TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 317, Number 1, January 1990

RAPIDLY DECREASING FUNCTIONS
IN REDUCED C*-ALGEBRAS OF GROUPS

PAUL JOLISSAINT

ABSTRACT. Let I' be a group. We associate to any length-function L on I' the
space Hp°(T') of rapidly decreasing functions on I' (with respect to L ), which
coincides with the space of smooth functions on the k-dimensional torus when
I' = Z¥ . We say that T has property (RD) if there exists a length-function
L on I' such that Hp°(I') is contained in the reduced C*-algebra C;(I') of
I". We study the stability of property (RD) with respect to some constructions
of groups such as subgroups, over-groups of finite index, semidirect and amal-
gamated products. Finally, we show that the following groups have property
(RD):

(1) Finitely generated groups of polynomial growth;

(2) Discrete cocompact subgroups of the group of all isometries of any hy-
perbolic space.

INTRODUCTION

Consider the algebra C(Tk) of continuous functions on the k-dimensional
torus, which is also the C*-algebra of the group Z* . Tt contains the dense
subalgebra C(T k) of smooth functions on T*. Derivation is possible and
useful on C °°(Tk), but is not allowed on the whole of C(Tk). Our aim is
to develop a notion of smooth functions in the reduced C*-algebras of other
groups. The idea is to consider the characterization of C°°(Tk) by Fourier
series: if feC (Tk) and if f denotes its Fourier transform, which is a function
on Z* , recall that f belongs to C°°(Tk) if and only if f is of rapid decay.

Now, if T" is any group and if L is a length-function on I', we denote
by H‘L’°(l") the space of rapidly decreasing functions on I with respect to L.
Examples below show that Hz°(l") is not always contained in the reduced C*-
algebra C(I') of T'. We say that T has property (RD) if there exists a length-
function L on T such that H;°(I') is contained in C,(I'). Some aspects of
property (RD) have been already studied in [Haa, FP, and Pi].

This paper is organized as follows: Chapter 1 contains elementary definitions
and results concerning length-functions and property (RD). Proposition 1.2.6
is the first important result since it gives a technical condition equivalent to
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property (RD) which will be frequently used later: it is an adaptation of Lemmas
1.3 and 1.4 of [Haa).

We study in Chapter 2 the stability of property (RD) with respect to some
classical constructions of groups such as subgroups, over-groups of finite index,
semidirect products and amalgamated products. In particular, the following
theorem generalizes the case of nonabelian free groups of finite rank due to U.
Haagerup [Haal:

Theorem A. If I, and T, have property (RD) then so does their free product
I' «T
P ¥lae

Chapter 3 is devoted to examples of groups possessing property (RD). First,
we deal with finitely generated amenable groups:

Proposition B. Let T be a finitely generated group and let L denote the word
length-function on T,

(1) If T is of polynomial growth then H;°(T') is contained in ll(F), and thus
a fortiori in C’(T).

(2) If T is amenable then T has property (RD) if and only ifit is of polynomial
growth.

This result implies that SL(n,Z) does not have property (RD) when n > 3.

In the second section of Chapter 3, we study property (RD) for discontinu-
ous groups of hyperbolic spaces (real, complex, quaternionic and exceptional).
There, we choose a length-function defined as follows: let x, be a point of
the hyperbolic space, and define the length L(g) of the isometry g to be the
distance between x, and g(x,). We show

Theorem C. If I' is a cocompact discrete subgroup of the group of all isometries
of a hyperbolic space, then H;°(T) is contained in C(I).

Thus such a group has property (RD). Though HZ"(SL(Z,Z)) is not con-
tained in C; (SL(2,Z)), a different argument shows that SL(2,Z) has property
(RD) (Corollary 2.1.6).

We end this paper with an Appendix in which we briefly study property (RD)
for not necessarily discrete groups. We prove that such a group has property
(RD) if it contains a discrete cocompact subgroup with property (RD).

This work constitutes the first part of my doctoral thesis at the University of
Geneva, carried out under the supervision of Pierre de la Harpe. I would like
to thank him warmly as well as Georges Skandalis, Uffe Haagerup and Vaughan
F. R. Jones for fruitful discussions and suggestions.

1. RAPIDLY DECREASING FUNCTIONS AND PROPERTY (RD)

Let I" be a group. We refer to Chapter 7 of [Ped] for the notations concerning
standard spaces and operators algebras associated to I'.
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1.1. Length-functions and rapidly decreasing functions.

satis-

+

1.1.1. Definition. A length-functionon agroup I' isamap L: T — R
- fying:
(i) L(gh)<L(g)+ L(h),forall g,heT;
(1) L(g)= L(g_') , forevery geT’;
(iii) L(1) =0, where 1 denotes the identity of I'.

If L, and L, are length-functions on I', we say that L, dominates L, if
there exist a,b € R, such that L, <alL, + b. If L, dominates L, and L,
dominates L, then L, and L, are said to be equivalent.

Let L be a length-function'on I' and r € R_; the crown of radius r is the
set

C,,={gel;r—1<L(g)<r},
and , ; denotes the characteristic function of C, ; .
The ball of radius r is the set

B, , ={gel;L(g)<r}.
Note that B ; is a subgroup of I" which may have more than one element.

1.1.2. Example. Suppose that T is finitely generated and let S be a finite set
of generators of I'. The algebraic length of g € I' with respect to .S is the least
nonnegative integer n such that g can be written as a product of n elements
of SUS™'. We denote this number by |g|ls and get a map from I' to N which
is a length-function. If S’ is another finite generating set of I', it is readily
verified that the length-functions associated to S and S’ are equivalent. Most
of the time we will not specify any finite system of generators and will speak
about the algebraic length-function on I'. If T}, is a subgroup of a finitely
generated group I', the restriction to I, of the algebraic length-function on
I" is a length-function on I'y. It is known that I'; is not finitely generated in
general. A simple example is given by the subgroup I' of GL(2,R) generated

oY 2 0 1 1
s|=<0 1/2> and SZ:(O 1)

and its subgroup I'; generated by {slfszsl_k ik € Z} which is isomorphic to
Z[1/2].

1.1.3. Example. Let X be a metric space with base point x, € X and let I
be a group of isometries on X . Define for every g€’

on(g) = d(xo s g(x())) .

Then L is a length-function on I' since each g €I is an isometry. If x,
is another point of X, LxO and LX] satisfy the following inequalities for every
gel:

L (g) - 2d(X0 ,Xl) < L,\.l(g) < on(g) + 2d(X0,Xl) .

Xo

The proof of the following lemma is easy and consequently left to the reader.
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1.1.4. Lemma. Let L be a length-function on a group T .

(1) We have |L(g)— L(h)| < L(gh) for every g, heT.

(2) If T is finitely generated then L is dominated by the algebraic length-
Sfunction.

(3) (Peetre’s inequality). If s is a real number, one has for all g, heT

(1+ L(gh))’ < (1+L(g)"'(1 + L(h)y.

(4) If L' is a length-function dominated by L, there exists ¢ € R . such that

|B, ;| <|B,, ;.| for every r > 1, where |B, || denotes the cardinal of B, , .

