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APPLICATION OF 
THE GENERALIZED WEIERSTRASS PREPARATION THEOREM 

TO THE STUDY OF HOMOGENEOUS IDEALS 

MUTSUMI AMASAKI 

ABSTRACT. The system of Weierstrass polynomials, defined originally for ideals 
in convergent power series rings, together with its sequence of degrees allows 
us to analyze a homogeneous ideal directly. Making use of it, we study local 
cohomology modules, syzygies, and then graded Buchsbaum rings. Our results 
give a formula which to some extent clarifies the connection among the matrices 
appearing in the free resolution starting from a system of Weierstrass polynomi-
als, a rough classification of graded Buchsbaum rings in the general case and a 
complete classification of graded Buchsbaum integral domains of codimension 
two. 

INTRODUCTION 

In recent years computer scientists have been developing a constructive 
method of dealing with ideals in polynomial rings, among other things, the al-
gorithm for finding a Grobner basis of a given ideal and its syzygies (see [MM] 
for example). But so far, there seems to be few applications of their theory to 
the structural study of ideals as compared with the case of its counterpart, the 
generalized Weierstrass preparation theorem for ideals in formal and conver-
gent power series rings originated by H. Grauert and H. Hironaka (cf. [Gr], 
[Ga], [H], [HU]). 

Irrespective of such movement in the algorithmic study of Grobner bases, 
the present author began to use the system of Weierstrass polynomials (Grobner 
basis with respect to generic coordinates satisfying some additional conditions) 
as the main tool for analyzing the homogeneous ideal defining a curve in p3 and 
obtained a lot of geometric and ring theoretic results (cf. [AI], [A2], [A3], [A4], 
[AS]). On the other hand, Gruson-Peskine in [GP] and Bolondi-Migliore in 
[BM I], [BM2] succeeded in proving many theorems concerning arithmetically 
Cohen-Macaulay or Buch!Sbaum curves in p3 with the use of what they call 
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numerical character, which is in fact the same thing as the sequence of the 
degrees of Weierstrass polynomials of the ideal defining the generic hyperplane 
section of a curve (see (1.7)). 

In view of these facts we will generalize and refine most of the results in [AI], 
[A2, §§ 1, 2] to give a perspective of such direct and constructive approach to the 
study of homogeneous ideals as mentioned above, and then illustrate how this 
method can be applied in higher dimensional and codimensional cases, taking 
graded Buchsbaum rings by way of example. 

The first section is a preliminary part. After reviewing the generalized Weier-
strass preparation theorem, we define a numerical invariant of a homogeneous 
ideal I in a polynomial ring R, the basic sequence of I. This is the sequence 
of the degrees of Weierstrass polynomials of I lined up by a definite rule (see 
(1.5), [A2, §1]). In §2, the relation between basic sequences and local cohomol-
ogy modules is described briefly. 

§§3 and 4 are devoted to a detailed study of the free resolutions starting from 
systems of Weierstrass polynomials. Unlike the algorithm usually discussed by 
computer scientists, our method is based on a direct sum decomposition of an 
R-module E of the form 

s mj 

E = (B(Be;k[x(i - 1)] 
i=1 1=1 

as a k-vector space (cf. Notation), so that we do not have to care about the 
ordering on monomials any more at this stage (see (3.3), [AI, Theorem 1.6]). 
Moreover successive application of our algorithm determines a free resolution 
for a module E uniquely by the expression (*), which we will call the standard 
free resolution and denote by '1'.: L. --t E (see (3.3), (3.4)). In the case E = I 
(cf. (1.1.1)), though the standard free resolution '1'.: L. --t I starting from a 
system of Weierstrass polynomials is not necessarily minimal, it has some good 
properties. Its length is exactly the one determined by Auslander-Buchsbaum's 
theorem; a large part of the components of 'I'P+I can be obtained by rearranging 
those of 'I'p for p :::: 1 ; if p :::: (r - c - 1)/2 or 1 ~ P < (r - c - 1)/2 and 
'I'p satisfies a special condition, then 'I'P+I can be obtained by rearranging the 
components of 'I'p, where r = dim(R),c = depthm(R/l) (see (3.5), (3.11)). 
These properties are immediate consequences of our algorithm, but the proof of 
them other than the first requires hard computations. The readers may proceed 
from (3.4) directly to section five unless interested in (3.5), (3.11) or the proof 
of(7.1). 

Combining the results obtained in the first half with S.Goto's structure theo-
rem for maximal Buchsbaum modules over regular local rings (cf. (5.1), [Go 1], 
[G02, (3.1)]), in the last three sections we study graded Buchsbaum rings with 
emphasis on characterization of the basic sequences of the ideals defining them. 
Our results are mostly generalizations of those proved before in [A2, §§3, 4], 
[AS, §2] (see (5.4)-(5.7), (5.12), (6.7), (7.4), (7.5)). It should be noted that 
(5.4), (6.7) give a rough classification of graded Buchsbaum rings in terms of 
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their basic sequences for all dimensions and codimensions. For the case of 
codimension two or dimension two (curves), there are other treatments in M. 
Chang's recent work [C] (cf. (5.8), (7.1), (7.2)) and in [BM1], [BM2], [BM3], 
[BM4], [BBM], [EF], [GM1], [GM2] etc. 

Notation. (i) The ground field k is an infinite field of arbitrary characteristic 
unless otherwise specified. 

(ii) Let z I"'" Zu be indeterminates over a commutative ring K. We put 
zU) = (zi+1 , ... , zJ, K[zU)] = K[Zi+1 , ... , zul, where K[z(u)] = K. Also un-
der this condition we denote by MAT(zU)) the set of matrices with components 
in K[z(i)]. 

(iii) For a matrix Y = (VI"'" vq ) in a ring K with columns VI"'" Vq 
, K' q , 

and a subring K of K, we define 1m (Y) = {2:/=1 a/v/la/ E K ,1 ~ I ~ q}. 
(iv) The symbol E9 will be used in the following two senses: (1) E' E9 E" = 

{(e' ,e")le' E E' ,e" E E"}, (2) E' c E, E" c E, E' n E" = 0, E' E9 E" = 
{e' + e"ie' E E' ,e" E E"} c E. The context will make it clear which it means. 

(v) Given a graded module D = EBI Dt , integers p, q (q ;:::: 0) and a se-
quence of integers W = (WI"'" wv )' we set W + p = (WI + p , ... , Wv + p), 
(w + p)q = (,w + p , ... , W + p) and D(w) = EB~=I D(w/) , where D(w/)I = 

v 
q times 

D",,+t and the symbol E9 is used in the first sense. 
(vi) Let C = EBt>o Ct be a graded ring generated over k = Co by CI ' C 

its irrelevant maximal ideal and D a graded C-module. We put dimk(D)t = 

dimk(Dt ) , h; (D)t = dimk(H! (D))t' h; (D) = 2:t h; (D)t' The length of D and 
the multiplicity of c with respect to D will be denoted by Ic(D) and deg(D) 
respectively. Note that deg(D) is the coefficient of the leading term of the 
polynomial (dim(D))! 2:/<t dimk (D) / in t > > 0, dim(D) denoting the Krull 
dimension of D. -

(vii) We denote the p x p identity matrix by 1 p • 

(viii) 

(V) = ( _V!)" if v ;:::: u ;:::: 0 and (V) = 0 otherwise. 
u + v u .u. u + 

We have ("~I)+ - (~)+ = (U:I)+ for all integers v and u;:::: 1. 
( ix) Zo = {t It E Z, t ;:::: O} . 

1. SYSTEMS OF WEIERSTRASS POLYNOMIALS 

Let us begin by reviewing the generalized Weierstrass preparation theorem 
in the case of homogeneous ideals (cf. [Gr], [Ga], [H], [HU]). We will use the 
linear order ~ on Z ~ (r ;:::: 1) which is defined as follows (cf. [Gr, p. 179]): 
(Ill' ... ,Ilr) ~ (vI"'" vr) if and only if there is an integer i (1 ~ i ~ r) such 
that Il i < vi and Il j = Vj for i < j ~ r. This order is equivalent to the reverse 
lexicographic order (cf. [BS, (2.1)]). 
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Let R be a polynomial ring over k generated by r indeterminates y, ' ... , y y 

and m its maximal ideal (Y" ... ,Yy)R. We call an element of R, := 2:;=, kYi 
a linear form of R. The vector space Rrt will be regarded as an rt-dimensional 
affine space in a natural way for t ~ 1. Let x = (x, ' ... ,Xy) be an r-tuple of 
linear forms of R such that R = k[x, , ... , Xy]. Given a nonzero homogeneous 
polynomial f = 2: lvl =n avxv (n = deg(f) in R, we denote by in(x; f) the 
monomial aJlxJl occurring in f, whose multiexponent f1 is the minimum of 
{vla v =I O} with respect to the order -< . Furthermore for a homogeneous ideal 
I in R we define in(x;I) to be the ideal in R generated by {in(x; f) If E 
1\ {O}}. 

Although the arguments in [RU], [U] are carried out with the usual lexico-
graphic order, the results in them are all valid with respect to the order -< as 
well as the similar results in [Gr], [Ga]. 

Theorem (1.1) (R. Grauert, R. Hironaka). Let I be a nontrivial homogeneous 
ideal in R. Then there are integers c, mj (0 :s c < r, 1 :s i :s r - c, mj ~ 1), 
nondecreasing sequences of positive integers ni = (n!, ... , n~) (1 :s i :s r -
c) and a nonempty Zariski open subset U of Rry such that for every x = 
(x, ' ... ,Xy) E U, one can find a system of generators {f/ll :s i :s r - c, 1 :s I :s 
m) of I having the following properties with respect to x. 

( 1 ) Each f/ (1 :s i :s r - c ,1 :s I :s m i) is a homogeneous polynomial of 
degree n: different from zero and 

r-c mi 
(1.1.1) I = EB EB .It k[x(i - 1)]. 

i=' 1=' 

(2) The monomial in(x;f/) belongs to k[x" ... ,Xi]Xi for all i,1 and 
r-c mi 

in(x;I) = EBEBin(x;.t;i)k[xU - 1)]. 
i=' 1=' 

(3) For each p (1 :s p :s r - c), let N(x; I ,p) denote the linear subspace of 
R spanned over k by all the monomials not contained in any 

in(x;.t;i)k[x(i - 1)] (1 :s i :s p, 1 :s I :s m). 

Then 

R ~ {~~.t1k[X(i - 1)[} Ell N(x;1 ,pi 

and moreover .t;i - in(x; .t;i) E N(x; I, r - c) for all i, I (1 :s i :s r - c, 1 :s I :s 
m) . 

Furthermore the open set U can be chosen so that the monomial ideal in(x; I) 
satisfies the following condition for every x E U . 
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(4) [V, Theorem 2.2] If xii . .. x;P ... x:q ... x~r E in(x; I) with 1 ~ P < 
q < r II > 0 then X)ll ... X)lp+l ... x)lq-t ... x)lr E in(x· I) fior all t such that - , t"'q' I p q , , 

(~q) t=. 0 (mod char(k)), 0 ~ t ~ Ilq. 
That is in(x;I) is Borelfixed (cf [BS, (2.6)]). 
Proof. The readers can find the proof for the case I is an ideal in a convergent 
power series ring over C in [Gr, §2], [HV, §5], [Ga]. For 4), see [V]. A sketch 
of the proof based on [HV] is given in Appendix for those who are not familiar 
with these works. 

Remark (1.2). (1) The system of generators described in the above theorem is 
called a system of Weierstrass polynomials (cf. [Gr, §2, Definition 1]). Also we 
often call it a standard basis or a Grabner basis. 

(2) The condition (2) of (1.1) implies that f/ (XI' . .. , Xq ,0 , ... ,0) = 0 for 
all i, f , q (0 ~ q < i ~ r - c, 1 ~ I ~ mJ Given an integer p (0 ~ p ~ r - 1), 
we put c = max(O,c - p). Then the set {f/(x I , ... ,x,_p,O , ... ,0)11 ~ i ~ 
r - p - c, 1 ~ I ~ m) is the system of generators of the homogeneous ideal 
1 := 1+ x(r - p)Rjx(r - p)R in R := Rjx(r - p)R satisfying the conditions 
(I), (2), (3) of (1.1) with respect to the variables XI , ... , x,_p . 

Lemma (1.3). Notation being as in (1.1), we have 
(I) for each p (I ~ p ~ r - c) the vector space N(x;I,p) is a free k[x(p)]-

module, 
(2) c = depthm (Rj I), in particular 0 ~ c ~ dim(Rj I). 

Proof. (I) Write each monomial of R in the form axIl XV with a E k, 
Il = (1l1' ... ,llp'O, ... ,O), v = (O, ... ,O,vp+I'.'.'v,) E Z~. Then ax)lxV E 
N(x; I ,p) if and only if x)l E N(x; I ,p) or a = 0 by the definition and (2) 
of (l.l). Hence the monomials of N(x;I ,p) n k[x l , ••• ,xp] form a free basis 
of N(x;I ,p) over k[x(p)]. 

(2) Put A = Rj I, c' = depthm (A). We may assume with no loss of generality 
that X,_c'+I' .. ' ,x, is an A-regular sequence. Notice first that by (3) of (1.1) 
and (2) of (1.2) the natural map ep : N(x;I,r-p) ---> A (c ~ P ~ r-
I) is a surjective homomorphism of k[x(r - p)]-modules, which becomes an 
isomorphism when considered modulo x(r - p)k[x(r - p)]. Since ec is an 
isomorphism, we have c ~ c' by ( I). On the other hand, since x,_c'_l' ... ' x, is 
A-regular, we find Tor~[r-C')(k, A) = 0, Ker(ec') ®k[x(,-c')) k = 0 and therefore 
Ker(ec') = O. In other words In N(x ; I , r - c' ) = O. If c < c' , then .r;-c 
would be an element of In N(x; I , r- c' ) different from zero by (1), (2), (3) 
of (1.1), which is a contradiction. Hence c = c' . 

Let I be a nontrivial homogeneous ideal in R. With the notation of the 
above theorem the direct sum decomposition ( 1.1.1 ) applied to I + 
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x(r - p)R/x(r - p)R yields 

( 1.4) dimk(l + x(r - p)R/x(r _ p)R)t = 'fc f: (t - n: + r - ~ - i) 
;=1 1=1 r - p - I + 

for all x E V, t E Z and p (0 ~ p ~ r - I) , where c = max(O, c - p) (see (2) 
of (1.2)). This formula determines the sequences n 1 , ••• , nr- c uniquely one by 
one along with c, m; (I ~ i ~ r - c). These numerical data therefore depend 
only on the ideal itself and can be viewed as an invariant for /. 

