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APPLICATION OF
THE GENERALIZED WEIERSTRASS PREPARATION THEOREM
TO THE STUDY OF HOMOGENEOUS IDEALS

MUTSUMI AMASAKI

ABSTRACT. The system of Weierstrass polynomials, defined originally for ideals
in convergent power series rings, together with its sequence of degrees allows
us to analyze a homogeneous ideal directly. Making use of it, we study local
cohomology modules, syzygies, and then graded Buchsbaum rings. Our results
give a formula which to some extent clarifies the connection among the matrices
appearing in the free resolution starting from a system of Weierstrass polynomi-
als, a rough classification of graded Buchsbaum rings in the general case and a
complete classification of graded Buchsbaum integral domains of codimension
two.

INTRODUCTION

In recent years computer scientists have been developing a constructive
method of dealing with ideals in polynomial rings, among other things, the al-
gorithm for finding a Grobner basis of a given ideal and its syzygies (see [MM]
for example). But so far, there seems to be few applications of their theory to
the structural study of ideals as compared with the case of its counterpart, the
generalized Weierstrass preparation theorem for ideals in formal and conver-
gent power series rings originated by H. Grauert and H. Hironaka (cf. [Gr],
[Ga], [H], [HU])).

Irrespective of such movement in the algorithmic study of Grobner bases,
the present author began to use the system of Weierstrass polynomials (Grobner
basis with respect to generic coordinates satisfying some additional conditions)
as the main tool for analyzing the homogeneous ideal defining a curve in P’ and
obtained a lot of geometric and ring theoretic results (cf. [A1], [A2], [A3], [A4],
[A5]). On the other hand, Gruson-Peskine in [GP] and Bolondi-Migliore in
[BM1], [BM2] succeeded in proving many theorems concerning arithmetically
Cohen-Macaulay or Buchsbaum curves in P’ with the use of what they call
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numerical character, which is in fact the same thing as the sequence of the
degrees of Weierstrass polynomials of the ideal defining the generic hyperplane
section of a curve (see (1.7)).

In view of these facts we will generalize and refine most of the results in [A1],
[A2, §§81, 2] to give a perspective of such direct and constructive approach to the
study of homogeneous ideals as mentioned above, and then illustrate how this
method can be applied in higher dimensional and codimensional cases, taking
graded Buchsbaum rings by way of example.

The first section is a preliminary part. After reviewing the generalized Weier-
strass preparation theorem, we define a numerical invariant of a homogeneous
ideal I in a polynomial ring R, the basic sequence of I. This is the sequence
of the degrees of Weierstrass polynomials of I lined up by a definite rule (see
(1.5), [A2, §1]). In §2, the relation between basic sequences and local cohomol-
ogy modules is described briefly.

883 and 4 are devoted to a detailed study of the free resolutions starting from
systems of Weierstrass polynomials. Unlike the algorithm usually discussed by
computer scientists, our method is based on a direct sum decomposition of an
R-module E of the form

s m;
(%) E=PPekixi-1)]

i=1 =1
as a k-vector space (cf. Notation), so that we do not have to care about the
ordering on monomials any more at this stage (see (3.3), [Al, Theorem 1.6]).
Moreover successive application of our algorithm determines a free resolution
for a module E uniquely by the expression (x), which we will call the standard
free resolution and denote by ¥,: L, — E (see (3.3), (3.4)). In the case E =1
(cf. (1.1.1)), though the standard free resolution ¥, : L, — I starting from a
system of Weierstrass polynomials is not necessarily minimal, it has some good
properties. Its length is exactly the one determined by Auslander-Buchsbaum’s
theorem ; a large part of the components of ‘I’p . ¢can be obtained by rearranging
those of ‘Pp for p>1;if p>(r—-c-1)/2 or 1l <p<(r-c-1)/2 and
‘Pp satisfies a special condition, then ¥ ,, can be obtained by rearranging the
components of ‘I’p, where r = dim(R),c = depth _(R/I) (see (3.5), (3.11)).
These properties are immediate consequences of our algorithm, but the proof of
them other than the first requires hard computations. The readers may proceed
from (3.4) directly to section five unless interested in (3.5), (3.11) or the proof
of (7.1).

Combining the results obtained in the first half with S.Goto’s structure theo-
rem for maximal Buchsbaum modules over regular local rings (cf. (5.1), [Gol],
[Go2, (3.1)]), in the last three sections we study graded Buchsbaum rings with
emphasis on characterization of the basic sequences of the ideals defining them.
Our results are mostly generalizations of those proved before in [A2, §§3, 4],
[AS, §2] (see (5.4)-(5.7), (5.12), (6.7), (7.4), (7.5)). It should be noted that
(5.4), (6.7) give a rough classification of graded Buchsbaum rings in terms of
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their basic sequences for all dimensions and codimensions. For the case of
codimension two or dimension two (curves), there are other treatments in M.
Chang’s recent work [C] (cf. (5.8), (7.1), (7.2)) and in [BM1], [BM2], [BM3],
[BM4], [BBM], [EF], [GM1], [GM2] etc.

Notation. (i) The ground field k is an infinite field of arbitrary characteristic
unless otherwise specified.

(i1) Let z,...,z, be indeterminates over a commutative ring K. We put
z(i)=(z;,y5---»2,) . K[2()] = K[z, ..., 2,], where K[z(u)] = K. Also un-
der this condition we denote by MAT(z(i)) the set of matrices with components
in K[z(i)].

(111) For a matrix T = (v .-,b,) In aring K with columns v,,...,0

12" Y
and a subring K’ of K, we define ImK/(‘r) ={>7 ,ava € K',1<l<q}.
(iv) The symbol @ will be used in the following two senses: (1) E'®@E" =
{(e',e"e' e E',e" €eE"Y,(2) EECE, E'CE, ENE"=0, EE@E" =
(' +e"|e' e E',e" € E"} c E. The context will make it clear which it means.
(v) Given a graded module D = €, D,, integers p,q (¢ > 0) and a se-
quence of integers w = (w,,...,w,), weset w+p = (w, +p,...,w, +p),
(w+p) =(w+p,...,w+p) and D(w) = @,_, D(w,), where D(w,), =

g times
D and the symbol & is used in the first sense.

wy+t

(/vi) Let C = @,.,C, be a graded ring generated over k = C;, by C,, ¢
its irrelevant maximal ideal and D a graded C-module. We put dim (D), =
dim,(D,),k/(D), = dim, (H!(D)),,h!(D) = >, h/(D),. The length of D and
the multiplicity of ¢ with respect to D will be denoted by /(D) and deg(D)
respectively. Note that deg(D) is the coefficient of the leading term of the
polynomial (dim(D))!}>, ,dim, (D), in ¢t >> 0, dim(D) denoting the Krull
dimension of D.

(vii) We denote the p x p identity matrix by 1 P

(viii)

(U> = L— ifv>u>0 and (U> =0 otherwise.
u),  (v—u)u u/,

u u u—1

(ix) Zy={it€Z,t>0}.

We have (";'), —(;), = (,”,), forallintegers v and u>1.

1. SYSTEMS OF WEIERSTRASS POLYNOMIALS

Let us begin by reviewing the generalized Weierstrass preparation theorem
in the case of homogeneous ideals (cf. [Gr], [Ga], [H], [HU]). We will use the
linear order < on Z(’) (r > 1) which is defined as follows (cf. [Gr, p. 179]):
(Uys.-osm,) < (vy,...,v,) if and only if there is an integer i (1 < i <r) such

that p, <v; and u =Y for i < j <r. This order is equivalent to the reverse
lexicographic order (cf. [BS, (2.1)]).
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Let R be a polynomial ring over k generated by r indeterminates y, ,...,),
and m its maximal ideal (y,,...,y,)R. We call an element of R, := Z;:l ky,
alinear form of R. The vector space R?t will be regarded as an r¢-dimensional
affine space in a natural way for > 1. Let x = (x,...,x,) be an r-tuple of
linear forms of R such that R = k[x,,...,x,]. Given a nonzero homogeneous
polynomial f =37 _, a,x"(n = deg(f)) in R, we denote by in(x;f) the
monomial aux” occurring in f, whose multiexponent x is the minimum of
{vla, # 0} with respect to the order <. Furthermore for a homogeneous ideal
I in R we define in(x;7) to be the ideal in R generated by {in(x; f)|f €

I'\{0}}.

Although the arguments in [HU], [U] are carried out with the usual lexico-
graphic order, the results in them are all valid with respect to the order < as
well as the similar results in [Gr], [Ga].

Theorem (1.1) (H. Grauert, H. Hironaka). Let I be a nontrivial homogeneous
ideal in R. Then there are integers c,m; (0 <c<r,1 <i<r—c,m; > 1),
nondecreasing sequences of positive integers n' = (ni ""’”:n,) 1<i<r-
¢) and a nonempty Zariski open subset U of R?’ such that for every x =
(Xy,...,x,) € U, one can find a system of generators {j”,ill <i<r—-c,1<l<
m.} of 1 having the following properties with respect to x .

(1) FEach f,i (1<i<r—c,1 £1<m,) is a homogeneous polynomial of
degree n,i different from zero and

r—c m;

(1.1.1) =@ fkixi - 1.

i=l [=1

(2) The monomial in(x;fli) belongs to k[x,,...,x;lx; forall i,l and

r—c m;

in(x; 1) = @ @ in(x; f)klx(i — 1)].

i=1 [=1

(3) Foreach p (1<p<r-c), let N(x;I,p) denote the linear subspace of
R spanned over k by all the monomials not contained in any

n(x; [Hkx(i—1)]  (1<i<p,1<I<m,).
Then

m;

p

{@@f,k[xz—l)]}@N(x I,p)
i=1 |=1

andmoreoverf 1nxf)eN(x I,r—c) forall i,](1<i<r-c,1<I<

m;).

Furthermore the open set U can be chosen so that the monomial ideal in(x; 1)
satisfies the following condition for every x € U .
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(4) [U, Theorem 2.2] If x}" ~~x[‘,‘”---x:" cext e in(x;I) with 1 < p <

a<r,u, >0, then x}' -~-x5”+'~-x;“’_’~-~x:" ein(x; 1) for all t such that

(“;1) #£0 (mod char(k)), 0<r<up,.

That is in(x;I) is Borel fixed (cf. [BS, (2.6)]).

Proof. The readers can find the proof for the case I is an ideal in a convergent
power series ring over C in [Gr, §2], [HU, §5], [Ga]. For 4), see [U]. A sketch
of the proof based on [HU] is given in Appendix for those who are not familiar
with these works.

Remark (1.2). (1) The system of generators described in the above theorem is
called a system of Weierstrass polynomials (cf. [Gr, §2, Definition 1]). Also we
often call it a standard basis or a Gréobner basis.

(2) The condition (2) of (1.1) implies that f/(x,,...,x,,0,...,0) =0 for
all i,/,q(0<g<i<r—c,1<l<m,). Givenaninteger p (0<p<r—1),
we put ¢ = max(0,c — p). Then the set {f['(xl ,...,xr_p,O ,.-01 €7 <
r—p-7¢c,1 <1< m;} is the system of generators of the homogeneous ideal
I:=1+4+x(r-—p)R/x(r—p)R in R := R/x(r — p)R satisfying the conditions
(1), (2), (3) of (1.1) with respect to the variables x,...,x

b r_.p M
Lemma (1.3). Notation being as in (1.1), we have
(1) foreach p (1 <p <r—c) thevector space N(x;I,p) is a free k[x(p)]-
module,
(2) c¢=depth (R/I), in particular 0 < ¢ < dim(R/I).

Proof. (1) Write each monomial of R in the form ax“x” with a € k,

o= (s iy, 0,.,0), v =(0,...,0,v, ,,...,1,) € Z,. Then ax"x" €
N(x;I,p) if and only if x* € N(x;I,p) or a = 0 by the definition and (2)
of (1.1). Hence the monomials of N(x;I,p)Nk[x, ,..-»X,] form a free basis

of N(x;I,p) over k[x(p)].

(2) Put A=R/I,c = depth_(A). We may assume with no loss of generality
that x,__.,,,...,X, is an A-regular sequence. Notice first that by (3) of (1.1)
and (2) of (1.2) the natural map ¢, : N(x;I,r—p) - 4 (c <p <r-
1) is a surjective homomorphism of k[x(r — p)]-modules, which becomes an
isomorphism when considered modulo x(r — p)k[x(r — p)]. Since ¢ is an

isomorphism, we have ¢ < ¢’ by (1). On the other hand, since x N i

r—c'—1°"
A-regular, we find Tor’l"[’—c"(k ,A) = 0,Ker(&,) ®,(,_. k =0 and therefore
Ker(¢,) = 0. In other words TN N(x;I,r—c)=0. If c < ¢, then f|°°
would be an element of 1N N(x;I,r -¢') different from zero by (1), (2), (3)
of (1.1), which is a contradiction. Hence ¢ = ¢’.

