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COMPLEX APPROXIMATION OF REAL FUNCTIONS
BY RECIPROCALS OF POLYNOMIALS

DANIEL WULBERT

ABSTRACT. Characterizations are given for local and global best rational approx-
imations to a real function. The characterizations are specialized to reciprocals
of polynomials, where they are used to settle some conjectures and questions.

INTRODUCTION

Let f be a continuous real valued function defined on a real interval. Let
r be a real valued rational function in R;" . If r is a local best approximation
to f from an , it is a global best approximation. If the same r is also a local
best approximation to f from the complex rational functions R:'(C) , it is not
known if r must be a global best approximation from Rn'"(C) . To state known
results let

crit(f — r) = {x:[(f = r)(x)| = lf = I},
R = {%:per,qu”, and {x:q(x) =0} ncrit(f —r) =®} , and
f=cf+=o0)r, ceR.

An oscillation of length k is an increasing subset {xj}f=1 of crit(f —r) for
which (f - rix;) = —( f- r)(x;,,). With these definitions we outline the
framework relevant to this paper: From the classical theory, r = 5 is a best

approximation to f from an if and only if there is an oscillation of length
max{m+degqg+n+degp}+2 [Cheney, 1966]. If there is an oscillation of length
m+n+ 2, then for all sufficiently small ¢ > 0, r is a best approximation to £,
from R:’(C) [Wulbert, 1980]. If there is an oscillation of length m+2n+2, then
r is a best approximation to f from mR,'," (C), and consequently is the unique
best approximation to S, forall ¢ [Wulbert, 1978]. A local best approximation
to f,, for all positive ¢, is a best approximation to f from mRn'" (C) [Wulbert,
1988]. A local best approximation to f from R;"(C) , 1s a best approximation
on crit(f —r) to f from R_, . This fact was known to A. Ruttan [Ruttan,
1985]. We will also include a short proof below [Lemma 4].

Suppose card(crit(f — r)) = m+n+ 2. If r is a best approximation on
crit(f —r) to f from R_. then r is a global best approximation to f from
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636 DANIEL WULBERT

R(C). In particular in this setting if r is a local best approximation, then r
is a global best approximation [Ruttan, 1985].

With the potential application of his result to the local-global approxima-
tion problem above, Ruttan stated the following conjectures: for a real valued
rational function r

[i] r is a best approximation (local or global) to f from Rn'"(C) if and only
if r is a best approximation to f from R_, , on crit(f —r).

[ii] If r is a best approximation to f from Rn'"(C) then f —r has an
oscillation of length m + n + 2 on which r is the best approximation to f .

The results also suggest the following questions:

[iii] If f — r has an oscillation of length m + n + 2 but not one of length
m+2n+2,then thereisa ¢* > 0 such that r is a best approximation to S, for
¢ < ¢* but it is not a best approximation for ¢* < c¢. Is there a characterization
of sucha ¢ ?

[iv] If r is a best approximation from R
approximation to f from R (C)?

[v] Is Ruttan’s result true if the condition on the cardinality of the critical
point set is reduced to assuming that the maximal length of an oscillation is
m+n+2?

This work presents a characterization of best (and local best) approximations.
The characterization is specialized to the case m = 0 (reciprocals of polynomi-
als) to show that conjectures [i] and [ii] are false, that the answer to questions
[iv] and [v] are no, and to give bounds to the ¢* of [iii].

to f, forall ¢ >0 is r a best

crit

NOTATION AND DEFINITIONS

The real and complex numbers are represented with R and C respectively.
All functions are defined on subsets of the real numbers and are normed with the
supremum norm. The polynomials (resp., with complex coefficients) of degree
less than or equal to n are written P, (resp., P (C)). The polynomials that
are positive on an interval domain are written P: . Also put

anz{;—):pel’m,qu:}.

We assume that if % € R;" ,then p and g have no common factors. We define
R”'(C) analogously. For a function f

crit(f) = {x:[f/(x)| = I/} and Z(f) = {x: f(x) =0}

are called the critical point set and the zero set of f. For a subset of functions
S,
dist(f,S) = inf{|| f — s||:5 € S}.

