TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 317, Number 2, February 1990

PERTURBED DYNAMICAL SYSTEMS WITH AN
ATTRACTING SINGULARITY AND WEAK VISCOSITY
LIMITS IN HAMILTON-JACOBI EQUATIONS

B. PERTHAME

ABSTRACT. We give a new PDE proof of the Wentzell-Freidlin theorem con-
cerning small perturbations of a dynamical system

Lu,=-%Au,—b:-Vu,=0 inQ,
u,=¢ ondQ.

We prove that, if b has a single attractive singular point, u, converges uni-
formly on compact subsets of Q, and with an exponential decay, to a constant
U, and we determine u . We also treat the case of Neumann boundary condi-
tion. In order to do so, we perform the asymptotic analysis for some ergodic
measure which leads to a study of the viscosity limit of a Hamilton-Jacobi
equation. This is achieved under very general assumptions by using a weak
formulation of the viscosity limits of these equations.

REsuME. Nous donnons une nouvelle preuve, par des méthodes EDP, du
théoreme de Wentzell-Freidlin concernant les petites perturbations d’un systeme
dynamique:

Lu,=—-%Au,—b-Vu, =0 dansQ,

u,=¢ surdQ.

Nous prouvons que, si b a un seul point singulier attractif, alors u, converge
vers une constant 4, uniformément sur tout compact, et avec une vitesse ex-
ponentielle. Nous déterminons . Nous traitons aussi le cas de conditions
aux limites de Neuman. Pour cela, nous faisons I’analyse asymptotique d’une
mesure ergodique intervenant naturellement dans le probleme, ce qui revient
a étudier la limite par viscosité évanescente dans une équation de Hamilton-
Jacobi. Ceci est réalisé sous des hypothéses trés générales giace a un passage a
la limite faible dans cette équation.

In this paper, we present some new ideas to simplify and generalize the PDE
proof of the result of Wentzell-Freidlin [14, 26] concerning small random per-
turbations of a dynamical system with a singular point of attracting type. The

problem can be described as follows. Let u, solve
) Lu,=-%Au,~b-Vu,=0 inQ,
u,=¢ onoQ,
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724 B. PERTHAME

and let b be of attracting type (i.e. any trajectory of y, = b(y,), y(0) = x € Q,
tends to 0 as ¢ tends to infinity). Then, it is known that u, converges to some
constant u as ¢ tends to 0 and the problem is to determine x. This has been
achieved first by Wentzell-Freidlin (loc. cit.) using probabilistic arguments and
they show that u may be written

(2) n=[ o(x)dP(x),

Q
where the probability measure P is supported by the set of minimizing points
on 9Q of the so-called quasi-potential function

(3) Qx)= Inf{/ooo L(y(s),9(s))ds; y € H' (R"),p(0) = x,y() 65} .

4) L(y,v) =|v+b)*/2.

The proof relies on the large deviations principle. Recently Day [8] has given
an exact formula for P, namely he has proved the following formula, given
earlier by Matkowsky and Schuss [23],

u = lim ( ¢b.nRe—Q/5)/< b-nRe_Q/s> ,
¢—0 \Jaq o0

where R solves a linear first order equation (the main difficulty being to give a
sense to this equation which coefficients are not smooth). We refer to [8] for the
numerous historical developments about this problem, and we restrict ourself
to the particular situation we are interested in, namely the PDE approach.

From a purely PDE point of view, Kamin [19] has proved that u, converges
to a constant. But for the determination of this constant, although the general
formula has been formally derived for a few years in [23], the only rigorous
result which is known is the case when Q has a unique minimum point F, on
8Q . Then Kamin [20] has proved that the measure P in (2) is a Dirac mass
at P,. The function Q appears, in the above papers, as a particular solution
of the Hamilton-Jacobi (H.J. in short) equation

(5) IVVI’/2+ (b,VV)=0 inQ.

Here, we intend to give a completely new proof of the convergence of u,
toward a constant and we will prove, using only this H.J. equation, that P
is supported by the set of minimum points of the solution of some boundary
value problem associated to (5), namely the state constraints problem, and we
will make clear that its unique solution is given by (3). We introduce two main
ideas. The first one is that the Wentzell-Freidlin Theorem may be reduced to the
asymptotic analysis of the ergodic measure given by (6)—(6") below. The second
idea is that we may perform this analysis, under very weak assumptions on b,
using the new weak limit introduced in Barles and Perthame [2, 3], already used
by Ishii [17]. Let us mention also that it is classical to treat problems of large
deviations type by PDE arguments, using in particular the method developed
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recently by Fleming and Souganidis [13] and Evans and Ishii [9]; see also Evans
and Souganidis [10, 11] and Bardi [1].

The importance of the ergodic measure for this problem can be seen from
the determination of u that we explain now. Consider, following the method
introduced by Matkowsky and Schuss [23], the adjoint problem associated to

(1),
(6) L:ve = —%Av, +div(bv,) =0 in Q;
then set v, = e A simple integration by parts gives
0= /stLsue -u,L,v,
= / —%v,0u,/0n +{50v,/0n—~b-nv_tu,.
aQ

But Kamin [19] has proved (see also our new proof in §III) that on Q we have
(7 £0u,/on+ (9 —u,(0)b-n=p(e) =0 ase— 0 (uniformly).
Therefore, we obtain

8 0= /m[p(s) — (¢ — u,(0))b-nle” " 1+ p[£dv,/on — b-nv ],

and thus the problem is now to determine the behavior of V, or v, as & goes
to 0. Different tricks are used in the above cited papers to perform this, but no
direct relation has been established between (6), (5) and (3).

Let us give a new understanding of the boundary conditions associated to (5)
and (6) so that the determination of x4 from (8) becomes very simple and the
relation between (6), (5) and (3) becomes clear. We add to (6) the boundary

condition
(6" £9v,/0n—b-nv, =0 ondQ.

The problem (6)-(6') is classical, its solution is the ergodic measure (choose
fQ v,dx = 1) associated to the reflected diffusion with drift 5. In particular,
it is shown that v, remains positive and thus the exponential transformation is
possible and V, satisfies

—LAV, +|VV,|'/24 (b,VV) =¢edivbh inQ,
oV, /on=-2b-n ondQ.

The second new idea that we will develop below is that V. is bounded in L™
uniformly as ¢ tends to 0 and that ¥, converges uniformly to the solution A
of (5) with the boundary condition

(5" IVV)?/2+(b,VV)>0 ondQ.

