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THE NUMBER OF SOLUTIONS OF NORM FORM EQUATIONS

WOLFGANG M. SCHMIDT

ABSTRACT. A norm form is a form F(Xy,...,X,) with rational coefficients
which factors into linear forms over C but is irreducible or a power of an
irreducible form over Q. It is known that a nondegenerate norm form equation
F(xy,...,xy,) = m has only finitely many.solutions (x,...,xn) € Z". We
derive explicit bounds for the number of solutions. When F has coefficients
in Z, these bounds depend only on »n, m and the degree of F, but are
independent of the size of the coefficients of F .

1. INTRODUCTION

A norm form F(X)= F(X

= 1

F(X) = aN(a, X, + - +a,X,)

,...»X,) is a form

where a is a nonzero rational number, where «,,...,a, lie in an algebraic
number field K of some degree r, and where 2N is the norm from K to Q.
Thus if o,,...,0, are the isomorphic embeddings of K into C, and if we set
o) = 0,(e) for a € K, then

r

Mo, X, + - +a,X,) =[x+ +a'X,).

n
i=1

With L(X) =a X, + - +a,X, and L' (X)=a\"X, + - +a!’ X we have

FX)=al(Xx)--- L"X).

In particular, such a norm form is a form of degree r with rational coefhicients.
We shall assume throughout that «, ... ,«a, are linearly independent over Q.
As x =(x,,...,x,) runs through Z" , the values of a X+ +a,x, wil
run through a Z-module 9 contained in K. Let Q9 consist of the values
of a;x, + - +a,x, as x runs through Q". Given a subfield E of K, let
amE consist of the elements u of 9M such that Ay € QI for every 1 € E.
Then 9" is a submodule of 9. We call 9 degenerate if there is a subfield
E of K which is neither Q nor imaginary quadratic, such that mE £ {0}.
Otherwise, M is nondegenerate. We will call the norm form F degenerate
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or nondegenerate when 9 is. Since 91 is determined by F up to a factor of
proportionality, this definition is legitimate. In [8] (and again in [9]) we showed
that when F is nondegenerate and m is a given integer, then the norm form
equation

has at most finitely many solutions x € VAR

In this paper we will give upper bounds for the number of solutions. It will
be convenient to begin with the case m = 1.

Theorem 1. Suppose F is a nondegenerate norm form with coefficients in Z.
The number of integer solutions of

(1.2) F(x)=1
is under some bound c (n,r). In particular we may take
(1.3) c(n,r)= min(rzmnr2 ,r2)

with ¢,(n) = (2n)""" .

The most interesting aspect of our theorem is that the bound does not depend
on the coeflicients of F, and in particular it does not depend on K, except for
its degree r. The second bound implicit in (1.3) grows rather fast as a function
of n, but it grows only like a polynomial in r when 7 is given.

For a given norm form, the estimate of Theorem 1 can often be improved
by determining the ranks of certain matrices. A particular such improvement is
as follows. Let N be a normal extension of Q containing the conjugate fields
K (”, ... K r) ,and let G be the Galois group of N over Q. Then G acts on
the set {L(” Y e ,L(’)} by acting on the coefficients of the forms. We say that
G acts t times transitively if AR - ,L(’) are distinct and if for any distinct
iy,...,i, thereisa y € G with yLVY=L" (=1,...,1).

Theorem 2. Let F be a norm form with coefficients in Z.. Assume that r > n
and any n of the forms LY LY are linearly independent, and that G acts

32n
n — 1 times transitively. Then the number of solutions of (1.2) is < P

A Thue equation is a norm form equation in two variables: n = 2. For Thue
equations a bound independent of the coeflicients of F was first established by
Evertse [5]. In [1] a bound ¢,(2,r) = ¢;r was established, where c; is abso-
lute. Whereas the Thue equation is connected with rational approximation to
an irrational algebraic number, norm form equations with » > 2 are connected
with simultaneous approximations. As our tool from simultaneous approxima-
tions we will use a quantitative version of the “Subspace Theorem” as proved
in [11]. One of the reasons why our estimates for general n are worse than
for Thue equations is that for approximations to a single algebraic number «,
the more classical “Roth’s Lemma” may be replaced by a recent theorem due
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to Esnault and Viehweg [4], or even by the more special “Dyson’s Lemma”. A
generalized version of the theorem of Esnault and Viehweg which is applicable
to simultaneous approximations would lead to better values of ¢ (n,r); but as
of now, such a version has not been established.

An integer point X = (X5 ...,x,) 1s primitive if g.c.d.(x,,...,x,)=1.

Theorem 3. Suppose F is a nondegenerate norm form with coefficients in Z..
The number of primitive solutions of (1.1) where m > 0 does not exceed c (n,r)-
cy(n,r,m), where we may take

Cy(n,r,m)= (n i 1 )wdn_l(m’),

with w the number of distinct prime factors of m, and the function d,_, (k)
denoting the number of factorizations of k into n — 1 positive factors: k =
kiky -k, .

For forms as in Theorem 2, the number of solutions of (1.1) does not exceed
r2mc4(n ,r,m).

In particular, this leads to a bound which depends only on #n, r, Q, where
Q is the total number of prime factors of m . It does not depend on the size
of the prime factors of m .

Now d, (k) = 1, so that for n = 2, we may take ¢,(2,r,m) = r”, as had
already been shown in [1], where the bound c3rl+w had been established for the
number of primitive solutions of (1.1). In general, d,_,(k) < d (k)"_2 , where
d(k) = d,(k) is the number of positive divisors of k. Moreover, when m has
the prime factorization m =p" ---p’*, then

dm’)y=(ur+1)-(ur+1)<ru + 1) (u, + 1) =r’d(m).

Therefore
Cyn,r,m) = (

r

n-2
n-—1 ’

) d,_ (m')<re?dm)" " =" Vd(m)
Now w(m) < (1+6)logm/loglogm and d(m) < 2! ¥0)loem/lloem yhen 5>
0 and m > m(d) (see e.g., [6, §22.10, and Theorem 317]), so that for m >

¢5(n)

nlog m/ loglog m nlog(2r)/ loglogm
c4(n,r,m)<(2r) g m/ log log —m 8(2r)/ loglog )

We may conclude that given ¢ > 0 the number of primitive solutions of (1.1)
is below ¢,(n, r,e)m® . It is easily seen that the same type of bound holds for
the number of all integer solutions of (1.1).

In the Thue case, i.e., for n = 2, [ showed in [10] that the number of solutions
of the inequality
(1.4) | IF()| < m
is below c7rm2/ "(1+logm"""). The logarithmic term here is probably unnec-
essary. In general, I conjecture that the number of solutions of inequality (1.4)
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is below cy(n, r)m"/" | or perhaps cg(n, r)m"" times a logarithmic factor. The
present method would give a much weaker estimate.

The proof of Theorems 1 and 2 will be by induction on n. Since the case
n =1 is trivial, we will suppose throughout that » > 2. In fact, since for n = 2
we are dealing with Thue equations which were treated in [1], we could suppose
that n > 3. Using the Subspace Theorem from Diophantine approximations,
we will show that the solutions of (1.2) lie in not more than ¢y(n,r) proper sub-

spaces. The integer points in such a subspace may be parametrized by z !,
so that we are reduced to dealing with norm form equations in n — 1 vari-
ables. Crucial for the induction argument in Theorem 1 is the rather obvious
fact that a submodule of a nondegenerate module is again nondegenerate. We
remark that in contrast to norm form equations, we have no way at present to
make an inductive counting argument work for simultaneous approximations.
We do know that when «, ... ,«, are algebraic, with 1,a,,...,a, linearly
independent over Q, then there are only finitely many simultaneous rational
approximations (p,/q, ...,p,/q) with

p,-l 1
a,——| <

a1 q

W (i=1,...,n)

where & > 0 is given. But when #n > 1, we are unable to provide any upper
bounds whatsoever for the number of such approximations.

As in the work on Thue equations [1, 7, 10], we will distinguish “small”
and “large” solutions. The treatment of the small solutions is perhaps the most
interesting part of our work. Again, as for Thue equations, we shall employ the
initial step of “jacking up the height”.

The second bound implicit in Theorem 1, with ¢,(n,r) < rem , depends on
estimates of the ranks of subsets of the conjugate linear forms L Y AL
These estimates can be formulated in terms of rather general sets of algebraic
points in n-space, and will be derived in an Appendix which is independent of
the rest of the paper.

