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MASSEY PRODUCTS IN THE COHOMOLOGY OF GROUPS 
WITH APPLICATIONS TO LINK THEORY 

DAVID STEIN 

ABSTRACT. Invariants of links in S3 are developed using a modification of 
the Massey product of one-dimensional classes in the cohomology of certain 
groups. The theory yields two types of invariants, invariants which depend 
upon a collection of meridians, or basing, of a link, and invariants which do not. 
The invariants, which are independent of the basing, are compared with John 
Milnor's !I-invariants. For two component links, a collection of ostensibly based 
invariants is shown to be independent of the basing. If the linking number of 
the components of such a link is zero, the resulting invariants may be equivalent 
to the Sato-Levine-Cochran invariants. 

INTRODUCTION 

Invariants of links in S3 are developed using a variation of the Massey prod-
uct of one-dimensional classes in the cohomology of groups. A basing of a link 
is a set consisting of exactly one meridian of each component of the link. We 
obtain a collection of invariants, which depend upon a basing of the link, and 
a refinement of these which do not. The link invariants are compared with 
Milnor's II-invariants [8, 9]. Porter [10] and Turaev [16] were the first to prove 
Stallings' conjecture [13] linking the II-invariants and Massey products. For two 
component links, an infinite family of the based invariants is independent of the 
basing. These invariants, for two component links such that the linking num-
ber of the components is zero, may be equivalent to the Sato-Levine-Cochran 
invariants [1, 2, 12]. 

The present point of view has other implications. It has led to an algebraic 
means of calculating the invariants and a computer program which does so 
[15]. Invariants, with no indeterminacy, can be defined for disk links, and the 
indeterminacy of the invariants for links can be studied as one closes disk links 
and forms links. An "infinite" invariant may exist when certain of the finite 
invariants are zero. The effect, on the invariants, of certain alterations of the 
link may be tractable. 

The paper contains four sections. In § 1, a variant of the Massey product 
of one-dimensional classes in the cohomology of certain groups is shown to 
contain exactly one element. In §2, the theory of § 1 is applied to link groups. 
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The resulting invariants of links are compared with Milnor's invariants in §3. In 
§4, an infinite family of the based invariants of two component links is shown 
to be independent of the basing. 

Most of this work is part of the author's Ph.D. thesis. He thanks his advisor, 
Professor Jerome Levine, for his guidance. 

1. THE MASSEY PRODUCT INY ARIANTS 

The invariants are defined using a modification of the Massey product. 

Definition 1.1 [5, 7]. Let (SJf, J) be a differential graded algebra, q > 1 , and 
c I ' ... ,cq E HI (SJf) . A defining system, for the Massey product of (c I ' ... , cq), 
is an equivalence class of upper triangular (q + 1) x (q + 1) matrices, M = (m ij) , 
such that 

1 1. m ii = 1, mij E SJf ,and m ii+1 represents ci ; 
2. Jm ij = Li<k<j mikmkj for all j i- i + 1, and (i ,j) i- (1 ,q + 1). 
Matrices M and M', which satisfy conditions 1 and 2, are equivalent if 

and only if mij = m;j for all (i, j) i- (1, q + 1). As J is a derivation 
of degree one, Li<k<j mikmkj is a cocycle. Let [M] be the cohomology 
class [Ll<k<q+l mlkmkq+I]' The Massey product of (c1 ' ••• ,cq), denoted by 
(c1 ' ••• ,cq ) , is {[M]I[M] is a defining system for (c1 ' ••• ,cq )}. Defining sys-
tems for the Massey product of a particular ordered set may not exist, or the 
Massey product may contain more than one element [5, 7]. In the bar resolu-
tion of certain groups, with appropriate coefficients, the defining systems can 
be restricted so that the Massey products of particular ordered sets contain a 
unique element. This gives rise to the invariants. 

Definition 1.2 [3]. Let q be a positive integer. A coefficient system is a collection 
of ring homomorphisms, h ikj : Rik Q9 R kj ---+ Rij (1:::; i < k < j :::; q + 1) , such 
that the diagrams below commute. 

Rik Q9 Rkj Q9 Rjl 

hikJ®ll 

l®hk; I 
---t Rik Q9 Rkl 

1 hikl 

h,J I 
Rij Q9 Rjl ---t Ri/ 

Let 9l be a coefficient system. U(9l, q+ 1) denotes the group of upper triangu-
lar (q+ 1) x (q+ 1) matrices, {(ai)la ij E R ij , and aii = I}. The multiplication 
is matrix multiplication using the hikj . Let U(9l, q + 1) denote the group of 
equivalence classes of elements in U under the relation M == M' if and only 
if mij = m;j for all (i ,j) i- (1 ,q + 1). Thus, U = Ujcenter(U). One may 
consider an element of U to be a "matrix" with the upper right-hand entry 
unspecified. 

Let G be a group, q > 1, and for 1 :::; i:::; q, let ui E H1(G,Z). 
Dwyer [3] shows that defining systems for the Massey product of (u J ' ••• ,uq ) , 
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with coefficients in Z, are in one-to-one correspondence with homomorphisms, 
D: G ~ U(Z,q + 1), such that for each 1 ~ i ~ q, the homomorphism D ii+ 1 
is a representative of -ui . Let 1 ~ N ~ F ~ G ~ 1 be a presentation of 
G, and let h: H2(G,Z) ~ (NnF~F)/(F~N) be the Hopfisomorphism. Given 
D , there is a homomorphism D such that the diagram below commutes. 

D/U(Z,q+ 1) 

/ """ 1 proj 
75 -

F~G~ U(Z,q+I) 

Let [D] be the element of (u I "'" uq ) obtained from the defining system 
corresponding to D, and let W E H2 (G, Z). Dwyer shows that ([DJ, w) = 
D lq+ 1 (h(w)). There is the following naturality result. 

Proposition 1.3. Let J: G ~ H be a group homomorphism, cI "'" cq E 
I -H (H, Z), and N: H ~ U(Z, q + 1) a homomorphism such that N ii+1 rep-

resents -ci . IJ M: G ~ U(Z, q + 1) is a homomorphism such that M = No J, 
then [M] = J*[N]. Note that M ii+1 represents - J*(ci). 

We establish the formula for a homomorphism from a free group to U(Z, q), 
given the values of the homomorphism on the generators of the group. The 
formula utilizes the following symbols. F = (XI' ... ,xn ) is the free group 
on {XI"'" x n }· Z[[tl"'" tn ]] is the power series ring in n noncommut-
ing variable with integer coefficients. .L: F ~ Z[[t l ' ••• ,tn ]] is the Magnus 
homomorphism defined by Xi ~ 1 + ti . 