This boundary condition, which has been introduced by Soner [25], has to be
understood in the viscosity sense of Crandall and Lions [7]. The point is that

(9)
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Q still satisfies (5)-(5') and a uniqueness result holds for (5)-(5'). Namely, we
will prove that V, is continuous at the attraction point (say 0) and since we
may add a constant to V,, we have V,(0) = V'(0) = 0. Now (5)-(5") admits a
unique viscosity solution which is continuous at 0 and which value at 0 is 0 and
thus it is given by (3). Let us only point out that ¥ = 0 does not satisfy (5"
in the viscosity sense described in Appendix 1 (see Appendix 1 for a proof).
In fact (5') is associated with optimal control problems with state constraints
(see [25] and Capuzzo-Dolcetta and Lions [6]). This means that (5') is naturally
associated with the constraint y(-) € Q in (3).
Putting together these results, we get from (8) and (6')

u,(0) = ( P(E)e_[/‘/s)/( b-ne_V‘/e>
2Q 29
+ < (pb-ne_V‘/£>/< bone—V‘/e> ,
2Q 2Q
ie.

= b~ne_V°’/e)/< b-ne_'/‘/s) ,
(10) e ( oe’ oQ

=l 0 =l

and, since ¥, — ¥, in C(Q), ¥, a solution of (5)-(5), we obtain the Wentzell-
Freidlin result. Indeed, it is very simple to see that (10) implies that the measure
P in (2) is supported by the set of minimum points of V[, partitioning 9Q
into two subsets, a neighborhood of the minimum points of ¥} and its com-
plementary set.

This paper is organized as follows. In §I, we state precisely our results and
assumptions. In §II, we prove our results concerning the asymptotic behavior
of the ergodic measure. In the last section, we prove the convergence of u, and
we perform the boundary layer analysis necessary to establish (7). We recall the
basic definitions about viscosity solutions of H.J. equations in Appendix 1.

I. ASSUMPTIONS AND MAIN RESULT

From the introduction, the determination of the support of P is reduced
to prove that there exists a positive solution v, to (9) and that it converges
uniformly to a solution of (5)-(5'). We state precisely these results below. Here
Q denotes a smooth (C2) bounded open subset of R", and n(x) denotes the
unit outward normal to dQ at x. Our first result concerns the existence of v, .

Theorem 1. Let b belong to L™(Q). Then there exists a unique variational
solution v, = W"”(Q) NCIQ), 1<p<oo,to

(6) —£Av, +div(bv,) =0 in Q, M(_?x”e =1,

(6 £9v,/0n—b-nv, =0 ondQ.
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Moreover, one has for some C independent of ¢,

(11) e <y <1,

We will discuss this result later. Let us now give some assumptions in order
to study the convergence of ¢Logv,. We assume

(H2) beC@\{0}), beL™(Q), divbeL® ), b-n<0 ondQ,

(H2) For 6 > 0 small enough, there exists a function
w; € W (Q\B;)
satisfying for some p(d) > 0
IVysl*/2+ (b, Vy;) < -p(8) in Q\B,,

Oy;/0n < =2b-n on 0Q),
ws;=0 on 0B;.

Here the inequalities have to be understood in the viscosity sense of Crandall-
Lions (loc. cit.) and we refer the reader to Appendix 1 for a definition of vis-
cosity solutions to H.J. equations.

In order to be more specific, let us give a sufficient condition for (H2) to
hold.

(H3) b is continuous in Q\{0} and V§ > 0,3T(6) < +o0,Vx €
Q\B;,Vy(-) satisfying

y(s)=-by(s)), y(O0)=x,
then,
35,0<s<T;, y(s) ¢ Q\B,.

Here, as in (H2), B, denotes the ball of center 0 and radius J . The proof that
(H3) = (H2) is given in Appendix 2.

We may now state our main result.
Theorem 2. Under assumptions (H1) and (H2), V, = —elogv, converges uni-
Jormly in Q to V, € C(Q), the unique continuous viscosity solution of

(5) IVVI?/2+ (b, VV) =0 inQ\{0},
(5") IVVI*/2+(b,VV)>0 ondQ,
such that V(0)=0.

Let us comment on Theorems 1 and 2. First, as we pointed it out in the
introduction, the existence of v, is classical since v, represents (up to a mul-
tiplication by a constant) the ergodic measure associated with some reflected
diffusion process (the adjoint of (6)—(6') is a pure Neumann problem for which
0 is the first eigenvalue). The proof of the existence of a positive solution to
(6)-(6") can be found in Bensoussan [4] for b € L™ or Bensoussan and Lions
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[5] for b € C'. The new point here is the explicit lower bound (11) that we
obtain through the Harnack Inequality. Let us recall that (6)-(6') holds in a
variational sense and a correct formulation is

(12) %/QV’UB-V’U—/Q'UEb~V’U=0 v e H(Q).

The result of Theorem 2 follows the idea of Fleming [12] to study the asymp-
totic behavior of v, by a log-transformation. Let us only point out that this
method leads generally to H.J. equations and has been studied by various au-
thors (see the references in the introduction). The new point here is that we
will perform a very weak passage to the limit as ¢ — 0 so that we do not use
estimates on Vv, or compactness in C(Q). This allows us to deal with very
general assumptions on b and to get rid of any regularity on V.

Finally, (5)-(5') is associated with a state constraint [6, 25] control problem
which can be described as follows. The Hamiltonian in (5) is given by

2
(13) H(x,p) = |p["/2+ (b(x),p) = sup {~(v,p) = L(x,v)}.
vER’
Therefore, ¥ is given through the following procedure; let y (-) satisfy for
some measurable v(:)

dy (t)y=v()dt, y(0)=x;

then

Vo(x) = inf{/ooo L(y (t),v(2))dt; y (s) € QVs > O} ,

which is equivalent to formula (3). This also explains why the boundary con-
dition (5') holds. The natural one should be

oVy/dn=-=2b-n,

as it is for V.. But the costs to reflect (-2b-n) is too expensive and this
boundary condition is lost through a boundary layer effect and gives (5').

The proofs of Theorems 1 and 2 are given in §II.

Finally, let us state our results on the behavior of u,, and on the Neumann
problem.

Theorem 3. Under assumptions (H1) and (H2), let 9 € C(0Q) and let u, solve

M {L€u£=—§Aus——b~Vu8=0, u, € CHQNCQ),

u,=¢ ondoQ.

