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SOME WEIGHTED INEQUALITIES ON PRODUCT DOMAINS

HENRY LIN

ABSTRACT. We extend the results of R. Fefferman [3] on the bidisc to higher
product domains via induction. As an application, we extend the weighted
inequality for Calderon-Zygmund operators on the bidisc to higher product
domains, and we also extend the result of the Littlewood-Paley operator corre-
sponding to the arbitrary disjoint rectangles to the weighted case.

0. INTRODUCTION

In [3], R. Fefferman discovered a general technique which can be used to
prove weighted results in R' x R' (the product domain) for product weights

. /2(R x R ) with 2 < p < co. His technique, however, explicitly used the

special geometric properties of R%. In this paper we generalize his technique
to higher dimension, i.e. R'xR' xR' and beyond. To be more specific, we
reduce Fefferman’s technique to a verification of one main estimate for a linear
operator T :

Lieneitas <c [ miyax.

We will explain the notation in a later section. Having this estimate, we can
conclude that T is a bounded map on L?(w) for 2 < p < oo and a product
weight w € Ap/2 .

Verifying the main estimate for various operators 7 is not entirely trivial.
We work on two operators; we prove the L”(w) boundedness for 2 < p <
oo, wE A4,, for the product domain generalization of Calderon-Zygmund
operators, and lastly we prove the following Littlewood-Paley result:

Theorem. Let {R;} be a set of disjoint rectangles with sides parallel to the co-
ordinate axes. Let {x R/} be their characteristic functions. Define S,(f)" (&) =

Xg, (f)f(é) . We have the operator

1/2
A (x (Z 18,0/ )

bounded on LF(w), 2 <p < oo, and weAp/z(R1 x R").
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In [1] Rubio de Francia first proved the above result in one dimension, then
Jean-Lin Journé, in his paper [2], extended the unweighted result to higher
dimensions. We are able to fill in the weighted part. For this result, many of
our techniques are composites of methods developed by Rubio de Francia [1],
Journé [2], and R. Fefferman [3]. We will assume that the reader is familiar
with the marvelous paper of Rubio de Francia [1].

We remark that even though our product domain is labeled as R'x.---xR' ,
it can also be RY x --- x R% as this requires only a change in notation.

We wish to thank the reviewer for his helpful suggestions and corrections in
making this paper more intelligible.

1. PRELIMINARY DEFINITIONS

The proof is going to be in the language of product domains; we first review
some terminology.

Wesay w € 4 p(Rl XX Rl) if w is a nonnegative measurable function on
R", and as a function of each x, variable (with other variables fixed) it belongs
to Ap(R'), the classical A, class, with its Ap(R') norm uniformly bounded
with respect to the other variables.

By a dyadic rectangle we mean a rectangle with sides parallel to the coordinate
axes and whose sides are dyadic intervals. We say an interval is dyadic if it is
of the form [x,x +xk) , X € 2¥Z for some integer k. Let cR be the rectangle
with the same center as the rectangle R but each side is lengthened by the factor
c.

Finallyif x e R", t = (t,...,t,), t;>0,wedenote by R, (x) the rectangle
centered at x with sides parallel to the axes and having side length ¢, ,1¢,, ... ,¢,
for each respective side. In practice, we need to associate each rectangle R,(x)
to a dyadic rectangle. We outline the procedure. For each interval 7, 2k < || <
2K*1 for an integer k , we associate a dyadic interval I? such that |Idﬂl | > %|I |
and |1d| =2, We can also have 27 > I¢ and 41> 1. Applying this to each
side of R, (x), we can select a dyadic rectangle R? so that |Rd N R, (x)] >
IR,(x)|/2", and 2R,(x) > R?, 4R* S R (x).

We always let Q be a bounded open setin R”, and let ~ be the set enlarging
operator defined by

Q, =0 ={x|IM,(xx)(x) > 1/4"}, Q. =(Q)

where M_ is the strong maximal operator.
Next we give some appropriate extension of definitions found in [3] and [6].

