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CONJUGACY CLASSES WHOSE SQUARE
IS AN INFINITE SYMMETRIC GROUP

GADI MORAN

ABSTRACT. Let X, be the set of all permutations & of an infinite set 4 of
cardinality R, with the property: every permutation of A is a product of
two conjugates of &. The set X; is shown to be the set of permutations &
satisfying one of the following three conditions:

(1) ¢ has at least two infinite orbits.

(2) ¢ has at least one infinite orbit and infinitely many orbits of a fixed
finite size n .

(3) ¢ has: no infinite orbit; infinitely many finite orbits of size k,/ and
k + ! for some positive integers k,/; and infinitely many orbits of size > 2.
It follows that & € X; iff some transposition is a product of two conjugates
of &, and & is not a product i, where ¢ has a finite support and i is an
involution.

For v > 0, ¢ € X, iff £ moves N, elements, and satisfies (1), (2) or
(3"), where (3') is obtained from (3) by omitting the requirement that ¢ has
infinitely many orbits of size > 2. It follows that for v > 0, ¢ € X, iff &
moves X, elements and some transposition is the product of two conjugates of
&.

The covering number of a subset X of a group G is the smallest power
of X (if any) that equals G [AH]. These results complete the classification
of conjugacy classes in infinite symmetric groups with respect to their covering
number.

0. BACKGROUND AND RESULTS

Let 4 be a countably infinite set, and let S = S, denote the group of all
permutations of A. For X, Y C S let X - Y ={én: € X, ne Y} and let
X'=X, X' =X".X. For £ €S let [] = {nén~':n € S} denote the
conjugacy class (coc) of £ in S, and consider the equation

2
(1) K1 =S.
Let X, C S be the set of all ¢ € S satisfying (1). We shall establish
Theorem 1. Let £ € S. Then ¢ € X, if and only if ¢ satisfies one of the
Sollowing three mutually exclusive conditions:
(1) & has at least two infinite orbits.
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(2) (a) & has precisely one infinite orbit.
(b) & has infinitely many orbits of a fixed finite size n.
(3) (a) & has no infinite orbit.
(b) For some positive integers k ,l, & has infinitely many orbits of size
n,forn=k,n=1and n=k+1.
(¢c) & has infinitely many orbits of size greater than 2.

Much of the knowledge and technique accumulated in evaluating products of
cocs in S is used in a full proof of Theorem 1. Recently Droste [D3] combined
these to establish Theorem 1 for those & € § which have at least one infinite
orbit, or fix infinitely many elements. To complete the argument one more new
theorem is needed, namely, Theorem A, which we state below.

Let INF C S be the set of all £ € S that move infinitely many elements.
Call ¢ € INF almost involution if ¢ has no infinite orbit and finitely many
finite orbits of length > 2 (hence & has infinitely many orbits of size 2). Let
Al C INF be the set of all almost involutions.

Theorem A. Let £,n € INF have no infinite orbit, but infinitely many finite
orbits of length at least k, k € {3,4}.

1) If k = 3 then INF-AI C [¢]-[].

(2) If k = 4 then INF C [€]-[n].

(3) Thevalue k =3 (k =4) in (1) (in (2)) cannot be reduced.

Our tool for establishing Theorem A is the use of bicolored planar maps, first
introduced in [M4] (see also [M5]). This technique is reviewed in §2.

A brief history about the search for X is in order. In 1951 Ore [O] proved
that every member of S is a commutator. Since [£] = [C‘l] holds in S,
n= cec™ e implies ne [é]2 and so Ore’s result shows that .S is a union of
squares of conjugacy classes.

In 1960 Gray [G] showed that if £ € S has infinitely many infinite orbits
and no finite orbits, then S = [é]z, and so X, # &. He also noted that the
obvious necessary condition £ € INF is not sufficient for ¢ € X .

In 1973 Bertram [B] showed that if £ € S has infinitely many orbits of length
n for n =1,2,3 but no other orbit, then £ € X,. He used it to show that
[./,”]4 = S for every £ € INF (see also [DG1]), and conjectured that actually
[€]} = S for & € INF.

Shortly afterwards it was noted [M1; M2, (2), p. 76] (see also [DG1]) that
if p, € S is a fixed-point-free involution, R, = [p,], then Ré # S (see [M1,
M6] for the actual evaluation of Ré) . However, twelve years later Droste [D2]
showed that R, is the only coc in S for which Bertram’s conjecture fails.

In 1980 we determined [M3] the set of & € S with parity features, i.e. with
the property that [é]2 contains no finitary odd permutations (£ € S is called
finitary if it moves only finitely many elements). We now formulate as Theorem
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2 an unpublished observation made in the course of that investigation. This
result turns out to have much significance in the present context.
Let Y, C S be the set of 7’s satisfying:

(2) [11]2 contains a transposition.

Theorem 2. Let £ € S. Then & € Y, if and only if & satisfies one of the
three mutually exclusive conditions (1), (2), or (3)(a) and (3)(b) mentioned in
Theorem 1.

A proof of Theorem 2 is given in §1.
Comparing Theorems 1 and 2 we conclude:

Corollary 3. Let £ € INF. Then [é]2 =S ifand only if:

(1) [é]2 contains a transposition.
(ii) & is not almost involution.

The first indication that X, and Y| are ciosely related was given in 1982 in
Droste’s paper [D1]. Indeed, Theorem 1 of [D1], implies that if £ € S has at
least one infinite orbit, then ¢ € X, if and only if ¢ € Y. Other interesting
results of this paper fit into the research on covering numbers of groups that
was carried out intensively at the same time (see [AH]). If C is a coc in a
group G, we write cn(C) = n if n is the smallest positive integer such that
C" = G. cn(C) is called the covering number of G by C and, when G is
fixed in context, the covering number of C . If no such integer exists, we write
cn(C) = w. During 1980-1983 these numbers were computed for various
cocs in various groups, and the effort to obtain them in simple factors of the
decomposition chain of infinite symmetric groups led us to the discovery and
use of the method of bicolored planar maps [ACM, M4, MS5]. Droste’s work
[D1] has immediate relevance to this work as well (see [D1, §5]).

Combining his old results on products of cocs in S with the fresh ones ob-
tained in the course of research on the covering numbers, Droste [D2] obtained
the remarkable result mentioned above, that R, is the only coc C in S with
cn(C) = 4. Theorem 1 determines the cocs C in S with cn(C) = 2. The
remaining cocs in INF—including those with Parity Features (see [M3])—all
have covering number 3. Since cn(C) = w for every finitary coc C, we know
now cn(C) for every coc C in S.

Applying this same body of knowledge and some more recent acquaintance
with products of cocs in finite symmetric groups due independently to Boccara
[Bo] and Dvir [Dv], Droste then found that X, and Y, are indeed very close.
In [D3, Theorem 2], he shows that if £ has rno infinite orbit, and infinitely many
fixed points, then ¢ € X, iff ¢ € ¥ and ¢ is not an almost-involution. The
complete determination of X, is reduced, then, to familiarity with those ¢’s
in X, that have no infinite orbit, and only finitely many fixed points. Now,
X, € Y, and Theorem 2 further reduce the search to the ones that satisfy
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conditions (3)(a) and (3)(b), stated in Theorem 1. Theorem A provides us with
the missing link, and closes the argument for Theorem 1.

Let us review some relevant results. For an arbitrary group G, let X; denote
the set of g € G satisfying [g]2 = G . For an arbitrary ordinal v, let S, denote
the group of all permutations of a set of cardinality X , and let X, = X s, - Let
S,f C S, be the normal subgroup of S consisting of permutations moving less

than X elements and let H, = S;H/S; , 7=0,...,v. Then we have

Proposition 4 [M4, ACM]. Let v > 0. Then X,U{l1} = G if G = H_,
t=0,...,v+1. Also, X,u{l} =G if G=J,, where J is the smallest
Janko group.

J, is the only finite group G known to satisfy X, U{1} = G . Infinite groups
G satisfying X, U {1} = G were noted earlier (see e.g. [H]).

