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ZERO INTEGRALS ON CIRCLES AND CHARACTERIZATIONS OF
HARMONIC AND ANALYTIC FUNCTIONS

JOSIP GLOBEVNIK

ABSTRACT. We determine the kernels of two circular Radon transforms of con-
tinuous functions on an annulus and use this to obtain a characterization of
harmonic functions in the open unit disc which involves Poisson averages over
circles computed at only one point of the disc and to obtain a version of Mor-
era’s theorem which involves only the circles which surround the origin.

1. INTRODUCTION

Suppose that f is a continuous function on the open unit disc A in the
complex plane. For each simple closed curve I' C A bounding a domain D,
0 € D, let F. be the function which is continuous on DUT, harmonic in D
and which coincides with /" on I'. It is known that if F.(0) = f(0) for each
smooth curve I' bounding a strictly convex domain then f is harmonic in A.
This is a special case of the main result of {5].

The starting point of the present investigation was the fact that the function
J is not necessarily harmonic if one assumes only that F.(0) = f(0) for each
circle I' C A surrounding the origin. In fact, for each k € N there is a function
f of class #* on A such that F-(0) = f(0) for each circle I' C A surrounding
the origin and which is not harmonic in A ([5], see also §9).

One of the results of the present paper is that if F.(0) = f(0) for each
circle I' € A which surrounds the origin then f is harmonic in A under the
additional assumption that it is infinitely differentiable at the origin, that is, if
for each n € N there is a polynomial P, of degree n such that

f(2)=P(z.2)+Q,(2) (z€4)

where lim__,|z|7"Q,(z) = 0. In fact, to get harmonicity it is enough to assume

only that F.(0) = f(0) for each circle I' belonging to a family which is only

slightly larger than the family of circles in A centered at the origin. Note that f

is infinitely differentiable at the origin if it is of class Z*° in a neighbourhood

of the origin, or more generally, if it belongs to #°°({0}), that is, if for each

k € N there is a neighbourhood of the origin in which f is of class k.
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This characterization of harmonic functions is a consequence of our first
main result which describes the Fourier coefficients of the continuous functions
on an annulus Q = {{ € C: R, < [{| < R,} which have zero average on each
circle I' ¢ Q that surrounds the origin. The second main result describes the
Fourier coefficients of the continuous functions f on Q such that ;. f(z)dz =
0 for each circle that surrounds the origin. Its consequence is a version of
Morera’s theorem: If f is continuous on A and infinitely differentiable at the
origin and if [, f(z)dz =0 for each circle I' C A which surrounds the origin
then f is analytic in A. Again, one cannot drop the smoothness requirement
at the origin since for each k € N there is a function f of class #* on A such
that [ f(z)dz =0 for each circle I' C A surrounding the origin and which is
not analytic in A ([3], see also §9).

2. THE MAIN RESULTS

Let 0 < R, < R, and let f be a continuous function on the annulus Q =
{{€C:R <[{|<R,}. Foreach r, R, <r<R,,and foreach n€ Z, let

2n ) .
f(r) = %/0 e—mef(re'o)de.

Thus, foreach r, R, <r<R,, > fn(r)e’”a is the Fourier series of f(re').

Let '={{eC:|{—z|=r} and let ¢ > 0. The e-neighbourhood of the
circle " is the family of all circles of the form {{ € C: |{ — w| = p with
lw—-z|<e and |r—p|<e, p>0. Let & be a family of circles in Q which
surround the origin such that £ contains a neighbourhood of each circle I' C Q
centered at the origin. Note that & may be only slightly larger that the family
of all circles in Q centered at the origin.

If T'={a+e%h:0<6 <2} and if foz”f(a +¢"b)d6 = 0 then we will
say that f has zero average on I'.

Theorem 1. Ler f be a continuous function on Q. The following are equivalent.

(1) f has zero average on each circle T € &,
(ii) f has zero average on each circle I’ C Q which surrounds the origin,
(iii) fo(r)=0 (R, <r<R,) andforeach n€ Z, n# 0, there are numbers

Qs @y v 3By i such that

—|n] 2 2(|n|—=1)
fn(’.)=r (an0+an1r 4+.-4a r ) (R1<r<R2).

n,ln|—1
Theorem 2. Let f be a continuous function on Q. The following are equivalent:
(i) frf(z)dz =0 for each circle T € &,
(ii) f-f(z)dz =0 for each circle T C Q which surrounds the origin,
(iii) f_,(r) =0 (R, <r < R,) and for each n € Z, n # —1, there are

numbers b, ,b,, , ... ’bn,|n+l|—l such that

£y =Ml byt 4 by T (R <r<Ry).

n,|n+1]—1
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Let # be a family of circles in A which surround the origin such that 7
contains a neighbourhood of each circle T C A centered at the origin.