A member s in S is a best approximation to f if

I/ = sll = dist(f, S).
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If there is a neighborhood U of s such that s is a (unique, resp.) best approx-
imation to f from U NS, then s is a (strict, resp.) local best approximation
to f from S. If r is a strict local best approximation to f, for 0 < ¢ < 1
then r is a waning local best radiating term for f. The expression will often
be abbreviated to waning local best approximation or by using first letters. The
real and imaginary parts of a function f are abbreviated Rf and Jf, and

RS = {Rs:s € S}.

The term an oscillation of length k and the symbol R_. are defined in the

introduction.

crit

GENERAL CHARACTERIZATIONS

Let ‘;— be the best approximation to a continuous real function f from an
In this section we give characterizations for g being a local best approximation
from R;"(C) , a global best approximation from R;"(C) , or a best approxima-
tion from R_; . The results will be specialized later, and used throughout the
paper.

Proposition 1 (global characterization). At a critical point of f —5 , the following
are equivalent:

u+is D
. - < - =
(1) V v+ﬂ'wp qw
. . 2
(1.2) “*5:3.or2<f—£)m[ pu + is) —EJZEP
u+it g q (qu—pv)+i(gs—pt) q] ¢
and

(1.3)
2 (f - %) pls(as — pt) + u(qu — pv)] > [(gs — pt)’ + (qu —pv)zlfl—7 [2f - s] .

The equivalence of the corresponding statements is true if the inequalities are
replaced everywhere with either strict inequalities or with equalities.

Proof. Proceeding from line (1.1) we compute
u+1is

‘V'%’ZV'U+”
ll-5)- Gz )

(-l =(- 24
)

[uv+st ]
+
v +l
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Squaring both sides and manipulating the equation a little we get

2(f - 2) tww +50)q - 0" + )

L4 S [(uv + st)q — p(v2 + 12)]2 + [sv — ut]zq2
(1.4) = (7 Pl :
_ [(p,_qs)2+(pv qu)’Jlv’ + 0’
[v +t ]q

Now i
utis _p . . 32 N2
v il g if and only if [(pt—gs) +(pv —qu)’]=0

Hence assuming this term is not equal to 0, we divide by it to obtain

(f p)pquv+pqst—pv—pt 1_)i
4/ Upt—gs)’+@v-qu’ly — ¢°’
5 <f_ g) pals(gs — pt) + u(qu — pv)] - plpt — 45)* + (pv — qu)’] _ p’

[(pt - gs5)* + (pv — qu)*lq T g

2
) _1_7> pslgs — pt]+pulqu—pv] p| _ p°
(f l i —sal +lqu—poP 4]~

(8]

— 2 .

q
This proves that (1.1) implies (1.2), and the argument is reversible. To prove
that (1.1) is equivalent to (1.3) we proceed from (1.1) to equation (1.4) and
obtain

2 (f - §> {p[S(qs —pt) + u(qu — pv)] - %[(pt —4s)" + (pv - qu)zl}

2
> %{(m —gs)> + (pv — qu)’],

_p _ _ —a6)? _ a2 _P
Z(f q)pIS(qs pt) + u(qu — pv)] > [(pt — gs)" + (pv qu)]q[Zf q]-

Again the argument is reversible, also the only inequality in the proof occurs in
the initial use of equation (1.1). O

We remind the reader that the definition of waning local best radiating term
for f (abbreviated to wibrt or to waning local best approximations) is given in
the notation section.

Lemma 2 (local characterization). f; is not a waning local best approximation
to f ifand only if there exist u,s € P, and v ,t € P, for which

(f— —) pls(gs — pt) + p(qu — pv)] > (pt — qs)" — <2f— —)

on crit(f — %).
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Proof. Suppose that the inequality holds. Then for points in crit(f — %) and
for sufficiently small A:

2
2(f = 2) plstas = po) + (0 — Pu)(pv - qu)]
(1.3) 2 p p
2 2

> (ot - as)” + qu - poy1L (2 - 2).
An application of the general characterization of Proposition 1 shows that

p— Pu+ils

q— 220+ iAt
is a better approximation to f than ‘3 .