Fix an ordinal v. For any ordinal 7 let Ylf denote the set of all & € S,f
satisfying (2), that is, [é]2 contains a transposition. Obviously, Theorem 2
implies its generalization obtained by replacing “£ € §” by “C € S ”.

Corollary 5. Let v >0, let 0 <t < v, and let £ € .
equivalent:

(a) ¢eX,.
(b) £€Y, and ¢ moves X elements.

. The following are

This corollary is established by Droste [D3, Corollary 3] for the case 0 <
7 < v from the restricted formulation of Theorem 1. Theorem 1 in full easily
implies it for the case 0 < 7 = v, by the same argument.

The paper is organized as follows: In §1 we introduce some convenient no-
tation, and use it to reformulate Theorems 1, 2 and A as Theorems 1', 2" and
A'. We then prove Theorem 1’ using Theorem 2', and Theorem A’. A proof
of Theorem 2’ is also given there.

Theorem A’ , the main new result of this paper, is established in §§2-4. In
§2 we review the method of using bicolored planar maps. In §3 Theorem A’ is
reduced to two theorems, Theorem B and Theorem C, whose proof relies on
the use of bicolored planar maps.

Theorem B provides the inclusion claimed in Theorem A(1) and (2) for per-
mutations ¢ in INF-AI (in case (1)) or in INF (in case (2)) that have no infinite
orbit, and is proved in §3.

Theorem C takes care of the most difficult case—when { has at least one
infinite orbit (where one easily sees that precisely one infinite orbit is the crucial
case). It is proved in §4.

1. VOCABULARY

In this section we introduce our notation and use it to reformulate our results.
Z denotes the set of integers, N denotes the set of positive integers, and
Ny ={0}UN, N" =NU{R/}. |4| denotes the cardinality of the set 4 and S,



CONJUGACY CLASSES 497

the group of all permutation of 4. For a€ 4 and { €S, we let {(a) denote
the value taken by ¢ at a. Hence the composition &£( is to be computed
by acting first with {, then with {. 1, € §, is the identity permutation:
1,(a)=a forall ae A. If BC A, |B denotes the restriction of ¢ to B.
If £|B € Sy then B is called ¢-invariant. If A = B/UB,, B NB, =9,
B, and B, are ¢-invariant and ¢, € SBi is {|B,, i = 1,2, then we write
& =¢, +¢&,. More generally, if {B;: i€ I} is a partition of 4 into -invariant
sets, §; =¢|B;, i€, then we write { =3, ¢;.

For €S, and a€ 4 let (a), = {"(@):nel}. (a); is called the E-orbit
of a. Let (4), = {(a),: a € A} be the partition of 4 into ¢-orbits, and for
neN" let (A), , = {B € (A),: |B|=n}. We define the cardinal number &(n)
by

E(n) = |(A) ¢ ol = cardinality of the set of ¢ -orbits of cardinality n.

By a fype we mean a cardinal valued function ¢ defined on N*. Thus,
for any permutation ¢ € S, & is a type. Moreover, for &,n € S ', We have
[€] = [n] iff & =7 (see e.g. [S]). For types s,¢ and a cardinal number k we
define the types s+¢ and kt by (s+¢)(n) =s(n)+t(n) and (kt)(n) =k-t(n)
(n € N*). More generally, if t; isatype forall i €I, thenatype ) ., ¢ is

i€l”i
defined by
(Z zi) (n)=)Y _t,(n) (neN").
i€l i€l
Obviously we have
E¥n=8+7, 3 &=) ¢&.
i€l iel
Given three types r,s,t we write P(r,s,t) for the following statement:
There is a set 4 and &,7,{ €S, suchthat E=r, 7 =35,

{=tand {n{=1,.

We have [£] C [1][¢] iff P(,7,0).
The main properties of P are (see [M4]):

Symmetry. P(¢,,t,,t,) iff P(to(l)’to(z)’te(s)) for some BES{MJ} ,
iff P(ty ) o2y 5 Log3)) forall 0 € S{1 2.3}
Superadditivity. If P(r,,s,,t,) forall iel, then

P(Zri,Zsi,Zti).

iel el el
From superadditivity follows also

Homogeneity. P(r,s,t) implies P(kr,ks, kt) for any cardinal number k.
For n € N* define the types n*,# by:

*

n'(n)=1, n"(m)=0 form#n, =R, -n".
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Then for any type ¢ we have ¢ = } .. (n) - n*. Define also |tf| =
Y nen- E(n)-n. Then for £ €S, we have [§]| =[4].

If K CN', r atype, weset 1[K] =Y., 1(n). We adopt the usual conven-
tions for intervals in N*: if k,/ € N* then:

(k,)={neN":k<n<l}, [k,)={neN":k<n<l},
(k,]={neN":k<n<l}y, [k,l]={neN":k<n<l}.

Let £e€S,. Wedefine M) S A by M(C)={ac A:&(a) #a}.

A permutation ¢ € S, is finitary if M () is finite, and a type ¢ is finitary if
t =& for some finitary &. So ¢ is finitary iff #(R)) =0 and ¢[(1,R))] <X,.

Let x, = (E:¢e X,}. Thus, t € x, iff P(z,s,t) holds true for every type s
with [s] =R/ .

We formulate Theorem 1, Theorem A and Theorem 2 as follows:

Theorem 1'. Let t be a type. The following are equivalent:
(i) tex,.
(i) |t = N, and t satisfies one of the following three mutually exclusive
conditions:
(1) 1(Rg) 2 2.
(2) (a) 1Ry =1.
(b) t(n) =R, for some n €N.
(3") (a) 1(®;) =0.
(b) 1(k) =1l
(c) t(2,R))] =
Let inf = {&: & € INF}. Thus ¢ € inf iff |¢| = X, and #(X;) > O or

f[(1,R,)] = X, . Define ai C inf by ai = {£: & € Al}. Thus € ai iff #(2) = R,
t(2,R))] <R, and #(R)) =0.

t(k +1) =X, for some k,l €N.

Ry -

Theorem A’ . Let r,t € inf satisfy r(R,) = t(X,) = 0.

(1) If r[[3,R))] = t[[3,a,)] = R, and s € inf-ai, then P(r,s,1).

(2) If r[[4,R))] = t[[4,R)] =R, and s € inf, then P(r,s,1).

(3) Statement (1) fails if we require only r[[2,R,)] = {[[2,R,)] = R,. State-
ment (2) fails if we require only r[[3,R,)] = [[3,R))]=1];.

Let y, = {E: eY,}. Thus, 1€y, iff P(t,1+2",¢). Obviously, Xo € Yo -

Theorem 2'. Let t be a type. Then the following are equivalent:

(i) tey,.

(ii) |t| = N, and t satisfies one of the following three mutually exclusive
conditions:

(1) t(Rg) 2 2.

2" t(Ry) =1 and t(n) =R for some n €N.

(3" 1(Ry) =0 and t(k) =t(l) = t(k + 1) =R, for some k,l €N.
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We now reformulate two earlier results and use them, together with Theo-
rem A’ and Theorem 2’, to prove Theorem 1'. The first, due to Droste, is a
restricted form of Theorem 1'.

Proposition 1.1 (Droste [D1, Theorem 1; D3, Theorem 2]). Let ¢ be a type,
|t| =Ry, and t(Ry) > 1 or t(1) =R,. Then the following are equivalent:
(i) tex,.
(i) ¢ satisfies one of the three mutually exclusive conditions (1'),(2),(3")
of Theorem 1.

(The fact that if ¢ satisfies (1) of Theorem 1’ then ¢ € x, was noted
already in 1981 by Droste and Gobel; see [DG2].)

Proposition 1.2 (see [M2, Corollary 2.5; D2, Theorem 4.1]). Let t € ai and let
P(t,s,t). Then s[N*] = R,. Hence t ¢ x,, as P(t,Na,t) does not hold, for
instance.

Proof of Theorem 1' (assuming Theorems 2’ and A').

(i) — (ii) Let £ € xy. By Xy Cy,,  €,. By Theorem 2', 1 satisfies one
of the conditions (1'),(2), or (3"). But (3") is equivalent to (3')(a) and
(3')(b). Thus, it is left to show that if ¢ satisfies (3”) it satisfies also (3')(c),
ie., t ¢ ai. But ¢t ¢ ai follows from Proposition 1.2.