Corollary 1. Let f be a continuous function in A which is infinitely differentiable
at the origin. If F.(0) = f(0) for each circle T € Z then f is harmonic in A.
In particular, if F.(0) = f(0) for each circle I C A surrounding the origin then
f is harmonic in A.

Corollary 2. Let [ be a continuous function in A which is infinitely differentiable
at the origin. If [-f(z)dz =0 for each circle T € # then f is analytic in
A. In particular, if [ f(z)dz =0 for each circle T C A surrounding the origin
then f is analyticin A.

An easy consequence of Theorems 1 and 2 is the following support theorem
for the circular Radon transforms f +— [ f(z)ds and f~— [.f(z)dz which
probably has a simple direct proof:

Corollary 3. Let f be a continuous function on Q such that for each k € N the
function z — (R, — [z|)_kf(z) is bounded as |z| — R, . If [ has zero average
on each circle T' € & then [ vanishes identically on Q. If [.f(z)dz =0 for
each circle T € & then f vanishes identically on Q.

The paper is organized as follows. We first prove that Corollaries 1-3 follow
from Theorems 1 and 2 (§3). Then we show that [ f(z)ds =0 or [.f(z)dz =
0 for each circle I' € Q surrounding the origin if and only if the same holds for
each function re'? — fn(r)e"’e (§4). This happens if and only if in each case
f, satisfies a Volterra integral equation of the first kind whose kernel has a weak
singularity on the diagonal (§5). We look at the properties of these equations
and iterate the kernels to get equations for the functions r — f, (r)(r, — r)_l/ 2
with analytic kernels having zeros of order |n| and |7 + 1| on the diagonal
(§6). Since only the structure of bounded solutions of such equations has been
studied in detail [9, 12] with only a remark being made in [9] about the general
case we revisit [9] to show that the approximation procedure used there for
bounded analytic solutions can be used also for unbounded smooth solutions
(8§87, 8). We then present examples of functions satisfying [ f(z)ds = 0,
Jr f(z)dz =0 and show that using these examples one gets all solutions of the
original integral equations and thus complete the proofs of Theorems 1 and 2

(89).

3. PROOFS OF THE COROLLARIES

Proposition 1. Let D C C be an open disc, 0 € D, and let T be its boundary.
Assume that F is a continuous function on D UT which is harmonic in D.
Then F(0) = 0 if and only if the function z — F(z)/lzl2 has zero average
onT.
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Proof. Let T = {w+Rei0:0 <0 <2}, w= re'. If 0 < p < 1 and
0 < ¢ < 27 then the Poisson formula gives

. 2 it 2
F(w + pRe") = L/ Flw+Re )AL =) g4
2n Jo  1-2pcos(t— @) + p?

Putting p=r/R and ¢ = a + 1 we get
F(0) = F(re'" + (r/R)Re' ™)
1 F(re™ + Re")(1 - p?)
2n Jo 1-2(r/R)cos(t —a—n)+r*/R*
21 6% it
=(R2—r2)-1—-/ F(rg +Rf2) dt
2n Jo  |re'™ + Re"|

This completes the proof.

dt

Proof of Corollary 1, assuming Theorem 1. Suppose that f is a continuous
function on A which is infinitely differentiable at the origin and which satisfies
F(0) = f(0) for each circle I' € #Z . It is enough to prove that f is harmonic
in RA for each R < 1 so we may assume with no loss of generality that f
extends continuously to the closure A of the unit disc.

Let g be the function which is continuous on A, harmonic in A and which
coincides with f on the unit circle bA and put 4 = f — g. The function # is
continuous on A and vanishes identically on bA. Since g is harmonic in A it
follows that 4 is infinitely differentiable at the origin and that H(0) = 0 for
each circle I' € /7. Proposition 1 now implies that the function z — w(z) =
h(z)/ |z|2 has zero average on each circle I' € # . By Theorem 1 it follows that
wy(r) =0 (0 <r < 1) and that for each n € Z, n # 0, there are numbers
a,, 0<i<|n|—1, such that

Ay o< < ).

—ln|

2
w,(r)=r "(a,+a,r oA, -

Since &, (r) = rzwn(r) (0 <r< 1) it follows that

2|n|

r""'h,,(r)=r_zlnl(a,,or2+a,,1r4+"'+a,,,|,,;_1’ ) (O<r<l).

Fix ne€ Z, n # 0. Since A is infinitely differentiable at the origin there is
a polynomial P, of degree |n| such that h(z) = P, (z,2) + Q,,(z) where
lim__, |z|—|"|an|(z) = 0. This implies that there is a number «, such that

2n . .
h(r)=a," + i/ e "'Q, (re")do
0

n 2n

and

limr~"h,(r) = a,.