Let / be a nontrivial homogeneous ideal in R. With the notation of the
above theorem the direct sum decomposition (1.1.1) applied to I +
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x(r—p)R/x(r — p)R vyields

(1.4)  dim, (I +x(r — p)R/x(r = p)R), = —fz (‘ - R i)

: r—p—i
i=1 [=1

forall xeU, t€Z and p (0<p <r-1), where ¢ = max(0,c—p) (see (2)

of (1.2)). This formula determines the sequences n',...,n"~ uniquely one by

one along with ¢,m, (1 < i <r—c). These numerical data therefore depend
only on the ideal itself and can be viewed as an invariant for 7.

Definition (1.5). For a nontrivial homogeneous ideal I in R, let n' = (ni ey
nfni) (1 <i<r—c) be the nondecreasing sequences of integers stated in (1.1).
We call the sequence (ni),<i<r_c =(n';...;n';... ;0" the basic sequence of
I and denote it by B([/).

Proposition (1.6). Let I be a nontrivial homogeneous ideal in R -and
(nl)lSISr—c’ n'=(n;,...,n:ni)
its basic sequence. Put d = dim(R/I).
(1) We have m =1,

for 2< j<r—d and

r ni
deg(R/I) = "Z( 1) Z(r_dll_)—m,_dﬂ,
=1

where mr 41 1S understood to be zero in the case d = c.
2) n <n’Jrl for 1<i<r—c-1.
Proof. (1) Put 4 = R/I. Applying (1.4) with p =0, we get
t+r — (l—n r—i+1
I(R/I !
arient = () -2 (T
for t >> 0. Denote the right-hand side of this equality by (t) Since P(¢) isa
polynomial in ¢ of degree d with leading term deg /d' , the p-difference
t+r— t—n +r—i—-p+1
AP !
o= (") -2 ()
(g =min(r —c,r — p+ 1)) is a polynomial in ¢ of degree d — p with leading
term (deg(A4)/(d —p)!)td_” for 0 < p <d but vanishes identically for p > d .

Clearly m, = 1. For each j (2 < j < r —d), it follows from the above
observation that

) i m R A
- ()£ () o

=1 /=1
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for all integers ¢. We find therefore by putting ¢t = —1 that

Jlm,
4_'-( n,) m; = 0.
j.—

i=1 /=1
This proves the first formula. To show the second, substitute —1 for ¢ in the
identity A7P(r) = deg(4).
(2) Let {f,’ll <i<r-c,1 </ <m;} bethe system of generators of / hav-

ing the properties described in (1 1) with respect to a generic x = (x,...,X,).
Write in(x; '“) = a; ,x;" - xxlnt with a,,, € k\{0}, u,, > 0 for

1<i<r—-c-1.1t follows from (2) and (4) of (1.1) that x{" ~~~x;" ¢ in(x; 1)
but g := x| - x/“""*' € in(x;I), therefore there is an f; (1 </ < m,) such
that g = 1n(x,_j} )bx! withsome b € k\{0}, ¢ > 0. Hence n; < n, = deg(f,) <
deg( 1+l) nll+l )

Remark (1.7). (1) Note that n| = min{t|I, # 0}, m, =n, .

(2) Suppose r =4,dim(R/I) = 2,depth,_(R/I) > 1. In this case the basic
sequence of I defined in this section coincides with that defined in [A2, §1].
Moreover, let I' be the ideal in R’ := k[y,,y,,y,;] determined by the condition
R/I' = (R/T + (h))/Hg(R/I + (h)) for a generic linear form 4 € R, and let
(n: ;nf,...,nf,) (v = n:) be the basic sequence of I'. Then the numerical
character of Proj(R/I) defined and used in [GP], [BM1], [BM2] is nothing but

. . 2
the nonincreasing sequence (7, ,...,n;).

2. BASIC SEQUENCES AND LOCAL COHOMOLOGY

The basic sequence of a homogeneous ideal provides a lot of information on
the local cohomology modules of the factor ring associated with it. The purpose
of this section is to give a brief description of this fact. We fix a nontrivial

homogeneous ideal 7 in R and a generic r-tuple x = (x;,...,x,) of linear
formsof R. Set 4= R/I, c =depth, (4), d = dim(4). Let (M) 1cicroer ' =
(nl yeo n .) be the basic sequence of I (cf. (1.3)).

Lemma (2.1). If ¢ =0, there are positive integers p, (1 <1< m,) such that

my

HY(4) = @(kix,1/(x"))(~n] + )

I=1
as a k[x,]-module.

Proof. Let the notation be as in (1.1). We have n; = deg( f,’) forall i,/. There
are distinct monomials g,’ € k[x,,...,x,_,] and positive integers p, (1 </ <
m,) such that in(x; f)) = g,'x”’ by (2) of (1.1). Furthermore by the defini-
tion of the order < there is a homogeneous polynomial g, € R such that
f,’ = g,xf’,in(x;g,) = g,' for each / (1 </ < m,). Let C and D' denote
the subspaces of N := N(x;/,r) generated over k by the sets of monomials
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{x"|x"x] € N forall t > 0} and {x"|x" € N, x"x| ¢ N for somet > 1} re-
spectively. If x” € D', then x"x € @], in(x; f] )k[x] by (2) of (1.1), so that
x" = g;x!' forsome /,u(1</<m, 0 < u < p;). On the other hand, mono-
mials of this form must lie in D’ . Consequently D' = d, D, ]kg, x', N=
CeoD'. Set D=y ¥ kg,x C R. This sum is 1ndeed a direct sum, since
in(x; g) # in(x; g,) for / # I'. Note that in(x;h) € D' for h € D different
from zero. We first prove the following

Claim (2.1.1). R=1IeCo®D.

Suppose f+g+h =0 with fel, g€ C, heD. Then gx.€ CNI=0
for ¢ large enough, so that g = 0 and it follows from the equalities f =
—h, in(x;1)ND' =0 that f=h=0. Thesum I+ C + D is therefore a direct
sum of k-vector spaces. Since dimk(D') =dim (D) and R/(I® C) = D' by
(3)of (1.1), we find R=ICoD.

It is now easy to prove our lemma. Let H denote the graded k[x,]-module

I (k[x,1/(x"))(—n;+p,). We associate with each (g,%,,...,h,) € COH the
element of 4 represented by g+ Z;"z’l gh, , where h, is a polynomial of k[x,]
which represents F, (1 <1< m,). Since g,xf’ €l forall [ (1</<m,), this
yields a well-defined homomorphism ¢: C @ H — A of graded k[x,]-modules
of degree zero, which is in fact an isomorphism by (2.1.1). We may assume
that the variable x, is chosen sufficiently generally so that it is a member of
a system of parameters for A4 in the case dim(4) > 1, therefore in any case
HO(A) =0:, x: for all large enough ¢. Hence Hg(A) = H. Q.ED.

m

The short exact sequences
0—(0:,x,)(~1) — A(-1) —> x,4 -0,
0—-x,A—A4A—A4/xA—0

give rise to a long exact sequence

(2.2) H7'(A)(-1) 2 HNa)

— H7(A/x,4) — HL(A)(-1) 2 HI(4) (2 1),

since 0:, x, has finite length by the choice of x,,...,x,.

Corollary (2.3). We have the following formulae:
(1) max{t|H,(A/x(r=p)4),# 0} =n, " —1 forall p(c<p<r),
(2) Hj(A) =0 forall j,t suchthat c<j<r, th:,:J -J,

—Jj+1

(3) if j=corc<j<randn +<n” then

Hm(A),#O
fort=nfn"fl—j—l.
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Proof. (1) The basic sequence of the ideal I + x(r — p)R/x(r — p)R in
R/x(r — p)R is (n' )l<1<r » for ¢ < p < r by (2) of (1.2), so that the for-
mula follows from (2.1).

(2) If r=1,then ¢c = j =0 and Hy(4), = 0 forall £ > n, by

(2.1). Suppose r > 1 and the formula holds for smaller values of r. Put

¢ = max(0,c — 1). Since (ni)1<l<r |_z is the basic sequence of I := I +
x,R/x,R C R/x R = k[x ,...,x ,—1], we have H’ ’(A/x,A4), = 0 for all j,¢
suchthat c<j<r—1,1t> nm ]_ — j by the 1nduct10n hypothesis. It then

follows from the sequence (2.2) that H’ (A) Ny 7(A),,, is an injection for

1+1
every j,t satisfying c+1<j<r, t>n — j. Since H’( ), = 0 for all
sufficiently large ¢, we conclude that the desued formula holds except for the
case c=j=0,t> ”m, . But this case is obvious by (1).

(3) With the same notation as above, we proceed again by indution on r.
When j = ¢ = 0, in particular when r = 1, we are done by (1). Suppose
r > 1 and the assertion holds for smaller values of r. Put ¢ = n'—j —-j—-1.
It is enough to consider the case j>0. By hypothesm we have j — '1=¢ or
c<j-l<r—1and n "V 1m0 for BT) = (n), (i i s

mr 1—(j—1)+1 mMy—j—(j—
It follows therefore from the induction hypothe51s that Htf‘ 1(A /x,4),,, #0.
On the other hand H’ '(4),,, = H.(A)
depth _(4), so that H!(A4), # 0 by (2.2).

= 0 by (2) or the equality ¢ =

1+1

Since H’ (A) =0 forall j > d, the formula (3) above implies the following

Corollary (2.4). n' <n'"' for 1<i<r—-d-1.

m; — M

Proposition (2.5) (cf. [BS, (2.4)]). The regularities of I and A are given by the
Sfollowing formula:

max{t]Hr{‘(I),_j # 0 for some j > 0}
= max{t[Hr{l(A),_j # 0 for some j > 0} + 1
=max{n;|1 <i<r—c,1<l<m;j.
Proof. We will first prove the second equality. Put

t0=max{n;[1 <i<r—c,1<l<m;}.

Obviously H,{\(A),_j =0 forall j >0,1>1, by (2)of (2.3). Let j (c<j<r)
be the integer such that n,’;fj =1, and n:;f// <, forall j (¢ <) <j).
Then j=c or c<j<r and n;;f: < n,rr;fj , so that H‘f1(A)I()_j._l # 0 by (3)
of (2.3). Hence

ty—1= max{t|H4(A)1_j # 0 for some j > 0}.
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The first equality follows from the isomorphisms HY(4) = H'*'(I) (0 < j <
r —2) and the exact sequence 0 — H' '(4) — H.(I) — H'(R) — 0, since
t, >0.

0

Proposition (2.6) (cf. [EG]). The homogeneous ideal 1 has a p-linear free reso-
lution ifandonlyifn; =p forall i,|(1<i<r-c,1</<m,).

Proof. If I has a p-linear free resolution, then n]1 =p and Hlf‘(l )i ;= 0 for
all j >0, t>p+ 1. Therefore nfgp forall i,/ (1<i<r-c,1<I<m)
by (2.5), which together with (2) of (1.6) implies the necessity of the condition.

Conversely if this condition is satisfied by B(I), then I has a p-linear free
resolution by (2.5) and [EG, (1) of 1.2].

Remark (2.7). If I has a p-linear free resolution, it coincides with the standard
free resolution (see the next section) up to isomorphism.

Recall that a projective scheme Z c P! = Proj(R) has maximal rank if
and only if ho(@(t))h'(%(t)) = 0 for all integers ¢, where %, denotes the
ideal sheaf of Z .

Lemma (2.8) (cf. [A4, (1.11)]). Suppose ¢ > 1 and let Z denote Proj(A). Then
Z has maximal rank if and only if ¢ >2 or c =1 and n: < n,’”1 < nl1 +1 for
all 1 (1<1<m, ).

Proof. Note that H(%,(1)) = I,, H'(,(1)) = H\(A), forall ¢t > —1. If
¢ = depth_(4) > 2, then H_(A4) = 0 and we are done. If ¢ = 1, it follows
from (2), (3) of (2.3) that max{t|h' (5 (1)) # 0} = n,,' —2. Since n, =
min{t|h0(‘72(1)) # 0}, we get the assertion.

3. STANDARD FREE RESOLUTIONS

Following the fundamental principle described in [A 1, Theorem 1.6}, one can
construct systematically a free resolution of a homogeneous ideal which starts
from a system of Weierstrass polynomials. We will analyze the connection
between the matrices giving the pth and the (p + 1)th modules of syzygies
(p > 1) obtained by this method in a more general setting.

