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MASSEY PRODUCTS IN THE COHOMOLOGY OF GROUPS
WITH APPLICATIONS TO LINK THEORY

DAVID STEIN

ABSTRACT. Invariants of links in S are developed using a modification of
the Massey product of one-dimensional classes in the cohomology of certain
groups. The theory yields two types of invariants, invariants which depend
upon a collection of meridians, or basing, of a link, and invariants which do not.
The invariants, which are independent of the basing, are compared with John
Milnor’s g-invariants. For two component links, a collection of ostensibly based
invariants is shown to be independent of the basing. If the linking number of
the components of such a link is zero, the resulting invariants may be equivalent
to the Sato-Levine-Cochran invariants.

INTRODUCTION

Invariants of links in S° are developed using a variation of the Massey prod-
uct of one-dimensional classes in the cohomology of groups. A basing of a link
is a set consisting of exactly one meridian of each component of the link. We
obtain a collection of invariants, which depend upon a basing of the link, and
a refinement of these which do not. The link invariants are compared with
Milnor’s g-invariants [8, 9]. Porter [10] and Turaev [16] were the first to prove
Stallings’ conjecture [13] linking the z-invariants and Massey products. For two
component links, an infinite family of the based invariants is independent of the
basing. These invariants, for two component links such that the linking num-
ber of the components is zero, may be equivalent to the Sato-Levine-Cochran
invariants [1, 2, 12].

The present point of view has other implications. It has led to an algebraic
means of calculating the invariants and a computer program which does so
[15]. Invariants, with no indeterminacy, can be defined for disk links, and the
indeterminacy of the invariants for links can be studied as one closes disk links
and forms links. An “infinite” invariant may exist when certain of the finite
invariants are zero. The effect, on the invariants, of certain alterations of the
link may be tractable.

The paper contains four sections. In §1, a variant of the Massey product
of one-dimensional classes in the cohomology of certain groups is shown to
contain exactly one element. In §2, the theory of §1 is applied to link groups.
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The resulting invariants of links are compared with Milnor’s invariants in §3. In
84, an infinite family of the based invariants of two component links is shown
to be independent of the basing.

Most of this work is part of the author’s Ph.D. thesis. He thanks his advisor,
Professor Jerome Levine, for his guidance.

1. THE MASSEY PRODUCT INVARIANTS
The invariants are defined using a modification of the Massey product.

Definition 1.1 [5, 7]. Let (&7 ,d) be a differential graded algebra, ¢ > 1, and
CpsnesCy € H'(%). A defining system, for the Massey product of (€1 -vs6,),
is an equivalence class of upper triangular (g+1)x(g+1) matrices, M = (m, j) ,
such that

L.m, = l,ml.j e ,and m, , represents c;;

2. omy; :Zkkqmikmkj forall j#i+1,and (i,j)#(l,g+1).

Matrices M and M’, which satisfy conditions 1 and 2, are equivalent if
and only if m;; = mj, forall (i,j) # (1, +1). As J is a derivation
of degree one, ). mym is a cocycle. Let [M] be the cohomology

i<k<j
class [Zl<k<q+l mym. 1. The Massey product of (c,, ... ,cq), denoted by
(¢ .- ,cq) , 1s {[M]|[M] is a defining system for (¢, ... ,cq)}. Defining sys-

tems for the Massey product of a particular ordered set may not exist, or the
Massey product may contain more than one element [5, 7]. In the bar resolu-
tion of certain groups, with appropriate coefficients, the defining systems can
be restricted so that the Massey products of particular ordered sets contain a
unique element. This gives rise to the invariants.

Definition 1.2 [3]. Let g be a positive integer. A coefficient system is a collection
of ring homomorphisms, h,.kj: R, ®Rkj — R,.j (1<i<k<j<g+1),such
that the diagrams below commute.

1®hy
R,®R, ,®R, —— R, ®R,,

hikj@ll J«hlkl

it
R, ®R : Ry

Let % be a coefficient system. U(%# ,q+1) denotes the group of upper triangu-
lar (g+1)x(g+1) matrices, {(a,.j)laij €ER,;, and q;; = 1}. The multiplication
is matrix multiplication using the #/ ik - Let U(#,q + 1) denote the group of
equivalence classes of elements in U under the relation M = M’ if and only
if m;; = mij for all (i,j) # (1,g+1). Thus, U = U/center(U). One may
consider an element of U to be a “matrix” with the upper right-hand entry
unspecified.

Let G be a group, ¢ > 1, and for 1 < i < ¢q, let u; € H'(G,Z).
Dwyer [3] shows that defining systems for the Massey product of (u,, ... ,u q) ,
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with coefficients in Z, are in one-to-one correspondence with homomorphisms,
D: G— U(Z,q+ 1), such that for each 1 < i < g, the homomorphism D, |
is a representative of —u,. Let 1 = N — F — G — 1 be a presentation of
G,andlet h: H,(G,Z) — (NNF{F)/(F§{N) be the Hopf isomorphism. Given
D, there is a homomorphism D such that the diagram below commutes.

UlZ,q+1)

2 ! proj

FZG62 Uz,q+1)

Let [D] be the element of (U, ... u q) obtained from the defining system

corresponding to D, and let w € H,(G,Z). Dwyer shows that ([D],w) =

D, (h(w)) . There is the following naturality result.

Proposition 1.3. Let f: G — H be a group homomorphism, c,, .. .5C, €

Hl(H,Z), and N: H — U(Z,q + 1) a homomorphism such that N”Jrl rep-
resents —c;. If M: G — U(Z,q+1) is a homomorphism such that M = No f,
then [M]= f"[N]. Note that M,,,, represents —f"(c,).

We establish the formula for a homomorphism from a free group to U(Z,q),
given the values of the homomorphism on the generators of the group. The
formula utilizes the following symbols. F = (x,...,x,) is the free group
on {x ,...,x,}. Z[[t,,...,t,]] is the power series ring in »n noncommut-
ing variable with integer coefficients. .#: F — Z[[¢ , ... ,t,]] is the Magnus
homomorphism defined by x;, — 1 +¢,.