(i) — (i) Let ¢ satisfy (ii), i.e., [t/ =R, and ¢ satisfies (1),(2") or (3. If
t satisfies (1) or (2') then ¢ € x, by Proposition 1.1. If ¢ satisfies (3') and
t(1) = R, then again ¢ € x, by Proposition 1.1, so assume ¢ satisfies (3') but
(1) <R,. By (30 tk)=t() =tk +1) = R, for some k,/ €N, and by
(1) <Ry, 2<k, 2<! so k+[/2>4. Thus, {[[4,8))] = R;. By Theorem
A'(2) and [D3, Theorem 1], t€x,. O
Proof of Theorem 2'. We first make the following observation: Let 4 = BUB',
BNB' =@, beB,and b’ €B'. Let £ €S, and let B = (b),, B'= ('), (so
B,B’ are &-orbits). Let (b,b') be the transposition interchanging b and b'.
Let { = (b,b')¢. Then we have:

(1) If |B|=|B'| = R, then (=2 RS , 1.e. { has two infinite orbits.
(2) If |B| =R, and |B'| = n < X, then { = X7, ie. { has one infinite
orbit. ~
(3) If |B|=k and |B| =1, k,l <R,, then { = (k+1)", i.e. { has one
orbit, of size k + /.
Thus we have
(1) P2-R5,1+27,2-87).
(2) PRy, 1+2%,n" +R;), neN.
3) Pk +D) ", (k+1-2)-1"4+2" k" +1").
Also:
(4) P(t,|t|-17,1) holds for any type .
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(i) — (1) Assume that |¢f| = X and ¢ satisfies (1y,(2") or (3"). We show
that 1 €y,, ie., P(t,1+2",1).

In case (1') we have 1 =2-Rj +¢ soby (1) and (4) P(z,1+2",1).

In case (2') wehave t =X +Aa+1 =n"+X +7+1,s0by(2) and (4)
P(t,14+2%,1).

In case (3') we have ¢ = 1~<+l~+(k’:l)+t' ,and so we have ¢ = (k+1)" +¢ =
k*+1"+1¢,and so by (3) and (4) P(¢t,1+2",1).

(i) — (ii) Let r €y,. Then there are £,{ € S, and a transposition (b ,b') e
S, such that { = (b,b')¢, and & = { = t. We may further assume that b
and b’ belong to distinct &-orbits B and B’ (else b and b’ belong to distinct
¢-orbits and we have & = (b,b),). Let & =& +¢&", { = + " where
&0 € Sy p - Then we have (' = (b,b')¢ (where here (b,b') € Sp 5,
& ="' Hence & = |B|"+|B'|",and & =T .Now =& +& =C +C ,
and P& ,(b,b'),T) imply that ¢ satisfies (1'),(2) or (3") as follows.

We know that E'=2-N3,or E'=N8+n*,or E=k"+I" (n,k,leN). If
g=2. Ry then 7(X;) >2 so (1) holds. If g = Ry +n” then 7 = X; and so
setting ' =& = we have ¢ = RS +n"+ 1" =R +1",s0 1(R;) > 1, and by
t(n) =1t"(n)+1=1"(n), we have t(n) =R,. Thus ¢ satisfies (1) or (2').

If & =k*+1" then T = (k+/)" and we obtain as before t = k* + " +
= (k+0)"+1",s0 t(k) = 1+1"(k) = "(k), t() = 1+ ") =" (),
ttk+D)=1+"k+)=1"(k+1).

It follows that #(k),(l),t(k +1) >R, and ¢ satisfy (1'),(2') or (3'). O

2. BICOLORED PLANAR MAPS REVISITED

In this section we review briefly the bicolored-planar-map method introduced
in [M4], and use it to establish Theorem A’ in subsequent sections. The fol-
lowing treatment is self-contained and slightly different from the one offered in
[M4].

By a planar graph we mean a pair G = (V,,E;) where V =V is a set of
points in the plane, called the vertices of G, and E = E is the set of edges of
G . Each edge e € E is the range of a continuous mapping f of the closed unit
interval [0, 1] into the plane, whose restriction to the open unit interval (0, 1)
is a homeomorphism. f(0) and f(1) are called the endpoints of e. They
should be vertices, and may be nondistinct. If f(0) = f(1) we call e a loop.
Two distinct edges may have the same set of endpoints (multiplicity of edges
(including loops) is allowed). An edge e meets V' by the set of its endpoints,
and the intersection of two distinct edges is a set of vertices (so two edges meet
at common endpoints). In addition to those usual conditions, we impose two
more assumptions as follows:

(a) every bounded set meets only finitely many edges.
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The degree d(v) of v € V is defined as the number of times v occurs as an
endpoint of an edge (so a loop contributes two to this count). It follows from
(a) that every vertex has a finite degree.

Welet G, = V U(UE) denote the set of all points of the plane in V' or in
e for some e € E. Our second assumption is:

(b) G, is connected.

It follows from (a) that the complement Gi of G, is open. A connected
component of G, is called a G-region. It further follows from (b) that every G-
region is simply connected, and so homeomorphic to an open disc. Let F = F
denote the set of all G-regions.

By a map we mean a triple (V,E,F), where G = (V,E) is a planar graph
and F = F is the set of G-regions.

By a bicolored planar map (bpm) we mean a quadruple (V,E,B, W), where
(V,E,BUW) is a map, and for distinct b,b' € B (w,w’ € W) we have
c(b)ncl(d') CV (cl(w)ncl(w') C V). Here cl(X) is the closure of the set X
in the plane. B (W) is the set of black (white) regions of the map.

Let (V,E,B,W) be abpm, e € E. Then there is a unique b, € B and a
unique w, € W such that e € cl(b,) Ncl(w,). For a region f € BUW, let
F,={e€E: f=f} be the set of edges in its closure, and let s(f) = |E,|.
We say that f is of size s(f).

We now use the orientation of the plane to define three permutations f8,v,
w € S, as follows. Orient e € E by requiring that a traveller moving on e
as oriented sees b, to his left and w, to his right. (Thus, the boundary of a
bounded b € B is oriented counterclockwise.) Define the tail t(e), and that
head h(e), of e € E to be the endpoint travelled from and to by this traveller
on e.

Let us say that e’ follows e around b € B (w € W) iff b = b, = b,
(w=w,=w,) and h(e) = te').

Let v € V', and let E_  denote the set of edges e € E satisfying ¢, = v
(so E, is the set of edges emenating from v). By (a) E, is a finite set. Let
s(v) = |E,|. Thus, s(v) the out-degree of v. We have d(v) = 2s(v), as our
orientation makes (¥, FE) into an Eulerian graph. We say that v is of size
s(v).

Let e,e’ € E, . We say that e’ follows e around v if for any small enough
circle C centered at v, P, follows P, in the clockwise sense on C, where P,
(P,) is the first point on C met by a traveller on e (¢') moving from t(e) = v
to h(e) (t(e’)=v to h(e)).

Define f,v and w to be the black, vertex and white permutations respec-
tively acting on the set of edges E . That is:

B(e)=¢" iff ¢ followse around b, =b,,,
v(e) =€ iff e follows e around 1, =1t,,

I . !
w(e) =e iff e follows e around w, = w,, .
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One readily verifies:

Proposition 2.1. Let (V ,E,B,W) be a bicolored planar map. Then B,v,w €
S defined above satisfy:
(1) {E,: b€ B} is the partition of E into B-orbits.
(2) {E,:v €V} isthe partition of E into v-orbits.
(3) {E,: w e W} is the partition of E into w-orbits.
(4) B =vw; hence, P(f,V,D).
(5) Let G = (B,v) = (v,w) = (w, B) be the group of permutations of E
generated by any two of the three permutations B,v,w. Then G acts
transitively on E .

