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ZERO INTEGRALS ON CIRCLES AND CHARACTERIZATIONS OF 
HARMONIC AND ANALYTIC FUNCTIONS 

JOSIP GLOBEVNIK 

ABSTRACT. We determine the kernels of two circular Radon transforms of con-
tinuous functions on an annulus and use this to obtain a characterization of 
harmonic functions in the open unit disc which involves Poisson averages over 
circles computed at only one point of the disc and to obtain a version of Mor-
era's theorem which involves only the circles which surround the origin. 

1. INTRODUCTION 

Suppose that 1 is a continuous function on the open unit disc .1. in the 
complex plane. For each simple closed curve r c .1. bounding a domain D, 
OED, let Fr be the function which is continuous on D U r, harmonic in D 
and which coincides with 1 on r. It is known that if Fr(O) = 1(0) for each 
smooth curve r bounding a strictly convex domain then 1 is harmonic in .1.. 
This is a special case of the main result of [5]. 

The starting point of the present investigation was the fact that the function 
1 is not necessarily harmonic if one assumes only that Fr(O) = 1(0) for each 
circle r c .1. surrounding the origin. In fact, for each kEN there is a function 
1 of class ~k on .1. such that Fr(O) = 1(0) for each circle r c .1. surrounding 
the origin and which is not harmonic in .1. ([5], see also §9). 

One of the results of the present paper is that if Fr(O) = 1(0) for each 
circle r c .1. which surrounds the origin then 1 is harmonic in .1. under the 
additional assumption that it is infinitely differentiable at the origin, that is, if 
for each n E N there is a polynomial Pn of degree n such that 

(z E .1.) 

where lim=_o Izl-nQn(z) = O. In fact, to get harmonicity it is enough to assume 
only that Fr(O) = 1(0) for each circle r belonging to a family which is only 
slightly larger than the family of circles in .1. centered at the origin. Note that 1 
is infinitely differentiable at the origin if it is of class ~oo in a neighbourhood 
of the origin, or more generally, if it belongs to ~oo ({O}) , that is, if for each 
kEN there is a neighbourhood of the origin in which 1 is of class ~k . 
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This characterization of harmonic functions is a consequence of our first 
main result which describes the Fourier coefficients of the continuous functions 
on an annulus Q = {' E C: RI < 1'1 < R2 } which have zero average on each 
circle r c Q that surrounds the origin. The second main result describes the 
Fourier coefficients of the continuous functions f on Q such that fr f( z) d z = 
o for each circle that surrounds the origin. Its consequence is a version of 
Morera's theorem: If f is continuous on d and infinitely differentiable at the 
origin and if fr f(z) d z = 0 for each circle red which surrounds the origin 
then f is analytic in d. Again, one cannot drop the smoothness requirement 
at the origin since for each kEN there is a function f of class !(!k on d such 
that fr f( z) d z = 0 for each circle red surrounding the origin and which is 
not analytic in d ([3], see also §9). 

2. THE MAIN RESULTS 

Let 0 :s RI < R2 and let f be a continuous function on the annulus Q = 
g E C: RI < 1'1 < R2}. For each r, RI < r < R2, and for each n E Z , let 

I,,(r) = 2~ fo27C e-inof(reiO)dO. 

Thus, for each r, RI < r < R2, 2:::'00 I" (r)e inO is the Fourier series of f(re iO ). 
Let r = {' E C: I' - zl = r} and let e > O. The e-neighbourhood of the 

circle r is the family of all circles of the form {' E C: I' - wi = p with 
Iw - zl < e and Ir - pi < e, p > O. Let JJ be a family of circles in Q which 
surround the origin such that JJ contains a neighbourhood of each circle r c Q 
centered at the origin. Note that JJ may be only slightly larger that the family 
of all circles in Q centered at the origin. 

If r = {a + eiob: O:S 0 < 2n} and if fg 7C f(a + eiob)dO = 0 then we will 
say that f has zero average on r. 
Theorem 1. Let f be a continuous function on Q. Thefollowing are equivalent: 

(i) f has zero average on each circle r E JJ, 
(ii) f has zero average on each circle r c Q which surrounds the origin, 

(iii) fo(r) = 0 (RI < r < R2 ) andfor each n E Z, n =f. 0, there are numbers 
ano,anl , ... ,an,lnl-1 such that 

f. -Inl 2 2(lnl-l) n(r)=r (ano+anir +···+an,lnl_I r ) 

Theorem 2. Let f be a continuous function on Q. The following are equivalent: 
(i) fr f(z) d z = 0 for each circle r E JJ, 

(ii) fr f(z) d z = 0 for each circle r c Q which surrounds the origin, 
(iii) LI(r) = 0 (RI < r < R2) and for each n E Z, n =f. -1, there are 

numbers bnO,bnl , ... ,bn,ln+II-1 such that 
-Inl b b 2 2(in+II-I) fn(r)=r (nO+ nl r + ... +bn,ln+ll-i r ) 
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Let 71' be a family of circles in d which surround the origin such that 71' 
contains a neighbourhood of each circle red centered at the origin. 