I(n) ={(t,,....,t,)V1<I<m,r,€eZand 1 <r, < n},

and I(n), = {(r,, ..., r)I(rys...,r,) €Il(n)}. For I =(r,...,r,)€l(n),let
=t tr eZ[t,,...,t,]]. f I #2,andif w € F,m(I : w) is the coef-
ﬁcwntoft in Z(w),andif I =0, m(Il:w)=1. S = {(eys o)Vl ¢ is
a positive integer, and 251 ¢=j—i}.Fori<p< j,Sf.’j = SipxSpj. If, for each

1<i<s, fii{x;,...,x,} — Z is a function, and if [ =(r,...,r)€l(n),,

oo D) = [ (05,) - £(,).

s

Lemma 14 [10]. m(] :vw) = E(l =My v)m(l, ).

Lemma 1.5. Foreach 1 < i < j<q+1, let a;: {x/,...,x,} — Z bea
function. For each w € F, define

(1) Z Z Z ii+c) I+(‘11+C1+C7 ’ aj—csj)(l)m(lzw)‘

s=1cy,..,cs€S;; 1€I(n

Let 4 = (a;)); of course, a”(a)) = 1. Then, A:F — U(Z,q+ 1) is a ho-
momorphism. Consequently, if A: F — U(Z,q + 1) is a homomorphism, with
coordinate functions a, T then A(w) is given by the above formula.
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/a4, (v)a, ().

j—i
£ 5 2 (@ am
s=1c¢yp,... ,CSGS,’] le[(")s
X ( Z m(l, :v)m(l,: w))) ,
(I .Iy)=I

Proof. Tt suffices to show that a,,(vw) =

J p—i
- Z {(Z Z Z (@14, @y, )M V))

sy=lcy-c5 €Sip I€1(n)s,

J=p
X (Z DY (app+dx...aj_dszj)(J)m(J:w))}

s2=1d, ,....ds,€Sy; JEI(n)s,

j—i

J
:ZZ Z Z( Pive 4y Csl)(I)

=i s=ley ... €8] I€l(n);s

bS]

XM(Fy oo 1 V)M(F e T )

Here I = (r,...,r),and p =c¢ + - +¢ . The sequence (cl,...,cs)eSl.j
is in Sf’j for p=i+c ,i+c +c¢y,...,i+c +-+c,. Thus

J
Zalﬂ V)apj Z Z Z [ Ii+c) o _/ Cs_[)(I)
p=i s=1cy,....cs€S 1€1(n)
X ( > m, v)m(l,: @)
(I I)=1

The Massey product invariants of a group are defined relative to a subset.

=aij(1/a)).

Definition 1.6. Let G be a group, D: G — U(Z,q + 1) a homomorphism,
and V ¢ G. D is zero on V if for each v € V and each (i,j) such that

j¢i+l,5ij(v)=0.

Let d be an integer, C = (c,,...,c,) € H'(G,Z/d)x---xH'(G,Z/d), and
V' G. Aninteger L, (C), a coefficient system R,.(C), and a subset T, (C) of
HZ(G,Z/d) are defined recursively. For 1 <a<b <gq, let C: =(Cys---5Cp)-
If C=(c,c,),L.(C)=d,R,=Ryy=R;=27Z/d,and T, (C)={c -c,}.
For g > 2 define L,(C) to be the

ged{(k,w),L,.(C*™"), L.(CHlk € T, (C!™YUT,.(CY) and w € Hy(G,Z/d)}.
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RV(C)U = Z/al.j where
Loa, =L,(C);
2. aii+l = d; ) )
3. a, = ged{L,(C/™"), (k,w)lk € T,(C!™"), and w € H*(G,Z/d)} for

other (i,)).

Note thatif s <i < j <t,then astlaij. Let h,.kj: Rik®Rkj — Rl.j be the tensor

product of the projection maps. Thus, R, (C) is a coefficient system. Define

T.(C)={M]e Hz(G,Z/L (C))|M is a defining system for the massey prod-
} v

uct of (¢, ... ,cq), with coefficients in R, (C), which is zero on V'}.
The subsets 7,,(C) contain exactly one element provided V' satisfies a cer-
tain condition. The lower central series G, > G, > - D G, D -+ of

G is defined by G = G|, and G, = [G,G,_|]. If H is a subgroup of
G, and d is an integer, G, ,H is the normal subgroup of G generated by

{lg, ,h]gflg, ,8& €G,he H,and dlk} [13].

Definition 1.7. Let 4 = (x,...,x,) be the free group on n generators. A
subset V' = {v ,...,v,} of G has property M(d) provided there is a presen-
tation 1 = N — F — G — 1 of G such that, Vg > 1, there is a commutative
diagram of exact sequences:

1 - N = ~ G - 1

F
@ A [
1 - Ng — 4 % G/G,— 1

and the following propositions are true.
1. vg > 1, pq(xl.) = proj(v;) .
2. 3Hry,,...or,,b C A4 such that N(q) is the normal closure of

{rlq,...,rmq}UAq.
3. viand ¢,3w,, € NNF,F such that n (w, )=r, (modd).

Lemma 1.8. Suppose V ={v,...,v,} C G satisfies M(d); then

l. H(G,Z/d)=(Z/d)".

2. If D|d, then Hz(G,Z/D) = hom(H,(G,Z/d),Z/D).

3. Hy(G/G, ,Z/d) = (N(q)NAt,A)/At,;N(q), and this quotient of subgroups
of A is generated by {r,~4|1 <i<m} ud,.
Proof. Statement 1 follows from condition 2 of the definition, with ¢ = 2.
Statement 2 follows from 1 and the universal coefficient theorem. The iso-
morphism stated in 3 is the modd Hopf isomorphism. Condition 2 of the
definition implies that N(q) = N(gq) N Af, 4, and the other half of statement 3
follows.

Theorem 1.9. If V = {v,, ... ,v,} satisfies M(d), then forall C = (c,, ... ,c,)

q
eH'(G,Z/d)x - x H(G,Z/d):
1. T,.(C) contains exactly one element;
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2. Yw e H,(G,Z/d), and r > 1:
(T,(C),w) = (-1 Y (a7 () a,,, (c))Dm( : ha,,, (w));
I1€l(n),

3.

LV(C)=gcd{d, S (@) a enmd i)

I1€l(n)p—q1:
I1<j<m,l1<a<b<qg+1, and(a,b);é(l,q+1)}.