I (n) = {( r I ' ... ,r m) IV 1 ~ I ~ m, r, E Z and 1 ~ r, ~ n}, 

and I(n)s = {(r l , .. · ,rs)l(rl ,··· ,r5 ) E I(n)}. For 1= (rl , ... ,rm ) E I(n), let 
tl = t t ... t E Z[[t l ' ... ,tn ]]. If I -I- 0, and if WE F ,m(I : w) is the coef-

rl'2 rm 
ficient of tl in .L(W) , and if 1= 0, m(I : w) = 1. Si) = {(c i ' ... ,cs)IVI, c, is 
a positive integer, and L~ c, = j - i}. For i ~ p ~ j ,S~ = SiP xSp) . If, for each 
1 ~ i ~ s,1;: {XI' ... ,xn } ~ Z is a function, and if 1= (rl' ... ,rs) E I(n)s' 

(II' ... ,fs)(I) = 1; (xr, )~(xr)'" fs(x,). 

Lemma 1.4 [10]. m(I: vw) = L(J, ,12)=1 m(Il : v)m(I2 : w). 

Lemma 1.5. For each 1 ~ i < j ~ q + 1, let ail: {XI"" ,Xn } ~ Z be a 
Junction. For each W E F, define 

)-i 

(1) ai)(w) = L L 
s= I c, , ... ,CsESi) IE/(n)s 

Let A = (a i); oj course, Qu(w) = 1. Then, A: F ~ U(Z, q + 1) is a ho-
momorphism. Consequently, iJ A: F ~ U(Z, q + 1) is a homomorphism, with 
coordinate Junctions ai), then A(w) is given by the above Jormula. 
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Proof. It suffices to show that aij(vw) = ~~=i aiP(v)apj(w). 

j 

L aiP(v)apj(w) 
p=i 

j j-i 

=LL L 
p=i 5=1 CI ",' ,CsES~ IEI(nl s 

x m(rl' ... ,r/: v)m(r/+I' ... ,r5 : w)). 

Here 1= (r l , •.. ,rJ, and p = ci +'" + Ct. The sequence (c I ' ... ,cJ E Sij 
is in S~ for p = i + c i ,i + c i + c2 ' ... ,i + c i + '" + Cs . Thus 

~ a (v)a(w) = 8 ". " [(a ", a)(I) ~ Ip pj ~ ~ ~ IIHI j-C,j 
p=i 5= I c, '''' ,csES,) IEI(nl, 

= aij(vw). 

The Massey product invariants of a group are defined relative to a subset. 

Definition 1.6. Let G be a group, D: G ----+ U (Z ,q + 1) a homomorphism, 
and V c G. D is zero on V if for each v E V and each (i, j) such that 
j =f. i + 1 ,D ij (v) = O. 

Let d be an integer, C = (c i ' ... , cq ) E HI (G, Zjd) x'" X HI (G, Zjd) , and 
V c G. An integer Lv(C), a coefficient system RI,(C), and a subset Tv(C) of 
H2(G,Zjd) are defined recursively. For I :s: a:S: b:s: q, let C: = (ca , ... ,cb ). 

If C = (c I ' c2), LI(C) = d, RI2 = R 23 = R13 = Zjd, and TI(C) = {c i . c2}· 
For q > 2 define Lv (C) to be the 

gcd{ (k, w), LI,(C~-I), LI,(C%)lk E TI,(C~-I) U TI,(Ci) and Hi E H 2(G, Zjd)}. 
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RV(C)ij = Z/aij where 
1. a lq+ 1 = Lv(C); 
2. aii+ 1 = d; 
3. aij = gCd{Lv(C;-I) , (k,w)lk E TV(C;-I) , and WE H2(G,Z/d)} for 

other (i, j) . 
Note that if s S i < j S t, then astlaij . Let hikj : Rik 0Rkj --t Rij be the tensor 
product of the projection maps. Thus, Rv (C) is a coefficient system. Define 
Tv (C) = {[M] E H2 (G ,Z/ Lv (C))I M is a defining system for the massey prod-
uct of (c\ ' ... ,cq ), with coefficients in Rv(C), which is zero on V}. 

The subsets Tv(C) contain exactly one element provided V satisfies a cer-
tain condition. The lower central series G I ::) G 2 ::) ... ::) G k ::) ... of 
G is defined by G = GI , and Gk = [G, Gk_ I]. If H is a subgroup of 
G, and d is an integer, G~dH is the normal subgroup of G generated by 

k {[gl ,h]g2lg1 ,g2 E G,h E H, and dlk} [13]. 

Definition 1.7. Let A = (XI' ... ,xn ) be the free group on n generators. A 
subset V = {VI' ... ,vn } of G has property M(d) provided there is a presen-
tation 1 --t N --t F --t G --t 1 of G such that, Vq > 1 , there is a commutative 
diagram of exact sequences: 

--t N 
(2) 

--t N(q) --t A 

and the following propositions are true. 
1. Vq> 1, Pq(x i ) = proj(v i ). 

--t 

Pq 
--t 

G --t 1 aq=proj 

G/Gq --t 

2. ::J{rlq , ... , rmq} CAUdA such that N(q) is the normal closure of 
{r lq , ... ,rmq}UAq . 

3. Vi and q, ::Jw/q E N n F~dF such that nq(wiq ) == riq (modA q ). 

Lemma 1.8. Suppose V = {VI' ... ,vn} C G satisfies M(d); then 
1. HI(G,Z/d) ~ (Z/d)n. 
2. If Did, then H2(G, Z/ D) ~ hom(H2(G, Z/d), Z/ D). 
3. H2 ( G /Gq , Z/d) ~ (N(q) nA~dA)/A~dN(q), and this quotient of subgroups 

of A is generated by {r/qll SiS m} U Aq . 

Proof. Statement I follows from condition 2 of the definition, with q = 2. 
Statement 2 follows from I and the universal coefficient theorem. The iso-
morphism stated in 3 is the mod d Hopf isomorphism. Condition 2 of the 
definition implies that N(q) = N(q) n A~dA, and the other half of statement 3 
follows. 

Theorem 1.9. If V = {VI"" ,vn } satisfies M(d), thenforal! C = (c I ' ... ,cq ) 

E HI(G,Z/d) x··· x HI(G,Z/d): 
1. T" (C) contains exactly one element; 
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2. Vw E H 2(G,Zjd) , and r> 1: 

(Tv(C), w) = (-l)q L (a;:r1(C1)··· a;:rl(Cq))(I)m(J : h(aq+r. (w))); 
IEI(n)q 

3. 

Lv( C) = gcd {d , L (a;:rl (ca) ... a;:r1 (cb ) )(I)m(I : rjq+r) I 
IEI(n)b-arl 

I '" j '" m, I '" a < b '" q + I, and (a , b) " (I , q + I)} . 
Proof. For r 2: 0 and any coefficient system 92 the lower central subgroups, 
U(92 ,q)q+r-l ' and U(92, q)q+r are 1. Thus a homomorphism M: G -> 

U(92 ,q) induces a homomorphism M': GjGq+r -> U(92, q) and by Propo-
sition 1.3, a;+r([M']) = [M]. Furthermore, [M'] vanishes on Aq+r' and thus, 
Lemma 1.8 implies that 

([M], H 2(G, Zjd)) = ([M'] , aq+r• (H2(G, Zjd))) 

= ([M'l, {r1q+r , ... ,rmq+r})· 

Lemma 1.8 also implies that 

is an isomorphism. 
The proof is by induction on q. Let q = 2 , and let M be a defining system 

for (c1 ,c2 ). 