Corollary 1. Let f be a continuous function in d which is infinitely differentiable 
at the origin. If Fr(O) = f(O) for each circle r E 71' then f is harmonic in d. 
In particular, if Fr(O) = f(O) for each circle red surrounding the origin then 
f is harmonic in d. 

Corollary 2. Let f be a continuous function in d which is infinitely differentiable 
at the origin. If frf(z) dz = 0 for each circle r E 71' then f is analytic in 
d. In particular, if fr f(z) d z = 0 for each circle red surrounding the origin 
then f is analytic in d. 

An easy consequence of Theorems 1 and 2 is the following support theorem 
for the circular Radon transforms f 1-+ frf(z) ds and f 1-+ frf(z) dz which 
probably has a simple direct proof: 

Corollary 3. Let f be a continuous function on Q such that for each kEN the 
function z 1-+ (R2 -Izl)-k f(z) is bounded as Izl-+ R2 . If f has zero average 
on each circle r E:§' then f vanishes identically on Q. If fr f( z) d z = 0 for 
each circle r E:§' then f vanishes identically on Q. 

The paper is organized as follows. We first prove that Corollaries 1-3 follow 
from Theorems 1 and 2 (§3). Then we show that frf(z) ds = 0 or frf(z) dz = 
o for each circle r E Q surrounding the origin if and only if the same holds for 
each function rei(} 1-+ fn(r)e in (} (§4). This happens if and only if in each case 
fn satisfies a Volterra integral equation of the first kind whose kernel has a weak 
singularity on the diagonal (§5). We look at the properties of these equations 
and iterate the kernels to get equations for the functions r 1-+ In (r)(ro _ r)-1/2 
with analytic kernels having zeros of order I n I and In + lion the diagonal 
(§6). Since only the structure of bounded solutions of such equations has been 
studied in detail [9, 12] with only a remark being made in [9] about the general 
case we revisit [9] to show that the approximation procedure used there for 
bounded analytic solutions can be used also for unbounded smooth solutions 
(§§7, 8). We then present examples of functions satisfying frf(z) ds = 0, 
fr f( z) d z = 0 and show that using .these examples one gets all solutions of the 
original integral equations and thus complete the proofs of Theorems 1 and 2 
(§9). 

3. PROOFS OF THE COROLLARIES 

Proposition 1. Let Dee be an open disc, 0 ED, and let r be its boundary. 
Assume that F is a continuous function on D U r which is harmonic in D. 
Then F(O) = 0 if and only if the function z 1-+ F(z)/lzI 2 has zero average 
on r. 
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~ . 
Proof. Let r = {w + Rei : 0 ::; e < 2n}, w = re la . If 0 < P < 1 and 
o ::; f/J < 2n then the Poisson formula gives 

F( R iffJ) 1 1211 F(w + Reit )(1 - p2) d w+pe =- t. 
2n 0 1-2pcos(t-f/J)+p2 

Putting p = rlR and f/J = a + n we get 

F(O) = F(re ia + (rIR)Rei(a+rc)) 

= _1 (211 F(re ia + Reit )(1 - p2) dt 

2n 10 1-2(rIR)cos(t-a-n)+r2IR2 

= (R2 _ r2)_I_ (211 F(re ia + Rei!) dt. 
2n 10 Ire la + Rell 12 

This completes the proof. 
Proolol Corollary 1, assuming Theorem 1. Suppose that I is a continuous 
function on L1 which is infinitely differentiable at the origin and which satisfies 
Fr(O) = 1(0) for each circle r E J1t'. It is enough to prove that I is harmonic 
in RL1 for each R < 1 so we may assume with no loss of generality that I 
extends continuously to the closure Ll of the unit disc. 

Let g be the function which is continuous on Ll, harmonic in L1 and which 
coincides with I on the unit circle bL1 and put h = I - g. The function h is 
continuous on Ll and vanishes identically on bL1. Since g is harmonic in L1 it 
follows that h is infinitely differentiable at the origin and that Hr(O) = 0 for 
each circle r E J1t'. Proposition 1 now implies that the function Z 1-+ w(z) = 
h(z)/lzI2 has zero average on each circle r E J1t'. By Theorem 1 it follows that 
wo(r) = 0 (0 < r < 1) and that for each n E Z, n f= 0, there are numbers 
ani' 0::; i ::; Inl - 1 , such that 

-tnt 2 2(lnl-l) 
W (r) = r (a + a r + ... + a r ) n nO nl n .Inl-l (O<r<I). 