1.1.5. Remark. The converse of assertion (4) in Lemma 1.1.4 is false in gen-
eral. In fact, if ' =Z®Z and if L, and L, are defined by

L,(x,y) = |x| +log(1 +|y])

and
Ly(x,y)=L,(y,x),

then [B, ; | =|B, ;| is finite for every r > 0, but L, does not dominate L,
which does not dominate L, .
Let us now give the main definition of this work:

1.1.6. Definition. Let L be a length-function on I'.

(1) If s € R, the Sobolev space of order s (with respect to L) is the set
Hz(I‘) of functions ¢ on I' such that £(1+ L)’ belongs to 12(F).

(2) The space of rapidly decreasing functions on I" (with respect to L) is the
set H°() =N,g H,(T). If seR and &,{ € H;(I), set

€10y, = > (@)T(e)(1+ L(g)*

ger

and [|€[l, ;= V(&) -

With the above inner product, Hz(r‘) is a Hilbert space, and Hz°(1") is a
Fréchet space for the projective limit topology induced by the inclusions of
H*(T) in H, ('), for each s € R. When T is finitely generated, we denote by
H*(T) and H*(I') the above spaces associated to the algebraic length-function
on I'. We denote by (-|-),, and || -||, ; the corresponding inner product and
norm.

1.1.7. Remark. Let L, and L, be two length-functions on I'. If L, domi-
nates L, then Hiz(l“) is contained in Hzl(l") for every s > 0. In particular,
if T is finitely generated then H*°(I") is contained in H,°(T') for every length-
function L on I'. We finally remark that if L is a length-function on I' and
if s€R, then H, (I is the dual of H,(I") for the bilinear form

(.0 =) &g)X(e).

ger
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1.2. Property (RD). Let I' be a group. The group algebra of I" is denoted by
CT" and is the set of functions with finite support on I'. We recall that CI'
acts faithfully by left convolution on lz(I‘) and that the reduced C"-algebra of
I', denoted by C;(I'), is the norm closure of CT" in B(lz(I“)). Furthermore,
every element a of C’(I') can be identified with the image of 4, by a, where
d, is the characteristic function of {1} in I'. We shall thus consider cr(I)
as a subspace of 12(1"). If 9 € C:(I“) , we denote by ||¢| the norm of ¢ in
crT).

r

1.2.1. Definition. A group I' is said to have property (RD) if there exists a
length-function L on T such that H;°(T) is contained in C,(I').

(1.2.2.) Remark. (1) By the closed graph theorem, I' has property (RD) if
and only if there exists a length-function L on I' and two positive numbers ¢
and s such that |l¢[| < c|l¢]l,, , forevery ¢ €CT.

(2) If T is finitely generated and possesses property (RD) then H®(I') is
contained in C’(I') by Remark 1.1.7.

1.2.3. Example. (1) If T" is the infinite cyclic group then it is easily verified
that I" has property (RD); we have for every ¢ € CI'
n
lell < ﬁllwllz,l :

(2) Let F, be the (nonabelian) free group of rank N > 2. Then F, has
property (RD) since Lemma 1.5 of [Haa] gives the following inequality for each
function ¢ with finite support on F) :

el < 2llell; ,-

More generally, we will show in Chapter 2 that a free product of two groups
with property (RD) has itself property (RD).

1.2.4. Lemma. If L is a length-function on T such that Hzx’(l") is contained
in C'(T'), then there exist ¢ and s in R, such that one has for every t € R
and ¢, y € H (I

”¢ * '//”2,1,1‘ < ”¢”2,s+|t|,L”W”2,t,L'

In particular, Hz"(l") is a convolution algebra.
Proof. By Remark 1.2.2, there exist ¢,s € R . such that

llo * ‘//”2 < C”(ﬂ”zys,L”WHZ >
for ¢, w e H°(T). Let us define
9, (h) = lp(W|(1 + L(h)"

and
w,(h) = |w(h)|(1 + L(h))'
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for he€I'. Then ¢, and y, belong to Hzx’(l") and they satisfy

”?’,“2,5,1_ = ||(/’”2,5+|1|,1_ and |y |, = ”V’”z,z,L~

Then one gets, using Peetre’s inequality of Lemma 1.1.4

loxwvlly, . <l *xwl, <clolly oy l¥ly, . QED.

In fact, one of the most important motivations for the study of property (RD)
is given by the following result of K-theory which shows that the subalgebra
HZ’°(F ) is in some sense “large” in C, (T). The result is due to A. Connes, and
we give a proof of it in [J3].

1.2.5. Theorem. If T has property (RD) and if L is a length-function such that
H°(T) is contained in C(T), then the inclusion of H;°(T') in C’(T) induces
an isomorphism from K,(H;°(T')) onto K,(C’ ('), for i =0,1.

Now we establish some properties which are equivalent to property (RD).
Let A(I') denote the Fourier algebra of I' (cf. [Ey]) and let B,(I') be the set
of coefficients of unitary representations of I" which are weakly contained in
the left regular one. B,(I') is the dual space of C r* (I') for the bilinear form

(0. v)=>_ 0()w(g)
gel
for ¢ € CI', yw € B,(I'). Since A(I') is constituted by the coefficients of the
left regular representation, A(I") is a closed subspace of B,(I') equipped with
the dual norm.

1.2.6. Proposition. Let L be a length-function on a group I'. The following
properties are equivalent.
(1) H(T) is contained in C(T);
(2) there exists s > 0 such that B,(T) is continuously embedded in H,’(T);
(3) there exists s > 0 such that A(T) is continuously embedded in H,*(T);
(4) there exists ¢ > 0 and r > 0 such that if k,l,m belong to N, if ¢
and y belong to CI' and are supported in Cp1 and C, , respectively,
one has

1@ * W)t ol < cllolly, wll, k=1 <m<k+1
and ||(¢p x¥)x,, ,|l, =0 for the other values of m.

Proof. (1)=>(2) By Remark 1.2.2, there exists s > 0 such that H,(I') is con-
tinuously embedded in C:(F) . Thus, property (2) is obtained by duality.

(2) = (3) is immediate.

(3)= (1) Letusfix p € CI", and &, n € [*(I) such that i, <1, qinll, < 1.
Let y be defined by

w(g)=(E*n")g '), foreverygerl.
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Then y € A(T') and |lw| 4 < €l lImll, <1 (cf. [Ey]). It is readily verified
that (¢ «&|n) = (¢, ), which gives
(@ =&Iml <llolly s v, 5,
< cllolly s Il
<cllolly;r-
(1) = (4) is immediate.
(4)=(1) Let ¢,y € CI'; suppose first that ¢ is supported on C, ; for
some k € N. Put y, =y -y, , forevery / € N. One has by hypothesis
1 * W)X, Ll < cL+ K)ol llwll, if k=1 <m<k+1
and (p*y))x, ;=0 otherwise.
Then one gets

19 *9)2 Ll < DM@ * W), L

>0
m+k
<c(t+k)loll, Y llwlly
I=|m—k|
2 min(k ,m)
<cl+k)loll, 3 Wil
1=0

. 1/2
2 2 min(k ,m) 5
<c1+k)Ck+ D) ol | Y Wil | -

=0
Consequently,
2 2
e« wll; = e *w)x,,
m>0
, - X 2 min(k ,m) 5
<+ el > > MWkl
m>0 1=0
2 242, 12 2
<SG+ el vl

Finally, if the support of ¢ is arbitrary, then ¢ = Ekzo ¢, » where ¢, =
¢ - X 1 - One has

ol < S lloell <, > (1+5)" o,

k>0 k>0

1/2
<ec (Z o lla(1 + k)z“*”)

k>0
< cyllelly inr -
One can take s=r+2. Q.E.D.
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1.2.7. Remark. Let L be a length-function on I'. If L is bounded then
H®(T) = I*(T). And by [Raj], /*(I) is an algebra if and only if T is finite.
More generally, HZ°(I“) is not an algebra in general, even in the case of the
algebraic length-function, as the following example shows:

1.2.8. Example. Let C denote the infinite cyclic group written multiplica-
tively with identity 1 and generator o, and let 4 = Z[C] with ¢ ; the char-
acteristic function of ¢’. Then C actson 4 by x fy)=1r1 (x_1 ¥), so that
a'(e) =¢,,,

Let I' = A x C be the associated semidirect product. I" is generated by the
finite set S = {(¢,,1),(0,0)}, though A4 is not finitely generated (compare
with Example 1.1.2). From now on we will identify the element a of 4 with
the element (a,1) of I' and we will denote by |a|. the length of (a,1) with
respect to S. If p is a positive integer, set

S, = {aeA;a Zal €,a,€{0,1},a, = 1} .

