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BEHAVIOR OF POLYNOMIALS
OF BEST UNIFORM APPROXIMATION

E. B. SAFF AND V. TOTIK

ABSTRACT. We investigate the asymptotic behavior of the polynomials
{Pn(f)}5° of best uniform approximation to a function f that is continu-
ous on a compact set K of the complex plane C and analytic in the interior
of K, where K has connected complement. For example, we show that for
“most” functions f, the error f — Py(f) does not decrease faster at interior
points of K than on K itself. We also describe the possible limit functions
for the normalized error (f — Py(f))/En , where E, := || f — Pa(f)|lx , and the
possible limit distributions of the extreme points for the error. In contrast to
these results, we show that “near best” polynomial approximants to f on K
exist that converge more rapidly at the interior points of K .

1. INTRODUCTION

Let K be a compact subset of C consisting of infinitely many points, the
complement of which is connected. The set of continuous functions on K
that are analytic in the interior K°® of K will be denoted by A(K). When
K =U :={z:|z| < 1} is the closed unit disk, then A(K) is the classical disk
algebra &/ . If II, is the set of polynomials in z of degree at most n, then

E(f):= inf If = Pyl

is the error in the best uniform approximation of f out of Il ; the unique best
approximant (i.e., the unique P, € Il, minimizing ||/ — P,||) is denoted by
P (f,z). Here and in what follows ||| = || ||, always denotes the supremum
norm.

By a basic result of Mergelyan (cf. [12]), E,(f) — 0 as n — oo for every
f € A(K) . Furthermore, under mild assumptions on K, {E, (f)}>2, tends to
zero geometrically if and only if f is analytic on K (cf. [20, §4.7]). We will
primarily be interested in the behavior of the normalized error

(L.1) Q,(f,2):=(f(2) - P,(f,2)/E,(f),
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and let us agree that if E, (f) =0 for a given n, i.e,, when f is a polynomial
of degree at most n, then we set Q, (f,z) = 0. Clearly, |Q,(f,z)| <1 for

z€K,and {Q,(f)}.c, forms a normal family on K°.
It was shown in [9] that every point on the boundary 9K , except possibly
for points in a set of zero capacity, is a limit point of the sets

(1.2) H,(f):={z€K:1Q,(f,2) =1}

consisting of the extreme points of the nth best polynomial approximation.
Thus, on the boundary of K, Q,(f,z) cannot be expected to be small (for

large n), but it may happen that on compact sets in the interior K % of K the
approximation given by P, (f,z) is better than on K, which would mean that
{Q,(f, z)}:io converges to zero in the interior of K. However, it turns out
that this is very exceptional, and one aim of this paper is to describe the possible
limiting behavior of the error functions Q,(f,z) and the extremal sets H,(f).

There are several motivations for this paper beyond the interest in exploring
the behavior of the best polynomial approximants on general compact sets. The
first is to construct “better than best” approximants in the sense that, where
permitted (say inside the domains of analyticity), the approximations do better
than what is possible on the whole of K (see Theorems 2 and 4 below). We
proved the first result in this direction in [15], where we verified that if f €
C k[—l ,1] is piecewise analytic, then there are polynomials p, € I , n =
1,2,..., such that

—k—1
”f_pn”[—].l] < Cn >

and, at every point of [—1,1] where f is analytic,

(13) Jim 1/ (x) = p,(0)" < 1.

Furthermore, (1.3) holds uniformly on compact subsets of [—1, 1] where f is
analytic (in a neighborhood of a singularity of f inequality (1.3) is impossible).
In [15] we also determined the best upper bound for the left-hand side of (1.3).

The second motivation emanates from a result of [4]. In a special case, this
result says that if w is any continuous weight function on the closed unit disk
U that is positive on U (otherwise w may vanish identically on the boundary
oU),and if P (f)€Il, satisfies

n,uw

lw(f = By (Dl = inf [w(f = Pl = E,(1), .
then for f € A(U) every point on QU is a limit point of the sets

H,(f), ={zeU:w@)|f(z) =P, (f,2)=E, ()}

If, for example, H,(f), consists of (n + 2) points (it must contain at least
this many) then (for some subsequence of integers n) all the extrema of
lw(z)(f(z) = P, ,(f,2))| occur near 90U . This is rather surprising in view

of the fact that w is merely assumed to be continuous, not analytic. One con-
ceivable explanation for this phenomenon might be that best approximants give
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much better approximation inside K % thanon K. However, we will see below
that this is not the case, even for w = 1 (cf. Theorems 1 and 5).

Another motivation for our investigation is the important result of Kadec
[7] concerning the distribution of maximal alternation sets in real polynomial
approximation on an interval. Considerably generalizing this result, it is shown
in [4] that if H, (f) (cf. (1.2)) consists of n + 2 points, then for some subse-
quence {n, } of the natural numbers, the sets H, (f) are distributed (in the
limit) like the equilibrium distribution of K. However, the whole sequence
{H,(f)}y need not have this limit distribution, which raises the question of
other possible limit distributions (cf. Theorem 6 below).

Finally, our last motivation stems from the “near circularity” property of
the image curve Q,(f,0K), which was observed and emphasized in several
recent papers [18, 19]. Namely, in some special cases it was observed that for
K =T the curve {Q,(f,e"): 0 < ¢ < 27} has winding number n + 1 and
“looks like” a circle. It will follow from our results that this “near circularity”
property is very exceptional; that is, for “most” functions this phenomenon
does not happen (cf. Theorems 1 and 5). Consequently, we can expect that,
in general, the polynomial CF method (cf. [18]) will fail to achieve very good
approximation. We will elaborate further on this matter in §3.

We will present the existence results (except for Theorem 6) in terms of cate-
gory in the metric space A(K). This allows us to avoid tedious and complicated
constructions. Moreover, it carries slightly more information by showing that
most of the functions (except for a set of the first category) exhibit the property
in question.

This paper is organized as follows. §2 contains the main results (Theorems
1-6), the proofs of which occupy §§4-9. In §3 we mention, mostly without
proof, some less immediate consequences.

2. MAIN RESULTS

We recall that K always denotes an infinite compact set with connected
complement, K 0 s its interior, and A(K) stands for the set of complex-valued
functions f € C(K) that are analytic on K°. Finally, with the best approxi-
mating polynomials P, (f,z) € II, we set
(2.1) Q,(f,2):=(f(z) -P,(f,2)/E,(f), zE€K,
which is the “normalized error” of the » th polynomial approximation to f .

Our first result asserts that, in general, {Q,(f, z)}:io tends to zero at no
point of K.

Theorem 1. The set S of functions f € A(K) for which

- . If(Z)—Pn(f,Z)I
T min

is of the first category in A(K).

<1

As an immediate consequence we get the following corollary.
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Corollary 1. There exist a function [ € A(K) and a subsequence {n,} of the
natural numbers such that

_1f(2)= P, (f.2)
lim

k—oo E, (/) =1

uniformly for z€ K .