Since hn(r) = r 2wn(r) (0 < r < 1) it follows that 
-Inl -21nl 2 4 21nl r h (r) = r (a r + a r + ... + a r) (0 < r < 1). n nO nl n.lnl-l 

Fix n E Z, n f= O. Since h is infinitely differentiable at the origin there is 
a polynomial Plnl of degree Inl such that h(z) = lInl(z, z) + Qlnl(z) where 
limz---+o Izl-lnIQlnl(z) = O. This implies that there is a number an such that 

and 
lim r -tnt h (r) = an' 
r---+O n 

Thus anj = 0 (0::; j ::; Inl- 2) and hn(r) = an.lnHrlnl (0 < r ::; 1). Since 
h vanishes identically on bL1 it follows that hn (1) = 0 which implies that 
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hn(r) = 0 (0 < r :::; 1). As this holds for each n E Z it follows that h vanishes 
identically on ,1, that is, f coincides with g on ,1 which implies that f is 
harmonic in ,1. This completes the proof. 
Proof of Corollary 2, assuming Theorem 2. Suppose that f is a continuous 
function in ,1 which is infinitely differentiable at the origin and which satisfies 
frf(z)dz=O for each circle rE~. By Theorem 2, LI(r)=O (O<r< 1) 
and for each n E Z, n =I- -1, there are numbers bni , 0:::; i:::; In + 11- 1, such 
that 

f. -Inl b b 2 b 2(ln+II-I) n(r)=r (nO+ nl r + ... + n,ln+ll_l r ) (O<r<I). 

As in the proof of Corollary 1, since f is infinitely differentiable at the origin 
it follows that for each n E Z, n =I- 0, limr __ o r-Inlfn(r) , exists, that is, 

1· (b -21nl b -2Inl+2 b -2Inl+2In+I I-I) 1m nOr + nl r + ... + n In+ll-l r r-+O ' 

exists. It follows that if n < -1 then In (r) = 0 (0 < r < 1) and if n ~ 0 then 
fn(r)=bn,ln+ll_lrn (O<r< 1). Now,foreach r, O<r< 1, L~ooIn(r)ein() 
is the Fourier series of f(re iO ) so on [0, 2n] the function f(re i()) is the uni-
form limit of its Cesaro means 

i() -I ( ~ ik() ~ ik{}) am(re ) = m fo(r) + k~1 h(r)e + ... + k=~-I) fk(r)e 

= m -I (boo + t bk ,k(rei{})k + ... + 'I: bk ,k(rei{})k) . 
k=O k=O 

The usual proof of the Fejer theorem [8] shows that the convergence is also 
uniform in r, PI :::; r :::; P2' for each PI' P2' 0 < PI < P2 < 1, since f is 
uniformly continuous in {C: PI :::; 1'1 :::; P2} [3]. Since each am is analytic in ,1 
it follows that f is analytic in ,1\ {O} and being continuous at 0, f is analytic 
in ,1. This completes the proof. 
Remark. The referee has kindly pointed out that if f E ~oo ({O}) then the sec-
ond part of Corollary 2 can be easily derived from the following consequence 
of an old result of A. M. Cormack: If g E ~oo(,1) has zero average on each 
circle r c,1 which passes through the origin then g vanishes identically (for 
the proof see [1]). The reason is that once f E ~OO({O}) then it can be uni-
formly approximated by ~oo functions with the same vanishing properties as 
f. Let f E ~oo(,1) and let frf(z) dz = 0 for each circle r surrounding the 
origin. By continuity we have that fbD f( z) d z = 0 for every disc D c ,1, 
o E bD. By Green's formula, ffD8f/8zdz Adz = O. It is easy to conclude 
that fbD 8 f/ 8 z ds = 0 for all such discs D. It follows that 8 f /8 z vanishes 
identically so f is analytic on ,1. 

Proof of Corollary 3, assuming Theorems 1 and 2. The assumption implies that 
for each n E Z, kEN, the function r 1-+ (R2 - r)-k fn(r) is bounded as 
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r -+ R 2 . If f has zero average on each circle r E JJ then by Theorem 1 
each fn extends to an analytic function in a neighbourhood of (0, R2] which 
is possible only if In vanishes identically so f vanishes identically in Q. In 
the same way, using Theorem 2, we see that if frf(z) dz = 0 for each r E JJ 
then f vanishes identically in Q. This completes the proof. 

4. ZERO INTEGRALS AND FOURIER COEFFICIENTS 

Let r c C be a circle which surrounds the origin and whose center is not the 
origin. Let A be the closed annulus obtained by rotating r around the origin, 
that is, 

Let RI ' R2 be such that A = g E C: RI :::; 1'1 :::; R2}· Let f be a continuous 
function on A. For each n E Z , let 

<l>n(z) = 2~ fo27C e-inof(eiOz)dO (R 1 :::; Izl :::;R2). 

Note that if z = rein then <l>n(z) = fn(r)eino: . 

Lemma 1. The following are equivalent: 
(i) f has zero average on each circle einr, 0:::; a < 2n, 

(ii) for each n E Z the function <I> n has zero average on r. 
Proof. Suppose that (i) holds. Let r = {a + eiob: 0 :::; 0 < 2n}. Let n E Z. 
By the assumption, f027C f( ein (a + eiO b)) dO = 0 (0:::; a < 2n) so by the Fubini 
theorem 

fo27C [ 2~ fo27C e -innf(ei"(a + eiO b)) da 1 dO = 0 

which proves (ii). Conversely, assume that (ii) holds. Note first that (ii) implies 
that for each n E Z the function <I> n has zero average on each circle ei"r, 
0:::; a < 2n. For each r, RI :::; r :::; R2, L~oo fn(r)e inO = L~oo <l>n(re iO ) is the 
Fourier series of f(re iO ). As in the proof of Corollary 2 we see that its Cesaro 
means 

um(,e") = m-' ( <I',(,e") + ,t, <I>,(re") + ... + ,~f-,) <I>,(,e lO )) 

e converge to f(re 1 ) uniformly on A which implies (i). This completes the 
proof. 