(T~,(C), w) = ([M], w) = ([M'l, a2+rJw)) 

= L (a;:rl (c1)a;:} (c2))(I)m(I : h(a2+rJw))). 
IEI(nlz 

The last equality follows from Lemma 1.5. 
b Let C = (c1, ... ,cq). Lv(C) = gcd{(k,w)lk E Tv(Ca),l:::; a < b:::; 

q , (a, b) i= (1 , q) , and w E H2 (G ,Zj d)}. By induction and the relationships 
mentioned at the beginning of the proof, statement 3 of the theorem holds. 

We show that Tv(C) contains at least one element. Let 92 denote Rv(C). 
Define M: A -> U (92 , q + 1) by 

if j = i + 1, 

~ ~ ~ I 

Then Mij(Aq+r) = 0, and Mij(r/q+r) == 0 (modai). Thus M = M 0 Pq+r . 
Let M = M' 0 aq+r. M is zero on V, and thus [M] E Tv(C). ([Ml,w) is 
evidently given by statement 2 of the theorem. 
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We show that Tv (C) contains at most one element. Let N be another 
defining system for (c I ' ... , c q) which is zero on V. Then N' is zero on 
{Pq+r(x I ), ••• ,pq+r(xn )}. Lemma 1.5 implies that N' = M', and thus, M = 
N. 

For the present work, a link is a collection of smoothly embedded, ordered, 
oriented circles in S3 . 

Proposition 1.10. Let L C S3 be a link with components K I , ... , Kn' For 
1 ::; i ::; n , let Vi be a meridian of Ki ' and let V = {v I ' ... , V n} C 7r I (S3 - L , *) . 

1. V satisfies property M(O). 
2. Let N be the 3-manifold obtained by framed surgery on L, and let d = 

gcd{lk(Ki ' K)ll ::; i ::; j ::; n}. I k(Ki ' K) is the linking number of Ki and K j 
ifi=l-j, while Ik(Ki,Ki) isthejramingnumberofKi' Then VC7r I(N,*) 
satisfies M(d). 

See [9] or §2 for a proof of 1, and see §4 for a proof of 2. 
Tv (C) is a based invariant of a link, as it generally depends upon the choice 

of meridians. One eliminates this dependence by increasing the indetermi-
nacy. Suppose V = {VI'''' ,vn } C G satisfies M(d), then {VI'''' ,vn } and 
{v~, ... ,v;} freely generate HI(G,Z/d) and HI(G,Z/d), respectively, over 
Z/d. Let I = (II' ... ,lq) denote (vl~' ... , v,:) . 

Definition 1.11. 1. Av(!) = gcd{ (Tv(J), w)1 J is a proper subsequence of I, 
and WE H2(G,Z/d)}. 

2. av (!) is the image of Tv(!) in H2(G,Z/Av(!)). 

Definition 1.12. Subsets U = {u l , ... ,un} and V = {VI'''' ,Vn} of G are 
conjugate if, VU i E U, :Jgi E G such that Vi = giuigi-I . 

Theorem 1.13. If U and V are conjugate, and U and V satisfy M(d), then 
for all IE I(n), Av(!) = Au(!)' and av (!) = au (!)' 

This theorem follows from two lemmas. For I ::; i < j ::; q + 1, (i , j) =I-
(l,q+l),define bij=gcd{(Tv(J),w)IJ is a subsequence of (li, ... ,lj_I)' 
and w E H2(G,Z/d)}, and define b lq+1 = gcd{(Tv(J),w)IJ is a proper 
subsequence of (II' ... , lq), and WE H2(G, Z/d)}. Note that if i ::; s < t ::; j, 
then bijlbS!' Define Rij = Z/bij , and let hikj : Rik 0 R kj --+ Rij be the tensor 
product of the projection maps. Let 9l = (R i). Then 9l is a coefficient 
system. 

Definition 1.14. Given I as above, a homomorphism M = (m i): G --+ 

U(9l , q + I) is semizero on V for I if 
1. mii+1 represents -v; , I ::; i ::; q, and 
2. if p tI- {li,li+I'''' ,I;-I}' then Vi::; s < t::; j ,mS!(vp ) = O. 
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Lemma 1.15. If M is semizero on V for I, then [M] = av(l). 

Proof. Suppose M is semizero on V, and M': G/Gq+r ~ U($' ,q + r) is the 
induced homomorphism. Then 

([M],w) = ([M'], aq+r. (w) 
q 

=2: 
5=1 Cl "" ,CsESlq+l JE/(n)s 

m~kl ". m~rkq+l U1 , .,. ,jr+l) = 0, unless 

jl E {II'''' ,lk _ 1}, 

j2 E {Ik' ... ,lk2 - 1}, 

jr+l E {Ik' ... ,Iq}. 

If this is the case, and J i- I, m(J: aq+r. (w)) == 0 (modb 1 q+l)' Thus 

([M] , w) == m(l : a + (w)) = (av(I) , w). q r. 

Lemma 1.16. If U = {u 1 ' ••• ,un} and V = {VI' ... ,Vn} areconjugatesubsets 
of G, and M is semizero on U for I, then M is semizero on V for I. 

Proof. Let M be semizero on V for I. Since, for each 1 ~ i ~ n, Vi is a 
conjugate of ui ' v; = u; . Thus [mii+d = -U~i . 

For each 1 ~ i < j ~ q + 1, (i, j) i- (1 , q + 1) , deleting rows 1 through i-I 
and rows j + 1 through q + 1 , and deleting columns 1 through i-I and columns 
j+ 1 through q+ 1 defines a homomorphism, <I>ij: U(Z, q+ 1) ~ U(Z ,j-i+ 1) . 
Precisely, (<I>ij(B))51 = bs+ i- 1 ,i+l-l' <I>ij is defined similarly for the matrix 
groups with coefficients in a coefficient system. 

Suppose p ~ {/i ,li+1 , ... ,lj _ 1}. Then (<I>ij oM)(vp) = 1. Thus 
-1 

(<I>ij 0 M)(up) = (<I>i) 0 M)(gpvpgp ) 
-1 = (<I>iJ 0 M)(gp) (<I>ij 0 M)(VP)(<I>ij 0 M)(gp ) 

= 1. 
Therefore, M is semizero on U for I. Theorem 1.13 follows from these two 
lemmas. 

