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ISOMETRIC DILATIONS FOR INFINITE SEQUENCES
OF NONCOMMUTING OPERATORS

GELU POPESCU

ABSTRACT. This paper develops a dilation theory for {7,}$°, an infinite se-

quence of noncommuting operators on a Hilbert space, when the matrix [T}, T3,
...] is a contraction. A Wold decomposition for an infinite sequence of isome-

tries with orthogonal final spaces and a minimal isometric dilation for {7,}°,

are obtained. Some theorems on the geometric structure of the space of the min-
imal isometric dilation and some consequences are given. This results are used
to extend the Sz.-Nagy-Foias lifting theorem to this noncommutative setting.

This paper is a continuation of [5] and develops a dilation theory for an
infinite sequence {7} >~ of noncommuting operators on a Hilbert space #
when Y02 T,T, <1, (I, isthe identity on 7#).

Many of the results and techniques in dilation theory for one operator [§]
and also for two operators [3, 4] are extended to this setting.

First we extend Wold decomposition [8, 4] to the case of an infinite sequence
{V,}o., of isometries with orthogonal final spaces.

In §2 we obtain a minimal isometric dilation for {Tn}:‘;l by extending the
Schaffer construction in [6, 4]. Using these results we give some theorems on
the geometric structure of the space of the minimal isometric dilation. Finally,
we give some sufficient conditions on a sequence {Tn};‘;I to be simultaneously
quasi-similar to a sequence {Rn};”;1 of isometries on a Hilbert space # with
z:il RnR: = 17’ .

In §3 we use the above-mentioned theorems to obtain the Sz.-Nagy-Foias
lifting theorem [7, 8, 1, 4] in our setting.

In a subsequent paper we will use the results of this paper for studying the
“characteristic function” associated to a sequence {7,}>> with Y >° T, T, <

I,.
1
Throughout this paper A stands for the set {1,2,...,k} (k € N) or the
set N={1,2,...}.
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For every n € N let F(n,A) be the set of all functions from the set
{1,2,...,n} to A and

oo
F =JF(n,A), where F(0,A) = {0}.
n=0
Let # be a Hilbert space and 77 = {V}},_, be a sequence of isometries on
# . Forany f € F(n,A) we denote by V, the product V| Vo -+ Vi and
Vo=1,.
A subspace . C # will be called wandering for the sequence 7~ if for any
distinct functions f, g € ¥ we have

Vfi” 1 Vg,? (L means orthogonal).

In this case we can form the orthogonal sum

Mg (Z) = @ Vf'g'

feF

A sequence 7 = {V,},., of isometries on #Z is called a A-orthogonal shift
if there exists in /# a subspace ., which is wandering for 7° and such that
A =Mz (Z).

This subspace .# is uniquely determined by 7" : indeed we have ¥ =
# © (B, Vi#) . The dimension of £ is called the multiplicity of the A-
orthogonal shift. One can show, by an argument similar to the classical unilat-
eral shift, that a A-orthogonal shift is determined up to unitary equivalence by
its multiplicity. It is easy to see that for A = {1} we find again the classical
unilateral shift.

Let us make some simple remarks whose proofs will be omitted.

Remark 1.1. If 77 = {V}},_, isa A-orthogonal shift on /# , with the wandering
subspace .# , then forany ne€ N, A€ A and f € F(n,A) we have

(a)
Vv, = VioVia = Viw (1) =4,
2y :
0 if £(1) £ 2,
and V;/ =0 (/ €2).
(b) X,caViVy + P, =1, , where P, stands for the orthogonal projection
from # into .%.

Remark 1.2. If 77 = {V,},_, is a A-orthogonal shift on A then

(@) lim,_ X jepmn IV 217 =0, forany he #.

(b) ¥ ¥ — 0 (strongly) as k — co, forany A€ A .
(c) There exists no nonzero reducing subspace Z; C # for each V, (A€
A) such that (I, =3, ViV, =0.

Let us consider a model A-orthogonal shift.
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Form the Hilbert space

T %) = {(hf)fe?; > k) < oo,hfe;f} .

fes

We embed Z in 12(.7 ,#) as a subspace, by identifying the element 4 € #
with the element (hf)fe.7 , where hy = h and hf =0 forany fe%, f#0.