Let o be a positive real number and let us define the function ¢ on I' by

¢(g)_ 05 ifg¢Up21Sp,
o, ifges,.
1.2.9. Proposition. If 1/V/5 < a < 1/2 then ¢ € H*(') but ¢ » ¢ does not
belong to any space H*(T),s € R.

Proof. If a= ?:0 ae, belongs to Sp , then |a|. < 3p+1 since

(a,1)=(g,, N*(0,0)(g,, D" (0,0) - (&,, )" (0,0)".

If s >0, then
2 2
lelly, <Y (2a)Bp+1)”

p21

since 0 <a < 1/2 and |S,| =2". This shows that ¢ belongs to H™(T).
Let us now fix a positive integer p. If a € 4 is of the form

p—1
a= Zajaj +2¢,
j=0

with a; € {0,1}, let /(a) denote the number of j belonging to {0, ...,p—1}
such that 4, = 1. One has for such an element a

pro(a)= > ob)p(c).

b.ceS,
a=b+c
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If /(a) = k, there are exactly 2* distinct pairs (b,c) in S , XS, satisfying
a=>b+c. It follows that ¢ *xp(a) = 2¥a” for such an element a. Put

p—1
Spx = {aeA;a: D>_a;8;+28,,a,€{0,1},/(a) =k} '
j=0

The cardinal of S, , is equal to (#), and S, « iscontainedin B, ., ={g€
I;lg)l <3p+2}.

Let s >0 and a€ S, ,. One gets (1 + |alp)
quently,

5 > 3751+ p)"¥. Conse-

II¢*¢IIZ_S_ZZZ (¢ * (@)’ (1 +lalp) ™™

p>1k anSp,,

ZSZ(H-p 2si( ) 4k,

p>1 k=0
2p
> 3—25 Z (a\/—) _

Si(1+p)®

assoon as a > 1/vV/5. Q.E.D.

2. PROPERTY (RD) AND SOME CONSTRUCTIONS OF GROUPS
2.1. Property (RD) and extensions. Let us first remark the following easy fact:

2.1.1. Proposition. Let I' be a group and let T'j be a subgroup of T'. If T has
property (RD) then so does T',. More precisely, if L is a length-function on T
such that H;°(T') is contained in C/(T), then H® (L) is contained in C; (Ty)»
where L is the restriction of L to T.

Now consider two groups G and I', and let £ be an extension of G by I".
Let ]| - G — E L T — 1 be the corresponding exact sequence. Choose a set-
theoretic cross-section g: " — E of m such that o(1) = 1. This determines
a function f:I' xI' — G measuring the failure of ¢ to be a homomorphism,
namely f(y,,7,) = a(y])a(yz)a(ylyz)_l for all 7,7, € I'. In addition, let
p(y) be the conjugation by a(y) in G: p(y)(g) = a(y)ga(y)_l . For ae’l,
let Ad(a) denote the inner automorphism of I' associated to a. Then the
functions f and p are related by

(R1) p(B)p(y) =Ad(f(B,7)p(BY)
and
(R2) S ) f05,73) = P Sy 7N ()5 7,75) -

(See [Bro, p. 104].)
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We shall identify E with G x I equipped with the product

(gl ayl)(gz ﬂ’z) = (glp(y|)(g2)f(y1 ayz) > ylyz) .

2.1.2. Lemma. Let E,G and T" be as above. Suppose that there exist length-
functions Ly,L, and L on G,I" and E respectively such that

(i) H°(G) is contained in C;(G) and H; (T) is contained in C;(T);
0 1
(ii) there exist ¢ and r in R_ such that

Lyg)+L(y)<c-L(g,y) forevery(g,y)€E.
Then H;°(E) is contained in C,(E).
Proof. Choose first two positive constants d and s such that
”(poll < d”(/’ouz,s,Lo for every ®y € CG

and
ol <dligll,, ,, foreveryyp eCr.

If ¢ and y belong to CE, one gets

2
llo * wil;
2

S et BB B BT ) f BT ) BT )

(h.B)EE

SN vy, (h7 g)

BET heG

(g.7)EE

=22

vel geG

-3

yer

2

2

b

2

Zlg((pﬁ)‘//ﬂ »

per

where
vy(8)=0(g.B) and y, (&) =w(f(B .8 p(B~NLSB " .1).8 7).

It follows from the triangle inequality that

2
lo*wls< > (Z lpj * wﬂ,,llz)

yel \ pel’

2
<d’y (Z loglly sz )l ,7|12)

vel \ per
2, 1 1,2 2, 1,2 1,2
=d ey, <d ol v

where ¢'(8) = llo,ll,, ,, and ¥'(B) = (Cheelw(g, B we have used
v (B ) = llwg Ll
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Finally, condition (ii) implies that

loxwl, < C'II(/Jﬂz,z”,LIIWIlz . QE.D.

We will first treat the case when G or I' is finite. Let us give the following
lemma which will also be used in the following paragraph:

2.1.3. Lemma. Let E be a group, let G be a finite subgroup of E and L a
length-function on E. Then there exists a length-function L' on E with the
following properties:

(1) L' is equivalent to L and takes integer values;

(2) L'(gxh)=L'(x) forall xcE and g,heG;

(3) G={xeE;L'(x)=0}.

Proof. Let us define successively four length-functions L, L,, L, and L, on

E:
()_{O if L(x)=0,
PV IL(x)]+ 1 if Lx) #0;
then L, satisfies condition (1).
Now, the function L, defined by

—1
Ly(x)=>_ L, (gxg )
geG
1s a length-function on E satisfying condition (1) and is such that L,(gx) =
L,(xg) forall x€ E and g€G.
Set Ly(x) = ming e Ly(gxh);then L, isalength-functionon E satisfying
conditions (1) and (2).
Finally, if
0, xeaq,

L,(x)=

=17 Lga

then L, is a length-function on £, and L' = L, + L, satisfies conditions (1),
(2) and (3), Q.E.D.

2.1.4. Proposition. Let E be an extension of G by T' as above and suppose
that G is finite. Then E has property (RD) if and only if T does.

Proof. Suppose first that I' has property (RD) and let L, be a length-function
on I' such that HZ‘I’(I" ) is contained in C’(I'). For each (g,7) € E set
L(g,y)=L,(7).

Then L is a length-function on E satisfying the conditions of Lemma 2.1.2
which implies that F has property (RD). Conversely, suppose that E has prop-
erty (RD) and let L be a length-function on E such that

(a) H°(E) is contained in C.'(E);

(b) L|; =0 (see Lemma 2.1.3).