In almost the same way we prove the following lemma. 

Lemma }'. The following are equivalent: 
(i) fei"rf(Z)dz = 0 for each a, 0:::; a < 2n, 

(ii) fr<l>n(z)dz=Oforeach nEZ. 
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5. THE INTEGRAL EQUATIONS FOR THE FOURIER COEFFICIENTS 

For each p, R, 0 < p < R, let r pR be the circle whose diameter is the 
segment [-R,p] on the real axis. Further,foreach nENU{O} let Tn be the 
Cebysev polynomial of the first kind of degree n [10]. We have Tn(coso:) = 
cos no: for each 0:. 

Lemma 2. Let n E Z and let In be a continuous function on [p, R]. Let 
<l>n(reiO)=In(r)einO (p5J~R, 0~e<2n) andlets=p/R. Write 

P ( t) = T, (s - t2 ) (t2 _ 2)-1/2(1_ t2)-1/2t (s < t < 1), 
n S ' Inl t(I-s). s 

Qn(s, t) = [2t1!n+11 (t~I-~:) ) + (1 - s)1!nl C~I-_t:») 1 
x (t2 _l)-1/2(I - t2)-1/2t (s < t < 1). 

Then 
(i) <I> n has zero average on r pR if and only if 

[I fn(Rt)Pn(s,t)dt = 0, 

(ii) JrpR <l>n(z) d z = 0 if and only if 

Proof. 

(5.1 ) 

[I fn(Rt)Qn(s, t) dt = O. 

In polar coordinates r, the circle r pR is given by the equation 

2 Rp-r 
cOSqJ = r(R _ p) 

Differentiating this we get 

dqJ . Rp+r2 
dr SIn qJ = (R _ p)r2 (p < r < R). 

If 0 < qJ < n then (5.1) gives 

. (I 2 )1/2 (2 2)1/2(R2 2)1/2 -I (R )-1 SIn qJ = - cos qJ = r - p - r r - p 

so 
dqJ Rp+r2 
dr r(r2 _ /)1/2(R2 _ r 2)1/2 

Similarly, if -n < qJ < 0, 

dqJ 
dr 

Rp+r2 

(p < r < R). 

(p < r < R). 
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In both cases we have 

Now, writing 
2 Rp-r 

rp(r) = arccos r(R _ p) 

(p < r < R). 

(p < r < R) 

we have r pR = {re i9'(r): p ::; r ::; R} U {re- i9'(r): p ::; r ::; R} so if 'I' is a 
continuous function on r pR its average on r pR is 

n- I i R ['I'(rei9'(r)) + 'I'(re -i9'(r))](r2 _ /) -1/2 (R2 _ ,z) -)/2 r dr . 

To prove (i), let 'I' = <l>n and put r = tR. To prove (ii), observe that 
~r <l>n(z) d z = 0 if and only if the average of 'I'(z) = <I> (z)(z - (p - R)/2) 
~ n 

on r pR is zero and put r = tR. This completes the proof. 

Lemma 3. Let n E Z, let 0 < R) < R2 and assume that fn is a continuous 
function on [R) ,R2]. Let 'I'n(re iIJ ) = In (r)e inO (R)::; r::; R2, 0::; e < 2n). 
Let R)/R2 < q < 1. 

(i) lffor each p, R, R) ::; p < R ::; R2, the function 'I'n has zero average on 
r pR then on [q, 1] the function t I-> In (tR2) can be uniformly approximated by 
functions <I> of class ~oo which satisfy 

(5.2) (q::;s<1). 

(ii) lffor each p, R, R) ::; p < R ::; R2, JrpR 'I'n(z) dz = 0, then on [q, 1] 
the function t I-> In (tR2) can be uniformly approximated by functions <I> of class 
~oo which satisfy 

(5.3) (q::;s<1). 

Proof. Suppose that for each p, R, R) ::; p < R ::; R2, 'I'n has zero average 
on r pR ' By Lemma 2 

11 In(tR)Pn(s, t) dt = 0 

holds for each R, R) < R ::; R2. In particular, if R) < Ro < R2 then for each 
R, Ro < R < R2, the function t I-> <I>(t) = In(tR) satisfies 

(5.4) 1) <I>(t)Pn(s,t)dt = 0 (R)/Ro <s<1). 