Let E be an R-module which has an expression of the form

(3.1) E=@Q§ejk[x(i— )]

i=1 [=1

with respect to some x = (x,...,X,) € R?' satisfying R = k[x,,...,x,],
where s,m; (1 < i <s) are integers such that 1 <s<r+1, m; >0 (1 <
i<s-1), m >1,and ¢ (1 <i<s,1 </ < m,) are elements of E
different from zero. Note that, unlike the case of homogeneous ideals, we do
not necessarily assume m, > 1 here except for i = 5. In case m; = 0, we

understand @ () =0. Let X, (1<i<s—1)and ¥/ (1<i<s,1</<m,)
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be letters and set

-1 ) m; )
VzéXiR, w'=@YR (1<i<s), W= @W
i=1 I=1

For a sequence a = (a,...,qa,) of integers with 1 <o, <s-1(1 </ < p),
we denote the element Xa, A A Xa,, of A’V simply by X, . The dual bases
associated naturally with the bases {X_},{Y,} will be denoted by {X'},{Y,"}
respectively as usual. Put
1
e0:4,4)={(t;,...t,, Ng<t, < <t,,<qgycZ”

foratriple p,q,q satisfying 0 < p < ¢'—q. The free R-module which actually
corresponds to the generators of the pth module of syzygies of E constructed
by our method is

L= @ X eY)Rc (N'V)ew

(a,i)€e(p;1,s) I=1
for each p (0 < p <s-1). Here (a,i) stands for (a,...,,,i) with a =
(al,...,ap)GZp, i €Z and in the case p =0 we understand a =Q, X, =1

for convenience sake. From now on the similar expressions will be used, if there
is no fear of confusion. To describe our results clearly we have to distinguish
many kinds of subsets of L, from one another. Put

m; )
L,=7{ @ D, eY)kx@ -1)
(a,i)€e(p;1,s) I=1
a;<g+1
o] D D ey kx|,
(a,i)Ee(p;g+2,5) =1

Ly,= @ DX, & ¥ )kix(a, - D),

(a,i)Ee(pig+1,5) [=1

for each pair p,g 0 <p<s-1,0<g<s-p-1) and L™ = L7 for
0 <p <s—1, where we understand a =3, o, =i for p=0. The superscrlpt

rem is an abbreviation of remainder. Notice that L,=L,,22 L., =
L;em = L;em 2---D L;em o1 #0. In the followmg argument we will write an

leearmap<D L —»L _, (1<p<s—1) in the form

* i,J
D, = Z (X, ® Xy @®,”
(e i)€e(p—1;1,s)
(B.J)€E(D;L ,5)

with @’/ € Hom(W',W'), and call each ®,’; a block in ®,. When
p = 1, the block <I>;;{ 8 will be denoted by (D;;’j . Furthermore, an element of
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Hom R(Wj W ) will always be identified with its matrix representation with
respect to the bases {Y/}, {¥,}.

Lemma (3.2). Let <I>p L, - L, (1<p<s-1) bean R-linear map, and
suppose that the blocks CIJ:I’/, ((a,i) € e(p — 1;1,5),(B,)) € e(p;1,5)) in @,
satisfy

B2 {4’1‘,’;; € MAT(x(a, = 1)) Jor (a,i) # (Byse v By )

@y 0 —Xp 1, EMAT(x(a; = 1)) for 1< B <ay,

where a = (By,.-.B,) =D and o) =i when p =1. Then the restriction of
®, t0 L;em is injective and we have

L

rem rem
p—1q = PplLy )L

p—1
as a k-vector space for 0 < q <s—p -1, in particular

L_,=0,(L™eL™.

Proof. See [Al, Proposition 1.2]. The proof given there works well in our case
also, because the number of the terms occurring in a polynomial is finite.

Let us go on to the free resolution of E we are interested in. First we define
an R-linear map ¥,: L, — E by setting ¥ (Y,) = ¢, forall i,/ (1 <i<
s,1 <1< m,). Since ¥o(Ly™) = E and ¥y|, . is injective by (3.1), for every
triple f,,j,l of integers satisfying 1 < B, <0 j<s,1 <1< m, , there is a

rem

unique t,//;il , € Lg™ such that

J J
€1 %p, = ¥olWp, 1)-
Let ¥, : L, — L, be the R-linear map defined by the formula

m; . , .
\Pl = Z Z(Y/jx/}l - '//;;I ’/) ® (XBI ® Y[j )
(B1.J)€e(l:l ) I=1
Then apparently this map fulfills the hypothesis of (3.2) and
Ker(¥,) =Im(¥,) = ¥, (L")

by [A1, Theorem 1.6]. The same procedure can be carried on successively with
the help of the following lemma, until we get the (s — 1)th module of syzygies
of E.

Lemma (3.3). In the situation of (3.2), suppose furthermore that 1 < p <
s —2 and that ® (L") is an R-module. Then for every (B.,j), | (B =

By Byar), (B,J) €elp+isl,s), 1 <1< m)), thereisaunique (pé‘/ eL;em
such that

j J
(3.3.1) DXy, 5 ®Y)xp =P (0 ).
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Moreover the R-linear map d>p+l tL,,—L, defined by

m; ‘ . A

= J J * J*

Py = 2 Z((sz by @Y1 )X =0y )@ (X @Y
(B.))Ee(p+151,5) =1

satisfies the hypothesis of (3.2) and

Ker(®)) = Im(®,,,) =@, (L7).

Proof. By hypothesis, the set CDp(L;em) is an R-module admitting an expression

o, L™= P eéd)p(Xa@Y,i)k[x(al-—l)],

(v, i)Ee(p;l,s) [=1
which is of the same kind as (3.1). We can therefore apply [Al, Theorem 1.6].

Let ¥,,¥, be as above, and let ‘I’p: Lp — Lp_l 2 <p<s—1) be
the R-linear maps which are determined by repeated application of (3.2) to
¥,(1 < p <s—2) inductively on p. Since L™ =L_, isa free R-module,
these maps give a free resolution for E of length s —1:

v, Y
0—L_, —5 =L — p_x—’"'"'*Ln—%—’Loi’

— 0.

s—1

Observe that this resolution is not necessarily minimal but is determined unique-
ly by the expression (3.1).

Definition (3.4). We call the free resolution of E computed by the algorithm
we have described so far the standard free resolution of E starting from {e,i 1<
i<s,1<0/<m;}.

The rest of this section is devoted to a detailed description of some general

properties of standard free resolutions. For an arbitrary increasing sequence
of integers 6 = (4, ,..-,5p) (p > 1) and a subsequence y = (J, ,...,6tl) of
d,let \y denote the subsequence of é obtained by deleting (5“ ,...,6,1 from
d, where we put 0\J = §,0\0 = & for convenience sake. When it is re-
quired to pay attention to the indices of the terms that should be deleted, the
sequence J\y will also be denoted by d{z,,...,¢,}. Given another increasing
sequence &' = (d;,...,d,,) (p > 1), we define 7(6;6") = (,,...,6,) with ¢ =
max{/|l </<p,5, < (5;,,} if 9, < 6;, and 7(d;0') = @ otherwise. Instead of
writing a free resolution of a module in the long form as above, we will often
denoteitby ¥, : L, — E.
Theorem (3.5). Let E be an R-module which admits an expression of the form
(3.1), ¥, : L, — E the standard free resolution of E starting from {e,’ll <i<
s, 1<l<m} and W'y ((a.i) €ep—1;1,9),(B,)) € &(p;1,9)) the blocks
in¥, (1 <p<s-—1). Suppose that s > 3 and that the blocks in Y| satisfy
the condition

(3.5.1) W,/ € MAT(x(B,)) for I<i<p <j<s.
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Then forevery p 2<p<s-1), (a,i)€e(p-1;1,s), (B,)) €elp;1,s), we
have

ij B i,J
= () e ) B
with q denoting the number of the terms of n(a; B) if n(e; B) is a subsequence

of B, and ‘Pﬂ 5= =0 otherwise.

The proof will be carried out by induction on p. Let 7, and t{, (1<
p<s-2, (B,j)eelp+1;1,s)) denote the maps from HomR(Lp,Lp_l) to
Homg(L, ,,L,) given by the formulae

p+1

j _ *
(3.6.1)  Th(®)=) 3 (X, AX,)® Xp)® (=)',
I=1 (y,u)€e(p—1;p+1,s)

_ J
(3.6.2) 7,(®,) = > ACH
(B.J)€e(p+1;1,5)
for ®, € Homg(L, ,L, ), where the <I>/ 10 ’s are the blocks in D,.

Lemma (3.7). Let the notation and the assumption be as in (3.5) and fix t
(1<t<s=-2), B,))eett+1;1,s). If t=1,0r 2<t<s—2 and the
conclusion of (3.5) holds for p =t, then

(3.7.1) v, (r;‘,(\y )X, ®Yf)) eL

forall | (1 §1<m ). If moreover B

(—1.min(f, s—1)

1+l— s—tor

W5 =0 forall (y,u)ee(t—1;1,s), (5,u) €e(t;1,5)
(3.7.2)

satlsfymg 7, > max(d,,f,,, +1),
then
(3.7.3) ¥, (¥, ®Y)) e L

Jorall I (1<1<m)), where in the case t =1 the condition (3.7.2) should be
understood with y =, y, =u, d,=v.

Proof. Let us consider first the case where 2 < ¢ < s — 2 and the conclusion
of (3.5) holds for p = t. Since the blocks in the linear maps ¥, (1 < )
fulfill (3.2.1), it follows from the hypothesis that

(3.7.4) \p“;; € MAT(x(max(y, — 1,4,)))

for all (y,u) € e(t - 1;1,s), (d,v) € &(¢;1,s), unless u = v and y is a
subsequence of J. On the other hand

(3.7.5) \P(';{',’},,_( n'~ ;’[ "€ MAT(x(6, - 1))
forall (J,v)ee(t;1,s), ! (1 <[<t). By (3.6.1)
‘Pot(‘l’)— > (X”®X)®""

(a,i)Ee(t—1;1,5)
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with
t+1 I _ . )
,=. U u,) J 1
= Z > (=D 5 0¥, sy € Homp (W5, 7).

(7,u)€e(t—1;8,+1,s)

The properties (3.7.1), (3.7.3) are therefore equivalent to

(3.7.1) E,’y € MAT(x(min(a, — 1, 8,,,,5 1)),
(3.7.3) = s € MAT(x(a, - 1))
for all (a,i)€e(t— 1; 1,s) respectively. Fix (a,i) € &(t—1;1,s) and put

T ={(L,y, 0|1 <I{<t+1,(y,u)€e(t - LB, +1,5)},
T'={(l,a,)1<I<t+1,8<a}cT,

T2={(l,y,j)|l <I<Lt+1,p, <y, ,y is a subsequence of B{l}} C TO,

7°=7\(T'u T,
= X U ¥y (0si<Y),
(/7 u)eT"

p=min(a, = 1,8,,).

0]

Then Ef”ﬂ = 2" and max(y, — 1, g{l},) = max(y, - 1,8,,,) forall (/,y,u)€
T°, since B,., <7, inthe case / = ¢+ 1. First of all we find by (3.7.4)
and (3.7.5) that ‘-I’:y'jﬂ/,;,) € MAT(x(a;, - 1)), ‘I‘;"’;}{,} € MAT(x(B,,,)) for
all (/,y,u) € T3, which implies that =’ € MAT(x(p)). When the condition

(3.7.2) holds additionally, forall (/,y,u) e T? the blocks satisfy
‘}’ /i{/} € MAT(x(max(y, — 1, 5,,,))) C MAT(x(a, — 1))

if o) <max(y,,p,,+1) and ‘I’("t’“(ﬁl "= 0 otherwise. Hence

t+1
=’ € MAT(x(a, - 1))
in this case. Observe that
=1 _ iyl sJ
g = Z 7 A
with w:=max{/|[1 </ <t+1,p, <a}U{0} and that

_ JJ
_}:q:” ey ¥at sy iy + Yy Y5 2 50

JJ
‘1) LA A

Il
M+

1=1
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where =' =0 in the case w =0 i.e. T' = 3. Put

14U U U,
(3.7.6) W=, — Y

my
for 1 <J, <v <s. We consider the difference = := E;”ﬂ _=3 , separating two
cases.

Case (1). Suppose T'NT?=2. Then
+

0]
I

(.

—2
—
—

Il

g(‘ Y - ¥ ¥y
t+1

-1 JsJ
LD DRCVEN S

I=w+1

Since the assumption 7' N T’ =0 implies i # j or a # B{/}{1} for any /

(1 <1< t+1), the blocks ‘I’”ﬂ{[} (1<1<t+1) liein MAT(x(a, — 1)) by
(3.7.4) and (3.7.5). Besides, ‘P’ ! € MAT(x(a, — 1)) ,\i';',;f € MAT(x(8,,,)) for
1</<w and ‘P;}[’ € MAT(x ( a,—1)) for w+1<1<t+1 by the conditions

a, <1, ﬂm < j and (3.2.1). Hence Z € MAT(x(p)). When (3.7.2) is fulfilled,

wehave v ﬁ{/}‘I” J=0forl1</<wif a, > B, +1 =max({l},,B,,,+1),
therefore = € MAT(x(a, - 1)).

Case (2). Suppose T'n7? # @ . Then i =j and « is a subsequence of S{/}
for some / (1 </ < t+1) such that , < a,. This is possible only when
T'cT? and a = B{1,n} withsome n (2<n<t+1). In this case

2

— —
-
— T

i, i, n—l i, —
=¥ sy ¥e T DT Y5 s Vs, +E

LN STIRRTN NN -/
= (1) (‘}’ﬂ"‘l’ ~ )
by (3.7.5) and (3.7.6), where

t+1 - l

ll
Z( DY Vs -
l;él n

Since B{l,n} is not a subsequence of B{/} and «a, = B{l,n} < B, for
[ #1,n, the matrix Z' lies in MAT(x(a, — 1)) by (3.2.1) and (3.7.4). On the
other hand, since «, < i, it is clear that = — = e MAT (x(a, — 1)) by (3.2.1).
Hence = € MAT(x(a; - 1)).