Definition (1.5). For a nontrivial homogeneous ideal/in R, let n; = (n~ , ... , 
n~) (I ~ i ~ r - c) be the nondecreasing sequences of integers stated in (1.1). 
We call the sequence (n\<i<r-c = (n 1 ; ... ; n;; ... ; nr-c) the basic sequence of 
/ and denote it by B(/). - -

Proposition (1.6). Let / be a nontrivial homogeneous ideal in Rand 

its basic sequence. Put d = dim(R/ I). 
( 1 ) We have m 1 = 1 , 

j-l mj i 

mj = (-I/- 12)-I)iL: C ~ J 
;=1 1=1 

for 2 ~ j ~ r - d and 

deg(R/1) = (_I)'-d I:( _I)i f: (, _ d: 1 _ i) - mr- d+1 ' 
;=1 1=1 

where mr- d+1 is understood to be zero in the case d = c. 
(2) n; ~ n;+1 for 1 ~ i ~ r - c - I. 

Proof. (I) Put A = R//. Applying (1.4) with p = 0, we get 

I (R// +mt+l) = (t+r) _ ~~ (t- n: +:- i+ I) 
R r L..JL..J r-l+l 

i=1 1=1 
for t > > O. Denote the right-hand side of this equality by P(t) . Since P(t) is a 
polynomial in t of degree d with leading term (deg(A)/d!)td , the p-difference 

I1. P P(t) = (t + r - P) _ -<--~ (t -n; +: - i - p + 1) 
r-p L..JL..J r-l-p+l i=I/=1 

(q = min( r - c, r - p + 1)) is a polynomial in t of degree d - p with leading 
term (deg(A)/(d - p)!)td - p for 0 ~ p ~ d but vanishes identically for p > d. 
Clearly m 1 = 1. For each j (2 ~ j ~ r - d), it follows from the above 
observation that 

I1. r- j +1p(t) = c:~~ 1) -tf: C-j~f- i) =0 
1=1 1=1 
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for all integers t. We find therefore by putting t = -1 that 

j-I mi (i ) -LZ)-I/-i j~i -mj=O. 
1=1 '=1 

This proves the first formula. To show the second, substitute -1 for t in the 
identity !!,.d P(t) = deg(A) . 

(2) Let U;i 11 ~ i ~ r - c , 1 ~ I ~ mJ be the system of generators of I hav-
ing the properties described in (1.1) with respect to a generic x = (XI'···' x r ) . 
W . . ( . r i+l ) III Ili lli+1 . h k\{O} 0 ~ nte III X,JI = ai+lx l .. ,xi Xi+1 Wit ai+1 E , f.li+1 > lor 
1 ~ i ~ r - c - 1. It follows from (2) and (4) of (1.1) that xii ... X;i ¢. in(x;I) 
but g:= xii .. 'X;i+lli+1 E in(x;1) , therefore there is an f/ (I ~ 1 ~ m) such· 
that g = in(x; f/)bx: with some bE k\ {O}, t ~ O. Hence n; ~ n; = deg(f/) ~ 
deg(.t;i+l) = n;+1 . 

Remark (1.7). (I) Note that n: = min{tllt =I- O}, m2 = n: . 
(2) Suppose r = 4, dim(Rj 1) = 2, depthm (Rj 1) ~ 1. In this case the basic 

sequence of I defined in this section coincides with that defined in [A2, §I]. 
Moreover, let l' be the ideal in R' := k[YI 'Y2 ,Y3 ] determined by the condition 
R'jI' = (RjI + (h))jH~(RjI + (h)) for a generic linear form hE RI and let 
(n: ;n; , ... ,n~) (v = n:) be the basic sequence of I'. Then the numerical 
character of Proj(Rj 1) defined and used in [GP], [BM I], [BM2] is nothing but 
h .. ( 2 2) t e nomncreasIllg sequence nv ' ..• , n I . 

2. BASIC SEQUENCES AND LOCAL COHOMOLOGY 

The basic sequence of a homogeneous ideal provides a lot of information on 
the local cohomology modules of the factor ring associated with it. The purpose 
of this section is to give a brief description of this fact. We fix a nontrivial 
homogeneous ideal I in R and a generic r-tuple x = (XI' ... ,xr) of linear 
forms of R. Set A = Rj I, c = depthm (A), d = dim(A). Let (n\~i~r-c' ni = 
(n; , ... , n~) be the basic sequence of I (cf. (1.3)). 

Lemma (2.1). If c = 0, there are positive integers p, (1 ~ 1 ~ mr) such that 
m, 

H~(A) ~ EB(k[x,]j(x~/))( -n; + PI) 
'=1 

as a k[x,]-module. 

Proof. Let the notation be as in (1.1). We have n; = deg(f/) for all i, I. There 
are distinct monomials g; E k[x i , •• • ,x,_tl and positive integers P, (1 ~ 1 ~ 
m,) such that in(x; J;) = g;x~1 by (2) of (1.1). Furthermore by the defini-
tion of the order -< there is a homogeneous polynomial g, E R such that 
ff = g,x~{ ,in(x; g,) = g; for each 1 (1 ~ 1 ~ m,). Let C and D' denote 
the subspaces of N := N(x; I ,r) generated over k by the sets of monomials 
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{xVlx'/ X; E N for all t ~ O} and {xVlxV EN, XV x; ~ N for some t ~ I} re-
spectively. If XV E D' , then XV x; E EB;:::1 in(x; 1/')k[x,1 by (2) of (1.1), so that 
x'/ = g;x; for some I, u (1 :5 I :5 m" 0 :5 u < PI). On the other hand, mono-
mials of this form must lie in D' . Consequently D' = EB;:::I EB~/:C/ kg;x; , N = 
C(J)D'. Set D = Z::;:::I Z::~~~1 kg,x; cR. This sum is indeed a direct sum, since 
in(x; g,) i= in(x; g,,) for I i= I'. Note that in(x; h) E D' for h E D different 
from zero. We first prove the following 

Claim (2.l.l). R = / (J) C (J) D . 
Suppose f + g + h = 0 with fE/, g E C, hE D. Then gx; E C n / = 0 

for t large enough, so that g = 0 and it follows from the equalities f = 
-h, in(x; I) n D' = 0 that f = h = O. The sum / + C + D is therefore a direct 
sum of k-vector spaces. Since dimk(D') = dimk(D) and R/(/ (J) C) ~ D' by 
(3) of (l.l ), we find R = / (J) C (J) D . 

It is now easy to prove our lemma. Let H denote the graded k[x,1-module 
EB;:::I (k[x,1/(x~'))( -n; +P,). We associate with each (g, hi' ... ' h,) E C(J)H the 
element of A represented by g + Z::;:::1 g,h" where h, is a polynomial of k[x,1 
which represents h, (1 :5 I :5 m,). Since g,x~1 E / for all I (1 :5 I :5 m,) , this 
yields a well-defined homomorphism ~: C (J) H --+ A of graded k[x,1-modules 
of degree zero, which is in fact an isomorphism by (2.1.1). We may assume 
that the variable x, is chosen sufficiently generally so that it is a member of 
a system of parameters for A in the case dim(A) ~ 1, therefore in any case 
H~(A) = 0 :A x; for all large enough t. Hence H~(A) ~ H. Q.E.D. 

The short exact sequences 

0--+ (O:A x,)(-I) --+ A(-I) ~ x,A --+ 0, 

o --+ x A --+ A --+ A/x A --+ 0 , , 
give rise to a long exact sequence 

(2.2) H~-I(A)(-I) ~ H~-I(A) 

--+ H~-I(A/xrA) --+ H~(A)(-I) ~ H~(A) 

since 0: A x, has finite length by the choice of x I ' ... , x, . 

Corollary (2.3). We have the following formulae: 

(j ~ 1), 

(1) max{tIH~(A/x(r - p)A)( i= O} = n~~~p - 1 for all p (c:5 p < r), 
(2) H~(A)( = 0 for all j, t such that c:5 j < r, t ~ n~~~} - j, 

(3) if j = c or c < j < rand nm'-J+I < nm'-J , then 
r-}+i r-j 

fi r-J . I or t = n - } - . 
In,_) 
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Proof. (1) The basic sequence of the ideal I + x(r - p)Rjx(r - p)R in 
Rjx(r - p)R is (n\'5,i'5,r-p for c S p < r by (2) of (1.2), so that the for-
mula follows from (2.1). 

(2) If r = 1, then c = j = 0 and H~ (A)( = 0 for all t 2:: n~l by 
(2.1). Suppose r > 1 and the formula holds for smaller values of r. Put 
c = max(O, c - 1). Since (n i)I'5,i'5,r_I_C is the basic sequence of 1 := 1+ 
xrRjxrR C R/xrR = k[xl""'xr_ l], we have H~(AjxrA)( = 0 for all j,t 
such thatc S j < r - 1, t 2:: nr- I - j - j by the induction hypothesis. It then 

mr-I-j 

follows from the sequence (2.2) that H~(A)( ...l:!:..... H~(A)(+I is an injection for 

every j, t satisfying c + 1 S j < r, t 2:: n~~~j - j. Since H~ (A)( = 0 for all 
sufficiently large t, we conclude that the desired formula holds except for the 
case c = j = 0, t 2:: n~r' But this case is obvious by (1). 

(3) With the same notation as above, we proceed again by indution on r. 
When j = c = 0, in particular when r = 1, we are done by (1). Suppose 
r > 1 and the assertion holds for smaller values of r. Put t = n~~~j - j - 1. 
It is enough to consider the case j > O. By hypothesis we have j - 1 = c or 
- . lid r-I-(j-I)+I r-I-(j-I) l" B(-I) (i) c < } - < r - an nmr-l-U-1i+l < nmr_l_U_l) lor = n l'5,i'5,r-l-c' 
It follows therefore from the induction hypothesis that H~-\A/xrA)t+1 i= O. 

" I " 
On the other hand H~- (A)t+1 = H~ (A)t+1 = 0 by (2) or the equality c = 

depthm(A), so that H~(A)I i= ° by (2.2). 

Since H~(A) = 0 for all j > d, the formula (3) above implies the following 

Corollary (2.4). ni" S ni+1 for 1 SiS r - d - 1 . 
m l Inl+i 

Proposition (2.5) (cf. [BS, (2.4)]). The regularities of I and A are given by the 
following formula: 

max{tIH~(I)I_i i= 0 for some j 2:: O} 

= max{tIH~(A)t_i i= 0 for some j 2:: O} + 1 

= max{n;11 SiS r - c, 1 SIS m). 
Proof. We will first prove the second equality. Put 

to = max { n; 11 SiS r - c ,IS ISm i }. 

Obviously H~(A)I_i=O for all j2::0,t2::to by (2) of (2.3). Let j(cSj<r) 
be the integer such that n~;;'~J = to and n~~~~, < to for all j' (c S j' < j) . 
Then j = c or c < j < rand nr- i+1 < nr- i , so that Hmi (A)( -J"-I i= ° by (3) 

Inr-)+I Inr - j 0 

of (2.3). Hence 

to - 1 = max{tIH~(A)t_i =F o for some j 2:: O}. 
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The first equality follows from the isomorphisms H~(A) ~ H~+I(I) (0 ~ j ~ 
r - 2) and the exact sequence 0 --+ H~-I(A) --+ H~(l) --+ H~(R) --+ 0, since 
to> O. 

Proposition (2.6) {cf. [EG]). The homogeneous ideal I has a p-linear free reso-
lution if and only if n; = p for all i, I (1 ~ i ~ r - c, 1 ~ I ~ m) . 

Proof. If I has a p-linear free resolution, then n: = p and H~(I)t_j = 0 for 
all j ? 0, t ? p + 1. Therefore n; ~ p for all i, I (1 ~ i ~ r - c, 1 ~ I ~ m) 
by (2.5), which together with (2) of (1.6) implies the necessity of the condition. 
Conversely if this condition is satisfied by B(I), then I has a p-linear free 
resolution by (2.5) and [EG, (1) of 1.2]. 

Remark (2.7). If I has a p-linear free resolution, it coincides with the standard 
free resolution (see the next section) up to isomorphism. 

Recall that a projective scheme Z C p r - I = Proj(R) has maximal rank if 
and only if hO(..Yz,(t))hl(..Yz,(t)) = 0 for all integers t, where ..Yz, denotes the 
ideal sheaf of Z . 

Lemma (2.8) (cf. [A4, (1.11)]). Suppose c? 1 and let Z denote Proj(A). Then 
Z has maximal rank if and only if c ? 2 or c = 1 and n: ~ n;-I ~ n: + 1 for 
all I (1 ~ I ~ m r_ l ) . 

Proof. Note that HO(..Yz,(t)) = It' HI(..Yz,(t)) ~ H~(A)t for all t ? -1. If 
c = depthm(A) ? 2, then H~(A) = 0 and we are done. If c = 1, it follows 
from (2), (3) of (2.3) that max{tlhl(..Yz,(t)) t- O} = n~~~1 - 2. Since n: = 

min{tlho(..Yz,(t)) t- O}, we get the assertion. 

3. STANDARD FREE RESOLUTIONS 

Following the fundamental principle described in [AI, Theorem 1.6], one can 
construct systematically a free resolution of a homogeneous ideal which starts 
from a system of Weierstrass polynomials. We will analyze the connection 
between the matrices giving the pth and the (p + 1 )th modules of syzygies 
(p ? 1) obtained by this method in a more general setting. 