Then, u, — u,(0) converges uniformly on every compact subset of Q to 0, and
with an exponential rate if ¢ € c' "‘(asz) forsome B>0.Ifb-n<0 on 0Q,
then u,(0)— p, converges to 0 (where p, is given by (10)), and if ¢ € c! ’ﬂ(OQ)
then (7) holds.
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Theorem 4. Under assumptions (H1) and (H2), let ¢ € C(0Q), let b-n <0 on
0Q, and let z, solve

Lz,=-4Az,-b-Vz,=0, z,e H(QnL ),
£0z,/0n=—-b-n(p —u,) ondQ, /Qvezedx=0

(where p, is given by (10)). Then z, remains uniformly bounded and converges
uniformly to 0 on every compact subset of Q and with an exponential rate.

The restriction b-n < 0 in Theorem 3 needs to be made for technical reasons:
we need it to perform a part of the boundary layer analysis necessary to prove
(7). In Theorem 4 it seems more fundamental to get uniform bounds on z,
(since solutions of (1) are approximately solutions of the Neumann problem,
because of (7) and the Neumann boundary condition does not see ¢ where b-n
is null).

II. ASYMPTOTIC ANALYSIS OF THE ERGODIC MEASURE

1. Proof of Theorem 1. In this subsection, we prove Theorem 1. We do not
repeat the argument of [4, 5] which states the existence of a positive solution
v, of (6)-(6) in Wl’”(Q) N C(Q) such that maxv, = 1. We now prove
(11). We use the Harnack Inequality (Gilbarg and Trudinger [15, p. 199]), this
kind of argument has already been used by Bardi [1]. It shows that, for any
Q,.Q, cQ, one has

Infgave > exp(—Cle) S(lzlp v,

where C only depends on ||b|| , and «. In order to conclude, we have to
examine what happens near Q. Our remark is that the Harnack inequality
still holds on 8Q because of the special boundary condition (6'). The proof is
exactly the same as for interior points and we only sketch the main steps. We
refer the reader to [15] for a complete and general proof.

Let y belong to 9Q and let us choose R small enough such that on

D,p =B, p(y) N Q,

the Sobolev injection of H\(D,) into L*™™=2(

case N > 2 to shorten the proof), where

D,,) holds (we consider the

H.(D,)={ueH'(D,),u=0 ondD)\oQ},
i.e. for some constant C
1
(14) Yv e Hr(D4R) ”v"yv/(N_z) < C”VU”2 >

with obvious notations for the norms. This is possible since D, is diffeomor-
phic to a half ball for R small.
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For B # 0 and nonnegative n € C 1(ﬁ) , we may choose r]2 v? (we drop the
index €) as a test function in (12). We obtain

sﬂ/IVv[2 A= 171 < —28/Vvvﬂr;Vn+/bv(ﬂvﬂ_anVv+2r]Vr7vﬂ),

(15) / Voo’ < (8/8) / (vl + (1612, 7e5)m )’
Weset y=pf+1 and

v(ﬂ+l)/2 ifp#1,
log v if g=-1,

then (15) rewrites (for g # —1)

[ mvel’ < G21/8%) [(val’ + n el e’

Since Sobolev inequality (14) still holds, we may follow [15] and choosing n = 0
in Q\D,,,

(16) Inellynyv—2y < (C/B)A + [yDIVAH] + 7llbll o /)]l -

We may choose also n with # =0 in Q\Dr2 gand n=1in D p, 1<r <
1

r, <3 and |Vn| < 2/((r, — r,)R), and for x = N/(N —2) we obtain (the

analogue of formula 8.55 in [15])

(17) ”w”LZX(B,I) < C||w||Lz(B’2)(l +yD/(ry=r)

with C, = C||b||./(Be) -

The end of the proof of the Harnack Inequality is now exactly the same as
in [15] and we skip it, moreover the dependence of C, upon ||b|| /¢ is the
same as for interior points and thus inequality (11) holds.

To conclude this subsection let us notice that Theorem 8-20 of [15] is more
precise and for r small enough we have

v, > sgpve exp—(C + Cr||b]| . /¢)

1.€.

(18) V, Sipf¥, + Co+ Clbllr

this will be used later.

2. Proof of Theorem 2. We divide the proof of Theorem 2 into three steps.
The first one identifies the limit of ¥, as sub- or supersolution of (5)-(5").
Then comparison lemmas for Hamilton-Jacobi equations with discontinuous
solutions allow us to conclude. Let us point out that this method simplifies
the general program devised by Evans and Ishii [9] to treat large deviation
problems. Indeed, we do not prove Lipschitz estimates (which hold if the field
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b(x) is smooth); our proof is reduced to a uniqueness result which however is
necessary.

It is easy to see that V, is a viscosity solution of (9) in the sense of Lions
[21]. But in order to avoid technical difficulties let us consider for any & > 0
some smooth b, satisfying (H1) uniformly. Then Theorem 1 still holds for w,
a solution of
(19) { - £Aw, +div(b,w,) =0, maxgw, = 1,

£0w,/0n—b,-nw,=0 ondQ.

Finally, we may choose b, smooth enough so that (19) holds in a classical sense
and so that, setting w, = e /% then

I/;—W;—(;O in C(Q), be—b—éo in C(Q\By), V5 > 0.
£— e—

Now, W, satisfies in a classical sense

— SAW, + |VW,)*/2+b,- VW, =¢divh, inQ,
OW,/on=-2b,-n ondQ,

and it is enough to prove Theorem 2 for W, rather than V,. Let us consider
the functions defined for any subsequence ¢, o 0 by
—00

(20)

(21) V(x) = limsup W,(y),
e—0,y—x

(22) Y(x) = limsup W,(y),
' —=0,y—x

where &, denotes a subsequence extracted of ¢, such that
(23) V(0) = lim W,(y,) for some y, — 0.
Let us state our first lemma.

Lemma 1. Let b € C(Q\{0}). Then V(0) = V(0) and V is an upper semi-
continuous (u.s.c.) viscosity subsolution of

(24) H(x,VV)<0 inQ\{0},

(24') Min(@V/dn+2b-n,H(x,VV)) <0 onoQ.
V is a lower semicontinuous (l.s.c.) viscosity supersolution of
(25) H(x,VV) >0 inQ\{0},

(25") Max(8V /0n+2b-n,H(x,VV))>0 ondQ.

Again, we refer the reader to Appendix 1 and to the papers [2, 3, 17] for
discontinuous viscosity solutions of H.J. equations. The meaning of (24'), for
example, is that for any ® € C>(Q) and

Mg_?x(V —0) = (V-D)(x,), x,€09Q,
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then
Min(H(x,, V®(x,)),0P/0n(x,) + 2b - n(xy)) < 0.