Thus for each (a,i) € g(t—1;1,s) the matrix E‘(ijli’ satisfies (3.7.1)", and if
moreover the condition (3.7.2) is fulfilled, it also satisfies the stronger (3.7.3)".
Since L\ inig 5o = L " if B, > s —1, this concludes the proof of our
lemma for the case 2 <t <s-2.

(1

t+1
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When ¢ =1, we have
o‘cﬂ(‘l’)_Z(l "’f

with

2 K
. Uy )
D DIDDRCHE /i
=1 u=/3/+l
and the properties (3.7.1), (3.7.3) are equivalent to

(3.7.1)" = f € MAT(x(min(i — 1, 8,,5 — 1)),

(3.7.3)" E}/ € MAT(x(i — 1))

for all i (1 <i<s) respectively. In this case, the matrix corresponding to =3
defined in the course of the above proof coincides with the sum of all the terms

occurrmg in Z ﬁj such that u # i, j. We denote this matrix by the same symbol

=}, Now apply the same reasoning as above to =} and = = :;31 - = with

the use of (3.2.1) and (3.5.1). As for Z, it may be easier to understand if we
verify the desired result directly separating the four cases (1) i < 8, < B, < J,
(2) By<i<P,<j,(3) B <i,p,<j,i#J,(4) B,<j=1i. The details are
left to the readers. Q.E.D.

Lemma (3.8). Let the notation and the assumption be as in (3.5), fix t (1 <

t <s-—2) and let r(‘l’)(’l"ﬂ ((a,i) € e(t;1,s), (B,j)ee(t+1;1,s)) be the
blocks in t,(‘¥,). Suppose that t =1 or that 2 <t <s—2 and the conclusion
of (3.5) holds for p =t. Then for (a,i)€e(t;1,s), (B,j)€e(t+1;1,s), we

have

(3.8.1) W =¥, i o < B or Bzt

If moreover

(3.82) {\ij:O forall (y,u)ee(t—1;1,s),(0,v)ee(t;1,s)
satisfying y, > 9,,

then ¥, | = t,(¥,), where in the case t = 1 the condition (3.8.2) should be

understood with y = 3,y =u,6, =v.
Proof. Let (B, j) be an element of &(t + 1;1,s) and / (1 <[ < mj) an
integer. If S such that

rem

.1 < S — 1, there is a unique Bﬂ JEL, B,

rem

(3.8.4) 0’;,, =¥, (¥ (X, ® Y/)) ~¥, (0, )€

by (3.7.1) and (3.2), while if B, , > s — ¢, the condition (3.8.4) holds with

9{, ;=0 by (3.7.3). Since ¥,_ 0¥, = 0 and ¥ is injective by (3.2),

-1 |L;’-‘_mI
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this 0;;,, must be zero. On the other hand, it follows from (3.7.4), (3.7.5) and
(3.6.1) that the map rf,(‘l’,) satisfies (3.2.1), in particular

(3.8.5) T (P)X,®Y)) = (X, 5 @Y )x, €L

The relation 0;3/,, = 0 is therefore the one obtained by our algorithm (see
(3.3.1)). Set

0, = Z Zgﬂ[® ®Yj*)

(B,))Ee(t+151 ,5) [=1

with the Gj .S determined as above. Then ¥, , = 7,(¥,) - ©,,, by the con-

struction of ¥ ., and the blocks in ©,,, satisfy ©) ’ﬁ =0if 1 <a, <8,
or B, >s—t. This proves (3.8.1). In the case where (3.8.2) is fulfilled, the

condition (3.7.2) holds automatically, therefore 0/’? ;=0 forall (8,)),/ by
(3.7.3), thatis ©,,, =0 and ¥, =17,(¥,).

Proof of Theorem (3.5). Fix an integer ¢ (1 <t <s—2) and assume that the
blocks in ¥, satisfy (3.5.1). Assume moreover that ¢ =1 orthat 2<¢<s-2
and the conclusion of (3.5) is true for p = ¢. Under this condition we will prove
that the formula in (3.5) holds for all (a,i) €e(t;1,s), (B,j)€e(t+1;1,s).
Since our assertion is trivial for all pairs (a,i),(f,J) satisfying n(a; f) =
we have only to consider the case n(a; ) # . Let (a,i) €e(t;1,s), (B,]) €
g(t+1;1,s) and suppose o, < B, ,. Put g=max{/|[1 </ <t,a,< B, }. To
begin with, it follows from (3 8.1), (3.6.1), (3.6.2) that

(3.9) ‘P(j;jﬂ= (- 1) a{l}/f{/} ifa, = B, forsomel (1 <[/ <t+1),
' 0 ifa, < B, buta, #p foranyl (1<I<1+1).
Since ‘I’ WIS ‘Pf"\’;”‘ﬂ\m if a, = B,, this formula is nothing but what we

want when t=1.Suppose 2<t<s-2.If n(a; B) = (a ,...,aq) is a subse-
quence of #, then n(a\a;; f\a;) = (a,,... ,a,) 1s a subsequence of B\a, and
(a\a)\n(e\a,: B\a,) = a\n(es B), (B\a ) \n(@\a,; B\a,) = B\n(a; ), where
(a, eesy) =0 for ¢ = 1. In this case, we find therefore by (3.9) and our
assumption that

i i
¥ = (-0
_ B \eis
e <al s B\Otl ‘P('\"I NAGT
B > g-1 ( B\ ) y
= —Sgn -1 SgNn 1 W | |
g (al P B\al ( ) & r’(a\a];ﬁ\al) y B\”(a’ ﬂ) a\n(B) ,B\n(x:p8)

B i
=0y s ) Fon

as desired. On the other hand if 7(a; 8) is not a subsequence of B, then
a, # B, for any / and \P,’,’,j/; = 0 by (3.9), or a, = B, for some / and
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W= (-1 ., by (3.9) but n(a\ey; B\a,) is not a subsequence of
B\c, . In the latter case, ‘I’a\a Py = = 0 by our assumption, hence ¥ ’ﬂ =0.
We have thus proved that if =1 or 2 <t <s—2 and the conclusion of (3.5)

holds for p = ¢, then it also holds for p = ¢t + 1. This completes the proof of
(3.5).

Remark (3.10). In the case E is a homogeneous ideal in R, its standard free
resolution starting from a basis which has the properties described in (1.1)
always satisfies the condition (3.5.1). The proof will be given in the next section
(cf. [Al, Remark 2.2]).

Corollary (3.11). Let the notation and the assumption be as in (3.5).
(1) Forall p (1 <p<s-2), wehave

— * )
l}IIH»I - rp(le)+ Z (Xa®Xﬁ)®\Pmﬂ'
(a,i)€e(p;Bpsr+1,5)

(B.))€e(p+151,s)
Bpr1<s—p

(2) Let o’ (1 <p<s—1) denote the sequence (s—p ,...,s —1). Then

p

-1 *
Y lx,en = Z(‘l) (X (13 ® X )®¥,” pl—1
=

+ (=17

w

s—1.s
oy ® Xoy) ®F

s—1

forall p (2<p <s—1). In particular, we can determine ¥__, completely by
¥, without computing ¥,,...,"¥ _,.

(3) ¥, =1,¥) Sforall p ((s—1)/2 <p <s-2) (¢f [Al, Example 2.8]).

(4) If (3.8.2) holds with t = p, for some p, (1 < p, < s~ 2), then
forall p (py < p < s—2) the condition (3.8.2) holds with t = p also and
Y, =1,¥,).

(5) If Wyor (¥,)=0,then¥ & =1,(¥) forall p (1<p<s-2).
Proof. (1) Clear by (3.5) and (3.8.1), since ‘L'p(\‘l’p)( =0if o, 2B, +
and ﬂp-H <s-p.

(2) An immediate consequence of (3.5).

3) f (s=1)/2<p<s—2,then s—p<p+1<p
e(p+1;1,s). Hence ‘Pp+ p( p) by (1).

(4) We will first show that if (3.8.2) is fulfilled for some ¢ (1 <¢<s-2),
then it also holds with ¢ replaced by ¢+ 1. Suppose that (3.8.2) is true for

some ¢ and let (y,u) ce(t;1,s), (0,v) €e(t+1;1,s). Since ¥, | = 7,(¥))

by (3.5) and (3.8), we have ¥j = (- )"I"/‘{l} sy if 7, = J; for some /
(1<l<t+1) and ‘I’“ T=0 othew1se For our purpose it is therefore enough
to consider the case /1 = J, > J, for some /. In particular we are done for
t=1.1f2<t<s~-2 and yl—é > J, for some /, then 2 </ <t+1,

4 forall (B,)) €
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y{1}, = 7, > 7, > &, = 8{l},, so that .} = 0 as desired by assumption.
Thus our assertion follows from (3.5) and (3 8) by induction.

(5) Since rﬁ(‘l’l) satisfies (3.8.5) for all (f,)) € ¢(2;1,s), it follows from
the hypothesis and the construction of ¥, that ¥, = 7,(*¥,). The blocks in ¥,
therefore satisfy (3.8.2) with ¢z = 2 by (3.6.1), (3.6.2), hence Y, =1,¥)
forall p (1 <p<s-2) by (4).

Example (3.12). (1) Set E = k = R/(x;,...,x,), s=r+1, m; =0 for
1<i<r,m, =1, =1€E. Then E=1-k, L,=(A"V)®, W' =
NV 0<p < r) and ¥, =Y (Y"'x,)® Y’“* ® X . In this case the
conditions (3.5.1) and (3. 8 2) are tr1v1al for ‘P , so that ‘P = tp(‘I’p) for all
p (1 <p<r—1) by (4)of (3.11). The standard free resolution of k starting
from {1} therefore coincides with the usual minimal free resolution of k over

R given by the Koszul complex of R with respect to x,,...,Xx,.

(2) Let E be a nontrivial monomial ideal in R = k[x,,...,x,] and suppose
that there are monomials e,i (1<i<r—-c,1<I< m;) in x,...,x, with
coefficient 1 such that e,i € k[x,,...,x]x; forall i,/ and

r—c m;

E =@ eklxi- 1),

i=1 [=1

where 0 < c<r,m; 21 (1 <i<r—-c). Then forevery triple f,,/,1
satisfying 1 < g, <j<r-c, 1<l<m we find e,xﬂ —e,,x for some i

By<i<), I (Ul <m), =00, o gy 50, 0) €
Zg , s0 that the blocks in ¥, fulfill the conditions (3.5.1) and (3.8.2). Hence
Y, = rp(‘l-’p) forall p (1 <p<r—-c-2) by (4) of (3.11). If moreover

char(k) = 0 and E is Borel fixed (see (4) of (1.1)), then with the notation
above e/ Xp, /x; € E, namely u, > 1. In this case the components of all the
blocks in ¥, therefore lie in m forall p (1 <p <r-c—1) and the standard

free resolution of E starting from {e/i|1 <i<r-c,1 </ <m;} is minimal
Note that a Borel fixed monomial ideal always has a basis as described above
(cf. Appendix, [Gr, §2], [HU, Lemma 5.6}, [Ga, §4], [Al, (2.1.6)]).

We close this section with a lemma which enables us to get considerable
information on Extj;l (E,R) from the standard free resolution.

Lemma (3.13). Notation and assumption being as in (3.5), we have

Imk[x(s—p— 1 )](llPS K] I\PS K

s—=p°’ s—p+12°°°2 s—12 s—1 )

klx(s—p+{-2)] kix(s=2)] t\gS,S tagsS—1,.s
{@I (\Ps p+I— l)}@lm (\Ps—l’ ‘Ils—l )
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forall p (1 <p<s-1) (see Notation). Moreover

Imk[x(s—2)](1\l_,s K] ’\Ils_l ,:)

s—1° s—1
_ Imk[x(s—Z)](t\Pz,—sl) o Z Irnk[x(s—l)] ((t\Pj:v])u . I\I"j:: ,S)
u>0
as a k[x(s — 1)]-module, where ‘I’i_sl =x_,1, — ¥

Proof. Let @” (1<p<s-1) beasin (3.11). Set
Qp_..] = pr-| ® WS C Lp—l N
»
! S s—1
Qp—Z = {@(pr{l,l} ® W )} @ (pr{l,p} ® W ) C LP—2
I=2

for 2 <p <s-1 and let T, st Lp_2 — ;_2 denote the natural projection.