Theorem 1 and Corollary 1 imply the following somewhat surprising fact: For
most (in the sense of category) functions f € A(K), there exists a subsequence
{n,} such that f(z) - P (f,z) has no zeros in K for n=n,,n,,.... Note
that this does not contradict the Chebyshev equioscillation theorem for best
approximation to a real-valued function on a real interval, which implies that
the error must have at least n + 1 zeros for each n = 0,1,2,.... Indeed,
the collection of real-valued functions on an interval K is only a first category
subset of A(K).

As Corollary 1 shows, the best approximants in general do not give better
approximation on K° than on K. But what about “near best” approximants?
The following three results are in this direction.

Theorem 2. Suppose that the complement as well as the interior of K are con-
nected and f € A(K). Then there are polynomials p, € I1,, n=1,2,...,
such that

|/ = p,l
(2.2) Tim E—(f—)i <2
and
— f(z)-p,(2)

uniformly on compact subsets of K 0,

We do not know if this result holds when K % is not connected. However,
our next result shows that the constant 2 in (2.2) is the best possible.

Theorem 3. Suppose K has nonempty interior. Then there is a function f €
A(K) such thatif p,€ll,, n=1,2,..., are polynomials with the property

(2) =, (2)
(24) R TE ()

uniformly on compact subsets of K", O then

(2.5) Tim I/~ ‘})”K >2.

The proof shows that actually for most functions in A(K) (except for those
in a set of first category) if (2.4) holds in at least one point of K° for some
polynomials p, €Il , n=1,2,..., then (2.5) holds true.

If K has an analytic boundary, then the convergence (2.3) can be replaced
by geometric convergence:

=0
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Theorem 4. Suppose that K is bounded by a simple closed analytic curve. Then
there is a constant C such that for every f € A(K) there are polynomials

p, €, n=1,2,..., satisfying
Ilf =p,llx < CE,(S)
and Y
— (1f(z) - p,(2)\"
T () ) <

uniformly on compact subsets of K 0

Our results raise the following bold conjecture that would be the ultimate
refinement of Mergelyan’s approximation theorem: If K has connected com-
plement and f € A(K), then there are polynomials p,el,, n=1,2,...,
such that ||/ —p, |l — 0 as n — oo and

—_-— 1

im |/(2) - p,(2)]"" < 1

n— oo
uniformly on compact subsets of K % This would mean that whenever geomet-
ric convergence is permitted, it is actually achieved.

We have already mentioned that {Q,(f, Z)}:io forms a normal family on

K° and so we can select convergent subsequences from it. Theorem 1 shows
that, in general, there is such a convergent subsequence that converges to a
not identically zero function. This raises the question: What possible limits
can be obtained from {Q (f, z)}:io ? It is easy to see that when f is not a
polynomial, no subsequence of {Q,(f,z)},-, can converge uniformly on K.
In fact, if we had lim,_ an (f,z) = g(z) uniformly, then g € A(K) and so

lg§ — Pyllx < 1 for some polynomial F,. But this would mean

If = (P,.(N) + E, (NPl < E, (),

and at the same time P, ( N+ E, ( NP, € I'Ink for n, > deg P, which contra-
dicts the fact that we cannot get a better approximation to f from an than
Enk (f). Thus, the most we can hope for is that we get uniform convergence
except for a small neighborhood of a point z, € 0K . It is also clear that z,
cannot be an isolated point of K. Now we show that most of the functions
S in A(K) are universal in that every g € A(K) with llgllx <1 occurs as a
limit of a subsequence of {Q,(f,z)} -, in this sense (since 19, (Nl =1 for
every n, other limit functions cannot arise).
To state our result let

U,(z0) :={z 1]z — 25| < p}
be the open disk of radius p with center at z,.

Theorem S. Let S, be the set of [ € A(K) satisfying the following condition:
if g€ AK), llglly <1, z, € 0K is a nonisolated point of K, and ¢, p are
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arbitrary positive numbers, then there is an n such that

f(z)-P,(f,2)
E,(f)

Then S, is a residual set; that is, its complement in A(K) is of the first category.

—-g(2)|<e ifz eK\Up(zo).

Corollary 2. There exists f € A(K) with the property that if g € AK), |Igllx <
1, is arbitrary and z, € 0K is a nonisolated point of K, then there is a subse-
quence {n,} of the natural numbers such that

i TE P
e E ()¢

for every z € K, and the convergence is uniform on any closed subset of K not
containing z,.

Our last result concerns the distribution of the points in the sets

H =H(f)={zeK:|f(z2)-P,(f,2)|=E, ()},

called the sets of maximal deviation points of best polynomial approximation.
H, (f) must always contain at least (n+2) points and, in general, H, is part of
dK ; but it may happen that H, = 9K for every n (for a nontrivial example
see [4]). In [4] it is verified that there is a subsequence {n,} of the natural
numbers such that a certain (n, + 2)-point subset of H, called the (n, +2)-
Fekete set, has (in the limit) the distribution given by the equilibrium measure
of K. In [9] an example was given to show that this is not necessarily true
for every subsequence {n,}. Thus, the question arises as to what possible limit
distributions can be achieved this way. To make our question more precise, let
us suppose that H, contains exactly n + 2 points and let

v,(f,B):=(1/(n+2)#BnNH,)

be the normalized counting measure for /, on Borel sets B C C. The question
we address is, what are the possible weak-star limits of different subsequences of
{v,(f )}‘:‘;O? Obviously, if Yy, (f) — v in the weak-star topology of measures
on K, then v must be a probability measure on K vanishing at the set of
isolated points of K. We show here that for some universal f € A(K) all such
v’s can be obtained as weak-star limits of {v,(f s -

Theorem 6. There exists an f € A(K) with the property that whenever v is a
probability (Borel) measure on 0K that is zero at the set of isolated points of
K, then there is a subsequence {n,} of the natural numbers such that the sets
H, (f) contain exactly n, + 2 points and

Jim v, (1) =

in the weak-star topology of measures.
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3. MISCELLANEOUS CONSEQUENCES

I. Entire functions and singularities on K . First of all we mention that the
“pathological behavior” of the functions in Theorems 1, 3, 5, and 6 (or in
Corollaries 1 and 2) is not due to the existence of a singularity of the function
on 0K or to the lack of it. In fact, we have

Theorem 7. The results of the preceding section are true if the functions (besides
belonging to A(K)) are assumed to have at least one singularity on 8K . Also,
Corollaries 1 and 2 and Theorems 3 and 6 hold for some entire functions f.

Proof. Every function analytic on K must belong to at least one of the sets
S, n={f€AK):E,(f) < N(1—1/m)" for every n > 0},
m=2,3,..., N=1,2,....

