exception of a set of probability at most A% . This follows
from the standard exponential estimates of the tail for sums of independent

identically distributed random variables (in our case Stirling’s formula for the
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binomial distribution is adequate). This summing over the various possiblities
for m and ¢ gives us as an upper bound for the failure of at least one of the
instances of (x) the expression

n2 Ny LU eZIOgn—(logl)qo.

It remains to observe that for any large enough 7,
2logn — (logd) - (nn/10) < 0

and thus taking g, = [7n/10] will guarantee that many (in fact most) randomly
chosen sequences a, ---a, will satisfy our requirements. O

Choose parameters 1 < y small compared to # and then use the sequence

given by the lemma in the manner described above to define ¢, periodic with
period 7{,— , which will satisfy (1). At this point the set D of good translations is
basically all points that are not too close to one of the points j/N . In order that
(2) hold, we need to get control over all points in the interval and so we need
“Rohlin towers” that fill the entire space. Depending on the parity of n with
p,/q, denoting the successive approximants to a in the continued fraction
expansion, one gets the following “tower” picture of R/Z with respect to o:

| 1 |
I T 1

qn-1

i

dn

P
0 B gn-1&

The transition from a point on one level to the point on the level immediately
above it is given by adding o« modulo 1.

Since the two parts of the tower have unequal lengths and we wish to control
the behavior of {¢(z),¢(z +t)} for most ¢’s, we have to introduce one more
subdivision. Take Q large and divide C = [g,a,0] into Q equal pieces and
then fill as much of B =[0,q,_,a] as possible with contiguous intervals of the
same length. Define ¢ on B U C by scaling the ¢ defined above on each of
these small intervals (all of equal size = |C|/Q = d) and extending identically
up the columns to the whole of [0, 1]. (On the part of B left over ¢ may be
defined arbitrarily.) Note that ¢ has two kinds of periodicity—

(i) it is almost invariant under translation by «.
(i1) [0, 1] is almost filled up with intervals of the same length 4 on each
of which ¢ is the same.
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Exploit (i) to define
K-1

p(2) = > 9z + k)
k=0
with K chosen so that & < %. This gives us (2) for all z. Furthermore, on
most of the interval ¢ agrees with ¢ and (ii) still holds so that our previous
estimates give (1). The bad sets of translations are basically numbers close to
pa for p < (g,+4q,_,)a or shifts of that by small multiples of ¢ . In any event
it is easily seen that for most ¢, the pair {¢(z),¢(z + ¢)} is well distributed
over the square [0, 7] x [0, T]. This completes the proof of Lemma 2.3.

4. 7 G M (Wl) (TOPOLOGICAL CASE)

A homomorphism (X,7T) = (Y, T) of minimal flows is called regular if for
every (x,,x,) € X xX with n(x,) = n(x,) there exists an automorphism y of
(X,T) such that ?(x1 ,X,), the orbit closure of (x,,x,), contains the graph
I"W ={(x,y(x)): x € X}. A joining of minimal flows (X,T) and (Y, T) is
any closed invariant subsetof X xY . (X,T) and (Y, T) are disjointif XxY
is minimal. The following proposition is a slight generalization of Theorem 1 of
[M]. When there is no room for confusion we omit the “ 7 ” from the notation
of a flow.

4.1 Proposition. Let (X,T),(X,,T),(Y,T) and (Z,T) be minimal flows
such that
i) X5 X | IS a regular homomorphism,

(1) Z is weakly mixing,

(i) X and Y are disjoint from Z .
Then for any minimal joining N of X and Y, if N, = {(n(x),y): (x,y) € N}
is disjoint from Z then sois N .
Proof. We choose a fixed minimal idempotent u in BZ the Stone-Cech com-
pactification of Z. Let W C N x Z C X x Y x Z be a minimal joining of N
and Z. Choose (x,,y,,z,) € W with u(x,,y,,2,) = (X4,¥,,2,) - Since by
assumption N, x Z is minimal there exists a point (x*, Yo,Tzy) € W with
n(x") = m(x,) ; moreover, we can assume that ux" = x" . By regularity of 7
there exists ¥ € Aut(X,T) such that yx, =x".