The matrices representing the composite maps m,_,° p—llQ ' and m,_,0
-

, which we denote by Y,_, and Y, _, respectively, are made up

\}’p_ 1 |X:——PAQ;,_2

of the blocks ‘}’;’,{{1 1Y)

T;_] is a square matrix of size g, ;= m_,+@-1)m,. Since ‘P;‘,f{l)[}’w,,{,}—

Xl (i=s—1,1=pori=s2<I<p)and ¥ oy ((i,))=
(s,s=1)or (s—1,5) ors—1<i=j<s,l#1) alllicin MAT(x(s — p))
for 2 <p <s—1 by (3.2.1), (3.5.1), (3.7.4), (3.7.5), we find T T’

p—1"
xs_plquI € MAT(x(s — p)) and

1
in ‘I’p_l such that i,j = 5,5 — 1 and moreover

p—1’

r
(3.13.1)  kix(s—p— D" = Im Y (,Tf’“)
p—1
& {klx(s —p = DI™ @ kix(s = p)I" "'}
by [Al, Proposition 1.2] (cf. Notation). Put

T/l _ 1(1‘.},5 Ky _’\{15*5 (_1)1)_”‘}’5 \5

p s—=p° s—p+1° s—172

()P,

Then Im(‘}’plgp) C Qp—n@(Xg_p/\Q,/;-z) and np_zo‘llp_lo‘{’plQp is represented
by the matrix (T T'_I)T;' by (2) of (3.11), therefore the identity ¥,_, o

LT M= T
‘I‘p =0 implies
!
T
tanl! —1
%Qﬁ >=Q
p—1

Hence
Imk[,\'(s—p— l)](ITZ)

_ Irnk(.\‘(s—p— l)](lq_,s K ) o Imk[x(:—p)](lq,s K L I\Pj,_sl , !\P;v:: .s)

s—p s—p+1°
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for 2 < p <s-1 by (3.13.1) and [Al, Proposition 1.2]. The first formula
follows from this by induction on p, since it holds trivially for p = 1. For the
second, see [A2, (2.3.5)]. Recall that ‘I‘S l € MAT(x(s — 1)) by (3.5.1).

4. VERIFICATION OF THE CONDITION (3.5.1)

Let 1 be a nontrivial homogeneous ideal in R with B(/) = (n")l <i<er n' =
( .. n ) (c = depth_(R/I)) and let ¥,: L, — I be the standard free
resolutlon of I starting from the basis {f [1<i<r-c,1 <1< m} which
has the properties (1), (2), (3) of (1.1) with respect to a generic x € R?' . With
the notation of the previous section, we introduce a natural grading into the
free R-modules L, (0 <p <r—c—1) by putting deg(X,) =1 (1</<r-c),
deg(Y)=n, (1<i<r-c,1<!/<m,). Then

r-¢ : i-1
(4.1) L=@ R(-n'-p)'7)

i=p+1

as a graded R-module for 0<p<r-c-1,

L™ = @ klx(i - D)](=n")

i=1

(4.2) L r—c—p r—c i—i—1
L™= @ € klx(z— D) (=n' —p)Up=1)
t=1 i=t+p

for1<p<r—-c-1

as k-vector spaces and the map ‘Pp is a homomorphism of graded modules of
degree zero for all p. Moreover the length of ¥, : L, — I is exactly the one
determined by Auslander-Buchsbaum’s theorem, though this resolution is not
necessarily minimal in general. When r — ¢ > 2, the blocks in ¥, satisfy the
condition (3.5.1) in a strengthened form, which we will prove below. To begin
with, let us recall the

Division Algorithm (4.3). Fix an r-tuple x = (x,,...,x,) of linear forms of
R such that R = k[x,,...,x,]. Let g (1 <i<u,l <[<w,v,>0) be
arbitrary homogeneous polynomials of R different from zero satisfying

(4.3.1) in(x; g )k[x(i — 1)] Nin(x; g kx(i' = 1)] = 0

for (i,1)# (i',I'), J = D l@, pin(x; g,)k[x(i— 1)JC R and N the linear
subspace of R spanned over k by all the monomials not contained in J . Then
the natural inclusions J — R and N — R yield an isomorphism g,: J & N —
R. We define amap g,: J® N — R by

a, (Z in(x;g;)h; ,h') = Zg;h; +h
il il
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for h; €klx(i-1)] (1<i<u,1<I<y) ,h' € N and denote the projections

from J®N to J and N by pr, and pr, respectively. Put g =g, ! og, and

A=1d, —pr,oa|,. Since A(h) =0 or h < A(h) for every h € J different from
zero, the image of an element of J by the map A’ is zero for all sufficiently
large ¢. It is therefore possible to define a map k: J& N — J & N by

o0

x(h,h) ((m +Z/l)(h prNoao(idJ+Z/1'> (h))

t=1
for h € J,h' € N. Direct computations show that koo = id ook =id
hence o, = ¢, o g is an isomorphism. In other words,

(4.3.2) {@@g,k[x(z -1) }

i=1 [=1
Lemma (4.4). With the notation of (4.3) suppose that

{ in(x;g,i) €klx,,....x]x;,
'—in(x;g,i)eN
SJorall i,] (1<i<u,1<[<v,). Then

) Ug, u Vi .
8/x, € {@g "k[x(B } { 45 @g,’,k[x(i—l)]}@N

=1 i=py+11'=1
for every triple B, j,!l satisfying 1< B, <j<u, 1<I/<v,.
Proof. Let B,,j,l be a triple satisfying 1 < g, <j<u, 1<I/< v;. We will
prove first that

(4.4.2) D @in(x;g{,)k[x(i— 1)]c{ &P @gf,k[x(i— 1)]} ®N.

=B +11'=1 i=fy+1 1'=1

JON > J@ON >

(4.4.1)

Denote the left-hand side of this inclusion relation by J' and the right-hand
side by J”. Let A,k ,0, = 0,00 be the maps defined in (4.3). Given an
element in(x;g;,)x” By+1<i<u,l< I'< v, u=0,...,0,4;,...,u,) €
Z;) of J', each term occurring in {in(x;g,i,) - g,[,}x” belongs to either N
or J' by (4.4.1), therefore 4 maps J' into itself. Consequently J' = g, o
aox(J') C ay((id, +z A)(J) + N C 6,(J') + N, which shows (4.4.2).
Write g/ = Y, a,x". Suppose a, # 0 and x"xﬂl = in(.x;g,i,)bx” e J for
some v = (v,...,v,), I (1 <1< u), ! (1< I' < v), bek, p=
(0,...,0,4;,...,1,) € Zg. Since f, < j, we see by (4.3.1) and (4.4.1) that
X7 x™ ¢ J, therefore (1) i= B, pg =0, p=(0,....,0,05 ..., 1)
or (2) i > B,. In the first case we have x"xﬂl = in(x;g,,')bx” = g,',g'bx” +
{in(x; gf") — gl ybx" € gl bx" + Nx" c gf'bx" + J' + N by (4.4.1), while in
the second case, clearly x"x, € J'. Since J' + N c J" by (4.4.2), this implies

that g/x, € {@}", &f'kIx(8,)1} &7
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Proposition (4.5). Let the notation be as in the beginning of this section and let

‘P;,‘]j (1<i<r—c,(B,,j)€e(l;1,r—c)) bethe blocks in ‘¥, . Then

(1 ‘P;;II—Ofor 1<i< By,

(2) Wy ex(j - )MAT(x(max(i - 1, 8,))) for B, <i<j.
Proof. (1) Foreachtriple 8,,j,l (1<, <j<r-c,1<l<m,), it follows
from (1), (2), (3) of (1.1) and (4.4) that

) mg, r—c m
x-S ste 5 3 5n
I'=1 i=p+11'=1

with hl, € k[x(max(i—1,8,))] (B, <i<r-c). Hence ‘I’;,’lj =0 for 1 <i< g,
and ‘I’ﬁ '/ € MAT(x(f,)) by the construction of ¥, .

(2) Note first that ¥, satisfies (3.2. 1) Fix (B, ,]) €e¢(l;1,r—c). Then the
identity ¥, 0¥, =0 1mp11es S l(fl . f )‘P’ = 0. Substltute 0 for x,

for all ¢+ (j <t <r) in this relation and let f , (resp. ‘I’ ) denote the result-
mg polynomial lying (resp. matrix with components) in k[xl oo Xyl Since

f =0 for j<i<r-c,the above relation becomes Z f] yeo ’7;1,)¢;1J =
0, from which follows that ‘P =0 forall i (1 <i<j-1) by (2)of

(1.2) and (3.2.1). The components of ‘I’B’ are therefore all contained in
x(J = Dk[x(max(i — 1, f,))] for B, < i < j by (3.2.1) and the last part of
the proof of (1).

Corollary (4.6) (cf. [A2, Proposition 2.4]). With the notation above, suppose
0<c<r-2. Then

Hom, (H, (4),k)(r) = Coker(¥,_ __,:
XA A X

\%

\
L —)Lr—c——l)

r—c—2

) ® Y,'_C*)kIX(r —c—1)]

~ r—c—1
- klx(r—c—1)], \ggr—c,r—c\u tgyr—c—1,r—c
Z:1420(/Yl /\“'/\Xr—-c—l) ®Im (( \Pr c—1 ) LPr c—1 )
with W~ "7 =x,_ 1, =W, where the second isomorphism stands

for that of k[x(r—c—1)]-modules. In particular Homk(H;(A) ,k) has a minimal
free resolution of the form

= k[x(r—c—1D])(n"""=c—1)— Hom, (H,(4),k) = 0

as a k[x(r —c — 1)]-module.

Proof. The first isomorphism is nothing but the local duality. The second fol-
lows from (2) of (3.11), (3.13) and the direct sum

r—c—1
m,, { @ Im klx(/— l] r c.r— C)}@k[X(V—C— 1)]m,_k-'
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The minimality of the generators (X, A--- A X

r—c—l)* ® er—c* (1 S 1 S mr_c)
over k[x(r —c — 1)] follows from (2) of (4.5).

5. GRADED BUCHSBAUM RINGS

We will extract from the results of the preceding sections some consequences
which characterize the basic sequences of homogeneous ideals defining graded
Buchsbaum rings (cf. [SV, Chapter I, Definitions 1.5, 3.1]). In the argument
below a crucial role will be played by the structure theorem for maximal Buchs-
baum modules over regular local rings due to S. Goto. In the graded case it
reads as follows.

Thecrem (5.1) ([Gol], [Go2, (3.‘1)]). Let S be a polynomial ring over k in u in-

determinates z,,...,z, (u> 1), n itsmaximal ideal (z,,...,z,)S, (K,(S),0,)
the Koszul complex of S with respect to z = (z,,...,z,) and Syzf(k) =
Kj(S)/Im(BjH) for 0 < j < u. Then a finitely generated graded S-module

E of dimension u is Buchsbaum if and only if
E = Syz) (k)(-w’)
j=0

as a graded S-module with suitable sequences of integers w = (w{ e w{;/)
(0 < j<u), where w' =@ and Syzf(k)(-wj) =0 if v, = 0. Moreover in
this case, the sequence w’ is determined by the isomorphism H/(E) = k(-w’)
up to permutation and v; = h,(E) for each j (0<j <u).

In addition to this theorem we need the following

Lemma (5.2). Let S =k[z,,...,z,] and n be as above and let
0O—-E—G -G —->~-~—>G2——>Gl—>M—>0

u—u u—uv—1
be an exact sequence of finitely generated graded S-modules such that v =
dim(M) < u and G, (1 <p <u—v) are free. Then H)(M) = HIT™(E),
Ext)(k, M) = Ext};""""(k,E) for 0 < j < v, H/(E) = Extj(k,E) = 0 for
0<j<u-v and M is a Buchsbaum S-module if and only if so is E .

Proof. The isomorphisms of cohomology modules are easy to verify. Since we
have a commutative diagram

Ext}(k, M) —— Ext."""(k,E)

l I

H/(M) —— H/"(E)

with canonical vertical homomorphisms for all j (0 < j < v), the module M
is Buchsbaum if and only if so is E by the cohomological characterization of
graded Buchsbaum modules (see [SV, Chapter I, Corollary 2.16, Theorem 3.7]).
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Remark (5.3). Note that

u—j+1

Sy} (k) @k[zz—l HU) fori<j<u

by (1) of (3.12) or directly by [A1, Proposition 1.2].

From now on we will fix a nontrivial homogeneous ideal 7 C R. Let x =
(x,,...,x,) be a generic element of R?'. Put 4=R/I, c=depth (4), d =
dim(4), B(I) = (n'),c,,_, With n' = (n},...,n} ) and 4% = 4/x(r - p)4
for 0<p<d. o
Theorem (5 4). Suppose that A is a graded Buchsbaum ring and let w =
(wl yen wh, ) ) be a sequence of integers such that H’ (A (A) = k(~w ) for each
Jj (c<j<d). Then

: P

() 7" =(w +j+ 1)(1))C<j<p up to permutation for every p (¢ <p <

d), o
. d
(2) (w' +j+ 1)( J ))c$j<d is a subsequence of n"~? up to permutation.

Proof. (1) For each p (0 < p < d) the ring A% is also Buchsbaum and
mH°(4%") = 0, therefore

(5.4.1) HO(AP) = k(=n"7 + 1)

for ¢ <p <d by (2)of (1.2) and (2.1). On the other hand, since x,_ qH‘i(A(q))
=0 forall j,g (0<¢g<d,0<j<d-q), wefind

A9 j NGO TRENGS
(5.4.2) @H () =P k(-w’ - )t
Jj=c

for ¢ < p < d, applying (2.2) to AD and its parameter x,_, for0<g<d-1.
Compare (5.4.1) and (5.4.2).