Thus a,, =0 (0<j < |n| —2) and h,(r) = a, -7 (O<r<1). Since
h vanishes identically on bA it follows that 4,(1) = 0 which implies that

In|
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h,(r)=0 (0<r<1). Asthis holds for each n € Z it follows that 4 vanishes
identically on A, that is, f coincides with ¢ on A which implies that f is
harmonic in A. This completes the proof.

Proof of Corollary 2, assuming Theorem 2. Suppose that f is a continuous
function in A which is infinitely differentiable at the origin and which satisfies
Jrf(z2)dz =0 for each circle I' € # . By Theorem 2, f_,(r)=0 (0<r<1)
and for each n € Z, n # —1, there are numbers bni, 0<i<|n+1]—1,such
that

L) =" b+ b, 4+ b

As in the proof of Corollary 1, since f is infinitely differentiable at the origin
it follows that foreach n€ Z, n #0, lim,_, P f,(r), exists, that is,

2(ln+1]-1)
T e ) (0<r<l).

—2|n| —2|n|+2 —2|n|+2|n+l|—l)

lim(b,gr """ + b, +ot by -

exists. It follows that if n < —1 then f,(r)=0 (0<r<1) andif n >0 then
f(r) = bn,|n+l[—-lrn (0<r<1). Now, foreach r, 0<r<1, E‘f’oofn(r)e""9

is the Fourier series of f (reie) so on [0,27] the function f (rem) is the uni-
form limit of its Cesaro means

. l . m—l .
a (re’y=m"' (fo(r) + > fk(r)e'ke oty fk(r)e’ke)
—1)

k=—1 k=—(m

1 m—1
=m (boo + Zbk’k(re'e)k Tt Z b, ‘k(relo)k) )
k=0 k=0
The usual proof of the Fejér theorem [8] shows that the convergence is also
uniform in r, p, <r < p,, foreach p,, p,, 0 < p, < p, <1, since f is
uniformly continuous in {{: p, <[{| < p,} [3]. Since each o,, is analytic in A
it follows that f is analytic in A\{0} and being continuous at 0, f is analytic
in A. This completes the proof.

Remark. The referee has kindly pointed out that if f € £°°({0}) then the sec-
ond part of Corollary 2 can be easily derived from the following consequence
of an old result of A. M. Cormack: If g € ©°°(A) has zero average on each
circle I' ¢ A which passes through the origin then g vanishes identically (for
the proof see [1]). The reason is that once f € Z°°({0}) then it can be uni-
formly approximated by #°° functions with the same vanishing properties as
f. Let fe &% (A) and let [.f(z)dz =0 for each circle I' surrounding the
origin. By continuity we have that [, f(z)dz = 0 for every disc D C A,
0 € bD. By Green’s formula, [[,8f/0zdzAdz =0. It is easy to conclude
that [, 0f/0zds =0 for all such discs D. It follows that 9 f/dz vanishes
identically so f is analytic on A.

Proof of Corollary 3, assuming Theorems 1 and 2. The assumption implies that
for each n € Z, kK € N, the function r — (R, — r)_kfn(r) is bounded as
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r — R,. If f has zero average on each circle I' € ¥ then by Theorem 1
each f, extends to an analytic function in a neighbourhood of (0, R,] which
is possible only if f, vanishes identically so f vanishes identically in Q. In
the same way, using Theorem 2, we see that if [ f(z)dz =0 foreach I'e &
then f vanishes identically in Q. This completes the proof.

4. ZERO INTEGRALS AND FOURIER COEFFICIENTS

Let I' € C be a circle which surrounds the origin and whose center is not the
origin. Let 4 be the closed annulus obtained by rotating I around the origin,
that is, .

A= U eT.
0<a<2m
Let R, R, besuchthat A={{e€C: R <|{|<R,}. Let f be a continuous
function on 4. Foreach ne Z, let

2n X .
® (z)= %/0 e " fe®2)d0 (R, <|z|<R,).

Note that if z = re'” then D (2)= f,,(r)ei"“ )
Lemma 1. The following are equivalent:

1]

(1) f has zero average on each circle e “T", 0 < a < 2m,
(i) for each n € Z the function ®, has zero average on T.