To prove the necessity of the inequality, we use Lemma 7 and Lemma 9 with

the word “strict” corrected to “waning” from [Wulbert, Illinois J. Math., 1980].

If % is not a local best approximation to f there mustbe y € P,, 6 € P,
and k€ P, such that

n

_p\ ka-py* _ (py—qd)’
2 f - 3 > 4 5
q q q

or

_ (522
2(f—§)p[kpq—p272]>————(py g)p,

25>
2 (f— ;—’) pla’s” + kpq — 2pqys — (py — 6)'1 > W-

Since p and g are relatively prime we can choose the polynomials s, ¢, u,
and v sothat s=4¢, t =y, and qu—pv = k—st. Continuing the inequalities,

2.2
I
2 (f‘ ;i) pla’s’ — past — p’qv + pg’u — (pt — gs)’1 > (p—:zw_p’
2 2
t—gs
2 (f— %) p [s(qs - pt) +p(qu—pv) - (L—‘-]il} > (pt - qS)“;—,

and finally
p 2D p
2 (f— 5>p[5(qs —pt) +p(qu — pv)] > (pt — q5) 7 (2f— 5) . 0O

Proposition 3. Let § € R

crit’

then on crit(f — £)

>

-3

-3

if and only if

2 (f - ;—’) pa(qa — pb) > (qa - pb)zg [2f— g] .



640 DANIEL WULBERT

The corresponding statements with the inequality “ > ” are also equivalent.
Proof. This is a corollary to Proposition 1 obtained by putting u =a, v =»>,
s=0,and t=0. O

Lemma 4. Let ¢ € R then on crit(f — 5)

crit’

D a
o R
implies
D p+ila
4 5H>‘f q+iib

The corresponding implication with the inequality “ > ” is also true.

Proof. This follows from Proposition 1 by putting u = p, v = ¢q, s = Aa,
t = Ab, and comparing the result with the statement of Proposition 3 above.
However a direct proof is to observe that on crit(f — f]l) the range of the linear

fractional transformation ‘
D+ ika

- .
q+iib
is a circle symmetric about the real axis. The end points—and hence the entire
circle—of the diameter that lies on the real axis are both within a distance

I/ =2l of f. O
The following is from [Wulbert, Illinois J. Math., 1980]:

Lemma 5. § is a local best approximation to [ if and only if it is a local best
approximation on crit(f — g) .

Proposition 6. If ¢ € R, , and on crit(f — 5)
P a

‘f qH g ‘f bl”

then & is not a local best approximation to f from R (C).

Proof. This is immediate from Lemmas 4 and 5. O

CHARACTERIZATION FOR APPROXIMATION
BY RECIPROCALS OF POLYNOMIALS

When a characterizations of the last section are specialized to approximations
from RS , the equations simplify, and the comparisons between the types of
approximation become more compelling.

Proposition 7. On crit(f — % , % is respectively not:

(7.1) a best approximation to f from RS(C),
(7.2) a unique best approximation to f from Rg(C),

(7.3) a waning local best approximation to f from Rg(C),
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(7.4) a best approximation to f from R,

(7.5) a unique best approximation to f from R_; ;

if and only if there are nonzero v and t in P, such that

B
TR | L
(e

R (O ) R
T )| P
et
el
et el

0 s erifred)

s eertd)

Proof. The equivalences of the best approximations from R?, ,and R_. follow
from Propositions 1 and 3. In Proposition 1 replace # with 1, s with 0, and
g—v with v. In Proposition 3 replace ¢g—b with v. To show the equivalences
for local approximation suppose that ql is not a local best approximation. From
Lemma 2 there are u,s€R and J,y € P for which