2. THE INVARIANTS FOR LINK GROUPS 

In this section Milnor's construction of the /I-invariants is outlined, and one 
sees that any collection of meridians of a link group satisfies M(O). As any 
two collections of meridians are conjugate, the a-invariants, defined above, are 
independent of the basing. The based invariants are shown to be invariants 
of based P.L. I -equivalence, while the link invariants are invariants of smooth 
cobordism and P.L. isotopy. 
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J. Milnor defines the ;tI-invariants [8, 9]. Let L be an n-component link, and 
for each 1 ::; i ::; n , let r, be the number of crossings over the ith component 
in some projection of L. Then G, the fundamental group of the complement 
of L, has a presentation of the form (xi} Iw 'j ; 1 ::; i ::; n, 1 ::; j ::; r,) , where 

-1 -1 

(3) 
Wi} = X'j+1 V'j XilVi} 

-1 -1 
W'ri =X'l V'ri XilV'ri' 

(Xl' V ) represents a meridian-longitude pair of the ith component [11]. Let 
J lr l 

F be the free group (x,), and let A be the free group (Xl"'" xn)' For 
q ;:: 2, Milnor defines homomorphisms nq: F --+ A, so that 

1. nq(x/l) = x,; 
2. for each q, the following diagram commutes: 

F~ G 

(4) 1 proj 

GIG ---> q 

He shows that, for j =1= r" nq(v,) == 0 (modAq), and letting V'q = nq(v,r,)' that 
ker(pq) is the normal subgroup generated by {[x" viq ] ,Aqll ::; i ::; n}. Thus 
{P(Xll)' ... ,p(xn1 )}, and hence, any collection of meridians satisfies M(O). 
He also shows that, Vr ;:: l,v'q == V'q+r (modAq). Thus, if s < q, and 
IE I(n)s ' m(I : Vi q) = m(I : Vi q+r)' He then defines the ;tI-invariants of a link. 
Let r;:: 2, and I = U 1 ' i2 ) E I(n). ;tI(l) = m(i 1 : v',r)' Let q > 2, r;:: 0, and 
let I = (i 1 ' ••• , i q) . -

D.(I) = gcd{m(s , ... ,sb : V + )1 (s , ... ,sb+l) is a cyclic permutation a Sb+1 q r a 

of a proper subsequence of 01 ' ••• , iq )}, 

;tI(l) = the residue of mUl ' ... , i 1: V +/.) (modD.(I)). q- lqq 

If V is a collection of meridians of a link group of an n-component link, then 
V satisfies M(O). Thus, for q > 1 and C, a q-tuple of cohomology classes, 
or I, an element of I(n)q' the invariants Tv(C) and av(I) are defined. As 
any two collections of meridians are conjugate, one defines a(I) = av(I). 

We show that the invariants are invariants of the equivalence classes of links 
stated above. Let N(L) be a tubular neighborhood of L, X = S3 - N(L), 
and G = n: 1 (X , x). The boundary of X is the disjoint union of n torii, 
Tl ' ... , Tn ' which are ordered and oriented compatibly with the components 
of L. Let rj E H 2(X) be the class represented by Tj . Let Ii: H 2(X) --+ H 2(G) 
be the Hopf map, and let Wj = Ii(r). 

o 1 . 0 0 0 Let Land L be n-component hnks, and let V = {v 1 ' ••• , V n} and 
Vi = {VII, ••• , v~} be collections of meridians of L O and Ll respectively. 
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Definition 2.1. (Lo, Va) and (L I , Vi) are based P.L. I-equivalent if 
1. there is a proper P.L. embedding cI>: 1l]=1 Sl x I -+ S3 X I such that, for 

i = 0, 1 ,cI>i' which is cI>lllS I x {i}, is L i , and 
2. forall 1 ~ j ~ nand q> 1, I~(V~) (modGq ). Here X is the complement 

of a regular neighborhood of the image of cI>, Xi = X n (S3 x {i}), Ii: Xi -+ X 
is inclusion, G = 7r1 (X, x), and d = 7r1 (Xi, Xi). 

Theorem 2.2. 1. If (L ° ,Vo) and (L I, Vi) are based P.L. I-equivalent, then 
2 2 0* for all q and all C = (c I ' ... ,cq ) E H (X) x ... x H (X),Rvo(1 (C)) 

1* R v I (I ( C)) , and for all 1 ~ j ~ n, 
0* ° 1* I (Tvo(1 (C)),ev) = (TVI(1 (C)),ev). 

2. If L ° and L I are P.L. isotopic or cobordant, then for all indexing sequences 
I ofn, AO(I)=AI(I),and ((Jo(I),ev~)=((JI(I),ev~). 

J"J" . 00 I I 00 I I Proo; 0; 1. Note that, for 1 ~ ) ~ n, 1*(Vj ) = 1*(Vj ), and I*(r) = IJr). 
One inducts on q. For q = 2 , the result follows by the naturality of the cup 

0* 1* product. By induction, Rvo(1 (C)) = RVI(1 (C)). Denote this coefficient 
system by 9t . Stallings' theorem [13] implies that 

1· GijG i -+ GjG 
~ . q q 

is an isomorphism for all q > 1 . Thus a defining system yO: GO -+ U(9t ,q + 1) 
for CO induces the commutative diagram: 

GO 

I~l~ 
G -2- U(9t, q + 1). 

I;IY 
at 

Y and Y I are defining systems for C and C I respectively. If L ° and L I 
are based P.L. I-equivalent, and yO is zero on VO, then Y is zero on 1~(Vo), 
and yl is zero on Vi. Thus, 

° ° ° ° (Tvo(C ),ev) = ([Y J,ev) 

= ([Y], I~(ev~)) (by Proposition 1.3) 
I I I I I I = ([YJ,IJev)) = ([Y J,ev) = (TVI(C ),ev j ), 

which proves statement 1. 
Proof of 2. Suppose that L ° and L I are P.L. isotopic or cobordant and C 
is a collection of the canonical generators of HI (X), then CO and C I are 
represented by the same sequence IE I(n)q. Furthermore, for each 1 ~ j ~ n, 
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there is an element gj E G such that l~ (v J) = gj • l~I (v J) . gj-I. Thus, if yO 

is zero on VO , then Y 1 is semizero on VI. Statement 2 follows using the 
argument above and Lemma 1.16. 

3. COMPARISON OF THE 71 AND a INVARIANTS 

Let L be an n component link. In this section the 71 and a invariants of 
L are compared. We prove 

Theorem 3.1. If I = (il ' ... , iq) E I(n), and il =I iq , then 
1. ~(/) IA(/) , 
2. if in =I i fJ for all 1 ~ a < P ~ q, then ~(I) = A( I) , 
3. (a(l),w) == -(a(/),w) (modA(/)), and (-I)q(a(I),w) == 71(1) 

II Iq Iq 

(mod~(I)) . 

Each of the 71(I) compares with a a(/') , where l' is a cyclic permuta-
tion of I, since the 71-invariants are invariant under cyclic permutation of 
the indices, and 71(i, i , ... ,i) = 0 for all 1 ~ i ~ n [9]. The a-invariants 
are not, in general, invariant under cyclic permutation of the indices, and 
thus, there are links and sequences for which ~ is a proper divisor of A. 
We present two links which are distinguished by a( 1 ,2,3, 1 ,4), although 
they have identical 71-invariants for sequences of lenght less than or equal 
to 5. Stallings [13] conjectured that there is a relationship between the 71-
invariants and Massey products. Porter [10] and Turaev [16] were the first 
to prove this. The proof of Theorem 3.1 utilizes a refined expression of ~ 
and several lemmas. As above, let G = 7[1 (s3 - L). We refer to the pre-
sentation (Xl'''' ,Xnl[XI ,V lq ], ... ,[Xn,vnq ]) of G/Gq described in §2. Let 
I = (i 1 ' ••• ,i q) , and r > 0 . 