Proof. Suppose that (i) holds. Let I' = {a + ep:0<6 < 2n}. Let ne Z.
By the assumption, fOZ" fe™(a+e"b)d6 =0 (0<a<2n) soby the Fubini
theorem

2n 1 2n . . 0
/ lﬂ/ e " fle'"(a+e b))da} do =0
0 0

which proves (ii). Conversely, assume that (ii) holds. Note first that (ii) implies
that for each n € Z the function ®, has zero average on each circle eI’

0<a<2m.Foreach r, R, <r<R,, Zcfooj;(r)e""e =3 d)n(reie) is the
Fourier series of f (rew) . As in the proof of Corollary 2 we see that its Cesaro
means

am(re'e) =m" (d)o(re'e) + Z d>k(re'0) +-- Z d>k(re’6))
k=—1 k=—(m—1)

converge to f (reie) uniformly on A4 which implies (i). This completes the
proof.
In almost the same way we prove the following lemma.

Lemma 1'. The following are equivalent:

(i) [.pf(z)dz=0 foreach o, 0 < a <2m,
(ii) [ @, (z)dz=0 foreach neZ.
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5. THE INTEGRAL EQUATIONS FOR THE FOURIER COEFFICIENTS
Foreach p, R, 0 < p < R, let l"pR be the circle whose diameter is the
segment [~R, p] on the real axis. Further, for each n € NU{0} let T, be the

Cebysev polynomial of the first kind of degree n [10]. We have T, (cosa) =
cosna for each a.

Lemma 2. Let n € Z and let f, be a continuous function on [p,R]. Let
d)n(re’o) = fn(r)e’”g (p<r<R,0<60<2n) andlet s=p/R. Write

2
Pn(s,t)=7"|n|(%l__t—s))(t2 HTPa ATV s<t<1),

wr (225 ) Lo st
mi\gi=sy ) T\ =)

x (£ -sH"Pa-""r (s<t<1).

Q,(s,1) =

Then
(i) @, has zero average on T R if and only if

/1 £(ROP (s,0)dt =
(ii) fr W(2)dz =0 ifand only if

1
| 1 r0Q, (s 0di -
N
Proof. In polar coordinates r, the circle T’ IR is given by the equation

2

Rp—r
5.1 Cosp = ————
oD R )
Differentiating this we get
de Rp+r
sing = —— <r<R).
T R (p )

If 0<¢ <n then (5.1) gives

sing = (1 - cos’ )% = (2 = P 2R = )2 (R = p)”!
O )
do _ Rp+r
ar P PR - ) (p<r<R.
Similarly, if -7 < ¢ <0,
2
d(p—— Rptr (p<r<R).

dr = P = )R- )P
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In both cases we have

1/2
(1+(‘f1‘f)) =rR+p)(r =pH) PR =) (p<r<R).

Now, writing
Rp — r

r(R—-p)

we have T , = (re’":p <r < RyU{re ™" p <r <R} soif ¥isa
continuous function on I R its average on I‘pR is

@(r) = arccos (p<r<R)

”‘/ [E(re?"y + W(re NG - p2) AR = ) Prar.

To prove (i), let ¥ = ®, and put r = tR. To prove (ii), observe that
fr z)dz = 0 if and only if the average of ¥(z) = ®,(z)(z — (p — R)/2)
on F OR is zero and put r = tR. This completes the proof.

Lemma 3. Let n € Z, let 0 < R, < R, and assume that f, is a continuous
function on [R|,R,]. Let ‘l’n(rem) = j”,l(r)ei"(’ (R, <r<R,, 06 <2n).
Let R|/R,<g<1.

(i) If for each p, R, R, < p < R < R,, the function ¥, has zero average on
I thenon [q,1] the function t — f (tR,) can be uniformly approximated by
functions ® of class € which satisfy

(5.2) /lcp(z)Pn(s,z)dt=0 (g<s<l).

(ii) If for each p, R, R, < p < R<R,, fl.pR‘Pn(z)dz =0, then on [q,1]
the function t — f, (tR,) can be uniformly approximated by functions ® of class
&> which satisfy

(5.3) /<D Q,(s,)dt=0 (g<s<1).

Proof. Suppose that for each p, R, R, < p <R <R,, ¥, has zero average
on I’pR. By Lemma 2

/lfn(tR)Pn(s,t)dtzO (R//R<s< 1)

holds for each R, R, < R< R, . In particular, if R, < R, < R, then for each
R, Ry < R <R,, the function 7+ ®(¢) = f, (tR) satisfies

1
(5.4) /<D(t)Pn(s,t)dt=O (R,/Ry<s<1).

Choose R, < R, so close to R, that R,/R, < g and choose J > 0 so small
that (1 -J)R, > R, .
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Let y be a nonnegative Z°° function on R with supportin (1 —J,1) and
such that [ y(w)dw = 1. Since each function ¢+~ f (wtR,), 1 -d<w <1,
satisfies (5.4) it follows by the Fubini theorem that also the function ¢ +— ®(z) =
[ x(w)f,(wtR,)dw satisfies (5.4). The function @ is of class % on R\{0}
and if J is chosen small enough then |®(¢) — f, (1R,)| will be uniformly small
on [R,/R,,1]. This completes the proof of (i). We prove (ii) in the same way
with P replaced by Q, .