These sets are obviously closed in 4(K) and it is easy to see that they have
empty interior. Indeed, if this is not the case for some N, m, then

E(F)<N(-1/m)", n=0,1,...,

would hold for some N, and all F € A(K), |F|; < 1; but this contradicts
the fact that for every n > 1 there is an F € A(K), ||F|x < 1, such that

E,(F) =1 (see the end of the proof of Theorem 1). Thus we see that the set
of functions analytic on K is of the first category in A(K). This proves the
first statement of Theorem 7, except for Theorem 6. As for Theorem 6, an

easy modification of the proof shows (by choosing ¢, — 0 suitably) that the

function f constructed there has the property H,Hw(En (f ))'/ " =1, and this
implies that f has a singularity somewhere on 8K (cf. [20, §§4.7, 4.9]).

We will not prove the statement concerning entire functions. The proof of
Theorem 6 easily yields an entire function f satisfying the stated properties,
and similar constructions, based on our proofs below, show that the functions
in Corollaries 1 and 2 and in Theorem 3 can also be entire. 0O

I1. Best approximants on different sets. To facilitate discussion of best approx-
imation on different sets let us agree to use the symbol of the set as a subscript
in P (f), E,(f), etc. It follows from the Kolmogorov criterion and the proof
of Theorem 6 that there exists an entire function f (see also Theorem 7) such
that if z; € 0K is an arbitrary nonisolated point and J > 0, then there are
infinitely many n’s for which the best approximation of f out of II, taken
on K coincides with that on K, := KN Uy(z,) (i.e., P,(f)x = Pn(f)K,) and
the error of approximation is also the same (i.e., E,(f), = E, (f) k,)- We have
already mentioned that every point on 9K, , except for points in a set of zero

capacity, is a limit point of the extreme point sets {H (f) Kl}::l . Thus, if
0U(z,) nkK° # @ (and f is not a polynomial), then P, (f), = Pn(f)K. and
E (fNg= En(f)K, cannot happen for a/l large n.

Note also that if we drop the condition E,(f), = E,(f) k, » then it may

happen that P, (f), = P, (f) k, forall n for two different sets K and K, with
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K, CK % In fact, it is easy to see (by looking at the real parts, for example)
that for any numbers 0 < a, <1/ [(2k)k]! the function

f(z) = iakz(ZkH)", 2k + D= 2k + )2k = 1)---3

has the partial sums of the defining series as best polynomial approximants on
any disk with center at the origin (see also [1]).

An easy modification of the proof of Theorem 6 also shows that there are
pairwise disjoint compact sets (say U N Ué(zj) , 1<j<N) K,K,,...,K,
and an entire function f such that

P,,(f)](JEP,,(f)KI, O#En(f)Kj=En(f)K‘3lsi,jSNa
occurs for infinitely many n.

II1. Zeros of best approximating polynomials and analytic continuation. It was
shown in [3] that if f € A(K) is not analytic on K, then every point on 9K,
except perhaps points in a set of zero capacity, is a limit point of the zeros of
{Pn(f)}f,’io. Replacing K by K, = KN U(z,) (see §II above) we can see from
Theorem 5 (see also Theorem 7) that, on the other hand, it may happen that
we get a large zero-free region, namely K, for P (f) X, for infinitely many »n.

The accumulation of zeros just mentioned rules out the possibility of analytic
continuation by best polynomial approximants if we use all the terms in the
sequence {P (f) X, }:"0 (cf. [13]). On the other hand, as we have just seen,
certain subsequences of {P (f) X, } _o can provide analytic continuation to a
large region, namely K.

IV. “Near circularity”. Let K = U be the closed unit disk. It can easily be
seen from Theorem 1 or Corollary 1 that for most functions f the curves
L= (= Pn(f))(e”) , 0 <t < 2n, have winding number O (with respect to the
origin) for infinitely many ». Thus, the near circularity property of [18] does
not hold for most of the functions in 4(K) (not even for entire functions). The
curve y, is also far from “looking like” a circle as is shown by Theorem 5.

V. Carathéodory-Fejér approximation. We have already mentioned that an ap-
proximation method based on the near circularity property was introduced by
Trefethen [18]. This so-called CF method is the following. Let f be in the
disk algebra ./ with Taylor series f(z Z,‘ 02 zX. The problem of best
polynomial approximation to f out of I'I” is then equivalent to minimizing

chz + Z a,\

k=n+1

4
over all (n+ 1)-tuples (c,, ...,c,). The CF method starts with truncating the
Taylor series at some k = N > n so that Z,‘:":NH a, s negligible and setting
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N—n—1 . ' .
p(z) = k=0" Ay _y z~. By a result of Carathéodory and Fejér, there is a
unique power series extension

o0
B(z) =p(z) + Z c;zk
k=N—n
analytic in the unit disk that minimizes ||B|| . among all such extensions. The
minimizing B turns out to be a finite Blaschke product with at most N — n —
1 zeros, and B can be found by solving a certain eigenvalue problem for a
Hankel matrix formed from the coefficients of p. Finally, we take p, ~z) =

Yr_o(@, — ¢y_,)z" as the CF approximant of f .

The above method has not been specified completely since it must be preceded
by a truncation that leaves the remainder term “negligible.” In the literature,
the place N where truncation is suggested for the nth approximant is some
fixed number (say 2n+2) depending on n. However, it turns out that no fixed
sequence can serve as good truncation places; what is more, all the truncations
made sufficiently far can be uniformly bad. In fact, it can be proved that if
¢ > 1, there exists a function f € &/ for which

iﬁﬁ inf ”f__pmN“M

PN E (Dlogn ¥

Thus, in general the CF approximants give only the rate of approximation
{E,(f)logn}, which is the same as that given by the partial sums of the Taylor
series. There are functions f € & for which the CF approximants diverge and
they are in general not better than the partial sums, even for entire functions.

Of course, it may happen that for some special classes of functions (say with
rapidly decreasing Taylor coefficients), the CF method provides sharp estimates.
However, we wish to emphasize that the polynomial Carathéodory-Fejér method
is not truly effective for a large class of functions. This topic will be treated in
more detail in a forthcoming paper of the authors [14].

4. PROOF OF THEOREM 1

Lemma 1. Let K be a compact set with connected complement. Then there
exists a subset K of 0K such that K is dense in 0K , and ifz,...,z, € K
are arbitrary distinct points and &, , ... ¢, are arbitrary numbers of modulus
1, then for every ¢ > 0 there is a g € A(K) such that lelly =1, g(zj) = .fj,
1<j<n,and

min|g(z)] 2 1-¢.

Proof. Let K be the subset of 9K that consists of all the points accessible
from the complement G := C\K of K through Jordan curves, i.e., the set of
points z € 0K which are the endpoints of Jordan curves contained in GU{z}.
It is easy to see that K is dense in K. In fact, if z € K arbitrary and
w € G is close to z, then the closest point of {w +(z - w):0<t<1}NK
to w is clearly accessibie and is close to z.
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Now let z,,...,z, € K be n points. Then there are Jordan curves y ; -
GuU{z j} with endpoint at z;, 1 < j < n. Since G is open, it is possible
to construct (close to 7;) another Jordan curve y, . contained in GU{z j}
such that y ; has endpoint at z j but otherwise y i and 7, ; are disjoint,
ie., y N Py = {z j} . Without loss of generality we may assume that each y I
1 < j < 2n, has one endpoint on a circle C containing K in its interior and
that the ?;’s are disjoint in G i.e., if YNy #D, [>j,then /=n+j and
YNy = {z j} (extend and alter the curves 7; if necessary).