Proof. For r > 0 and any coefficient system % the lower central subgroups,
U(%,q)q“_l , and U(%,q)w are 1. Thus a homomorphism M: G —
U(Z# ,q) induces a homomorphism M': G/G,,, — U(#,q) and by Propo-

and thus,

sition 1.3, a*, ([M']) = [M]. Furthermore, [M'] vanishes on A4

at+re-
Lemma 1.8 implies that

(M1, Hy(G,Z/d)) = ((M'],a,,, (
(M1, {r

q+r’

H,(G,Z/d)))

I

lg+r> "2 rmzﬁ—r}> :
Lemma 1.8 also implies that

a,,, H'(G/G,,, . 2/d)— H(G,Z/d)

q+r’

is an isomorphism.
The proof is by induction on ¢. Let ¢ =2, and let M be a defining system
for (¢, ,c,).

(T, (C),w) = ([M],w) = ([M'],a,,, (w))
= 3 (@& ()a; ] (e m < h(a,,, (w))).

1€1(n);
The last equality follows from Lemma 1.5.

Let C = (c,,....c,). L,(C) = ged{(k,w)lk € T,(C)),1 <a<b<
q,(a,b)#(1,q9), and w € H,(G,Z/d)}. By induction and the relationships
mentioned at the beginning of the proof, statement 3 of the theorem holds.

We show that 7,,(C) contains at least one element. Let % denote R, (C).

Define M: A — U(#,q+1) by

3 2 | a0 =i,
0, otherwise.

ij\"s

Then M,;(4,,,) =0, and M,(r,,) =0 (moda,). Thus M = M'op,, .
Let M = M’oaq+,,. M is zero on V, and thus [M] € T,(C). ([M],w) is

evidently given by statement 2 of the theorem.
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We show that 7, (C) contains at most one element. Let N be another
defining system for (c, ... ,cq) which is zero on V. Then N’ is zero on
{pq+r(xl), ,pQ+r(xn)}. Lemma 1.5 implies that N' = M’, and thus, M =
N.

For the present work, a link is a collection of smoothly embedded, ordered,
oriented circles in S°.

Proposition 1.10. Let L C S* be a link with components K ,...,K, . For
1<i<n,letv, beameridianof K., andlet V ={v,,...,v,} C nl(S3—L,*).

1. V satisfies property M(0).

2. Let N be the 3-manifold obtained by framed surgery on L, and let d =
gcd{lk(K,.,Kj)[l <i<j<n}. lk(Ki,Kj) is the linking number of K, and K,
if i #j, while Ik(K,,K,) is the framing number of K;. Then V C m (N ,*)
satisfies M(d).

See [9] or §2 for a proof of 1, and see §4 for a proof of 2.
T,(C) is a based invariant of a link, as it generally depends upon the choice
of meridians. One eliminates this dependence by increasing the indetermi-

nacy. Suppose V = {v,...,v,} C G satisfies M(d), then {v,,...,v,} and
{v, ..., v} freely generate H,(G,Z/d) and H'(G,Z/d), respectively, over
Z/d. Let I=(l,...,1I,) denote (v, ... ,v,:).

Definition 1.11. 1. A, (/) = gcd{(T,,(J),w)|J is a proper subsequence of I,
and w € H)(G,Z/d)} .

2. o,(I) is the image of T)(/) in Hz(G,Z/AV(I)).
Definition 1.12. Subsets U = {u,...,u,} and V = {v,...,v,} of G are
conjugate if, Yu, € U,3g; € G such that v, = giuigl.‘l .

Theorem 1.13. If U and V are conjugate, and U and V satisfy M(d), then
forall I €lI(n),A,(I)=A,(I), and o,(I) =a,(I).

This theorem follows from two lemmas. For 1 < i < j < g+ 1,(i,j) #

(1,9 + 1), define bl.j = ged{(T},(J),w)| J is a subsequence of (/,, ... ,lj_l),
and w € HZ(G,Z/d)}, and define b, = ged{(T},(J),w)|J is a proper
subsequence of (/;,...,/),and w € Hz(G,Z/d)}. Note thatif i<s<t< ],

then b,,|b,, . Define R, =Z/b;;,andlet h,; ;: Ry ® R, . — R,; be the tensor
product of the projection maps. Let # = (R, ;). Then Z# is a coeflicient
system.

Definition 1.14. Given I as above, a homomorphism M = (m; j):'G —

U(# ,q+ 1) is semizero on V for I if
I. m,, represents —v,’j,l <i<gq,and
2.1 p g {l.0, ... ,lj_l},then Vi<s<t<j,mgy(v,)=0.
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Lemma 1.15. If M is semizero on V for I, then [M]=o0,(I).
Proof. Suppose M is semizero on V ,and M': G/G,. —U((A#,q+r) is the
induced homomorphism. Then

(IM],w) = (M],a,,, (w))

q
=Y X X (my ) UImUa, (w).

s=1 [ ,CSGS“H,] JGI(")S

q+r

! / . .
my "'mk,kq+l(11’ eee»Jypy) =0, unless

Jrell, .. L},
J, €L, ... ,lkz_l},

Jr €l L)

If this is the case, and J # I, m(J : aq+,*(’w)) =0 (modbqu). Thus
(IM],w)=m(I :a,,, (w)={g,),w).
Lemma 1.16. If U = {u, ... ,u,} and V ={v,...,v,} areconjugate subsets

of G, and M is semizero on U for I, then M is semizeroon V for I.

Proof. Let M be semizero on V for I. Since, foreach 1 <i<n, v, isa
conjugate of u,, v; =u;. Thus [m, 1= —u,.

Foreach 1 <i<j<gq+1, (i,j)#(1,9+1), deleting rows 1 through i—1
and rows j+1 through ¢g+1, and deleting columns | through i—1 and columns
j+1 through g+1 defines a homomorphism, (Du: U(Z,q+1) - UZ,j-i+1).
Precisely, (®,,(B)),, = boiitiyio1- Py is defined similarly for the matrix
groups with coefficients in a coefficient system.

Suppose p ¢ {/,,1,,,, ... ,lj_l}. Then (<I>[.joM)(vp) = 1. Thus

(@, 0 M)(u,) = (®,; 0 M)(g,v,g, ")
= (@, 0 M)(g,)(®@,; 0 M)(v,)(®, oM)(gp_')
=1.

Therefore, M is semizero on U for I. Theorem 1.13 follows from these two
lemmas.