Definition 1. We are in R" . By a maximal dyadic rectangle of Q in the ith di-
mension we mean a dyadic rectangle R C Q whose ith side cannot be stretched
to an even larger dyadic interval so that the resulting rectangle is still contained
in Q. We call M'(Q) the collection of maximal dyadic rectangles of Q in the
ith dimension.
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~

Definition 2. For Re M"(Q), R=1,x---xI ,welet R=1 x---xI where
Al is the largest dyadic interval containing I, so that Re M (Q) . We define
7(R) = |I I/, Slmllarly we can define R = I X I X Iyx---x I in the same

way, and here y,(R ) |12|/|Izl similarly for y,,y,,.... We have y, = 2" for
some positive integer m. We call these y, “the stretching factors of R over
Q .”

Definition 3. Let / be a dyadic interval, and let the R’ be dyadic rectangles in
R"'. We denote

E, = JIR cR'IxR cQy},
4, = (R cRT'R=IxR eM"(Q),7(R) =2"}.

We sometimes write A4 as A, if no confusion exists.

I.m

The next lemma could be found in [6]. For the convenience of the readers
we include a proof.

Lemma 4. Let I be a dyadic interval, let I' be the unique dyadic interval con-
taining I and |I'| =2""'|1|. Then 4, , c ENE,..
Proof. Obviously A ;.m C E;. We show that E;, does not take up too much
of 4,, . Let R’ be one of the rectangles making up A y, = 2" implies
I'x R ¢ Q, that is
|1 x R’ nQl II'x (R'NE.)| |E,NR|
4" = |I'xR| = |I'xR| IR

I.m*

Therefore
IR'N(ENE;)| > (1-4"")|R'|> (174" IR

and the result follows.

Lemma 5. Let Q and Q be as above. Then for all g >0 we have
/~gde C/ M ---M/(g)dx
Q Q

where M is the Hardy-Littlewood maximal operator acting on the ith dimen-
sion.

Proof. This is a consequence of a lemma by C. Fefferman and E. Stein [4] which
states for r > 1 and f,g>0

/I(le)rgdx < Cr/erlgdx.
R
We apply the above inequality in each dimension to get

/(M|~~-Mnf)rgdx_<_C/ erl'--Mngdx.
R" R
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With f = x, and Q'= {xIM, - M, (x5)(x) > 1/4"} , we have from QcQ'
/~g§/ g§(4’"C)/Ml~-Mng. Q.E.D.
Q Q Q

We can now prove our version of Journé’s covering lemma. The two param-
eter version is due to R. Fefferman [3].

Lemma (Journé’s covering lemma). If R € M"(Q), let 7 = (R, v, =

yz(ﬁ), .... Then for all g >0, we have for any 6 >0
> lRIy."s‘-v,,'f] inf g(x) < C,;/ Mgdx,
REM"(Q) Q

where M is our generic notation for finitely many compositions of one-dimen-
sional Hardy-Littlewood maximal operators.

Proof. We prove this by induction on the dimension. When »n = 1, it is obvious
since the maximal dyadic intervals are disjoint. We assume the lemma for
n—1. For n wewrite R=1xR', x=(x,,x"), x € R""'. We are going
to follow a technique of R. Fefferman [3] in sorting out R. We first group R
according to 7,(R) = 2" 1 < m < oo . Having done this we further sort out
R according to the length |I|; we write |I| = 2D where i, ) are integers
and 1 < i< (m+1) and group R according to the double indices i,j. We

write the left side of the formula as
oco m+l oo

202 Z/mz_ém > IR'7;°- 7.2, inf inf g(x,,x")

m=1 i=1 j=—o0 R'EM”(A,’,") x €l x'er’
where Y’ extends over all  with length 2"/"*".
Since Q D x A,, the y,, i > 2, are greater than y,, the stretching factors

of R over A ;- Thus the last sum above is dominated by
. / ! ’ —J . / . / /
. <
inf > IRIGh7, )7 nf g, x) < Cinf [ Me(x, x')dx
R'eM"(4,) i