Let E be an R-module which has an expression of the form 
s mi 

(3.1 ) E = EeEee:k[xU - 1)] 
i=1 1=1 

with respect to some x = (XI' ... ,xr) E R~r satisfying R = k[xl , ... ,xr], 
where s,mi (1 ~ i ~ s) are integers such that 1 ~ s ~ r+ 1, m i ? 0 (1 ~ 
i ~ s - 1), ms ? 1, and e; (1 ~ i ~ s, 1 ~ I ~ m) are elements of E 
different from zero. Note that, unlike the case of homogeneous ideals, we do 
not necessarily assume mi ? 1 here except for i = s. In case mi = 0, we 
understand EB;'::I(·) = O. Let Xi (1 ~ i ~ s-l) and ~i (1 ~ i ~ s, 1 ~ I ~ m) 
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be letters and set 
s-I mi 

V = E9XiR, Wi = E9 Y/ R (1 ~ i ~ S), 
i=1 1=1 

For a sequence a = (a l , ... ,ap ) of integers with 1 ~ a l ~ S - 1(1 ~ I ~ p), 
we denote the element X A··· A X of I\P V simply by X . The dual bases 

(XI O:p 0: 

associated naturally with the bases {XJ, {Y/} will be denoted by {X;}, {Y/*} 
respectively as usual. Put 

e(p;q ,q') = {(tl"'" tp+I)lq ~ tl < ... < tp+I ~ q'} C Zp+1 

for a triple p, q, q' satisfying 0 ~ p ~ q' -q. The free R-module which actually 
corresponds to the generators of the pth module of syzygies of E constructed 
by our method is 

Ini 

Lp := E9 E9(X" Q9 Y/)R c (I\P V) Q9R W 
(",i)Ee(p;l,s) 1=1 

for each p (0 ~ p ~ s - 1). Here (a, i) stands for (a l , ... , ap ' i) with a = 
(a l , ... ,ap ) E ZP, i E Z and in the case p = 0 we understand a = 0, X(2l = 1 
for convenience sake. From now on the similar expressions will be used, if there 
is no fear of confusion. To describe our results clearly we have to distinguish 
many kinds of subsets of Lp from one another. Put 

Lp,q = { E9 E9(X" Q9 Y/)k[x(a l - I)]} 
(" ,i)Ee(p;1 ,s) 1=1 

"1 ::oq+1 

L rem = p ,q 

Ell L'i)E~'+2") ~(X"" Y/)k[X(q)]} , 
mi 

E9(X" Q9 Y/)k[x(a l - 1)], 
(n ,i)Ee(p;q+ I ,s) 1= I 

for each pair p, q (0 ~ p ~ S - 1 ,0 ~ q ~ S - P - 1) and L;em = L;e,~ for 
o ~ p ~ s - 1 , where we understand a = 0, a I = i for p = O. The superscript 
rem is an abbreviation of remainder. Notice that Lp = Lp,o 2 ... 2 Lp ,s-p-I = 
L rem = L remo :J ... :J L rem I...J. O. In the following argument we will write an p p, - - p,s-p- -r 
R-linear map <l>p: Lp ---+ L p_ 1 (1 ~ P ~ s - 1) in the form 

<I> = '" (X Q9 X*) Q9 <l>i,j 
p ~ ,,13 " ,13 

(n ,i)Ee(p-I;1 ,s) 
(13 ,j)Ee(p; I ,s) 

with <l>i ,Jp' E Hom R (W j , Wi), and call each <l>i ,Jp' a block in <I> . When 
(t, 0: , P 

P = 1 , the block <I>~~p will be denoted by <I>~,j. Furthermore, an element of 
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HomR(Wj , Wi) will always be identified with its matrix representation with 
respect to the bases {Y!}, {Y/}. 

Lemma (3.2). Let ~p : Lp ----> Lp_1 (1 ~ p ~ s - 1) be an R-linear map. and 
suppose that the blocks ~;":P ((a., i) E e(p - 1; 1 ,s), (P ,j) E e(p; 1 ,s)) in ~p 
satisfy 

(3.2.1 ) { ~;::P E MAT(X(o..1 - 1)) for (a., i) t (P2"'" Pp ,j), 

~~':(PI ,,,) - xPlI rn , E MAT(x(o.l - 1)) for 1 ~ PI < 0. 1 ' 

where a. = (P2 "'" Pp) = 0 and 0. 1 = i when p = 1. Then the restriction of 
~p to L~em is injective and we have 

L = ~ (L fem ) EB L fem p-I,q p p,q p-I 
as a k-vector space for 0 ~ q ~ s - p - 1. in particular 

L = ~ (Lfem) EB L fem . p-I P P p-I 
Proof. See [AI, Proposition 1.2]. The proof given there works well in our case 
also, because the number of the terms occurring in a polynomial is finite. 

Let us go on to the free resolution of E we are interested in. First we define 
an R-linear map '1'0: Lo ----> E by setting 'I'o(l'/) = ef for all i, I (1 ~ i ~ 
s, 1 ~ I ~ mi ). Since 'I'o(L~em) = E and 'I'oluem is injective by (3.1), for every 

o 
triple PI ,j, I of integers satisfying 1 ~ PI < j ~ s, 1 ~ I ~ mj , there is a 

unique 1fI~1,I E L~em such that 

ef xPI = 'I'0(1fI~1 ,I)' 
Let '1'1 : LI ----> Lo be the R-linear map defined by the formula 

rnj.. . 

'1'1 = 2: 2:(l'/ x PI - 1fI~1,I) ® (X;I ® yr)· 
(PI ,j)Ee(I;1 ,5) 1=1 

Then apparently this map fulfills the hypothesis of (3.2) and 
tTl fern Ker('I'o) = Im('I'I) = TI(LI ) 

by [AI, Theorem 1.6]. The same procedure can be carried on successively with 
the help of the following lemma, until we get the (s - 1 )th module of syzygies 
of E. 

Lemma (3.3). In the situation of (3.2). suppose furthermore that 1 ~ p ~ 
s - 2 and that ~p(L~em) is an R-module. Then for every (P ,j). I (P = 

(PI , ... ,Pp+ I)' (P ,j) E e(p+l; 1 ,s). 1 ~ I ~ m j }, thereisaunique rp~,1 E L~em 
such that 

(3.3.1 ) 
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Moreover the R-linear map <l>P+1 : Lp+I --+ Lp defined by 
mJ 

<l>P+1 = L L((X(P2"",PPTd ® Y/)xPI - rp~,l) ® (X; ® Y/*) 
(P ,j)Ec(p+I;1 ,5) 1=1 

satisfies the hypothesis of (3.2) and 

Ker(<I>p) = Im(<I>p+l) = <l>p+I(L~:~). 
Proof. By hypothesis, the set <l>p(L;em) is an R-module admitting an expression 

mi 

<l>p(L~em) = EB EB<I>p(X" ® Y/)k[x(n l - I)), 
(n,i)Ec(p;1 ,5) 1=1 

which is of the same kind as (3.1). We can therefore apply [AI, Theorem 1.6]. 

Let \}Io' \}II be as above, and let \}Ip: Lp --+ Lp_ I (2:::; P :::; s - 1) be 
the R-linear maps which are determined by repeated application of (3.2) to 
\}Ip(1 :::; p :::; s - 2) inductively on p. Since L:~~ = Ls_ I is a free R-module, 
these maps give a free resolution for E of length s - 1 : 

O 'P,_I 'Pp L 'PI 'Po 0 --+ L -----+ . . . --+ L ----+ L --+ . , , --+ I ----+ Lo ----+ E --+ • 5-1 P p-I 

Observe that this resolution is not necessarily minimal but is determined unique-
ly by the expression (3.1). 

Definition (3.4). We call the free resolution of E computed by the algorithm 
we have described so far the standard free resolution of E starting from {e; 11 :::; 
i:::;s,l :::;/:::;m i }. 

The rest of this section is devoted to a detailed description of some general 
properties of standard free resolutions. For an arbitrary increasing sequence 
of integers & = (&1 ' .. - ,&) (p > 1) and a subsequence y = (&t , ... , &t) of p - I { 

& , let &\y denote the subsequence of & obtained by deleting &/1 ' ... ,&/{ from 
&, where we put &\0 = &, &\& = 0 for convenience sake. When it is re-
quired to pay attention to the indices of the terms that should be deleted, the 
sequence &\y will also be denoted by & {t I ' ... , tI }. Given another increasing 
sequence &' = (&; , ... , &;,) (p' ~ 1) , we define 1](&; &') = (&1'"'' &q) with q = 
max{/ll :::; I:::; P'&I:::; &;,} if &1:::; &;, and 1](&;&') = 0 otherwise. Instead of 
writing a free resolution of a module in the long form as above, we will often 
denote it by \}I. : L. --+ E. 

Theorem (3.5). Let E be an R-module which admits an expression of the form 
(3.1), \}I.: L. --+ E the standard free resolution of E starting from {e; 11 :::; i :::; 
s,1 :::; I :::; m) and \}I::~p ((n, i) E e(p - 1; 1 ,s), (fJ ,j) E e(p; 1 ,s)) the blocks 
in \}Ip (1 :::; p :::; s - 1). Suppose that s ~ 3 and that the blocks in \}II satisfy 
the condition 
(3.5.1) 
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Then for every p (2~p~s-1), (a,i)Ee(p-l;l,s), (p,j)Ee(p;l,s), we 
have 

,¥i,} - (-l)Qs n( P ),¥i') 
<> ,p - g ,,(a; P)' p\,,(a; P) a\,,(a;p),p\,,(a;p) 

with q denoting the number of the terms of ,,( a; P) if,,( a; P) is a subsequence 
of P , and ,¥i ,jp. = 0 otherwise. 

<>, 

The proof will be carried out by induction on p. Let r p and r~ (1 ~ 
P ~ s - 2, (P ,j) E e(p + 1; 1,s)) denote the maps from HomR(Lp' Lp_ l ) to 
HomR(Lp+1 ' Lp) given by the formulae 

p+1 
r~(<I>p) = L L «Xp, A Xy) ® X;) ® (-l)/<I>;:~{/} , (3.6.1) 

1=1 (y,u)Ee(p-l;p,+1 ,s) 

(3.6.2) rp(<I>p) = L r~(<I>p) 
(P ,})Ee(p+I;1 ,s) 

for <l>p EHomR(Lp,Lp_ I )' where the <I>~:~{l}'saretheblocksin cI>p' 

Lemma (3.7). Let the notation and the assumption be as in (3.5) and.fix t 
(1 ~ t ~ s - 2), (P ,j) E e(t + 1; 1 ,s). If t = 1, or 2 ~ t ~ s - 2 and the 
conclusion of (3.5) holds for p = t, then 

(3.7.1) '1'1 (r~('¥I)(Xp ® Y/)) ELI_I ,min(Pt+1 ,s-I) 

for all I (1 ~ I ~ m). Ifmoreover PI+I 2: s - t or 

{ '¥~:~=O forall(y,u)Ee(t-l;l,s), (l5,u)Ee(t;l,s) 
(3.7.2) 

satisfying YI > max(l52 , PHI + 1), 

then 
(3.7.3) 

for all I (1 ~ I ~ m), where in the case t = 1 the condition (3.7.2) should be 
understood with Y = 0, YI = U, l52 = V . 

Proof. Let us consider first the case where 2 ~ t ~ s - 2 and the conclusion 
of (3.5) holds for p = t. Since the blocks in the linear maps 'I'll (1 ~ t' ~ t) 
fulfill (3.2.1), it follows from the hypothesis that 

(3.7.4) '¥~:~ E MAT(x(max(YI - 1,(51))) 

for all (y,u)Ee(t-l;l,s), (l5,v) Ee(t;l,s),unless U=V and Y Isa 
subsequence of l5 . On the other hand 

(3.7.5) '¥~{~},c5 = (-1/-1,¥~,'" E MAT(x(l5I - 1)) 

for all (l5,v)Ee(t;l,s), I (1 ~/~t). By (3.6.1) 

'1'1 0 r~('¥I) = L (X" ® X;) ® :::::~p 
(<> ,i)Ee(t-I; I ,s) 
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with 
t+1 

_i,j "" "" (1)l lT1i,u lTIu,j H (Wj Wi) 
::"",p:=~ ~ - Ta,(p"y)TY,P{I}E omR ' • 

1=1 (y,U)Ee(t-I;p,+1 ,s) 

The properties (3.7.1), (3.7.3) are therefore equivalent to 

(3.7.1)' 

(3.7.3)' 

E::~p E MAT(x(min(a l - 1, Pt+1 ' S - t))), 

E:,'~p E MAT(x(a l - 1)) 

for all (a,i)Ee(t-l;l,s) respectively. Fix (a,i)Ee(t-1;I,s) and put 

° T = {(I, Y, u)ll S: I S: t + 1, (y, u) E e(t - 1; PI + 1 , s)}, 

TI = {(I, a , i) 11 S: I S: t + 1 , PI < a I} C TO, 

T2 = {(I, y , j) 11 S: I S: t + 1 , PI < y I ' Y is a subsequence of P {In C TO , 

T3 = T\(T 1 U T2), 
El = "" (1)I'Pi ,u 'PU,j 

~ - "'(P, ,y) f ,P{I} (0 S: l S: 3) , 
(I ,y ,u)ET' 

P = min(a l - 1, Pt+I)' 

15 

Then E;,':p = EO and max(YI - 1, P{/}I) = max(YI - 1, P1+1) for all (l, Y, u) E 

TO, since Pt+1 < Y1 in the case I = t + 1. First of all we find by (3.7.4) 
and (3.7.5) that 'P;,'~p"y) E MAT(x(a l - 1)), 'P~:~{I} E MAT(x(Pt+I )) for 
all (I, Y, u) E T 3 , which implies that E3 E MAT(x(p)). When the condition 
(3.7.2) holds additionally, for all (I, Y, u) E T3 the blocks satisfy 

'P~:~{I} E MAT(x(max(YI - 1 ,PI+ I ))) C MAT(x(a l - 1)) 

if a 1 S: max( Y 1 ' P1+ 1 + 1) and 'P;,'~p, ,y) = 0 otherwise. Hence 

E3 E MAT(x(a l - 1)) 

in this case. Observe that 

with w := max{l11 S: I S: t + 1, PI < a l } U {O} and that 
1 

-=2 _ _ "" 'Pi ,j 'Pj ,j + 'Pi ,j 'Pj ,j 
~ - ~ ",P{I+I} P{I,l+I},P{I} ",P{I} P{I,2},P{2} 

1=1 

1+1 
= ""(-1 )/-1 'Pi ,j 'Pj,j 
~ ",P{/} p, ' 
1=1 
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where =:1 = 0 in the case w = 0 i.e. TI = 0. Put 

(3.7.6) 

for 1 ~ 61 < V ~ ~. We consider the difference =::= =:~'~P - =:3 , separating two 
cases. 

Case (1). Suppose TI n T2 = 0. Then 
_ _I _2 
~=~ +.::, 

Since the assumption TI n T2 = 0 implies i =f. j or 0: =f. P {l}{ I} for any I 
(1 ~ I ~ t + 1), the blocks '¥~':P{/} (1 ~ I ~ t + 1) lie in MAT(x(O:I - 1)) by 
(3.7.4) and (3.7.5). Besides, ~~'/ E MAT(x(O:I - 1)), ~~;j E MAT(x(Pt+I )) for 
1~I~w and '¥~/EMAT(x(O:I-l)) forw+l~l~t+l by the conditions 
0:1 < i, PI+ I < j and (3.2.1). Hence =: E MAT(x(p)). When (3.7.2) is fulfilled, 
we have '¥;":P{/}~~;j = 0 for 1 ~ I ~ w if 0: 1 > Pt+ l+l = max(p{I}2'PI+I+l) , 
therefore =: E MAT(x(O:I - I)). 

Case (2). Suppose TI n T2 =f. 0. Then i = j and 0: is a subsequence of P{l} 
for some I (1 ~ I ~ t + 1) such that PI < 0: 1 , This is possible only when 
TI c T2 and 0: = P {l , n} with some n (2 ~ n ~ t + I). In this case 

=: = =:2 = '¥~'{ I ,n},p{l} '¥~'Ii + (-1 )n-I'¥~'{I ,n} ,p{n} '¥~~ + =:' 
= (_I)n (~i,i~i,i _ ~i ,i~i,i) + =:' 

Pn PI PI Pn 

by (3.7.5) and (3.7.6), where 
1+1 

=:' = L (_1)'-I'¥~'{I,n},p{/},¥~;i. 
1=1 

If-I ,n 

Since p{l,n} is not a subsequence of P{l} and 0: 1 = P{1 ,nh ~ PI for 
I =f. I, n, the matrix =:' lies in MAT(x(O:I - 1)) by (3.2.1) and (3.7.4). On the 
other hand, since 0:1 < i, it is clear that =: - =:' E MAT(x(O:I - 1)) by (3.2.1). 
Hence =: E MAT(x(O:I - I)). 