For each A € A we define the operator .S, on 12(?,%) by SA((hf)fey) =
(hy)ges » Where hy =0 and for g € F(n,A) (n>1)

hy if ge F(1,A)and g(1) =
W - h, ifgeF(n,A)(n22), f (n—l,A)andg(l)=A
£ g2)=f(1), g3)=fQ2),...,8(n) = f(n-1),

0 otherwise.

It is easy to see that {S,},_, is the A-orthogonal shift, acting on 2 (& ,#),
with the wandering subspace # .

This model plays an important role in this paper. The following theorem is
our version of Wold decomposition for a sequence of isometries.

Theorem 1.3. Let 77 = {V,},., be a sequence of isometries on a Hilbert space
X suchthat 3, V,Vy <1, .

Then % decomposes into an orthogonal sum % = %, & %, such that 7%,
and %, reduce each operator V, (i€ A) and we have (I,,—3-,_, V.V % =0
and {V| 4 },cn is a A-orthogonal shift acting on % .

This decomposition is uniquely determined, indeed we have

=ﬁ0( o) Vﬁz/);

SfEF(n,A)

Hy =Mz (L), where & =F © (B,c\ Vi F)-

Proof. 1t is easy to see that the subspace . = % © (P 1en ViZ) is wandering
for 7.

Now let %) = M, (%) and % = % © %,. Observe that k € %, if and

onlyif k L @, V& forevery n € N, where Z, stands for U;_, F(k,A).
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We have

(@) e @ ne)-[re( @ 1)
(. 2.7)( @)

v [(feg(?/\) Vﬁ%) ° (fefggl A) V/‘%)}
=% 6 ( P V/.%) .

SEF(n+1,A)
Thus k € .7, if and only if k € D /crni1 ) V- # forevery neN. Since
D vi> @ VF (neN)
SEF(n,A) fEF(n+1,A)
it follows that

"
DL

n=0

A)

w08,

Let us notice that

m%cﬁ(@ Wf%)c

n=0 \ fEF(n A)

ij’) S

gGF

|| @ vr ﬁ
n=1 n=1

gEF(n A

)-

nlA)

>\__/ an

Therefore .Z, reduces each v, Hence 7 also reduces each vV

(AeA). l

Since 7| C ®ie/\ V,.Z it follows that (I, — 3, V.V, )l = 0. The fact
that {V}]| 5 } sea 1s a A-orthogonal shift is obv1ous The uniqueness of the de-
composition follows by an argument similar to the classical Wold decomposition
[8, Chapter I, Theorem 1.1]. The proof is completed.

Remark 1.4. The subspaces Ay, % from Wold decomposition can be de-
scribed as follows:

= {k €Z: lim Z ||V;k||2=0} ,

JEF(n A)

F=kex: 3 VK= k| foreveryneN .
fEF(n.A)
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We call the sequence 7 = {V}},_, in Theorem 1.3 pure if Z| =0, that is,
if 77 is a A-orthogonal shift on % .

2

Let F = {T,},c, @ sequence of contractions on a Hilbert space # such
that 3, \ T,T, <1I,.

We say that a sequence 7 = {V,},_, of isometries on a Hilbert space 7" D
# is a minimal isometric dilation of 7 if the following conditions hold:

@) Tiea iy <1y
(b) # is invariant for each V;" (A€ A) and V]|, =T, (A€A).
(¢) Z = erg Vf%.

Let D, on # and D on @, ., 7 (# is acopy of Z) be the positive
operators uniquely defined by D, = (I, — 3>, T, T, ; )1/ 2and D= D, , where
T stands for the matrix [T,7,,...] and D, = (I - T*T)"/*.

Let us denote &, =D, 7 and 2 =D (@, %) -

Theorem 2.1. For every sequence I = {T,},., of noncommuting operators on
a Hilbert space # such that 3, , T, T; < I, , there exists a minimal isometric
dilation 7" = {V },.» ona Hilbert space % > Z , which is uniquely determined
up to an isomorphism.