< C inf Mg(x, ,x ) dx',
€l JENE,

where I' is the unique dyadic interval containing I with |I'| = 2"*'|I|. We
have used Lemmas 4 and 5 in the last line above. Thus the entire expression is
dominated by

[ee) m+1
327 - (Zz'm inf Mgdx')

x, €l
m=1 =1 N EJENE,

<c§:2“”"§:/Mgdx
~ Jo
1

m

< C<§:2“5’"(m+ 1)) /QMgdx.

m=1
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The first inequality holds because the sets {I x E,\E,.} as indexed by j (which
appeared in |I| and |I'|) are disjoint. This gives the covering lemma.

2. THE GENERAL PROCEDURE

We outline here a procedure which can be in general used to yield the
weighted norm result for 2 < p < oo, and a weight w € A, for product
domains. This is taken from R. Fefferman [3] with minor adjustments.

We begin by assuming a main estimate. In practice this is the step that
requires checking. The proof of this estimate for certain operators 7' will be
carried out in later sections.

Assumption (the main estimate). Let Q be open and bounded in R". Let
t = (t,...,t,), t; > 0, and let Q, be the convolution operator with
[T_,(1/t)w(x;/t;) where [y =0 and y is supported on [—1/2,1/2]. Let
R,(x) be a rectangle centered at x with ith side having length ¢,. Define
—ﬁ ={(x,1)|R,(x) C Q}. Then we have

/_|Q /) dx—<C/M
where dx = dx ---dx,, dt/t = dt /t -dt,/t,, and M is finitely many
compositions of one dimensional Hardy Littlewood maximal operators.

Theorem. If the main estimate holds, then the linear operator T is bounded on
L (w), for 2<p < oo and w eAp/z(R1 x - x RY).

Proof of the theorem. We use the product Lusin area integral

s = ( [ lostay Ry "

where I'(x) is the tensor product of the cones {(y;,?)||y; — x;| < t;}. Itis
known that [|Sf]|;»,, is equivalent to /17,y for this range of p. Thus for
2<p<oo, weA

11)
p/2°
T oy < ST oy -

We need to show that for ¢ € C:°(R"), ”¢”L”’/2>'(w) <1,

/{S(Tf)}2¢w dx < C(/f”w dx>2/p.

Explicitly writing out S(7 f )2 and interchanging the integrals, we get

2 _ 2 1 dt
[srntovax= [ 10rnor (g [ owex)arg.

()] R,(»)
Let us define
0, = {xIM,(¢w)(x) > 2°},
A, ={0,0)IR,(Y) C O, R,(y) Z O}
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We remark that since ¢ has compact support, O, is always open and bounded.
The expression in (1) is dominated by

2) 5 2"“/ QT NIy

k=—o00

Now 4, C 5,( , S0 we can replace 4, by Ok and apply the main estimate. (2)
then is bounded by

And this is equivalent to

/ MM, (pw)dx

which means (1) becomes

/S Tf) ¢>wdx<C/M M (pw)dx.

Finally, we get the weighted inequality by multiplying the left-hand side above
by w??/w*? and applying Hélder’s inequality with exponents p/2, (p/2) .
The left side is dominated by

(/ M(fz)p/zw dx>2/p. (/ M:(¢w)<p/2>’w1-(p/2)’ dx)‘/<1’/2> .

From the fact that M and M, are bounded with respect to weights w and

1—(p/2)
w € A(p/z), , we have

/S(Tf)quw dx < C (//"w a’x)z/p .

Taking the supremum in ¢ yields the theorem. Q.E.D.
Remark. This theorem applies even when T is a Hilbert space valued operator.

3. WEIGHTED NORM BOUNDEDNESS OF CZEZ(Rl x - x R"

3.1. The class CZEZ(Rl X cor X R'). We are going to give the definition of
CZ2(R'x---xR') inductively, beginning with CZ(R'). Wesay T € CZ}(R")
if T is a linear operator bounded on L2(Rl) and has the following properties:

(1) there exists a kernel k(x,y) defined on (Rl X Rl)\A where A = {(x,))|
x =y}, and such that if f, g€ C°°(Rl) have disjoint supports, then

[ etrneds = [[ g0kt ps)dxdy.