The proof of Lemma 1 is simple. ¥(0) =V (0) is a simple consequence of
(18). Let us prove, following [2], that V is a subsolution on the boundary.
Consider x; € 0Q, such that

M(:;lx(V D)=V -D)(x,) >V -D)(x), x#Xx,

(this last inequality is not restrictive). Define x, € Q by
Mﬁax(W6 -P) = (W, -D)(x,).

Then, following [2], x, — x,, W,(x,) — V(x,) as ¢ — 0. If x, € 0Q, we
have
o®(x,)/0n <OW,(x,)/0n <2b-n,
and if x, € 8Q, we have D*(W, — ®)(x,) < 0, therefore
H(x,,Vd(x,)) < 0.
In both cases, we may pass to the limit to get (24).

In order to compare ¥ and V , we have to build a strict subsolution following
the proof of [16]. This is the aim of

Lemma 2. Under assumptions (H1) and (H2), the u.s.c. function U = (1-6)V +
Oy, satisfies, for any 6 small enough,
(26) H(x,VU) < -0p(3) inQ\B;,
(26) Min(H(x,VU) +0p(d),0U/0n+2b-n) <0 onoQ.
Proof of Lemma 2. Consider, for any ® € C*(Q),

m = Max(U — ®) = Max(8y; + (1 - 6)V — ®) = (U - ®)(x,).

Q Q

We only consider the most difficult case, i.e. x, € 9. Then we have to prove

that
Min(H(x,, V®(x,)) + 0p(3),0®/dn(xy) +2b - n(xy)) < 0.

Define y,,x, € Q by

m, = Max (0y,(y) + (1 = O)F(x) = | = »I"/(22) = 60(y) - (1 = 6)(x)
X,y
= By,(y,) + (1 - OV (x,) - Ix, = v,I°/(28) + 6D(y,) — (1 - O)D(x,).
As usual, it is easy to see that (assuming that x, is a strict maximum in (27))

m,—m, x,,y, = Xy, |X, —y£|2/(28) — 0 as € — 0. Several cases may occur:
(i) x,eQ, y,€Q. Then

H(x,,(x,—y,)/(1-0)+VP(x,)) <0,
H(y,,(x,—,)/0e+VP(y,)) < —p(d);
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this implies that (x,—y,)/¢ remains bounded (since H(x,p) — oo as |p| — oo,
uniformly). Therefore
Since H is convex in p, we get
H(x,,(1-0)V®(x,) + 6VD(y,)) < —p(d) + Clx, — y,l,

and we conclude setting ¢ — O if the case (i) occurs for a subsequence ¢, — 0.

(ii) y, € 0Q. Then, from (H2) we obtain

—(x,—y,) -n/0e+0®/on(y,)+2b-n<0.
Since y, € 0Q2, we have (see Lions [22] and Perthame and Sanders [24])
2
(xg _yg)‘n S- Clxg_ygl *
Therefore
o®/on(y,) +2b-n < Clx, —yelz/s —0 ase—0,

and we conclude again in this case.

(iii) y, € Q, x, € 0Q and H(x,,(x, —y,)/(1 — 0)e + VP(x,)) < 0. This
case is analogous to case (i).

(iv) y,€Q, x,€0Q and (x,—y,)-n/(1-0)e+0®/dn(x,)+2b-n(x,) <0.
This case is analogous to case (ii).

Thus Lemma 2 is proved.

Our last and crucial result is

Lemma 3. Under assumptions (H1) and (H2), V. >V in Q.
Praof of Lemma 3. We are going to prove that forany 6 and 6, U < V+C p'(9)
for some modulus of continuity p’. Consider X, € Q\B; such that

m=Max(U - V) = (U = ¥)(x,) -
Q\B;

If x, € 0B, then the inequality is clear since V(0) = ¥(0). If X, € Q\Fa ,
we may conclude as usual and thus we only treat the case x, € Q. Let us fix
a >0 and set

(27)

a 2
m, = MZ%{U(,V) = V(x)=2b,- (x—y) = Ix, — | /26 + a((x) +&{(»))}
X,y
2
=U(x,) - ¥(x,) = 2b,- (x, = ¥,) — |x, = y,|"/2e + a(&(x,) + E,)}

where £ € Cl(ﬁ), §=0o0n9Q, V&-n=1 on 9Q, b, = b,(x) satisfies
b, — b uniformly as ¢ — 0, and b, is C' with |Vb,|vVe — 0 as ¢ = 0. We
set

(28) m" = Maﬁx{U(X) = V(x) +20¢(x)} .
R{SS
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We see that m” < m_ , and we may extract a subsequence of & such that
x,—x", y,—ox" ase—0,
because |x, — yel2 /2¢ remains bounded. From (27), we obtain
m* <m;=U(y,) - U(x") - V(x,)+V(x*)+ Ux") - V(x%)
+a(€(x,) +E0,) + 2b,(x, = v,) — Ix, — v, I’ /2¢
<m®—|x, -y, /26 + p(lx, - x| + |y, - ")),

where p denotes a modulus of continuity (depending on the point x”).
This shows that |x, — yel2 /2¢e — 0 as ¢ — 0. Now, we set

p=—(x,—y,)/e—aVi(x,) = 2b,(x,) - 2Vb,(x,)(x, = y,),
q=—(x,-y,)/e+aVi(y,) - 2b,(x,).
As in the proof of Lemma 2, we obtain if y, € 9Q

g-n>—Clx, -y’ /e +a-2b,(x,)n,
and if x, € 9Q
p-n<Clx, -y, /e —a—2b(x,)-n+C|Vb]| Ve.
For ¢ small enough, this reduces to
p-n<=2b(x,)-n—-a/2, g-n>-2b(y,) -n+a/2.
Thus, the viscosity characterization of U and V gives always (for ¢ small
enough)
H(x£9p)20> H(y894)5_0p(5),
thus ¢ remains uniformly bounded and the second inequality reads
H(x,,q) < —6p(3) + C|b(x,) — b(y,)| < —6p(d)/2

for ¢ small enough. This gives a contradiction when a tends to 0.
This shows that x, € Q\B; and concludes the proof of Lemma 3 setting 6
and J to zero.