FIGURE 1

The edges of this bicolored planar map—marked here
1 to 12—oriented as marked define the associated three
permutations:

The black permutation S:
B =(1)(2)(3)(4,5,6)(7,8,9)(10,11,12)

The vertex permutation v:
v=1(1,57)2,8,10)(3,11,4)(6,12,9)

The white permutation w:
w=(1,7,2,10,3,4)(5,9)(6, 11)(8, 12)

which satisfy f = vw.

The relation P(3 -+ (1* +3*),4-3%,6* + 3-2*) follows.

Figure 1 displays Proposition 2.1 in a particular case, where the bicolored
map M has 12 edges, oriented as required to define the permutations g,v,®.
Establishing P relations on countable sets by means of bpms proved useful
in the past. Here we shall use such maps to demonstrate that such relations can
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be established, while some extra side conditions are imposed. Figure 2 is an
example. One concludes from it that permutations f,v,w of a countable set
exist such that:
(1) p=rw.
2 f=3,0=1+3-2"+3, @=35.
(3) Every w-orbit contains precisely one v-fixed point and v has no other
fixed points.

FIGURE 2

3. PROOF OF THEOREM A

In this section we reduce the proof of Theorem A to the establishment of
Theorem C, below. Theorem C is proved—using bicolored planar maps—in
§4.

We first establish Theorem A(3), which asserts that in a sense Theorem A(1)
and (2) is a sharp result.

Let £,n € INF have no infinite orbit but infinitely many orbits of length at
least k.

(a) If k=2, INF-AI C [£]-[n] does not necessarily follow.

Indeed, let & = n be a fixed-point-free involution. Then [¢] = R, and so
[€]-[n] = R(z) is the set of nicely even permutations, i.e. permutations { € S
with (n) an even cardinal for all n € N* (see [M2]); and so, if { € INF has
a single infinite orbit, then { ¢ R(z) =[&]-[n].

(b) If k=3, INF C [€]-[n] does not necessarily follow.

Indeed, if &,7 € INF satisfy & = n° = 1 and [¢] # [#], then [¢]-[n]
contains no involution (see [MS5, Proposition 3.4]). (Even if [£] = [5] then
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[E1[n] = [é]2 may omit some nonfinitary involutions; see [D3, Example 4.6].)
Theorem A(3) is proved.
Theorem A(1) and (2) follow from the following two theorems.

Theorem B. Let £,n € INF have no infinite orbit, but infinitely many orbits of
length at least k, and let { € INF have no infinite orbit. Then:
(1) If k = 3 and { has infinitely many orbits of length at least 3, then

¢ € [€n].
(2) If k =4, then { € [&][n].

Theorem C. Let &,n € INF have no infinite orbit, but infinitely many orbits of
length at least 3. Let { € INF have at least one infinite orbit. Then { € []-[n].

Let us restate these theorems, using the terminology developed in §2.

Theorem B'. Let r,s,t be types satisfying
(i) Irf = Is| = |t =%,
(i) r(Ry) =s(Ry) =t(R;) =0.
(iii) rllk,Ry)] = sllk,R)1= [/, R))] =R,
Then
(1) If k=1=3, then P(r,s,t).
(2) If k=4 and | =2, then P(r,s,1).

Theorem C'. Let r,s,t be types satisfying:
(1) Irl=1s| =R,.
(i) r(Ry) =s(R;) =0.
(i) r[[3,R,)] =s[[3,R)]=R,.
(iv) 7] =Ry, 1(Ry) =2 1.
Then P(r,s,t).

Theorem C’ is the main technical result here, and will be proved in §4. The
next two lemmas are special cases of Theorem B, from which Theorem B’
easily follows.

Lemma B1. Let m e N, and let r,s,t be types satisfying:
(1) |rl=1sl= 1] =R,.
(i) r(Ry) =s(Ry) =1(R;))=0.
(iii) r[[3,R)]=s[[3,R)]={[3,R))] =R,
(iv) r(1)=r2)=s(1)=s(2)=1t(1)=1(2)=0.
Then P(m" +r,s,t), P(r,m" +s,t), P(r,s,m" +1).

Lemma B2. Let m €N, and let r,s be types satisfying:
(i) Irl = Is] =%
(11) r(Ry) =s(Ry) =0.
(iff) 7[[4,R)] = $[[4,Rp)] = Ry .
)=

(iv) r(1)=r(2)=r3)=s(1)=5(2) =5(3)=0.
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Then P(m* +r,s,2), P(r,m" +s,2) and P(r,s,m" +32).
Proof of Theorem B' from Lemmas B1 and B2.

Let r,s,t, be types satisfying (i)-(iii) of Theorem B'.
Case 1. Assume that k = / = 3. By (iil) we can select three disjoint sets
I,J,K CN, and positive integers /, for i€/, m; for jeJ, n, for keK;
and types TSyt for pe IUJ UK such that

(a) r ,s_ ,t satisfy (i)—(iv) of Lemma B1 for pe TUJ UK.

p°p’°pP
(b)

r=d (T +r)+Y i+
i€l JjEJ kek

S=Y s+ (mi+s)+ Y s,
i€l JjeJ keK

E=Y L+ Y (m+).
iel JjeJ keK

By Lemma Bl and (a), P([] +7,,8,,4,), P(r;,m} +5;,1;), P(r,, s, ,n; +1,)
hold for ieI,j € J,k € K. Hence by superadditivity of P, P(r,s,t) follows
from (b).

Case 2. Assume now that k = 4 and / = 2. If {(2) < X, then by (iii)
t[[3,%,)] =X, and so, P(r,s,t) follows from Case I.

If £(2) = X, then we select again disjoint subset 7,J,K C N, positive
integers li,mj,nk for iel,jeJ, ke K and types 1S, for peIUJUK
so that:

(a) r,,s, satisfy (i)~(iv) of Lemma B2.

(b)
r=Z(1;+ri)+er+Zrk,
i€l JjeJ kek
s =Zs,.+2(m;+sj)+ P
iel JjeJ kekK
t=11-24J]-2+ ) (n +2).
ke

By Lemma B2, (a), (b) and the superadditivity of P, P(r,s,t) follows. O

Lemmas B1 and B2 are proved by constructing an appropriate bicolored pla-
nar map and using Proposition 2.1. In fact, they follow from the following
proposition on planar bicolored maps, which only slightly generalizes Proposi-
tion 5.1 of [M4]. (By the symmetry of P and the conditions of these lemmas,
only three P-relations need to be verified.)

Proposition B. Let m € N and let (ll.)l.ew,(mj)jEN and (n,),cn be sequences
of integers, satisfying at least one of the following three conditions:
(1) m =m; 2<11.,mj,nk for i,j,keN, j>1.
(2) m=m; 3<l,n, 1<mj. for i,j,keN, j>1.
3)l,=m;3<I,n, lL<m, for i,j,keN, i>1.
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Then there is a bicolored planar map M and enumeration (b;);cn> (V))jen
(W )ken of its black regions, vertices and white regions respectively, so that
|Ey| =1, |E, | =m;, |E,|=n fori,j,keN.

Hence P(3 o1 s Yien™; » ien ;) holds, by Proposition 2.1.

(Recall that E, (Ewk) is the set of edges in the closure of the black region
b, (the white region w,) and 2|E | is the degree of v,.)

Proof. See Proposition 5.1 in [M4], which is Proposition B for m = 1, and
cases (1), (3). To obtain a proof for Proposition B in general we need only to
modify the base of inductive construction of the bicolored map given there. In
cases (1) and (2), the base consists of the unit disc, partitioned radially into m
white and m black alternating regions, sharing the origin as a common vertex
(Figure 3(a)), while in case (3) it consists of the unit disc as a black region, with
m vertices on its boundary (Figure 3(b)).

(a) (b)

FIGURE 3. Base of induction for proof of Proposition B.
(a) Cases (1), (2), with: m = 3,(/,1,,1;) = (5,4,3),
(n;,ny,ny) =(3,4,5).

(b) Case (3), with m = 3.

4. PROOF OF THEOREM C’

First notice that we may assume in Theorem C that { has precisely one
infinite orbit, i.e., enough to prove the following special case of Theorem c.