Thus for each (0:, i) E e(t - 1; 1 ,s) the matrix =:~'~p satisfies (3.7.1)' , and if 
moreover the condition (3.7.2) is fulfilled, it also satisfies the stronger (3.7.3)'. 
Since L t_ 1 ,min(Pr+1 ,s-I) = L;~~ if Pt+1 ~ S - t, this concludes the proof of our 
lemma for the case 2 ~ t ~ s - 2 . 
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When t = 1 , we have 
s 

'1'1 0 ,~('I'I) = L(l ® X;) ® s~,j 
i=1 

with 
2 s 

s~,j = L L (- d'l'~U'l'~v} 
1=1 u=P,+1 

and the properties (3.7.1), (3.7.3) are equivalent to 

(3.7.1)" 

(3.7.3)" 

s~,j EMAT(x(min(i-l,P2 ,s-t))), 

s~,j E MAT(x(i - 1)) 

17 

for all i (1 :s i :s s) respectively. In this case, the matrix corresponding to S3 
defined in the course of the above proof coincides with the sum of all the terms 
occurring in s~j such that u =1= i , j. We denote this matrix by the same symbol 
_3 Nih . b _3 d - _i j _3 . h .=.. ow app y t e same reasomng as a ove to.=. an .=.:= '='p' -.=. WIt 
the use of (3.2.1) and (3.5.1). As for S, it may be easier to understand if we 
verify the desired result directly separating the four cases (1) i:S PI < P2 < j , 
(2) PI < i :s P2 <. j , (3) PI < i, P2 < j, i =1= j , (4) P2 < j = i. The details are 
left to the readers. Q.E.D. 

Lemma (3.8). Let the notation and the assumption be as in (3.5), fix t (1:S 
t :s s - 2) and let ,,('I',):::p ((Q:, i) E e(t; 1 ,s), (P ,j) E e(t + 1; 1 ,s)) be the 
blocks in '(('I'(). Suppose that t = 1 or that 2 :s t :s s - 2 and the conclusion 
of (3.5) holdsfor p = t. Thenfor (Q:, i) E e(t; 1 ,s), (P ,j) E e(t + 1; 1 ,s), we 
have 

(3.8.1) 

If moreover 

(3.8.2) { 'I'~:~ =0 forall(y,u)Ee(t-l;l,s),(c5,v)Ee(t;I,s) 

satisfying YI > c52 ' 

then '1'1+1 = ,(('1',), where in the case t = 1 the condition (3.8.2) should be 
understood with y = 0, Yl = u, c52 = V . 

Proof. Let (P ,j) be an element of e(t + 1; 1 ,s) and I (1 :s I :s m) an 
integer. If P(+1 < S - t, there is a unique 0;,/ E L~:~+, such that 

(3.8.4) O/~,/ := '1'( ( ,~('I'()(Xp ® Y!)) - 'I',(8~,/) E L;~~ 

by (3.7.1) and (3.2), while if P(+1 ;:::: S - t, the condition (3.8.4) holds with 
o~,/ = 0 by (3.7.3). Since '1"-1 0 '1', = 0 and 'I"_IIL;~ml is injective by (3.2), 
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this ()~,/ must be zero. On the other hand, it follows from (3.7.4), (3.7.5) and 
(3.6.1) that the map 'p('I't) satisfies (3.2.1), in particular 

(3.8.5) 

The relation ()'J,l - 0 is therefore the one obtained by our algorithm (see 
(3.3.1)). Set 

mj 

8 t+1 = L L ()L ® (X; ® Y/*) 
(P ,j)Ee(t+I;1 ,s) 1=1 

with the ()~,/'s determined as above. Then 'PHI = 't('Pt ) - 8 HI by the con-
struction of 'PI+I and the blocks in 8 t+1 satisfy 8~':p = 0 if 1 ~ a l ~ PHI 
or PI+I 2: s - t. This proves (3.8.1). In the case where (3.8.2) is fulfilled, the 
condition (3.7.2) holds automatically, therefore ()p,/ = 0 for all (P, j) ,I by 
(3.7.3), that is 8 t+1 = 0 and 'PHI = 't('Pt). 

Proof of Theorem (3.5). Fix an integer t (1 ~ t ~ s - 2) and assume that the 
blocks in 'PI satisfy (3.5.1). Assume moreover that t= 1 or that 2~t~s-2 
and the conclusion of (3.5) is true for p = t. Under this condition we will prove 
that the formula in (3.5) holds for all (a, i) E e(t; 1 ,s), (P, j) E e(t + 1; 1 ,s) . 
Since our assertion is trivial for all pairs (a, i) , (P ,j) satisfying '1( a; P) = 0, 
we have only to consider the case '1(a; P) "10. Let (a, i) E e(t; 1 ,s), (P, j) E 
e(t+l;l,s) and suppose a l ~Pt+I' Put q=max{111 ~1~t,a/~pl+l}' To 
begin with, it follows from (3.8.1), (3.6.1), (3.6.2) that 

(3.9) 'Pi,j = { (-I)/'P;"{I} ,P{/} if a l = PI for some I (1 ~ I ~ t + 1), 
It,p 0 if a l ~ PH' but a, "I PI for any I (1 ~ I ~ t + 1). 

Since 'P;'{l} ,P{/} = 'P;'\ltl ,P\ltl if a, = PI ' this formula is nothing but what we 
want when t = 1. Suppose 2 ~ t ~ s - 2. If '1(a; P) = (a l , ... , aq ) is a subse-
quence of p, then '1(a\a,; p\a,) = (a 2 , ... , aq ) is a subsequence of p\a, and 
(a\a, )\'1(a\a,; p\a,) = a\'1(a; P), (p\a, )\'1(a\a,; p\a,) = p\'1(a; P), where 
(a 2 , ... , a q ) = 0 for q = 1. In this case, we find therefore by (3.9) and our 
assumption that 
lui ,j (1 )1 lui ,j 
T",p = - T,,{,} ,P{/} 

_ -sgn ( P ) 'Pi ,j 
- a, ' p\a, "\I'I,P\"I 

- -sgn (-1 )q- sgn ' 'P',J ( P) '( p\a ) .. 
- a, ,p\a, '1( a\a,; p\a,) ,P\'1( a; P) ,,\rJ{n;p) ,P\rJ{It;P) 

- (- 1 ) q sgn ( P ) 'Pi ,j 
- '1(a; P), p\'1(a; P) ,,\rJ{n;p) ,p\rJ{n;p) 

as desired. On the other hand if '1(a; P) is not a subsequence of p, then a, "I PI for any I and 'P;::p = 0 by (3.9), or a, = PI for some I and 
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. . I .. 
'P;:;p = (-1) 'P;"" I ,P\"I by (3.9) but y/(a\al;p\a l ) is not a subsequence of 
p\a l • In the latter case, 'Pi ,\J P\ = 0 by our assumption, hence 'Pi ,Jp. = O. 

Q Ql, 01 Q, 

We have thus proved that if t = 1 or 2 ~ t ~ s - 2 and the conclusion of (3.5) 
holds for p = t , then it also holds for p = t + 1 . This completes the proof of 
(3.5). 

Remark (3.10). In the case E is a homogeneous ideal in R, its standard free 
resolution starting from a basis which has the properties described in (1.1) 
always satisfies the condition (3.5.1). The proof will be given in the next section 
(cf. [AI, Remark 2.2]). 

Corollary (3.11). Let the notation and the assumption be as in (3.5). 
(1) For all p (1 ~ P ~ s - 2), we have 

'P ('P ) + '" (X iO> X*) iO> 'Pi •J . p+ I = r p p ~ a '<Y P '<Y ",p 
(n ,i)Ee(p;pp+1 + I ,s) 

(P ,J)Ee(p+I;1 ,s) 
Pp+I<S-P 

(2) Let 01' (1 ~ p ~ s - 1) denote the sequence (s - p , ... ,s - I). Then 
p 
'" I-I * u,s,S 'Pplx(oP®Ws = ~(-I) (XwP{I}I8iXwp)I8iTs_p+I_1 
1=1 

p-I * s-I,s +(-1) (XwP{p}I8iXwp)I8i'Ps_1 

for all p (2 ~ p ~ s - 1). In particular, we can determine 'Ps _ 1 completely by 
'PI without computing 'P2 ,···, 'Ps_2 . 

(3) 'PP+1 = rp('Pp) for all p ((s-l)j2 ~ p ~ s-2) (cf [AI, Example 2.8]). 
(4) If (3.8.2) holds with t = Po for some Po (1 ~ Po ~ s - 2), then 

for all p (po ~ p ~ s - 2) the condition (3.8.2) holds with t = p also and 
'PP+I = r p('Pp) . 

(5) If 'P,or,('P,)=O,then 'Pp+l=rp('Pp) for all p (l~p~s-2). 

Proof. (1) Clear by (3.5) and (3.8.1), since rp('Pp)::~p = 0 if a l 2: Pp+1 + 1 
and Pp+1 < S - P . 

(2) An immediate consequence of (3.5). 
(3) If(s-l)j2~p~s-2,thens-p~p+l~Pp+1 for all (P,j)E 

e(p + 1; 1 ,s). Hence 'PP+1 = rp('Pp) by (1). 
(4) We will first show that if (3.8.2) is fulfilled for some t (1 ~ t ~ s - 2), 

then it also holds with t replaced by t + 1. Suppose that (3.8.2) is true for 
some t and let (y, u) E e(t; 1 ,s), (0, v) E e(t + 1; 1 ,s). Since 'Pt+1 = rt('Pt) 
by (3.5) and (3.8), we have 'P~:~ = (_I)I'P~{';},"{I} if YI = 01 for some I 
(1 ~ I ~ t + 1) and 'P~:~ = 0 othewise. For our purpose it is therefore enough 
to consider the case Y I = 01 > 02 for some I. In particular we are done for 
t = 1. If 2 ~ t ~ s - 2 and YI = 01 > 02 for some I, then 2 < I ~ t + 1, 
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y{lh = Y2 > YI > c52 = c5{/}2' SO that '¥~:~ = ° as desired by assumption. 
Thus our assertion follows from (3.5) and (3.8) by induction. 

(5) Since Tp('¥I) satisfies (3.8.5) for all (P ,j) E e(2; 1 ,s), it follows from 
the hypothesis and the construction of '1'2 that '1'2 = T I ('1'1)' The blocks in '1'2 
therefore satisfy (3.8.2) with t = 2 by (3.6.1), (3.6.2), hence '¥P+I = Tp('¥p) 

forallp (l~p~s-2) by (4). 

Example (3.12). (1) Set E = k = R/(xl""'x,), S = r+ 1, m i = ° for 
1 ~ i ~ r, m,+l = 1, e~+l = 1 E E. Then E = 1· k, Lp = (,\P V) ®R W,+l ::::::: 

/\P V (0 ~ p ~ r) and '1'1 = l:~I=1 (y;+1 xp) ® y;+l* ® X;I . In this case the 
conditions (3.5.1) and (3.8.2) are trivial for '1'1' so that '¥P+I = Tp('¥p) for all 
p (1 ~ P ~ r - 1) by (4) of (3.11). The standard free resolution of k starting 
from {I} therefore coincides with the usual minimal free resolution of k over 
R given by the Koszul complex of R with respect to XI"'" x, . 

(2) Let E be a nontrivial monomial ideal in R = k[x l ' ••• , x,] and suppose 
that there are monomials ef (1 ~ i ~ r - c, 1 ~ I ~ mJ in XI"'" x, with 
coefficient 1 such that e; E k[x l ' ••• , Xi]Xi for all i, I and 

r-c mi 
E = ffiffie:k[x(i - 1)], 

i=1 1=1 

where ° ~ c < r,m i ;::: 1 (1 ~ i ~ r-c). Then for every triple pl,j,1 
satisfying 1 ~ PI < j ~ r - c, 1 ~ I ~ m j , we find e/xP1 = e;,xll for some i 
(PI ~ i ~ j), !' (1 ~!' ~ mi), Il = (0 , ... ,0,llmaxU,PI+I), ... ,llj,0 , ... ,0) E 
Z~, so that the blocks in '1'1 fulfill the conditions (3.5.1) and (3.8.2). Hence 
'¥P+I = Tp('¥p) for all p (1 ~ P ~ r - c - 2) by (4) of (3.11). If moreover 
char( k) = ° and E is Borel fixed (see (4) of (1.1)), then with the notation 
above ef X pJ Xj E E, namely Il j ;::: 1. In this case the components of all the 
blocks in '¥p therefore lie in m for all p (1 ~ p ~ r - c - 1) and the standard 
free resolution of E starting from {ef 11 ~ i ~ r - c, 1 ~ I ~ mJ is minimal. 
Note that a Borel fixed monomial ideal always has a basis as described above 
(cf. Appendix, [Gr, §2], [HU, Lemma 5.6], [Ga, §4], [AI, (2.1.6)]). 

We close this section with a lemma which enables us to get considerable 
information on Ext~-I (E , R) from the standard free resolution. 

Lemma (3.13). Notation and assumption being as in (3.5), we have 

I k[x(S-p-ll](I'¥S,s I'Y'S I,¥S,S I'¥S-I,s) 
m s-p' s-p+I'"'' s-I' s-I 

{
P-I } = ffi Imk[X(S-p+I-2 l ](lo/,s ) EB Imk [x(s-2)] (I,¥S ,s I'¥S-I,s) 
W s-p+I-1 s-I' s-I 
1=1 
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for all p (1::; p ::; s - 1) (see Notation). Moreover 

Imk[X(S-2))(I,¥s ,s Iqr-I,s) 
s-I' s-I 

= Imk[X(S-2l)('¥~~I) EB {2: Imk[X(S-ll) ((~~~I)u. t'¥~=: 'S)} 
u~O 

as a k[x(s - 1)]-module, where ~~~I = xs_1l ms - '¥~~I . 