Theorem 3 will be derived from Theorems 1 and 2 by a p-adic method.

Symbols X,Y, ... will denote variables, and x,y, ... will denote rational
integers or elements of a given field.

I wish to thank the referee, and also H. P. Schlickewei, for pointing out a
number of inaccuracies in my original manuscript.

2. HEIGHTS AND DISCRIMINANTS

Let K be an algebraic number field. By an absolute value of K we will
always understand an absolute value which is normalized so that it extends
either the standard absolute value or a p-adic absolute value of Q. Given such
an absolute value |-|, of K,let n, be its local degree. Let M(K) be a set
of symbols v, such that with every v € M(K) there is associated an absolute
value |-| of K, and moreover every absolute value |-|, of K is obtained for
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precisely n, elements v of M(K). In other words, one could say that M(K)
is the set of absolute values of K with multiplicities, so that a given |-|  occurs
n, times. With this convention we have the product formula

I lel,=1 foraek, a#0.
veEM(K)

Given a = (a,, ... ,a,) € K" and given v € M(K), put

al (Jo, 2 + -+ o, [2)"/* if v is archimedean,
o) = . . .
=" max(le, |, , ... ,|,|,) if v is nonarchimedean.

Here we call v archimedean or nonarchimedean when |- | is. Thus v is

archimedean precisely if |-|, extends the standard absolute value of Q. When
a # 0 we define its field height H,(a) by
HK (%) = H |g|'n *
veEM(K)

By the product formula H, (Aa) = Hy(a) for A # 0 in K. The absolute height
is H(a) = Hk(g)l/’ where r is the degree of K.
When

(2.1) LX)=a X+ +a,X =aX

n-n

is a nonzero linear form with coefficients in K, we put

H(L)=Hy(a), H(L)=H(q).
When L has complex coefficients we put

Ll = (o "+ 4, )72,
where the absolute values on the right indicate the standard absolute value of C.
In particular, when L has coefficients in K, the forms )AL .(i =1,...,r) as
defined in the Introduction have coefficients in C, so that IL(')| is well defined.
Let L(X) and

(2.2) FX)=alVXx)--- LX)

be as in the Introduction, so that in particular F # 0 and F has coeflicients in
Z. Let Cont F be the greatest common divisor of the coefficients of F. We
define a height H™(F) by

*

(2.3) H'(F) = a L] 1L"].

Even though a and L are determined by F only up to factors, the height
H*(F) clearly depends on F only.
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Lemma 1. H™(F) = (ContF)-H,(L).

Proof. Let N be the compositum of K i , ..., K ") We shall suppose through-
out that K is embedded in C and that o'” =« for a € K, so that KV =K.
Write kK = [N : K]. Thereisa k:1 map ¢: M(N) — M(K) such that for
u € M(N) and v = ¢(u), the restriction of |-| to K is the absolute value
|-], of K. Write u|p if |-|, extends the p-adic absolute value of Q, and
ujoo if it extends the standard absolute value of Q. Now

Hy(L)=la™ [ LI,

ueM(N)

where |L|, =|a|, if L(X)=aX. Note that

(2.4) la|*

k
1 k
(2.5) T iw,=| I] 1, | =ac™---1iL")".
u€M(N) ueM(K)
u|oo v|oo

On the other hand for given p,

T iet= TT ar™,--1L"),

uEM(N) ueM(N)
ulp ulp
so that
—k 1 (
26 ™ I 1Ll= TI dalc",---1"1)
UEM(N) uEM(N)
ut oo utoo
= I IFl,= (H |F|) (Cont F)™*
u€M(N)
utoo

by Gauss’ Lemma, where |F|, is the maximum value of |f|, over the coef-
ficients f of F. Substituting (2.5) and the rth root of (2.6) into (2.4), we
obtain

jal ™ Hy(L) = (L) |L)* (Cont F)~*
The lemma follows upon taking kth roots.

We suppose throughout that the coefficients a,...,a, of L are linearly
independent over Q. Then the matrix ai.i) (1 <i<r,1<j<n) has
rank #n, so that there are n linearly independent forms among L, LY.
Let I be the set of n-tuples of integers #,,...,i, in 1 < i < r such that
L(i'), ,L(i") are linearly independent. Suppose 1 occurs exactly in g of the

n-tuples of I. Since the Galois group G of compositum N acts (one time)
transitively on Lt Y s ,L(’) , each integer / in 1 < i < r occurs in precisely
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q of the n-tuples of I. Thus rq = n|I| where |I| is the cardinality of I, and
I|n/r is an integer. Put

(2.7) D=D(F)=|a"™" [ I1dex("™,...,L").
(1) youe sin)ET

The determinant of » linear forms here is the determinant of their coefficient
matrix. Again, even though a and the forms L' are determined by F only
up to factors, the discriminant D(F) depends on F only.

An element y of the Galois group G of N permutes L(l), L say
(L' = LV where % is a permutation of 1,...,r. It is clear that when
({y,...,1,) is'in I, then so is (p(;),...,?(i,)). From this it follows that
the product [J(det(L"", ..., L") over (i, ... ,i,) €I is invariant under G
and lies in Q. Since |I|n/r lies in Z, the discriminant D lies in Q.

Now let u € M(N) be nonarchimedean. Then

(1 (r)
jal L], 1L, = |F, < 1
by Gauss’ Lemma and since F has coefficients in Z. Observe that
(2.8) det(L", ..., L") < L™ - L")

Now each L") occurs g = [I|n/r times in some determinant on the right-hand
side of (2.7), so that

Hin/r

(1) o)
DI, < (lal L, - 1L, < 1.

Since this holds for every nonarchimedean u € M(N), we may conclude that
D is an integer, in fact a nonzero rational integer, so that

(2.9) ID|>1.
On the other hand, since (2.8) holds for archimedean absolute values as well,
(2.10) DL < (all)- L) = B ()

Given a linear map T: R” — R” mapping integer points into integer points,
and given a polynomial P(X), put PT(X) = P(T(X)). We have

det(L"", ..., L")y = (det T) - (det(L"™, ..., L"),
so that
(2.11) D(FT) = |det T)"' D(F).

3. COMPARISON OF INVARIANTS

Write F ~ G and call F, G equivalent if there isa T € SL(n,Z) with
F' = G. The height H*(F) is not an invariant; equivalent forms in general
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will not have the same height H*. We therefore now introduce the invariant
height
H(F) = mmH (G).

Note that the value set of H™ is discrete ([12, Theorem 5.11 of Chapter VIII],
but note that the height in [12] is slightly different from ours), so that the
minimum does exist.

Given a linear form L(X) = a,X| + - + o, X, with coefficients in K,
introduce the column vectors

(3.1)

INY
1
—
.
I
—
S
~

with r components. Let 4 be the exterior product:

Ad=a N Na ,
=1 =n

so that 4 has /= () components. Put A(L) = |4, where, as always we set

Al = (7, + - +/")"* when 4= (y,,...,7). Then A(L") = A(L) for
TeSL(n,Z), so that A(L) is invariant.

Lemma 2. Suppose the norm form F is given by (2.2). Then

3/2 2

(3.2) lal”" ALY > 27" n PV () (Cont F) 'V (R

where V (n) is the volume of the unit ball in R" .

The right-hand side here depends on F only, but the left-hand side depends
on the particular representation of F as in (2.2). Given 4 # 0 in K we may
set L' = AL, so that L' = 2'L" | and we may write F = a'L""...L'"
with/ a = a(/l(” . -lm)_l . There is then no simple relation between A(L) and
A(LY.

Proof. Since «, ... ,a, are linearly independent over Q, the matrix (aj.i) )
(1<i<r, 1<j<n) hasrank n, and a,...,a, are linearly independent
vectors in C”. In particular, A4#0 and A(L) >0. Now g ,...,a generate

a Z-module A" of rank n. Even though A" is not a point lattice in R", we
may define successive minima ur s eees u; : here y; 1s least such that there are

J linearly independent points g in A" with |g| < u}.
Every point z = wa +---+u,a of A", say with components Z,.52,,
has

r
()
lallz, -zl = |a[JL" (u, s ... su,)| = [Fuy, ... ,u,)].