Theorem C”. Let r,s,t, be types satisfying:
(1) [rl=1Is| =Ry.
(i) r(Ry) =s(R;) =0.
(iii) r[[3,R)]=s[[3,R)] =X,
(iv) |t =Ry, t(Ry) =1.
Then P(r,s,t).
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Indeed, assume Theorem C” and let r,s,¢ satisfy assumptions (i)-(iv) of
Theorem C', with t(R,) =k > 1. Let K CN be a set of cardinality k. Then
one can associate with each i € K types r,,s,,, satisfying (i)-(iv) of Theorem
C'and r=3, .1, =Y,k = Liex ;- By Theorem C”", P(r,,s;,1,)
holds for each i € K, and so by superadditivity of P, P(r,s,t) holds as well.

The rest of this section is devoted to the proof of Theorem C”. We assume
that r,s,t are types satisfying (i)-(iv). In particular, ¢t = Na + ¢, where
t"(NO) =0. Let A4 be a set of cardinality R. Our goal is to define &,7,{ €S,
such that & = r, %7 =s,C =t and & = n{. This is achieved in four steps as
follows.

n

Step 1. Select types r',r",s',s" ¢ ¢ so that:
(L) r=r+r", s=s+s",t=1¢+1".
/
(1.2) F[13,8)] = r"[[3,R0)] = s'l[3, Ro)] = s"[[3,R)] = X, .
(1.3) £ =x.
Let 4,,4,,4,,A4, C A satisfy:

(1.4) A=U/_ 4,404, =2 for 1<i<j<4.

(1'5) |A1I = IAzl = |A3| = Nos |A4| = |t"| .
We let Al.,j = AI.UAj and A,.jk = AiUAJ.UAk, 1 <i,j,k<4. Also, let
L=l ly=1, 1, =1, ,1<i,j,k<4.

/ ! /
Step 2. Define ¢ ESA,’”IESA,z’C €S, .0 €4, so that:

Step 3. Define &' €S, ,n" € AP = S,, so that:

234

B =" =5"""=1.
(32) &" =1, +n")0 +{").

Stepd. Let E=& +¢&" n=n"+71",0=0+{". Then

(4.1) E=r,=s,0=t.
(42) ¢=n(.

Theorem C” follows from (4.1) and (4.2).

Details. Step 1 is obviously possible, and needs no further comment. Step 4
follows from the previous steps as follows: (4.1) follows from (1.1), (2.1) and
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(3.1). We establish (4.2):

n¢

"

"+ )+ ) =10+ 1) + LN + 1)1 + ]
= (1, + 70" + 1) + 1) + 10115 + )

= (1, + 1)+ 1,)0 + 1,111, + )

=[(1,+ L +n")(E +6 + 1)1, + 1, + ")

=(1L,E+ (L, +n") 0 + 1)1, + 1,,+ ")

=1,E1 + (L + 70"+ 1,)(1,; + )]

=&+ ()0 + )=+ =¢.

Here we used (2.2) for the fifth equality and (3.2) for the last-but-one equality.
Steps 2 and 3 form the core of the argument, and follow from two slightly
more general Propositions 4.1 and 4.2 that we formulate next.

Proposition 4.1. Let r*,s* 1" be types satisfying:
i) =15 = 10T =Ry,

(ii) r+(N0) = s+(NO) = t+(N0) =0.

(i) r7([3,%)1 = 5112, R)] = £7[[2,R))] = R
Then there are &' € SA] , r]' € SAI2 Near= SA123 ,0' € SA23 such that:

(4.1.1) & =r" g =s",0"=x],6 =1".

(4.1.2) & +6' =(n' +1,)0.

(4.1.3) If D is any 6'-orbit then DN A, contains a single element a;, (hence
A, ={a,: D isa 6'-orbit}).

++

st
) IrT =1 =1 = R, 1T = 14, S Ry
(1) rTR) =sTTRG) =157 (Ry) =1;T(R)) = 0.
(i) r3,R)] = sTTI3,R)] = 15 T[T, R = R, 1, [[1,6]1=0
Let further 6’ € S s be given so that:

Proposition 4.2. Let r** ,t;" be types satisfying:

(iv) 6" =

(v) If D zs any 6'-orbit then DN A, contains a single element a,, (hence
Ay,={ap:D isa 6'-orbit}).

Then there are &' € S e n' e S {"e S,, such that
42.1) & =rt " =5 =1
(4.2.2) &" = (1, +n") (0 + ).

Let M = (V,E,B,W) be 2 bicolored planar map. For B' € B,V' C
V,W' C W, the types i, tB, sty = tl oty = t%, are defined as follows.



CONJUGACY CLASSES 509

Let n € N". Then
tp.(n) = number of black regions b € B' of size n,

t,.(n) = number of vertices v € V' of size n,
ty.(n) = number of white regions w € W' of size n.

(Recall that the size of a region f is |E f| , where E, is the set of edges in its
closure, and the size of a vertex v is |E, |, which equals half its degree.) 1,
(t,,,ty,) 1is called the black (the vertex, the white) type of M .

Propositions 4.1 and 4.2 follow from their respective counterparts, Proposi-
tions 4.1' and 4.2, that provide the necessary bicolored maps, using Proposi-
tion 2.1. We start with:

Proposition 4.1'. Let r*,s* 1" be types satisfying (i)-(iii) of Proposition 4.1.
Then there is a bicolored planar map M = (V,E,B,W), and partitions
{E,,E,,E;} of E, {B'",B"} of B, {V',V"} of V such that:

(4.1.1) E\ = Upep Ey» EyUEy = Upepn E,, E|UE, = Uy E,, Ey =
Uve 44 Ev :

12) tp=r", by, =17, 1, =s", t,,=1, 1, =X;.

(4.1'3) If b€ B" then E, NE, contains a single element.

Proof of Proposition 4.1 from 4.1'. Let §: E — A,,5 be any bijection that maps
E onto A, i =1,2,3. Let B,0 and w be the black, vertex and white
permutations of M. Let ' = B|E,,B" = B|E,UE,,v' = v|E, UE, 0" =
v|E,, and define &',n',¢',60" by &' =807 0 = 60’67, (' = 6ws", 0 =
8”6 . Then (4.1.1)=(4.1.3) hold. (See Proposition 2.1 for (4.1.2).)

Proof of Proposition 4.1'—The Caterpillar Map. A bicolored planar map M =
(V,E,B,W) is called a one way infinite caterpillar map—or, briefly, a cater-
pillar map—if it satisfies the following conditions:

All black regions have finite size (hence are bounded) and the set B of black
regions is a disjoint union B = B* UB™" where:

(C.1) B = {b,: n € N} where cl(b,) ncl(b,,) =@ if |n —m| > 1, while
c(d,)nel(d,,,) ={v,}, v, €V (neN). Theregions b, € B™ are called links
and the vertices v, are called joints. Other vertices of b, are called nonjoints.

(C.2) Every b” € B** has a unique vertex vy, such that c(dyn cl(b,) =
{v,.} for some n €N (v,, may be a joint or a nonjoint). The regions 5" €
B*™ are called toes.

It follows that W = {w}, i.e. there is only one (unbounded) white region.

Assume now that r*,s* " are types satisfying (i)-(iii) of Proposition 4.1.
We shall show that a caterpillar map M = (V,E,B,W) exists with partitions
{E,,E,,E;} of E, {B',B"} of B and {V',V"} of V such that (4.1'.1)-
(4.1'.3) hold.

(a) Let {b,: n € N} be a sequence of disjoint translation of the unit disc in
the plane such that (C.1) holds. Let C, denote the boundary of b, and let v,
be the point of intersection of C, with C,_,.
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FIGURE 4. A caterpillar map

The black faces by, ..., bs, ... are links.
The black faces b1, ..., b],, are toes.
The vertices vy, ... ,Vs, ... are joints.

The infinite region w is the only white face.

(b) Let (r,),cn be a sequence of integers satisfying r, > 1 and rto=
()17 + doneN r; . Make b, into a black region of size r, by adding, if nec-
essary, extra vertices on its boundary C, . Notice that, for n > 1, b, already
has v, | and v, as vertices in its closure. We add more vertices if r, > 2, and
this is true of infinitely many n’s by r+[[3,N0)] =R,. Let B(’) ={b,: n € N}
be the set of links of M .