2. THE INVARIANTS FOR LINK GROUPS

In this section Milnor’s construction of the Z-invariants is outlined, and one
sees that any collection of meridians of a link group satisfies M(0). As any
two collections of meridians are conjugate, the g-invariants, defined above, are
independent of the basing. The based invariants are shown to be invariants
of based P.L. I-equivalence, while the link invariants are invariants of smooth
cobordism and P.L. isotopy.
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J. Milnor defines the z-invariants [8, 9]. Let L be an n-component link, and
for each 1 <i < n,let r; be the number of crossings over the ith component
in some projection of L. Then G, the fundamental group of the complement
of L, has a presentation of the form (xl.j[w,.j ;1<i<n,1<j<r,), where

-1 -1 .
(3) Wy = X0 XV U#7),
I

Wiy, = Xip Vi X Vi, -
(X, ,vm) represents a meridian-longitude pair of the ith component [11]. Let
F be the free group (xl.j) , and let 4 be the free group (x,,...,x,). For
q > 2, Milnor defines homomorphisms # g F—4,s0 that

Lon,(x,)=x;

2. for each ¢, the following diagram commutes:

F*t— G —1

(4) ”ql lproj

4 - G/G, — 1

He shows that, for j #r,, nq(vij) =0(mod4, ), and letting v, =n,(v,), that
ker(p,) is the normal subgroup generated by {lx;,v,1,4,/1 <i<n}. Thus
{p(x,,),...,p(x,,)}, and hence, any collection of meridians satisfies M (0).
He also shows that, Vr > l,viq = V., (moqu). Thus, if s < ¢, and
Iel(n),,mI:v,,)=m{:v,, ). He then defines the z-invariants of a link.
Let r>2,and I =(i,i)) €l(n). u(l)=m(i, v, ). Let ¢ >2, r>0, and
let I=(i,....0).

A(I) = ged{m(s,, ... ,s, : vaHqH)I (5,5 ...,5,,,) is a cyclic permutation
of a proper subsequence of (i, ..., iq)},
u(I) = the residue of m(i, ... iyt viqu) (modA([)).

If V' isa collection of meridians of a link group of an n-component link, then
V' satisfies M(0). Thus, for ¢ > 1 and C, a g-tuple of cohomology classes,
or I, an element of I(n) 4> the invariants 7,,(C) and o, (I) are defined. As
any two collections of meridians are conjugate, one defines (/) = o, (I).

We show that the invariants are invariants of the equivalence classes of links

stated above. Let N(L) be a tubular neighborhood of L, X = S3-N(L),
and G = n(X,x). The boundary of X is the disjoint union of n torii,
T,,...,T,, which are ordered and oriented compatibly with the components
of L. Let T, € H,(X) be the class represented by T,;. Let h: H,(X) — H,(G)
be the Hopf map, and let w; = h(rj) .

Let L and L' be n-component links, and let o = {v?, ,US} and

v = (! - ,vl be collections of meridians of L° and L' respectively.
1 n
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Definition 2.1. (L0 , VO) and (L1 , Vl) are based P.L. I-equivalent if

1. there is a proper P.L. embedding ®: ]_I;;l S'x1—8*>x1I such that, for
i=0,1,®,, whichis ®[[S" x {i},is L', and

2. forall 1<j<mand ¢ >1, lg(’U?) (mod Gq). Here X is the complement
of a regular neighborhood of the image of @, X' = Xﬁ(S3 x {i}), X o X
is inclusion, G = 7,(X,x), and G = nl(Xi,xi).

Theorem 2.2. 1. If (LO, VO) and (L', V') are based P.L. I-equivalent, then
Jor all g and all C = (c,...,c,) € HZ(X) X e X HZ(X),RVO(IO cy =
R, (1" (C)), and forall 1< j<n,

(Ty0(” (©).0)) = (T, (€)), @)

2. If L% and L' areP.L. isotopic or cobordant, then for all indexing sequences
Iof n, A(I)=AI), and (6°(I),0)) = (¢ (), ®}).

Proof of 1. Note that, for 1 < j < n, IS(I/J(.)) = zi(z/jl), and zf(r?) = zi(r}).
One inducts on ¢g. For g = 2, the result follows by the naturality of the cup
product. By induction, RVO(IO*(C ) = RVl(llt(C )). Denote this coefficient
system by % . Stallings’ theorem [13] implies that

1 GG, — G/G,

is an isomorphism for all ¢ > 1. Thus a defining system 1% 6% - U ,q+1)
for C° induces the commutative diagram:

T

G——UZ,q+1).

%%

Gl
Y and T' are defining systems for C and C' respectively. If L° and L'

are based P.L. I-equivalent, and 1% is zero on ¥° , then T is zero on 1;) (VO) ,

and T' iszeroon V', Thus,

(T,0(C%), ) = (1], &)

= ([T],z?(wj.))) (by Proposition 1.3)
I 1 1 1 1 1
=[], 1,(®)) = ([T ], ;) =(T},(C),w,),
which proves statement 1.

Proof of 2. Suppose that L% and L' are P.L. isotopic or cobordant and C
is a collection of the canonical generators of H'(X), then C O and C' are
represented by the same sequence I € I(n) g Furthermore, foreach 1 < j <n,
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there is an element g € G such that z;) (v;)) =g zﬁl(v}) . gj,_l . Thus, if 10

is zero on V° , then T' is semizero on V'. Statement 2 follows using the
argument above and Lemma 1.16.

3. COMPARISON OF THE [I AND 0 INVARIANTS

Let L be an n component link. In this section the # and ¢ invariants of
L are compared. We prove

Theorem 3.1. If I = (i, ... i) €1(n), and i, # Iy then

1. A(D)|A(T),

200, #iy forall 1 <a< B <q,then A(I) = A(I),

3. (a(I),wl.]) = —(o(I),w,;) (modA(l)), and (—l)q(a(l),a)i) = u(l)
(mod A(I)). ! _

Each of the 7(J) compares with a o(I'), where I' is a cyclic permuta-
tion of I, since the z-invariants are invariant under cyclic permutation of
the indices, and u(i,i,...,i) =0 forall 1 < i < n [9]. The og-invariants
are not, in general, invariant under cyclic permutation of the indices, and
thus, there are links and sequences for which A is a proper divisor of A.
We present two links which are distinguished by o(1,2,3,1,4), although
they have identical u-invariants for sequences of lenght less than or equal
to 5. Stallings [13] conjectured that there is a relationship between the u-
invariants and Massey products. Porter [10] and Turaev [16] were the first
to prove this. The proof of Theorem 3.1 utilizes a refined expression of A
and several lemmas. As above, let G = 7zl(S3 — L). We refer to the pre-
sentation (x,,...,x,|[x, NI [x, ,vnq]) of G/Gq described in §2. Let
I=(i,...,i,),and r>0.