Set L,(y) = max,.; L(g,7). Thanks to condition (b), L, is a length-
function on I'. If ¢ and y belong to CTI", define functions ¢’ and v’ on E
by

0'(g,7)=0() and v'(g.y)=w().
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One gets

o+ wl = =i’ ')
Gl
2

2
|G|3"¢ HZS Al

o2
2 2
< @Il(ﬂllz,S,LlWIlz

for suitable positive constants ¢ and s. Q.E.D.

2.1.5. Proposition. Let E be a group and let E, be a subgroup of finite index
of E. If E, has property (RD) then so does E .

Proof. Define G =, xEOx_l ; it is a normal subgroup of finite index of
E and it is contained in E,. It follows from Proposition 2.1.1 that G has
property (RD). Let then L, be a length-function on G such that HZ;’(G) is

contained in C(G). Set I' = E/G and define
k(g,7) =maxL oP(B)(&)Sf(B,7)) forevery(g,y)€E.

Using relations (Rl) and (R2) of the beginning of the chapter, it is easily
shown that
k((8y,7,)(& 7)) < k(g 7)) +k(g,7,),
and k|, > L,. Set L =k + k, where k(x) = k(x™'). Then L is a length-
function on E satisfying the conditions of Lemma 2.1.1. Q.E.D.

2.1.6. Corollary. If T is a finitely generated discrete subgroup of SL(2,R) such
that SL(2,R)/T is not compact, then T has property (RD).
Proof. By Lemma 8, p. 154 of [Sel], I' contains a torsion-free subgroup I'; of
finite index. Then the surface SO(2)\SL(2,R)/T, is noncompact, namely open,
and its fundamental group I'; is a free group. By Example 1.2.3(2), I'j has
property (RD) and by Proposition 2.1.5, T" has property (RD), too. Q.E.D.
2.1.7. Remark. Let E be a group and let G be a subgroup of finite index of
E provided with a length-function L. There is generally no length-function
L on E whose restriction to G coincides with L, . In fact, take G = F,, the
free group on the two generators x and y, and let « be the automorphism of
G defined by

-1

alx)=xy, ay)=y .

Then o’ = 1. Let T = {l,a} and let £ = G x T be the corresponding
semidirect product. Suppose that there is a length-function L on E whose
restriction to G coincides with the natural algebraic length-function on G. We
would get for each m € N

2m = |a(x")] = L(a(x"), 1) = L((1,0)(x" , 1)(1,a))
<2L(1,0)+ |x"| =2L(1,0)+m,
which gives a contradiction.
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Finally we consider extensions of finitely generated groups by finitely gener-
ated ones.

Suppose that G and I' are finitely generated and let S = S'and T=3x"
be finite systems of generators of G and I' respectively. It is easily shown that
the finite set 7 = {(s,1);5s € S}U{(1,7);T € L} generates E.

2.1.8. Definition. (1) Let o € Aut(G). The amplitude of o (with respect to
S) is the number
a(a) = max |a(s)|.
SES

(2) Amap 6: T — Aut(G) has polynomial amplitude if there exist positive
constants ¢ and r such that

a(0(7)) <c(l+|y)" foreveryyeTl.

(3) Amap f: T xI' — G has polynomial growth if there exist positive
constants ¢ and ¢ such that

Gl S+ D) (1 + )
forall y ,y,€T.

2.1.9. Proposition. Suppose that G and T are finitely generated and that they
have property (RD). Let E be an extension of G by I and suppose that there
is a pair of associated functions (p, f) such that p has polynomial amplitude
and f has polynomial growth. Then E has property (RD).

Proof. It suffices to show that the algebraic length-functions on G, E and T’

satisfy the conditions of Lemma 2.1.1. There exist positive constants ¢ and r
such that

a(p(7) < c(l+ 7))
and
/(s )l S el 7 )1+ 17,))
forall y,7,,7,€Tl.
Let then (g,y) € E and suppose that |(g,y)] = n > 0. Then there exist
(&>7)s---5(8,,7,)€TU 77" such that

n

(g’y) = H(g’yj) = (H p(ﬁj_‘)(gj)f(ﬂj_| syj)aﬂn)
j=1 j=1
where f,=1 and B, =y, -y, for k >0.
Thus
gl < S(alp(B,_))lg, | +1/(B,_, 7))
j=1

<dn™' =g,

and |y|<n=|(g,7)]. QE.D.

|r+l
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2.1.10. Corollary. Suppose that « is an action of I’ on G of polynomial am-
plitude. If T and G have property (RD) then so does the semidirect product
Gx T.

2.1.11. Example. Let F, and F, be the free groups of rank 1 and 2 respec-
tively. If x and p are the natural generators of F,, let F, acton F, in the
following way:

a(x)=xyx~" and a(y)=x.

t is easily verified that o has polynomial amplitude and consequently F, x_F,
has property (RD). But this group is a normal subgroup of finite index of the
braid group B, (see [BZ, Chapter 10]). Therefore B, possesses property (RD),
too.

2.2. Property (RD) and amalgamated products. Let I', ,I', and 4 be groups
such that
(1) T'; admits the presentation (X |R ), for j=1,2;
(2) there exists an injective homomorphism fj from A4 to I"j., for j =
1,2.

We recall that the amalgamated product of I', and I', over A4 is the group
admitting the following presentation:

(Z,UL,|R,UR,, f|(a) = f,(a) for every a € A4).

It is denoted by T', *, I', . (See [LS].)

Choose aset S. of representatives of left 4-cosetsin I’ Iz Then every element
g of I'; x, T', can be uniquely written as a reduced word g = s, ---s,a, where
sjeSij\{l}, a€dand i #1,, forevery j=1,...,k—1.

Let k and / be nonnegative integers; put

A, ={gel' x,I',;g=s5.aas areduced word}
and
Ek,[(g) = {(hl ’hz) € Ak X A[;h1h2 = g},

where g is an element of I, «, I',.

The following lemma is taken from [Pi, Lemma 3.1]:

2.2.1. Lemma. Let k,/,m and q be nonnegative integers such that m =
k+1—gq,andlet g an element of A, . If g =s5,--s,a is its reduced form,
one has

(1) If ¢ = 2p is even, set g =5, S, and g, = Sk_pi1Smd- Then
E, (&) = (h,hy)) € A x A;; there exists w € A, such that h, = gw and
h, = w_lgz}.

(2)If g =2p+1 isodd, set g =s, S po and g, = Sk—pe1” Smd- Then
E, (&) ={(h hy) € A xA; there exist w € A, and v, ,v, € A| such that

h =guvw, hy= w“'vzg2 and v,v, =s,_ }.
The rest of this paragraph will be devoted to the proof of the following the-
orem:
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2.2.2. Theorem. The amalgamated product I'| x , T, has property (RD) in the
following cases:

(1) T, and T, have property (RD) and A is finite,

(2) A has property (RD) and is central and of finite index in T'; and T, .

2.2.3. Corollary. (1) If I'| and T', possess property (RD), then the free product
I, T, has property (RD) too.

(2) Let p and q be positive integers such that (p,q) = 1. Then the group
I = (x,y|x” = y?) has property (RD).