(c) Let (s;) cny be @ sequence of integers satisfying s, > 0 and st =
2 okeN s,’:. Let (u,),cn be an enumeration of all vertices defined so far, such
that:

1. If s, =1 then u, is not a joint.
2. s, > 1 for infinitely many nonjoint vertices u, .

(d) Add loops lying in the unbounded region, each enclosing a black region
and pending at a vertex u, as necessary to guarantee that the degree of u,
is 25, (and so its size is s5,). Select a coinfinite subset B; of black regions
enclosed by these loops of cardinality |B,| = r"(1), and set B’ = By U B, (so
ty, =r"). Let (b)), be an enumeration of the black regions enclosed by the
other loops.

(e) Let (f),cn be a sequence of integers satisfying = 2leN t,*. Add
vertices on the loop enclosing b, so as to make the size of b, equal 7,. Notice
that by ¢"[[2,00)] = R,, ¢, > | for infinitely many /’s. Let B" = {b/: [ €N}
(s0 1z, =1").

The caterpillar map M = (V' ,E,B,W) is now complete. (Its “body” con-
sists of the links b, of B) ; its “toes” form B; UB".) Welet V' = {u,: k e N}
be the set of vertices that lie is the closure of some link ' € B' and V" =

leN

07
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V —V'. Then E,,E,,E, are defined by (4.1'.1). A straightforward checking
verifies (4.1'.1)-(4.1".3).

++ o+t

Proposition 4.2, Let r™" ,s™" 177, 1" be types satisfying (i)-(iii) of Proposi-
tion 4.2. Then there is a bicolored planar map M = (V ,E, B, W) and partitions
{E,,E5,E,} of E, V' V'Y of v, (W ,W"} of W such that:

(4.2'1) E,UE; = Uyew Ey» Ey = Uyewn Eyy» E3UE; = Upeyp B,
Ey =Uyeyn ,

42'2) ty=r"", 1, =5, 1, =1, 1, =07, ty.=1]".

(4.2'.3) If w e W' then cl(w) contains a unique distinguished vertex v, €
V" of degree 2.

(4.2'.4) Let we W' andlet E, = {e,}.' Then E, =E,NE, (hence
E,={e,;weW'}).
Proof of Proposition 4.2 from 4.2' . Let M be the map provided by Proposition
42" Jandlet B,v,we S, be its black, vertex and white permutations, respec-
tively (see §2). Let 6’ € S, satisfy (iv) and (v) of Proposition 4.2. Since
6 = ti* =1, there is a bijection ¢ from W’ onto the set (d,;), of all
6'-orbits, satisfying s(w) = |e(w)| (i.e., & preserves sizes).

Define a bijection J: E — A,,, as follows: For each w € W', set

(*) 6(€w) = as(w) >

where e, € E and Q) € A are guaranteed by (4.2'.4) and 4.2(v), respectively.
Thus, () defines J|E, as a bijection of E, onto 4,.

Extend 6 to E,UE;=U,y E, by the requirement:
(%%) 0'd(e) = dwle), e€E,UE,.

By (xx), 6' = 6|E,UE, isabijection of E,UE; with 4,, = Upe (), D> and
letting @' = w|E, UE, we have 6’ =d'w'(6")".
By (4.2'.1) and (4.2".2) we have |E,| = |t,.,| = |t;*| = |4,|. Let §|E, be an

arbitrary bijection of E, with A4,. Define e Ay s n" e Asys e A, by

¢ = 50" , where 0’ = w|E,,

" "e—1 "

n =6vd , wherev =v|E;UE,,

é” _ (12 + '7”)(9/ + gll) )
Since E, = {e,: w € W'} we have v|E, = 1 by (4.2".3), (4.2'.4) and Propo-
sition 2.1. Thus dvd™' = (1, +0")6™" = 1, + 7", Similarly, dwé™' =
5w +")6"" =60 +{". Hence we have

& =dvws™ =857,

! By §2, whenever v has degree 2, E, is a singleton {e}, where e is the unique edge along
which one can travel from v with a white region w on the right-hand side.
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Thus, f" — ‘ﬂ‘ _ tB _ r++ ’ 'l” _ D” — tV/ _ S++ and C// _ w// _ tW//tT+

(4.2.1) and (4.2.2) are established and Proposition 4.2 follows.
The rest of this paper is dedicated to the

Proof of Proposition 42" Let r'" ,s™" 17" 1" satisfy (i)-(iii) of Proposition

4.2, and let
rg+=Zr(n)-n*, r:r+=r(1)~l*+r(2)-2*,

3<n
s =y st)n, s =s(1) 17 +5(2) 127,
3<n
so that
r++ _ rg+ + r:—+ i S++ _ Sa—+ + 51++'

By (ii) and (iii) of Proposition 4.2 there are three sequences of integers:
bz(l[)iGN’ ,U=(mj)jeN’ w=(nk)k€N

satisfying 3 </, m; (i,j€N) and 7<n (k € N) such that

rg+=Zl:, sg+=2m;, ;"= > ong.
iEN JEN keN
Also, there are disjoint (possibly empty) subsets T,,7,,,7, C N and a Tp-
sequence b’ = (I)) ier,» @ Ty-sequence v o= (m;.) jer, and a T,-sequence
w' = (n;() xer, ©f positive integers such that

++ 1% ++ 1% ++ 1 *
rl =Zli’ Sy :Zm;" L =an
i€Tp JETY keTy
(so I;,m’ € {1,2} for i€ Ty,j€Ty,).

We shall construct a bicolored planar map M = (V,E,B,W) with parti-
tions {V,,V/,V"} of V, {B,,B,} of B, {W' ,W"} of W and a bijection
f: W' = V" such that:

ot ++

" ++ ++ o+t _
(4.27.1) tg, =To » g =1 tyy =58y » Ly =8, Ly =1

1 0 i -y =

++

2

(4.2".2) If we W’ then f(w)e V" is a vertex of degree 2 that belongs to
cl(w).
o, !
Proposition 4.2 then follows. (Define E, = U, ¢y E, s E3 = Uyew E,) —
E,, E,=E-(E,UE,), V' =V uV/)

Outline of the construction of A/ . M will be obtained as the increasing union
of maps M, , where M, is drawn on the closed disk D, of radius n centered
at the origin. The inductive extension of M, to M, , involves the addition of
extra black regions, extra vertices and extra white regions. The sizes of black
and white regions are dictated mostly by the sequences b,w, and the fresh
vertices lie mostly on the circle C,,, of radius n+ 1 centered at the origin.
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In the process of extending M, to M,_,, vertices on C, obtain their degrees
as dictated by the list v. As a rule, a white region w introduced during the
extension is provided with the vertex f(w) = v, which lies strictly between
the circles C, and C,_,, and supports a black triangular region with apex v,,
with a circular arc—a segment of C,  ,—as an opposite side (see Figure 2).
For the above inductive construction to proceed smoothly, the occurrences
of regions of small size and vertices of small degree should be limited. Such
occurrences are forced upon us by the need to construct the black regions in
B, , the vertices in VI' (which are of size 1 or 2) and possibly some of the white
regions in W (which are of arbitrary finite size). We overcome this difficulty
by constructing these map-components one at a time—that is, at most one at

an inductive extension of M, to M, .

The construction of a map-element from B, UV UW" is referred to in the
sequel as accomplishing a task. The tasks are in one-to-one correspondence with
theset 7= T,UT, UT, CN. We take care of the first task in proceeding from
M, to M,, and if a task is accomplished in the transition from M, to M,
the next one is accomplished in the transition from M, , to M, 4, or from
M, , to M, .. Thus, the nth task is already accomplished in M, , hence all

tasks are eventually accomplished in M .

+1°

Details. We identify for the sake of brevity the plane with the set of complex
numbers C. For r > 0,let U ={ze€C:|z|<r}, C.={z€C:|z| =1}
and D, = U, UC,. For asubset X C C let [X] denote its convex closure.
For x,,...,x, €C let [x,,...,x,]=[{x,,...,x,}]. Thus [x,y] is the line
segment connecting x and y.