2(f - 7)blas—8)+qu-11> G- a5’ (2r-7)-

Then equation (7.3) is satisfied with
v=s(gs—9d)+(qu—y) and t=(gs-9).
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Conversely if equation (7.3) is satisfied we select s and 6 so that d —gs =1¢.
Then choose u# and y sothat qu—y=v —s(gs—J). O

TRANSITION APPROXIMATIONS

If r is a best approximation to a continuous real f, from R", but not from
RR(C) then there is a positive ¢* such that ¢ < ¢* implies that r is the
unique best approximation to f, =cf + (1 —¢)r, from R”'"(C) and for ¢ > ¢*
it is not. There is also such a number for local best approximations.

Illustrations. Let r(x) = x be in R} and let f be a continuous real function

such that
5, ifx=-2,

00 5, ifx=-1,
X) =
3, ifx=1,
3, ifx=2

Also let crit(f —r) ={-2, —1,1,2}. Then the ¢* discussed above is equal to
1.

For a second setting in R? let the rational function be % , the critical point
set be {1,3,6}, and the continuous function take the values {2,2, — 1} there.
Again the transition number is 1. In both settings when ¢* > I, r is not the
unique best approximation to f* on the critical point set from R_; . In the first
setting % becomes a best approximation, as does Zf—x in the second.

In this section we give some estimates of ¢* and some properties of transition
approximations (defined below). We start by considering approximations that

maximize the left side of the inequalities of the characterization theorems.

Definition. For a,k € C(X), and h € M C C(X), we will say that a has A
as a (local) furthest point from M with respect to k if

rréi)r(lk(x)(a —h)(x) > mel)r(l k(x)(a — m)(x) for all m in M
X X
(m in some M neighborhood of 4, resp.)

This is not a standard use of the term furthest point. The term has been used
for the function that maximizes the maximum absolute values on X. The
expression here maximizes the minimum values on X .

Lemma 8. Let F map a Banach space, B, into C(X), and let y and k be in
C(X). If F is differentiable at x, and F(x) is a local furthest point to y from
F(B), with respect to k; then 0 is a furthest point to y — F(x) from F'(x)(B),
with respect to k.

Proof. First assume that k = 1. Now suppose b is in F'(x)(B), and

min[y — F(x) — b] > min[y — F(x)]=d = mglfgzﬁm r.}»]ei?[y - m](z).
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Choose an # in B so that F'(x)(h) = b. From the assumption of differentia-
bility,

. ||F(x+Ah) = F(x) = AF'(x)(h)|| _
(8.1) fim ] =
Put ¢ = min[y — F(x) — b] — d and choose 4 > 0 small enough that the

expression on the left of line (8.1) is less than &/||A|| . Now there is some point
in X at which [y — F(x + Ah)] < d. At this point of X we have

0.

g s IE(x+4h) — F(x) - AF (x)(h)]
A

5 I = F(x) - 6] - [y — F(x = Ah)]|

= A

S min[y — F(x) — Ab] - d

- |4]
(1 =A)min[y — F(x)]+ Amin[y — F(x) - b]—d

A

S (1-24)d+ Amin[y — F(x)—-b]—d
= A
>min[y — F(x) - b]—-d =e.

2

Replacing y and F with ky and kF, shows that the case for the weighted
furthest point follows from the proven case with weight = 1. 0O

Comment. We defined furthest point without using absolute values. So multi-
plying everything by —1 we obtain a corresponding theorem using max instead
of min in the definition of furthest point. Had we used absolute values in the
definition we could prove the result by replacing the square brackets in the above
argument with absolute values. However the statement for using maximums of
absolute values is different. The corresponding statement says that O is a best
approximation to y — F(x) from F(x)(B).
For u,v,s,and ¢ in P, put

plu + is] D
H(u,v,s,t) =Re - - =.
( ) [qu —pv]+i[sq —pt] ¢

Lemma 9.