Remark. This proof is very close to the proof of uniqueness of viscosity solu-
tions for H.J. Equations with Neumann boundary conditions of [22, 24]; it can
be extended to discontinuous solutions with no change. This particularly simple
proof that we have presented here has been taken from Ishii and Lions [18].
The proof of Theorem 2 is now nearly complete. Since V is obviously greater
than V , we have proved that ¥ = V. This means that W, converges uniformly
to some V,, the unique solution of (24)-(24'), (25)-(25). It remains to notice
that this problem is equivalent to the state constraints problem (5)—(5'). This
is clear from the following formula proved in [22]. If V| satisfies (25)-(25"),

then for any ¢ € C'(Q) and any x, € 9Q, 36 € [0, 1] such that
H(xy,V(x,) — 0(d¢/dn(xy) +2b-n)"n) >0,
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i.e. .
H(x,,V¢(x,)) +60(0¢/0n +2b-n)
{0(8¢/0n+2b-n) /2 —(2b-n+08¢/0On)+b-n}>0.
Since b-n <0, this implies that
H(x,,V$(x,)) >0
and we have recovered the boundary condition (5'). By uniqueness (we do not
prove the uniqueness for the boundary condition (5') which a simple conse-
quence of [25]) the two problems (5)-(5') and (24)-(24'), (25)-(25') are there-
fore equivalent, and their solution is given by
3"
T
00) =tnf{ [ L) 5 ds: v € H'®").5(0) = %,

y(1) =0,y(s) € Q\{0} for 0 < 5 < r}

(this formula is clearly equivalent to (3) if b is continuous). Since MingV} = 0
we get V, = Q, thus Theorem 2 is proved.

III. ASYMPTOTIC ANALYSIS OF U, AND 2z,

1. Proof of Theorem 4. We begin by proving Theorem 4, its proof is simpler

because it is not necessary to perform a precise boundary layer analysis. Let us

first point out that z, exists because u, is chosen so that [, v.b-n(p—p,) =0,

which is the solvability condition for

29) Lz, =-%Az,-b-Vz,=0, z,€e H(Q)NL®Q),
£0z,/0n=—-b-n(p—p,) ondQ, [,v,z,dx=0

(see [4, 5]). To study (29) let us begin by some preliminary lemmas.

Let ¢ be a positive number as small as necessary and let O; be a smooth
open subset of Q containing 0 such that d(8Q,0;) > d. Let m := m(e, Oy)
satisfy
(30) Lom=—%Am+div(bm)=0, me H (Q\O,;)nCQ\0),

§0m/On—b-nm=0 ondQ, m=10nd0;.
Because of the Dirichlet boundary condition, there exists a unique solution to
(30) which satisfies the maximum principle and thus
(31) v, <m<1 onQ\O.

We are going to follow the same asymptotic analysis for m as for v, , therefore
we set

m=e M 0<M <V,
(32) — $AM, + |VM,|*/2+ (b,VM,) = edivh in Q\O;,

OM,/0n=-2b-n ondQ, M, =0 onooO;.
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Lemma 4. Under assumptions (H1) and (H2), M, converges uniformly on Q\O;
10 the unique solution M € C(Q\0;) of

(33) H(x,VM)=0 inQ\O,,
(33) M=0 ondo;,
(33") H(x,VM)>0 onoQ.

Proof of Theorem 4. Define M , M as in the proof of Lemma 2; these functions
are sub- and supersolutions of (33). We claim that M satisfies (33'). Indeed,
one can easily check that for A large enough the function d(x) = Ad(x,00;)
is a strict supersolution of (32) in a small neighborhood V' of 90, (we assume
that d is smooth in V). For A large enough, Ad is larger than V, on 9V .
This proves that M, is smaller than id , and thus (33') holds for M, M . Then,
we choose d’ small enough so that B; C Oy . For B small enough, the function
(see (H2)) Bw; is still a strict subsolution of (33) and satisfies

0Bys/0n < -2b-n onoQ, By; —0 as B —00nd0;.

Therefore, we may apply the proof of Theorem 2 without any modification and
we obtain that M = M , and that the Neumann condition for (33) is equivalent
to (33").

Lemma 5. With the notations of Lemma 4, there exists a constant [(6) > 0 such
that for any choice of the smooth open subset of QO; containing 0 and satisfying
d(0Q,00;) >0 >0, then M, > 31(6) on 0Q, for 0<e<1.

Proof of Lemma 5. Applying the maximum principle to (32) the worst constant
[ is obtained when
05 ={x:;d(x,0Q) >4}.

In this case, assume that Min,, = 0 = M(x;), x, € 0Q2. We will obtain a
contradiction by using the maximum principle in (33). It holds because we have
a strict subsolution. Indeed, consider

Min (M(x) = By () + Clx - xo|* = 2b,(x) - (x — )
X,y

+Clx — y[*/(2€) + BEX) +EW))}

(we use the notation of the proofs of Lemmas 2, 3, 4); it is attained at points
X,,¥,. As usual, we have, since M is Lipschitz continuous,

|x, =y, < Ce, XY, = Xp ase—0, Xp— X, as f — 0.
We obtain a contradiction as in Lemma 2. For example, if x,,y, € Q, then
H(x,, - 2C(x, — x,) = 2C(x, —y,) /e + BVE(x,) +2b(x,) + 2x,-Vb,) 2 0,
H(y,, —2C(x, - y,)/e + BVEW,) + 2b(x,)) < ~Bp(d),

and this is a contradiction setting ¢ and # to 0. The other cases are also mere
adaptations and we skip them.
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We may now turn to the proof of Theorem 4. We divide its proof into two
steps; first, we show the exponential decay of z, in compact subsets of Q, then
we conclude by an analysis of the boundary layer. We will prove an estimate on
the decay and the L™ norm of z, which only depends on ||b||__, sup,q(b-n),
and ||¢|, ; therefore it is enough to assume that ¢ and b are smooth.

Step 1. Decay in compact subsets. Let a positive number y be given and let us
prove an estimate on the decay of z, in {x;d(0Q,x) > y}.

First, we choose m = v, (formally, 6 = 0 in Lemmas 4 and 5) and we
multiply (29) by z,m . Green’s formula gives

& 2 -3/
3 [19z0m= [ mzbnto—u) < Clz ™"

because the result of Lemma 5 applies for 6 =0 and m = v, . Since |VV| <
2||b]|, » on the ball
B, = {x; x| <I(y)/(llbllo)}

we have (choose & small enough) m > e '"/¢ (from the definition of /(y) we
may assume that /(y) < 2y(|b]|, , so that B, C Q). Therefore

2 =2l(y)/e
/B V2,2 < Cllz, |20 fe.