Definition 3.2. For I = (iI' i2 ) , define ~' (I) = O. For q > 2, define ~' (I) = 
gcd{m(tI' ... ,tl : vll+lq+r)1 (tI' ... ,tl + I ) is a proper subsequence of I}. 

Lemma 3.3. For all I, ~(I) =~' (I) . 
Proof. Induct on q. For q = 2 , the lemma is true by definition. Assume the 
lemma for indexing sequences of length less than q. Suppose I = (i 1 ' ••• , i q) . 

~(I) = gcd{m(s , ... ,sb: v + )1 (s , ... ,sb+I) is a cyclic permutation a Sh+1 q r a 

of a proper subsequence of (i 1 ' ••• ,i q)} 

= gCd{71(SI' '" ,Sq_I) ,~(SI' ... ,Sq_I)1 (SI' ... ,Sq_I) is a cyclic 
permutation of a subsequence of (i 1 ' ••• , i q)} 

= gcd{71(t 1 ' ... ,t q-I) ,~I (t 1 ' ... ,t q_l) 1 (t 1 ' ... ,t q-I) is a subsequence of l} 
= ~I (/). 

Lemma 3.4. 1. If il = i2 = ... = iq then m(/: [xj , Vjq+r]) = o. 
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2. Otherwise, 

m(I: [Xj , vjq+rD = 
(I, '/2 ,I) '/4)=[ 

[3010 

DAVID STEIN 

Proof. Suppose i l = i2 = ... = iq = i. As the sum of the exponents of Xi m 
[Xj , Vjq+r] is zero, m(I: [xj , Vjq+r]) = O. 

Statement 2 follows from 
'" -I -I m(I: [xj , vjq+rD = ~ m(I1 : Xj )m(I2: vjq+r)m(I3 : x)m(I4 : Vjq+r )· 

(I, '/2 ,13 ,14)=[ 

The sum of the terms with 13 = (2) is 
-I -I -I 

m(I : Xj Vjq+rVjq+r) = m(I : Xj ) = 0, 
as the indices are not all identical. 

Lemma 3.5. Let 1 ::; k ::; q, and let (SI' ... ,sk) be a subsequence of I. 
-I 

m(sl' ... ,Sk_1 : VSkq+r) == -m(sl' ... ,sk_1 : VSkq+r) (modL1(I)). 
Proof. 

-I 
0= m(sl' ... ,sk_1 : VSkq+rvSkq+r) 

'" -I ~ m(I1 : vSkq+r)m(I2 : VSkq+r) 
(I, ,12)=(S, ,,,. ,Sk-') 

-I 
= m(sl' ... ,sk_l : VSkq+r) + m(sl' ... ,sk_l : VSkq+r) (modL1(I)). 

Lemma 3.6. If k > 1 and ik =J iq , then 

m(ik+l' ... ,iq : vikq+r) == 0 (modA(I)). 
Proof. Let It denote the subsequence (ik' ... ,iq) of I. Induct on the number 
n of indices it for k + 1 ::; t ::; q, such that it = ik . If n = 0, then by Lemma 
3.4(2), 

In general: 

o == m (It : [Xik ' V ikQ+rD (mod A(I)) 

= [ L _ q m(I1 : xi~l)m(I2 : v'~k!q+r)m(I3 : x i)m(I4 : Vikq+r)1 
(I, ,12,13 '/4)-/k 
/Jf0, (I, '/2)010 

+ m(ik+1 ' ... ,iq : Vikq+r)' 
Since iq =J ik '/4' in the above sum, is not empty. Furthermore, 13 = (iJ, and 
in = ik . Thus by induction, 

'" -I -I ~ m(I1 : Xi, )m(I2: v ikq+r)m(I3 : x i)m(I4 : vikq+r) == 0 

(modA(I)) . 
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Thus 
m(ik+I' ... , iq : Vikq+r) == 0 (modA(I)). 

Lemma 3.7. 1. If j i= iI' and j i= iq , then m(I: [xj , Vjq+r)) == 0 (modA(I)). 
2. m(I: [XI' , VI' q+ )) == -m(I : [x , V +)) (modA(I)). I I r Iq Iqq r 

Proof. Suppose j i= i l ' and j i= iq . Invoking Lemma 3.4, 

(II ,h '/3 '/4)=1 
13 ,,0 

Since j i= iq ,l3 i= (iq)' and thus 14 i= 0. Since j i= i l ,13 i= (il)' and thus, by 
Lemma 3.6, m(I4 : Vjq+r) == 0 (modA(I)). Therefore, m(I: [xj , Vjq+r)) == 0 
(modA(I)) . 

Statement 2 follows from statement 1 and two additional facts. 
1. (a(I), w) is the residue of (-1 )q+1 m(I : [xj , vjq+rD . 
2. wl+···+wn=O. 

Proof of Theorem 3.1. We show that ,1.(1) [A(I) . Lemma 3.7 implies that A(I) = 
gcd{m(S: [XSk ,vskq+rD[S = (SI'''' ,Sk) is a proper subsequence of I, and 
SI i=sk}' 

m(S: [XSk ' vSkq+r)) 
" -I -I ~ [m(II : XSk )m(I2 : vSk q+r)m(I3 : xs)m(I4 : VSkq+r)] . 

(II ,Jz'/3 '/4)=S 
13 ,,0 

For each nonzero term of the sum, II = 0, and 12 i= 0. Thus, by Lemma 3.5, 
m(S: [XSk ' VSkq+r)) == 0 (mod,1.(I)). Thus ,1.(1) divides A(I). 
Proof that (a(I),wi) projects onto (-1)qJi(I). h: H 2(G) - (N n FUF)jFUN 

q 

is the Hopf isomorphism, and h(w) is the class represented by -wjr;' See 
presentation (3) above. Thus 

(-l)q (a(I), w iq ) = -m(I : [xiq ' Viqq+r)) 
" -I -I = ~ m(I1 : x iq )m(I2: viq q+r)m(I3 : x i)m(I4 : Viqq+r)' 

(II ,h'/3 '/4)=1 
13 ,,0 

Since i l i= iq , in each nonzero term of the above sum II = 0, and 12 i= 0. If 
12 i= (iI' ... , iq_ I), then by Lemma 3.5, m(I2: Vi~~+r) == 0 (mod,1.(I)). Thus 

(-1)q (a (I) , Wi) == -m(il ' ... , iq_1 : Vi~:+r) (mod,1.(I)) 
== m(i l ' ... , iq_ 1 : Viqq+r) (mod,1.(I)) 
= Ji(I). 