H(u,v,s,0y,z,w,x]

(tw — sx — vy + uz)([qu — pv]? — [sq — pt]?) + (—vw + ux — ty + sz)(qu — pv)(sq — pt)
{(lqu — pv]? — [sq — p11*)? + ([qu — pvllsq — pt])?}? ’

Proof. The verification consists of computing the partial derivatives, using the
partials to compose the derivative, taking the real part, and collecting terms in
an appropriate way. We only will list the partials.
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0H pt —ipv
s W= ; 2
s [(pu — pv) + i(sq — pt)]
oH —pS + ipu
KT ; 2
[(pu — pv) + i(sq — pt)]
oOH —pv — Ipt
6_(y = b ’p 24
y [(pu — pv) + i(sq — pt)]
9z [(pu — pv) + i(sq — pt)]

Lemma10. If t >0 and v/(vz+t2) is a furthest point from 1/q(x) from me’,
with respect to 2(f(x) — 1/q(x))q" (x), then t=0.

Proof. From Lemma 8, kv/( vz +t ) is a furthest point from k% implies that
k[v/(v + t — 1/q] has 0 as a furthest point from kH'[v,f](z,y), where
H(v,t) = v/(v2 + t2). The derivative of H is equal to (t2 - vz)z — 2uty
divided by a positive term. Now choose 4 € P, so that,

(1) sgnl=v>—qu, on Z(t)ﬁcrit(f—%) ,
and
(ii) AN = < e (8 + 0%) — vg| off Z(2).

The right side of (ii) is greater than zero unless v/ (v2 + t2) = 1/q. We will
show that this cannot happen. Since v/ (v2 + t2) is a furthest point it follows
from the definition of furthest point and Proposition 7 that if at a critical point
v/ (v2 + tz) = 1/q, then 1/q is the best approximation to f. In fact it must be
the best approximation to Af + (1 — l)-;— for all A > 0. This however implies
that % is the unique best approximation to f from ‘J{Rg [Wulbert, 1988]. In
this case the furthest point is obtained only when v = ¢ and ¢ = 0. For if any
other function were a furthest point, on crit(f—r), it would be zero or have the
same sign as f (x) - . Thus contradicting the unique best approximation
property of But m (11) we assumed a critical point not in Z(t) so t#0.
Hence the nght side of (ii) is greater than zero, and we can find a A satisfying
(i) and (ii) above. In the above derivative of H put z=t—-41,and y =4 -v.
The numerator of the derivative becomes

(e +v7) —vgl - Al — v,

and has the same sign as {v/(v2+t2)— 1/q} . It follows that k[v/(vz+t2)— 1/4]
does not have 0 as a furthest point from kH'[v,f](z,y). O

Definition. Let

¢ =max{ce R: £ is a best approximation to f, =cf + (1 —c¢)&}.
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A best approximation (# %) to f. will be called a transition approximation
for f, and ¢ is the transition number or transition constant associated with
f.

Proposition 11. If r is a wibrt for f and ¢* < 1 then f has a transition
approximation. Also, if 5 is a local but not global best approximation to f,
then f has a transition approximation.

Proof. For all ¢ > ¢ let r. be a best approximation to f,. Since as ¢ ap-
proaches ¢, r. is a minimizing sequence for f. . It has a subsequence that
converges almost everywhere to a best approximation to f.. . Since 5 is a strict

local best approximation to f, for all ¢* < ¢ < 1, this best approximation is
not 13. O

Put

p(a+ip)
I'=™x - ;
(qa—pd) +i(gB — p)
Lemma 12. If (u+ is)/(v + it) # p/q is a transition approximation to f on
X = crit(f - g)\Z(p), then Rp(u + is)/((qu — pv) + i(sq — pt)) is a furthest

point to s from T" with respect to 2(f—p/q)q2/p2.

a,feP, andd,y€EP,.