The connected component G, of C\(C U (U "=17;)) that contains
K\{z,,...,z,} is bounded by the Jordan arcs y,, 1 < j < 2n, and some
arcs of C (see Figure 1); hence G, is a Jordan domain. Thus there is a
conformal mapping ¢, of G, onto the unit disk U that is continuous and
one-to-one between 9G, and U (see [10, Theorem 2.24]). Notice that @,
carries z,...,z, into QU but every other point of K is mapped into U .

FIGURE 1

Let ¢, be a conformal mapping of U onto a Jordan domain D contained
in {z:1—-¢<|z| <1} that contains &, ...,¢, on its boundary (see Figure
2). Finally, by the Rudin theorem [6, p. 81] there is a function # in the disk
algebra &/ = A(U) such that ||A||,, <1 and h takes the value ¢1—l(f ) at the
point bo(z;) for 1 <j<n. Then g(z):= ¢, 0ho¢y(z) maps K into D in
such a way that z; is mapped into éj for every 1 < j < n, and this proves the
lemma. O

Proof of Theorem 1. Let
. |
SN = {feA(K) : r‘_ré111<1|Qn(f,z)| <1- — for n > N} .
Then S = U,,_, Uy, S,, v’ hence if S is not of the first category, then for
some m and N the set S is not nowhere dense in A(K). It easily follows

from the strong continuity of the operator of best nth polynomial approxxma-
tion that S, , is a closed subset of A(K). In fact, if {f1>, ¢ S, n and
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FIGURE 2

f, uniformly converges to f on K, then for every n > N there are two
possibilities:

(i) f is a polynomial of degree at most », in which case Q,(f,2z)=0 and
fES, y,or

(i) E,(f) # 0. In this case E, (f,) — E,(f) and P,(f,,z) — P,(f,2)
uniformly in z € K as v — oo, which imply the uniform convergence of
Q,(f,,z),and so

1

. < I . < _ =
glelng,,(f,Z)l < lim min|Q, (f,,2) < 1-—,

ie., f€ S,

Since S .~ is closed and not nowhere dense in 4(K), there is an f € 4(K)
and a J, > 0 such that the J-neighborhood of f; in A(K) is contained
in §, . Choose a polynom1a1 P, with || fo Pyll < 6,/2, and set n; :=
max(N deg Py)). If f (#0) is any funcnon in A(K), then the function

-1
I7(2) := Py(2) + 8,/ f I f(z
belongs to the d,-neighborhood of f0 ; hence

: . 1
<1-—-—
min|Q, (/. 2)| <1~ —.

But Qn0 (f",2) = Qno (f,z) and we can conclude that for every function f €
A(K)

. 1
. <l-—.
(4.1) min|Q, (/.2 < 1 - -
That this is impossible can be seen as follows.
By Lemma 1, if z, ... s 2,042 € K and IS n +2 |€j| =1, are arbitrary

numbers, then there is an f € A(K) such that ||f||K =1, f(z z;)=¢, 1<) <
ny,+ 2, and

(4.2) rzrélllg [f(z)]>1- %
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We claim that for fixed z,, ..., Z,,42 W€ can choose &, ... ,én0+2 in such a
way that 0 is the best approximant of f out of l'Ino . In that case we will have
Qno(f; z) = f(z) and so (4.2) will contradict (4.1).

In order to prove the claim consider the set
My = {(P(z)), ... ,P(zn0+2)) :Pe l'InO}

in the complex l;'g+2 space. Then T, is an (n, + 1)-dimensional subspace in

172 hence, by a result of M. G. Krein (see [11, p. 12]) there is a & € [ro+?
of norm 1 such that 0 is the best approximant of & out of L Clearly, each
coordinate of §{ must be of absolute value one. Thus, if § = (¢, ... ,éno +2)
and f is the above function constructed to ¢, , ... ,éno .>» then no polynomial
can approximate f on theset {z,,..., Zp ., better than the zero polynomial
and so Pno(f, z) =0, as we claimed.

Because of its important role in this and later proofs of the paper, we mention
that the vector § = (¢, ... ,éno ,,) thatyields Pno( f,z) =0 can be determined
explicitly. Indeed, if

ng+2

w(z):= [[(z -2,

k=1
we can put
éj=exp(iargw'(zj)), 1<j<n,+2.

Then, with f(zj) = éj , we have for any g € I1
2 2 E 2
T Wz T g(z)

Yo ———F(z)alz) =

2 fu'(z)]

and this discrete orthogonality together with the fact that | f||, = 1 implies
Pno(f,z) =0 (cf. [16,p. 14]). O

5. PROOF OF THEOREM 2

Let D be an open disk containing K and for m >0 let z,,...,z, € D\K
be finitely many points such that to every z € D\K there is at least one z;
closer than 1/m. Since the complement of K is connected, it is easy to see
(say, by induction) that we can connect the points z ; toone another or to 0D
by broken lines in such a way that the complement of this broken line system
in D is simply connected and contains K . In other words, there is a closed
set S, C D\K such that G, = D\S, is a simply connected domain and for
every z € D\K we have dist(z,S,) < 1/m. This implies that if W 1s any
subsequence of the natural numbers, then the set

{z:3p,m_ suchthat U (z) cG, ,meN, m>m_}

m?
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is exactly K°; that is, {G,,} converges to K% in Carathéodory’s sense (cf. [10,
§4]).

Let z, € K° be arbitrary but fixed and let ¢, , ¢ denote the conformal
mappings of G, and K 0 , respectively, onto U normalized by

9n(z) =0,  9,(29) >0,
0(z,) =0,  ¢'(zy)>0.
By Carathéodory’s theorem [10, Theorem 2.1] ¢, — ¢ uniformly on compact
subsets of XK and ¢;1 — ¢_l uniformly on compact subsets of U as m — oco.

If 1 >75>0 isgiven, let K" be a compact subset of K % such that the image
of K" under the mapping ¢ contains the disk

U_ya={z:lz| <1-n/4}.

Then, for m > m(n), the image of K" under the mapping ¢,, contains
U,_ w2 Since K is a compact subset of Gm( y » We can uniformly approximate
Py ON K by polynomials, and let P,, be such a good polynomial approximant
of Py - We can ensure that P, is one-to-one on K, for P () is one-to-
and so, by Rouché’s theorem, every good approximant of @ ()
will inherit this property on K (more precisely, to achieve this we have to
approximate Py ON A larger compact subset of Gm(m containing K in its
interior, but this is always possible). Furthermore, we can assume that the
approximant P,7 is so good that, under the mapping P , the image of K"
contains U the image of K 1is contained in U, and the inverse image of

U

I-n>
N contains (o_'(U,_z”l,.,).