Choose Ro < R2 so close to R2 that R) / Ro < q and choose ~ > 0 so small 
that (1 - ~)R2 > Ro' 
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Let X be a nonnegative ~oo function on R with support in (1 - r5 , 1) and 
such that J x(w) dw = 1. Since each function t 1-+ fn(wtRn) , 1 - r5 < w < 1, 
satisfies (5.4) it follows by the Fubini theorem that also the function t 1-+ cf>(t) = 
J X(w)!n(wtR2) dw satisfies (5.4). The function CI> is of class ~oo on R\{O} 
and if r5 is chosen small enough then Icf>(t) - f n (tR2 )1 will be uniformly small 
on [RI/Ro' 1]. This completes the proof of (i). We prove (ii) in the same way 
with Pn replaced by Qn' 

6. PROPERTIES OF THE INTEGRAL EQUATIONS 

To prove Theorems 1 and 2 we will need all smooth solutions of (5.2) and 
(5.3). We first mention two trivial special cases: 

Proposition 2. Let 0 < RI < R2 and assume that cf> is a continuous function 
on (RI' R2)· If \f'(reiB ) = cf>(r) (RI < r < R2, 0::; e < 2n) and if \f' has zero 
average on each circle 1'1 = r, RI < r < R2, then CI>(r) = 0 (RI < r < R2)· If 
\f'(re iO ) = cf>(r)e- iO (RI < r < R2, 0::; e < 2n) and if ~'I=r \f'(z)dz = 0 for 
each r, RI < r < R2, then cf>(r) = 0 (RI < r < R2) . 

This shows that we will only have to consider (5.2) if n ::f. 0 and (5.3) if 
n::f. -1. 

Let Pn and Qn be as in Lemma 3. 

Lemma 4. Let 0 < r < 1 and let cf> be a continuous function on [1 - r , 1] . 
(i) If n E Z, n::f. 0, and if cf> satisfies 

(6.1 ) 11 cf>(t)Pn(s, t) dt = 0 (1-r<s<1), 

then 
(0 < p < r) 

where g(t) = h(1 - t), h(t) = t- lnl + I(1 - t2)-1/2C1>(t) and where Kn is analytic 
in a neighbourhood of zero and is of the form 

Inl 
Kn(p, t) = 2:= b/nl - i/ + higher order terms in t ,p 

i=O 

where L~:lo bi ::f. 0 . 
(ii) If n E Z, n::f. -1, and if CI> satisfies 

(6.2) 11 CI>(t)Qn(s, t) dt = 0 (l-r<s<I), 

then 
(0 < p < r) 
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where g(t) = h(l-t), h(t) = t-ln+II+I(I_t2)-1/2cp(t) and where Ln is analytic 
in a neighbourhood of zero and is of the form 

In+ll 
Ln(p, t) = L C/n+11-ipi + higher order terms in t ,p 

i=O 

h "In+ll 0 were L-i=O ci -=I- . 

Proof. Let n E Z, n -=I- 0, and let cp satisfy (6.1). Let g be as in (i). Multi-
plying (6.1) by (l-s)n we get 

(6.3) 1IL(S,t)h(t)(t-s)-1/2dt=0 (l-r<s<l) 

where 
Inl 

L(s,t) = (t+s)-1/2LPJs_t2)lnl-i(t(l_s))i 
i=O 

and where 1Inl(x) = I:~:IOPiXlnl-i. Put Q(s, t) = L(1 - s, 1 - t) and replace t 
by 1 - t and s by 1 - s in (6.3) to get 

(6.4) los Q(s, t)g(t)(t - S)-1/2 dt = 0 (0 < s < r) 

where 
Inl 

Q(s, t) = rl/2 LP/2t - s)lnl-i/ + higher order terms in s, t. 
i=O 

Since 1Inl(cosx) = cosnx we have I:~:IOPi = 1 so Q(s ,s) = 2-1/2slnl+ higher 
order terms in s. Thus we have shown that 

Inl 
Q(s, t) = L a/nl - i Si + higher order terms in s, t 

,=0 

where I:~:lo ai -=I- O. One completes the proof of (i) by iterating the kernel as in 
[9, p. 155]. 

To prove (ii) let first n ~ O. Let 

Multiplying (6.2) by (1 - s)n+l we get (6.3) where 

L(s, t) = (t + S)-1/2 [2t ~ q,(s - t2)'(t( 1 _ s))n+l-i 

+t(I-S)2ta Pi (S-t 2 )i(t(1-S))n-,] 
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As before, this implies (6.4) where 

Q(s, t) = 2- 1/ 2 [2 ~ qi(2t - s)isn+l-i + higher order terms in s, t] 

+ 2- 1/ 2/ [~P/2t - dsn- i + higher order terms in s, t] 

n+1 
21/2 ~ (2 )i n+l-i h· h d . = L- qi t - s s + Ig er or er terms m s, t. 

i=O 

Again, Q(s, s) = 21/2sn+1 + higher order terms in s, so 

n+1 
Q(s, t) = L a/+ I- i/ + higher order terms in s, t 

i=O 

323 

where I:7:~ ai i= o. Together with [9, p. 155] this completes the proof of (ii) 
if n 2: o. Now, let n :::; -2. Write n = -m. Since Tm(x) = 2xTm_ 1 (x) -
Tm _ 2(x) [10] we have 

( s - t2 ) ( S _ t2 ) 
2tTm_ 1 t(l-s) +(I-s)Tm t(l-s) 

-2~T s-t _ l-sT s-t ( 2) (2 ) - t m-I t(l-s) ( ) m-2 t(l-s) 

so multiplying (6.2) by (I - s)m-I we get (6.3) where 

",m-I m-I-i d ( ",m-2 m-2-i and where T,n-I (x) = ~i=O PiX an Tm_2 x) = ~i=O qiX . As 
before, (6.1) follows where 

Ill-I 

Q(s,t) __ 21/2~PI·(2t_s)IIl-I-iSi+ h· h d t . L- Ig er or er erms m s , t . 