Proof that ,1.(I) = A(I) if the indices are distinct. Suppose S = (SI' ... ,Sk) 
is a subsequence of I = (iI' ... , iq ), and for all a i= f3, i" i= ip . Then, 
m(sl' ... ,Sk_1 : vSkq+r) = -m(sl' ... ,Sk : [XSk ' VSkq+r))' and thus A(I)[,1.(I). 
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The present example shows that the a invariants may distinguish links which 
are not distinguished by the :U-invariants. Refer to Figures 1 and 2 below. The 
curves, a and b, in Figures 1 and 2 are ~ n V; and ~ n V3 respectively. Let 
L = K( U K2 U K3 U K4 ' and let. L' = K( U K2 U K3 U K~. One shows that 

1. The a and :u invariants, with distinct indices, are zero for each of these 
links. 

2. Both of these links have :U( 1 , 2 , 3 , I) = 1 , and therefore, :U( 1 , 2 , 3 , 1 , 4) 
is totally indeterminate. 

3. Each of these links has 

A( 1 , 2 , 3 , 1 , 4) = 0 , 

and the invariants, a( 1,2,3,1, 4)(w4 ) , of Land L' are 1 and 0 respectively. 

4. ADDITIONAL INVARIANTS 

K' 
4 

In this section we show that for two component links certain of the Tv, 
using the appropriate group, are independent of the basing V. Lv, for these 
invariants, only depends upon the linking number of the components. If this 
linking number is zero, Lv = 0, and these invariants may be related or equiva-
lent to the Sato-Levine-Cochran invariants [1, 2, 12]. The invariants are defined 
using the fundamental group of the manifold obtained by surgery on one of the 
components. 

Let L be a link in S3 with components K( and K 2 . Let W be the com-
plement of K2 in the manifold obtained by zero-framed surgery on K 1 • Let 
d = Ilk(K( ,K2 )1, and let .'!l = 7r( (W, w). 
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a 

FIGURE 2. K2 = a V; 

Proposition 4.1. Let V = {v I ' v2 } c Jl be a collection of meridians of L. Then, 
V satisfies M(d). 

Proof. Using the presentation (3) of TC I (S3 - L) described above, such that for 
i = 1 or 2, P(Xil ) = Vi' one sees that Jl ~ (xijlv lrl ,wst ; 1 ::; i ::; 2, 1 ::; 
j ::; r i , 1 ::; s ::; 2, 1 ::; t ::; r i , (s, t) -j. (1, r l )), and that v lrl represents a 
longitude which has linking number zero with KI . Let v iq = nq(vir). Milnor's 
homomorphisms, nq: F ---> A, show that 

Jl/~ ~ (xl'x2Ivlq,[X2,V2q],Aq)' 

Let WE A, then W E A~dA <=> VI::; j::; 2,dlm(j: w) [4]. As m(j: v lq ) = 
lk(Kj ,KI ), v lq E A~dA. Thus conditions 1 and 2 are satisfied. We verify 3. Let 
.Ie be the algebraic number of crossings of KI by itself in the projection of L. 
One may choose 

Let 
(I = v lrl IT (w"J(PJ_I))tJ . 

Pd l 

(I E F~dF, and nq((I)::::::: v lq (modAq). Thus V satisfies M(d). 

For each / E /(2) and C E (HI (W))q , Theorems 1.7 and 1.11 provide 
invariants, a(I) E H 2(.? ,Z/A(I)) and TJ,(C) E H2(?J ,Z/LJ.(C)). 

From the exact homology sequence of the pair (W, X), X = S3 - nbd(L), 
one sees that H1(W; Z/d) ~ H1(W, X ;Z/d), and thus, H1(W ;Z/d) ::::::: Z/d. 
Let W E H2 (W ~ Z/ d) be the class represented by D2 U L: where D2 is the 
core of the attached handle, and L is a mod-d Seifert surface for KI in X. 
Since L has only two components, w is independent of the choice of the 
mod-d Seifert surface, and it generates H2 (W ; Z/ d). Under the Hopf homo-
morphisms utilized above, w corresponds to the class represented by (I . Let 
W be the corresponding element of H2 C? , Z/ d) . 
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Certain of the invariants Tv are independent of V . For each positive integer 
k let 1 k be the sequence 

Theorem 4.2. 1. 

(2, 1, ... , 1 ,2). --...--
2k-1 l's 

Thus. if the linking number is zero. Lv(Ik) = O. while if d =I 0 and 2k ~ 
d, Lv(Ik) = 1. and Tv(Ik) is totally indeterminate. 

2. Tv (Ik) is independent of V . 

The proof quotes the following lemma. 

Lemma 4.3. Let E be the free group (XI' ... , xm)' For each wEE and each 
positive integer s define 

8(s,w) = gcd{m( 1, ... ,1 : w)ll ~ r ~ s}. --...--
r I's 

Then. 8(s, w) = 8(s, w- I ). 

Proof. Induct on s. Let s = 1. m(l: w) = -m(1 : w- I ). Assume the result 
for s < q , and let 

(5) 

-I 0= m(/: ww ) 

1=(1, ... ,1). --...--
q I's 

-I = m(I : w) + m(I : w ) + 
(I, '/2)=1 

1,-1-0, Id0 

-I m(/1 : w)m(I2 : w ) 

-I =m(/:w)+m(I:w ) (mod8(q-l,w)), 

8(q, w) = gcd{8(q - 1, w), m(I : w)} 
-I -I = gcd{8(q - 1, w ), m(I : w )} (by induction and (5)) 

-I 
= 8(q, w ). 
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Proof of 4.2.1. 

Lv(Ik) = gcd{m(J : v I2k+I+r)IJ = (2, 1, ... ,1), (1, ... ,1,2), 
'-v-' '-v-' 

= Ll( 1 , ... , 1 ,2) 
'-v-' 

2k+1 I's 

r I's r I's 

or (1 , ... , 1), and 0 :::; r :::; 2k - I} 
'-v-' 

r I's 

= gcd{m(1 , ... ,1 : v22k+I+r)11 :::; r:::; 2k} (Lemma 3.3) 
'-v-' 

r I's 

= gcd{m(l, ... ,1 : X:k(K I ,K2))11 :::; r:::; 2k} 
'-v-' 

r I's 
d = gcd{m(l, ... , 1: XI )11 :::; r:::; 2k} (Lemma 4.3). 

'-v-' 
r I's 

The statement follows as 

Definition 4.4. For any basing V of L, L(Ik) = Lv(Ik)' 

The proof of statement 2 requires a definition and some lemmas. 
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Definition 4.5. Let X = J1 , and let Y : J1 --> U(Z/ L(Ik ) , 2k + 2) be a homo-
morphism. Y is internally zero on X if Yij(x) = 0 for all 2:::; i < i-I:::; 2k . 

Lemma 4.6. Let x and y E J1 be meridians of KI and K2 respectively. If Y, 
a defining system for I k , is internally zero on x and semizero on {y}, then for 
all g E G, Y is internally zero on gxg- I . 

Proof. Let A be the free group (XI' x2). For each r > 0, there is a diagram 

F _---'P_---+I J1 

(6) 

A ~ J1/J1 2k+2+r 

such that if x a2k+2+r(x)? and y' = a2k +2+r(Y) ,P2k+2+r(xI ) = x', and 
P2k+2+r(X2) = y'. Choose (i ,i) such that 2 :::; i < i-I:::; 2k. Let Y': 
J1 /J12k +2+r --> U(Z/ L(Ik) , 2k + 2) be the induced homomorphism. The argu-
ment below hinges upon the fact that, for such (i, i), Yij(x) = Yij(y) = 0, 
and thus Y~j(x')=Y;J(y')=O. Let gEp-l(g),andlet g=n2k+2+r(g). Let 

1": A ---> U(Z/ L(Ik) , 2k + 2) 
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be a homomorphism such that the diagram below commutes. 