6. PROPERTIES OF THE INTEGRAL EQUATIONS

To prove Theorems 1 and 2 we will need all smooth solutions of (5.2) and
(5.3). We first mention two trivial special cases:

Proposition 2. Let 0 < R, < R, and assume that ® is a continuous function
n (R ,R,)). If ‘P(reie) =®(r) (R, <r<R,, 0<60<2n) andif ¥ has zero
average on each circle |{| =r, R, <r <R,, then ®(r)=0 (R <r<R,). If
¥(re'') = ®(r)e™"" (R, <r<R,, 0<0<2n) andif [,,_, ¥(z)dz =0 for
each r, R, <r<R,, then ®(r)=0 (R, <r<R,).
This shows that we will only have to consider (5.2) if n # 0 and (5.3) if

n#-1.
Let P and Q, be asin Lemma 3.

Lemma 4. Let 0 <t <1 andlet ® be a continuous function on [1 —1,1].
() IfneZ, n#0, and if © satisfies
i
(6.1) / O()P,(s,1)dt =0 (1-1<s<1),

then )
| K pngdi=0  ©<p<q)
0

where g(t) =h(l1 —1t), h(t) = t_l"‘“(l - 12)—1/2d>(t) and where K, is analytic
in a neighbourhood of zero and is of the form

[n|

K, (p,t) = Zbitlnl—ipi + higher order terms in t,p
i=0

|n
where E,-zlo b, #0.
(i) IfneZ, n# -1, and if O satisfies

(6.2) /ICD(t)Qn(s,t)a’t=0 (l—t<s<1),

then )
| Lw.ngwdi=0  (©0<p<o)
0
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where g(t) = h(1-1), h(t) = "1 (1=2)""2®(1) and where L, is analytic
in a neighbourhood of zero and is of the form

+1|
= Z ctanrlI ! '+ higher order terms in t,p

where Z’"ch #0.

Proof. Let ne Z, n #0, and let ® satisfy (6.1). Let g be as in (i). Multi-
plying (6.1) by (1 —5)" we get

(6.3) /lL(s,t)h(t)(t—s)_l/zdt:O (lI-1<s<1)

where
2 |n| i

L(s,)=(t+5)""? Zp (t(1 =)’

=0
and where 7, (x) = Z'I.';'Opl.xl"l_". Put Q(s,t) = L(1-s,1—1) and replace ¢
by 1—¢ and s by 1 —s in (6.3) to get

(6.4) /OS O(s,)g(t)(t—s5)""dt=0 (0<s<1)

where

In|
O(@s,t) = 2712 Zp,.(2t - '"' s+ higher order terms in s,¢.
i=0

—l/2s|n|

Since T|n|(C°SX) = cos hx we have lelop,. =1s0o Q(s,s)=2

order terms in s. Thus we have shown that

+ higher

|n

(s, t) = Za st higher order terms in s, ¢

where El'ilo a, # 0. One completes the proof of (i) by iterating the kernel as in
[9, p. 155].
To prove (ii) let first n > 0. Let

n+1

h
—i 1—i
=Y px"" T, (x)=)_gx" "
i=0 =0

Multiplying (6.2) by (1 — s)"Jrl we get (6.3) where

n+1

L(s,t)=(1+s)" 2th (s — ) (t(1 = )"

n

+1(1=35)" 3 p(s — 1) (e(1 = 5)""

=0
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As before, this implies (6.4) where

n+1 ) )
O(s,t) = 272 [22‘1:'(2’ - s)'s"H_' + higher order terms in s, I}

i=0

n . .
42713 [Zpi(Zt —5)'s""" + higher order terms in s, ll
i=0
1/2 e i nsl—i . .
=2 Z q,(2t —s)'s + higher order terms in s,¢.
i=0

Again, Q(s,s) = 2 /2gntly higher order terms in s, so

n+1

(s, t) = Zait
i=0

n+l—i i . .
s+ higher order terms in s, ¢

where Z;’:Ol a; # 0. Together with [9, p. 155] this completes the proof of (ii)

if n>0. Now, let n < -2. Write n = —m. Since T, (x) = 2xT,_ (x) -
T, _,(x) [10] we have

ar. (S0 +(1=9)T st
m=L\ (1 —5) mA (1 = s)

_Sr (S=C )\ _gogr (322
ST Tmel (1 =) m=2\ (1 -5s)