Proof. Suppose that

a+iﬂ m p(a+i,3)
r:—eR s = ] ’
yrio ~tne PT T ga—po) + iaf —py)
but
p\ 4’ p
D=¥1€1/{,12<f—3)17(p—3>
, .
' p\d p(u+is) _I_’)_
>Tel?2<f q)pz(m(qu—w)“(sq"”) a)=*

Since (u + is)/(v + it) is a best approximation to f, it follows from the
characterization theorem that d > 1. Choose 1/D < 4 < 1/d, and put
fi=Af+ (1 =A)p/q. Using the characterization theorem again we have that,

on X,
14
-~ <
54l

u+is
v+ it

Ifi—rl<

4l

Hence,

Lf=rll < G =il + 1A = I

i-2f-o-al-3

<A

b

(- Hoa-alr

and r is a better approximation to f thanis (u+is)/(v+it). O
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Proposition 13. If t > 0 and 1/(v + it) is a transition approximation from Rg
to f on crit(f - 1), then t=0.
Proof. The result follows from Lemma 12 and Lemma 10. O

ESTIMATES OF TRANSITION NUMBERS

To estimate the transition numbers we divide the critical point set into its
parts with positive error and with negative error. Let

critt = crit <f— é) N {x:f(x) > ﬁ} )

crit—=crit(f ;) {xf(x)<q(x)}

f;=Cf+(1—C)$

Proposition 14. [1] f, has é as a unique best approximation if

and

Put

1

c< mmcrn q
2|l f -4l
[2] f. has % as a best approximation if
. 1
< min ;- 4 and
T2 -4l
[3] % is not a local best approximation to f, if
1
max L
—it" 4 gnd  card(crith) < n.
2||f ||
Proof. Suppose first that
1
mlncnt q
1 b
2||f il
then for x € crit™
1 1 2 1 1
cl\f-=ll<=, =-2f. <=, and 0<2f ——.
/ q q q fc q fc q

Now if there is another function that is as good an approximation to f, as is
é then there must exist ¢ and v in P, such that

(14.1) 2(f-1)@-v> (m—%) (2 + (g -v)),

and not both ¢ and g —v = 0 (Proposition 7). Since the right side of equation
(14.1) is nonnegative, g — v is successively nonpositive and nonnegative at the
critical points. This, of course, cannot occur unless ¢ = v. Forif w € P, is
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chosen so that sgnw = sgn(f — %) at the critical points where also g = v, then

for small 4, ¢ — v +Aw would be a nonzero polynomial which both has degree
n,and has n sign changes. But if ¢ = v, then since 0 < 2f — % , we also have
from equation (14.1) that t=v.

Proving [2] is similar to the above proof. In this setting 2f, —% is nonnegative
instead of positive. However the existence of a better approximation implies
that equation (14.1) can be satisfied with a strict inequality replacing the weak
inequality there (Proposition 7). Now the same contradiction occurs as in the
proof of [1].

To prove the last assertion we wish to find v and ¢ in P, so that

2(f-7)@-0z (26— 1) @),

on crit(f — %) (Proposition 7). Similar to the above argument, the conditions

of this assertion imply that 2(f, — %) is negative on crit” . So we can satisfy

the above inequality if we replace ¢ with At for sufficiently large 1. O

Proposition 15. Let k be a constant function. If card[crit(f — k)] < 2n + 1
then k is a local best approximation to f if and only if k is a global best
approximation.

Proof. Suppose that k is not the best approximation to f. From Proposition
7, there are v and ¢ in P, such that

2(f—k)( s —k) > k.

v+t

We will show that the set crit” of Proposition 14 has card(crit’) < n. Now
v — k(v2 + 12) changes sign with f—~ k. But v — k(v2 + t2) has at most 2n + 1
sign changes, and is negative for all real numbers of sufficiently large absolute
value. Therefore it can have at most n points in the set crit” . Since obviously
for a constant g, max é = min_, - é the results follows from Proposition
14,[2]and [3]. O

Proposition 16. If

(1) g has a real zero (e.g., if the degree of q is odd), and
(i) f- % admits a maximal oscillation of length 2n + 1 for which n + 1

of the critical points are in the set crit®,

crit™

then for all ¢ >0, f, has é as a unique best approximation.
Proof. f, has % as a unique best approximation for all ¢ > 0 if and only if
f has % as a best approximation from the real parts of Rg [Wulbert, 1988].