(2) The kernel k(x,y), in addition, satisfies the condition

1/2
(/ |k<x,y)—k(x’,y>|2dy) <O X 22,
x=yl>ylx=x7|
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We define a norm on this class CZEZ(RI) by
1llez = 171l , + dnf, €.

For TeC Zz(R1 X Rl) , we require 7 to be a bounded linear operator on
L*(R?) with

(1) for each (x,,¥,)> (xz,yz) € R' x R, we have operators k' (xI ,yl)
k*(x,,y,) belonging in CZ}(R'), such that if f,, g € CP(R"), .2,
then

[ &x08.0TU 5)x) x3) dx,
=// gl(xl)(gZ’kl(x[ YUV dx dy,

whenever g, f; have disjoint supports. And the dual condition
J[ 080T L), %) dx d,
= [ exteter K ) S0 dxy dy,

holds whenever g,, f, have disjoint supports.
(2') The operators k'(x,,y,), k*(x,,»,) satisfy

1/2
/ k' Cxv) = kvl d,
I =y 1>71x,=x]]

1—1/2
_ |/

(1/2+£)| A /
1 1

<Cy s, v>2,

for i =1,2. We define anorm on 7 by

2
ITllez =NITll,,+ Y inf C,.
i—1 C,in (2')

The class CZ7(R' x --- x R') is then defined inductively. (See [2].)

We remark here that CZ 82 (R") includes the classical Calderon-Zygmund op-
erator on R', that is, those linear operators bounded on L2(R1) with kernels
k(x,y) satisfying

lk(x,»)] < C/lx = yl,

cle=xl

!
yIHé, 2lx = x| < |x =y, 0>0.

lk(x,p) =K' (x",p)] <

In fact the product domain generalization of these classical Calderon-Zygmund
operators (see Journé [2]) are in CZ?(Rl X e X R').
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3.2. Main estimate for operators in C Ze2 (R1 X oo X Rl) .
Theorem. If T € CZ‘f(Rl x ---x R") then T is bounded on L*(w) for 2 <
p<oo, @E A, (R x---xR').

Proof. We only need to show the main estimate

/|Q, (T1)(x)] dx—<Cl|TIICZ/M )(x)d

We are going to use a method composed of techniques developed in [2] and [3].
We first chop f into an inside and outside part with the outside part supported
far away from Q, that is,

f(2)=Txq (2)+ frg (2) =11+ fy-

For f,, we use the L? boundedness of T and Plancherel equality, so that

/_lQ,T(f, (x)| dx——</ 10, T(f;)(x x> dx 41
Q

- d
/ H / (tiéi)lle(f,)( ’ fdz

= ([Tiweorst) [ imdpeor ax
0

< |12, /Q f (x)dx < C|ITII%, /Q M) (x)dx .

The last inequality is due to Lemma 3.

For the term involving f;, we need to decompose further. We start by
decomposing Q, the region of integration. For each (x,?) € Q, we have a
rectangle R (x) C Q. To this rectangle we associate a dyadic rectangle R in
the manner indicated in §1. We also have 4R D R,(x) and 2R, (x) D R,
and thus, as a consequence, R C Q,. We enlarge the nth side of R so that
Re M"(Q,). Thus we have

Qc U 4R
REM"(Q))

Foreach R=1 xI,x---xI, in the above, we have f] xIyx---x1I, GM'(QZ),
fl xfz xIyx---xI, € M2(§23) , etc. as in Definition 2 of §1. Now we introduce

some notation. We denote S as a subset of {1,2,...,n} and S" as the
collection of all nonempty subsets of {1,2,...,n}. And as in [2], we have,
writing § = {s,,s,,...,5} with 5, <s, <.-- <5, the following: for each