Let

f=P) | o

F(w) = Fn,n(w) =% 0 g

(w) = Q,(f) o P, ' (w)

with w e U and let

I—n2
(5.1) F(w)=a0+alw+a2w2+~--
be its Taylor expansion around w = 0 with partial sums denoted by s, (w).

For M < N we set
N—-1

+Y T

=M

Ty N (W) =Ty y(F w) =

_J':MR

:N M(SM( )+ “t Sy 1(w))

= = (N ()~ Mo, _ (w)),

where g, (w) denote the (C, 1) means of the Taylor expansion (5.1). It is well
known (see [17, §8.7.1]) that

oy, , < 1Fllyg, , <1
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for all k, and so
(53.2) 7y wlow,_, S (N +M)/(N - M).

Hence, since 7,, , is a polynomial of degree at most N, we get from Bern-
stein’s inequality (see [20, §4.6])
N+M -N
"TM N“dU =N M(l ’7) .
Finally, making use of the fact that the first M Taylor coefficients of F —1,,
vanish, we deduce from Schwarz’s lemma the estimate (see also (5.2))

f(2)=P(f.2)

E,,(f) NoPn(Z)

= |F(w) — TM,N(’U})I

M
<2N+M 1—p
TTN-M\1-nq ’
1/4

-1
where w=P,7(z) and z€g ( 12p)CP (Ul_p),p=n

Letnow p=1/k, n= 1/k*, M = k*,and N = k> . The above construction
shows that the polynomial R, ,(f,z):=E, (f)1) y© P, (z) has degree at most

(deg P,_.) - (k* — 1) =: n(k) . Furthermore,
k3 3
K+ k? 1
IR 2l < BN (1-5) SES =B (1+0(g))
and on (p_l(Ul—Z/k) the function R, (f,z) approximates f— P, (f) with error

at most 4E, (f )e_k (k > 5). Without loss of generality we can assume n(k) <
n(k + 1) for every k. Thus, by choosing

p,(2)=P,(f.2)+ R, (f,2)

for n(k) < n<nk+1), k =1,2,..., we get the required polynomial
sequence since {(p_l(Ul_2 /k)}i°=3 is an increasing sequence of domains con-

verging to kK°. o

6. PROOF OF THEOREM 3

The proof runs parallel with that of Theorem 1; therefore, we omit some
details.
Let z,e K % be an arbitrary fixed point and consider the set

SN {f € A(K): for n > N there is a p, € I1, such that
IIf I/ = p,llg |f(zy) = p,(2,)] 1 }
TE) <2“E E()  ~16mf

If the conclusion of Theorem 3 is false, then |J,, v S, y = 4(K). Any (on K)
bounded subset of Il (with fixed n) is compact and this easily implies that
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each § N is a closed set in A(K) (see also the proof of Theorem 1). Thus,
exactly as in the proof of Theorem 1, we get that some S, v must contain an
fy together with a §, neighborhood of it. Let P, be a polynom1al of degree
ny, > N approx1matmg Sy with error 4,/2. If f € A(K) is an arbitrary
nonidentically zero function, then the function

I7(2) = Py(2) + (65/2)1(2) /11 /&
belongs to the §, neighborhood of f; and so to S, ~ - This means that there
is a polynomial P,:o € I1, with the properties

"f* - P,;”K 1 |f‘(zo (Zo)l 1
E, (/) m’ Eno(f) < Tem-

<2-

But then, for
= (8y/2) " If I (Py = Py),
we have
(f =P ID/E, () =(f =P )2)/E, ([,
and we can conclude that for every f € A(K) there is a P, € l'I"O such that
I~ P, ¢ L )= Pzl _

E.) S m E () - lem’

Below we show that this is not the case and this contradiction will prove Theo-
rem 3.
Since n, is fixed, the polynomials in Hno having sup norm (on K) at most

(6.1)

equal to 3 are equicontinuous on K. Let us now consider the subset K of
0K mentioned in Lemma 1 and let K, be the component of K° that contains
zo. If P, , ||Pllx < 3, and |P(zy)] > 1 - 1/8m, then there is a z; €
dK, with |P(z;)| > 1 — 1/8m. Furthermore, using the equicontinuity just
mentioned, |P(zy)— P(z)| < 1/8m holds in a 6-neighborhood of z, where &
is independent of P and zg € 0K, . Since K is dense in 8K and 0K, does
not contain isolated points (the complement of K is assumed to be connected),
there are 30m disjoint finite subsets I? m Of K such that every o-
neighborhood of every z* € 0K, meets each of the K s. Let z

be n,+ 2 additional points from K . We define the functlon

., Z

1° no+2

30m N
& UK ulz,.. .z, 10U
j=1
by
E(z) =" ifzeK,, 1<j<30m,
andon {z,... s 2,42} Wedefine £ in such a way thatif /€ A(K), ||f], <1
agrees with £ on {z,, ..., Z, 42} » then zero is its best approximant out of Hn0
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(see the proof of Theorem 1). By Lemma 1, there is an f € A(K) that is an
extension of ¢ and has the properties || f|, =1,

. 1
>1 - ——
min If(z)] >1 Tem "

Then Eno( f) =1 and we claim that for this f there is no polynomial in l'ln0
that can satisfy (6.1).

In fact, suppose P, € II, satisfies |f(z,) — P, (zp)| < 1/16m. Then
|P, (29)] > 1-1/8m and so there is a zy € 0K, for which |P, (zg)| > 1-1/8m.
If ||P,llx >3, then I/ —~Pn0||K > 2, so we may assume ||P, ||, < 3. By our
construction above every K ; meets the d-neighborhood of z; ; that is, for every
j thereis a z; ek ; such that

P, (25) = P, (z))] < 1/8m.

But f(z;') = exp(ij2n/30m), and we get from the previous inequality that for
some j,

1f(z]) = P, (z))] 2 |f(z]) = P, (z5)| = 1/8m
> 1-21/30m+|P, (z5)| - 1/8m
>1-1/4m+1-1/8m—-1/8m=2-1/2m,

which means that Pn0 does not satisfy (6.1) as we claimed above. This com-
pletes the proof. O

7. PROOF OF THEOREM 4

We use the de la Vallée Poussin means (see the proof of Theorem 2) applied
to the Faber expansion of (f — P,(f))/E,(f).

Our assumption is that K is bounded by a simple closed analytic curve
y. Then the complement G of K in C can be mapped conformally onto
the exterior of a circle C, = {z : |z| = R} by a function ¢ normalized by
P(00) = 00, lim ¢(z)/z =1 (see[10, §14]). If

d(z)=z+ay+a_/z+-

ZI—00

is the Laurent expansion of ¢ at infinity, then the expansion of ¢" is

(n) _n—1

¢"(z):z"+an_lz +-~~+a:)")+a(_":/z+-~.