)m—l

so multiplying (6.2) by (1 —s we get (6.3) where

m—1 . .
Lis.n=(t+5)"" [Zﬁ > pls =) T (1 - 9))
i=0
m-=2 . .
(1= g s - )" (1~ 5))'
i=0
(X) _ E;r;—Oqum—Z-—i. As

1

(X) — E:r;glp[xliz—l—i and T

and where T S

m—1

before, (6.1) follows where

m—1 o
O(s,t) =2"? > p(2t— 5)""'"'s' + higher order terms in s,1.
i=0

Again, Q(s,s) = 2"/%s" "'+ higher order terms in s, so

m—1 o
Q(s,t) = Z a,.tm_'_'s' + higher order terms in s, ¢
i=0

m—1

where " a, # 0. One completes the proof of (ii) as in [9, p. 155].
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7. THE INTEGRO-DIFFERENTIAL EQUATION

Fix n € N and let K be analytic in a neighbourhood of zero and of the
form

K(x,s)= Z/)’ s+ higher order terms in §,x

where Y_'_, B, # 0. For the proofs of Theorems 1 and 2 we have to prove that
if 7> 0 is small then the dimension of the space of all smooth solutions g of
the equation

(7.1) /OXK(x,s)g(s)a’s=O O0<x<1)

such that s'/2 g(s) is bounded on (0,7), does not exceed n. For continuous
functions g on [0, 7) this follows from [12]. For bounded analytic functions
g this also follows from [9] where also a remark about the unbounded case
was made. We follow [9] to show that the approximation procedure used there
works also in our case.

Write K(s,x) = Z, 04 (8)(x — s)' / i! where a, are analytic in a neighbour-
hood of zero and where the series converges in a neighbourhood of zero. By
the properties of K,

(7.2) a, has zero of order n at the origin and each a,, | <i<n -1, }

has zero of order at least n — i at the origin.
Suppose that g is a smooth solution of (7.1) such that
(7.3) lg(s)] < cs™ 2 (0<s<1)
for some constant C . Since g is smooth on (0,7) and §atisﬁes (7.1) and (7.3)
one can differentiate (7.1) n + 1 times to see that g satisfies

(7.4) (Dg)(x) = /Ox K, (x,s)g(s)ds O<x<r1)

where K, is analytic in a neighbourhood of zero and where

-1
Dg = (a,)" +(a,8)" "+ +(a,g).

By (7.2) zero is a singular point of D which is of Fuchsian type, that is, it is a
regular singular point of D.

Lemma 5. There are k, 0 < k < n, complex numbers r,, 1 <i<n, Rer,>0
(1<i<k), Rer,<0 (k+1<1i<n),and functions Q;, H,, of the form

k' .
(7.5) Q,(x)=>_Q; (x)(logx)’, H(x)= EH x)(logx)
j=0

where each Q, i and each H, ;s analytic in a nezghbourhood of zero such that
for small T > 0 the following holds:



ZERO INTEGRALS ON CIRCLES 325

If ¥ is a continuous function on [0,1] such that |¥(x)| < Cx" (0<x<71)
for some n > 0 and for some constant C then

k x
y(x) = 3 Q,(x0)x" / T H ()% (1) di
i=1 7/2
+ ) QX" / T H (0)¥Y(t) dt
i=k+1 0
satisfies (Dy)(x) =¥(x) (0<x<71).
Proof. Each nonzero solution of Dy = 0 has the form

y(x) =x" 3" (x)(logx)’
j=0

where each ® j is analytic in a neighbourhood of zero and at least one of the
numbers P j(O) , 0 < j < m, is different from zero [2]. Choose a fundamental
system y,(x) = xr‘Q[(x), 1 <i<n,where Q, are as in (7.5). The Wronskian
has the form W(x) = x" " *»~""=U/2R(x) where R is analytic in a neigh-
bourhood of zero and satisfies R(0) # 0 [2, p. 77]. We complete the proof by
using the variation of constants.

8. SUCCESSIVE APPROXIMATIONS AND THE DIMENSION
OF THE SPACE OF SOLUTIONS

We keep the notation from §7. Define the operator
k

(Lo)(x) = 3 Q,(x)x" / “

i=1 7/2

T H(1) [/O,Kn(t,s)(p(s)ds] dt

+ Zn: Q,»(x)x" / z‘“—lHl_(z) [/01 Kn(t,s)go(s)ds] dt.