(x,t) € Q, we decompose fy in the expression Q,T(f;) as

)= 3 @D hy 6 (2) g (2

Ses”
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Thus we only need to show for one of these terms above,
k
» [ler(Allx )

where the intervals I depend on the value of (x,?).
To show (1), let us ‘first work for the case 7 = 1. We have

/EIQ,T(J})XW))(X)Ide < ¥ 0Tt )1 dx

reM’(Q,)

2
axS < T, [ M(Aax.
Q

where on the right side we lumped all those (x,¢) having the same T (these
(x,t) must be necessarily in 47). Next we write Q,T(f,x) as

en - [wux-w) Z / oy K02 K 2D oz () 2y,

where |x—z|” 2 |I| means 2! H <|x-2z| < 21+l| I|.

ity, Q, T(f,x) is less than

Applying Holder’s inequal-

1/2

1 —[a 2
T _
CITlles s /!X_| oy 32 [2’m /| Rz ay

I=1
€ . 2 l/2 —€
< CliTll ezt inf M) OOl

Substituting the above into the corresponding term in (2), we get

/§|Q,T<f0x>| () dx %!

. 21|
<cimit, [u/ ‘ —dxme(fz)(x)

IeM’ (Q )

< CUITI, X [ MU dx
< C1|T|ICZZ/M(f X)dx (Lemma 5)
sCllTIICZ/QM(f )(x) dx

The last inequality is a result of the fact that on R',the I in M l(Ql) are
disjoint (a fact not true for higher dimensions).

To prove the rest, we use induction on n. However, as in [2], we shall
need more definitions and a lemma. Let 7 € CZSZ. We denote the operator
[Q," T ]X" acting on the variables (z,, ...,z z ...,Zz,) by

Y -1 v+l

[Q,”T]Xw:"=Q,"(k4(.,z,,,) k'(x,,2,)).
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LemmaA. If T € CZ:(R"), then [Q, T] € CZSZ(R”_I), and for an interval

T, and a positive integer |, we have

v’

xv ’ZU

12
- : az I+ —1/2—
l:[ |~2’|1'|”[Qt” ]xv,zv”CZ v] SC”T“CZ(Z ilvl) / 81‘2,
X,— 2, g

Proof. We write

(0,7, ... = [ ¥, (5, =2 )K 0,2, = K" (x, 2, ) d,
Then

1 )
||[Qt"T]x z ”CZ S /|X vl < t’[rt_”k1 (yv’zv) -kv(xv’zv)”CZ dyv :
U_ v v

vy

Applying Minkowski’s integral inequality, Fubini’s theorem, and the fact that
T e CZZ , we have the conclusion of Lemma A. Q.E.D.

Now we assume (1) is true up to n — 1, and as a consequence, the main
estimate is also verified up to » — 1. We remind the readers that the indices
{s,,...,8.} are fixed throughout this proof, but the intervals {/_ , ... ,ka}

1

depend on the point (x,t). For n we have, from earlier pages, the following:
(a) if (x,7) € Q, then x € R(x) C 4R =4I, x --- x 41 for some R €
MY Q),
(b) ﬁCUReM"(Ql)ﬁ’ o R
(c) foreach R=1,x---xI, from above, let us write R =1 x---x ISI_l X
ISl X-oox .
We want to decornApose Q into sets so that every (x, t)_belonging to a particular
set has the same ]s, interval. Since for each (x,7) € Q, R, (x) is contained in
a 4R, R asin (c) above, we group R according to the ratio Iisl |/ |Is,l =2".