Definition 3.2. For I = (i|,i,), define A'(J) = 0. For g > 2, define A'(J) =

ged{m(t,, ..., t;:v t .»1;,,) 1s a proper subsequence of I} .

fma+r)l( 1>

Lemma 3.3. Forall 1,A(I)=A(I).

Proof. Induct on g. For ¢ = 2, the lemma is true by definition. Assume the
lemma for indexing sequences of length less than g . Suppose [ = (i, ...,i,).

A(l) = ged{m(s,, ... ,s,:v N(s,» .-+ »5,,,) 1s a cyclic permutation

Spr1q+r
of a proper subsequence of (i, ..., q)}

= ged{u(s,, ... ,sq_l),A(sl Y e ’54—1)“51 R ,sq_l) is a cyclic
permutation of a subsequence of (i, ...,/ q)}
= ged{u(s,, ... .t ),A'(tl y ee ,tq_,)l (fys sty ) is a subsequence of I}

-
=A(I).

Lemma34. 1. If i, =i,=---=1, then m(I:[x;,v,,,,1)=0.
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2. Otherwise,

1
m(l:x;,v,.,]1) = Z m(l, :x; )m( cv mIy i x)m(I, v,
(11,13 13 ,14)=1
1 £0
Proof. Suppose i| =i, == i, =1.As the sum of the exponents of x; in

l

[xj,vjq+r] is zero, m(I : [x
Statement 2 follows from
mI:[x;,0,,0)=Y,  md:x; Ym(, : vjq+r)m(l xym( v,
(11,1 13 ,14)=1
The sum of the terms with I, = & is

m([ : x !y = (I:xj_l)=0,

Jjq+r jq+r)
as the indices are not all 1dentlca1.

Lemma 3.5. Let 1 <k <gq,andlet (s,,...,s,) bea subsequence of I.
—1

’ Jq+r]

m(s,, ...,S_, :UMH) =-m(s;,...,8_, :vskq+r) (modA([)).
Proof.
-1
O=m(s,...,85_,: vskq+rvskq+r)
-1
= m(I sAq+r)m(I vskq+r)
(I, 12)=(s1 e \Sk—1)
-1

=m(s;,...,8_, :vsk‘m) +m(Sy, 8 Y ,,,)  (modA(T)).

Lemma 3.6. If k > 1 and i, # iy then
My syt viqu) =0 (modA(l)).

Proof. Let IZ denote the subsequence (i, , ..., q) of I. Induct on the number
n of indices i, for k+1<1<gq,suchthat i/, =1i,. If » =0, then by Lemma
3.4(2),

m(I},, v Vi gar) = m(I:[x, v, ,,.,0) =0 (modA(l)).
In general:
0=m(l :[x, v, ,,,]) (modA())

= Z m(l X )m(I vv q+r)m(13 : xl )m(I v
(I Iy L)=1]
I#9, (I, ,)#9
+m(i, - ,iq : v,.kq+,).
Since i, # i, ,1,, in the above sum, is not empty. Furthermore, /; = (i,), and
i, = i, . Thus by induction,

-1
Z m(l, :x, )m(ly v, q+,)m(1 x )ml v, )=0

(1 1y 05 1g)=1I;

Li#2, (1, .1)#2

lkq-H‘)
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Thus
M ys ool i) =0 (modA(I)).

Lemma 3.7. 1. If j#1i,,and j#i,, then m(I: [x;,v,,,,) =0 (modA(l)).

2. m(l:[x; v, D)=-ml: [x , 1q+r]) (mod A(1)).
Proof. Suppose j #i,,and j#i " Invoking Lemma 3.4,
m(l:[x;,v,,,])= Z m(I, :xj_l)m(l2 : vj_ql“) m(ly:x;)mI,v;,.,).

(I 1 ;3 da)=I
I #0

Since j #1,,I; # (i ) and thus I, # @. Since j # i;,I; # (i,), and thus, by
Lemma 3.6, m(/, : ) =0 (modA(l)). Therefore, m(I : [xj,vjq+r]) =0
(mod A(1)).
Statement 2 follows from statement 1 and two additional facts.
L. (a(I),w,) is the residue of (="' [x;,v
2. o+ +w,=0.
Proof of Theorem 3.1. We show that A(I)|A(I). Lemma 3.7 implies that A(J) =

q+r

jq+r]) :

ged{m(S : [xsk ,vww])lS = (8;,...,5,) is a proper subsequence of I, and
S, # S}
m(S :[x, ;v ,.,])
—1 -1
= Y [m{, xg my vy, m(Iy s x mL v )]
(h 1y 03 ,14)=8
1@

For each nonzero term of the sum, J , =9, and I, # . Thus, by Lemma 3.5,
m(S : [xsk ,vskq+r]) =0 (modA(/)). Thus A(I) divides A(I).

Proof that {o(I),w, ) projects onto (-DaI). h: H,(G) — (N n F{F)/F§N
is the Hopf isomorphism, and A (w j) is the class represented by —w;, . See
presentation (3) above. Thus

(~-)e().w,) = -m(I : [x, v, ,.,,)

-1
=— E m(l, = ym(L, i v, q+,) m(ly: x; ) (I, : v,qu)
(I, Iy 13 ,14)=1
L#0

Since i, # Iy in each nonzero term of the above sum I, =@, and I, # 2. If

1274(1'1,..., “— ;) » then by Lemma 3.5, m(l, : v, q+r)- (modA(Z)). Thus
(-D*o(),@,)=-m(i,, ..., i,_; v, ..) (modA(I))
Em(il,...,iq_ : HH,) (mod A([))
=u(l).

Proof that A(I) = A(I) if the indices are distinct. Suppose S = (s, ...,5;)
is a subsequence of I = (i, ... ,iq), and for all a # B, i, # i/,. Then,

ACTINNY F- vskq“) =-m(s;,...,8 [x, v ,.,1), and thus A(D)A(T).



314 DAVID STEIN

The present example shows that the ¢ invariants may distinguish links which
are not distinguished by the n-invariants. Refer to Figures 1 and 2 below. The
curves, a and b, in Figures 1 and 2 are ¥, NV, and ¥, NV, respectively. Let
L=K UK,UK,UK,, andlet L' =K, UK, UK, UK. One shows that

1. The ¢ and & invariants, with distinct indices, are zero for each of these
links.

2. Both of these links have u(1,2,3,1) =1, and therefore, 7(1,2,3,1,4)
is totally indeterminate.

3. Each of these links has

A(1,2,3,1,4)=0,

and the invariants, ¢(1,2,3,1,4)(w,), of L and L' are 1 and 0 respectively.