Hence suppose that v/ (v2 + t2) is a better approximation to f thanis 1. Then

q
v 1 1
sgn ——| =sgn|f—-~].
& [v2+t2 q] g [f 4]
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We then have that gqv — v? — 1% oscillates sign on the critical points and has
positive sign at the first and last of these. Now gqv — v’ — 1* has 2n zeros
dictated by the sign changes on the critical points. The zero of g off the domain
of approximation forces one more zero. This shows that gv = v’ + %, This is
a contradiction. O

Example 17. The conclusion of part [1] of Proposition 14 is not true if, in the
hypothesis, the inequality “ < ” is replaced with <.

To see this let
g=10+1), erit(f-1)={-1,0,1,2},

and at these critical points respectively put f=1,5,1, % . Define v =¢q, and
t = x(x — 2). Either by applying Proposition 7, or by direct computation, we
1

conclude that 1/ ('u2 + 12) is as good an approximation to f as . O

Example 18. The conclusion in part [3] of Proposition 14 is not true if the
inequality “ > " is replaced with > in the hypothesis.

Letting ¢ and f be as defined in the last example, the weak inequality
conditions are satisfied with ¢ = 1. However part [2] of the proposition gives
that % is a best approximation to f. O

Example 19. Proposition 16 is not true if ¢ has no real zeros.

The construction of Example 20 will verify this statement. O

LOCAL APPROXIMATIONS AND APPROXIMATION FROM R crit

In this section we present counterexamples to the conjectures and some of
the questions listed in the introduction.
Example 20. There is a continuous function f and a polynomial g of degree
2 such that % is not a local best approximation to f from Rg(C ), but f, =
Af+(1- /1)% has % as a best approximation from R_. on crit(f — %) for all
A>0.

Construction. Put

crit

1 1

a 3x°+5.75

We will construct f so that the critical point set of the error functionis x, =0,
X, =.1, xy3= 1.9, x,=21, x, =5. We will need to show that there is no
polynomial S of degree 2 such that

(1) sgn(y - Ly(x)=(-1’, j=0,1,2,3,4

The verification has three cases. First no f that is positive on the critical point
set can satisfy (1) above. In that case ¢ — 8 would have to switch sign 4 times,
which, of course, cannot be done by a second degree polynomial. Since f
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must be positive at x,,x,, and x, the other two cases are for f obtaining a
nonpositive minimum between x, and Xx,, and for § obtaining a nonpositive
minimum between x, and x,. The latter case is easily dismissed. Since such
a f would necessarily: (1) be decreasing on (—00,x,), (2) be less than g at
X,, and (3) be greater that ¢ at x,. For the remaining case we look at the
derivative of g — f. Looking at its sign at x,,x;, and x,; the derivative of
g — B has a zero between Xx,, and x,. Also since this derivative is a linear
function it is negative to the left of this one zero (a minimum for g — #), and
in particular at x,. However the derivative of ¢ is zero at X, . Also since B
has a nonpositive minimum between x, and x, it has a negative derivative at
X, . Since these facts are not compatible, this third case is also unobtainable,
and no B satisfies the equation above.

Now we construct f. For j=0,1,2,3,4. Define

2
__ v (L
f(xj)—q(xj)+1000( 1) (q(xj)) )

From Proposition 7, f, has é as a best approximation from R

present second degree polynomials v and ¢ such that

(-l

Then Proposition 7 shows that é is not a local best approximation to f from

We will

crit *

R(z)(C). From our choice of f we need only find v and ¢ such that

jlv 1 1
— _ = > — .
|53 o
Put v = (x-3)(x—-2),and ¢t = (x —2)(x + %). So we simply verify that
[v /t2 — 1/4] has the following values at x,, through x, respectively:

2500, -—.6643, 1.8188, —1.4060, .0087,
and this completes the construction. 0O
For the example below, given a function f put f =cf+ (1 -¢)l.