In both cases of Theorem 2.2.2, we have first to define a suitable length-
function L on ' , T,

(1) If T', and T, have property (RD) and if A4 is finite, choose a length-
function Lj on l"j such that

(1) L, takes integer values;
(i) L;(ag;b)=L,(g;) forall g;€T; and a,be A,
(i) {g, €T,;L,(8)=0}=4;
(iv) sz’(l"j) is contained in C;(T)).
The existence of such a length-function is proved in Lemma 2.1.3,
If gel', «,T,,let g=s5,---5,a be the corresponding reduced word, with
s, € S,J\{l}. Set
L(g) = L,'I (Sl) +o+ L,'m(sm) .
It is easy to verify that L is a length-functionon I'| x, T,.
(2) If A4 has property (RD) and is central and of finite index in I', and I,
choose first a length-function L, on A4 having the following properties:
(i) L, takes integer values;
(ii) HZ;’(A) is contained in C(A);
(ii1) for every element a € Uf:l{a € A4 ; there exist s,f,u € S, with st =
ua}, one has Ly(a)<1.
The existence of L, is ensured by the same arguments as in Lemma 2.1.3.
Set then for each geI'| x, T,

K(g) = m+ Lya)

where g =5, -5, a is the reduced word associated to g. Using Lemma 2.2.1,
it is easily shown that K(gh) < K(g)+ K(h) forall g,h el x, I',. Finally,
define L = K + K. Then L is a length-function on I, *, ', such that its
restriction L; to l"j satisfies HZ’(FJ) C C:(Fj).

Here is the crucial step in the proof of Theorem 2.2.2; it is an adaptation of
Lemma 1.3 of [Haa]:

2.2.4. Lemma. Suppose that T ,I', and A satisfy one of the conditions of
Theorem 2.2.2. Then there exist ¢ and r > 0 such that. if k,l,m € N satisfy
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k=l <m< k+1,if p and w € CT'| *, ', are supported in A, and A,
respectively, one has

e« w)xn, ll, <cllell,, vl
where L is the length-function defined above.

Proof. The proof is decomposed into two parts corresponding to the conditions
of Theorem 2.2.2.

First part. Case 1.1. Suppose that m = k +/ — 2p. Using Lemma 2.2.1 and
similar arguments as in the proof of Lemma 1.3 of [Haa], one verifies that

(@ = w)xu, I, < Nllel,llwll,
where N = |4].
Case 1.2. Suppose now that m =k +/~1.If g=s5,---5,a belongsto A, ,
set g, =s,---5,_, and g, =5, -5, a. By Lemma 2.2.1,
—1
prw(g)=>. > o(gubyd v,g,)
beA (v ,v12€E) 1(5¢))
since E, (s)={(v;,v)) €A xA; vv,=5.}. Let ;i €{1,2} be such that
s, € I‘,.k and set ¢, ,(v) = ¢(gvb) and Wp-1 o, (V) = y/(b_lvgz) for every
v E I",.k . Then one gets

0 w(8) =D (e, (9g p)Wp1 g)(SK)-
beA

Finally

(o * w)xy I3 <c; (mfx Y. e, ,b”g,r,L,)

(81.D)€A—1 x4

Z Wp-1 82112
(& ,b)GA,_, X A

2,2, 2 2
<Nl , vl

where r > 0 is large enough to ensure that sz’(l"j) is contained in C’ (T’ ;) for
j=1,2.

Case 1.3. Suppose finally that m =k + 1 — 2p — 1 with p > 1. Define
2

{ (Eure/\p I(/J(uw)‘z) ifue Ak—p s

0 ifug¢A,_,,

1 2 1/2 .
v, (u) = { (Zu»e/\p ly(w™ v ) ifveA_,,
0 ifo¢A,_,.

(/)l(u):
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Then |p * w(g)| < ¢, *y,(g) foreach g€ A and |lpll,,, < Nloll,, .
and [ly,[l, < N|yll,. One gets

2
(@ *w)xn,lly <ley = w)xy I < Nllell,, Llvll,,
using the result established in Case 1.2.

Second part. Suppose now that 4 has property (RD) and is central and of finite
index in ', and T,.

Let Ag denote the set of elements g = s,---5,, where s, € Si]_\{l} and
L# 1 for j<p-1.1If fisafunctionon I'y , ', andif g€l +, [},
set fg(a) = f(ga) forevery ac A.

Case 2.1. Suppose that m =k +1-2p. If g€ A, it can be uniquely written
as g = g,8,a with (g,,g,,a) € Ag_p X A,_p x A, and we have by Lemma 2.2.1

Pxw(g)= D (A 0y, Vy-1,)(@).

urGAg

It gives

2 2 2 2
I|(¢ * V/)XA,,, “2 S C3 Z ”¢31U7”2J‘,L0 Z ”'//u,_lgz”z

(81, W)EAY_ XA (g2, w)EA)_ X AJ

2 2 2
<gllelly, vl

since each element # € A, can be uniquely written as s = w™'h'a with
(w,h’,a)eAg ><A?_p X A.

Case 2.2. Consider finally the case where m =k +/—-2p—1 andlet g €A, ,
with g = 8,5¢_,8,a where (g Sk_pr & ,a) € Ag_p_l X A(l) X A?_p_l x A. Set
A(sk_p) ={(u,,u,) € A? X A?;(uluz)_lsk_p € A}. Then Lemma 2.2.1 allows
us to decompose E; ,(g) as follows:

E (&= U {(guwb,w ugb  ea);weA band
(uy u2)EA(sk—p)

a= (uluz)_lsk € A}.

-p
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One gets
| 2
2 2
“(¢*'//)XAm“2 =M Z () ul;r)lg/)\(oxl\o Z lA(wgnulw)Ww-luzgz
(&1 ,gz)GAg_p_lXAg_l ’ ! ! UJEAE 2
2,02
< C3M Z max

(11 ,12)EAIXAY

(81.8)EAY__ XAD_,

2 2
° Z “q)glulurllZ,r,Lo Z ”wu;—luzgznz
wENA? wEA

2,2 2 2
<Ml vl

where M =|A?|. Q.E.D.

Proof of Theorem 2.2.2. 1t suffices to show that the pair (I', *, I',, L) satisfies
property (4) of Proposition 1.2.6. Consider nonnegative integers k,/ and m
such that |k—/| <m < k+/,and let ¢,y be elements of CI', +, I, supported
in C,, and C,; respectively. Accordingly to the definition of L (in both

cases), one has C;, | C Ufzo AL
It follows that ¢ = Zfzo ¢, and y = Zf.zo y;, where ¢, = ¢ -y, and

Wi=VW - X, -
Let us first fix j € {0, ... ,k}. Lemma 2.2.4 gives

m

2 2

109, * W) 1l = D10, * W)y Il
p=0

) s m Jj+p 2
<oy, . > vl
p=0 \i=|j-p|

m 2min(j.p)
2

. 2 2
<20+ 06Ny, 0 Do vl

p=0 =0
<&l vl
Consequently,
k
(@ *w)x,, (I, < 2% (9, * )X, 1ll5
=

k
N 72PN 7 P
Jj=0

<qgllely . vl QE.D.
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3. EXAMPLES

We present two families of examples: groups of polynomial growth on one
hand, and discontinuous groups of hyperbolic isometries on the other hand.

3.1. Groups of polynomial growth. In the whole paragraph, I' is a finitely gen-
erated group equipped with its algebraic length-function.