FIGURE . K, =0V a=V NnV,; b=V N},

4. ADDITIONAL INVARIANTS

In this section we show that for two component links certain of the 7, ,
using the appropriate group, are independent of the basing V. L, , for these
invariants, only depends upon the linking number of the components. If this
linking number is zero, L, = 0, and these invariants may be related or equiva-
lent to the Sato-Levine-Cochran invariants [1, 2, 12]. The invariants are defined
using the fundamental group of the manifold obtained by surgery on one of the
components.

Let L be a link in S° with components K, and K,. Let W be the com-
plement of K, in the manifold obtained by zero-framed surgery on K, . Let
d = |k(K,,K,)|,and let & = (W, w).
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FIGURE 2. K, =09V,

Proposition 4.1. Let V = {v,,v,} C & be a collection of meridians of L. Then,
V' satisfies M(d).

Proof. Using the presentation (3) of 7zl(S3 — L) described above, such that for
i =1 or2, p(x;)= v, one sees that g = (xl.j|vlrl,wxl;1 <i<2, 1<
J<r, 1<s<2, 1<t<r, (s,1) #(1,r)), and that v,, represents a
longitude which has linking number zero with K, . Let v, =N q(vm) . Milnor’s

homomorphisms, » 4 F — A, show that
g/% = (-xl 9lev1q s [Xz ,Uzq],Aq> .

Let w € 4, then w € Aj,4A < VI < j<2,dm(j:w) [4]. As m(j:v )=
k(K i K),v, €484, Thus conditions 1 and 2 are satisfied. We verify 3. Let
A be the algebraic number of crossings of K, by itself in the projection of L.

One may choose
—4_¢€ &r

Vi = X1 X8 "'xa,'l/;,.l :
Let
_ £
Li=uy, H(wa,m—l)) :
B #1

{,€F§,F,and n ({)=v,, (modd ). Thus V satisfies M(d).

q

For each I € I(2) and C € (Hl(W))", Theorems 1.7 and 1.11 provide
invariants, o(I) € H(%,Z/A(I)) and T,.(C) € H (% ,Z/L,.(C)).

From the exact homology sequence of the pair (W, X), X = S - nbd(L),
one sees that H,(W ;Z/d) = H,(W ,X;Z/d), and thus, H,(W;Z/d)=7Z/d .
Let @ € H,(W;Z/d) be the class represented by D’ U S, where D? is the
core of the attached handle, and X is a mod-d Seifert surface for K, in X .
Since L has only two components, @ is independent of the choice of the
mod-d Seifert surface, and it generates H,(W ;Z/d). Under the Hopf homo-
morphisms utilized above, @ corresponds to the class represented by {, . Let
w be the corresponding element of H,(%,Z/d).
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Certain of the invariants 7}, are independent of V. For each positive integer
k let I, be the sequence

2, 1,...,1,2)
[
2k—1 I's

Theorem 4.2. 1.
d . .
Lyt =gea{ ()11 <5 < mingd 20}

Thus, if the linking number is zero, L,(I,) = 0, while if d # 0 and 2k >
d,L,(I,)=1,and T,(1,) is totally indeterminate.

2. T,(1,) is independent of V .
The proof quotes the following lemma.

Lemma 4.3. Let E be the free group (x,,...,x,,). For each w € E and each
positive integer s define

O(s,w)=ged{m(1,...,1 :w)|l <r<s}.
N, e’

rl’s

Then, O(s,w) = O(S,w—l).

Proof. Inducton s. Let s=1. m(l:w)=-m(l :w_'). Assume the result
for s < ¢, and let
I=(1,...,1).

[
q s

0=m{I:ww™ ")

=mI:w)+mI:w ")+ Z m(]l:w)m(lzzw_')
(5) Iy =1
L#D, L#2

=m(l:w)+m{: w_l) (mod©(q — 1,w)),

=ged{®(g—1,w "),m(I:w™")} (byinduction and (5))
1

=0(q,w ).



MASSEY PRODUCTS 317

Proof of4.2.1.
L,(I,)=gd{m(J v IJ=2,1,...,1),(1,...,1,2),

rl’s rl’s
or(l,...,1),and0<r<2k-1}
N e’
r s

=A(l,...,1,2)
P ——
2k+1 1's

=ged{m(1l, ..., 1 v . )1 <r<2k} (Lemma 3.3)
rl’s

Ik(K{ ,K2)
1

=gcd{m(1,...,l:x W1 <r <2k}
N e’

rl’s
=ged{m(l,...,1: xl)|1 <r<2k} (Lemma 4.3).
_,—4
rl’s
The statement follows as

m(l,...,1 :xf)=<(:).

rl’s
Definition 4.4. For any basing V' of L, L(I,)=L,(I,).
The proof of statement 2 reQuires a definition and some lemmas.

Definition 4.5. Let x = £, and let Y :% — U(Z/L(I,),2k + 2) be a homo-
morphism. Y is internally zero on x if T, (x)=0 forall 2<i<j—-1<2k.

Lemma 4.6. Let x and y € & be meridians of K, and K, respectively. If T,
a defining system for 1, , is internally zero on x and semizero on {y}, then for

all ge G, Y isinternally zero on gxg -
Proof. Let A be the free group (x,,x,). For each r > 0, there is a diagram

| F b g
(6) » n2k+3+rl lazmz”

Dok+24r
4 — ?/ 2k+2+r

such that if XI,= Ay iren(x), and Y = ay 5 (¥),Py.s,,(x) = X', and
Pyia.,(Xy) = ¥'. Choose (i,j) such that 2 < i< j—1<2k. Let YT
GG rer — U(Z/L(1,),2k + 2) be the induced homomorphism. The argu-
ment below hinges upon the fact that, for such (i, ), T,(x)=",0)=0

and thus T (x) :J( 'Y=0. Let gep”l(g), and let & =n,, ., (8). Let

Y':A4—U®Z/L(,), 2k +2)
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be a homomorphism such that the diagram below commutes.
/. U(Z/L(Ikl) ,2k + 2)
A gz L UZ/L(L), 2k +2)

k+2+r
—1 i —
T,'j(ng )= Tij(a2k+2+r(ng )

Z >0 >0 —
=S Y Y @, T )DmTgx g7

s=1c¢p,..,cs€Si 1€1(2)s

1

=(-1)"'m1,... 1 2x,87")
N, e’
Jj—i I’s
=(-1)"'m1,...,1:x)
=0.