X
i=k+1 0

If 7 > 0 is small and if ¢ is smooth on (0,7) and such that (o(x))cl/2 is

bounded on (0, 1) then L,¢ is well defined and smooth on (0, 7). Further, if

7 is small then all the functions involved in the definition of L, are analytic

in L ={re":0<r<71,laf <n/4} soif ¢ isanalyticin £ _and such that

(p(x)xl/ ? is bounded on Z_then L, ¢ is well defined and analytic in X_.
Using elementary estimates of the integrals we get

I

Lemma 6. There is a t, > 0 such that for each v, 0 < 1 < 1, and for each
positive constant C the following hold:

(i) if ¢ is smooth on (0,7) and if |p(x)| < Cx™'* (0 < x < 1) then L.y
is bounded on (0,1)

(it) if ¢ is smooth on (0,7) and if |p(x)| < C (0 <x < 1) then |(L,p)(x)|
<C/2 0O<x<71)
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(iii) if ¢ is analytic in _ and if |p(x)| < Clx|”"* (x € Z,) then L ¢ is
bounded in X_

(iv) if ¢ isanalyticin X_and if |p(x)| < C (x €X)) then |(L,¢)(x)| < C/2
(xeX).

Now we use successive approximations:

Lemma 7. If © > 0 is small enough then the following are equivalent
8.1
( ()i) g is a smooth solution of (7.4) such that g(s)sl/2 is bounded on (0,71),
(i) g =g, +L,8 + Ligo + -, where g, satisfies Dg, =0 on (0,71) and
is such that go(x)x” 2 is bounded on X and where the series converges
uniformly on X..
Proof. Let T > 0 be so small that Lemma 6 holds and that in 27A every
solution of Dy = 0 has the form x" ET:O Pj(x)(logx)’ where P, 0<j<m,
are analytic in 2tA. Suppose that (i) holds. By Lemma 6, g, = ¢ — L, ¢
is smooth on (0,7) and such that go(s)sl/2 is bounded on (0,7). By the
definition of L, we have

(Dgy)(x) = (Dg)(x) = (D(L,8))(x)

=(Dg)(x)—/OXK"(x,s)g(s)ds:O (0<x<7)

since g satisfies (7.4). Since go(x)x'/ ? is bounded on (0,7) it follows that it
is bounded in X _. Since g, is analytic there Lemma 6 implies that the series
(8.1) converges uniformly in X and since g, = g — L,g it follows by Lemma
6(ii) that the sum of the series (8.1) is g.

Conversely, suppose that (ii) holds. Write L' g, = g, so that g =37 g,.
By the uniform convergence of the series in £ we have Dg = Zf’:o Dg, on
(0,7) and

/X K, (x,s)g(s)ds = i/v K, (x,s)g(s)ds O<x<r1).
0 = Jo

Since for each 17,

(Dg;, | )(x) = /OX K, (x,s)g(s)ds 0<x<1)

it follows that g is a solution of (7.4). That g(s)sl/2

follows from Lemma 6. This completes the proof.

is bounded on (0,7)

Lemma 8. If t is small enough then the dimension of the space of all smooth
solutions g of (7.4) such that g(s)sl/2 is bounded on (0,71) does not exceed n .

Proof. Let t© > 0 be so small that Lemmas 6 and 7 hold. If g, is a solution

of Dg, =0 such that go(x)xl/ ? is bounded in X_ then by Lemma 6 the series
(8.1) converges uniformly in £ . Let y,,»,,...,y, be the basis of the space
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of all solutions of Dy =0 for which y(x)xl/2 is bounded on X . For each i/,
1<i<m,let ®, =y +L,y, +Liyi +---. By Lemma 7 a smooth function g
on (0,7) such that g(s)sl/ ? is bounded on (0,7) satisfies (7.4) if and only if
it is a linear combination of the functions ®;, 1 <7 < m. This completes the
proof.

Now, using Lemma 4 and §7 we get the following consequence:

Lemma 9. Let n € N, n # 0. There is some q, < 1 such that for each q,
4y < q < 1, the dimension of the space of smooth functions ® on [q, 1] which
satisfy (5.2) does not exceed |n|.

Let n€ N, n# —1. Thereis some q, < 1 such that foreach q, q, < q <1,
the dimension of the space of smooth functions ® on [q,1] which satisfy (5.3)
does not exceed |n + 1|.

9. EXAMPLES AND THE PROOFS OF THEOREMS 1 AND 2

Proposition 3. Let n € N. Each of the functions z — kR 1<k <,
has zero average on each circle that surrounds the origin.
Proof [5]. Fix k, 1 <k < n,and let ¢(z) = 2" 27", Let 0 < |a| < |b|.
Then
2n . 2n . .
o(a+e’b)do = / (a+e"by *@+e by do
0 0

2n . . . .
= - i/ @e” + ) (") a+e’b)" ie" do
0

= - i/ (aw+l§)_kwk_l(a+bw)"_k dw.
b

Since |b| > |a|, since k > 1 and since n —k > 0 the integrand in the last
integral is analytic in a neighbourhood of A so the last integral is zero. This
completes the proof.