3.1.1. Definition. (1) I is of polynomial growth if there exist ¢ and r € R,
such that |B,| < c(1 + k)" for every k >0.

(2) If L is alength-function on I', then T is said to be of exponential growth
with respect to L if there exist ¥ >0 and v > 1 such that |B, ;| >u- v* for
every k> 0.

(3) T is of exponential growth if it is of exponential growth with respect to
its algebraic length-function.

3.1.2. Remark. (1) By means of Lemma 1.1.4, (2) and (4), I is of polynomial
growth as soon as there exists a length-function L on I" and c¢,r > 0 such that

1B, ;| <c(l + k), foreveryk >0.

(2) If T is of exponential growth, then it is of exponential growth with
respect to any length-function on T.

3.1.3. Example. If T is the abelian free group of rank N > 1 and if its alge-
braic length-function is defined with respect to the canonical set of generators
of I'", then we have for each k € N

n-£40)()

by Proposition 3.6 of [Wo]. Thus I is clearly of polynomial growth since there
exist ¢,,¢, > 0 such that clkN < |B.| £ csz for every k > 1. However,
incase ' = Z, let L:Z — R_ be the length-function defined by L(n) =
log(1 + |n|). Then T" is of exponential growth with respect to L.

3.1.4. Example. Let F, be the nonabelian free group of rank N > 2, equipped
with its natural length-function. Then F, is of exponential growth since we
have for every & >0

IC,| =2NQ2N - 1),

where
C, ={g€Fy:lgl =k}

3.1.5. Remark. (1) If T is almost nilpotent (i.e. if it contains a nilpotent sub-
group of finite index) then it is of polynomial growth [Wo]. Conversely, a
deep theorem of M. Gromov [Gro] asserts that every finitely generated group
of polynomial growth is almost nilpotent.

(2) In [Gri], R. Grigorchuk exhibits finitely generated groups which are
neither of polynomial nor of exponential growth.
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We are going to present some characterizations of groups of polynomial
growth in terms of the spaces H’(I') and H™(I'). Let us introduce first the
following coefficients:

e(T') = inf{r > 0; there exists ¢ > 0 with |B,| < ck’ ,k € N}

and
¢'(I') = inf{r > 0; there exists ¢ > 0 with IC,| < ck’ ,k e N}.

Note that T" is of polynomial growth if and only if e(I") is finite.
The proof of the following lemma is easy and left to the reader:

3.1.6. Lemma. The coefficient e(I') does not depend on the algebraic length-
function. Moreover, e(T') and e' (') possess the following properties:

(i) e(I') =lim, sup 22l gnd ¢'(I) = lim, sup '€l ;

log n logn

(i) €M) <e<e M) +1.

Let us now recall briefly the notion of a nuclear space (cf. [Sch or Tr]).

Let £ and F be Banach spaces. A linear mapping u from E to F is
nuclear if there exist bounded sequences (x),., C E', the dual space of E,
and (y,),~, C F, as well as a summable sequence (c,),., C C such that

u(x) =Y ¢, (x,,X)y,

n>1

for every x € E.

If E is alocally convex space and if p is a continuous seminorm on E , set
N, ={x € E;p(x) =0}. Then N, is a closed subspace of E and p induces
a norm on the quotient space Ep . Let Ep denote the completion of E - If q
is a continuous seminorm on E satisfying g > p, the identity on E induces a
continuous linear mapping j 0 from E , to Ep. We say that E is nuclear if
for every continuous seminorm p on E, there exists a continuous seminorm
q > p such that j . is nuclear [Tr, Definition 50.1].

3.1.7. Theorem. If T is a finitely generated group, the following properties are
equivalent:

(1) T is of polynomial growth;

(2) H™(T) is contained in 1'(I);

(3) there exists p € (1,2) such that H*(T) is contained in I*(T');

(4) there exists ¢ > O such that for every pair (s,s') which satisfies s' < s—c,
the inclusion of H*(T') in HS/(I“) is of Hilbert-Schmidt class;,

(5) H®(I') is nuclear.

Moreover, if one of the above conditions is fulfilled, then the inclusions in (2)
and (3) are continuous, and one can take ¢ = %(e'(l") +1) in (4).
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Proof. (1) = (2) By hypothesis, there exist ¢ and r > 0 such that |C,| <
c(1+k)" foreach keN.Set s=1+r/2.If p € H ('), one has

1/2
ol =2 (E "/’(g”) <> (Z |¢<g>|2) Gl

k>0 \ g€Cy k>0 \ g€Cy

1/2
<2y (Z lp(g)I’(1 +k)’)

k>0 \ g€Cy

1/2
<c (Z { 3 o)1+ lgl)’”})

kZO gGCk
/
=clloll, >

which shows that H*(I) is contained in /'(I).
(2) = (3) is immediate.
(3)= (1) If T is not of polynomial growth then e'(I') = oo by Lemma 3.1.6.

Consequently,
log|C
sup 81G,| =oo foreveryk>1.
n>k logn

Thus, one can find a strictly increasing sequence (n,),-, in N such that

IanI > (nk)k for every k > 1.
Let p €(1,2) and set
K,

kZl lan |1/p

It is readily verified that [|y||, ; is finite for every positive real number s,
but that [ly||, = co.

(1)= (4)If s and s satisfy s—s' > (¢'(I)+1)/2, let ¢ > 0 be small enough
in order that

(/[:

s—s'>EM+1+¢)/2.
Then there exists a, > 0 such that
IC <o, (14K

for every kK > 0.
Set 6;;) =(1+|g)~%6 P for g € I', where ¢ P is the characteristic function

of {g}.
The family (5;;)) ¢er is the canonical basis of H ().

If J is the injection of H°(I") into Hsl(l") , one gets
2 2s'—
1 l5s = S IT@I = Y1610+ 0™

ger k>0
2 /_ 1
Sagz(l‘l'k) (s s)+e+£<oo
k>0

because 2(s' —s) +e' (I +e<—1.
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(4)=(5) If p is a continuous seminorm on H™°(I'), one can find ¢ and
s’ > 0 such that p(p) < cllell, , forevery g € H(T'). Since the composition
of two Hilbert-Schmidt mappings is nuclear, using (4), there exists s > s’ such
that the inclusion of H*(I') in H® (I) is nuclear. Then the mapping induced
by the identity from H*(I") to H®(T) , is nuclear.

(5)= (1) If H*(I') is nuclear, there is an s > 0 such that the inclusion J,
of H*(I) into HO(F) = 12(1") is nuclear. In particular, J, is Hilbert-Schmidt

and the series
s -2
S 1@ = Y IC I+ k)7
ger k>0

converges, which shows that I' is of polynomial growth. Q.E.D.

3.1.8. Corollary. If I" is amenable then T" has property (RD) if and only if T
is of polynomial growth.

Proof. If T is of polynomial growth then it has property (RD) by Theorem
3.1.7(2).

If T is not of polynomial growth, there exists y € H°(I') which takes
nonnegative values, such that v ¢ / l(I’). As T is amenable, one has for every
function ¢ € '(I"), with ¢(g) >0 forevery g€l

lell, < le(e)ll < Al < llell;

where ¢ is the trivial representation of I'. It follows that I' cannot have
property (RD). Q.E.D.