Lemma 4.7. Let V = {x,y} as above. If Y, a defining system for I, is
internally zero on x and zero on {y}, then ([T],@)=(T,(I,),).

Proof. Let Y,Y', and ’f' be as defined above, and suppose that T is internally
zero on x and zero on {y}.

v !
(Y1, @) =7 00V spi4,)
2k+1

= Z Z Z (Tll 14l "'lemz—cs )M vy 50,

s=1 ¢y, €S aky2 IE1(2)s
=-m(2,1,...,1,2:0, 2k+2+r)
2k—1 1's
=(T,(1,),w).
This argument uses the fact that
Al A

Tivve Yorgoe up)mI vy 55, ) =0 (mod L(1}))

unless s = 2k + 1, (¢;,...,¢ ) = (1,...,1),and I = (2,1,...,1,2),
which we explain. Suppose s = 1. m(l : v, , ., ) =0 as the self-linking
number is zero, and m(2: v, ,,.,..) = k(K,,K,) = d. Suppose

A ~!

(T4 ey Toksamg, )M 20y o5 ,) #0.

Each of the numbers, m(1, ...,1 DU gpaaer) > mM(2,1, .0 1y 2k+~2+,), and
m(l,...,1,2:v, 5 .,..), is congruent to zero mod L(/,). Since T’ is zero
on {x,}, ¢,=1,and ¢, =1. For 2§i<j—l<2k+1,:f;j(xl):0. Thus,

for 1<t<s,c,=1.As ¢, +c,+ -+, =2k +2, the claim follows.

Lemma 4.8. Let {m ,m,} be a collection of meridians of L in &, and let T
be a defining system for I, which is zero on {m,,m,} as above. Let m2+ =
mlmzml_' , and let m, = ml_'mzml. Let Y, and Y_ be defining systems for
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I, which are zero on {m, ,m;}. and {m,,m, } respectively. Then ([T ], w) =
([T], ) =([T_], ).
Proof.

Y :%/% —U(Z/L(,),2k +2),

k+2+r
and

T :%/%, —U(Z/L(I,),2k +2),

k+2+r

are the induced defining systems. Let p,, .,  :4 — £/%, .,  be as defined

above, and let ’Y"Jr and T’_ be homomorphisms such that the following dia-
grams commute.

A

U(Z/L(1,),2k +2)

T/I |

At gy 5 UZ/LL), 2%k +2)

k+2+r

Claim. 1. T'(x)) =T (x) =T (x,).
2. For 2<i<j—-1<2k+1,Y,,(x,)=0.
3. For 3<j<2k+1,

¥ (X)—{l’ if j=3, ¥ (x,) = -1
A2 0, otherwise, A

4. For 2< 1/ <2k,

_, -, 1, ifl =2k,
T o) = -1, T_psa(Xp) = { 0, otherwise.

Proof of 1. For g€ %, let g = a,, ,.,(g). Statement 1 follows from the fact
that Y',Y',, and Y’ are zero on 7, .
Proof of 2. Let @, ,, : U(Z/L(1}),2k +2) — U(Z/L(1,),2k) be the homo-
morphism defined in §1. 77, = m_l'lm;mf , and 71, = m;m; WTl . We state
the argument for T'+ , and the argument for Y’ is similar. Let ID be the
identity matrix.
~A! [y —
D@, i1 010, (X)) = @y oy 0 T, (777)
=@,
. r 1 A R
=@, 5 0T (M) Dy 0T, (M) @y, 0 X, (M)
— -1 —
=®, 5, oY (7 ) ID-®@, oY (7))
=1ID.

b1
oY (m m,ym))
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—1 — —1 .

Proof of 3. Let x; = x,Xx,x;  and x, =X, X,x;. A is generated by both
+ - . S IR

{x,,x3} and {x,,x, }. Since x, =x, x,x,,and x, = x,X, X,

b

T'Hj(xz) = (—l)j_lm(2, 1,...,1 :xl_lx;xl) (Lemma 1.5)

j=2 s
_{ 1, if j=3,
1o, otherwise,

T/—u(xz) =(=)"'m2, 1, L XY
j=21s
= (17 =)
=-1.

Proof of 4. For 2 <[ <2k,

~ / B
Y aga() = (=D)'m(l, .. 1,2 %0 ) X))

2k+1—1 I's
/ -1

=(-1)(=1)

=-1,
~ / o
T () = (=D'm(1, 1,200 %))

2k+1-1 I’s
_{ 1, ifl =2k,
B 0, otherwise.

Proof of the lemma.

A
([T_1, @) =T_, 512p(Y) 2h5240)
:i’\/ A !

=T 50, 5 Tkt k2 TdMU 20 yepn,)
2k+1
~0 A )
+ Z[[T—ljr—j j+1 "'T—2k+l 2k+2(2’ l,...,1,2)
=3 2k+1—j s
xm(2,1,...,1,2:0,, ,.)]
2k+1—j 1's
A 0 ~1 !
A Y Y Yo 4225 L5 1,2)
2k+1—j I's
xm(2,1,...,1,2:0, 5, 5. )]]
2k+1—j I's
~A oy}

X (Dm0 50 )+ T 5 (2IM2: 0y 5,,,)-
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m(j vy 54 ,0.,) =0 (mod L(1,)) for j=1,2,and

2k+3—j S v
(=1) ZT-UT—UH'”T—MH 2k+2(2’ l,...,1,2)
2k+1—j 1’s
~ ! A A S
=-T_, =1t —j—1 j"'T—zk—l ke Yok 2k+2(2’ 1,...,1,2).
2k+1—j I's
Thus =, -,
((T_1.o) =T X 55 T gy a2 T)MU 20y 5050,

2k+1

=(-1) ’ m(lk ‘U 2k+2+r)

= ([T], w).

A similar argument establishes the corresponding result for ([T,],w).

Definition 4.9. Let V' = {m ,m,} and V = {,/m,} be basings of the link
L. V~VifT,,)=T,1,). .