Again, Q(s ,s) = 21/2Sm- 1 + higher order terms in s, so 

Ill-I 

Q(s, t) = L a/n-I-isi + higher order terms in s, t 
i=O 

where I:;:~ I ai i= o. One completes the proof of (ii) as in [9, p. 155]. 
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7. THE INTEGRO-DIFFERENTIAL EQUATION 

Fix n E N and let K be analytic in a neighbourhood of zero and of the 
form 

n 
K(x,s) = LPisn-iXi + higher order terms ins,x 

i=O 

where E;=o Pi =f. O. For the proofs of Theorems 1 and 2 we have to prove that 
if r > 0 is small then the dimension of the space of all smooth solutions g of 
the equation 

(7.1 ) foX K(x ,s)g(s) ds = 0 (0 < x < r) 

such that sl/2 g(s) is bounded on (0, r) , does not exceed n. For continuous 
functions g on [0, r) this follows from [12]. For bounded analytic functions 
g this also follows from [9] where also a remark about the unbounded case 
was made. We follow [9] to show that the approximation procedure used there 
works also in our case. 

Write K(s,x)=E;:oai(s)(x-s)i/i! where ai are analytic in a neighbour-
hood of zero and where the series converges in a neighbourhood of zero. By 
the properties of K, 

(7.2) ao has zero of order n at the origin and each ai' 1 :S i:S n - 1, } 
has zero of order at least n - i at the origin. 

Suppose that g is a smooth solution of (7.1) such that 

(7.3) Ig(s)1 :S CS- 1/2 (0 < s < r) 
for some constant C. Since g is smooth on (O,r) and satisfies (7.1) and (7.3) 
one can differentiate (7.1) n + 1 times to see that g satisfies 

(7.4) (Dg)(x) = fox Kn(x ,s)g(s) ds (0 < x < r) 

where Kn is analytic in a neighbourhood of zero and where 

Dg = (aog)(n) + (alg)(n-I) + ... + (ang). 

By (7.2) zero is a singular point of D which is of Fuchsian type, that is, it is a 
regular singular point of D. 

Lemma S. There are k, O:S k :S n , complex numbers ri , 1 :S i :S n, Re ri > 0 
(l:Si:Sk), Reri:sO (k+1:Si:Sn),andfunctions ni' Hi,oftheform 

(7.5) 
k; 

ni(x) = L nij(x)(logx)j , 
j=O 

k; 

Hi(x) = L Hij (x)(10gx/ 
j=O 

where each nij and each Hij is analytic in a neighbourhood of zero such that 
for small r > 0 the following holds: 
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If lJI is a continuous function on [0, r] such that IlJI(x) I :::; Cx" (0 < x < r) 
for some 1'/ > 0 and for some constant C then 

satisfies (Dy)(x) = lJI(x) (0 < x < r) . 
Proof. Each nonzero solution of Dy = 0 has the form 

m 
y(x) = x' L <Ilj(x)(logx/ 

j=O 

where each <Ilj is analytic in a neighbourhood of zero and at least one of the 
numbers <l>j(O) , 0:::; j :::; m, is different from zero [2]. Choose a fundamental 
system Yi(X) = x'ini(x), I :::; i:::; n, where ni are as in (7.5). The Wronskian 
has the form W(x) = x'I+"'+rn -n(n-I)/2 R(x) where R is analytic in a neigh-
bourhood of zero and satisfies R(O) =1= 0 [2, p. 77]. We complete the proof by 
using the variation of constants. 

8. SUCCESSIVE APPROXIMATIONS AND THE DIMENSION 

OF THE SPACE OF SOLUTIONS 

We keep the notation from §7. Define the operator 

(Lnrp)(x) = tnJX)X'ijX t-,,-IHi(t) [t Kn(t,S)rp(S)dS] dt 
~I rp 10 
+ i~1 ni(x)x" foX t-'i- I Hi(t) [fot Kn(t ,s)rp(s) dS] dt. 

If r > 0 is small and if rp is smooth on (0, r) and such that rp(X)X I/2 is 
bounded on (0, r) then Lnrp is well defined and smooth on (0, r). Further, if 
r is small then all the functions involved in the definition of Ln are analytic 
in Lr = {rein: 0 < r < r, lal < 1l / 4} so if rp is analytic in Lr and such that 
rp(X)X I/2 is bounded on Lr then Lnrp is well defined and analytic in Lr . 