Proof. Let us consider the Hilbert space 7 = % @ 12(.97 ,Z). We embed Z
and Z into % in a natural way. For each A € A we define the isometry
V,: Z — Z by the relation
(2.1) Viih® (d))jeq) = T,h® (D(O,...,0,h,0,...) +8,(d)) fes)
A—1 times
where {S,},., is A-orthogonal shift on 12(9,9) (see §1).
Obviously, for any A, u € A, 2 # u we have rangeS, L range S, and

* ! 2 !
(TuTAh,h )y=—-(D(0,...,0,h,0,...),(0,...,0,h,0,...)).
A—1 times u—1 times
Hence, taking into account (2.1), it follows that
rangeVA_LrangeV# (A, ue A, A# )

therefore 3, _, V,V, <1, .

It is easy to show that /# is invariant for each V," (A€ A) and V|, =T,
(AeA).

Finally, we verify that 77 = {V,},_, is the minimal isometric dilation of
T .

Let % =%V (N epq n V%) and

Z;:%;,_,v( V Vf;z'/;,_l) if n>2.

SEF(1,A)
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It is easy to see that #] = # © < and

%:%@9@( @ Sf@)eam@( @ Sf.@) if n>2.

SEF(1,A) fEF(n—1,A)
Clearly #, C #,  and we have

V% =X oMAD)=X o 'F,Z)=%.

Therefore 7 = V s VX/

Following Theorem 4 1 in [8, Chapter I] it is easy to show that the minimal
isometric dilation 77 of .9 is unique up to a unitary operator. To be more
precise, let 77 = {V/},_, be another minimal isometric dilation of .7, on a

Hilbert space .#’ > # . Then there exists a unitary operator U: % — %'
such that V;U =UV, (A€A) and Uh=h forevery he Z .
This completes the proof.

Remark 2.2. For each A € A, ;" — 0 (strongly) as n — oo if and only if
T;" — 0 (strongly) as n — oo.
From this remark and Theorem 2.1 one can easily deduce Proposition 1.1 in

[5].

The following is a generalization of [2] or Theorem 1.2 in [8, Chapter II].

Propostion 2.3. Let 7" = {V,},., be the minimal isometric dilation of F =
{T,},cn- Then 77 is pure if and only if

. * 2
(2.2) lim Yo ITrRIT =0

fEF(n,A)
forany he # .

Proof. Assume that 7 is pure. Then, by Theorem 1.3 it follows that 7" is a
A-orthogonal shift on the space # D # of the minimal isometric dilation of
g .

Taking into account Remark 1.2 and the fact that for each fe€ %, Vf* | =
Tf* , we have

ok 2 . * 2
lim Y. TR = Jim Y. IV/hI"=0 foranyhe#.
fEF(n,A) fEF(n,A)
Conversely, assume that (2.2) holds. We claim that
. * 2
(2.3) Jlim S WVikl* =0 foranykeZ = \/ V7.
S€F(n,A) =>4
By (2.2) we have

. * 2
lim Yo VRl =0 (he®).
fEF(n,A)
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For each k €/ feF 40 Vfﬁ’/ and any ¢ > 0, there exists

!
ky="Y. Vb, (h,eZ)
gEYT 1g#0

such that ||k — k|| <e. (Here Y’ stands for a finite sum.)
Since the isometries ¥, (4 € A) have orthogonal final spaces, it follows that

. *5 02 . * 2 2 2
Jim 3 kT =lim o Y Vi -k)I <k -k <e,
fEF(n,A) fE€F(n,A)
for any ¢ > 0. Thus, (2.3) holds and by Remark 1.4 we have that 7 is pure.
This completes the proof.

Corollary 2.4. If Y-, T, T, <rl,, r <1, then the minimal isometric dilation
of & =A{T,},cp Is pure.

Now let us establish when the minimal isometric dilation 7" = {V},_, can-
not contain a A-orthogonal shift. The notations being the same as above we
have

Proposition 2.5. Y-, V.V, =1, ifandonly if 3, T,T; =1,
Proof. (=) Since V|, = T; (A € A) it follows that }°,_, T,T;h = h
(he#).

(€) f S,z T,T; =1, then & po o TR = ||A]* for any n € N
and h € #Z . Taking into account Theorem 1.3 let us assume that there exists
keZ ©(D,cpV;Z), k #0. Using Remark 1.4 it follows that

(2.4) lim Y VK| =0.

On the other hand, since

Z=xv| \| Vv#| and \/ vZcPrx
fes feF AEA
140 f#0
. . *712
it follows that k € # and by (2.4) *that im, 3 ek IT k||” =0, con-
tradiction. Thus we have Eae A ViV, =1, and the proof is complete.
Dropping out the minimality condition in the definition of the isometric
dilation of a sequence 9" = {T,},_, , we can prove the following.