Proof. Let wP (1::; p::; s - 1) be as in (3.11). Set 

Qp_1 = XwP- 1 ® W S c Lp_1 ' , {ffi S } s-I Qp-2 = ~(XwP{1 ,f} ® W) EB (XwP{1 ,p} ® W ) C Lp_2 
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for 2 ::; p ::; s - 1 and let 7Cp_2: L p_2 -+ Q~-2 denote the natural projection. 
The matrices representing the composite maps 7Cp_2 ° '¥p_1IQp_1 and 7Cp_2 ° 
'¥p- 1Ixs-pI\Q;_2 ' which we denote by Yp_1 and Y~_I respectively, are made up 

of the blocks '¥~t{I,/},WP{f/} in '¥P_I such that i,j = s,s-1 and moreover 
Y~_I is a square matrix of size qp_1 := ms_1 + (p -1 )ms' Since '¥~{I'/} ,wP{f} -

xs_p1ms (i=s-I,I=p or i=s,2::;I::;p) and '¥;;{I'/},wP{f/} ((i,j)= 
(s,s-l) or (s-l,s) or s-1 ::;i=j::;s,l=j:.l') all lie in MAT(x(s-p)) 
for 2 ::; p ::; s - 1 by (3.2.1), (3.5.1), (3.7.4), (3.7.5), we find Yp_I ' Y~_I 
xs_p l qp _, E MAT(x(s - p)) and 

(3.13.1) k[x(s _ p _ 1)]ms+qp-, = Imk[x(s-p-Il) (IYp_l) 
Iy' p-I 

EB {k[x(s - p - l)]mS EB k[x(s - p)]qp-I} 

by [AI, Proposition 1.2] (cf. Notation). Put 

y" = I(I,¥S,S _I,¥S,S (_I)P-II'¥s,s (_I)P-It\IlS-I,s) 
p s-p' s-p+I"'" s-I' Ts_I' 

Then Im('¥pIQ) C Qp_1 EB(Xs_pAQ~_2) and 7Cp_2o'¥p_ 1o'¥pIQp is represented 
by the matrix (Yp_I ' Y~_I)Y~ by (2) of (3.11), therefore the identity '¥P_I ° 
'¥p = 0 implies 

Hence 
Imk[X(S-P-I))(y~) 

Iy" (IYp_l) = 0 
Ply' . 

p-I 

= Imk[X(S-P-I))(I\Ils,s ) ffi I k[x(s-p))(I\Ils,s lUIS,S I~Hs-1 ,s) 
T s_ p <l7 m T s_ p+ 1 , ••• , T s _ 1 ' T s _ 1 
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for 2 ~ p ~ s - 1 by (3.13.1) and [A 1, Proposition 1.2]. The first formula 
follows from this by induction on p , since it holds trivially for p = 1 . For the 
second, see [A2, (2.3.5)]. Recall that qt~=:,s E MAT(x(s - 1)) by (3.5.1). 

4. VERIFICATION OF THE CONDITION (3.5.1) 

Let I be a nontrivial homogeneous ideal in R with B(l) = (n\~i~C' ni = 

(n; , ... ,n~) (c = depthm(R/l)) and let qt.: L. ---> I be the standard free 
resolution of I starting from the basis {f/ 11 ~ i ~ r - c, 1 ~ I ::; m i } which 
has the properties (1), (2), (3) of (1.1) with respect to a generic x E R~r . With 
the notation of the previous section, we introduce a natural grading into the 
free R-modules Lp (0 ~ p ::; r-c-1) by putting deg(X/) = 1 (1 ~ I ~ r-c), 
deg(Y/) = n; (1 ~ i ~ r - c, 1 ~ I ~ mJ. Then 

(4.1 ) 
r-c . I 

Lp ~ E9 R(_n i -p/'p ) 
i=p+1 

as a graded R-module for 0 ~ p ~ r - c - 1 , 
r-c 

L~em ~ E9 k[x(i - 1)]( _n i ) 

i=1 
(4.2) r-c-p r-c . i-t-I 

L;em ~ E9 E9 k[x(t - l)](-n' - p)( p-I ) 

1=1 i=l+p 

for 1 ~ p ~ r - c - 1 

as k-vector spaces and the map qtp is a homomorphism of graded modules of 
degree zero for all p. Moreover the length of qt.: L. ---> I is exactly the one 
determined by Auslander-Buchsbaum's theorem, though this resolution is not 
necessarily minimal in general. When r - c ~ 2, the blocks in qt I satisfy the 
condition (3.5.1) in a strengthened form, which we will prove below. To begin 
with, let us recall the 

Division Algorithm (4.3). Fix an r-tuple x = (XI"" ,x,) of linear forms of 
R such that R = k[xl, ... ,x,]. Let g: (1::; i ~ u,l ~ I::; vi'v i ~ 0) be 
arbitrary homogeneous polynomials of R different from zero satisfying 

(4.3.1) in(x; gj)k[x(i - 1)] n in(x; g:: )k[x(i' - 1)] = 0 

for (i, I) =F (i', 1'), J = E9~=1 E9~~1 in(x; g:)k[x(i - 1)] c Rand N the linear 
subspace of R spanned over k by all the monomials not contained in J . Then 
the natural inclusions J ~ Rand N ~ R yield an isomorphism 0"1: J EB N ---> 

R. We define a map 0"2: J EB N ---> R by 

u, (pn(x; g:)h; ,h') ~ 'f, g: h; + h' 
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for h; E k[x(i - 1)] (1 ~ i ~ u, 1 ~ / ~ v) ,h' E N and denote the projections 
from J(J}N to J and N by prj and prN respectively. Put a = a~1 oa2 and 
A = id J - prJ oal J . Since A(h) = ° or h -< A(h) for every hE J different from 
zero, the image of an element of J by the map i is zero for all sufficiently 
large t. It is therefore possible to define a map K: J (J) N ...... J (J) N by 

K(h,h') = ((idJ + ~i) (h),h' -prNoa o (idJ + ~i) (h)) 

for h E J ,h' EN. Direct computations show that Koa = id JffiN ' aOK = id JffiN ' 
hence a2 = a l 0 a is an isomorphism. In other words, 

(4.3.2) 

Lemma (4.4). With the notation of (4.3) suppose that 

{ in.(x; gj) E k.[x1 , ... , xJxi , (4.4.1) g; - in(x; g;) EN 
for all i, / (1 ~ i ~ u, 1 ~ / ~ v). Then 

gf xp, E {~gf,'k[X(PI)]} <!l L~, ~g:'k[X(i - I)]} <!l N 

for every triple PI ,j, / satisfying 1 ~ PI < j ~ u, 1 ~ / ~ vj . 

Proof. Let PI' j, / be a triple satisfying 1 ~ PI < j ~ u, 1 ~ / ~ v j • We will 
prove first that 

(4.4.2) 4 $ in(x; gi, )k[x(i - 1)] C { 4 $ gj,k[x(i - I)]} (J) N. 
i=PI+II'=1 i=PI+II'=1 

Denote the left-hand side of this inclusion relation by l' and the right-hand 
side by 1". Let A, K ,a2 = a l 0 a be the maps defined in (4.3). Given an 
element in(x; g:, )xll (PI + 1 ~ i ~ u, 1 ~ l' ~ Vi' f..t = (0 , ... , 0, f..ti" .. ,f..tr ) E 
Z~) of 1', each term occurring in {in(x;g:,) - g:,}xll belongs to either N 
or l' by (4.4.1), therefore A maps l' into itself. Consequently l' = a l 0 

a 0 K(1') C a2((idJ + 2::1 i)(1')) + N C a2(1') + N, which shows (4.4.2). 
Write g( = 2:v avxv. Suppose av ¥- ° and XV x PI = in(x; gf, )bxll E J for 
some v = (vl' ... ,vr), i (1 ~ i ~ u), l' (1 ~ /' ~ Vi)' b E k, f..t = 
(0, ... ,0 ,f..ti"'" f..t r ) E Z~. Since PI < j, we see by (4.3.1) and (4.4.1) that 
XVI",xvPI ft. J, therefore (1) i = PI' f..tPI = 0, f..t = (0 , ... ,0,f..tPI+1 ,· .. ,f..tr ) 

or (2) i > PI' In the first case we have XV x PI = in(x; gf,1 )bxll = gf,1 bxll + 
{in(x; gf,l) - gf,1 }bxll E gf,1 bxll + N Xll C gf,1 bxll + l' + N by (4.4.1), while in 
the second case, clearly XV x PI E l' . Since l' + N c 1" by (4.4.2), this implies 

that g( xPI E {ffi;':~1 gf,1 k[x(PI )]} (J) J" . 
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Proposition (4.5). Let the notation be as in the beginning of this section and let 
'P~"j (l::;i::;r-c,(p l ,j)Ee(I;I,r-c)) be the blocks in 'PI' Then 

( 1 ) 'P~': = 0 for 1 ::; i < PI ' 
(2) 'P~"j E xU - I)MAT(x(max(i - 1, PI))) for PI ::; i < j. 

Proof. (1) For each triple PI ' j , I (1::; PI < j ::; r - c, 1 ::; I ::; mJ ' it follows 
from (1), (2), (3) of (1.1) and (4.4) that 

with h;, E k[x(max(i-l ,PI))] (PI::; i::; r-c). Hence 'P~': = 0 for 1::; i < PI 
and 'P~:,j E MAT(x(p l )) by the construction of 'PI . 

(2) Note first that 'PI satisfies (3.2.1). Fix (PI' j) E e( 1; 1 , r - c) . Then the 
identity 'Po 0 'P I = 0 implies l:;:~ (f/ ' ... , f~) 'P~"j = O. Substitute 0 for Xl 
for all t U::; t ::; r) in this relation and let 7; (resp. 'P~"j) denote the result-
ing polynomial lying (resp. matrix with components) in k[x l , ••• , xj_d. Since 
-i j I -i -i -i j f, = 0 for j ::; i ::; r - c, the above relation becomes l:i:1 (fl , ... , f m)'P p', = 

0, from which follows that 'P~/ = 0 for all i (1 ::; i ::; j - 1) by (2) of 
(1.2) and (3.2.1). The components of 'P~': are therefore all contained in 
xU - 1 )k[x(max(i - 1 ,PI))] for PI ::; i < j by (3.2.1) and the last part of 
the proof of (I). 

Corollary (4.6) (cf. [A2, Proposition 2.4]). With the notation above, suppose 
o ::; c ::; r - 2. Then 

Homk(H~(A), k)(r) ~ Coker('P~_c_l: L~_c_2 --> L~_c_I) 
~ EB;::;-'((XI /\ ... /\ Xr_c_ l )* ® y;-c*)k[x(r - c - 1)] 
-" (X /\ ... /\ X )* ® Imk[X(r-c-Il]((Iq,.r-c,r-C)U . l'Pr- c- 1 ,r-c) 

L..Ju?:o I r-c-I r-c-I r-c-I 

with q,.~::::~~~c = xr_c_ 1 1 mr-, - 'P~::::~~~c, where the second isomorphism stands 
for that of k[x(r-c-I )]-modules. In particular Homk(H~(A), k) has a minimal 
free resolution of the form 

... --> k[x(r - c - I)](n r- c - c - 1) --> Homk(H~(A) ,k) --> 0 

as a k[x(r - c - 1 )]-module. 
Proof. The first isomorphism is nothing but the local duality. The second fol-
lows from (2) of (3.11), (3.13) and the direct sum 
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The minimality of the generators (Xl 1\ ... 1\ X r- c- I )* \51 ~r-c* (1:::; I :::; mr_c) 

over k[x(r - c - 1)] follows from (2) of (4.5). 

5. GRADED BUCHSBAUM RINGS 

We will extract from the results of the preceding sections some consequences 
which characterize the basic sequences of homogeneous ideals defining graded 
Buchsbaum rings (cf. [SV, Chapter I, Definitions 1.5, 3.1]). In the argument 
below a crucial role will be played by the structure theorem for maximal Buchs-
baum modules over regular local rings due to S. Goto. In the graded case it 
reads as follows. 

Theorem (5.1) ([Gol],[G02, (3.1)]). LetS beapolynomialringoverk in u in-
determinates ZI""'zu(u~ 1), n its maximal ideal (ZI""'zu)S, (K.(S),8.) 
the Koszul complex of S with respect to z = (z I ' ... , z u) and Syz~ (k) = 
Ki (S)/Im(8i + I ) for 0 :::; j :::; u. Then a finitely generated graded S-module 
E of dimension u is Buchsbaum if and only if 

u S . 
E ~ EB SYZl (k)( _Wl) 

i=O 

as a graded S-module with suitable sequences of integers wi = (wi, ... , w;,) 

(0:::; j:::; u), where wi = 0 and Syz~(k)(-wi) = 0 if Vi = O. Moreover in 
this case, the sequence wi is determined by the isomorphism H~ (E) ~ k( -wi) 
up to permutation and Vi = h~(E) for each j (0:::; j < u). 

In addition to this theorem we need the following 

Lemma (5.2). Let S = k[ZI , ... , zu] and n be as above and let 

be an exact sequence of finitely generated graded S-modules such that v = 
dim(M) < u and Gp (1:::; p :::; u - v) are free. Then H~ (M) ~ H~+U-v (E) , 
Ext~(k , M) ~ Ext~+U-I' (k , E) for 0 :::; j < v, H~ (E) = Ext~(k, E) = 0 for 
o :::; j < u - v and M is a Buchsbaum S-module if and only if so is E. 
Proof. The isomorphisms of cohomology modules are easy to verify. Since we 
have a commutative diagram 

Ext~(k, M) 
~ 

Ext~+u-v (k , E) ---+ 

1 1 
H~(M) 

~ 

H~+u-I' (E) ---+ 

with canonical vertical homomorphisms for all j (0:::; j < v), the module M 
is Buchsbaum if and only if so is E by the cohomological characterization of 
graded Buchsbaum modules (see [SV, Chapter I, Corollary 2.16, Theorem 3.7]). 
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Remark (5.3). Note that 
u-j+1 u-I 

Syzs(k) ~ Im(8.) ~ ffi k[z(t - l)](-j)C- I ) for 1 :::; j:::; u ) ) I;J7 
1=1 

by (1) of (3.12) or directly by [AI, Proposition 1.2]. 
From now on we will fix a nontrivial homogeneous ideal I cR. Let x = 

(XI' ... , xr) be a generic element of R~r. Put A = RI I, c = depthm (A), d = 
dim(A), B(I) = (ni)l<i<r_c with ni = (n; , ... , n~) and A(P) = Alx(r - p)A 
for 0:::; p :::; d . - - I 

Theorem (5.4). Suppose that A is a graded Buchsbaum ring and let w j = 
(w{, ... , Wk~(A)) be a sequence a/integers such that H~(A) ~ k( _wj) for each 
j (c:::; j < d). Then 

(1) nr- p = ((w j + j + 1)( j ))c::;j::;p up to permutation/or every p (c:::; p < 
d) , 

(2) ((w j + j + 1)( 1 \::;j<d is a subsequence 0/ nr- d up to permutation. 