Example 21. There is a function f with the following properties:
[1] for all sufficiently small ¢ > 0, f. has 1 as a best approximation from
0
R\(C),
[2] 1 is not a local best approximation to f,
[3] I is a best approximation to f from R, ,
[4] I is not a best approximation to f, from R . forall c,
[5] 1 is a local best approximation to f. if and only if it is a global best
approximation.
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Construction. Let ¢ > 0, and put

/) {%’xzi“
X) =
3, x==%/7%.
Now put
[ 8 pr—
v=1+6 and ¢(x)=x
Then
~(1+e)|2 -1 =1, x==I;
Lt
(v €
(1+8)_t_2_1 —1, x== 2—-{-8'
Hence for 4 > ¢,
—(1+2) |2 -1 > 1, x==+I;
Lt ]
v €
(1"‘/1)[’—2—1])1, x== 2—+—£
Equivalently,
—(1+/1)v>—/1t2, X ==+1;
2 €
I+v>2+0), x== DL

From Proposition 7, 1 is not a local best approximation to f; ., forany A>¢.
The function f in the statement of the example will in fact be of the form f,;
for some 4 > ¢. The argument above proves statement [1]. Since f, ;, — 1 has
a maximal oscillation of length 3, statement [1] is satisfied [Wulbert, Illinois
J. Math, 1980]. To establish line [3] we want to show that 1 is not a best
approximation to f, , for 4 slightly larger than &. That is, from Proposition
7 we need to show there does not exist a linear w such that

—(1+l)w>—lw2, x==l;
(1+ADw>Q2+Aw’, x==+Ve/2+e).

We may assume that w(1) > 0. For this setting, the optimal w will make
the equation exact at 1, and w(—+/¢/(2+¢)) = 0. That is, among all the
linear functions positive at 1 and satisfying the above equations at both 1 and

—v€/(2 + ¢€) sucha w will give the lowest possible value at \/¢/(2 + ¢). Hence

we consider
X+ sﬂ2+®]<l+l)

1+e/(2+¢)

w(x) =
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We want to verify that the characterizing equation of Proposition 7 cannot be
satisfied at /e/(2 + ¢). Suppose to the contrary that

1+4 £
2+/1-“’(\/2+s)

Equivalently,
L+4 Q1w A+1
ey A b
2447 14 e

[ ¢ €

> 7
A+ A 2+8_(2+/1)2 L
A €
722\ 7ve
If 4 is sufficiently small (for example: ¢ =1 and A =2):
A < € < £
4+ 2+ V2+e

For such ¢ and A the characterizing equations cannot be satisfied, and 1 is the
best approximation to f, , from R However for sufficiently large 4,

crit *

B

€
2+¢’

>

N
PN

+

ﬂ>w L >0
244 V2+e ’

and so by slightly altering w at 1 and —,/5%; so that the characterizing equa-

Hence

2+e
tions are satisfied with a strict inequality “ > we have proven [4] as well as
[3]. It remains to establish [5] that if 1 is a local best approximation to f = f,

from R?(C) then it is a global best approximation. If 1 is not a global best
approximation then from the characterization in Proposition 7 there are linear
functions v and ¢ such that on the critical points,

2(f = Do > 2f = D +v).

Since not both v and ¢ can be zero,

2(f — 1)5—

¢ + v?
Choose points x; and x, such that

[ € [ €
-1 = - .
<x < 772 and 3 l€<)c2<l

Now choose a linear T so that

T(x,) = (=1)"\/v*(x,) + £*(x)).

> (2f-1).
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Then T2 and *+v? are quadratic polynomials with two common values. Since
T has a zero between x, and Xx,, T? <v*+¢ on (x,,x,) and T2 > v? + 1
elsewhere. From Proposition 14, 2f(++/¢/(2+¢)) < 0, and for all critical
points,

So

N —

10.

1.

12.

2f - v >@Qf - D) +v)>Qf- 1T

from Proposition 7, 1 cannot even be a waning local best approximation. 0O
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