Now when z # 0, so that (u,,...,u,) € Z"\0, then F(u,,...,u,) # 0 by
the linear independence of «, ... ,a,. Thus |a||z -~z |=|F(u, ... ,u,)| >
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ContF, and |z,---z,| > C/|a|, where C = ContF. By the arithmetic-
geometric inequality,

12
2=z, P+ 1z 2 (r'lzllz---IZ,lz) > r2(Clap'".

1/r

Therefore the successive minima u; > rl/z(C/|a|) =1,...,n).
Suppose now that
1
B
b.=1 : (J=1,...,n)
B
is another basis of A". Say Qj =ua + - +u,a (j=1,...,n), witha

matrix U = (u &) €SL(n,Z). Then the matrices 4 = (a(i)) B = (ﬂ([)) (where
i denotes the row and j the column) have B = AV where V is the transpose
of U. In partlcular the rows o’ = (a|,...,a!"), ﬂ =B, ..., 8"

>'n
haveﬁ ::: Iy (z=1,...,r).Theform

F'(x) = VX)—aH 'V X) —aH(ﬂ Y x)

i=1

is equivalent to F . Therefore, by (2.3)
r r
* vV j i), 2 i),2,1/2
H'(F") = |alTTI8"1 = 1al TTUF + - +18"H)" > 5(F).
i=1 i=1

By the arithmetic-geometric inequality,

STUBE 4 +18VF) = (s (F)/lal)

i=1

so that
(3.3) B, 4+ 1b,I* > r(5(F)/la)".
There is a basis b_—x y e ,Qn of A" with |le < jyj (j=1,...,n) (see, e.g.

Cassels [3, Lemma 8, p. 135]. Thus
b+ b, P < (1420 4t <,
and

w2 0P (F) )"

n =

In conjunction with the estimate for uj given above this yields

(3.4) W > R g T g ()

Rather than do geometry of numbers in complex space such as, e.g. in [2],
we now proceed as follows. Say o, ... ,d, are the embeddings of K into C,
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with o,,...,0, realand o, ,,0,,,...,0,_,,0, complex conjugate in pairs.
Then A* 11es in the space S of vectors
Z)
z= :
Z"
!
where z , ...,z are real and 2o = Zg9s 92, =2,. Let (z,z) be the

. ey ) T
inner product 2121 +o 4 zszs +z,,,2,,, t2,,,2,, +-+2z7Z . Let f be
the map S — R’ with

w,
fle)=1| :
wr
-1
where w, = z,,...,w, = z,, w,,, = V2Rez_, = (V2)7 (z,,, + z,,,),

w5+2 = ﬁlmzs+l = (iﬁ)_l(zs+1 - Zs+2)’ ’wr—l = \/iRle—l’ wr =
V2Imz,_, . Then the inner product

1e
fl2)- f(Z)=z2,2,+ +zz +2Rez, )Rez,, ) +2(Imz ) (Imz, )
++2(Imz, _ 1)(Imzr N
pE— ) —
= zlzl to Zszs tZoZ T i vt 2z,
=(z.2).
Thus f preserves inner products. For any Z s 2, in S, Laplace’s identity
yields
2 : 2
(3.5) I£z)A A L(z,)] = det(f(z)- f(z)) =det((z,,2,)) =z, A-+-Az, |’
Now f maps A" into an n-dimensional lattice A contained in R". Since f
preserves inner products, the successive minima 4, , ..., 4, of A have u ;= /4;
(i=1,...,n), so that
uoon, > n—3/2rn/2C(n—l)/rlal—n/rﬁ(F)l/r
by (3.4). On the other hand by Minkowski,
My, Vin) < 2" detA,

so that
(3.6) detA > 3/(22)n P T (R
Since é(g ), ... ,f(gn) are a basis of A, we have
(detA) = f(@) A A fla)f =la, A ng |’ =147

vy (3.5). Substitution into (3.6) yields

I ln/rIAI > 3/(22)nrn/2C(”_l)/rfJ(F)
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4. PRODUCTS OF #n LINEAR FORMS

Lemma 3. Suppose F(X) is a norm form with coefficients in Z, and written as
(2.2). Suppose x is an integer point with (1.2). Then there are i, ... i, Wwith
1<i,<---<i, <r and

) . 3/2

(i) (in) 2" ) (in) ~1/r
4.1 L (x) L' (x)| € —s——|det(L"", ... ,L"")|9(F .
41  IL7M(x) (2] (n!)‘/ZV(n)l ( )IH(F)
Here det(L(i') R A ) is the determinant of the coefficient matrix.

Proof. Since F(x) = aL“)(_g_) . --L(')(é) =1 we have
(4.2) Fx) =vV@)- 7"

with V(X) = L(é)_lL(é). We will apply Lemma 2 to F written as (4.2)
(rather than as (2.2)). Then a =1, and ContF = 1 since F(X) € Z[X] has
F(x) = 1. The vectors (3.1) now become

ai,”/L‘”(é)

BTG
a; /LX)
Lemma 2 yields

(4.3) g, Ang =14 = A0 247 Y () (R
Let D(i,, ... ,i,) be the (n x n)-determinant formed from the rows ,,...,7,
of the matrix with columns g -+ >4, . The left-hand side of (4.3) is

S DG, i

I<iy<-<ip<r

There are (/) < r"/n! summands, so that for some i, <--- < i, we have

DG, ... ,i)] > (4" -tV (n) s(F)*") 2.
After multiplication by ]L“”(é) e L(i”)(§)| this becomes
) . ' l/2V . )
det(L(ll) L ,L(I")) > (n) (n) !L(ll)(X) . L(l")(é)lf)(F)l/r .

o 32 £

5. A REDUCTION
Given a prime p, consider the matrices

p 0 0 -1 )
(20 =0 et

and identify them with the linear maps they induce. We have

4
#:U@i.
Jj=0
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More generally, when n > 2, consider the (n x n)-matrices

4.0 .
Bj=<0j E) (J=0,..~,p),

where E is the identity matrix with n — 2 rows. We have
n g n
7' =JBZ".
j=0

Therefore the number of x € Z" with F(x) = 1 does not exceed z, + z, +
-+ z,, where z, is the number of x € Z" with FB’(_E_) = 1. Note that
detBj = p, so that

D(F™) > p"'D(F) > p"!

by (2.9), (2.11). Therefore if N(r,n) is the maximum number of solutions
of (1.2) for forms F such as in Theorem 1, and N(r,n;p) is the maximum
number when F is restricted to forms with

(5.1) D(F)>p'",
then
(5.2) N(r,n)<(p+1)N(r,n;p).

By the invariance of D(F), (2.10) implies that D(F) < $(F)""", which to-
gether with (5.1) gives

(5.3) H(F) 2p"".
Proposition 1. Suppose that

(5.4) p>n'"
Then

N(r,n;p) < min(rzmnrz—m"2 ,rcz(")_m"z) )

We may apply the proposition with a prime p < 2n10"2 < rlo"z. Then by
(5.2), Theorem 1 follows. It remains for us to prove the proposition.

The number of solutions of F is unchanged if F is replaced by an equivalent
form. Call F reduced if $(F)= H"(F); every form is equivalent to at least
one reduced form. In proving the proposition we may thus suppose that F is
reduced.

Now (1.2) has no solution unless Cont F = 1, which we shall assume from
now on. Then Lemma 1 says that

(5.5) H(F)=H"(F)=H(L)=H(L)".
The relations (5.3), (5.4) yield
(5.6) H(L)>n"".
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We will distinguish small and large solutions. By definition, the small ones
will be those with

(5.7) x| < H'(F)™ = H@L)™" .

6. THE SMALL SOLUTIONS

The forms L"), ..., L") in (4.1) do not necessarily have real coefficients.
However, by following the procedure of [11, §2], i.e. by replacing each of these
forms by their real of imaginary parts, we obtain # linearly independent forms
L,,...,L, with real coefficients such that every x with (4.1) satisfies
8 ety ..., Llo(F) "
(n)'?V (n) b '

It is easily seen that (n!)l/zV(n) > (27:)_"/2 , so that

(6.1) Ly (x)---L,(x) <

__1/82”_ < (8V2m)" < H(L)'* = o(F)"/*
(n!) "V (n)
by (5.6), (5.5). Therefore
(6.2) IL,(x)- L,(x)| <HF) "det(L,, ..., L)
We now quote Lemma 3.1 of [11]:
Lemma 4. Let L,,...,L, be linearly independent forms with real coefficients

in n variables. Suppose that (rz!)4 < P< B, and put Q = (logB)/(logP). The
integer points x in the ball |x| < B with

IL,(x)---L,(x)| < P”'|det(L,, ... ,L,)

n

lie in the union of not more than n*" Q"' proper subspaces.