Let F be the cyclic group generated by the homeomorphism

i1 XXxYXZ—-XxYxZ where f=y xidxT.

Since (y xidxT)W =W, W is F invariant.

Let X be an F minimal subset of X then since (Z,F) is weakly mixing,
there exists a point (x',z’) € X x Z with dense F orbit. Choose )’ € Y
with (x',y",z') € W (this is possible since (X x Z,T) is minimal). Then
W o F(x',y",z') > (x',y') x Z . This however implies W = X x Y x Z since
(X xY,T) is minimal. O
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Let (Y,{h}g) = (Y,R) be a horocyclic flow on Y = SL,(R)/I" where I'
is a uniform discrete subgroup of SL,(R). By [R] this flow is regular (i.e., a
regular extension of the trivial one-point-flow). Thus given y ,y, € Y every
minimal subset of the orbit closure cls{4,(y,,y,): t € R} has the form T v =
{(y,w()):y €Y} for some automorphism y of (Y ,R).

4.2 Lemma. Let (Z,0) be an irrational rotation of the circle. Let (Y ,{h,},.g)
be the horocycle flow andput X = ZxY . If : Z — R is a continuous map such
that the corresponding homeomorphism: T(z,y) = (oz,h on¥)) s minimal on
X, then the homomorphism (X ,T) 5 (Z ,0) is regular.
Proof. Let (z,,y,),(25,¥,) € X, we will show that ?((zo,yl) ,(24,¥,)) con-
tains a graph _

L, ={z.y)(z,y(y):zeZ,yeY}
for some automorphism y of (Y ,R). Consider the sequence

n n—2

p(n,zy) = 9(a" ' zp) + 9(a" zp) + -+ 0(z,).

If 9(Z) C[-N,N]CR then {¢(n,z,)},., 1seither bounded or syndetic with
gaps < 2N. If ¢(n,zy) = Z;:Ol ¢(a’z,) is bounded then by [G-H, 14.11]
¢(z) = f(oz) — f(z) for some continuous f: Z — R in which case (X,T)
is not minimal contrary to our assumption. Thus {¢(n,z))},., is syndetic
and we can find a sequence {n,} such that a" zy— zf) and hw(n, WYy —
(y'l , y;) where the latter is an element of some minimal subset of (Y x Y ,R).

Since every such minimal set is of the form I‘W we have
T" (20,91 (20.92) = (6" 29 By -y ¥1) (0" 205 By 2 ¥2))
= (29, 7)(29>¥5) = (29> Y1) (24, W)

and _ ~
G((z9.9)(29,9,) DT,. O

In the following corollaries % is the residual subset of ./ (o) as in Theorem
2.2 (or Proposition 1.1 of [G]).

4.3 Corollary. Let (Z ,a) be an irrational rotation of the circle and let (Y ,R)
be the horocycle flow. Then for each T € # the homomorphism n: X — Z is
regular.

4.4 Theorem. For (Z,0),(Y,R) asaboveand T € %, (X, T) e//(%l) and

(X,T) ¢ A7 .
Proof. The first statement follows from Proposition 4.1 and Corollary 4.3. The
second statement is proved in [G , , Theorem 2.2].

Remark. As mentioned above the fact that 25 C #(# ) follows by induc-
tion on the tower of proximal and isometric extensions of a given flow (X, T)
in 27 . Another way of getting this fact is to use McMahon’s theorem on
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the (nonmetric) universal Z57 -flow [A(G_ )| which is regular (see e.g. [G;]).
In fact if (X,7T) is any minimal regular flow then McMahon’s theorem im-
plies that (X ,T)e . # (Wl) iff (X,T)eZ " . Our extension of this theorem
(Pri)position 4.1) shows that .#Z (Wl) is closed under regular extensions in
v .
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