This proves that (denoting fCl S/ the average of f on C)

Ze—f Z,
B

2
=2(y)/e
< Cliz,ll e /€,
L*(8))

and that
2 —2i(y)/e , 3
”Azg”LZ(BI) < C”Ze"c,oe /8 s

by local regularity results for the Laplace operator. These last two inequalities

give
Zs bl ][;Ze

i.e. by Sobolev injections:

2

=2l(y)/e , 3
S Cllz e,
H(B,[2)

2 2 2 =2l(y)/e , 3
& "Azs”LZN/(N'Z)(BI/Z) < C"VZe"LZN/(N'Z)(BI/Z) < C”Ze”we 7)/ /s .

And in a finite number of iterations (say p depending on N) of this procedure
we get, for C, = {x;|x] < 1(»)/(2""'|Ibll.);d(x,0Q) > 7},

2
Z—fZ
€
Ce

< Cllzll e,
L*(C))

1.€e.
2 —I(y)
Iz, = 2,(O)ll e (c,) < Cllz,ll € n/
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We may now iterate this argument. Consider z'") solution of
Lz =-2az" —p.v:V =0, VeH'@C)NLTQ\C)
%62“)/8n=—b-n(¢—ue) on 9Q, z2Y=0 on oC,.
By the maximum principle one has ||z") — Z |l < Cllz,ll e e~ '/¢ We choose

now d =y, O; = C|, and we denote by m the solution of (30) for this new

choice. Lemma 5 applies and Green’s formula gives
£ _
3 19 m= [ m2Vbente - u) < e
2 Ja\c, 20

The same argument as before shows that on the set

B, ={xe€Q\C,;d(x,dC,) <1(»)/(3|bll )}

we have
/ 120P < C”Z(n”me—zw)/e/e’
BZ
i.e. on
C,={x € Q\C,;d(x,8C,) <I(»)/(2""|Ib]l..);d(x,0Q) > 7},
we obtain
12" = 290 ”L°°(C) <)zl e e
ie.
12, = 2,(0) 7,y < Cllzllope™ "

Finally, a finite number of iterations of this argument shows that
2 -1
(34) lz, - zc(o)”L""(Qr) < Clz,ll€ (7)/¢e i Q,,, ={x;d(x,0Q) > y}.

Step 2. Boundary layer analysis. Let us build a super- and a subsolution on the
boundary. Consider d(x) = d(x,0Q) and

f(X) _ ﬂe—ld(x)/e

We claim that for 4 small enough and u large enough, f(x) is a supersolution
of (29) on a neighborhood of Q. A simple computation shows that

—SAf —b-Vf =Auf{Ad — AVd| [e +2b-|Vd]|/e}/2
> Auf{Ad — /e —2b-nje - p(d(x)/€)}/2 >0

for A small enough and for some modulus of continuity p (we choose y such
that p(y) < min,g(-b-n)), and

edffon=2Au>2lb-n|-lg - pu,l.
From (34), we see that if we choose A < /(y)/(4y) and

172 ,=1(7)/(40)
r=C+Clzl,
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then f >z, —z,(0) on 697 ; thus, we have
(35)
Ze _ ze(o) S f < C + C”Zs”L/)ze_[(}’)/(45)e_l(}’)d(x)/(475) on {x,d(X) < J)}’

12 _—1(7)/(4e) .
2,-2,(00<C+Clz,ll e in Q.

We obtain the other inequality by changing the sign of x and this proves that
z, is uniformly bounded and (34) gives the exponential decay of z, — z,(0).
By the integral condition on z,, we see that z,(0) is exponentially small and

this concludes the proof of Theorem 4.

2. Proof of Theorem 3. The proof of Theorem 3 is more difficult because a
boundary layer exists on %, and not only on its normal derivative as is the case
for z,. We divide its proof into three steps. First, we make a rough estimate
of du,/0n on 9Q. Then we deduce the exponential decay inside Q. Finally,
we perform the boundary layer analysis to prove (7).

First of all, let us notice that it is enough to treat the case where ¢ €
c't (0Q), the other cases are deduced by approximating ¢ properly.

Step 1. Estimate on du,/dn. Let ¢ € CH(Q)nC'* Q) satisty

-Ap=0 inQ,
p=9 on 0Q.

Setting d(x) =d(x,0Q) for d(x) < small enough the function

h(x)=u, — ge_'w(x)/e
is smooth and satisfies
(36)
—£Ah—-b-Vh

= e 26V - Vd + p(A’|Vd[’ - AeAd — 24b - Vd) + 2eb - Y}/ (2e),

h=0 ondQ.
Let us choose A large enough so that, for any ¢ < 1 (and with the same
notations as in the proof of Theorem 4)
AVd|> > e|Ad| +2/b-Vd|+1 on Q.

—Ad(x)/e)

Then we set g = u(l —e and we have

MBI — eAd — b-Vd}/(2e) > Ape” ) (2e),

g=0 ondQ.

£Ag—b-Vg=2Aue

Therefore, g is a supersolution of (36) for u large enough and it satisfies
&> u/22>h on 9Q;, hence

g>h, Oh/dn>—Auje ondQ.

In the same way (choosing u < 0) we obtain that édu,/dn is bounded in L™ .
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Step 2. Exponential decay in subsets of . As before, we multiply (1) by u,-v,
and Green’s formula gives

€ 2 e Ou —3i()/e
—= Vu |"v =/ ) £ < Ce
2/Q| V= 3%y,

(using Step 1 and Lemma 5 with m = v,). Thus, the proof of Theorem 4
applies without any modification and (34) reads (the term of the form ||z,||
has disappeared)

(37, ~ Ol g, < Ce™ ", Q = {x3d(x,00) >},

&
which proves directly the exponential decay in compact subsets of Q.

Step 3. Boundary layer analysis. In order to prove formula (7) and to find «,(0)
let us introduce a parameter y as small as necessary, and u, and u_ solutions
of

-%Au, —b-Vu,_=0 in Q\ﬁy,
(38) u,=¢—u,(0)+C, onodQ,

(/e
u,=e +u, —u,(0) onaﬁy,

—fAu_-b-Vu_=0 in Q\ﬁy,
(39) u_=—p+u(0)+C, ondQ,

u_ =e "N _ u, —u,(0) ondQ,,

where r(y) will be chosen (small enough, and r(y) < —/(y)/2) later on, and

C,. = |l¢p—u,(0)]|,+1. Notice that u, —u,(0) = (u, —u_)/2. Let us determine

-Ule

the behavior of u, on 9Q. To do this, we set u,_ =e , and we have

~SAU +|VU[/2-b-VU =0 inQ\Q,,
(40) U =r—eLog(l+ (u, —u,(0)e”*) ondQ,
U=-¢eLog(C+¢—u, (0)) ondQ.