Let x,ye C ,say x =re'’ ,y=re'", 0<y -9 <2n. Then |x,y| =
{re™: 9 < x <y} denote the arc on C, leading from x to y in the positive
sense, i.e., counterclockwise. cl(X) and Int(X) denote as usual the closure and
the interior of X C C.

Let M =(V,E,B,W) be any bicolored planar map, and let r be a positive
real number. Define V" =¥V nD,, E' ={enD,: e E}, B"={bnD,: b € B},
W ={wnD,:weW} andset M = (V" ,E",B",W"). We have C, CUE
if and only if C, CUE". If C, C UE" we say that M" is an r-disk-map or,
briefly, that M is an r-map.

Assume that M’ is an r-map. Then (V' ,E') is obviously a planar graph,
B'CB,W CW. Wecall veV" an inner vertex iff |v| < r, and a rim vertex
if |v| = r. Inner vertices have the same (even) degree in M and in M", and
the degree of a rim vertex is at least 2.

The required map M = (V ,E, B, W) will be defined as the increasing union
of disk maps, namely, its restrictions M" = (V" ,E" B" ,W") to the disks
D, . To help verify (4.2".1) and (4.2".2) we shall further specify partitions
{"v,,"v,,"v"} of ¥" - C,, {"B,,"B,} of B" and {"W',"W"} of W",
which eventually define the partitions {V;,V],V"}, {B,,B,} and {W' ,W"}



514 GADI MORAN

of V,B,W respectively. In fact, "V;,"B,,"W" will be obtained as estab-
lished tasks, as follows.

For pe T=T4,uUT,UT, , we shall define in the course of the construction
the pth task T(p) to be a particular map element—a black region of size Il', if
p € Ty, a vertex of size ml', (i.e., degree 2m;) if p e T, , and a white region
of size "1/: if pe T, . The task T(p) will always have specified task vertex
v(p) associated with it. If p € T, U T, then v(p) belongs to clT(p), and if
p € T, then actually T'(p) =v(p).

It follows from the fact that M" is a disk-map, that for every n e N, C, is
a union of edges in E, in fact in E". In addition, the set of positive integers
N={1,2,...} will be a subset of V', and its convex closure, the ray [1,o0),
will also occur as a union of edges in E. In general task vertices v(p) will
occur on this ray as half-integers, v(p) = n, + % for some n, € N. (The
only exceptions are some of the tasks T(p) with pe T, m; =1; i.e., some
vertices in ¥ of degree 2.)

We say that a black region b (a vertex v ; a white region w) accomplishes
the integer k if s(b) =k (s(v)=k;s(w)=k).

Base of the inductive construction. Let M' = (Vl JE ! ,Bl s Wl) where
pl= {v,=1,v,,... ’”/.}’ with v, =e(27u'/1|)-(k—l), k=1,....1,
1 .
E ={el,...,ell}, withe, = v ,v, |, k=1,....,], (v,l+l =v,),

B'={uy, w'=0.

V2

V3

FIGURE 5. M| with [, =3
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We further let:
'vi=v', W' ='v"=-2, 'B,=B', 'B=0, WwW=w'=0.

Thus, U, accomplishes /, and let b)) denote the sequence (Dien-q1y -

Letalso v = v, w" =w. Let N =1= (tp)pGT denote the task-sequence

b'uv'uw (e., tp=l; if peT,, tp=m; if peT,, t,,=”,,, if peTy).

Induction hypothesis. Assume that M" = (V" ,E" ,B" ,W") is already defined,
and so are the sequences of positive integers 5™, v, w™ (" . These are
obtained from the sequences b,v,w,t by omitting a finite number of terms
from each, namely, the terms accomplished in M, ; that is, the terms omitted
from the sequence b (v;w;t) stand in one-to-one correspondence with the
regions in "B, (the set "V, of inner vertices of V,; the set "W' of white
region of M, ; the task-set "B, U"V, U"W") that accomplish them. Also,
each w € W' has an inner vertex v, € "V" of degree two in its closure, and
"W ={v, weW'}.

Let v, = n,v,,... U, € V" enumerate the rim vertices of M, in the
positive sense, and let 2 < d, (v;) denote the degree of v, in M, . We assume
that one of the following two cases hold:

Casea. d (v)<4 fori=1,...,q.

Caseb. d,(v))=5 and d,(v,) <4 for i=2,...,q.

Induction Step. The extension of M" to M"™' is made in several steps. In

general, the 1-skeleton of the extension (i.e., the union of its edges) is defined,
being divided by inserted vertices into edges later on, to obtain the required
sizes for fresh map elements. The actual extension depends on whether M,
obeys Case a or Case b and whether any tasks are left. Thus, we distinguish two
cases:

Case 1. Case b occurs, or no tasks are left.

Case 2. Case a occurs, and some tasks are left.
In Case 1 a “smooth” extension leads to M, ., , where Case a occurs. In Case

2, the first nonaccomplished task is accomplished in the course of the extension.

We turn to the details. Recall that v, = n,v,, ... U, € C, are the rim
vertices of M", and d,(v,) is the degree of v, in M", i=1,...,q. We let
Vyp) = and ¢, = |v;,v,,], i=1,...,q, €, =€ - For i=1,...,q we

define X; € {B,W} asfollows: X, =B (X,=W) iff e, lies in the closure of
a white (black) region of M, . Thus, X, = B (X, = W) iff the region of M
touching e; and lying outside D, should be black (white). We now proceed by
the two cases as follows:

Case 1. d,(v,) =5, d,(v,) <4 for i=1,2,...,q or /" is an empty
sequence.
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Step 1.1 (assigning sizes to new map elements supporting edges on C,).
Declare s(v,), ...,s(v,) to be the first ¢ members of the sequence v (so
s(v,) >3, i=1,...,9). Let f, denote the M"™' region lying outside D,
and having e, in its closure (to be determined in full later), /=1, ... ,q. Let
8> &y (hy, ... ,hq,,) be the subsequence of f, ... ,fq consisting of all
Sy with X, =B (X, = W). Let s(g,), ... ,5(g,) be the first ¢ members of

the sequence b, and let s(hy), ... ,s(h,.) be the first g" members of the
sequence w” (so s(g)>3, i=1,...,q',and s(h)>6," i=1,...,q4").

Step 1.2 (determination of all edges connecting C, with C, ). Declare
.1 to be part of the 1-skeleton of M, ,. Declare u, = (1 + %)”1 eC,,,
to be a vertex in ¥"*', and [v,,u,] to be an edge in E"'. Let 1 <i<gq,
and consider the number d; = 2s(v;)—d,(v;) (which may be called “the degree
of v, outside D,”). Since s(v;) >3, d,(v,) <4 for i=2,...,9, we have
a’l'. >2 for i=2,...,q9. In general, d'(vl) > 2 as well. If, however, Case b
holds, then d,(v,) =5, so if in addition s(v,) = 3, we have d'(vl) =1. We
proceed according to two possible options.
Case 1.2.1. d; > 2, or s(f,) > 3.

(1.2.1.1) For i =1, ... ,q choose a vertex u:.r € Lu,.,umj (where Upor = u,)
n+1

C

and an edge ¢/ € E""' connecting v, to u; as follows: If s(f;) >3, let u #
u,,u;, , bean internal point of the arc u,,u,, ] such that [v, ,u:.'] nU,=9.

Let e; = [v,.,uf]. If s(f) =3 (in which case X, = B, i.e.,, f, isto be a
black region) let u:' =u,,,,andlet e; be a straight line segment or any circular
arc connecting v, to ¥, meeting D, at v, and lying in D, , N[{v,,v,, } U
|u;,u,;,,]], that meets [v;,u;] at nonzero angle.

(1.2.1.2) Declare d; -2 distinct points other than u,,u; on the arc |u,, ul
to be vertices in ¥"*' | and the line segments connecting them to v, to be edges
in E™' (these new points u € Lui,u:.LJ are chosen so that the line segment
[v,,u] does not intersect e;).