~U(Z/L(Ik;,2k+2) 

A P~r J1/J1. ~ U(Z/L(I) 2k + 2) 2k+2+r k ' 
-I I -I Yij(gxg ) = Y ij (a2k+2+r(gxg )) 

j-i 
=2: 2: 

5=1 Cj , ... ,CsESij IEI(2)s 
j-i A A-I =(-1) m(I, ... ,I:gx l g ) 

'-v-' 
j-i I's 

j-i =(-1) m(I, ... ,I:xI ) 

= O. 

Lemma 4.7. Let V = {x ,y} as above. If Y, a defining system for Ik , is 
internally zero on x and zero on {y}, then ([Y],w) = (TV(/k)'W). 

Proof. Let Y, y' , and y' be as defined above, and suppose that Y is internally 
zero on x and zero on {y}. 

([Y], w) = yll 2k+2(V I 2k+2+r) 
2k+1 

=2: ~I ~I 

(Y I i+Cj ... Y 2k+2-cs 2k+2)(I)m(/ : VI 2k+2+r) 
5= I Cj , ... ,CsESj 2k+2IEI(2)s 

= -m(2, 1, ... ,1,2: VI 2k+2+r) 
'-v-' 
2k-1 I's 

= (TV(/k)'W), 
This argument uses the fact that 

y~ l+Cj ... y;k+2-Cs 2k+2)(I)m(/ : VI 2k+2+r) == 0 (modL(Ik)) 

unless s = 2k + 1, (c" ... 'C2k+ l ) = (1, ... ,1), and I = (2,1, ... ,1,2), 
which we explain. Suppose s = 1. m (1 : V I 2k+2+r) = 0 as the self-linking 
number is zero, and m(2: VI 2k+2+r) = Ik(KI ' K2) = d. Suppose 

(yll l+Cj ... y;k+2-Cs 2k+2)(/)m(/ : VI 2k+2+r) 1'- O. 

Each of the numbers, m(1, ... , 1 : VI 2k+2+r)' m(2, 1 , ... ,1 : VI 2k+2+r)' and 
m(1, ... ,1,2 : VI 2k+2+r) , is congruent to zero mod L(/k)' Since y' is zero 
on {x2 }, c i = 1, and Cs = 1. For 2:S: i < j - 1 < 2k + 1, Y:;(x l ) = O. Thus, 
for 1 < t < s, c( = 1. As ci + c2 + ... + Cs = 2k + 2, the claim follows. 

Lemma 4.8. Let {m I ' m2} be a collection of meridians of L in J1. and let Y 
be a defining system for Ik which is zero on {ml' m2} as above. Let m; = 
m l m2m~1 . and let m~ = m~1 m2m l • Let Y + and Y _ be defining systems for 
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Ik which are zero on {ml ,m;}, and {ml ,m~} respectively. Then ([Y +], w) = 
([Y], w) = ([Y _], w) . 

Proof. 

and 

are the induced defining systems. Let P2k+2+r: A -+ Jl /Jl2k+2- r be as defined 
above, and let y~ and y~ be homomorphisms such that the following dia-
grams commute. 

~U(Z/L(Ik),2k+2) 

y' 11 
A p~, Jl/J1 ~ U(Z/L(I) 2k + 2) 2k+2+r k ' 

Claim. 1. y'(x1) = Y~(xI) = Y~(XI)' 

2. For 2 ~ i < j - 1 < 2k + 1 , Y~ij(X2) = O. 
3. For 3 ~ j ~ 2k + 1 , 

4. For 2 ~ I ~ 2k , 

if j = 3, 
otherwise, 

if 1= 2k, 

otherwise. 

Proof of 1. For g E c'9, let g = a2k+2+r(g). Statement 1 follows from the fact 
that y', Y~ , and Y~ are zero on m l . 

Proof of2. Let <1>2 2k+l: U(Z/ L(lk) , 2k + 2) -+ U(Z/ L(Ik) , 2k) be the homo-
morphism defined in § 1. m2 = m 1 -I m; m 1 ' and m2 = m 1 m~~-I . We state 
the argument for y~, and the argument for Y~ is similar. Let ID be the 
identity matrix. 

~, , -
<1>2 2k+1 010 Y+(X2) = <1>2 2k+1 0 Y+(m2) 

=<1>2 2k+l oY~(ml-lm;ml) 

= <1>2 2k+l 0 y~(~-l). <1>2 2k+1 0 Y~(m;). <1>2 2k+l 0 Y~(ml) 
= <1>2 2k+l 0 Y~(ml-l). ID· <1>2 2k+l 0 Y~(ml) 
=ID. 
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)-2 l's 

{ I if j = 3, 
= ° : otherwise, 

~I )-1 - -1 
1_1)(X2 ) = (-1) m(2, 1, ... ,1: X 1X 2 Xl ) 

'-v-' 
)-2 l's 

= (_1))-1(_1))-2 

= -1. 

Proof of 4. For 2 ~ I ~ 2k, 

2k+l-/ l's 

= -1, 
~I / - -1 
1_, 2k+2(X2 ) = (-1) m(l, ... ,1,2: X 1X 2 Xl ) 

'-v-' 

= { 1, 
0, 

Proof of the lemma. 

2k+l-/ l's 

if! = 2k, 
otherwise. 

2k+l-) l's 

x m(2, 1, ... ,1,2: VI 2k+2+r)]] 
'-v-' 
2k+ 1-) l's 

+ Y~ 1 2k+2(1 )m( 1 : VI 2k+2+r) + Y~ 1 2k+2(2)m(2 : VI 2k+2+r)' 
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m(j : VI 2k+2+r) == 0 (modL(Ik)) for j = 1,2, and 
2k+3-j ~I ~I ~I 

(-1) = Y_ljY_ j j+I' "Y- 2k+1 2k+2(2, 1, ... ,1,2) 
~ 

2k+l-j I's 

Thus 

~I ~I ~I ~I 

= -Y_ I j_IY_j_1 j "'Y- 2k - 1 2kY-2k 2k+2(2, 1, ... ,1,2). 
~ 
2k+l-j I's 

([Y _J, w) == T~I 2 T~2 3'" T~2k+1 2k+2(Ik)m(Ik : VI 2k+2+r) 
2k+1 

= (-1) m(Ik : VI 2k+2+r) 
= ([YJ, w). 

A similar argument establishes the corresponding result for ([Y +J , w) . 
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Definition 4.9. Let V = {ml ' m2 } and V = {!hI' 1h2 } be basings of the link 
L. V ~ V if Tv(Ik) = Tf/(Ik)' . 

Lemma 4.10. Suppose g is a loop in W, and lk(g , K I ) = O. If Y is a defining 
systemfor Ik which is zero on {m l ,m2}, then Y is zero on {m l ,gm2g- I }. 