Using elementary estimates of the integrals we get 

Lemma 6. There is a ro > 0 such that for each r, 0 < r < ro ' and for each 
positive constant C the following hold: 

(i) if rp is smooth on (0, r) and if Irp(x)1 :::; CX- 1/2 (0 < X < r) then Lnrp 
is bounded on (0, r) 

(ii) if rp is smooth on (0, r) and if Irp(x)1 :::; C (0 < x < r) then I(Lnrp)(x)1 
:::; C /2 (0 < x < r) 
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(iii) if rp is analytic in 1:r and if Irp(x)1 ::; Clxl- I / 2 (x E 1:r ) then Lnrp is 
bounded in 1:r 

(iv) if rp is analytic in 1:r and if Irp(x)1 ::; C (x E 1:r ) then I(Lnrp)(x)1 ::; C /2 
(x E 1:r ). 

Now we use successive approximations: 

Lemma 7. If r > 0 is small enough then the following are equivalent 
(8.1 ) 

(i) g is a smooth solution of (7.4) such that g(S)SI/2 is bounded on (0, r), 
(ii) g = go + LngO + L~go + ... , where go satisfies Dgo = 0 on (0, r) and 

is such that go(X)X I/2 is bounded on 1:r and where the series converges 
uniformly on 1:r . 

Proof. Let r > 0 be so small that Lemma 6 holds and that in 2rd every 
solution of Dy = 0 has the form xr 2:7=0 Pj(x)(logx/ where Pi' 0::; j ::; m, 
are analytic in 2rd. Suppose that (i) holds. By Lemma 6, go = g - Lng 
is smooth on (0, r) and such that gO(S)SI/2 is bounded on (0, r). By the 
definition of Ln we have 

(Dgo)(x) = (Dg)(x) - (D(Lng))(x) 

= (Dg)(x) - fox Kn(x ,s)g(s) ds = 0 (0 < x < r) 

since g satisfies (7.4). Since go(X)X I/2 is bounded on (0, r) it follows that it 
is bounded in 1:r • Since go is analytic there Lemma 6 implies that the series 
(8.1) converges uniformly in 1:r and since go = g - Lng it follows by Lemma 
6(ii) that the sum of the series (8.1) is g. 

Conversely, suppose that (ii) holds. Write L~go = gi so that g = 2::0 gi' 
By the uniform convergence of the series in 1:r we have D g = 2::0 D gi on 
(0, r) and 

for Kn(x ,s)g(s)ds = ~ fox Kn(x ,s)gi(s)ds 

Since for each i, 

(0 < x < r). 

(0 < x < r) 

it follows that g is a solution of (7.4). That g(S)SI/2 is bounded on (0, r) 
follows from Lemma 6. This completes the proof. 

Lemma 8. If r is small enough then the dimension of the space of all smooth 
solutions g of(7.4) such that g(S)SI/2 is bounded on (0, r) does not exceed n. 
Proof. Let r > 0 be so small that Lemmas 6 and 7 hold. If go is a solution 
of Dgo = 0 such that go(X)X I/2 is bounded in 1:r then by Lemma 6 the series 
(8.1) converges uniformly in 1:r • Let y I 'Y2' ... ,y m be the basis of the space 
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of all solutions of Dy = 0 for which y(X)X1/ 2 is bounded on 1:,. For each i, 
1 :::; i:::; m, let <l»i = Yi + LnYi + L~Yi + .... By Lemma 7 a smooth function g 
on (0, r) such that g(S)SI/2 is bounded on (0, r) satisfies (7.4) if and only if 
it is a linear combination of the functions <l»i' 1:::; i :::; m. This completes the 
proof. 

Now, using Lemma 4 and §7 we get the following consequence: 

Lemma 9. Let n EN, n "# O. There is some % < 1 such that for each q, 
% < q < 1 , the dimension of the space of smooth functions <l» on [q, 1] which 
satisfy (5.2) does not exceed Inl. 

Let n EN, n"# -1. There is some % < 1 such that for each q, qo < q < 1 , 
the dimension of the space of smooth functions <l» on [q, 1] which satisfy (5.3) 
does not exceed In + 11 . 

9. EXAMPLES AND THE PROOFS OF THEOREMS 1 AND 2 

Proposition 3. Let n EN. Each of the functions Z I---> zn-k z-k, 1:::; k :::; n, 
has zero average on each circle that surrounds the origin. 
Proof [5]. Fix k, 1 :::; k :::; n, and let qJ(z) = zn-k z-k. Let 0 :::; lal < Ibl. 
Then 

fo21C qJ(a+eiIJb)de= fo21C(a+/IJb)n-k(a+e-iIJb)-kde 

- i fo 21C (ae iIJ + b)-k(eiIJ)k-l(a +eiIJb)n-kieiIJ de 

- i [ (aw + b)-kwk-l(a + bw)n-k dw. 1M 
Since Ibl > lal, since k :::: 1 and since n - k :::: 0 the integrand in the last 
integral is analytic in a neighbourhood of ~ so the last integral is zero. This 
completes the proof. 
Example [5]. If n E N then the function 

{ 
z-lzn+2 (z"# 0), 

qJ(z)= 0 (z=O) 

is of class ~n on C. By Propositions 1 and 3 we have <l»r(O) = qJ(O) for every 
circle r that surrounds the origin, yet qJ is not harmonic in A. 