Proposition 2.6. For any sequence F = {T,},., of operators on a Hilbert space
# such that 3, , T,T, <1, there exists an isometric dilation 7" = {Vi}iea
on a Hilbert space % > # such that Y, , V,V; =1, .

Proof. Taking into account Theorems 2.1 and 1.3, we show, without loss of
generality, that the A-orthogonal shift & = {S,},., on Z) = P(F.&) (& is
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a Hilbert space) can be extended to a sequence 7 = {V,},_, of isometries on
a Hilbert space 7, D #; such that

(2.5) YViVi=1, and V|, =S5 (AeA).
AEA
Consider the Hilbert space

Z =[1F . &)e&lel'(F,&).

We embed 12(3" ,&) into Z by identifying the element {e/}res € 12(37 ,&)
with the element 0& {e/} ., €% .
Let us define the isometries V; (A € A) on Z. For 4 > 2 we set V, =

Silps £100 ®S; -
Consider the countable set
F' ={feF\F(1,A): f(1)=1}UF(1,A)u{0}

and a one-to-one map y: #\{0} - 5.
For {e/} jer\ 0y ®{€/} e € % the isometry V] is defined as follows

Vi0®{e}es) =00 S ({e)} jes)
* I* ’
Vl({ef}fe‘?\{()} ©0)= {eg }geq\{o} > {eg}ge(? ,

where

g

o { e; ifg=p(f),
1 0 otherwise
and
e=¢; ify(f)=0, e,=0 ifgeF\{0}.
Now it is easy to see that the relations (2.5) hold.
Following the classification of contractions from [8] we give, in what follows,
a classification of the sequences of contractions.
Let 9 = {T,},., on a Hilbert space /# such that 3_,_, T,T; <1, .
Consider the following subspace of # :

. * 2
(2.6) Z, = {h € lim > Tl =0} ,
SEF(n,A)

(2.7) # = {h e#: Y. \TihIF = |A| for anyneN}.

fE€F(n .A)

Remark 2.7. The subspaces #Z; and # are orthogonal and invariant for each
operator T, (A€A).

Proof. Taking into account Theorem 2.1, 1.3 and Remark 1.4 the proof is im-
mediately.

Thus, the Hilbert space /% decomposes into an orthogonal sum # = 7 ©
FAY 4
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For each k € {0,1,2} we shall denote by c® (respectively C(k)) the set of
all sequences I = {T,},., on #Z for which we have 7, = {0} (respectively

X =#).
k
Let us mention that /] is the largest subspace in # on which the matrix
)
T,

acts isometrically.

Consequently, a sequence J € C M will be also called completely noncoiso-
metric (c.n.c).

In the particular case when 9 = {T} (||T|| < 1) we have that I € C"
if and only if T* is completely nonisometric, that is, if there is no nonzero
invariant subspace for T° on which T" is an isometry.

We continue this section with the study of the geometric structure of the
space of the minimal isometric dilation.

For this, let 9 = {T,},., be a sequence of operators on a Hilbert space
# suchthat 3o, T,T; <1, and 7" = {V,},., be the minimal isometric
dilation of .7~ on the Hilbert space 7 =% @ 12(7 ,Z) (see Theorem 2.1).

Considering the subspaces of .7

Z=\-T)#7 and % = (;7_2m75>z
AEA AEA

we can generalize some of the results from [8, Chapter I1, §§1,2] concerning the

geometric structure of the space of the minimal isometric dilation.

Theorem 2.8. (i) The subspaces . and £, are wandering subspaces for 7~
and
dim% =dim¥Z; dim.% =dimZ,.
(ii) The space Z can be decomposed as follows:
T =ROMHL) = @M (2),
and the subspace % reduces each operator V, (A€ A).
(i) ZNZ, =0.
(iv) The subspace # reduces to {0} ifand only if F € Co) -
Proof. The Wold decomposition (see Theorem 1.3) for the minimal isometric
dilation 7~ on the space % = %6912(9,9) gives %7 = X% @Mg-(i’;'),
where % = ﬂ:’;o[ﬁa feF(n.A) Vj.% ] reduces each operator V, (4 € A) and
L' =%Fo (B,ca V7)) is a wandering subspace for 7.
It is easy to see that ./ = ., and that the operator ®,: %, — 2, defined
by

o, (17 -3 VlT;) h=Dh (heX#)

AEA
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is unitary. Hence it follows that dim.Z, = dimZ, . Equation (2.1) yields
Z(Vl —T)h; =00 D((h;);cp) for (h));en € @Z
A€A ieA

(#, is a copy of 7).