(2) We denote the ring k[x(r — d — 1)] by S and its maximal ideal
x(r—d-1)S by n. Let {f/|l<i<r-c,1<I<m;} beasin (l.1)and let J
denote the S-module ) “d-i [ f,’k[x(i— 1)]. Consider the exact sequence

0—-1/J—-R/J—-A—-0

of graded S-modules. Since [(R/J ®¢; S/n) = [(R/I + x(r —d — 1)R) < 00
by (2) of (1.2), the S-module R/J is finitely generated and free by (3) of
(1.1) and (1) of (1.3). Moreover 4 is a Buchsbaum S-module by hypothesis.
It follows therefore from (5.2) that 7/J is a Buchsbaum S-module such that
H(4) = H/(4) = H/*'(1/J) forall j (0 < j < d) and H (I/J) =
Consequently

d-1 ‘
(5.4.3) 1)J = {@Syzf+l(k)(—wj)} & S(-w)
Jj=c
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by (5.1), where w is a suitable sequence of integers. This isomorphism and
(5.3) yield

1R

(5.44)  I/J

d-1 d ) »
{EBEBk[x(r—p—l)](—w’—J—1)(1) @ S(-w)

Jj=c p=j

d-1 p ‘ »
{@@k[x(r—p —)(~w’ —j- 1)‘1)}
p=c j=c

d-1 ‘ d
® {@S(—w’ —j- 1>(f)} ® S(-w),

J=c

while the formula (1.1.1) implies

d—1
117=S(-n""e {@ k[x(r—p - 1)](—n"")} :

p=c

With the use of these expressions for //J, dim,(//J), can be computed in
two ways and by (1) we find

d—1
dim, (S(-n""), = 3" dim, (S(-w’ — j - 1){ 7)), + dim, (S(~w)),
j=c

d
J

forall 1€ Z. Hence n"™ = ((w’ +j + 1)( ))C$j<d,w) up to permutation.

Corollary (5.5). Let ¥,: L, — I be the standard free resolution of 1 starting
from the basis described in (1.1). If A is Buchsbaum, then Im(¥,_,_|) isa
graded Buchsbaum R-module and the maps ‘Pp (0<p<d-c) yield a
minimal free resolution of Im(‘¥,_,_,).

+r—d—1

Proof. Let E denote Im(‘¥,_,_,) and let ®,: F, — E be a minimal free
resolution of E. It follows from the hypothesis and (5.2) that E is a graded
Buchsbaum R-module and moreover E has another free resolution ¥, ., ,:
L,, _,_, — E given by the maps ‘I’p+,_d_l (0 < p <£d—c). With the notation
of (5.4), E is isomorphic to the direct sum of

d—1 ,
@ syz,,_, (k) (-w’)
Jj=c
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and a free R-module by (5.1), (5.2), so that F, = 0 for p > d —c and
rank(F)) = yr (P d)h’( ) for 1 <p <d —c. On the other hand

j=c

r—c l—l
rmmﬂL”“””)z_E: <p+r—d—1)mi

i=p+r—d
= & i—1 ><r—i> j
= > > ) R(4)
,p+r dj_c<p+r~d—l Jj
i—1 )(r—i) j
=Z Z )l (a4)
J=C i=p+r— d<p+r— —1 J

2 (aplralt
=> . hl (A)
= N\jtp+r-d
forall p (1<p<d-c) by (4.1), (1) of (5.4) and an elementary formula
g t\ [v—t v+1 ' /
oJ. / = ! ) - bl Z .
(5.5.1) ;(u)<u ) (u+u+l> (u,u >0,v>u+u)

Hence dimk(Torf(k,E)) = rank,(F,) = ranky (L
which implies our assertion.

p+r_d_1) for 1<p<d-c,

Corollary (5.6). Suppose A is Buchsbaum. Then

m,_ d_Z( >h’(A)

in particular '
(1) c=0, B2(4)=1, h’(A) 0 (0O<j<d)ifr-d=1, c<d,

(2) min{tll, # 0} > X/ (Yhl(4) if r—d =2.

Proof. An immediate consequence of (2) of (5.4). Recall that m; =1, m, =
n, = min{t|I, # 0} (see (1) of (1.6) and of (1.7)).
Corollary (5.7) (cf. [EF, §5], [GM1, §3]). Suppose that ¢ > 1 and that Z =
Proj(A) is an arithmetically Buchsbaum subscheme of P! with dim(Z) > 1
which has maximal rank. Then hl(‘fz(t)) =0 for all integers t or

ny —2 < min{t|h'(7,(1)) # 0} < max{t[h' (F,(1)) #0} < n; — 1
where %, denotes the ideal sheaf of Z .
Proof. If ¢ = 1, then = w42 up to permutation by (5.4), where w'

is a sequence of integers such that €, Hl(gfz(t)) = k(—wl) . We therefore get
the inequality by (2.8).

Remark (5.8). (1) The above results (5.4), (5.5), (5.6) generalize the essence
of the structure theorem for arithmetically Buchsbaum curves in p’ proved in
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my previous work [A2]. There the case 1 < ¢ < d = 2,r = 4 was treated
exclusively. Recently M. Chang in [C] gave another structure theorem for the
case 1 <c<d=r-2,r>4, with the use of which she obtained the inequal-
ity stated in (2) of (5.6) (cf. (7.1), (7.2)). Note that our generalization above
includes the case ¢ =0 also.

(2) We will show in the next section that the lower bound estimate for the
minimal degree of the generators of I described in (2) of (5.6) is sharp. This
estimate, however, does not hold when » —d > 3, as seen by the following
example. Put c =1, d =2, r =5 and let I be the ideal in R generated
by x;,x,xix) (u+v=1), xix) (u+v=1t+1), xxixi 'x x;‘“xﬁ’ 'x,
(u+v=t,v>1) for t >1. Then Hm(A) _O,Hm(A) = k(- t+ 1)" and 4 is
Buchsbaum with ”11 =2, E;zo (?)hi(A) =2t.

(3) When A is Buchsbaum with ¢ =1, d =2, r =4, there is a sequence
w such that n’ = (n3 n’ ,w) up to permutation by (5.4). Let n3{1} denote
(ng ,...,nfm). Then the numerical character of Proj(A4) is (n3 - l,w) if

nl3 > n!l and (n3,n3{1}— l,w) if n]3 = n: , up to permutation (cf. (2) of (1.7)).

Next we will give a necessary and sufficient condition for 4 to be a graded

Buchsbaum ring in terms of the invariants m,_, , and hi(A) (0<j<d).

Lemma (5.9). Let M be a finitely generated graded R-module of dimension v
and z,,...,z, a homogeneous system of parameters for M . Then

h(M/(z,,... i( )h"“

j=0
for each pair p,q satisfying p >0, 0<p+q <v. The equality holds if and
onlyif z,, HX(M/(z,,...,z)M) =0 forall j,t suchthat j >0, 0<t<p,
0<j+t<p.
Proof. An immediate consequence of the long exact sequences of the form (2.2)
applied to the pairs M/(z,,...,z)M, z,, (0<?¢<p) instead of 4,x,.

Lemma (5.10). Let M be as above with v > 1 and z,,...,z, a homogeneous
system of parameters for M consisting of linear forms. Then

(5.10.1) [M[(z,...,z,)M) — deg(M Z( ) M)

with equality if and only if z HI{I(M/(ZI yeens 2, )M) =0 forall j,t such that

j>0,t>0,0<j+t<wv.
Proof. The module M":= M/(z,,...,z,_,)M fulfils

> -1

1+1

lo(M" )z, M") — deg(M") = 1,(0:,,, z,) < ho(M")

with equality if and only if z, Hg(M ) = 0 by [AB, Corollary 4.3]. This together
with (5.9) shows what we want.
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Proposition (5.11). Let M be a finitely generated graded R-module of dimension
v > 1 and suppose that there is a Zariski open subset U,, of R?” such that
[o(M/(z,,...,2,)M) < 0o and the equality holds in (5.10.1) forall (z,...,z,)
€ U,,. Then M is a Buchsbaum R-module.

Proof. The hypothesis implies that zIH:,(M ) = 0 for all generic z, and j (0 <
Jj <) by (5.10), therefore mH’ (M) =0 forall j (0 < j <w), in particular
M is a Buchsbaum R-module if v = 1. Suppose that v > 2 and that the
assertion is true for modules of smaller dimensions. Let g be a homogeneous

polynomial of positive degree and (z,,..., z,) an arbitrary element of U,, such
that z,,...,z,_,,g isasystem of parameters for M . Set M' = M/gM ,M" =
M/(z,,...,z,_,)M . Since z,UH[?‘(M") = 0 for all generic z, by hypothesis

and (5.10), M" is a Buchsbaum R-module. Moreover it follows from the latter
half of (5.9) that

(75 =5 (1) w2 o)

v—1 .
= (” B l)h,’n(M) =l (M").
o/
We find therefore with the use of elementary properties of multiplicity that
LM [(z,,....z,_ M) =1 (M"/gM")

»Zy_y
" 0 " / 2 v -2 j
= e((e) M)+ HM") = degar)+ 3 (2"
j=0
for all (z,,...,z, ,) contained in a certain Zariski open subset of R?(”—l).
Hence by the induction hypothesis M’ is a Buchsbaum R-module. Now let
& ,---»8, be an arbitrary homogeneous system of parameters for M. As we
have just seen M/g, M is a Buchsbaum R-moduleand 0:,, g, =0:, m. The
sequence g, ,..., g, is therefore a weak M-sequence, hence M is Buchsbaum

by [SV, Chapter I, Theorem 3.7].
Theorem (5.12). We have

14
12. PYw!
(5.12.1) m,_, < ,Z::o (j)hm(A)

SJorall p (c <p <d). Moreover the following three conditions are equivalent:
(1) A is a Buchsbaum ring,
(2) equality holds in (5.12.1) forall p (c<p<d),
PRI
(3) m_ ., = Z,‘:ol (djl)hi\(A)'
where we understand m,_, , =0 when c=d.
Proof. Since the case ¢ = d is trivial, we will assume 0 < ¢ < d. It follows

from (2) of (1.2) and (2.1) that m,_, < hﬂ(A“’)) for ¢ < p < d, which together



THE GENERALIZED WEIERSTRASS PREPARATION THEOREM 31

with (5.9) yields (5.12.1). To prove the equivalence of (1), (2), (3), note first
that

(5.12.2) m,_gy; = Lo(4'") - deg(4).

In fact
(d) (d) r—d i n
1A = deg(a) = -1 0 ()

by (1.6) applied to /+x(r—d)R/x(r—d)R — R/x(r—d)R = k[x,...,x,_,],
therefore deg(A4) = IR(A(d>) —m,_,., again by (1.6). Now the implication
(1) = (2) follows from (1) of (5.4), (2) = (3) is trivial and (3) = (1) follows
from (5.11), since (5.12.2) holds for every generic r-tuple x = (x,,...,x,) of
linear forms of R.

6. AN EXISTENCE THEOREM

Let ¢,d,r be nonnegative integers satisfying ¢ < d <r, d > 1. We
denote by Fy(c,d,r) the set of sequences of integers larger than one, of the
form (n'), ¢, = (n';...;n";...;n"™%) with nondecreasing sequences n' =

(n: eens ":n,) (m; > 1,1 <i<r~c), which fulfill the following conditions.

(6.1) There are monomials g,i €kly,,....yly;, 1<i<r-d,1<[1<m)
different from zero such that deg(g,) = n, forall i,/, gk[y(i—1)]n
g kly(i' = 1)1 =0 for (i,l)# (i',/') and the set

r—d m;
J:= DD gkyi-1]
=1 I=1

is a Borel fixed ideal in R with dim(R/J) =d, where y = (y,,...,»,)
is an r-tuple of indeterminates over k and R = k[y,,...,»,].

(6.2) There are sequences of integers w’ = (w{ yene ,wf,'/) (c < j < d) which

have the properties (1) and (2) of (5.4) with respect to n" ¥ (¢ <p <
d).