(1.2.1.3) Let f: denote the open region bounded by the curves e;,ei =
[V )s Wy, ] and L] ug, | GE ol #ug).

Case 1.2.2. d; =1 and s(f,) = 3.

(1.2.2.1) For i = 2,...,9 + 1 choose a vertex u, € |u,_,,u;] (where
g+1 = #;) and an edge e; connecting v; to u; as follows: If s(f,_,) >3, let
u; #u,_,,u; be an internal point of |u,_,,u,] such that [v,, u, InU, =9.
Let e/ =[v,,u;]. If s(f,_,) =3 (in which case X, = B) let u; =u,_, and let
e,'. be a straight line segment or any circular arc connecting v; to #; meeting
D, at v, and lying in D, N[{v;,v,_,} U |u,_,,u]], that meet [v,,u,] at
nonzero angle.

n+1

u

n+1

2 Actually, s(h;) > 7;butin Case 1 s(h;) > 6 is sufficient.
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FIGURE 6. Step 1, Case 1.2.1, with ¢ = 5, X, = X, =
X5=K9X3=X4=_B_,d;=d;=2,d;= ;:3,
dy=4.

(1.2.2.2) Declare d; —2 distinct points of the arc [u; ,u,| other than u; ,u;

]
to be vertices in V" and the line segments connecting them to be edges in E .

(The new points u € |u, ,u;| are chosen so that [v,,u]N e; =.)
/

(1.2.2.3) Let f: denote the open region bounded by the curves e, ,¢; =
;5,05 V54,1 and |u,u, ] (Gf w, #u,,,).

Case 1.2.3. We now establish notation and colour for the regions obtained so
far in D,.,—-D,.Fori=1,...,qand j=1,... ,d; we define the region f,.j
and colour X,.j € {B,W} as follows. For X € {B,W} define X' by B' =W,
w'=B.

In Case 1.2.1, let fid; =/, Xid; = X,. Let fij_l be the neighboring region
to fij to the right. Let X, = X|; (see Figure 6).
In Case 1.2.2, let f, = f,X, = X,. Let f,

fij,Xin = X;j (see Figure 7).

j+1 be the region to the left of

Remarks. 1.2.4. The parity of the degrees d(v;) = 25(v,) and the fact that M,
is properly colored provide us with the fact that

> TRRTND PRI ST SN SRR o

is an alternating sequence of B and W .
1.2.5. All verticeson C,, | defined so far have degree < 4. The only vertices
of degree 4 are some of the vertices Ups ooy U has degree 4 only in the
following two cases: Case 1.2.1 and s(f,_,) = 3, or Case 1.2.2 and s(f,) = 3.

Note that in both cases X. = B. -

1
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u, u;

FIGURE 7. Step 1, Case 1.2.2, with g = 5, X =X, =
;(3=X4=£, Xs=W,d =ds=3, dy=dy=d, =

Step 1.3 (determination of all M, -regions in D, , — D, ). Consider the
sequence

Fivs oo B Fors oo B oo s oo oo oy

that enumerates all the regions obtained so far in the ring D, ,—D, , in a cyclic
order, from the edge [#,n + 1] in a positive sense.

Let h,,...,h, denote the subsequence of those f; ; for which X, = W.
We say that h, is triangular if cl(h,) N C, is a point, ie., if h # f for
i=1,...,q9. Notice that cl(h, )N C, , isa nondegenerate arc on C,_ , (see
1.2.5), and denote it |x, ,y,] . Next we choose x; Ve €1x,y,) and z, € izk
(n <|z,| < n+1) sothat x,,x; ,y, ,y, appearon C,,, in this order, X #yp
and b, = [{z,} U |x .,y ]l C h,. If h, is triangular, we further assume
X, # x;’ and y, #y, . If izk is not triangular, we let x, = x;,yk_ #y, if
Case 1.2.1 holds and x, # x; ,y, =y, if Case 1.2.2 holds. 3

We declare x, ,y; ,z, tobe vertices in V'™ 1z, %1512, » vy ] to be edges
in E,,, and b, to be a black region in B"*'.

Weset "'V ={z,:k=1,...,r}. Let 1<i<q,1<j<d . If X, =B,
welet f,=f, €B"™  If X, =W,let f;,=h_ andlet f =h —clby).

3 This ensures that /;-cl(b;) has no more than six vertices defined so far in its closure, and no
vertex on C,,, has degree exceeding 4.
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Let f; € W™ Thus we have
1
B"™' - B"={b:k=1,...,ryU{f,: X,; = B},
n+l n . _
Wt - w = {f X, =W}

We declare B"*' — B" C B}*', wr—wrtcwtt

Step 1.4 (completion of M "+ _additional vertices on Coit)-
1.4.1. Assign a size s(b) (s(w)) to each region of B"*' = B" (W"*' —w")
other than f|, ..., fq , whose sizes were already determined in Step 1.1. For

this purpose use the first members of the sequence b (w™) not assigned to
map elements in 1.1. Thus, s(b) > 3 forall b e B""' —B" and s(w) > 7 for
all we W™ —w".

1.4.2. Add vertices on C,,, so that we have s(b) = |E,| and s(w) = |E|
for each b € B""' — B" and w € W""' — W". Declare the arcs into which
C,,, isdivided edgesin E, . Let

n
Yy =z k=1,..., U - D,,
n+1V0,—Vn=Vn+lﬂC n+1V1,=®-

n+1?
The induction step is complete. Notice that every vertex on C,,, has degree
2, 3 or 4, i.e., Case a occurs.

Case2. d,(v)<4,i=1,...,q9,and /™ is not an empty sequence. Let
t be the first member of 1. The pth task T(p) will be accomplished in
D,., —D,, in the course of this inductive step. We shall denote the possible
tasks to be considered as T'(p) as follows:

Task Bk: p€ Ty and 1, =k (k€{l,2}),

Task V.ik: peT, and 1, =k (ke€{l1,2}),

Task Wk.: peT, and t, =k (keN).

We proceed in steps:

Step 2.1 (assigning sizes to map elements supporting edges in C,_,). Same
as Step 1.1. Notice that d; >2, i=1,...,q.

Step 2.2 (division of the ring D, , — D, into compartments). Declare C

n+1
to be part of the 1-skeleton of M, . Declare u; = (1+1/n,)v, € C, , tobe
n+1

a vertex in V"', and [v;,u;] to be edges in E™! , I =2,...,q9. Declare
[v,,u,] to be part of the 1-skeleton of M, .

Let us call the region enclosed by the curves qu,v2 1 [v,,u,], [uq,uZJ ,
[v,,u,] the task-region.

Step 2.3 (accomplishment of the task). This step splits into cases dictated by
the following parameters:

(i) The task to be accomplished.
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(ii) The values X, ,Xq e{B,W}.
(ii) Sizes preassigned already to map elements in the task region, mainly
dy =2s(v,) —d,(v)),5(1)),s(f,).

We shall describe this step by displaying the actual solution for each of the
possible tasks, under the most tight assumption about (iii), namely: The size of
a nontask black region is 3. The size of a nontask vertex is 3 (i.e., its degree is
6) and the size of a nontask white region is at most 7 (nontask white regions
always possess an arc (possibly degenerated to a point) on C, , as part of their
boundary, so their size is always augmentable by adding vertices on that arc).
These cases are displayed in Figure 8. The other (easier) cases can be safely left
to the reader.

With the mentioned assumptions about sizes, we denote the cases as follows:
Let X,Y € {B,W}. BkXY (V.kXY, WkXY) will stand for task B.k (V.k,
W.k) with X, = X, X, =Y . In addition, the assumption di=1ord =2is
utilized for the demonstration. In fact, d{ =1 is ruled out, as we are in Case
a; but obviously, d; > 1 only facilitates the construction. In each figure, the
letter “T” denotes the task. We note that once we display a figure for U.k.B, W
(U =B,V or W), a figure for U.k.W.B will be obtained by reflecting on the
real axis.

Step 2.4 (completion of M, ). Proceed to define M, o outside the task
region as in Case 1, by suitably modifying Steps 1.2-1.4.
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