We will apply this with P = $(F)"* ; in view of (5.5), (5.6), the condition

P > (n)* is satisfied. The small solutions are the ones with x| < ﬁ(F)6"’" =B,
say. Integer points x with |x| < B and with (6.2) lie in the union of at most

n*"(12nr"*')"~! subspaces. Taking into account the (’

") < r" possible choices

for i ,...,i,, we obtain
Lemma 5. When (5.1), (5.4) hold, the small solutions of (1.2) lie in the union of
n_4n_n*+n

less than 12°n""r proper subspaces.

7. RANKS OF LINEAR FORMS

The rank of a set of linear forms is the rank of their coefficient matrix. Since
the coefficients of L are linearly independent over Q, the rank of L(l), R
L is n.
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Recall that we denoted the compositum of the fields K M ,..., K " by N,
and the Galois group of N over Q by G. As before, g,,...,0, are the

isomorphic embeddings of K into C, so that o,(a) = o). Let ® be the set
{g,,...,0,}. Given a subset 4 of ®, let [4| be its cardinality and p(A4) the
rank of the set of linear forms (L) (where o acts coefficientwise, so that (L)
is some L(')) with o € 4. In particular, p(®) = n. Put

_ p(A)/|A| when A =0,
al4) = { nfr when 4 =

We will suppose that N C C. Given y € G, the maps yo,,...,yd, will be a
permutation of @, so that G acts on @ in fact it acts transitively on ®. We
have |7(4)| = |4| and p(y(4)) = p(A4) for y€G.

Lemma 6. Let g, be the minimum value of q(A) for all subsets A of ®. Then

g, =n/r.

Moreover, there are integers, |, m with Im=r,aset T C ® with |T|=m,
and elements y, ...,y, of G such that ® is the disjoint union of the sets
(7.1) (T), ...,y(T),

and a set A has q(A) = q, precisely if it is the union of some of these sets.

This is Lemma 7B of Chapter VII of [9].
In other words, a set 4 C ® has

(7.2) || < (r/n)p(4),

with equality precisely when A is the union of some of the sets (7.1).

We may suppose that 7' = {g,, ... ,0,} . Aswas shown in §VIL7 of [9], there
isafield' LcK of degree [ with the following properties. The conjugates
of an element A of L over Q are y,(A),...,7,(A). Thus the restrictions of
Yis---s7 to L, call them ¢, ...,¢,, are the isomorphic embeddings of L
into C. Moreover, the conjugates of an element k of K over Q are yio'j(lc)
(1<i<l, 1<j<m,and yl.aj(/l) = 7,(4) = ¢,(A) for A € L. Thus
¢, =70, (J=1,....m) are embeddings of K into C extending ¢,, and
D={¢,,,...,9,,}. Weshall write

M=g @)y (G=1,....I)forieL,

I | |
K =¢,(K) (i=1,...,01;j=1,...,m) fork eK.

By Lemma 7D of §VIL7 of [9] we have: A subfield P of K has m" = m
if and only if P ¢ L. Now when 9 is nondegenerate, this may happen only
if P = Q or is imaginary quadratic. It follows that L = Q or L is imaginary
quadratic.

! There should be no confusion of the field L and the linear form L .
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It is clear from Lemma 6 that there is some 7 > 0 such that for every 4 C @
which is not the union of some of the sets (7.1), i.e. some of the sets

(Di={¢il""’¢im} (izl,...,l),
we have
(7.4) |4 < (r/n)p(A4) -
Call n admissible if (7.4) holds for any A which is not such a union and which
is maximal in the sense that there is no B 2 A with p(B) < p(4).
Lemma 7. (i) n = 1/n is admissible.
n+l
(i) n=r2n)""" is admissible.
(iii) n =r/(n(n + 1)) is admissible under the hypothesis of Theorem 2.

The values in (i), (ii) will respectively lead to the first and second estimate
implicit in (1.3).

Proof. (i) follows from the fact that |A4|, p(A) are integers. The more diffi-
cult proof of (ii) will be given in an Appendix. As for (iii), we note that the
hypotheses of Theorem 2 yield |4| = p(4) for every A4 with p(4) < n. Since
r>n+1 and thus (r—n)/n>r/(n(n+ 1)), such an A4 has

4] = p(A4) = (r/n)p(A) = ((r — n)[n)p(A4) < (r/n)p(A) — r/(n(n + 1))
when A4 # . On the other hand when p(4) = n and A is maximal, then
A=®, and A is the union of the sets (7.1).

8. PRODUCTS OF # LINEAR FORMS, AGAIN

We will deal with large solutions of (1.2). Such solutions by definition (5.7)
have

(8.1) x| > B (F)*"" = H(@L)"™""
In view of (5.6), such x will certainly have
(8.2) m > m*H(L "
Write M g_) | ]_ A X), so that M" is the “normalization” of L'
The forms M'" , MY need not be conjugates.
Put
(8.3) o =nn/3r

where 7 is admissible as defined in the last section.

Lemma 8. Let x be a large solution of (1.2). Then there are distinct integers
[N I 1 < i< r such that

(8.4) M (x) - M ()] < |x] 7
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This lemma will play the same role for large solutions that Lemma 3 played
for small solutions.
Proof. Pick i, such that |M"(x)| is the minimum of |M"(x)| for 1 <i<r.
Let I, be the set of numbers i such that M @ (X) is a multiple of M (i‘)(é ).
Pick i, ¢/, such that [M"?(x)| is the minimum of [M"(x)| for i ¢ 1, . Let
I, be the set of numbers i ¢ I, such that M(i)(é ) is a linear combination
of M(i')(é) , M(’Z)(é). Continuing in this way we obtain numbers ,, ... ,1,
and disjoint sets /,,...,/, whose union is {1,...,r} = Q. We claim that

(8.4) holds with these particular numbers i, ,...,i,. We shall assume to the
contrary that

(8.5) M) M )] 2 167
and this will lead to a contradiction.
By definition of the forms M, every solution of (1.2) has
jall L LM ) M ()] = 1,
and therefore
(8.6) (MY (x)- M (@) = 1/H(F) < 1

by (2.3), and since H*(F) > 1, which follows from Lemma 1 (as well as from
(5.5), (5.6)).

Suppose now that certain forms M v '), LM Un) are linearly independent.
Then each X, is a linear combination: X, = yilM(j‘) + -+ ymM(j"), and
here |y, | < H(L)"d by Lemma 5.6 of [11], where d is the degree of the
field obtained by adjoining to Q the coefficients of the forms A Y e LU

Clearly d < r". Thus with the notation

M(x)| = max((M" ()], ..M (2)),
we have
(8.7) x| < nH(L)" M) < x| M)

by (8.2).
We also note that if we have a relation of dependence: M = oM () 4
S c,M("” with [ < n, then there is by Lemma 5.7 of [11] a relation of this

type with [c,| < H(L)*"*", hence with

(8.8) e| < HL)"™" (i=1,...,0).

Since M) with i € Ij. is a linear combination of M Y us ,M(if), it is

such a combination with coefficients satisfying (8.8), so that by (8.2),

8.9) M) < M) < nH@L)" MY (2] < 1x MY (0]
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We have

(8.10) H MY 0" < 1‘[ [T @)= 1MV x)- M7 () <1
j=1

j=1i€l;
by (8.6).