The polynomials
F(z):=2"+ cv(n"_)lz"—l +o ag")
are called the Faber polynomials of K .
Since y is analytic, there is an r < R such that ¢ can be extended to
a conformal mapping of the unbounded component of the complement of a
curve y, C K° onto the exterior of the circle C, (see Figure 3) (cf. [5, p. 45)).

Clearly, if for r < p <R, K p denotes the compact set bounded by the curve
7, = o~ '(C ,)» then the Faber polynomials of K, = K and K are identical (in
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N~/

FIGURE 3

what follows we may assume r < R so large that y p is a simple closed analytic
curve for r < p<R). .
Consider now an arbitrary function H from A(U,) and let

] H(S)
Ck(H) = 2_7U'/CR ék+l dé

be its Taylor coefficients. With
. 1 if k <[n/2],
nk ‘{ ks if [n/2] <k < n,
we form the de la Vallée Poussin means of the Taylor expansion of H:

n
k
T,(H,w):=Y 1, e (Hw" .
k=0

Then ||7,(H)|lg, < 3|H|ly, (see the proof of Theorem 2). Since the first [r/2]
terms are missing from the Taylor expansion of H — 7, (H), Schwarz’s lemma
gives, for |w| < R,
2
|H(w) - 1,(H ,w)| < 4(jw|/R)"| Hllg, -

In other words, if I is the identity operator and 7, is the operator that asso-
ciates t,(H) with H, then for p < R

n/2
(7.1) I = L a@)—am,y < 4PIR™.

Now consider for r < p < R the mapping T, from A(K ,) onto A(Up)
defined for polynomials by
T,:ay+aw+-—+aw —ay+aF(z)+ - +a,F,(z).
By a result of Kovari [8] and Anderson and Clunie [2], Tp is a bounded operator
and it can be uniquely extended to a bounded isomorphism between A(U p) and
A(K p); hence T;l is a bounded isomorphism between A(K p) and A(Up).

From the proofs of these results it also follows that the norms of Tp and Tp_ :
are uniformly bounded, i.e.,

(7.2) IT,1.IT, ' 1<C,  r<p<R,

for some constant C.
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Finally, if we consider A(UR) as a linear subspace of A(U ) then, on
A(U ) , the mappings T and T coincide. This follows from the fact that they

coincide on the set of polynomlals and the polynomials are dense in A( R)
Now let

Py(f,)i=Tgo1,0 Ty (Q,(f,")),
where 7, was defined above and Q,(f,-) was defined in (2.1).
From the boundedness of T, T, ' and 7, we get (cf. (7.2))

1P, (Nl < TRl TR H1C, (NIl < 3C°.

For p < R we have
1P, (1) = @, (N, = IB;(f) = Q,(Nll,,
=1 Tgo (r, = D)o Ty (Q,(NIl,, = IT, o (z, =)o T (Q,(N),,

< ”T ”A (U,)—A(K,) ”T I“A(U )—A(U,) ”TR_ ”A(K)—»A(UR)”Qn(f)”K

< C4(p/R)"*C-1=4C*p/R)"?,

where we used (7.1) and (7.2).
Our estimates show that for the polynomials
p,(2):=P,(f,2)+E, (NP, (f,2)
we have
2
If =p,llx £ (3C" + DE, ()
and
n/2
I/ =Pk, <4C7 (%) TE(N.  r<p<R,

which proves Theorem 4. O

8. PROOF OF THEOREM 5

Let x,,X,, ... be countably many nonisolated points of JK such that the
set {x,,x,, ...} is dense at every nonisolated point of K and g,,g,,... be
an enumeration of all not identically zero polynomials with rational coefficients
that have norm strictly less than 1 on K. Set

Sk 1= {fGA() 10,(f,2) —g,(2)| 2 %foreveryn}

zeK |-—\',|>l/l

We have to show that the set
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is of the first category in A(K). Since for /' >/ and k' > k we have Sxis S
S it follows that

m.k' " t°
S U{mk!t <”g ”K\Uu/x/ 1<mklt<oo}.

Exactly as was done in the proof of Theorem 1, one can easily see that each
S kg, With 1/k < ”gm”K\U|,,(x,) is a closed subsejc of A(K); hence if sl is
not of the first category then some S, , ,, contains an f, together with a
neighborhood of it. Approximating f, by a suitable polynomial, we get in the
same manner as in the proof of Theorem 1 that if S| is not of the first category,

then there exist n,, x,, [, k, and m such that for every F in A(K)

|

10,,(F.2) ~ 8,,(2)| 2

|7—x,]>|/1

and this is what we will disprove below. The contradiction thus obtained will
prove Theorem 5.

Let z,,...,2, ., be n, + 2 points from Ul/,( ,) belonging to the set K
defined in Lemma 1. We have already seen in the proof of Theorem 1 that
there are numbers ¢, ... én ., Of absolute value 1 such that if F € A(K)
with ||[F||, = 1 takes the values é at z,, then P, (F,z) =0. We will also
show that such an F exists with the add1t10na1 property that it approximates
g, on K\U, /l(x,) with error less than 1/k, and this will conclude the proof
because for such F we have 0, (F,z)=F(z).

Since g,, is a polynomial of norm less than 1, there is a neighborhood in
C of x, where g, is less than 1 in absolute value. Without loss of generality
we may assume [/ so large that on U, /,(x,) we have g | < 1. Consider the
set G, constructed in the proof of Lemma 1 for the points z,, ..., Zys2- On
KuU, /,(x,) the function g, is continuous and smaller than 1 in absolute value;
hence it has a continuous extension g, to G, such that ||g} [lz < 1. In our
construction below it will be of vital importance that this g;l is analytic on
GoNU,,(x).

Since 50 contains K, it will be enough to show that a continuous F exists
on G, that approximates g; on G \U, 1(x,) with error less than 1/k; F(z j) =
&, 1<j<ny+2; |[Flg <1 and F is analytic in K°.

G, is mapped onto U by a conformal mapping ¢ such that ¢ is a homeo-
morphism of 50 onto U (see the proof of Lemma 1). The image of K° will
be the interior of ¢(K), the image of K, and the image of 50 ny, /,(x,) will
contain neighborhoods relative to U of the points w, = ¢(z,), ... SWy 4o 1=
¢(Z,,0 +2) 5 furthermore g,’; is transformed into a continuous function g de-
fined on U which is holomorphic in ¢(K0) and in ¢(G, N U,,(x,)). Thus g
is holomorphic in a neighborhood (relative to U) of each w > 1<j<ng+ 2.
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Hence, all we have to prove is the following: for every 5 > 0 there exists a
continuous function f on U such that f is holomorphic on d)(KO) , flw) =

J

$, 1<j<ny+2,and [f(z)-g(z)|<nif z ¢ U,(w), 1<j<ny+2.In

fact, then choosing 7 so small that # < 1/k and the inverse images of the sets
Un(wj)ﬁU under ¢ are all contained in Ul/,(x,) and setting F(z) = f(¢(2)),
we get the desired function F on K.