We want to estimate dU/0n on Q. Choose a function 7 € CZ(Q) nc'? Q)
satisfying
-An=0 inQ, n=—Log(C,+¢—u,0) onoQ.
Then G = U - ¢n satisfies
K,G:= —$AG+|VG|'/2-b-VG - eVG-Vn/2
=—&'|Vn’/2+¢eb-Vn:=eg, in Q\Q,,
G=0 onoQ,
G=r+eh, onoQ,

(41)
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where g, is bounded in C(Q) and h, is bounded in C(BQ},). We are going
to build a supersolution to (41). First of all let us define a function c(y,s),
y€dQ, s >0, as follows:

c(y,0)=-2b-n(y),

(42 c(v,5) = Min{e(z,0) + |z = I/ (2s

1/2)} >0.

We give some properties of ¢ which are easy to check:
(43) c(y,s) <Maxc(z,0), 09c(y,s)/0s <0,
z€0Q

(44)  |8c(y,s5)/0x] < C/s'"* Vx,|x|=1,x tangent to dQ at y,
45)  d%c(y,s)/ox’ < 1/s'"

For example, let us check (45): take y' ., y",y€8Q, s >0 and denote Y a
point of 9Q which realizes the minimum in (42). We have

1 2
(' ,8) +c(",s) = 2¢(y,5) < (X -y +IL - V' =2y -y’ (25"
2 1/2
<2 -y Y =W+l =Y+ =y s
choosing ' and y” conveniently, i.e. [y—y'| = [y—y"|, |y +y" -2y| < c]y—y'|2,

we obtain (45). .
We denote now by Px the projection of x € Q\Qy onto 9Q, and we choose

a modulus of continuity p such that

@6)  p() 27", p(y) +c(Px,d(x))+2b-n(Px) 27" onD\Q,,

this is possible since ¢ is continuous. We choose a supersolution to (41) as
follows:

Vx,|lx| =1, x tangent to 0Q at y.

b

d(x)
(47) v = [ ePx.s)ds + p(r)d().
Let us prove that y is a supersolution. Thus, let x, be given and let us
compute (41) in the local coordinates such that ey, = —n(Px,), e, ...,ey_,
are orthonormal to e, . We have
ay _ ‘™ ap ad(x)

5i= ), o V,c(Px,s)ds + (p(7) + c(Px ,d(x)))

and at x,,

2 d(x) 2

u = /0 (E;—;Vyc(Px,s)+Ayc(Px,d(x))) ds
2

+(p(2) + c(Px,d(x)))2 ;l,-(zx) ,

8%y _O0c(Px,d(x))
ON? ds

+c(Px,d(x)).
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Using (42)—(44), we obtain for some constant C independent of ¢,y
-Ay(xy)) > -C;
therefore
K.w(xg) 2 = Ce+(p(7) + c(Pxy,d(x,)))
-(2b - n(Pxy) + p(y) + c(Px,y,d(x,)))/2 — Cd(x)**.
From the choice of p(y), this is larger than
-Ce+ yl/z - Cy3/4 >—-Ce+ yl/2/2 for y small enough.

Therefore, choosing r(y) < w(y), w is a supersolution of (41), hence v > G
and
0G(x)/0n 2 —c(x,0) — p(y) = 2b-n(x) — p(y) onoQ,

ie.
aU(x)/dn >2b-n(x)— p(y) — Ce ondQ,
1e.
(48)  &du, (x)/0n < =2b-n(x)(p —u,(0)+C, )+ Ce+ Cp(y) ondQ.

To prove the other inequality we are going to build a subsolution of (41),
this is more difficult because the limit equation of (41) does not admit any
strict subsolution if & = 0 at some point of Q. That is the reason why we
need to assume that

v, —-b-n>vr>0 ondQ.
As before let us define a function a(y,s), y € 0Q, s >0, as
a(y30)=_2b'n(y)’

(49) ay,s) =l\g%a(z,O)—82|z—y|2/(2s1/2) >0.

It satisfies
a(y,s) > Mina(z,0), da(y,s)/0s >0,
z€0Q
(50) |0a(y,s)/0x| < Ctz/s”4 Vx,|lx| =1, x tangent to 9Q at y,
é)za(y,s)/a)(2 > .'zz/sl/2 Vx,|lx|=1,x tangent to Q at y.
As before we choose p(y) so that
— p(7) +b(x)-n(Px)+a(Px,d(x))/2< =2y, a(Px,d(x))—p()2v,
p(y)—0 asy—0.

Now, we choose a function { € Cz(ﬁy), with { =1, V{ =0 on 6Q, and
{ =0 for d(x)>r(y)/(6]lbll,,) (r(y) has been fixed before to build the super-
solution), we also assume that ||{||-1 < C/r and ||{||-2 < C/r. We define

H=U-e¢n¢,
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and
K H := 5AH + |VH|'/2 - b-VH - eVH - V({n)
(51) 2 —Ce/rM acryobl,y - (& <) onA\Q,,
H=0 onoQ,
H=r+eh, on 697.
We define now
d(x)
p(x) = /0 a(Px,s)ds — p(y)d(x),
and
(52) W(x) = —eLog(e ¥/ + ")y,
A simple computation shows that
KW i=e "1™ + 7O (—sAy +|VyP /2 (b +eV(Ln) - Vi)

In order to estimate this, we follow the previous computation of Vt//,Dza// .
We have at x,

d(x)
oy /oi =/ 9P/0iV a(Px,s)ds, i<N,
0
Oy [ON = a(Px,d(x)) - p(?),
2 2 10 2
o'y /oi" = / (0°P/0i"V ,a(Px,s) + Aja(Px,d(x)))ds
0

+p(y)d*d/di*, i<N,
8’y /aN? = 8a(Px,d(x))/ds.
Therefore,
— 5Ay + VY|’ /2 - (b +eV({n) - Vy
< Ce/r+(a(Px,d(x)) - p(7))
[(b-n+eV({n)-n(Px)+a(Px,d(x))/2 - p(y)/2]
<Ce¢/r—v-(2y — Ce).
For d(x) < r(y)/(6]|b]|.) , we have
w(x) < 3||b||d(x) < r(»)/2,
Le.
K. ¥ < -yv/2 (for ¢,y small enough).
On Q\ﬁy, we have
K,¥<0.