3.1.9. Corollary. Consider an integer n > 3. Then SL(n,Z) does not possess
property (RD).

Proof. Let a denote the matrix (7{) (which belongs to SL(2,Z)) and let

=7 x,, Z be the corresponding semidirect product. I' is embedded in
the standard semidirect product 7’ x SL(2,Z), which may be identified with

the subgroup of SL(3,Z) constituted by matrices of the form (%), where

ueZ’ and A€ SL(2,Z). Thus I is a subgroup of SL(n,Z) for n > 3. By
Proposition 2.1.1, it suffices to verify that I' does not have property (RD). But
I' is solvable and of exponential growth (cf. J. Tits, Appendix to [Gro, Lemma
3]). By the above corollary, I" does not have property (RD). Q.E.D.

3.2. Discontinuous subgroups of hyperbolic isometries. In this paragraph, X is
a complete noncompact Riemannian manifold with bounded strictly negative
sectional curvature K. More precisely, there exist K| < K, < 0 such that
K, < K(x) <K, forevery x € X (cf. [BGS, KIJ).

For example, the hyperbolic spaces H"(R), H"(C), H"(K) and H*(0) sat-
isfy the above conditions [Mo, Chapter 19] where K is the field of quaternions
and where O denotes Cayley numbers.
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Now we describe simply connected Riemannian spaces with constant negative

sectional curvature [K1, 1.11.8]: Let p > 0 and n > 2; set %’; = {x e R";

|x| < p}. Then 93: is a Riemannian space with sectional curvature K = p_2

with respect to the metric
_ _ 2ldx]
L—|x*/p*

Let us consider a geodesic triangle in %’p” with angles o, and y, let a
(resp. b,c) be the length of the opposite side of a (resp. f,y). Then (a, f,7)
and (a,b,c) satisfy the sine rule [K], 2.7.5]

sina  sinf  siny
sinh(a/p)  sinh(b/p)  sinh(c/p)’

Let I'" be a discontinuous group of isometries of X and let 0 be a point of
X.Set L(g)=d(0,g(0)) forevery g €. As it is remarked in Lemma 1.1.4,
L is a length-function on IT" satisfying for every x € X

d(x,8(x))—2d(0,x) < L(g) < d(x,8(x)) +2d(0,x).

Though L depends on the chosen point 0, the spaces Hz(l") and HL°°(F )
do not.
Here is the main result of the paragraph:

3.2.1. Theorem. If I" is cocompact (i.e. X/T" is compact), then T" has property
(RD). More precisely, there exists a positive constant ¢ which depends only on
the action of T on X such that |¢|| < clloll,, , for every finitely supported
function ¢ on T. 4

Note that, by Theorem 6.15 of [Rag], such a group is always finitely presented.
Thus H*°(I') is contained in Cr* (I'). When T is finitely generated but not
cocompact, we do not know whether H°(I') is contained in C(T) except in
dimension 2 (Corollary 2.1.6). However, H;°(I') is not contained in C,(I') in
general: a simple example is supplied with the action of I'= {(7) € M,(R);

m € Z} by homographic transformations on the Poincaré half-plane H’ = {z e
C;Im(z) > 0}. In this case, one can set

L(g)=d(i,g(i)) forgeT.
If g=(;"), one has
2log(1 + |m|) —2log2 < L(g) < 2log(l + |m|)

since the distance between two points z and w in H’ is given by
d(z w) = log (]z —w|+ |z - w|>

|z —w| - |z —w|
Note that I' is of exponential growth with respect to L.

Set .
(6 1) ={omr, semzo
Y\Wo 1))7\m?, itm>o.




190 PAUL JOLISSAINT

One verifies easily that y belongs to Hz°(F) , but that

2
(el 1)) e

forevery ¢ > 1. Thus y*y does not belong to 12(1") . Finally, T" is a subgroup
of SL(2,Z) which implies that H‘L’°(SL(2 ,Z)) is not a convolution algebra and
consequently not contained in C, (SL(2,Z)).

Let us now give the proof of Theorem 3.2.1. From now on we suppose that
X /T is compact and, without loss of generality, that the stabilizer of 0 in T" is
trivial. There is thus a J > 0 such that

d(u(0),v(0)) 2 29

for each pair of distinct elements u and v of I'. Since the length-function L
is henceforth fixed, we write

C,={gel;r-1<L(g)<r},
and y, the characteristic function of C,. Set also
C ,={gelir-a<L(g)<r+a},

if r and a belong to R, .

3.2.2. Lemma. Let c,k,! and p be nonnegative real numbers such that p <
min(k,/). Consider in X a triangle whose vertices x,y and z satisfy

dx,y)=k+[1-2p—c, dx,z)=k and d(y,z)=1.

Let x' denote the unique point on the geodesic segment [x ,y] which satisfies
dix,xY=k-p.

Then there exists a > 0 independent of k ,I and p such that p <d(x',z) <
p+a.
Proof. The sectional curvature K of X satisfies K < —,0_2 for some positive
p. Consider then a triangle in %p" with vertices Xy2 Y52, and let x; €
[x Y p] with the following properties:

(1) d(x,,y,)=k+[-2p—c, d(x,,x,) =k —p and d(x'p,zp) =d(x',z);

(2) the angle 6 at x; between [x), x ,] and [x/'],z ,] is equal to the angle
at x' between [x',x] and [x',z].

We adopt the following notations:

k' =d(xp,zp), l'=d(yp,zp), r=d(x',z) =d(x;,zp);

a is the angle at X, between [xp,yp] and [xp,zp]; £ 1is the angle at Y,
between [yp,xp] and [yp,zp]; 7, and y, are the angles at z, between [zﬂ,xp]
and [zp,x;] and between [zp,x;] and [z,,y,] respectively.
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“p

FIGURE 1

By the sine rule in @: one gets

. !
sinh <£) = Sﬁ - sinh (k—)
)4 sin 6 p

. . !
‘ sin a . sm(y.l +7,) . sinh k_
sin(y, +7,) sin 6 p

. . in (£ sinh (£
N ELY siny, \ sin (7) sinh (;)
= | = V7, +COS Y, —
sin 6 sin 0 sinh (M)
p

< Sinh((k —p)/p) sinh(!'/ p) + sinh(k’/ p) sinh(({ = p — ¢)/p))
- sinh((k +1—2p —c)/p)

since
siny, _ sinh((k —p)/p) . siny, _sinh((/—p—c)/p)
sin 0 sin(k’'/p) sin 6 sinh(/'/p) '

By comparison of the sinh function with the exponential one, one has

er/p < Clep/p

because the inequality K < —p'2 implies k' <k and /' <! [Kl, 2.7.6]. Thus,
r < p+a where a > 0 and independent of k,/ and p. Moreover, r+k—p > k
and then r > p. Q.E.D.

3.2.3. Lemma. Let a and b be positive constants. There exists a positive
number N, depending only on a,b and on the action of I’ on X, with the
following property: For every pair of nonnegative real numbers k and | and for

each g € C,,,, one has

—1
KheC, ,sh g€C I <N.
Proof. Let (g,h) € C,,,x C, , be such that hlge C, , - Let us consider the

geodesic triangle in X with vertices 0, g(0) and #(0). If x € X is the unique
point on [0, g(0)] such that d(0,x) = k, Lemma 3.2.2 (with p = 0) ensures
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the existence of a positive constant A4, independent of k,/,g and /4, such
that d(x,h(0)) < A. This implies that the ball B(A(0),d) with center 4(0)
and radius J is contained in B(x, A+ d). Since the different balls B(A(0),J)
are disjoint, and since the sectional curvature is bounded below, the number of
h’sin C, .« such that ! geC, is bounded by a constant independent of
k,l and g. Q.E.D.