We construct f in several steps. For the sake of simpler notation let n =
n,+2, and we can assume 7 so small that in each set UN Un(w ;) the function g
is holomorphic and furthermore that the sets Un(w j) , 1 <j < n,are pairwise
disjoint.

Step 1. If >0 and w,,...,w, € U are given, then there is a function R
in the disk algebra & = A(U) such that

(a) |R(z)|<1, zeU,

(b) [R(z) -1 <1, ze T\U™, U,(w)),

(¢) Rw;)=R'(w)=0, 1<j<n,
hold.

Proof. For ¢ >0 let
R(2) = exp(~cy/T/(1 - 2)),

where we take that branch of /z, z ¢ (—00,0), for which v/1 = 1, and of
course we set R (1) =0. Then R, € &, |R (z)| <1 for z € U, and every

(
c
derivative (taken on U) of R, vanishes at z = 1. Thus, for small c,

n
R(z) =[] R (w; 2)
j=1
will satisfy properties (a)-(c). O

Step 2. With the above notation, for every n > 0 there is a function R*
continuous on U and holomorphic in #(K°)U (U;.'=l UnU,(w;)) such that
(@ R'(2)l <1, zeT,
(b) |R*(2) - g(2)| <1, ze O\, U,(w))).
() R'(w)=(R")(w;)=0, 1<j<n,
hold.
Proof. Just multiply the R from Step 1 by g. O

Step 3. Forevery n > 0 thereisan f holomorphicin ¢(K0) with the properties

(@) |f(z)] <1, zeU\{wl,__...,wn},
(b) 1f(2) - g(z)l <n, ze U\U}_, U,(w))),
(¢) flw;))=¢;, 1<j<n.



BEHAVIOR OF POLYNOMIALS OF BEST UNIFORM APPROXIMATION 587

By proving this we will complete the proof of Theorem 5.
Proof. Let

1+w 'z "o (z—w)z(z—wz./w )2
H, ,(z):= (—2’ ) I1 : e

(W, —w ) (w; - w} fw,)

w?
- 1
(z—wy) (z wk)

has a local maximum on U at z =w i and

Since each factor

(8.1)

I(1 +wj_lz)/2| <1 forzeU, z#w,
for large m we have
(i) 1H, ()] <1, zeT\{w},
(i) H, ,(w)=1,
(ii) |H, ,,(2)| < Clz—w,|* for z€ U, k#j, 1 <k <n, where C is
independent of m , aid
(iv) |H, ,(2)] <n,, ze€ U\(U;, U,(w,)), where 5,, —0 as m — oo.
Now let

f(2)i=1,(2) = R () + Y& H, ()
j=1

for some large m, where R" is the function constructed in Step 2. Clearly, f
is continuous on U and holomorphic on ¢(K ) J: =1 Uy (w (w ;)) . Property (c)
is obvious for f as well as property (b) for every large m 1f we use (iv) above
and property (b) of Step 2. Also, if m is sufficiently large, then from (iv) and
(a) of Step 2 we get

(8.2) If(2)l <1 ifzeO\|JU,(w,).
j=1

Thus, the only thing we have to verify is that |f(z)| < 1 if
ze(U(w)nU)\{'w} 1<j<n.
This is where we use the analyticity of f in U ( ) N U, which allows us to
consider the corresponding inequality only on the boundary of U (w )NU. On
oU,(w;)NU we have |f(z)| <1 by (8.2). Thus, to conclude the proof we have
to show a similar inequality for every large m on (0U N U (w, ) \{w }.
By property (c) of Step 2 and property (iii) above there is a constant C such

that if w; = =Y, then for every ¢ and m,

(8.3) R*(e") + Z EH (") <Clo—w)l.

k#/
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We can assume Cj is so large that for |p — q/jl < 1/(2(Cj + 1)), the expression

in (8.1) with z = €'’ is not bigger than its value at ¢ = v, . But then, for
0<lp -y, <1/(2(C;+1)), we have

m— COSq)_Wj ;
- =)

which is smaller than 1 - C;lp — a//j|2 if m is large enough. Thus, for such
z=e" weget |f(z)] <1 from (8.3). On the other hand, (a) from Step 2 and
(i) from above imply that if z =¢'* € U, (w)) and |p — w;| > 1/(2(C; + 1)),
then for large m we have |f(z)| =|f, (z)| <1 and the proof is complete. O

1+ ei((""'l’j)
2

H, (") <

9. PROOF OF THEOREM 6
We start with a lemma.

Lemma 2. Let K be a compact set with connected complement. There exists

~

a subset K of 0K with the following properties: K is dense in 0K and if

Z,,...,2, € K are arbitrary points and &, ...,¢, are arbitrary numbers of
modulus 1, then there is a polynomial P such that

(@) |P(2)l<1, zeK\{z|,...,z2,},

(b) P(z;)=¢;, 1<j<n,and

(c) 1= |P(z)| has finite order zeros at z, ... ,z,.

The last assertion means that thereisa 6 > 0 and « such that for |z —z i<
0, z€ K, wehave 1 —|P(z)| > |z - zjl“ . We warn the reader that property
(c) is not automatic; (a) and (b) do not imply (c) even for linear polynomials.

Proof. First we define K. Let K be the set of all w € 9K such that there is a
polynomial P that takes the value | at w and at every other point of K the
absolute value of P is smaller than 1.

Next we prove that K isdensein 0K . Let z, € 0K and ¢ > 0 be arbitrary,
and pick a « in the complement of K and a p < ¢/4 such that |z, —u| <¢/4
and Up(u)mK = . The function g(z) := 1/(z—u) is holomorphic and one-to-
one on C\{u} and, since K has connected complement, g can be uniformly
approximated by polynomials on a compact set containing K in its interior
(e.g., see the proof of Lemma 1). If the approximation is fine enough, then the
approximating polynomial P, will also be one-to-one on K (see the proof of
Theorem 2); furthermore |Fy| will attain its maximum on K at some point w
in U,(z,) because |g(z)| = 1/|z — u| does so on Ue/z(zo)- It is easy to check
that then the polynomial

P, (z):= L(Py(w) ' Py(z) + 1)

w

has the properties P, (w) =1 and |P, (z)] < 1 for z € K\{w}. Thus w €

w w

Kn U,(z,) and the density of K in 0K is proved.
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Now let z,...,z, € K and I¢,| = ---=|¢,| = 1 be arbitrary. Then for
each j there is a polynomial p; with the property pj(z j) =1 and |pj(z)| <1
for z € K\{zj} - Weset w, := pj(zi) . It is easy to construct a polynomial Q
such that (1) =1, Q(w;) =0 for 1<i,j<n,i#j,and |Q(w)| <1 for
every |w| <1, w # 1. In fact, for some large k|,

Lt w\F oy 0w, )w -,
0w = (5°) Tt

will satisfy these requirements (see the proof of Theorem 5).
Now define

n 1 ) m
P(z)=P,(z):=3 ¢ lQ(p,(z))l;f(—z—)}
j=1

for some large m. We claim that P satisfies (a)-(c) above if m is sufficiently
large.