Define ¢, = ¢,(x), ... ,c, =c¢,(x) by
(8.11) MY =1x"  (G=1,....n).
Then
(8.12) ¢, <<, <15

the last relation here is true since the forms M'” are normalized. Furthermore,

(8.13) ¢+t c, 20
by (8.5) and
(8.14) ol +--+¢, I, <0

by (8.10). Since |/,| +---+|[,| = r, the last inequality here may be rewritten
as

(c;+---+c,)r/n)+(cy —c)((r/n) = [I]) + (¢ — ) (2(r/n) = [I|]| = |,])

+ot (e, —c, ) ((n=D(r/n) = ||| = —|I,_,[) <0,
so that in conjunction with (8.13),
n—1
r 0
(8.15) Y —a) (k () —1u-unl) <=

k=1
The correspondence i — o, gives an identification of Q = {1, ...,r} and
® = {g,,...,0,}. Thus G acts on €, and the function p of §7 is defined
on sets A C Q. With this notation, p(/, U---UI,) =k (0 < k < n).
There are certain values of k such that |I, U---UI,| = (r/n)k, and in fact
I,U---Ul, is the union of some of the sets yl(T'), ,y,(T') , where 7' c Q
corresponds to 7" C ®. Suppose this to be the case for k =k, ... ,kg with
1<k << kg = n, and for no other values of k. When k is distinct from
k... ,kg, then
[ U Ul | < (r/n)k —n
by (7.4). Therefore (8.15) yields

n—1

Z (Cooy—CIn<rd/n,
k=1
Kk #ky oo kg

so that in particular (with the notation k, = 0)

G~ C g Sré/mm=5  (e=1,...,8).
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Then by definition of the “exponents” ¢

1/3

M ()] < |x)'PIMY ()| itk +1<h, j<Kk,.

Combining this with (8.9) we get

2/3

MY (x)] < x| U-Ul, =V,

e e

M ()| ifuvel,

1+l
say.
We had seen that each set /, U---UJ, is the union of some of the sets (7.1),

and hence V, (1 <e < g) also is such a union. Therefore each set yl.(T') is
contained in some V,, so that with a notation in the spirit of (7.3),

2/3

816) M) <M @)l 1 <i<l 1<), h<m).

Mo =My M"Mx)  a<i<h,

Then W is a form of degree m with coefficients in LY and Wi ..., wl
are “conjugates”.

Now in Theorem 1, where the module 9 is nondegenerate, we can only
have L = Q or L is imaginary quadratic.2 In the first case, / = 1, and in
the second case, / = 2 and W, w? are complex conjugates (i.e., their
respective coefficients are complex conjugates). For / = 2 it follows that
(L Lt = LB L2 and also UM, U™ which are propor-
tional to W[”, w2 , are complex conjugates. Thus |U“](gc_)| =|U m(g)l.

Therefore both in the case / = 1 and the case / = 2, we have by (8.16),
(8.6) that

lM[i‘hl(é)l < Ié|2/3|Um(é)|l/m — [é|2/3IU[l](é) - U[[](éﬂl/r
= x"M V(@) M) < 1x

Thus [M(x)| < |é|2/3. Together with (8.7) this gives |x| < |x|, and the desired
contradiction to (8.5).

9. THE LARGE SOLUTIONS
Set
(9.1) n=max(1/n,r-(2n)"""),

so that # is admissible by Lemma 7. Define § by (8.3). Let us first consider
large solutions satisfying (8.4) with fixed 7, ...,i, . Now

[det(M" o M) > H(LY T > H(L)™™

2 For Theorem 2 see §11.
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by (5.3) of [11], so that

92)  IMY(x)- M7 ()] < |det(M™ L M)HLY™ 127

< |det(M™) ., M)||x 7

by (8.4), (8.1), (8.3), (9.1).
By the quantitative version of the Subspace Theorem [11], applied with J/2,
the solutions x # 0 of (9.2) either have

8/6

(9.3) x| < max((n!)"", H(L)),

or they lie in the union of ¢ proper subspaces, where

n 2274572

226"’45_2] S [(2’« )

t=[(2d) l.

Now (n)¥° < n®"/% < ¥ by (8.3), (9.1), and n**"" < H(L)**"" < H(L)*"
by (5.6). Hence there are no large solutions with (9.3).

Taking into account the possible choices for i , ... ,i, , we see that the large
solutions lie in at most "¢ proper subspaces.

n+l1

226"‘56_2

Lemma 9. The large solutions of (1.2) lie in at most [(2r") ] subspaces.

10. PROOF OF PROPOSITION 1 AND THEOREM 1

Suppose that condition (5.4) of the proposition is satisfied and that (5.1)
holds. Combining Lemma 5 on small solutions and Lemma 9 on large solutions,
we see that all the solutions lie in the union of not more than

n\2%"-55 2

4 Z+ 226"’56—2 227"'56_2
12"n7" " 20" 8 <r

<2.(2r)
subspaces, where J is given by (8.3), (9.1). Thus

» 72

2 r

2
101y 62=2" min <n2
n

! (2n)”'2"”> < 9min(r?,(2n)" ) = 92,
. . 2 ne2n+? . .. 227145,
with 4 = min(r", (2n) ), and the solutions lie in not more than r
subspaces.
The integer points in a proper rational subspace S may be parametrized as
Xx = Ty where T is a linear map R"™' — S which sets up a 1-1 correspon-

dence between Z"~' and integer points on S . Restricted to S, the norm form

equation (1.2) becomes
Fl(y)=F(Ty) =1

with y € Z""'. This is a norm form equation in n — 1 variables. As y runs

throug_h z"! , then LT(Z) will run through a submodule of 91, and such a
submodule will again be nondegenerate.
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We now proceed by induction on #. The case n = 1 is trivial. Suppose that
n > 1 and Theorem 1 is true for n— 1; this means exactly that a nondegenerate
norm form equation in n — 1 variables has not more than

230(n—1),2

c,(n—1,r) = min(r ,rCZ("_I))

solutions. This is then a bound for the number of solutions in each of the proper
subspaces S, and the given equation (1.2) in n variables has

227n-453 in(u,
—<_ Cl(l’l _ l,r)r n S rmln(ﬂ-l /12)

solutions, where

u = 23O(n——l) 2 227n 45" < 230nr2 _ 10

(since n > 2) and
fy=cy(n— 1) +27"452n)" Y = 20— )"V L 2 a5 (2n)"

< @) 101 = ¢)(n) - 10n°.

This establishes Proposition 1, and hence Theorem 1, for the case of n vari-
ables.

11. PROOF OF THEOREM 2

Let L, be the restriction of L to a rational subspace S of dimension m.
Since L', ..., L") have rank n, the forms Lél) R ,Lé') have rank m . Now
when m < n — 1, we may infer from m-times transitivity that any m forms
among Lg) s Lg’) are of rank m . Thus the hypothesis of Theorem 2 remain
true for the restrictions to subspaces.

We modify the proof of Theorem 1 as follows. Instead of (9.1) we now set

(11.1) n=r/(n(n+1)).

Then n > 1/n. In §8 we either may proceed as before, by noting that our
present hypotheses imply nondegeneracy. 3 Or, a simpler argument rests on the
fact that in Lemma 7(iii) we have actually shown (7.4) to hold with (11.1) for
every A # &, ®. Now Lemmas 8, 9 apply. (10.1) is replaced by

8= (9r2/n2)min(n2,r—2n2(n + l)z) =9(n+ 1)2,

. . . 27n, 2 .
The solutions therefore lie in not more than r> ~+*V subspaces. Induction

on n may be carried out since the restrictions of our linear forms to subspaces
satisfy the hypotheses. We obtain a modified version of Proposition 1, with the
conclusion that

2321n41) 227n.45 +1 2 232!1_ 10 2
Ny(r,n;p)<r - r " "
3 For when 9ME # 0, then 9 contains a submodule with basis ue, ..., uem where u # 0
and ¢,...,&n is a basis of E/Q. By what we said at the beginning, any m conjugates of this

basis are linearly independent, so that for m > 2, any 2 of the r conjugates are nonproportional,
and m > r > n, a contradiction. Thus m =1, and 9 is nondegenerate.
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here N,(r,n;p) is the maximum number of solutions of (1.2) for forms F
such as in Theorem 2 with (5.1). Theorem 2 follows.

12. PROOF OF THEOREM 3

The arguments of this section work not only for norm forms, but more gener-
ally for decomposable forms. A form F(X) of degree r is called decomposable
if F=L, ---L ,where L ,...,L, arelinear forms with coefficients which are
algebraic over Q. We will only consider decomposable forms F with coeffi-
cients in Z.

Let C be a class of decomposable forms of degree r in »n variables and with
coefficients in Z which has the following closure property. When F € C, and
when R(X) = cFT(é) with T € GL(n,Z) and ¢ # 0 in Q has coefficients in
Z, then also R € C. For example the class of nondegenerate norm forms with
integer coefficients has this property. The class of forms considered in Theorem
2 also has this property. Let N(C) be the maximum number (if there is such a
number) of integer solutions of (1.2) for all forms F € C. More generally, for
m # 0 let N(C,m) be the maximum number of primitive solutions of (1.1)
for all forms F € C. We have N(C, —m) = N(C,m).