Proposition 4. Let 0 < a < b :::; 1 and let n EN. The uniform limit on (a, b) 
of a sequence of polynomials of the form ao + a1 x 2 + ... + anx 2n is a polynomial 
of the same form. 

The proof is easy and we omit it. 

Proof of Theorem 1. It is enough to prove the equivalence of (ii) and (iii). Let f 
be a continuous function on Q. Assume that f satisfies (iii). By Proposition 
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3 for each n E Z the function re iO ~ fn(r)e ino has zero average on each circle 
r en surrounding the origin so by Lemma 1 f satisfies (ii). 

Suppose that f satisfies (ii). By Proposition 2, fo(r) = 0 (R) < r < R2) . 
Let n E Z, n =1= O. By Proposition 3 and Lemma 2 each of the functions 
<l>k(t) = tlnl-2k, 1 ~ k ~ n, satisfies (5.2). By Lemma 9 it follows that if 
qo < q < 1 then each smooth solution of (5.2) is a linear combination of 
the functions <l>k' 1 ~ k ~ n. By Proposition 4 the uniform limit on [q, 1] 
of a sequence of linear combinations of <l>k' 1 ~ k ~ n, is again a linear 
combination of <l>k' 1 ~ k ~ n. If Rl < R < R2 and if q > Rl/R then 
it follows by Lemma 3 that on [q, 1] the function t ~ fn(tR) is a lbear 
combination of <l>k' 1 ~ k ~ n. As this holds for every R, R) < R < R2 , the 
proof is complete. 

Proposition 5. If n E Z, n ;::: 0, then each of the functions Fk (z) = zn-k z-k , 
o ~ k ~ n , satisfies If Fk (z) d z = 0 for each circle r surrounding the origin. If 
n E Z, n ~ -2 then each of the functions Gk(z) = zk zn+k, 0 ~ k ~ -n - 2, 
satisfies If G k (z) d z = 0 for each circle r surrounding the origin. 
Proof. Let n ;::: 0 and let 0 ~ k ~ n. Let 0 < lal < Ibl and let r = {a + 

iO n-k -k e b: 0 ~ e < 2n}. If Fk (z) = z z then 

i Fk(z) d z = !a 27C (a + /0 bt-k (a + e -iob) -k ibeio de 

b 127C ikO( iOb)n-k(- iO b-)-k. iO de = e a + e ae + Ie 
o 

= b r wk(a + wb)n-k(aw + b)-k dw = 0 1M 
since the integrand in the last integral is analytic in a neighbourhood of X. Let 
n ~ -2. Write n = -m and let Gk(z) = zkz-m+k, 0 ~ k ~ m - 2. We have 

i Gk(z) d z = !a27C (a + e-iob)k (a + eiO b)-n1+k ibe io de 

_ !a 27C (a + eiO b{ (a + e -iob)-m+k ibe -iO de 

_ !a 27C (a + eiO b{ /(tn-kjO (ae iO + b)-m+k ibe -iO de 

b-l ( b)k m-k-2(_ b-)-m+k d 0 - a+w w aw + w = 
M 

since the integrand in the last integral is analytic in a neighbourhood of X. 
Example [3]. If n E N then the function 

{ 
z-lzn+2 (z=l=O), 

rp(z)= 0 (z=O) 
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is of class ~n on C. By Proposition 5 we have fr qJ(z) dz = 0 for every circle 
r that surrounds the origin, yet qJ is not analytic in Ll. 

Proof of Theorem 2. It is enough to prove the equivalence of (ii) and (iii). Let 
f be a continuous function on n. If f satisfies (iii) then by Proposition 5 for 
each n E Z the function re iO I--> '¥n(re iO ) = J,,(r)e inO satisfies fr '¥n(z) dz = 0 
for each circle r en surrounding the origin so by Lemma l' f satisfies (ii). 

Suppose that f satisfies (ii). By Proposition 2, LJ (r) = 0 (R J < r < R2 ). 

Let n E Z, n =I- -1. If n 2: 0 then by Proposition 5 and Lemma 2 each of 
the functions <I>k(t) = t-lnl+2k, 0 S k S n, satisfies (5.3). As in the proof of 
Theorem 1 it follows that if R J < R < R2 and if q > RJ/R then on [q, 1] 
the function t I--> fn(tR) is a linear combination of <I>k' 0 S k S n. As 
this holds for every R, R J < R < R2, (iii) follows for n 2: O. If n S -2 
then by Proposition 5 and Lemma 2 each of the functions Cl>k(t) = t-lnl+2k , 
o S k S Inl - 2, satisfies (5.3) and again (iii) follows for n S -2. This 
completes the proof. 
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