Property (b) follows from the definitions of the p i ’s and Q. Next we prove
(c). Since the p ; ’s are polynomials, we can choose a # and a d > 0 such that

if |z - zjl < ¢ for some j, then |1 —pj(z)l >z - zjlﬂ. But then

L+p,(2)|" ’

1 .
- |0, )22 5 g | R

(9.1) )
I1=p;(2)" _1 26
>—1 ° >lz-z,
> 7] 27 z zjl
and this easily proves (c) for every m > 48 + 2. In fact, there is a constant C
such that independentlyof 1 <i,j<n, i#j,and ze K

1Q(p;(2))(1 +p,(2))/2] < Clz - z)|.
But then for
(9.2) |z - z;| <min(C™*, (8n) ")
and m >4 + 2 we get
10(2)(1 +p,(2)/2]" < (Clz = z;)" < |z~ z,|"?
<(/8m)z=zJ”, 1<i<n, i#],

and this, together with (9.1), proves (c).
Finally, for z € K\{z,...,z,} satisfying (9.2) property (a) follows from
(9.1) and (9.3). On the other hand, for other points z € K\{z,,...,z,},

(9.4) 0, (2)(1 +p,(z)/2| < T, 1<j<n,

for some 7 < 1 independent of z, and so for m > (logn)/(log1/t) we also
get |P(z)|]<1. O

(9.3)

In the proof of Theorem 6 we need the following modification of Lemma 2.
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Lemma 3. For the subset K of 0K defined in Lemma 2 above the following is
true. Suppose u is a nonnegative continuous function on K that vanishes only

at the points w,, ... ,w, belonging to K and satisfies

uzzlz-wl’,  |z-w|<d, 1<j<k,

for some 6 > 0 and B . Furthermore let {z,,...,z,} C K be any finite set
disjoint from {w,, ... ,w,} and &, ... ,¢, beany numbers of modulus 1. Then
for € > 0 there is a polynomial P with the following properties:

(a) |P(z)| <eu(z), zeK,

(b) P(z;))=|Pllg&;, 1 <Jj<n,

(c) |P(2)| < |IP|lg if z€ K\{z,,...,z,}, and

(d) |IP|lx = |P(2)| has finite order zeros at z, ... ,z,.

We remark that property (d) will be crucial in our construction below because
we will repeatedly apply Lemma 3, and the u will be the minimum of ||P| —
|P(z)| for the P’s constructed up to the step in question. Thus, (d) will ensure
that the assumptions on u# will be passed on to the next step.

We also mention that all the essential features of the proof are contained
in the proof of Lemma 2 above and actually the present lemma is the variant
of Lemma 2 needed to prove Theorem 6. However, we regard it instructive
to separate the content of the proof as we did above because Lemma 3 is of a
rather technical flavor.

Proof. Consider the construction given in Lemma 2 with the modification that
now the polynomial Q also vanishes at every pj(wt), 1 <t<k,1<j<
n. If Py(t) := P (1) is the polynomial we get from Lemma 2 with obvious
modifications in the proof (recall that the construction involved a parameter
m, and m could be any sufficiently large number), then set P(z) := pFy(z)
for some small p > 0. By the proof of Lemma 2 (see especially the analogs of
(9.1), (9.3), and (9.4)), properties (a) through (d) will hold for every sufficiently
small p and large m. O

After these preliminaries we finally turn to the construction of a function f
for which the measures v, (f) have every possible limit distribution.

We construct three sequences, polynomials {g,}, integers {n,}, and sets
{H,}, as follows. Let g,, n,, H, be arbitrarily chosen to satisfy the require-
ments below. Suppose the polynomial g, _, and the set H, _, have already
been chosen for some k and assume that |g, | attains its maximum on K
exactly at the points of H, | and ||g, _,llx —18,_,(2)| has finite order zeros at
the points of H, | (and of course we assume these properties forevery k' < k
as well). Furthermore, we assume that n, , = |H, _,|—-2. We are going to con-
struct g, , n,,and H, with the same properties; furthermore, g, will vanish
onevery H,,, k' <k.
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In Lemma 3 we set

u(z)=u(2):= lim (gl - l(2)l)-
Let n, be an integer larger than the degrees of g,,...,g,_,, and pick H, =
{z(lk Yo f,k)“} C 4 \ Uk 1H for the moment arbitrarily. There are num-
bers &(z (k)), ,{( n +2) of modulus 1 such that if g is a function in A4(K)

with g(z (k)) &( zi )||g||K , 1 <i< n,+2, then zero is its best approximant
out of II, n, (see the proof of Theorem 1). Now let g, be the polynomial func-
tion constructed in Lemma 3 for u(z) = u(z), e =¢ = 27k , Z; = z(k) ,
n=n., {w,..}= Uk : H_,and ¢ = ﬁ(zﬁk)) . With this choice the construc-
tion of the sets H ,H,, ... and the polynomials g,,g,, ... is complete, and
notice that the construction can be carried out because Lemma 3 ensures that
the properties we assumed about g, _, and H,_, will continue to hold for g,
and H, .
Set

f(2):=) " g(2)
k=1

Since ||g,|lx < const. g, = const. 27% | the function f belongs to A(K ) We

claim that for every k£ > 2 the best approximant of f out of l'ln is Z -1 g
and that H, ( f) = H_. In fact,

k—1 0o
(- g(2) =g+ 3 gz),
Jj=1 Jj=k+1

and by the construction we get for every z € K\H,

> 18,2 < llgellx — 18 () Z 27 < lgllx - 1g(2)],

Jj=k+1 J=k+1
and so
k—1

f(2) =Y g,(2)

j=1

(9.5) <llgll for z € K\H,.

On the other hand, every 8> J> k , vanishes on H, ; therefore
(k) k) (k) k
(9.6) Sz =Y g2 = g, (21 = 62")g,
and the choice of & (zﬁk)) » 1 £s < n, +2, implies that zero is the best approx-

imation of f — Zfz'll g, out of II, . From (9.5) and (9.6) we see that indeed
H, (f)=
ny
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Finally, we can complete the proof of Theorem 6 as follows. In the con-
struction above the sets H, were arbitrary (n, + 2)-point subsets of the sets

K \( U —I H , k =2,3,..., and the latter sets are dense at every noniso-
lated pomt of 0K . This means that we get as weak-star limits of the mea-
sures v, ( f) all those measures that are limit distributions of a subsequence of
H,...,H,, ... and at the same time the choice of H, is completely at our
disposal from a (in 0K\K,,..4) dense set. Clearly, we can choose H, ... so
that every finite discrete probability distribution with rational values and with
support in a countable dense subset of 0K\K, . . (there are countably many
such measures if the latter set is fixed) is the limit distribution of some subse-
quence of the H, ’s, and since these measures are weak-star dense in the space
of probability measures on 0K\K,_ . .., we get every possible limit distribution

if we choose H|,H,, ... suitably. O
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