Since ¥ < H on OQY , ¥ is less than H everywhere and we conclude as
before that

(53)  edu (x)/dn>-2b-n(x)(¢ —u,(0)+C_)+Ce+Cp(y) ondQ.
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Performing the same analysis on u_ , this shows formula (7) and concludes the
proof of Theorem 3 because the method of Matkowsky and Schuss presented
in the introduction allows us to compute the relation between %,(0) and g, .

APPENDIX 1. THE NOTION OF VISCOSITY SOLUTIONS TO
HAMILTON-JACOBI EQUATIONS

The notion of viscosity solution was introduced by Crandall-Lions to give a
sense and a uniqueness criteria to H.J. equations

(54) H(x,u,Vu)=0 in Q.

Then, to solve state constraints problems, Soner extended this notion to give a
sense to the boundary condition

(55) H(x,u,Vu)>0 ondQ.

These definitions of viscosity solutions can be given for discontinuous solu-
tions of (54), (55) although general uniqueness results only hold for continuous
solutions (and with good properties of H). However, it is possible to use dis-
continuous viscosity solutions as we did in Theorem 2.

First, let us recall the definition of viscosity solutions.

Definition 1. An upper semicontinuous (on Q) function # is called a viscosity
subsolution of (54) if, for any ¢ € C 2(Q) and x, € Q such that

MgX(H —¢)=(U-¢)(xy),
then
H(x,,u(x;),Vg(x;)) <0.
We say that du/dn <y on 8Q, if, when the above maximum is attained for
some x, € 0€2, then
Min(H(xo ,a(-xo) ’ V¢(x0)) ’ 6¢(x0)/8n - y(xo)) < 0.

Let us point out that this convention for the Neumann case differs from the
one in [22, 24], our definition is fitting with the Dirichlet case [17, 2, 3].

Definition 2. A lower semicontinuous (on Q) function u is called a viscosity
supersolution of (54)-(55) if, for any ¢ € C*(Q) and X, € Q such that

Min(u — ¢) = (u - ¢)(xy),

then
H(xy, u(x,), V(%)) 2 0.

Of course to consider supersolutions of (54), we have to replace x, € Q
by x, € Q above. The case of Neumann conditions is given in §II and is
an obvious extension of these definitions. We refer to [7] for the motivations,
various extensions of these definitions, and for the relations with optimal control
problems.
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It is easy to see on this definition that O is not a supersolution on the boundary
of (5)-(5"). Indeed, 0+Ad(x) attains a minimum point at any point of x € 9,
for any 4 > 0, but for A small enough, we do not have

H(x, — AVd(x)) = 2> + Ab(x) - n(x) > 0,
at points such that b(x)-n(x) <0.
APPENDIX 2. PrOOF OoF (H3) + (H1) = (H2)

Let us consider the function defined for x € Q\B; by
T
(56) .(x) = inf{ [ 1+ b /2ds - atiy@ =%, y e H'(0,9),
0

y(s) € Q\B; Vs < 1< +00, y(1) € 0By if T < +oo}.

Let us show that ¢, remains bounded for a small enough.
Assume, by contradiction, that for some «, > 0, a, — 0, there exists
x, ,T, with (dropping the index n)

Ta J—
{/0 |yxa +b|2/2ds—ara <-1,y0)=x,, Vi<t y(t)e Q\BJ} .

Then, there exists s, such that s,+T <7, and

s, +T
(57) / v, +b]°/2ds—aT <0 Va< /T,
S @

«

where T denotes the time for which any solution of
y=5b(y), y0)ex,

has left Q\B; as is assumed in (H3).
Let us prove (57). If we had

(n+1)T 5
/ ly, +b°/2ds—aT >0 foranyn>0with (n+1)T <7,
nT @

then,
T

Tﬂ @
/0 v, +b°/2ds — a1, z/ )(Iﬂxa+b|2/2—a)ds2 —aT,

TE(z,/T
where E(r) denotes the entire part of r. This is a contradiction for o < 1/T.
Thus (57) holds.
Now, setting z, =y, (s,), we may extract a subsequence such that z_ — z,
and (57) shows that ’

T
/ ¥, +b(,)I}/2ds < T,
0

where y (1) = y, (s, + ). Therefore y_ is bounded in L2[0,T] and thus,
extracting again a subsequence,

Y,(t) = yo(t) uniformly on [0, T].
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V() satisfies
T
| o+ b0o /245 =0,

ie.
yo_—-_b(yo), y0(0)=20, y(S)Gﬁ, 0<s<T.
This contradicts the definition of T and shows that
#,(x) > —1 for o small enough.
Remark. This proof is close to the one in [9, 26].
It is easy to check that ¢_ is Lipschitz continuous and by classical arguments,
it is a viscosity solution of
H(x,V¢,)=—a in Q\B,,
¢,=0 on 9B;.

¢, also satisfies the state constraints boundary condition on 9€2, but we have
to see that it implies the Neumann condition for subsolutions, i.e.

(58) 0¢,/0n< =2b-n onoQ.
To do so, let us rewrite (56) as a control problem,
. _ ©,pt+.pN
(59) {y(t)—vm, v(1) € L”(R";R"),
y(0) = x,
T
(60) .0 =ing { ["1o(6) + by (o) /2ds -t
0
where

A={v()e L®R";RY),y(s) € Q\B;,Vs < 1< +00,y(1) € 9By if T < +00}.

Notice that the constraints y € H ! or y bounded are equivalent because the
Hamiltonian H may be written

2 2
H(x,p)=sup{-v-p—|v+p|/2}= sup {-v-p—|v+p|/2},
ver” lvl<|b]+2lp]

and V¢_ (or p in the above formula) is a priori bounded. (59)-(60) are
equivalent to

(61) { dy(t) = v(t)dt +dA(t), v(t)e L°R;RY),
YO =x,  Alt)=- [ 1, calv(s) - n(s)NI n((s)) ds,
T
(62) ¢, (x) = igf{/o lv+b(y)—(v- n)+1y€09n|2/2 ds — a‘t} ,

B ={v(-)e L°(R";R"),y(1) € 9B, if 7 < +00}.
And the quantity under the integral in (62) is also
v +bO)|*/2ds +d|A|(s)[-b-n+@-n)/2—v-n]
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A| denotes the total variation of the measure with bounded variations d4) .

(61)-(62) represent an optimal control problem for a reflected process, the

Cos

t of the reflection is

y,v)=-b-n+w-n)*/2-v-n,

and when d|A|(s) # 0,v - n is positive, therefore

yy,v)<b-n<-2b-n (b-n <0by (H3)),

and thus ¢ satisfies

0¢,/0n<-2b-n ondQ,

and (H2) is proved.
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