Likewise we denote by #,(c,d,r) the set of nontrivial homogeneous ideals in
R such that the factor rings defined by them are Buchsbaum of depth ¢ and

dimension 4. Recall that by definition an ideal J generated by monomials
in y,,...,y, is Borel fixed if and only if H:ZI(Z;;: a;y, +y)" €J forall

MM_yeJ,a,ek (1<j<i<r). Since B(I) € HBylc,d,r) for every
I € #Zy(c,d,r) by (1.1) and (5.4), the assignment [ — B(I) induces a map
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from #Z;(c,d,r) to Sy(c,d,r). The purpose of this section is to prove that
this map is surjective at least in the case char(k) =
The notation being as above, we will assume for a while that

(6.3) g,’_dyp/yr_deJ forall/,p (1<I<m, ,,1<p<r—d)

instead of the Borel fixedness of J. This condition always holds when char(k)
= 0 and J is Borel fixed. Put S = k[y(r —d)],n = y(r —d)S C S and
let (K,(S),0,) denote the Koszul complex of S with respect to y(r — d) =
(Yy_gs1s+-+»Y,) . First we find by the proof of (1.3) that R/J is a finitely gen-
erated graded free S-module with basis {y"|y" € k[y,,...,»,_,I\J}, in partic-

. d
ular R/J is Cohen-Macaulay. On the other hand, since ((w’+j+ 1)( J ))C <j<d

is a subsequence of n 4 up to permutation by hypothesis, there is an injective
map z‘{j Ile<j<d,1<l<v,1<1< (‘j’.)}—>{l|1 <l<m,_,} such
that n . , "
monomial g' I is a member of the free basis of R/J over S as described

= wlj +j+1 forall j,/,t. Put gj’,’[’, = gl’(;j)t)/yr_d. Then each

above and deg( g1 = w, + /. Moreover since rankg(K (S)) = ( ), we may

regard @,zfl gj’,’,S<—> R/J as the graded S-module Kj(S)(—w,) for all j,!/
(c<j<d,1<l<wv). Let f, (1 <ucx (j:i—l)) be the homogeneous
d
polynomials contained in ZI(ZJ]) g; i which correspond to the generators of
Im(8j ) CK j(S) through this identification for each j,/ and let / denote the
ideal in R generated by {f,, lc<j<d,1<I/<v,1<u< (2)} and J.
Put 4=R/I.
Proposition (6.4). Assume (6.3). Then with the notation above A is a graded
Buchsbaum ring such that H!(A) = 0 for 0 < j < ¢,H!(4) = k(-w’) for
c<j<d, depth (A4) =c and dim(4) =d
Proof. 1t follows from (6. 3) that the graded S-module A4 is isomorphic to the
direct sum of @ @}’ | K;(S)(—wj)/Im(9,,,) and a suitable free S-module
C. Since deg(g]” ") > 2 for all [ (1 <[ < m,_,) by hypothesis, this C
contains S as a direct summand by the construction of /. Hence dim(4) =4,
H!(A4) = H!(4) = (S/n)(—w’) for ¢ < j<d, H.(4)=0 for 0< j<c and

Jj+1

d—1
(6.4.1) deg(A4) = deg(R/J) — Zdeg(lm( +1))
j=c
d—1
=1o(R/J +(z),....2.)R) = > (d; 1>h"“(A)

j=0

Put z, = y,_,.. — ZZ;‘I’ b,.pyp for 1 < i < d with arbitrary b,.p € k. Since
Jiiu € E,g;./‘,n and gj/.‘,),yp € J for 1 < p <r—d by (6.3), we find
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A/(z),...,z,)A = R/J + (z,...,z;,)R. Moreover the d-tuples of the linear

forms z ,...,z, defined as above constitute a certain Zariski open subset of

the grassmannian of d-dimensional k-vector subspaces of R,. Therefore A

satisfies the hypothesis of (5.11) by (6.4.1) and hence is a Buchsbaum ring. To

verify depth_(A4) = c it is enough to notice that v, > 1 by (6.2) when ¢ <d.
For the computation of B(/), we need the following

Lemma (6.5). Let J C R be a Borel fixed ideal generated by monomials in
Vys-..,¥, and let Y be an invertible matrix of size r with components in k
satisfying det(T(,l‘.‘.’l,p>) #0 forall 1 <@, << i,<r (I<p<r), where
T Gy o) denotes the square matrix of size p whose (q,q')-component is the
(i, ,1,)-component of Y. Then for each monomial H Vi " e J there is a
homogeneous polynomial f € J such that in(x;f) = H:zl xl. with respect to
~1
X =(X;,...,x,) = (yl,...,yr)"f
Proof. By elementary linear algebra there are a lower triangular invertible ma-
trix Y' and an upper triangular invertible Y = (u;'j) satisfying T = Y'1",
so that (x, ,...,xr)"r" =(y ,...,y )’T'_l It follows therefore from the Borel
fixedness that f:=T,_,(3}_, v f ])“’/HI (v € J for each monomial [];_, v/
€ J. Clearly in(x; f) =]]._, x"
Proposition (6.6). Let the notation be as before and suppose that the ideal J
defined in (6.1) is Borel fixed and satisfies (6.3) as well. Then the basic sequence
of the ideal I given by the above method coincides with (n’)l <i<r—c-
Proof Let x = (x,,...,Xx,) be a generic r-tuple of linear forms of R and let
4 '(x) denote the monom1a1 in x obtained from g, by substituting x for y for
each 7,/. By (6.5) there are homogeneous j; €eJ(1<i<r-d,1<l<m)
such that in(x; f;) = g/ (x). Let f['<") denote f;(x, yoesX,_,,0,...,0) for
0 <p<r. Since in(x; f)k[x(i — D] nin(x; £ )k[x(i' = 1)] = 0 for (i,l) #
(i" ;1) by (6.1), it follows from (4.3) that the sum

r—d m

=SS fkix(i-11cJ

i=1 I=1
is direct and therefore dimk(J'), = dim,(J), for all ¢ > 0. Hence J =17.
Moreover since f,’“’> =0 forall i,/,p 0<r-p<i<r-d,1<[<m,)),
we have

r—p m;
(6.6.1) J+x(r—p)R/x(r - p)R =D £} klx,.....x,_,]

=1 [=1
for d < p <r-1. Let (n'),_,., . be the basic sequence of I. First
x(r—=d)R=(z,,...,z,)R with suitable linear forms z,...,z, defined as in
the proof of (6.4), so that I +x(r—p)R/x(r—p)R = J+x(r—p)R/x(r—p)R for
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d < p <r—1 by (6.3). Computing dim, (J +x(r—p)R/x(r—p)R), with the use
of (6.6.1), we find therefore by the observation preceding (1.5) that n' !
for 1 < i < r—d. Secondly since 4 is Buchsbaum with depth_(4) = ¢,
dim(A4) = d by (6.4), it follows from (5.4), (6.2) and (2) of (1.3) that d=c,

1"

n'=n'for r—d+1<i<r—c. Thus B(I)=(n"),c,_.-

Il
3

Corollary (6.7). Let c,d,r be nonnegative integers satisfying ¢ <d <r,d > 1
and suppose char(k) = 0. Then for every (n'), . i<r—c € Bylc,d,r) there exists

a homogeneous ideal 1 € #,(c,d,r) such that B(I) = (ni)lS,.S,_c.

Corollary (6.8). The lower bound estimate described in (2) of (5.6) is sharp when
c<d.

Proof. Suppose d = r—2 > 1,c < d. Given nonnegative integers v ; (c <

. .. . . d—1 d _ _
J <‘d) dand a positive v, with n = Zfzf (,-)Uj >2,weput my=1,m,_, =
S _l)(?)vj for c<p<d, n=nforal i,] 1<i<r-c,1¢<

Jj=c
1 . v . 1 2 -1
I<m), w =(n-j-1)" forc<j<dand g =y, g =y 'y, for

1</ <m,=n. Apply (6.4) and (6.6).

Remark (6.9). (1) We gave a proof of (6.7) forthecase c=1,d =2, r=4
by another method in [A2, Lemma 4.2]. In this case we know more. According
to [BM3, §4] every element of %,(1,2,4) is realized by the ideal defining a
configuration of lines in P® which is arithmetically Buchsbaum. .

(2) The choice of the monomials g,’ is not unique. If even though g,’ ’s do
not fulfill (6.3) the Borel fixedness of J implies the existence of other mono-
mials g," (1<i<r-d,1 <1< m,) satisfying (6.3) as well as the condi-
tions in (6.1), then (6.7) holds without the assumption char(k) = 0. But we
have not yet succeeded in proving such implication except for the simple cases
r-d=1,2,3.

7. GRADED BUCHSBAUM INTEGRAL DOMAINS OF CODIMENSION TWO

We will give a characterization of the elements of %y (c,d,r) corresponding
to graded Buchsbaum integral domains in the case d =r—2> 2, char(k) =0.

Let (”’)15i§r—c be an element of Fy(c,r —2,r). Then m =1, m,=
nll < nf < ng < ... < ”,2", and there are nondecreasing sequences w =
(w,,...,w,), w =(w{,...,w,’u) (c < j <r—2) such that

2 J . r=2 r—p J . P
n= (' + i+ )y, = i+ DU

for ¢ < p < r—2 up to permutation respectively. Note that they are determined
uniquely by this condition. We begin by proving the existence of what M. Chang
calls Q-resolutions (see [C, §0]) in such a way that the connection with standard
free resolutions becomes clear. Fix (nl)]<i<r—c € By(c,r=2,r) (r>2), w ,w’
(c<j<r=2).
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Proposition (7.1). Let I be a homogeneous ideal in R belonging to
Ay(c,r—2,r) with B(I) = (nl)lgigr—c' Then we have an exact sequence of
the form

r=3
0— R(—w — 1) {@R( = o) }
Jj=c

r—3
R .
— R(—nll) ® R(-w) @ {@Syzj+l(k)(—wj)} —I1—-0.
Jj=c
Proof. First of all H.(R/I) = 0 for 0 < j < ¢, H/(R/I) = k(-w’) for
¢ < j < d by (1) of (5.4) and the uniqueness of w’’s. Let x = (X[ 50005X,)
be a generic r-tuple of linear forms of R, f,l the polynomial in / described
in (I.1) (i=1=1), S=k[x(1)], J=f'R and N =@" ;' x'S c R. Then
I/J has the direct sum decomposition (5.4.4) as a k-vector space. Denote the
homogeneous polynomials in 7NN = I/J corresponding to the generators of

: p
the direct summands of the form k[x(r—p—1)](~w’ —j — l)( 7) on the right-
hand side of (5.4.4)by g/ * (c<p<r-3,1<I< m,_,orp=r-2,v+1<
[ < m,). Since (5.4.4) is obtained from (5. 3) and (5.4.3), we have

(7.1.1) Z g,S+ZZ'g,S EBsyzj+l (k)(~w”).
l=v+1 i=3 [=1

Put gll = f]l and let g, (1 <1 <w) be the homogeneous polynomials in /NN
corresponding to the generators of S(—w). Obviously

r—c m;

1=@Pgkixi-1)]

i=1 =1
We will look carefully into the standard free resolution ¥,: L, — I of I
starting from this basis. With the notation of section three put

m, r—c m )
- (@ Y,ZS) ® <@€BY,’S> :
[=v+1 =3 [=1
m;

L= @ P ey)s forl<p<r—c-2.
(v, )EE(P2 ,r—c) =1

Claim (7.1.2). ‘P;;l‘j and the upper v rows of ‘1’2“" are zero forall g,,; (2 <
ﬂl < ./ <r- C) .
Claim (7.1.3). The maps ‘{’p|Lp (0 < p <r-c-2) yield the minimal free
resolution of EB'.: Sysz (k)( —w’ ) over S given by Koszul complexes.

The first claim follows immediately from (7.1.1), and so does the second since
the standard free resolution of Sysz(k) coincides with 9

o+j+1: Ko+j+l(S) -
Syz), (k) by (3.12).
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Consequently ‘P = MAT(x(/} ) for 1 <i< B, <j<r—c, g >2.
On the other hand since gl —in(x; gll) and g; s (i >2) all liein N, we find

¥|”/ € MAT(x(1)) for 1 < j <r—c. The map ¥, therefore satisfies (3.5.1).
Set

;
L(')=Y11R@(€B)’,2R), L= x,®Y})R,
(=1 i

LZ:ﬂp@SR for 0<p<r-c-2,

my r—c m; )
L= { P x, 07, )R} ® {EBEB (X, ® Y,’)R} &L
[=v+1 i=3 [=1

n i

Then Ly=Ly®Ly,L, =L & L. Let ¥,,¥, denote the composne maps

of ¥, and the projections to Ll ,Ll respectively. By (3.5), ¥ B. =0 for
B, >1and Wi/ , =-W,/ for f =1,8,>1, hence ¥ = 0 by (7.1.2).
Put C, = @'_ 3Kp+j+,( R)(~w), 0, = @'Z j(aﬁ‘;ﬁ) for p=0,1,2. The
module Im(‘P ) L &) Coker(‘I’ ') is Buchsbaum by (5.5) and rank p "') =
v+ Y ym, = E;ZS (;12)v; by (5.5.1), s0
Coker(¥,") @Syzj+2(k (—w’)

j =C

"

by (5.2). Besides there are isomorphisms p : C, — L|", p,: C, — L, such that
¥, o p,=p, o6,. Look at the commutative dlagram

(7[”0‘{’|| ///)v A%
"nv L 1% ¥ v
LO : Ll — LZ

| l I

YoV
2
— 5 L

" v
' oV //)
nv ( I|[_1

0

nv
1

nv

L 2

L

Here n"': L, — Lg and the vertical arrows are projections. Since the dual
of a Koszul complex is again a Koszul complex, the second row is exact and
. ; Voo
the image of the free basis of Lgv through (7" oW |,,) yields a system of
1

minimal generators of Ker(‘¥,| L,,V) by (7.1.3). The first row can therefore be

v \4 . .
completed to an exact sequence D" X, L'l" — sz such that D is free, Lg 1S

. v .
a direct summand of D, ‘I’VIL,,V =(n"o W¥,[,.) and ¥ =0 (modm). Since
0 1
0y 6y . . . .
C) —— €} —— C, isexact and 6, =0 (modm), there is an isomorphism

py- Cy — D such that 0;/ o p(\)/ = p;/ o¥" . Let {" denote the map p, followed
by the projection to L and put Cy = py ' (L;). Then ("0, = 7" 0¥, 0p,
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and C”[ ¢ 1s an isomorphism. Likewise taking duals, we can construct a map
0
{': Cy— Ly suchthat {'o6, = n'oW op, , where 7’ is the projection L, — L;.
Set
id 0
L / ’ "
€= ( CIO 4,//) Ly Cy = Ly Ly = Ly,
Let us consider the commutative diagram

" ¥, Yo

—— Li®L; Lyo Ly 1 0
T(Ovpl) TC
—  q e . ec,

Since CIL’EBC” 1S an isomorphism and L'l ,CO/C(;' are free, there are maps
0 0

XL = Ly®C,, "1 C, — Ly® C, such that {oy = Pl Im(y')

Ly Cy. Cox" =0, x"lcp =0, Im(x" - (0,id,)) € Ly® Cj'. We can

therefore construct a complex

0— L} e (Cp/Cy) L Lye (Gy/0,(C,) 210,

defining x, by ‘}’ oC and )(2 by %', x” Observe L' = R(— nl)EBR( w),
L = R(-w-— @ K, (S)(~w’)®4R by (7.1.1) and the definition of

C,/Cl = @, 3R —i=DUT L e, =@ syt (k) (—w).
Now the remaining thmg is to verify the exactness. Clearly y, is surjective. The
exactness in the middle can be proved by diagram chasing. Finally comparing
ranks, we find that x, is injective. Q.E.D.