Proof. (1) For each p (0:::; p < d) the ring A(P) is also Buchsbaum and 
mH~(A(p)) = 0, therefore 

(5.4.1) H~(A(P)) ~ k(_nr- p + 1) 

for c :::; p < d by (2) of (1.2) and (2.1). On the other hand, since Xr_qH~ (A (q)) 
= 0 for all j, q (0:::; q < d, 0:::; j < d - q), we find 

(5.4.2) H~(A(P)) ~ 4H~(A)( - j)( j) ~ 4 k(-w j - j)( j) 
j=O j=c 

for c :::; p < d , applying (2.2) to A (q) and its parameter xr_ q for 0 :::; q < d -1 . 
Compare (5.4.1) and (5.4.2). 

(2) We denote the ring k[x(r - d - 1)] by S and its maximal ideal 
x(r-d-l)S by n. Let U;ill :::;i:::;r-c,1 :::;l:::;m;} be as in (1.1) and let J 
denote the S-module E9;:~-1 E9;::1 // k[x(i - 1)]. Consider the exact sequence 

o -+ I I J -+ RI J -+ A -+ 0 

of graded S-modules. Since Is(RIJ ®s Sin) = IR(RII + x(r - d - I)R) < 00 

by (2) of (1.2), the S-module RI J is finitely generated and free by (3) of 
(1.1) and (1) of (1.3). Moreover A is a Buchsbaum S-module by hypothesis. 
It follows therefore from (5.2) that I I J is a Buchsbaum S-module such that 
H~(A) ~ H!(A) ~ H!+I(IIJ) for all j (0:::; j < d) and H~(lIJ) = O. 
Consequently 

(5.4.3) 



THE GENERALIZED WEIERSTRASS PREPARATION THEOREM 27 

by (5.1), where w is a suitable sequence of integers. This isomorphism and 
(5.3) yield 

(5.4.4) JjJ '" {!!k[X(r - p - l)[(-w j - j - n< ~) } EllS(-w) 

~ {~~k[X(r - p - l)[(-w j - j -I)(~) } 

Ell { ! S( -wj - j - I) ( ;) } Ell S( -w) , 

while the formula (1.1.1) implies 

{ d-I } 1/ J ~ S( _nr-d) ffi ~ k[x(r - p - 1)]( _nr- p) . 

With the use of these expressions for 1/ J, dimk (1/ J)t can be computed in 
two ways and by (1) we find 

d-I d 
dimk(S( _nr-d))t = L dimk(S( _wj - j - 1)( j ))t + dimk(S( -w))t 

j=c 

r-d ((( j . )( I{ )) ) for all t E Z. Hence n = w + } + 1 } c<!,j<d ' W up to permutation. 

Corollary (5.5). Let '1'.: L. ---- I be the standard free resolution of I starting 
from the basis described in (Ll). If A is Buchsbaum, then Im('I'r_d_l) is a 
graded Buchsbaum R-module and the maps 'I'p+r-d-I (0:::; P ,:::; d - c) yield a 
minimal free resolution of Im('I'r_d_l) . 

Proof. Let E denote Im('I'r_d_l) and let <1>.: F. ---- E be a minimal free 
resolution of E. It follows from the hypothesis and (5.2) that E is a graded 
Buchsbaum R-module and moreover E has another free resolution 'I'.+r-d-I : 
Le+r-d-I ---- E given by the maps 'I'p+r_d_1 (0:::; p :::; d -c). With the notation 
of (5.4), E is isomorphic to the direct sum of 

d-I 
R j E9 SYZj+r_d(k)( -w ) 

j=c 
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and a free R-module by (5.1), (5.2), so that Fp = 0 for p > d - c and 
d . 

rankR(Fp) = Lj::: C+p~r_d)h~(A) for 1 $ p $ d - c. On the other hand 

r-c ( . 1 ) 
rankR(Lp+r_d_l) = . L \p +: = d _ 1 mi 

l=p+r-d 

~ ~ ( i-I ) (r -. i)h~(A) 
~ L...,.\p+r-d-l } i=p+r-d j=c 

d-p r-j. . ='" '" ( 1-1 )(r-,l)h~(A) 
L...,. L...,. \p+ r - d - 1 ) j=c i=p+r-d 

= ~ ( r )hj (A) 
L...,. j+p+r-d m }=c 

for all p (1 $ p ~ d - c) by (4.1), (1) of (5.4) and an elementary formula 

(5.5.1) '~' (t) (V - t) (V + 1), , 
~ u u' = u + u' + 1 (u ,u 2: 0, v 2: u + u ). 

Hence dimk(Tor:(k, E)) = rankR(Fp ) = rankR(Lp+r_d_l) for 1 $ p $ d - c, 
which implies our assertion. 

Corollary (5.6). Suppose A is Buchsbaum. Then 

d-I (d) . 
mr- d 2: L j h~(A), 

}=o 
in particular 

(1) c=O, h~(A)= 1, h~(A)=O (O<j<d) ifr-d= 1, c<d, 
(2) min{tII[ i- O} 2: L~::OI (~)h~(A) if r - d = 2. 

Proof. An immediate consequence of (2) of (5.4). Recall that m l = 1, m2 = 
n: = min{tllt i- O} (see (1) of (1.6) and of (1.7)). 

Corollary (5.7) (cf. [EF, §5], [GMl, §3]). Suppose that c 2: 1 and that Z := 
Proj(A) is an arithmetically Buchsbaum subscheme oj pr-I with dim(Z) 2: I 
which has maximal rank. Then hi (Y"z(t)) = 0 Jor all integers t or 

I . I I I nl - 2 $ mm{tlh (Y"z(t)) i- O} $ max{tlh (Y"z(t)) i- O} $ nl - 1, 
where Y"z denotes the ideal sheaJ oj Z . 

Proof. If c = 1, then nr- I = Wi + 2 up to permutation by (5.4), where w 
is a sequence of integers such that Ee t HI (Y"z (t)) ~ k( -w I). We therefore get 
the inequality by (2.8). 

Remark (5.8). (1) The above results (5.4), (5.5), (5.6) generalize the essence 
of the structure theorem for arithmetically Buchsbaum curves in p3 proved in 
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my previous work [A2]. There the case 1 ~ c ~ d = 2, r = 4 was treated 
exclusively. Recently M. Chang in [C] gave another structure theorem for the 
case 1 ~ c ~ d = r - 2, r ~ 4, with the use of which she obtained the inequal-
ity stated in (2) of (S.6) (cf. (7.1), (7.2». Note that our generalization above 
includes the case c = 0 also. 

(2) We will show in the next section that the lower bound estimate for the 
minimal degree of the generators of I described in (2) of (S.6) is sharp. This 
estimate, however, does not hold when r - d ~ 3, as seen by the following 
example. Put c = 1, d = 2, r = S and let I be the ideal in R generated 
b 2 U 11 ( ) U '/I ( ) U v-I u+, v-I Y x"X,x2 X 3 u+v=t, X 2 X 3 u+v=t+l, X,X2 X 3 X 4 -X2 X3 Xs 

(u+v = t, v ~ 1) for t ~ 1. Then H~(A) = O,H~(A) ~ k(-t+ l)t and A is 
, '2· Buchsbaum with n, = 2, 2:j =o ()h~(A) = 2t. 

(3) When A is Buchsbaum with c = 1, d = 2, r = 4, there is a sequence 
w such that n2 = (n 3 ,n3 ,w) up to permutation by (S.4). Let n3 {I} denote 
(n~, ... , n;n)' Then the numerical character of Proj(A) is (n 3 , n3 - 1, w) if 
ni > n: and (n 3 , n3 {1}-1, w) if ni = n: ,up to permutation (cf. (2) of (1.7». 

Next we will give a necessary and sufficient condition for A to be a graded 
Buchsbaum ring in terms of the invariants m,_d+' and h~ (A) (0 ~ j < d) . 

Lemma (5.9). Let M be a finitely generated graded R-module of dimension v 
and Z" •.• , z." a homogeneous system of parameters for M. Then 

h~(M/(z" ... , zp)M) ~ t (~)h~+j (M) 
j=O ] 

for each pair p, q satisfying p ~ 0, 0 ~ p + q < v. The equality holds if and 
only if zt+,H!+j (M/(z, , ... , zt)M) = 0 for all j, t such that j ~ 0, 0 ~ t < p, 
O~j+t~p. 

Proof. An immediate consequence of the long exact sequences of the form (2.2) 
applied to the pairs M/(z" ... , zt)M, Zt+' (0 ~ t < p) instead of A ,x" 
Lemma (5.10). Let M be as above with v ~ 1 and z" ... , Zv a homogeneous 
system of parameters for M consisting of linear forms. Then 

(S.1O.1) v-' ( 1) IR(M/(z" ... , zv)M) - deg(M) ~ L v -:- h~(M) 
j=O ] 

with equality if and only if Zt+, H~(M/(z, , ... , zt)M) = 0 for all j, t such that 
j~O,t~O,O~j+t<v. 

Proof. The module M" := M/(z, , ... , zv_,)M fulfills 

""" 0 " IR(M /zv M ) - deg(M ) = IR(O :M" zv) ~ hm(M ) 

with equality if and only if zvH~ (M") = 0 by [AB, Corollary 4.3]. This together 
with (S.9) shows what we want. 
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Proposition (5.11). Let M be a finitely generated graded R-module of dimension 
v ~ 1 and suppose that there is a Zariski open subset U M of R~v such that 
lR(M/(z, , ... ,zv)M) < 00 and the equality holds in (5.10.1) for all (z, , ... ,zv) 
E UM . Then M is a Buchsbaum R-module. 

Proof. The hypothesis implies that z,H~(M) = 0 for all generic z, and j (0 ~ 
j < v) by (5.10), therefore mH~(M) = 0 for all j (0 ~ j < v), in particular 
M is a Buchsbaum R-module if v = 1. Suppose that v ~ 2 and that the 
assertion is true for modules of smaller dimensions. Let g be a homogeneous 
polynomial of positive degree and (z, , ... , zv) an arbitrary element of U M such 
that z, , ... , zv_' ' g is a system of parameters for M. Set M' = M/gM ,Mil = 

M/(z" ... ,zv_,)M. Since zvH~(M") = 0 for all generic Zv by hypothesis 
and (5.10), Mil is a Buchsbaum R-module. Moreover it follows from the latter 
half of (5.9) that 

'~(V ~ 2)h~(M') = E (V ~ 2) {h~(M) + h~+'(M)} 
j=O } j=O } 

= I: (V ~ l)h~(M) = h~(M"). 
j=O } 

We find therefore with the use of elementary properties of multiplicity that 

lR(M'/(z, , ... ,z/l_,)M') = IR(M"/gM") 

= e«g) ; Mil) + h~(M") = deg(M') + E (V ~ 2)h~(M') 
j=O } 

for all (z" ... , z/l_') contained in a certain Zariski open subset of R~(V-') . 
Hence by the induction hypothesis M' is a Buchsbaum R-module. Now let 
g, ' ... , go be an arbitrary homogeneous system of parameters for M. As we 
have just seen M / g, M is a Buchsbaum R-module and 0: M g, = 0 : Mm. The 
sequence g, , ... , go is therefore a weak M-sequence, hence M is Buchsbaum 
by [SV, Chapter I, Theorem 3.7]. 

Theorem (5.12). We have 

mr_ p ~ t e)h~(A) 
}=o 

(5.12.1) 

for all p (c ~ p < d). Moreover the following three conditions are equivalent: 
( 1 ) A is a Buchsbaum ring, 
(2) equality holds in (5.12.1) for all p (c~p<d), 
(3) mr- d+, = E~~d (dj')h~(A), 

where we understand m r_ d+, = 0 when c = d. 
Proof. Since the case c = d is trivial, we will assume 0 ~ c < d. It follows 
from (2) of (1.2) and (2.1) that mr_ p ~ h~(A(p») for c ~ p < d, which together 



THE GENERALIZED WEIERSTRASS PREPARATION THEOREM 31 

with (5.9) yields (5.12.1). To prove the equivalence of (1), (2), (3), note first 
that 

(5.12.2) (d) mr- d+1 = IR(A ) - deg(A). 

In fact 

by (1.6) applied to I +x(r- d)R/x(r-d)R '---t R/x(r- d)R = k[xl ,··· ,xr-d] ' 
therefore deg(A) = IR(A(d)) ~ mr_d+1 again by (1.6). Now the implication 
(1) => (2) follows from (1) of (5.4), (2) => (3) is trivial and (3) => (1) follows 
from (5.11), since (5.12.2) holds for every generic r-tuple x = (XI , ••. ,xr ) of 
linear forms of R. 

6. AN EXISTENCE THEOREM 

Let c, d, r be nonnegative integers satisfying c ::; d < r, d ~ 1. We 
denote by fBB(c, d ,r) the set of sequences of integers larger than one, of the 
I" (i) ( I i r-c). h d' i 10rm n I:::;i:::;r-c = n ; ... ; n ; ... ; n WIt non ecreasmg sequences n = 

(n: , ... , n~) (m i ~ 1 , 1 ::; i ::; r - c) , which fulfill the following conditions. 

(6.1) There are monomials g: E k[y l , ••• 'Yi]Yi (1::; i ::; r - d, 1 ::; I ::; m i) 

(6.2) 

different from zero such that deg(g:) = n; for all i, I, g; k[y(i - 1)] n 
g;: k[y(i' - 1)] = 0 for (i, l) I- (i' ,I') and the set 

r-d mj 

J:= EeEeg:k[Y(i - 1)] 
i=1 1=1 

is a Borel fixed ideal in R with dim(R/ J) = d, where Y = (Y I , ... ,Yr ) 
is an r-tuple of indeterminates over k and R = k[yl , ... ,Yr]. 

There are sequences of integers w j = (w{ , ... , w;,) (c::; j < d) which 
J 

have the properties (1) and (2) of (5.4) with respect to nr- p (c::; p ::; 
d) . 

Likewise we denote by ~(c, d, r) the set of nontrivial homogeneous ideals in 
R such that the factor rings defined by them are Buchsbaum of depth c and 
dimension d. Recall that by definition an ideal J generated by monomials 
in YI"" 'Yr is Borel fixed if and only if [1;=1 o=~:: aijYj + y)Jlj E J for all 
rr=1 Y;' E J, aij E k (1::; j < i ::; r). Since B(l) E fBB(c,d ,r) for every 
I E ~(c,d,r) by (1.1) and (5.4), the assignment I I--> B(l) induces a map 
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from ~(C, d, r) to B8B(C, d, r). The purpose of this section is to prove that 
this map is surjective at least in the case char(k) = o. 