By this relation we deduce that there exists a unitary operator ®: . — &
defined by equation

o Z(Vl - Ta)hz) = D((h/l)ieA)
€A

and hence that dim.¥ =dimZY .
The fact that . is a wandering subspace for 7 and that #Z 1 M (%)
follows from the form of the isometries V, (A€ A) defined by (2.1).
Taking into account the minimality of % it follows that % = Z& M (Z).
Let us now show that .’ N.%, = 0. First we need to prove that

(2.8) Z o (@ Vﬁ/) 7oL

AEA

This follows from the fact that, for an element u € %7, the possibility of a
representation of the form

“=(17_Z%T;>ho+zl//1hp hy€Z, (h),er €D,

i€ AEA AEA
is equivalent to the possibility of a representation of the form
u=h"+>3w,-m)h",  Wex, (W), ePH.
A€EA
Indeed, we have only to set
hy=hO =S ThY, b =T+
AeA

and, conversely,

W =3"Th, + (I%, -3 T;{) hy, WY =h, —T'h,

AEA JEA
Thus (2.8) holds. On the other hand, since

3c(@n%)vz/ and PVZcZLe#x
AEA AEA

we have that Z Vv (6§
ZnZ, ={0}.

The statement (iv) is contained in Proposition 2.3. The proof is complete.

sea Vi) = # © 2. This relation and (2.8) show that
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Propostion 2.9. For every sequence 9 = {T,},., of operators on # and for its
minimal isometric dilation 7" = {V,},_, on %, we have

(2.9) My (Z)V Mo (L) =T o7,

where Z| is given by (2.7).
In particular, if 9 is c.n.c., then

(2.10) M (ZL)VMG(ZL)=X.
Proof. Taking into account Theorem 2.8 and that /# C % it follows that
LM (L)Y M(Z).

Now let k € Z be such that k L M (<) and k L M (Z)).

From the same theorem it follows that k € # and k L V.7, for every
f €% . Hence we have

0= (k, v, (17 -> VAT;) h) = (Tyk,h) =Y (T, Tk, T h)
AEA A€EA

forevery he Z .
Choosing h = Tk (f €% ) we obtain

2 " 2
1T k)™= IT, Tk
AEA
forany fe % .
Hence we deduce

*5 2 2
S ITIKIP = k]

8EF(n ,A)

for any n € N. We conclude that k € # . Conversely, for every k € #] it is
easy to see that kK L M (<) Vv M, (%,). The relation (2.10) follows because
for J c.n.c. we have Z] = {0}.

The last aim of this section is to generalize some of the results from [8,
Chapter II, §3]. Throughout 7" = {V}},_, is the minimal isometric dilation of

T ={T,},c, - The space of the minimal isometric dilation is

(2.11) X =ROMGZL)=X T ,D).

Proposition 2.10. For every h € # we have

(2.12) P,h= lim V,Trh
fEF(n,A)

and consequently
2 . * 712
2.13) 1P = Jim 37 Tk
fEF(n,A)

where P, denotes the orthogonal projection of % into # .
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Proof. An easy computation shows that

E Vfo‘h— > Vfo*h

SEF(n+1,A) SEF(n,A)

= > TP - Y TR <0

SEF(n+1,A) fEF(n,A)

2

for every n € N. This implies the convergence of {3 cr., 4 Vfo*h}:il the
sequence in 7 . Setting

k= 11m Z VTh
® feFn.A)

let us show that k = P_h,ie. k LM_ (%) and h—ke M_(Z).
Since for every g € # there exists n, € N such that

Y. VT/h1V,Z
fEF(n,A)

for any n > n, it follows that k L M_(Z).
On the other hand we have

-y VTh—(Ij,/—ZVAT;)h+ > V( ZVAT;)T;h

fEF(n,A) AEA fEF(1,A) AEA

+o4 >V, (17/ -> VlT;) T he Mg (%)
)

fEF(n—1,A AEA
and therefore

h—k = lim (h— > VTh)eMg(fZ;).

n—oo
fEF(n,A)

This ends the proof.