Remark (7.2). (1) Another proof was given for the case ¢ = 1,2, r =4 in
[A2, §3], [AS, §2].

(2) Chang proved an analogue of Goto’s structure theorem in the case of
vector bundles on projective spaces. Applying it to the vector bundle .% defined
as an extension of the form 0 — @@ p-1 (-1,) = F — 7 — 0, she obtained
(7.1) in the sheafified form except for the explicit expression of the twisting
degrees in terms of the basic sequence. See [C, §§0, 1] for the details.

Lemma (7.3). Let I C R be a homogeneous ideal such that there is an exact
sequence as stated in (7.1) for I, (n')lS,Sr_‘,. Then I € Zy(c,r—2,r) and

B(I) = (ni)lg,‘Sr_(» .

Proof. Set A = R/I, B(I) = (n")l<,<r_c,,. The exact sequence which is as-
sumed to exist allows us to compute the degree of the Hilbert polynomial of
A. As aresult we find dim(4) = r — 2. On the other hand, it follows from the
proof of (5.2) that the canonical map Ext’ (k,A4) — H’ () is surjective for all
j (0<j<r—2) and that H.(4)=0 for 0< j <c, H(4) = k(~w 7Y for
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¢ < j<r—2. Therefore A is Buchsbaum and moreover c=c, n" =n" for
3<i<r-c,
w')

. r—2
n? = ((w +j+ D )>cg,-<,_z’

up to-permutation with a suitable nondecreasing sequence w' = (w;,...,w,,)
by (5.4). Apply (7.1) to I. Then the assumed exact sequence and the exact
sequence guaranteed by (7.1) yield two expressions of the function dim([),
(t > 0) of the same form, with numerical data being possibly different from
each other. Comparing them, we see

o’ ’ )
~(t—w +r-2 _ ~(t—w,+r—2 for all 1 > 0
Z r—2 N Z r—2 . =

=1 =1

since obviously rz'll = min{¢|/, # 0} = nll . Hence w' = w, n'> = n® and after
all B(I) = (”1)1g,‘5r—c-

We say that a sequence of integers 7, ,...,¢ p is connected if ¢, <¢, < +1
forall /] (1</<g-1) or g =0 (i.e. the sequence is empty). The following
theorem is a generalization of [AS, Theorem].

Theorem (7.4). Assume that k is algebraically closed. Let u_; and u_, denote

the minimum and the maximum of {w,j +j+llc<j<r-2,1<1< vj}
respectively.
(1) If there exists a homogeneous prime ideal I belonging to #Zy(c,r—2,r)

such that B(I) = (rz")l <i<r_c then one of the following conditions holds.

(7.4.1) r>4, c=r—2 and the sequence n* = w is connected ,
I I

(7.4.2) r=4,¢c=1,n=2,v=0 v =1, w 21,

(7.4.3) r>4,0<c<r-2,n >3,

_ 1 r—=3 (r—2
v=n - Zj=c (rj )vj 2 Unax ~ Ymin >

w, < U s U, — 1 S w, and the sequence w is connected .

(2) In the case char(k) =0, these conditions are also sufficient for the exis-
tence of a prime ideal 1 € Z,(c,r—2,r) with B(I) = (nl)l<i<r—c‘
Proof. Tt is enough to consider the problem of finding the conditions for the
existence of integral arithmetically Buchsbaum subschemes of codimension two
in P in terms of the basic sequences of their defining ideals under the as-
sumption r > 4, 0 < ¢ < r— 2. This problem can be solved by entirely the
same method as in [AS5] and the answer is nothing but our assertion, so that we
will explain only the necessary changes which has to be made in that argument.

Let & denote the vector bundle of rank (;:}) on P"~! associated with the
graded R-module Syzf(k)( j) foreach j (2 < j < r). It follows from the

property of the Koszul complex that H(&(1)) =0 for 1 <0, H'~'(&(-j)) =
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k, H'(E(1)) =0 for 0<i<r—1, (i,0)#(j—1,-j) and &, is generated
over @’Pr—l by Ho(é"j) = [Syzf(k)]j. Note that gj(—j) is isomorphic to the
(j — 1)th exterior power of the cotangent bundle. Put

A =min(w,,u . ~1), @ =max(w,,u  —1),
0, =tf{llw, =t,1 <[ < v},

Jj .
U,-,,=ﬁ{1|“’1+1+1=1,1SISvj}

1,4, =u,  ~1ifv=0

forteZ, c<j<r-2,where 4. =u_._ max

and 4, =w., 4. =w, if c=r—2. Weset

R r—3
,92 :@)Pr_l ("l)“ ® {@gj+1(_t'— 1) 1,1+1}

Jj=c

for t € Z and

Fy=Cyi(-n))0 (eB @) . 5=0D 2,

t=0min t=u+1

u N r—3 r—1 .
Z= @ Er (-t 1) (e
[=lmin
for 4, <u<a_, . Then foreach I € #Z,(c,r—2,r), the exact sequence in
(7.1) yields a locally free resolution for the ideal sheaf ., of Z := Proj(R/I)
of the form

(7'4.4) 0 - %max - yﬂmax - ‘]Z - O.

The integers o,,#, . ,# . and the vector bundles .Z, ,% ,.Z, play the roles of
e,,a,f and F, .G, ,L,  defined in [AS, §2] respectively.

(1) The reasoning in the proof of [AS, Theorem (i)] applies to arbitrary
integral arithmetically Buchsbaum subschemes of codimension two in P! for
all r > 4.

(2) Suppose that char(k) = O and that one of the three conditions holds.
By the method described in the proof of [A5, Theorem (ii)], we can construct a
closed subscheme Z of codimension two in P'~', which is smooth over k in
the outside of a closed subset of codimension larger than or equal to three in Z ,
such that .#, has a locally free resolution of the form (7.4.4). For each point
0 € Z, the local ring @, o satisfies Serre’s criterion of normality, since &, 0
is Cohen-Macaulay by the existence of the resolution (7.4.4) and Auslander-
Buchsbaum’s theorem and since the singular locus of Z is of codimension
not less than two. Consequently &, 0 is normal, in particular it is a local
integral domain (cf. [M, Theorem 39]). On the other hand since ¢ > 2 or
c=1 and w,l > 1 forall / (1 <1/ <w)) if one of (7.4.1), (7.4.2), (7.4.3)

holds, we find H 1(J"Z) = 0 by (7.4.4). The scheme Z is therefore reduced,
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locally irreducible and connected, namely Z is integral. Let I denote the
homogeneous ideal @, HO(J"Z(Z)) C R. Then the exact sequence of the
global sections obtained from (7.4.4) coincides with the exact sequence stated
in (7.1), so that I € Zy(c,r —2,r) with B(I) = (n’)l<i<,_c by (7.3). Since
R/I is an integral domain as we have already seen, this completes the proof for
the existence. Q.E.D.

Corollary (7.5). Let I be a homogeneous prime ideal in R such that R/I is a
graded Buchsbaum integral domain of depth ¢ < r—2 and dimension d =r—2.
Then

r—3 ]
min{|7, #0} > uy — U+ (’ ; 2) h(R/IT),
j=c

where u_. and u_, denote the minimal and the maximal elements of the
set {llhfn(R/I),_j_, # 0 for some j (c < j < r—2)} respectively. Moreover
this lower bound estimate for the minimal degree of generators is sharp when
char(k) =0.

Remark (7.6). (1) We do not know whether the assumption char(k) = 0 is

indispensable or not for the proof of sufficiency.

(2) Following the same lines of argument, we can prove that every element
of Bp(c,r—=2,r) (0<c<r-2,r2>23) is realized by an ideal defining reduced
graded Buchsbaum ring if char(k) =0 (cf. [C, §2]).

APPENDIX: PROOF OF THEOREM (1.1)

Let y,,z,,{, (1 <i<r,1<j<r)be indeterminates over k, { the
square matrix of size r whose (i, j)-component is Cij’ K := k({) the rational
function field generated over k by all ; ; ’s. We will fix a homogeneous ideal
I in R = k[y,,...,y,] different from 0. Let I° denote the ideal in K[z] =
K[z, ,...,z,] generated by {f({z)|f(y) € I} and put

E={uueZ, " cin(z1)},
E ={u|y €z, (4/,0,...,00€E} for0O<i<r.

Theorem (A.1) ([U, Theorem 2.2]). If (u, sy My s tt,) EE with 1 <
p<q<r, pu, >0, then (u ,...;p,+1,....u,—1t,....u,) €E forall t such
that (*¢) 20 (mod char(k)), 0 <1t <u,-

Proof. See [U]. There the argument is carried out with the usual lexicographic
order, but it also works well with respect to the order < we defined in the
beginning of §1.
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Let I',.,Fi. ,A, (1 <1< r~1) be the subsets of Zf) defined inductively as
follows:

i—1

I = Zg\(Ei ulJr, x ij’) :
j=1
= {6|o el"; and (6 ,w) € E,_, for some w > 0},
T, =T\A.
We put A = {J} for convenience sake and further define
r—1 )
r r—J
A =2, F,=Z0\<EUUFJ.><Z0 )
j=1
Since (ul,...,ul,zj i1 #;,0,...,0)€E forall (u;,...,u)€E, i (0<i<
r) by (A.1), the intersection E, N (Fj X Z0 ) is empty for 1 < j <i<r. Put
w(d) = min{w|(d,w) €E, |} >0, u(i,d)=(6,w(d),0,...,0) eZS for each
pair i,6 (0<i<r-1,6€A,), where u(0,9)=(w(?),0,...,0) for i=0.
By the definition of T';,A. we have

(A.2) AUT, = |J 6x[0.w(d) forl<i<r,
JEA,‘|
E\(E,_, xZ,) = U d x [w(d),00) forl1<i<r,
JEA,
(A.3) E = U U wi-1.8)+27,i-1),
i= IJEA, 1
(A.4) Z,=EuU (U T, x Zg"')
i=1
with Z,(i) = {a = (a,...,q,)|a € Zg,aj =0 for 1 < j < i}. Note that

the rlght hand sides are all disjoint unions. As is seen by (A.2), each A, is a
finite set. Moreover if A, = @ for some i (1 </ < r), then F =A =0
forall j (i< j<r). Put c:max{p|05p<r,Ar_ =00}, m, —ﬁAI =1
(1 < i <r—c) and denote the multiexponents u(i — 1,9) ((5 €A, I) by
pi,l)y (1 <1 < m;) for 1 < i <r—c. With this notation, let F be
a homogeneous polynomial in I* such that in(z;]*"['i) =z’ for each i,
(1 <i<r-c,1 </ <m;) and let N(z;Ig) denote the linear subspace of
K[z] spanned over K by the monomials z"(v € U,_, T, x Zg_i). We will
apply (4.3), replacing k and x by K and z respectively. Since the right-hand
sides of (A.3), (A.4) are disjoint unions, the polynomials F,” satisfy (4.3.1) and
besides the vector space N defined in (4.3) coincides with N(z;IC) . There is

therefore a homogeneous F,"' € N(z;1 g) of the same degree as F,” such that
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(F'= """~ F/" € I' forevery i,/ by (4.3.2). Put F/ = z’'") 4 F" e I".
Then in(z;1°) N N(z;1°) = 0, in(z;F') = z”"? and the polynomials F;
(1<i<r—c,1 <1 <m,) also satisfy (4.3.1). Hence

r—c¢ m;

I'=@EPFKizi-1)], Klzl=I"®N(z;I%).

i=1 =1

On the other hand by the construction of I , there is a polynomial a({) €
k[¢1\{0} such that a(C)F,’ € Zﬂy)el k[¢llz,,...,2,1f({z) and all coefficients
of a({)F, lie in k[{] forall i,/. Now put n, = deg(F/),n' = (ny,...,n, ),
U={y,. y)YT € GL(r,k),a(’T-l) # 0}. Here we may assume n'
(1 £i<r—c) are nondecreasing sequences. For each x = (y,,...,y,)T €U,
the polynomials obtained from F,' (1<i<r—-c,1 £/ <m,) by substituting
"Y=! for ¢ fulfill all the requirements stated in (1.1) with respect to x .
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