Theorem 3 is an immediate consequence of Theorems 1, 2 and of

Proposition 2. For m > 0 we have

NEmy< (7)) 4N

n—1
here w = w(m) and d,_, are defined as in the Introduction.

Given n, r, the quantity g(m) = ( nil)wdn_l(mr) is multiplicative in
m: g(m,m,) = g(m,)g(m,) when g.c.d.(m ,m,) = 1. Therefore Proposition
2 follows from

Proposition 2a. For k > 0 and a prime power p“ with ptk we have

e ko< (1)) INC ).

Let |-| denote a nonarchimedean absolute value on a field E. For x =
(x,,...,x,) in E" put |x|] = max(lx|,...,|x,]), and for a polynomial
P(X,,...,X,) with coefficients in E, let |P| be the maximum of |c| over
the coefficients ¢ of P.

Lemma 10. Suppose E is algebraically closed. Then for P € E[X,, ... ,X,] we
have
(12.1) max |P(x)| =|P|.

XEE" -

lx<t

Proof. Let us begin with the case n = 1, so that
PX)=cy+c X+ +cX .
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It is clear that the left side of (12.1) is bounded by the rignt-hand side. To prove
the equality it will suffice to find x € £ with |x| =1 and |P(x)| = |P|. We
may suppose that P # 0. Write P(X) = P,(X)+ P,(X), where every coefficient
of P, has absolute value |P|, and every coefficient of P, has absolute value
< |P|. Say 4 .
P (X)=c, X" +~-~+CI,X“
with i, < . Pick x € E with P(x) = x"Jrl Then necessarily |x| = 1
and |P, (x)l = |c,’[ =|P|, |Py(x)| < |P|, so that |P(x)| = |P|.
The general case of the lemma follows by induction on #.

Lemma1l. Let L (X), ...,L, (X) be linearly dependent forms with coefficients

in E. Given nonnegative reals 1, ...,4, , let R be the set of x with compo-
nents in E having
(12.2) ILX)|<A, (i=1,...,m).

Then R may already be defined by m — 1 of these inequalities, i.e. there is
an iy in 1 < iy < m such that R is the set of points x satisfying (12.2) for
i=1,...,0—-1,ip+1,...,m.

Proof. There is a nontrivial relation y L, +---+ 7y, L = 0 with coefficients

7; € E. We may suppose without loss of generality that y, #0,...,7, #0,
but y,,, =--- =7, =0. We further may suppose that

7,14, = max(|y, |4, ..., |[7]4).
In this case we set iy =1. When (12.2) holds for i =2, ...,m, then

17, L, (x)] < ZITSlflS?(IIV,«Li(é)l < znsl%lyilﬂ, <y 4,

so that |L,(x)| < 4, and (12.2) holds for /=1 also.
Lemma 12. Let L,(X),...,L,(X) be linear forms in n variables and with
coefficients in E . Suppose there exists an é’ e E" with

IX'|=1 and |L(X) <A, (i=1,...,n),

where 4, ...,A, are given. Then there is an i, in 1 < iy < n such that the
relations

(12.3) x| <1 and |L/(x)| <4, (i=1,...,0i—-1,ip+1,...,n)
imply that

(12.4) LX) <A,  (i=1,...,n).
Proof. In view of Lemma 11 we may suppose that L ,...,L, are linearly
independent. There are relations

(12.5) X,=7,Li( X+ +y,L,X) (i=1,...,n).

We may suppose without loss of generality that

(12.6) IJ’HMI = lg,ajénlyijl,{j.
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The given x' = (x|, ...,x,) has

IX:I < mjaxlyijl'lj < IJ)ll"]'l :

Since this holds for i =1,...,n and since |x'| =1, we have 1 <y |4,. In
particular, y,, #0.

We set i, = 1. Then (12.5) with /=1 and (12.3) yield

170 1L ()] < max (7,14, 5 -5 (7,04, 1 D) < 124

in view of (12.6) and |x,| <1< |y, |4, . Thus |L (x)] <4, and (12.4) is true.
Lemma 13. Let L, ... ,L, with r > n be linear forms in n variables and with
coefficients in E . Let nonnegative reals A, ..., be given, and suppose there
isan x' € E" with
(12.7) IX'|=1 and |L(X)| <2, (i=1,..,r).
Then there are n — 1 among these forms, say L,....L, ., such that any
x€E" with
(12.8) |x| <1 and IL[j(é)lslij J=1,...,n-1)

has |L(x)| <A, (i=1,...,r).
Proof. This follows from r — n applications of Lemma 11, followed by an
application of Lemma 12.

Now let F be a form in our class C. We wish to estimate the number of
primitive solutions of

(12.9) F(x) = kp"

where k, p" are as in Proposition 2a. Let E be the algebraic closure of Q
and let |-| be an extension of the p-adic absolute value to E. We may write F
as F=L ---L , where L, is a linear form with coefficients in a field K ,CE
of degree < r. With every primitive solution x of (12.9) we associate numbers
Ajs...,4, by setting B

(12.10) IL,(X)] = 4, (i=1,...,r).
Since there is by construction a primitive x with (12.10), we may apply Lemma
13 and we get forms Li. Y e ,Li”_l . We will call (L,,l R ,L,."_l ; '1:‘, R
A; _,) an anchor of the solution.

Let us first count the solutions with a given anchor. Without loss of generality

let us suppose that the anchoris (L,,...,L, ,,4,,...,4, ;). Solutions with
this anchor will have
(12.11) IL;(x)] <4, (i=1,...,n=1).

Points x € Z" with (12.11) make up a sublattice of Z". Let g ,...,a be
a basis of this lattice. The elements of this lattice are x = y, a +--+y,a
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with y = (y,,...,»,) €Z". Thus writing M,(Y)=L,(Y\g, +---+Y,a) (i=
1,...,r) and GY)=M(Y) - M(Y), it will suffice to count the primitive
solutions y of the equation

(12.12) G(y) = kp".

By the construction of anchors, and if our anchor (L,, ..., L, |,4,,...,4, )
comes from an r-tuple 4,,...,4, ,,...,4,, thenevery x € E" with x| <1
and (12.11) will in fact have |L,(x)| <4, for i=1,...,r. When x =y,a +
cty,.a with y=0,...,y,) € E" having |yl <1, then we do in fact have
x| <1 and (12.11). Therefore IM,(y)| < 4, (i=1,...,r) forevery y € E"

with [y| < 1. Now 4,,...,4, come from a solution x of (12.8), so that
(12.13) Ay A =L 1L (X)) = kp" | =p7".
Thus also [G(p)| = [M,(P)|--- M, (p)] < 4,---4, = p~"; this holds for every

u

y with |p| < 1. Lemma 10 yields |G| < p~" . Therefore every coefficient of

G is divisible by p“, and G = p“R where R has integer coefficients. Here
RY)=p"GY) = p"F(Y)g, + -+ 7Y,a) liesin C, and therefore the
number of primitive solutions of (12.12), which is the same as the number

of primitive solutions of R(y) = k, is bounded by N(C, k). Therefore: the
number of solutions with a given anchor does not exceed N(C k).

It remains for us to estimate the number of possible anchors. The number of
possibilities for i <---<i _ is (,”,). It will suffice to show that for given
By eyl the number of possibilities for 4, , ..., 4, is < d,_,(p™). So

n—172
let us estimate the number of anchors (L,,...,L,_,,4,,...,4, ,). We have
to estimate the number of possibilities for 4,,...,4, . We begin with three
observations.
(i) Write |L,| for the maximum |- |-value of the coefficients of L. . By

Gauss’s Lemma,
ILy|--|L,[=|F| < 1.