The notation being as above, we will assume for a while that 
r-d (6.3) gl Yp/Yr-d E J for all/,p (1 SiS mr_d , 1 Sp S r- d) 

instead of the Borel fixedness of J. This condition always holds when char(k) 
= 0 and J is Borel fixed. Put S = k[y(r - d)], n = y(r - d)S c Sand 
let (K.(S), 0.) denote the Koszul complex of S with respect to y(r - d) = 
(Yr-d+l , ... , Yr)· First we find by the proof of (1.3) that R/ J is a finitely gen-
erated graded free S-module with basis {yvlyV E k[YI , ... 'Yr_d]\J}, in partic-

ular R/J is Cohen-Macaulay. On the other hand, since ((w j + j + 1)( 1 )\~j<d 
is a subsequence of nr- d up to permutation by hypothesis, there is an injective 
map I: {(j, I, t)lc S j < d, 1 SiS vj , 1 S t S (~)} -> {Ill SiS m r- d } such 
that n;(-J' ~ I) = wf + j + 1 for all j, I , t. Put gJ' I I = gr(~1 I)/Yr-d. Then each , , , , I J, , 

monomial g;,l,1 is a member of the free basis of R/ J over S as described 
above and deg(g' I I) = wf + j. Moreover since ranks(K.(S)) = (d) , we may J, , J J 

regard EB~l) g'l IS '--> R/J as the graded S-module K(S)(-w/) for all j,1 J, , J 

(c S j < d, 1 SiS v). Let fj,l,u (1 SuS C~l)) be the homogeneous 

polynomials contained in L~l) g' I In which correspond to the generators of J, , 
Im(oJ+l) c Kj(S) through this identification for each j, I and let J denote the 
ideal in R generated by {fj,l,ulcSj<d,1 SISvj ,1 SuS C~l)} and J. 
Put A = R/J. 

Proposition (6.4). Assume (6.3). Then with the notation above A is a graded 
Buchsbaum ring such that H~(A) = 0 for 0 S j < c,H~(A) ~ k(-w j ) for 
c S j < d, depthm(A) = c and dim(A) = d. 
Proof. It follows from (6.3) that the graded S-module A is isomorphic to the 
direct sum of EB~~cl EB;~1 Kj(S)( -w/)/Im(Oj+l) and a suitable free S-module 
C. Since deg(g;-d) :2: 2 for all I (1 SiS mr- d) by hypothesis, this C 
contains S as a direct summand by the construction of J. Hence dim(A) = d, 
H~(A) ~ H~(A) ~ (S/n)(-w j ) for c S j < d, H~(A) = 0 for 0 S j < c and 

d-l 

(6.4.1) deg(A) = deg(R/ J) - L deg(Im(oj+l ))Vj 
j=c 

d-l (d - 1) j 
=IR(RjJ+(ZI".·,zd)R)-L . hm(A). 

j=O } 

Put z. = Yd' - ""r-d1 b Y for 1 < i < d with arbitrary b. E k. Since I r- +1 L...p = lp P - - lP 

fiE LI g' I In and g' I IY E J for 1 S p S r - d by (6.3), we find J, ,u J. . J,. P 
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A/(zi "",zd)A = R/J + (ZI "",zd)R. Moreover the d-tuples of the linear 
forms Z I ' ... , Z d defined as above constitute a certain Zariski open subset of 
the grassmannian of d-dimensional k-vector subspaces of R I . Therefore A 
satisfies the hypothesis of (5.11) by (6.4.1) and hence is a Buchsbaum ring. To 
verify depthm(A) = c it is enough to notice that vc;::: 1 by (6.2) when c < d. 

For the computation of B(I), we need the following 

Lemma (6.5). Let J c R be a Borel fixed ideal generated by monomials in 
y I ' ... , y r and let Y be an invertible matrix of size r with components in k 
satisfying det(Y(i1 , ... ,i) -10 for all 1 ::; i l < ... < ip ::; r (1::; p ::; r), where 
Y (i l , ... ,ip ) denotes the square matrix of size p whose (q, q')-component is the 
(iq , iq, )-component of Y. Then for each monomial TI~=I y,/i E J there is a 
homogeneous polynomial f E J such that in(x;f) = TI;=I x,/, with respect to 

( ) t -I 
X = X I ' ... , X r) : = (y I ' ... , y r Y . 
Proof. By elementary linear algebra there are a lower triangular invertible ma-

. y' d . I' 'bl y" (" ) . f' Y y'y" tnx an an upper tnangu ar mvertl e = Vi} satls ymg = , 
t " t I-I SO that (XI"'" x r) y = (YI , ... , Yr) Y . It follows therefore from the Borel 

fixedness that f:= TI~=I (I:~=i V~>})J1.i / TI~=I V~~ E J for each monomial TI~=I y,/i 
E J . Clearly in(x; f) = TI~=I X,/i . 

Proposition (6.6). Let the notation be as before and suppose that the ideal J 
defmed in (6.1) is Borelfixed and satisfies (6.3) as well. Then the basic sequence 
of the ideal I given by the above method coincides with (n\~i~r-c' 

Proof. Let x = (Xl'"'' x r) be a generic r-tuple of linear forms of R and let 
g:(x) denote the monomial in x obtained from gj by substituting x for y for 
each i, I. By (6.5) there are homogeneous f/ E J (1 ::; i ::; r - d, 1 ::; I ::; m i ) 

such that in(x;f/) = g:(x). Let J;i(P) denote J;i(XI, ... ,xr_p'O, ... ,O) for 

o ::; p ::; r. Since in(x; J;i )k[x(i - 1)] n in(x; J;:' )k[x(i' - 1)] = 0 for (i, I) -I 
(i',/,) by (6.1), it follows from (4.3) that the sum 

r-d m, 
l' := .L.L J;i k[x(i - 1)] c J 

i=l 1=1 

is direct and therefore dimk(J\ = dimk(J)t for all t ;::: O. Hence l' = J. 
Moreover since J;i(P) = 0 for all i, I,p (0::; r - p < i ::; r - d, 1 ::; I ::; m), 
we have 

(6.6.1) 
r-p m, 

J + x(r - p)R/x(r - p)R = EB EB J;i(P) k[xi ,· .. ,xr_p] 
i=1 1=1 

for d ::; p ::; r - 1. Let (n,i)l<i<r_c' be the basic sequence of I. First 
x(r - d)R = (ZI'"'' zd)R with suh'ible linear forms ZI"'" zd defined as in 
the proof of (6.4), so that I +x(r-p)R/x(r-p)R = J +x(r-p)R/x(r-p)R for 
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d ::; p ::; r-l by (6.3). Computing dimk(J +x(r-p)R/x(r-p)R)/ with the use 
of (6.6.1), we find therefore by the observation preceding (1.5) that n'i = ni 
for 1 ::; i ::; r - d. Secondly since A is Buchsbaum with depthm(A) = c, 
dim(A) = d by (6.4), it follows from (5.4), (6.2) and (2) of (1.3) that c' = c, 
n'i = ni for r - d + 1 ::; i ::; r - c. Thus B(l) = (n\9~r-c . 

Corollary (6.7). Let c, d , r be nonnegative integers satisfying c ::; d < r, d ~ 1 
and suppose char(k) = O. Then for every (n\9~r-c E .!BB(C, d, r) there exists 
a homogeneous ideal I E ~(c, d, r) such that B(l) = (n\~i~r-c' 

Corollary (6.8). The lower bound estimate described in (2) of (5.6) is sharp when 
c < d. 
Proof. Suppose d = r - 2 ~ 1, c < d. Given nonnegative integers Vj (c < 
j < d) and a positive Vc with n := L.~::/ (~)Vj ~ 2, we put m l = 1, mr_p = 
L.7~~(p,d-l) (~)Vj for c ::; p ::; d, n; = n for all i, I (1 ::; i ::; r - c, 1 ::; 
I ) j ( . 1 )"1 ~ . d dIn 2 n-/ / ~ ::; m i ' W = n - ) - lor c ::; } < an gl = Y1 ' g/ = Y1 Y2 lor 
1 ::; I ::; m2 = n. Apply (6.4) and (6.6). 

Remark (6.9). (1) We gave a proof of (6.7) for the case c= 1, d=2, r=4 
by another method in [A2, Lemma 4.2]. In this case we know more. According 
to [BM3, §4] every element of .!BB (1 , 2 , 4) is realized by the ideal defining a 
configuration of lines in p3 which is arithmetically Buchsbaum. 

(2) The choice of the monomials g: is not unique. If even though g:'s do 
not fulfill (6.3) the Borel fixedness of J implies the existence of other mono-
mials g;i (1 ::; i ::; r - d, 1 ::; I ::; m) satisfying (6.3) as well as the condi-
tions in (6.1), then (6.7) holds without the assumption char(k) = O. But we 
have not yet succeeded in proving such implication except for the simple cases 
r-d=I,2,3. 

7. GRADED BUCHSBAUM INTEGRAL DOMAINS OF CO DIMENSION TWO 

We will give a characterization of the elements of .!BB(C, d, r) corresponding 
to graded Buchsbaum integral domains in the case d = r - 2 ~ 2, char(k) = O. 

Let (n\<i<r-c be an element of .!BB(C, r - 2, r). Then m l = 1, m2 = 
n: ::; n; ::; - n; ::; ... ::; n;n2 and there are nondecreasing sequences w = 
(wl, ... ,w,,), wj=(w{, ... ,w:') (c::;j<r-2) such that 

1 

2 j. ( r-: 2 ) . ( p ) 
n = «((w + ) + 1) J )c~j<r-2' w), nr- p = «(wJ + j + 1) j )c~j~p 

for c ::; p < r-2 up to permutation respectively. Note that they are determined 
uniquely by this condition. We begin by proving the existence of what M. Chang 
calls Q-resolutions (see [C, §O]) in such a way that the connection with standard 
free resolutions becomes clear. Fix (n\ <i<r-c E .!BB(C, r-2, r) (r ~ 2), w, w j 
(c::;j<r-2). --
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Proposition (7.1). Let I be a homogeneous ideal in R belonging to 
~(c,r - 2,r) with B(l) = (n\<i<r-c' Then we have an exact sequence of 
the form --

o ~ R(-w - I) Ell {~R(-wj - j - 1)<,:;1) } 

I R· { 
r-3 } 

-+ R(-n l ) EBR(-w) EB ~SYZi+l(k)(-W}) -+ I -+ O. 

Proof. First of all H~(R/l) = 0 for 0 S J < c, H~(R/l) ~ k(-wi ) for 
c S J < d by (1) of (5.4) and the uniqueness of wi,s. Let x = (xI, ... ,xr) 
be a generic r-tuple of linear forms of R, 1;1 the polynomial in I described 

in (1.1) U = I = I), S = k[x(l)], J = 1;1 Rand N = EB;l~1 x;S cR. Then 
1/ J has the direct sum decomposition (5.4.4) as a k-vector space. Denote the 
homogeneous polynomials in InN ~ 1/ J corresponding to the generators of 
the direct summands of the form k[x(r - p - 1)]( -wi - J - 1) ( 5) on the right-
hand side of (5.4.4) by g;-P (c 5:. p S r - 3, 1 SiS m~_p or p = r - 2, v + 1 S 
IS m2). Since (5.4.4) is obtained from (5.3) and (5.4.3), we have 

(7.1.1) 
m2 r-c mi r-3 
L gl2S + LLg:S ~ E9 Syz~+I(k)(-wi). 

i=3 /=1 i=c 
Put gil = 1;1 and let gl2 (1 SiS v) be the homogeneous polynomials in InN 
corresponding to the generators of S( -w) . Obviously 

r-c fn t 

1= E9E9g!k[xU - I)]. 
i=1 1=1 

We will look carefully into the standard free resolution '¥.: L. -+ I of I 
starting from this basis. With the notation of section three put 

Lo = (EB Y/ s) EB (ffi ffi Y/S) , 
/=0+1 i=3 1=1 

m, 
Lp= E9 E9(XIt ®Y/)S forl5:.p5:.r-c-2. 

(It ,i)Ee(p;2 ,r-c) 1=1 
I . 2 . 

Claim (7.1.2). '¥ p/ and the upper v rows of '¥ p;} are zero for all PI ' J (2 5:. 
PI <J5:.r-c). 
Claim (7.1.3). The maps '¥plLp (0 S P 5:. r - c - 2) yield the minimal free 

resolution of EB~:; Syz~+1 (k)( -wi) over S given by Koszul complexes. 
The first claim follows immediately from (7.1.1), and so does the second since 

the standard free resolution of Syz~+1 (k) coincides with 8e+i+l: Ke+i+1 (S) -+ 

Syz~+I(k) by (3.12). 
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Consequently '¥~'/ E MAT(x(PI )) for 1 ~ i ~ PI < j ~ r - C, PI ~ 2. 
On the other hand since gil - in(x; g;) and gj's (i ~ 2) all lie in N, we find 
'¥:'} E MAT(x(I)) for 1 < j ~ r-c. The map '¥I therefore satisfies (3.5.1). 
Set 

L~ = Y/ R EB (ffi lf2 R) , 
1=1 

'" I '" \TI' //I • Then Lo = Lo EB Lo ' LI = LI EB LI . Let T 2' '¥2 denote the composIte maps 
of '¥I and the projections to L; , L;" respectively. By (3.5), '¥~ :IPI ,P2) = 0 for 

PI> 1 and '¥~:11 ,P2) = -'¥~~} for PI = 1 'P2 > 1, hence '¥; = 0 by (7.1.2). 

Put Cp = ffi~:; Kp+}+1 (R)( -w}), 8p = ffi~:; (ap~j+l) for p = 0,1,2. The 
d tTl I '" • //I mo ule Im( T I) = LI EB Coker('¥2 ) IS Buchsbaum by (5.5) and rankR(L I ) = 

m2 - v + E;:~(i - l)mi = E~:; C:2)V} by (5.5.1), so 

r-3 
>T/" ffi R } Coker('t'2 ) 2: WSyz}+2(k)(-w ) 

}=c 

by (5.2). Besides there are isomorphisms PI: CI ~ L~' , P2 : C2 ~ L2 such that 
,¥~' 0 P2 = PI 082 , Look at the commutative diagram 

II 1 1 

Here n": Lo ~ L~ and the vertical arrows are projections. Since the dual 
of a Koszul complex is again a Koszul complex, the second row is exact and 
the image of the free basis of L~v through (n" 0 '¥ IlL") v yields a system of 

I 

minimal generators of Ker('¥2I L ll
v ) by (7.1.3). The first row can therefore be 

2 
v '¥V //IV V ," . completed to an exact sequence D --+ LI ~ L2 such that D IS free, Lo IS 

a direct summand of D, '¥V I L" V = (n" 0 '¥ II L"' ) v and '¥V == 0 (mod m). Since 
o I 

C v o~ C V 0':;' C V . d nV 0 ( d) h ' , h' o -----+ , I ----"--+ 2 IS exact an U I == mo m , t ere IS an Isomorp Ism 
v v v ~TlV r" f Po: Co ~ D such that 8 I 0 Po = PlOT • Let.. denote the map Po ollowed 

b h ,. L" d C" -I (L") Th r" n "\TI Y t e projectIOn to 0 an put 0 = Po o· en.. 0 u l = nOT I 0 PI 
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and ("Ic" is an isomorphism. Likewise taking duals, we can construct a map 
o 

(': Co -+ L~ such that ,'00 I = 1C' 0 'P lOP I ' where 1C' is the projection Lo -+ L~ . 
Set 

( idL' 0), '" 
, = ('0 (" : Lo EB Co -+ Lo EB Lo = Lo' 

Let us consider the commutative diagram 

L' EB L'" I I 
'Po ) I -----> 0 

r (0 ,pI! 