Now we expose the main technical result for the proof of Theorem 3.2.1 (by
Proposition 1.2.6); it is a generalization of Lemma 1.3 of [Haa]:

3.2.4. Proposition. There exists a positive constant ¢, depending only on the
action of T on X, with the following property: If k,l,m € N satisfy |k — 1] <
m<k+1,if 9,y €Cl aresupported in C, and C, respectively, then

(@ * ¥)x,ll5 < clloll,llvll, -
Proof. We distinguish two cases: (i) m =k +/,and (ii) |k—I|<m<k+1.
Let us first show the following more general assertion:

(A) If a and b are positive constants, there exists a positive number ¢,
depending only on a,b and on the action of I' on X, with the following
property: If k',/' € R_, if ¢',y’' € CT are supported in C,, , and C,,
respectively, then ’ ’

a

160" * vVt iolly < 0"l -

In fact, using Lemma 3.2.3, there exists N > 0 such that for every g €
Cy., » the number of A’sin C,, o such that h'lge C, , is bounded by N.
Then, using the Cauchy-Schwarz inequality, we get

2 2
lo' «y'(g)| <N > o' (h) 1w (hy)I” |
(hy ,12)ECYr o X Cpr
hiha=g

hence

8€Cyryy (h )EC X Cpr
hihy€Crr g

I * wixe <N Y ( 3 o' (h ) 1v' (b))

2 2
< Nlg'llv'l3-

Thus, Case (i) is a direct consequence of (A), with a=b=1.

Suppose now that |k —/| < m < k+1/; then m = k + [/ — 2p for some
half-integer p < min(k,/). Let g€ C,, .

Let x'(g) be the unique point of [0, g(0)] such that d(0,x'(g)) =k —p.
Since X/I' is compact, there exists > 0 such that the distance from x'(g) to
the orbit of 0 is at most equal to r. There then exists u ¢ € I" which satisfies
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h(0)

£(0)

FIGURE 2

d(ug(O),x’(g)) <r. Setw, = u;lg. Then g is written in “reduced form”
g=u,v, since the following inequalities hold:

k—p—r<Lu)<k-p-r

and
l—p—r—lgL(vg)sl—p+r.

Thanks to Lemma 3.2.2, if (h ,h,) € C, x C; and hh, = g, then
p—agL(u;lhl) <p+a

where a > 0 depends only on the action of I' on X . Then we get that if
g € C,, can be written as g = hh, with (h,h,) € C, x C;, there exists
necessarily w € C, , such that h = U W and h, = w_lvg. Set

12
0, (u) = (Z'W‘”)'Z) ifk—p-r<L)<k-p+r,
p

wWEC) q

0 otherwise,

and
1/2
3 lpw v)P if I ~p—r<L)<I—p+r,
9,(v)= ol
0 otherwise.
One has

2

e xwix,li= 3| X ewyw 'v,)

8€Cy, |WEC, 4
2 2 2
<D0, ) W, () < D (9,5 ¥,(8)
gECm gGCm

=l(p, * ¥)x,ll> < N(@, )’ N(a,r + Dol vl



194 PAUL JOLISSAINT

using Assertion (A), where N(a,r) and N(a,r+ 1) come from Lemma 3.2.3.
Q.E.D.

Finally, using the same arguments as in Lemma 4 of [Fl, p. 213], we can
adapt our proof of Theorem 3.2.1 and get

3.2.5. Proposition. If I" is a geometrically finite Kleinian group without para-
bolic elements, then there exists a positive constant ¢ depending only on the
action of T on H3(R) such that ||lp| < cllgll, , , for every finitely supported
function ¢ on I'.

APPENDIX. PROPERTY (RD) FOR LOCALLY COMPACT GROUPS

Let G be a locally compact second countable group. Let C,(G) denote

the space of compactly supported continuous functions on G and LlZOC(G) the
space of (classes of) measurable functions which are square-summable on every
compact subset of G.

If s is a real number and if L is a continuous length-function on G, the

space Hz(G) is the set of (classes of) functions ¢ € L12<>c(G) such that

1/2
ol = ([ 101+ Lig)” de)

is finite.

The space of rapidly decreasing functions on G (with respect to L) is the
intersection of the spaces H,(G). We denote it by H;°(G). It is a Fréchet
space for the topology induced by the family of norms (| - s 1)ser -

A.l. Definition. G is said to have property (RD) if there exist a continuous
length-function L on G and ¢ and s > 0 such that [|A(g)| < cllpll,, , for
every function ¢ € C(G).

A.2. Proposition. If G has property (RD) and if L is a continuous length-
function on G which satisfies the conditions of Definition A.1, then H;°(G) is
an involutive algebra (with respect to natural convolution and involution) which
is identified by the left regular representation with a dense subalgebra of C; (G).

The proof of Proposition A.2 is the same as that of Lemma 1.2.4.
We are going to show

A.3. Proposition. Let G be a second countable locally compact unimodular
group and let L be a continuous length-function on G . Suppose that G contains
a discrete cocompact subgroup T such that Hz:(l“) is contained in C; ('), where
L, is the restriction of L to I'. Then G has property (RD).

A.4. Corollary. If G is a connected noncompact semisimple Lie group of real
rank one and finite center, then G possesses property (RD). (Compare with [He).)

Proof of Corollary. Let K be a maximal compact subgroup of G and L a
K-invariant length-function on G coming from a Riemannian metric on the
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homogeneous space G/K, i.e. L(g) = d(x,,g(x,)) for every g € G, where
X, € G/K. If T is a cocompact subgroup of G then Hz:(l" ) is contained in
C’(I') by Theorem 3.2.1. Q.E.D.
Proof of Proposition A.3. If X = I'\G denotes the set of right cosets of G
modulo I' then X is compact and possesses a G-invariant probability measure
1. By Theorem 8.11 of [Var], there exists a regular Borel section o for X ;
more precisely, ¢ is a Borel mapping from X to G satisfying

(1) moo =1idy, where 7 is the canonical projection of G onto X ;

(2) a(X) is relatively compact.
Note that the map ¢ — [, (3, cr¢(70(x)))du(x), defined on C (G), is a Haar
measure on G.

By hypothesis, there exist ¢ and s > 0 such that

Iy * Kl < cllfilly 5 151,

forall f,,f,eCrl.
Let ¢,y be elements of C (G). We have

2_.
l(p)w? = /X >

;’6[
< /
X

[ [|Z[Zom,. 67
XX ver

per

2
du(x)

/X {Zw(ﬂa(y))w(a(y)“ﬂ*‘ya(x»} du(y)

per
2

du(y) | du(x)

2 /X {Zw(ﬂa(y))w(o(y)"ﬂ“yam)

el per

2
du(y)du(x)

= [ [ Winto, v, 1 duty) i
XJX
< /X /X lo 12, 1 llv, 2 du(y) dux)

where ¢ () = p(y0(y) and y, (7) = w(o(y) '70(x)) for every y € T.
Thus we get

IA@)wl<c /X lo,ll3 s 4, ( /X uwy,xnidu(x)) du(y)

<l / (Zw(w(y))f(l +L<y>>2f) du(y)
X \yer

2, .2 2 2
<Mool vl

where M = sup (1 + L(a(x)))’ is finite since o(X) is relatively compact
and L is continuous. Q.E.D.

We do not know whether the converse of Proposition A.3 holds.
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