On the other hand when 4, = [L,(x)| (i=1,...,r) where x is a solution of
(12.9), then (12.13) holds. It follows that

)‘1""1r21’_u|L1|"'|Lr|~

Note that 4, <|L,| (i=1,...,r). Therefore the quantities u, = 4,/|L;| have
u; <1 (i=1,...,r)and g, ---pu, >p “. We may conclude that

(12.14) p,<l(i=1,...,n—1) and p, ---p,  >p "

(ii) When both 4,,...,4, , and /1'] y s ,A;_l occur in anchors, and when
vy 5/1:. (i=1,...,n—1), thenin fact 4, ———l:. (i=1,...,n—1): for suppose
that 4,,...,4,_, comes from 4,,...,4, _,,...,4,, and ,1'1,... ,l'n_l from
Aysoooshy_yy...,A . Say x, x' are solutions with |L,(x)| =4,, |L,(x')| =4,
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(i=1,...,r). Then [L,(x)| <4, (i=1,...,n-1),and therefore |L,(x)| < A,
(i=1,...,r),since (L,,...,L,_,,A;,...,A_,) is an anchor. Thus A, < A,
(i=1,...,r),andsince 4 - -4 = ,1'1 l’r =p~ ", the assertion follows.

(iii) The restriction of |-| to the field K, containing the coefficients of L,
has ramification index e; < r over the p-adic absolute value of Q. Thus for
a#0 in K, we have |o| = p"/“ with v € Z.

In particular |L,(x)| and |L,| are of this type, so that

w=IL@I/ILI=p™ " (i=1,...,n-1)
with v, € Z. By (12.14),

: Ul vn—l
v,20(=1,...,n=1) and — + .-+ <u
€ €1
By (ii), when both v ,...,v,_, and v; Y e ,v;_l come from anchors and
when v; <w, (i=1,...,n—1), then in fact v; =v, (i=1,...,n-1).
This shows that for given v ,...,v,_,, there is at most one possibility for

v,_, - It will be enough for us to estimate the number of integer (n — 2)-tuples
Uy ooes U, with

v
v, 20(=1,...,n-2) and _e_1+...+
1

Since e; < r, the number of such tuples is bounded by the number of (n — 2)-

tuples of nonnegative integers v,, ... ,v,_, with v, +---+v, , <wur. This in
turn is the number of (n — 1)-tuples of nonnegative integers v, ...,v,_, with
v, +--+v,_, =ur,andisequal to d,_,(p").

APPENDIX. SETS OF CONJUGATE VECTORS

(a) Let K be an algebraic number field of degree r, andlet g, ..., 0, be the
isomorphic embeddings of K into C. Let ® be the set of these embeddings:
®={0,,...,0,}. Further let a = (@, ... ,,) be a vector with components
in K, and for ¢ € ® put g(a) = (d(,), ... ,0(,)). Given a subset B of
®, let |B| be its cardinality and p(B) the dimension of the subspace of C"
spanned by the vectors g(a) with g € B. We shall assume throughout that
@,,...,a, are linearly independent over Q; then g (a), ... ,0,(a) span c"
and p(®)=n.

Let N be a normal extension of Q containing the conjugate fields o, (K),
...,0,(K). Let G be the Galois group of N over Q. For y € G, the set
y0,, ... ,70, is a permutation of g, ...,0,; thus G acts on ®, and in fact
it acts transitively on ®. For a subset B C ® we have |y(B)| = |B| and
p(y(B)) = p(B).

Now let L be a subfield of K of degree /. Then r = Im with integral m .
There are / embeddings ¢,,...,¢, of L into C. Each such embedding ¢,
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can be extended to embeddings ¢,,,...,¢,, of K into C. Thus ® consists
of the embeddings b, with 1 <i</, 1<j<m. Let @, be the set

(A.1) D, ={d,,... b} (i=1,...,0).

Then & is the disjoint union of @, ... ,®P,.

By applying the ideas of §7 to the linear form L(X) = aX = o X, + -+, X,
we may restate and summarize results from §7 as follows.

Lemma 14. Every subset B C @ has
(A.2) |B| < (r/n)p(B).

There is a subfield L of K of some degree | such that equality holds in (A.2) if
and only if B is the union of some of the sets (A.1).

A set B will be called a k-set if p(B) < k. It will be called a maximal k-set
if there is no set C 2 B with p(C) <k.

Lemma 15. Suppose S is a maximal k-set and is not the union of some of the
sets (A.1), i.e. |S| < (r/n)k. Then

— 2k
)

(A.3) IS| < (k/n — (4kn ).

In particular, since (4kn)k'2k < (4nH)™ = (2n)"'2n+l , this proves part (iii)
of Lemma 7. It is likely that Lemma 15 is far from the full truth and that the
exponent k - 2% in (A.3) can be replaced by a linear function in k. The same
remark applies to Proposition 3 below.

(b) The task of this Appendix will be a proof of Lemma 15. It will be
advantageous to axiomatize. We will deal with a set @ of cardinality |®| =r
and an integer-valued function p(B) defined on the subsets B of ® with the
following properties:

(i) p(@)=0, p(B)=1 when |B|=1.
(ii) p is nondecreasing, i.e. 4 C B implies p(A4) < p(B).
(ii) If 4, C 4, and p(4,) = p(4,), then p(4,UB) = p(4,UB) for every

(iv) There is a group G which acts transitively on @, and such that p(y(B))
= p(B) for yeG.

In this context we again define a k-set as a set B with p(B) < k, and a
maximal k-set as a k-set which is not properly contained in another k-set.

Proposition 3. Suppose k > 1 and S* is a maximal k-set with ]Sk| < urfv
where u/v is rational. Then in fact

k — k2K
(A.4) IS7] < (u/v — (4kv) ).

If we apply this with u/v = k/n we get Lemma 15.
(c) A set S C ® will be called stable if y(S) =S or y(S)NnS = for every
7€ G. If § is a nonempty stable set, then there are 7,,...,7, in G such that
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® is the disjoint union of y,(S), ..., 7,(S). A set of cardinality 1 is necessarily
stable. A set is unstable if it is not stable, i.e. if thereisa y € G with p(S) # S,
S)NS#T.

Lemma 16. Suppose that q > 1 and S is a maximal gq-set. Suppose that

p(S) =q and that S is stable. Say ® is the disjoint union of S|, ...,S, where
S, =y,(8) with y,€G (i=1,...,1).
Let Y betheset {1, ...t} andgivenasubset CC¥,say C={i , ... i},

put C* = S, U USI.p. Define a function o on the subsets C of ¥ by
p(C*)—q+1 when C#Q,
ac)={
0 when C = .
Then ¥, o satisfy conditions (i)-(iv).
We look upon ¥ as the “factor set” of ® over S.

Proof. (i) When |C| =1, then C” consists of a single set S, so that o(C) =
p(S)—g+l=qg—-gq+1=1.

(ii) We have to show that C, C C, implies d(C,) < o(C,). This is obvious
when C, =©@. When C, # @, we have 6(C,) = p(C;)—q+1 < p(C;)—g+1 =
a(C,).

(iii)) We have to show that 4, C 4, and o(4,) = 0(4,) implies o(4,UC) =
0(A,UC). The only nontrivial case is when 4,, 4,, C are nonempty. Then
A} C A4; and p(4]) = p(43), so that ¢(4, UC) = p(A]UC")—q+ 1 =
pP(AUCT ) —g+1=0(4,UC).

(iv) Since S was stable and @ the disjoint union of §,...,S, with S, =
7,(S), the group G acts transitively on the set with the ¢ elements S ,...,S,.
When /i € ¥ and y(S,) = Sj, put y(i) = j. Then G acts transitively on
Y. For C c ¥, (C)" = y(C"), and when C is nonempty, o(y(C)) =

p(((C))—a+1=p((C) =g+ 1=p(C)~g+1=0(C).
(d) Lemma 17. Suppose that q > 2 and every B with p(B) < q has |B| <

2(q - l)r'_ZH. Let S? be a maximal gq-set which is unstable. Then |S?| <
2qu‘2l_q.
Proof. Let H be the subgroup of G consisting of elements y with y(S7) =
S?. Then if G has coset decomposition G = »wHU---UyH, the sets B, =
7, (8T, ...,B, = 7,(S%) will be all the distinct images of S’ under G. Say
B, = 8% Since S? is unstable, there will be an i # 1 with B N B, # &.
There is an element of & which lies in more than one of the sets B ,...,B,,
say in v > 2 of these sets. Since G acts transitively on @, every element of
® lies in exactly v of the sets B ,...,B,, so that ® is covered v times by

B,,...,B,. Writing s = N |B,| =---=|B,|, we have
(A.S) st=vr>2r.