Example [5]. If n € N then the function
2_12n+2 (Z -7-6 0),
9(z) =
0 (z=0)
is of class €" on C. By Propositions 1 and 3 we have ®.(0) = ¢(0) for every
circle I' that surrounds the origin, yet ¢ is not harmonic in A.

Proposition 4. Let 0 <a < b <1 andlet n € N. The uniform limit on (a,b)
of a sequence of polynomials of the form a,+ alx2 +ot anxz" is a polynomial
of the same form.

The proof is easy and we omit it.

Proof of Theorem 1. It is enough to prove the equivalence of (ii) and (iii). Let f
be a continuous function on Q. Assume that f satisfies (iii). By Proposition
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3 for each n € Z the function re' — fn(r)e"“9 has zero average on each circle
I' ¢ Q surrounding the origin so by Lemma 1 f satisfies (ii).

Suppose that f satisfies (ii). By Proposition 2, f(r) =0 (R, <r <R,).
Let n € Z, n # 0. By Proposition 3 and Lemma 2 each of the functions
D, (1) = M=k | < k < n, satisfies (5.2). By Lemma 9 it follows that if
g, < g < 1 then each smooth solution of (5.2) is a linear combination of
the functions @, , 1 < k < n. By Proposition 4 the uniform limit on [g, 1]
of a sequence of linear combinations of ®,, 1 < k < n, is again a linear
combination of ®,, 1 <k <n. If Ry, <R <R, and if ¢ > R|/R then
it follows by Lemma 3 that on [g,1] the function ¢ ~— f (tR) is a linear
combination of ®, , 1 <k < n. As this holds for every R, R < R<R,, the
proof is complete.

Proposition 5. If n€ Z, n > 0, then each of the functions F,(z) = "Rk

0 < k < n, satisfies [-F,(z)dz =0 for each circle T surrounding the origin. If
neZ, n< =2 then each of the functions G,(z) = R 0<k<-n-2,
satisfies [ G, (z)dz =0 for each circle T' surrounding the origin.

Proof. Let n >0 andlet 0 < k <n. Let 0 < |a] < |b| and let T = {a +

¢“b:0< 6 <21} If F(z)=z""2"" then
2n . ’ 0+ — ;
/Fk(z)dz=/ (a+e"b)" ™ (@+e by ibe" do
r 0
2, . ) ok
:b/ e*(a+eb)" (ae" + by ie o
0
=b | wia+rwb) Faw+b)Fdw=0

bA

since the integrand in the last integral is analytic in a neighbourhood of A. Let
n<-=2.Write n=-m andlet G,(z) = K27 0<k <m-—2. We have

- & — . —
/G,\,(z)dz:/ @+ e "B (a+e”b) " ibe'® dp
r 0

2n : ) o o
- - / (a+e’b) @+e by ibe " db
0

Il

2n ) o ) o .
_/ (a+e10b>kel(1n A)()(ael(f +b) m+Aib€ it do
0
= -b [ (@+wh)w" F aw+ b)) dw =0
bA
since the integrand in the last integral is analytic in a neighbourhood of A.
Example [3]. If n € N then the function

{ I (2 £0),

p(z)= 0 (z=0)
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is of class Z" on C. By Proposition 5 we have Jr9(z)dz =0 for every circle
I' that surrounds the origin, yet ¢ is not analytic in A.

Proof of Theorem 2. Tt is enough to prove the equivalence of (ii) and (iii). Let
f be a continuous function on Q. If f satisfies (iii) then by Proposition 5 for
each n € Z the function re'’ — ‘-I’n(rew) = fn(r)e’"“9 satisfies [V, (z)dz =0
for each circle I' ¢ Q surrounding the origin so by Lemma 1’ [ satisfies (ii).

Suppose that f satisfies (ii). By Proposition 2, f_,(r) =0 (R, <r <R,).
Let neZ, n# —1. If n >0 then by Proposition 5 and Lemma 2 each of
the functions @, (1) = ¢ Inle 2k , 0 <k < n, satisfies (5.3). As in the proof of
Theorem 1 it follows that if R, < R < R, and if ¢ > R;/R then on [g,1]
the function ¢ — f (tR) is a linear combination of ®,, 0 < k < n. As
this holds for every R, R, < R < R,, (iii) follows for n > 0. If n < -2
then by Proposition 5 and Lemma 2 each of the functions ®, (1) = {Inl+2k ,
0 < k < |n| — 2, satisfies (5.3) and again (iii) follows for n < —2. This
completes the proof.
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