Proposition 2.11. Let I = {T,} 1A be a sequence of operators on # such that
the matrix [T,,T,, ...] is an injection. Then P, 7 =% .
Proof. Let us suppose that there exists kK € #, k # 0 such that k L P,7,
or equivalently, such that k L M, (%) and k L Z.

By Theorem 2.8 we have %7 = # & M, (). It follows that k € M, (<)
and hence k = 3 >V, where [, €.Z (f€5) and 2@7“1/” < 00.
Since k # 0 there exists f0 eEF, such that V./. #0 and

Vik=1.+ Y Vi (,e2).

gEF
g#0

One can easily show that for every g € ¥, g # 0, Vg_‘Z 1 .Z . Since
V k L .Z it follows that l 1 Z . By the relation (2.8) we deduce that
l €®A€A
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Therefore, there exists a nonzero B, h; € @, # such that [, =
Yiea Vih, . Since ¥ L Z, it follows that }°, _, T;h, = 0 which is a con-
tradiction with the hypothesis.

Thus P, % =% and the proof is complete.

For each 1 € A let us denote by R, the operator V|, . Taking into account
the Wold decomposition (Theorem 1.3) we have 3, _, RR, =1,.

The following theorem is a generalization of Proposition 3.5 in [8, Chapter
I1].

Proposition 2.12. Let = {T,},., a sequence of operators on # such that
T € C and the matrix [T,,T,, ...] is an injective contraction.

Then T is quasi-similar to {R,},_, , i.e., there exists a quasi-affinity Y from
X to X suchthat T)Y = YR, forevery A€ A.

Proof. According to Proposition 2.10 we have
ViPyh=lim > V'V,Tih
fE€F(n,A)
= lim Y VT, Tih=P,T h
gEF(n—1,A)
forall he # and each A€ A.
Setting X = P,|, it follows that R;X = X7, for every A € A. Let us
show that X is a quasi-affinity.
Since 7 € C” we have that

lim " ||T;.h||2 =0 for every nonzero h € 7.

n—oo

fE€F(n,A)

By Proposition 2.10 we deduce that P,h # 0 for every nonzero h € #Z,
i.e., X is an injection.

On the other hand, Proposition 2.11 shows that X% = .% .

If we take Y = X", this finishes the proof.

3

In this section we extend the Sz.-Nagy-Foiag lifting theorem [7, 8, 1, 4] to
our setting,

Let J ={T,},c, be a sequence of operators on # with > e TlT; <I,
and 7 = {V,},., be the minimal isometric dilation of the Hilbert space .Z" =

# &1 (F,2) (see Theorem 2.1).
Consider the following subspaces of %

z:zfv( V Vf;?)

JEF(1,A)
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and

A= _ |V \/ Vf;?;_l for n > 2.
SEF(1.A)

Note that #, C #, | and that all the space #, (n > 1) are invariant for each
operator V;" (A€A).

Asin[7, 8, 1, 4] the n-stepped dilation of 7 is the sequence 7, = {(7}),},ca
of operators defined by (7)), = V|, (n>1,A€A).

One can easily show that 7" is the minimal isometric dilation on .7, and
that 7 | is the one-step dilation of 7, .

Let us observe that # = #Z ® < and

Z=r020| @ S2|o--0o| P 52 (n>2)
SEF(1,A) fEF(n—1,A)

where & = {S,},., 1s the A-orthogonal shift acting on 12(7 D).
Now Lemma 2 and Theorem 3 in [4] can be easily extended to our setting.
Thus, we omit the proofs in what follows.

Lemma 3.1. Let P, be the orthogonal projection from % into 7, .
Then \/,,, #, =% and for each 2 € A we have

(T,).P, — V. (strongly) as n — co.

Let 7' ={T,},., be another sequence of operators on a Hilbert space 7"
with ¥, , T,7;" <1, and 7" = {V/},_, be the minimal isometric dilation
of 7' acting on the Hilbert space 7' =% & 1*(F ,2").

Theorem 3.2. Let A: % — ' be a contraction such that for each A € A
T,A = AT,. Then there exists a contraction B: % — %' such that for each

! * *
AeAN ViB=BV, and B'|,, = A" .
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