Proof. Let Wg E F be a word such that p(Wg) = g, and let w~ = n2k+2(wg), 
Suppose 1 ~ i < j ~ 2k + 2, and (i, j) =I- (1 , 2k + 2). For I = (II ' ... ,Iq) and 
1 ~ s ~ t ~ q, let I: = (Is' " . , It) . 

(11 '/2 '/3)=1/- 1 

12=2 

If i =I- 1 , and j =I- 2k + 2 , then 
j-I I =(1, ... ,1), 
L '-...-' 

j-i I's 

and thus m(I;-I: W~X2W~ -I) = O. If i = 1, and j =I- 2k + 2, then 
j-I 

II = (2, 1, ... , 1 ) , 
'-...-' 

J-2 I's 

and thus 
j-I I I-I I-I 

m(Il : W x2w ) = m(l, ... ,1 : W ) g g ~ g 
j-2 I's 

(1 1 -lk(g,kIl) =m , ... , :xI 
~ 

j-2 I's 

= O. 
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If i =I- 1 , and j = 2k + 2 , then 

and thus 

2k+1 I = ( 1 , ... , 1 ,2) 
I ~ 

2k-i I's 

2k+1 I I -I I m(/ : W x 2w ) = m( 1, ... , 1 : wg ) 
I g g "-v-'" 

2k-i I's 

= m (1 , ... , 1 : x:k(g ,k,)) 
"-v-'" 
2k-i I's 

= O. 

Lemma 4.11. Let V = {ml ,m2} be a basing of L, andfor nEZ, let Vn = 
{ml ,m~m2m~n}. V ~ ~. 
Proof. Induct on n. Lemma 4.8 covers the cases n = ± 1 . Let 1 n be a defining 
system for Ik which is zero on Vn . Then, for n > 0, 

([1n],W) = ([1 n_ I ],W) (by Lemma 4.8) 
= ([10], w) (by induction) . 

Thus V ~ Vn . The case n < 0 follows similarly. 

Proof of 4.2.2. Let V = {ml ' m2} and V = {ml ' m 2} be basings of L. For 
some g E :§ , m 2 = gm2g -I . Suppose g is represented by the loop f', and let 
n = lk(f' , K I ). Of course, n depends only upon the homology class represented 
by f'. 

{m l ' m 2} ~ {ml ' m 2} (by Lemmas 4.6 and 4.7) 

~ {ml ,m~m2ifz~n} (by Lemma 4.11) 
~{ml,m2} (by Lemma 4.10). 

The invariants in the surgered manifold are compared with the invariants in 
the complement of the link. For k > 0, let Ik be as above, and let 

Jk =(2,1, ... ,1,2,1). 
~ 

2k-1 I's 

Let WI E H2(G), W E H2(:§), and V = {m l , m2} be as defined above. We 
have 

and 

Theorem 4.12. l. If lk(KI ' K 2) = 0, then L(Ik) = 0 = LV(Jk) , and T(/k)(w) = 
TV(Jk)(w I ), In general L(/k)ILv(Jk ) and 

T(/k)(w) == -TV(Jk)(w l ) (modL(/k))' 
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2. A(Jk)IL(Ik) and 

a(Jk)(wl ) == -T(Ik)(w) (modA(Jk)). 
Proof of 4.12.1. 

Lv(Jk) = gcd{m(2, 1, ... ,1 : [XI' VI2k+2+rD, 
'-v-" 

I 1'5 
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m(l, ... , 1,2: [XI ,VI 2k+2+rD10:::; I:::; 2k -I}. 
'-v-" 

I 1'5 

Results analogous to Lemmas 3.4 and 3.5 and the proof of Theorem 4.2.1 
show that L(lk)ILv(Jk). If Ik(Ki' K2) = 0, L(lk) = 0, and thus, LV(Jk) = O. 

(Ii ,/z ,h J4)=Jk 
Id0 

== m(2, ~,2: VI 2k+2+r) (modL(Ik)) 
2k-1 1'5 

The proof of 2 utilizes the lemma below. 

Lemma 4.13. For each 0:::; s :::; 2k - 1 , 

Proof. 

m(2, 1, ... ,1 : VI 2k+2+r) == 0 (modA(Jk)). ----S 1'5 

r 1'5 

-I -I 
m(2, 1, ... , 1 ,2, 1: VI 2k+2+rXI VI 2k+2+rXI ), 

'-v-" 
I 1'5 

-I -I 
m(l, ... , 1 ,2: VI 2k+2+rXIVI 2k+2+rxl )1 

'-v-" 
p 1'5 

o :::; r :::; 2k, 0:::; I :::; 2k - 2, 0:::; p :::; 2k - I} . 
Induct on s. Consider the case s = O. Let r = 1 . 

-I -I 
0== m(2, 1: VI 2k+2+rxlvl 2k+2+rxl ) (modA(Jk)) 

= m(2: VI 2k+2+r)' 

Assume the lemma is true for 0 :::; s < q :::; 2k - 1 . Let r = q + 1 , and let 

I = (2, 1, ... , 1 ) . ----r 1'5 
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-I -I 
0== m(I: VI 2k+2+rXIVI 2k+2+rXI ) 

L m(II : VI 2k+2+r)m(I2 : x l )m(I3 : VI 2k+2+r)-1 m(I4 : X~I) 
(11 '/2'/3 '/4)=1 

IdO 

== m(2, ~: VI 2k+2+r) (modA(Jk)) (by induction). 
q 1'5 

Proof of 4.12.2. 
L(Ik) = ,1(2,1, ... ,1) 

'-v-' 
2k+1 1'5 

. = gcd{m(2, 1, ... ,1 : VI 2k+2+r) I 0 ~ I ~ 2k - I} (Lemma 3.3) 
'-v-' 

I 1'5 

== 0 (modA(Jk)) (Lemma 4.13). 
-I -I 

a(Jk)(w l ) == m(2, ~,2, 1: VI 2k+2+rXIVI 2k+2+rXI ) 
2k-1 1'5 

== m(2,~, 2: VI 2k+2+r) (modA(Jk)) (Lemmas 3.4.2 and 4.13) 
2k-1 1'5 

Using results of [1], one can construct links such that A(Jk ) is a proper 
divisor of L(Ik) , or if the linking number of the components is not zero, L(Ik) 
is a proper divisor of LV(Jk ). For 1 ~ I ~. 2k - 2, 

-I -I 
m(2, 1, ... , 1 ,2,1 : VI 2k+2+rXI VI 2k+2+rXI ) 
~ 

I 1'5 

enters into A( Jk ) , but the corresponding term, 

m(2, ~,2: VI 2k+2+r), 
I 1'5 

does not contribute to L(Ik)' Furthermore, 

and 

m(2, 1, ... ,1 : VI 2k+2+r) 
~ 

2k-1 1'5 

m(~,2: VI 2k+2+r) 
2k-1 1'5 

contribute to L(Ik ) , but the corresponding terms, 

and 

-I -I 
m(2, 1, ... ,1 : VI 2k+2+rXIVI 2k+2+rX1 ) 
~ 

2k I's 

-I -I 
m(~,2: VI 2k+2+rxlvl 2k+2+rXI ), 

2k 1'5 

do not contribute to Lv (Jk) . 
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