CI 

Since 'IL'EllC" is an isomorphism and L~, CoIC~' are free, there are maps 
o 0 

" 'C'" , , X : LI -+ Lo EB 0' X : Co -+ Lo EB Co such that '0 X = 'PIlL" Im(x) c 
1 

L~ EB C~', '0 X" = 0, x"lc" = 0, Im(x" - (O,idc )) c L~ EB C~'. We can o 0 
therefore construct a complex 

0-+ L; EB (CoIC;) -!2.. L~ EB (CoIOI(CI)) ~ 1-+0, 

fi . tTl Y , " , I de nmg XI by TO 0 .. and X2 by X ,x . Observe Lo ~ R(-n l ) EB R(-w), 
L'I ~ R( -w-l), C~' ~ EB~:: Kj +1 (S)( -wi)®sR by (7.1.1) and the definition of 

( r-I ) Lo' CoIC~'~EB~::R(-wJ-j-l) j ,CoIOI(CI)~EB~::Syz7+I(k)(-wi). 
Now the remaining thing is to verify the exactness. Clearly X I is surjective. The 
exactness in the middle can be proved by diagram chasing. Finally comparing 
ranks, we find that X2 is injective. Q.E.D. 

Remark (7.2). (1) Another proof was given for the case c = 1,2, r = 4 in 
[A2, §3], [AS, §2]. 

(2) Chang proved an analogue of Goto's structure theorem in the case of 
vector bundles on projective spaces. Applying it to the vector bundle !7 defined 
as an extension of the form 0 -+ EB & pr-l (-tl ) -+ !7 -+ J -+ 0, she obtained 
(7.1) in the sheafified form except for the explicit expression of the twisting 
degrees in terms of the basic sequence. See [C, §§O, 1] for the details. 

Lemma (7.3). Let I c R be a homogeneous ideal such that there is an exact 
sequence as stated in (7.1) for I, (n\:Si:Sr-c' Then I E ~(c, r - 2, r) and 
B(I) = (n\:Si:sr-c' 

Proof. Set A = RI I, B(I) = (n,i)l<i<r_C" The exact sequence which is as-
sumed to exist allows us to compute the degree of the Hilbert polynomial of 
A. As a result we find dim(A) = r - 2. On the other hand, it follows from the 
proof of (5.2) that the canonical map Ext~(k, A) -+ H~ (A) is surjective for all 
j (0::; j < r - 2) and that H~(A) ~ 0 for 0::; j < c, H~(A) ~ k( -wi) for 
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c S j < r - 2. Therefore A is Buchsbaum and moreover c' = c, n'i = ni for 
3SiSr-c, 

12 j ( r-2 ) I 

n =«(w +j+1) j \~j<r_2'W) 

up to'permutation with a suitable nondecreasing sequence Wi = (w; , ... , W~/) 
by (5.4). Apply (7.1) to I. Then the assumed exact sequence and the exact 
sequence guaranteed by (7.1) yield two expressions of the function dime I) t 
(t ~ 0) of the same form, with numerical data being possibly different from 
each other. Comparing them, we see 

t (t - ~; ~ ; - 2) = t (t - ~I ~ ; - 2) for all t ~ 0, 
1=1 + 1=1 + 

since obviously n;1 = min{tlIt =f. O} = n: . Hence Wi = w, n'2 = n2 and after 
all B(J) = (n\<i<r-c. 

We say that a-sequence of integers t l , ••• , tq is connected if tl S tl+1 S tl + 1 
for all I (1 SiS q - 1) or q = 0 (i.e. the sequence is empty). The following 
theorem is a generalization of [AS, Theorem]. 

Theorem (7.4). Assume that k is algebraically closed. Let umin and umax denote 
the minimum and the maximum of {wf + j + 11c S j < r - 2, 1 SIS Vj} 

respectively. 
( 1 ) If there exists a homogeneous prime ideal I belonging to ~ (c , r - 2 , r) 

such that B(J) = (n\~i~r-C' then one of the following conditions holds. 

(7.4.1) 

(7.4.2) 

(7.4.3) 

r ~ 4, c = r - 2 and the sequence n2 = w is connected, 
I I r = 4, c = 1, n l = 2, v = 0, VI = 1, WI ~ 1, 

I 
r~4, 0<c<r-2, n l ~3, 

v = n: - L~:; (r-/)v j ~ umax - umin ' 

WI S umin ' umax - 1 S Wv and the sequence w is connected. 

(2) In the case char(k) = 0, these conditions are also sufficient for the exis-
tence of a prime ideal I E ~(c, r - 2, r) with B(I) = (n\~i~r-C. 
Proof. It is enough to consider the problem of finding the conditions for the 
existence of integral arithmetically Buchsbaum sub schemes of codimension two 
in pr-I in terms of the basic sequences of their defining ideals under the as-
sumption r ~ 4, 0 < c S r - 2. This problem can be solved by entirely the 
same method as in [AS] and the answer is nothing but our assertion, so that we 
will explain only the necessary changes which has to be made in that argument. 

Let ~ denote the vector bundle of rank (J= D on pr-I associated with the 
graded R-module Syz7(k)U) for each j (2 S j S r). It follows from the 
property of the Koszul complex that HO(~(t)) = 0 for t < 0, H j - I (~( - j)) ~ 
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k, Hi(~(t))=O for O<i<r-1, (i,t)t-U-1,-j) and ~ is generated 
over &' p,-I by HO(~) ~ [Syz7(k)]j" Note that ~(- j) is isomorphic to the 
U - 1 )th exterior power of the cotangent bundle. Put 

Urnin = min(w l , urnin - 1), urnax = max(wv ' urnax - 1), 
VI = HlIw[ = t, 1 :::; I :::; v}, 

Vj ,I = Hllw{ + j + 1 = t, 1 :::; I :::; Vj} 

for t E Z, c :::; j < r - 2, where urnin = Urn in - 1, Urnax = Urnax - 1 if v = 0 
and urnin = WI' urnax = WI) if c = r - 2. We set 

for t E Z and 

Umax 

~u = EB 9'1' 
l=u+1 

for umin :::; U :::; UrnaX . Then for each I E ~(c, r - 2, r), the exact sequence in 
(7.1) yields a locally free resolution for the ideal sheaf ~ of Z := Proj(Rj I) 
of the form 

(7.4.4) o --+ 2 --+ !T. --+.hz --+ O. 
Uma:rc: Umax 

The integers VI' urnin ' urnax and the vector bundles g;; '~u'~ play the roles of 
en,a,p and Fm,Gm,Lm defined in [AS, §2] respectively. 

( 1 ) The reasoning in the proof of [AS, Theorem (i)] applies to arbitrary 
integral arithmetically Buchsbaum sub schemes of codimension two in p,-I for 
all r 2: 4. 

(2) Suppose that char(k) = 0 and that one of the three conditions holds. 
By the method described in the proof of [AS, Theorem (ii)], we can construct a 
closed subscheme Z of codimension two in p,-I , which is smooth over k in 
the outside of a closed subset of codimension larger than or equal to three in Z , 
such that ~ has a locally free resolution of the form (7.4.4). For each point 
o E Z , the local ring &'z ,0 satisfies Serre's criterion of normality, since &'z ,0 

is Cohen-Macaulay by the existence of the resolution (7.4.4) and Auslander-
Buchsbaum's theorem and since the singular locus of Z is of codimension 
not less than two. Consequently &'z 0 is normal, in particular it is a local 
integral domain (cf. [M, Theorem 39]). On the other hand since c 2: 2 or 
c = 1 and w/ 2: 1 for all I (1 :::; I :::; VI) if one of (7.4.1), (7.4.2), (7.4.3) 
holds, we find HI (~) = 0 by (7.4.4). The scheme Z is therefore reduced, 
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locally irreducible and connected, namely Z is integral. Let I denote the 
homogeneous ideal EBt>o HO(~(t)) cR. Then the exact sequence of the 
global sections obtained-from (7.4.4) coincides with the exact sequence stated 
in (7.1), so that I E ~(c,r - 2,r) with B(I) = (n\<i<r-C by (7.3). Since 
R/ I is an integral domain as we have already seen, this completes the proof for 
the existence. Q.E.D. 

Corollary (7.5). Let I be a homogeneous prime ideal in R such that Rj I is a 
graded Buchsbaum integral domain oj depth c < r - 2 and dimension d = r - 2 . 
Then 

r-3 ( 2) min{tlIf =1= O} 2: umax - umin + L r ~ h~(R/I), 
J=C ] 

where umin and umax denote the minimal and the maximal elements oj the 
set {tlh~(R/I)f_j_l =1= 0 Jor some j (c ~ j < r - 2)} respectively. Moreover 
this lower bound estimate Jor the minimal degree oj generators is sharp when 
char(k) = O. 

Remark (7.6). (1) We do not know whether the assumption char(k) = 0 is 
indispensable or not for the proof of sufficiency. 

(2) Following the same lines of argument, we can prove that every element 
of ~B(C, r - 2, r) (0 < c ~ r - 2, r 2: 3) is realized by an ideal defining reduced 
graded Buchsbaum ring if char(k) = 0 (cf. [C, §2]). 

ApPENDIX: PROOF OF THEOREM (1.1) 

Let Yi' Zj' (ij (1 ~ i ~ r, 1 ~ j ~ r) be indeterminates over k, ( the 
square matrix of size r whose (i, j)-component is (ij' K := k( () the rational 
function field generated over k by all (ij 'so We will fix a homogeneous ideal 

I in R = k[Y 1 , ... , Yr ] different from O. Let I' denote the ideal in K[z] = 
K[ZI'"'' zr] generated by {J((z)IJ(y) E I} and put 

{ 
E = {.ul.u E Z~, Zll E in(z; I')}, 

I I i I 
Ei = {.u l.u E Zo' (.u ,0 , ... , 0) E E} for 0 ~ i ~ r. 

Theorem (A.I) ([U, Theorem 2.2]). IJ (.u 1 , •• • ,.up , .. . ,.uq , ••. ,.ur) E E with 1 ~ 
p < q ~ r, .uq > 0, then (.u 1 ' ••• ,.up + t , ... ,.uq - t, ... ,.ur) E E Jor all t such 
that (~q) -t- 0 (mod char(k)), 0 ~ t ~ .uq . 

Proof. See [U]. There the argument is carried out with the usual lexicographic 
order, but it also works well with respect to the order -< we defined in the 
beginning of § 1. 
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Let r j , r: ' t:.j (1:::; i :::; r - 1) be the subsets of Z~ defined inductively as 
follows: 

r: = Z~\( E j u U rj x z~-j), 
J=I 

t:.j = {616 E r: and (6, w) E Ej+1 for some w > O}, 

rj = r:\t:.j. 

We put t:.o = {0} for convenience sake and further define 

t:.r = 0, rr = Z~\( Eu U rj x z~-j). 
J=I 

Since (.uI, ... ,.uj,I:~=j+l.uj,O, ... ,O)EE for all (.ui' ... ,.ur)EE, i (O:::;i:::; 
r) by (A.I), the intersection E j n (rj x z~-j) is empty for 1 :::; j :::; i:::; r. Put 
w(6)=min{wl(6,w)EE j + I}>0, .u(i,6)=(6,w(6),0, ... ,0)EZ~ for each 
pair i,6 (0:::; i:::; r-I ,6 E t:.j)' where .u(0,0) = (w(0),0, . .. ,0) for i = 0. 
By the definition of r j , t:.j we have 

(A.2) t:.jurj = U 6x[0,w(6)) forl:::;i:::;r, 

Ej\(E j _ 1 x Zo) = U 6 x [w(6) ,00) for 1 :::; i:::; r, 
JEt.i -- 1 

r 
(A.3) E=U U (.u(i-I,6)+Zo(i-I)), 

j=1 JEt.,_1 

(A.4) ( r ) r r-i 
Zo = E u U rj x Zo 

1=1 

with Zo(i) = {o: = (O:I, ... ,O:r)lo: E z~,O:j = ° for 1:::; j:::; i}. Note that 
the right-hand sides are all disjoint unions. As is seen by (A.2), each t:.j is a 
finite set. Moreover if t:.j = 0 for some i (1 :::; i :::; r), then rj = t:.j = 0 
for all j (i < j :::; r). Put c = max{plO :::; p < r ,t:.r_p = 0}, mj = ~t:.j_1 :::: I 
(I :::; i :::; r - c) and denote the multiexponents .u(i - 1,6) (6 E t:. j_ l ) by 
p(i,l) (1 :::; I :::; m j ) for I :::; i :::; r - c. With this notation, let F/ j be 
a homogeneous polynomial in l such that in( z; Ft) = zp(i ,I) for each i, I 
(1 :::; i :::; r - c, 1:::; I :::; m j ) and let N(z;I') denote the linear subspace of 
K[z] spanned over K by the monomials Zl' (v E U~=I rj x z~-j). We will 
apply (4.3), replacing k and x by K and z respectively. Since the right-hand 
sides of (A.3), (A.4) are disjoint unions, the polynomials Ff,j satisfy (4.3.1) and 
besides the vector space N defined in (4.3) coincides with N(z ;/'). There is 
therefore a homogeneous F/,j E N(z;l) of the same degree as Ft such that 
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(F:i _ Zp(i ,/)) - F/,i E I' for every i, I by (4.3.2). Put Fji = zp(i,/) + Fj"i E I' . 
Then in(z;I') n N(z; I') = 0, in(z; Fji) = zp(i,/) and the polynomials Fji 
(1 ~ i ~ r - c, 1 ~ I ~ m i ) also satisfy (4.3.1). Hence 

r-c mj 

I' ~ E9 E9 Fji K[z(i - 1)], K[z] = I' EB N(z; I'). 
i=1 1=1 

On the other hand by the construction of I', there is a polynomial a( 0 E 

k[,]\{O} such that a(OF/ E Lf(Y)EI k['Uz l , ••• , z,]/(,z) and all coefficients 
of a( ,)F/ lie in k[,] for all i, I. Now put n; = deg(Fji) ,ni = (n; , ... , n~) , 
U = {(YI"" ,y,)'rIY E GL(r, k), aCy- l ) =I- O}. Here we may assume ni 
(1 ~ i ~ r - c) are nondecreasing sequences. For each x = (Y1 , ••• ,yr)Y E U, 
the polynomials obtained from Fji (1 ~ i ~ r - c, 1 ~ I ~ mJ by substituting 
Iy-I for' fulfill all the requirements stated in (1.1) with respect to x. 
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