Lemma 4.10. Suppose g isaloopin W, and lk(g,K,)=0. If T is a defining
system for I, which is zero on {m,,m,}, then Y is zero on {m ,gng_l}.
Proof. Let w, €F be a word such that p(wg) = g, and let w;, = n2k+2(wg).
Suppose 1 <i<j<2k+2,and (i,j)#(1,2k+2). For I =(/, ... ,1,) and
1<s<t<gq,let I;=(ls, ol

1

—1 ~
Tij(gng ) = T;j(wl

[ p—
gx2wg

)

< - i
=(-0)"mI@": w;xzw; )
-1
= Z m(l, : 'w;)m(l2 sxy)m(ly 'w; ).
(I 1y y)=1""
L=2

If i#1,and j# 2k + 2, then

j—1
I =(1,...,1),
Jj—i l's
and thus m(Il.j_l:w;xzw"g‘l)=O. If i=1,and j# 2k + 2, then

=2, 1,...,1),

N’
j=2 s
and thus
]j—l' l r=1y 1 1 =1
m{ly rw,x,w, y=m(l, ..., w, )
j=21s
—Ik(g k
=m(l, ..., 1:x EN))
j=21s
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If i#1,and j=2k+2, then
' =(1,...,1,2)

1
2k—i 1’s

and thus

=m(l,... ,I:xik(g’k'))
e’

2%k—i Is
=0.

Lemma 4.11. Let V = {m ,m,} be a basing of L, and for n € Z, let V, =
{m ,mim,m "} V~V.
Proof. Inducton n. Lemma 4.8 covers the cases n = +1. Let T, be a defining
system for I, which is zero on V, . Then, for n >0,
(Ir,],w) =([T,_,],») (by Lemma 4.8)
=([T,],®) (by induction).
Thus V' ~ V. The case n <0 follows similarly.
Proof of 4.2.2. Let V = {m ,m,} and V= {m,,m,} be basings of L. For
some g €Y/, = gng_l . Suppose g is represented by the loop I', and let
n=1k(I',K,). Of course, n depends only upon the homology class represented
by I'.
{m,,my} ~{m,,m,} (by Lemmas 4.6 and 4.7)
~{m,,mimym "} (by Lemma 4.11)
~{m,,m,} (by Lemma 4.10).

The invariants in the surgered manifold are compared with the invariants in

the complement of the link. For k >0, let I, be as above, and let
Jo=2,1,...,1,2,1).
N——
2k—1 1's

Let w, € H,(G),w € Hz(f), and V = {m,,m,} be as defined above. We

have
T,(J,) € H(G,Z/L,(J,)), o(J,)€ H(G,Z/A(J,)),

and
T(1,) € H(%,Z/L(L,)).
Theorem 4.12. 1. If k(K| ,K,) =0, then L(I,)=0=L,(J,), and T(I )(w) =
T,(J)(w,). In general L(I,)|L,(J,) and
T(I,)(w) = -T,(J,)(@,) (modL(l,)).
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2. A(J)IL(I,) and

o(J )(w,)=-T(,)(w) (modA(J,)).
Proof of 4.12.1.

L,(J,)=gcd{m(2,1,...,1:[x, VI ) 8
I 1’s
m(l, ..., 1,2:[x,,0 5, DO<T <2k -1},
[ 1's
Results analogous to Lemmas 3.4 and 3.5 and the proof of Theorem 4.2.1
show that L([,)|L,(J,). If k(K| ,K,)=0,L(I,) =0, and thus, L,(J,)=0.

—1 -1
T,(J)w)=m2,1,...,1,2,1:0, 5 5 XV 00, %) )

2k—1 1's
-1 -1
= Z ML V) g )M X )M(T 20 g I X )

(i 1y 03 ,14)=Jy
L#0

=m(2,1,...,1,2:v, sks24r) (mod L(1,))
2k—1 1's
=-T(1,)(w).

The proof of 2 utilizes the lemma below.
Lemma 4.13. For each 0 <s<2k-1,

m2, 1,...,1:1v, 5.,..)=0 (modA(J,)).
s I's
Proof.

~1 ~1
Al ) =ged{m(2, 1, ..., 110 5 X0 2000, %) )5

rl's

1

)

-1 -
m(2, l,...,1 ’2’ 1: Uy 2k+2+rx|vl 2k+2+rx1
I 1's
-1 -1
m(l,...,1,2: Y1 2k 24r%1 V1 2k4240%1 )l
p s
0<r<2k,0<10<2k-2,0<p<2k-1}.
Induct on s. Consider the case s =0. Let r=1.
-1 -1
0=m(2,1:0) 32, X1V 224X ) (MOdA(J))
= m(2: vl 2k+2+r) .
Assume the lemma is true for 0 <s<g<2k—1.Let r=¢g+1, and let
I=(2,1,...,1).
e, s’

ri’s
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-1

0= m(I : vl 2k+2+rxlvl 2k+2+r’x1 )
1

-1 —
}: Ml 20y gy MU X )Mty g ,,) myix )
(I Iy 1y 1a)=1
L2

=m(2,1,...,1:v,,.,..) (modA(J,)) (byinduction).
g s
Proof of 4.12.2.
L(I)=A2,1,...,1)
e, e’

2k+1 I's
‘=ged{m(2,1,...,1:v; 2k24)] 0 <1 <2k — 1} (Lemma 3.3)
[ 1's

=0 (modA(J,)) (Lemma 4.13).
~1

oJ)w)=m2,1,...,1,2,1:v, 2k+2+rx1v, 2k+2+,x, )
2k—1 I's
=m(2,1,...,1,2:v, 5 .,.,) (modA(J,)) (Lemmas 3.4.2 and 4.13)
2k—1 1's
=-T(,)().

Using results of [1], one can construct links such that A(J,) is a proper
divisor of L(I,), or if the linking number of the components is not zero, L(I,)
is a proper d1v1sor of L,(J,).For 1<1<2k-2,

m2, 1,...,1,2,1:v
N, e’
[ I's
enters into A(J,), but the corresponding term,

—1
1 2k+2+rxlvl 2k+2+r‘x1 )

m(2_, ..., 1,29, 2k+2+r),
[ 1's
does not contribute to L(/, ). Furthermore,
‘ m2, ,...,1 00 5.5.,)
2k—11's
and

m(l, ..., 1,210, 5..)
2k—1 1's
contribute to L(I, ), but the corresponding terms,

~1

m(2, 1’ ’1 :vl 2k+2+rxlvl 2k+2+rx1 )
2k I's
and
. -1
m( 1’ trc 1 ’2 : ’U‘ 2k+2+rxlvl 2A+2+rxl )’
2k I's

do not contribute to L, (J,).
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