Since B, is a maximal g-set and since B, U B I strictly contains B, when
i #Jj,wehave p(B,UB)) > q. Now if we had p(B; N B;) = p(B,), then



224 W. M. SCHMIDT

p(Bj) = p((B;N Bj) U Bj) = p(B, U Bj.) by property (iii), which is impossible.
Therefore p(B,N B ;) < p(B;) < q, so that our hypothesis yields

1-22-4 . .
|BlﬂBj|<2(q—l)r (i#]).
Therefore for j=1,...,¢,
(A.6) |B,U--UB,| > js — (é) g -1
92—
>js=jta-r'
If it were true that .
t<a-0""sr T =y,

say, then (A.6) with j =1t yields
r=|B,U---UB/|> its,
contradicting (A.5). Thus ¢ > 1, where {, is the integer with v — 1 <1, < y.

The assertion to be proved is that

(A.7) s<2qr'? "

If this were not true, then ¥ > g/(¢—1) and y — 1 > w/q. By (A.6) with
Jj= to s
1-2274

But this does imply (A.7) after all.
(e) We now turn to the proof of Proposition 3. We begin with the case when

S* is stable. We have a disjoint union
(A.8) ®=S5U---US,

where the §; are the distinct images of S* under G. Writing s = |Sk| we
have st =r and s < (u/v)r, so that ¢ > v/u, whence ¢t > (v + 1)/u and

r u u u u 1
=-< =l-- —- < | == —
s t—v+1r (v v(v+1))r—<v 2U2)r,

which is much stronger than the assertion of the proposition.
Now when k = 1, a maximal k-set must be stable. For if not, and if S',
y(S ]) are neither identical nor disjoint, then

p(sh) = p(rS) = p(S' (s =1,

so that by (iii), p(S'U(S") = p((S'ny(S")Ur(S")) = p(»(S")) = 1, contra-
dicting the maximality of .S b
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It follows that the proposition is true for X = 1. We may proceed by induc-
tion on k. In the step from k — 1 to k we will initially suppose that every
1-set has cardinality <1.

We first consider the case when

(A.9) s = |8 < 2k,

Now if r > (4kv/ u)zk—I , we may conclude that
s < 2kr(u/dkv) = (u/2v)r,

and (A.4) follows. When r < (4kv/ u)zk_I , we use the trivial estimate

SS(%)"G):(%‘%)“ (%‘;@;:,)T)’

We may thus suppose that (A.9) is violated. There is a smallest ¢ < k& such
that there is a g-set S? with

(A.10) 159 > 277"

We may take S? to be a maximal g-set. Under our assumption that 1-sets have
cardinality < 1, we may conclude that ¢ > 2 so that 2 < g < k. Since g was
chosen smallest possible, S must be stable by Lemma 17. Since the case of
stable S* has already been dealt with, we may suppose that 2 < g < k.

We have a decomposition (A.8), where S|, ...,S, are the distinct images of
S? under G. Writing m = |S?| we have

(A.11) mt=r
so that by (A.10),

I 21-q
. < —v

Our maximal k-set S* may be written as Sk = X,U---UX, with X, CS,
(i=1,...,t). Say p(X,) =---=p(X,) =¢q and p(X,,,),...,p(X,) are
< ¢ . By the minimality property of ¢,

IXi|<2qu—22_q (i=w+1,...,0),
and
(A.13) | X

w41
by (A.12).
On the other hand we have p(X;) = p(S;,) =q for i=1,...,w. We claim
that

—22-4 _2l-q
U---UX,|<2qtr' ™ <

p(X,U---UX,)=p(SU---US)) (i=1,...,w).
This is true for i = 1, and the induction step from i to i+ 1 follows from
two applications of (iii):

p(X, U UX,UX,

i+1

)= p(S,U---US,UX,

i+1

)=p(Slu---uSiuSi+l).
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Now p(S,U---US,) = p(X,U---UX,) < p(S*) <k.

We introduce ¥ = {1,...,¢} and a function ¢ as in Lemma 16, with
respect to the g-set S?. We have just seen that C = {1, ... ,w} has ¢(C) =
p(C*Y—gq+1<k—-—g+1. Say o(C) = c. We claim that C is a maximal
c-set. Otherwise there isan [ ¢ C with ¢(CUi) =c¢ and p(S,U---US, US,) =
p(S,U---US, ) =p(X,U---UX,). Thus p(X,U---UX, )= p(X,U---UX US,)
and by (iii), p(Sk) = p(Sk US;) where i ¢ C, contradicting the maximality of
sk. Again, by (iii) we have

p(s*y=p(Sux,u--UX,)=pS US U---US,),

. k . k .
and since S° was a maximal k-set, §° contains S|,...,S, . Therefore

m|C|=|C"|=|S,u---US, | < lSkl < (ufv)r = (u/v)mt, and |C| < (u/v)t.
Since C was maximal, the case ¢ < k—q+ 1 < k — 1 of the proposition
shows that

IC| < (u/v — (4kv)—(k—q+1)2k—q+1)t

The cardinality |C*| = m|C| and r = mt. Thus from (A.13) we get

)r.

k—g+1)2k=a+! 2!
) +r

1S¥) < (u/v - (4kv) ™!

In the case when

(k—g+1)2k 2971

(A.14) r> (4kv) -2

we obtain
k u 1 — 2kt
|S |< (;—E(4k’0) )r,

which gives (A.4) in view of ¢ > 2. When (A.14) is violated we have r <
o2k —_ . . .
(4kv)l‘ *v~" and the trivial estimation

1S¥| < <E - _1-) r< (ﬁ - (4kv)"k'2k> r.
voorv v

We now turn to the case when there is a 1-set of cardinality > 1. In this case
g = 1 in the above construction. In the factor set ¥, a subset D C ¥ with
ID| > 1 has D* made up of at least two sets S, and since S, was a maximal
1-set we have p(D") > 1 and o(D) = p(D") =g+ 1= p(D") > 1. Thus ¥,
o satisfy the condition that every 1-set has cardinality < 1. Thus by what we

have already proved,

IC| < (v — (4kv) <2

).
In the present situation, since the sets X, ..., X, have p(X,) <g =1, we
have X

==X, =02 and S* = C*, so that

w+1

IS5] = |C*| = m|C| < (u)v — (4kv) ¥ P yr.



THE NUMBER OF SOLUTIONS OF NORM FORM EQUATIONS 227

REFERENCES

. E. Bombieri and W. M. Schmidt, On Thue’s equation, Invent. Math. 88 (1987), 69-81.

2. E. Bombieri and J. Vaaler, On Siegel’s lemma, Invent. Math. 73 (1983), 11-32.

3. J. W. S. Cassels, An introduction to the geometry of numbers, Grundlehren Math. Wiss., vol.
99, Springer, 1959.

4. H. Esnault and E. Viehweg, Dyson’s Lemma for polynomials in several variables (and the
theorem of Roth), Invent. Math. 78 (1984), 445-490.

5. J. H. Evertse, Upper bounds for the numbers of solutions of Diophantine equations, Math.
Centrum, Amsterdam, 1983, pp. 1-127.

6. G. H. Hardy and E. M. Wright, An introduction to the theory of numbers (3rd ed.), Oxford,
Clarendon Press, 1954.

7. J. Mueller and W. M. Schmidt, Thue’s equation and a conjecture of Siegel, Acta Math 160
(1988), 207-247.

8. W. M. Schmidt, Linearformen mit algebraischen Koeffizienten. 11, Math. Ann. 191 (1971),

1-20.

9. —, Diophantine approximation, Lecture Notes in Math., vol. 785, Springer-Verlag, Berlin
and New York, 1980.
10. —, Thue equations with few coefficients, Trans. Amer. Math. Soc. 303 (1987), 241-255.

11. —, The subspace theorem in Diophantine approximations, Compositio Math. 69 (1989),
121-173.
12. J. Silverman, The arithmetic of elliptic curves, Graduate Texts in Math., vol. 106, Springer-

Verlag, Berlin and New York, 1986.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COLORADO, BOULDER, COLORADO 80309-0426



	0030199
	0030200
	0030201
	0030202
	0030203
	0030204
	0030205
	0030206
	0030207
	0030208
	0030209
	0030210
	0030211
	0030212
	0030213
	0030214
	0030215
	0030216
	0030217
	0030218
	0030219
	0030220
	0030221
	0030222
	0030223
	0030224
	0030225
	0030226
	0030227
	0030228
	0030229