For each group corresponding to a fixed m, we further sort out R according

to i,/ in the expression | | =2/ 1 <i<m+1, —00 <)< +oo.
. 1
Letting
Ay = %o x T X, X x

1

=RR =1, x Re M~ (QSI),ysl(ﬁ) =2"},

44, = U{41A2'|§' are rectangles that appear in 4, _ },

I.m
m, m= U{Zﬁﬁ’ asin 4A4in},
we split the integral on the left side of (1) so that it is dominated by

oo m+l +oo , k 2 dt
CIEED ) 3 3) 3y A Q,T(for[lxw)(x) axt
m=1 1=l j=-o0 5] Im V=
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where ' extends over all dyadic intervals 7, of length 2"*/""*" This cor-
1

responds to (2) in the n =1 case. Since the Q, operator is a convolution with
a smooth bump function v, [, =0, we write Q,T(f,mx) in (3) as

S 00, Tl L Uz )X dz,
13 e, =z, 72 ! 1755 v

where x = (x, X, t = (t,, ,t'). This corresponds to (2.1). Thus (3) is
dominated by

2 /ﬁ {,;il /Ix:l—zsl =217, |
X (/ﬂ Q"[Q%, T]Xsl ” (ﬁ)vllx(“i’“)()(x) 2

1 g 172 2 dt
><8dx ,dt ) dz, } dx, al
t 1 1

and the induction hypothesis says the above is dominated by

o0
/ { / ~alyi ”[ 4 ]X \Z ||CZ
4, sy Jxg =z 172 s Xy sy
! 1 1 1

dx. d
<[, ax) P }X—t—

I.m

t
I.m Sy

Applying Lemma A with Holder’s inequality to the terms inside {---} and using
44; ,, C AT, mC ﬁdl (Lemma 4)
where
= U{R’lR' rectangles in R"™" such that IS' xR c Qs,}’

we get the above dominated by

2 8“’ll = —28 28 tl 2 1 /
CliTlle, > o s 717 dx, —4 1nf M(f )(x, ,x')dx

m+1 +oo
<CIIT|ICZZ( ! ) Z Z ) / M(fz)(x)dx

S

< |12, /Q M(f?)(x) dx

The last inequality follows from the same reasoning as in Journé’s covering
lemma. Q.E.D.

After this paper was written, we were informed that R. Fefferman, in [7], had
extended (for the operators on the bidisc) the result to the full range of weights,
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ie, T:L(w) — L"(x) for we A,(R'xR), 1 < p < oo. His technique could
also be adapted to our case to yield the same result for w € 4, (R'x---xR).
The technique is based on the result for the “half” weighted case as we have
here. Details will appear in a later paper.

4. THE LITTLEWOOD-PALEY THEOREM

Theorem. If W = {R,} is a collection of disjoint rectangles with sides parallel
to the coordinate axes, and (SR[ NE =y R, (&)f(&) then the operator

1/2
a1 = (3 18g (D007 )

REW

is bounded on L’ (w) for 2<p<oo, we A (R x---xR').

p/2

4.1. Reductions. Following Rubio de Francia [1], the theorem can be reduced
to the special case when the collection of sets W satisfies the well-distributed

condition
Z Xisr,e) < C-
REW

In addition we will treat W to be a finite collection, since a limiting argument
will yield the general case.

We dyadicize the rectangles in W according to the process indicated in the
preliminary definitions. Thus we associate R, € W with a dyadic rectangle Rf
with 2R, > R}, 4R{ 5 R,. We know that for 1 <p < oo, w€ 4,

o I(gee) L, (s

REW REW

LP(w)

(this is true for p = 2, w € A4, ; then apply the extrapolation of weights [5]).
We let f, =S, Rj’( f). 2R, D R;’ and the fact that W is well-distributed imply

that each Rf can be associated with at most a fixed number of R;. Thus we
may assume that each R;j is distinct and

Z X2(4R7)(é) <C.
!

This means we can treat W as if composed of these 4R7 . For simplicity, we
represent 4R7 € W as a point in the lattice (Zi)" =(k,,Jjy>---,k,,J,) bythe
following [1]. Foreach 1 <i<n, let

{I} = {L)I, = ith side of R! ,4R! € W}.
If |I,| = 2k , we label I, as I, . Since there are at most countably many such

I, , we label each as I,{' , 1 <j, <oo. Thus each 4R7 € W can be written as
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4R] =41f1 -~~><4Ij" where j= Urs-eenda)s k= (kys oo k,) . We define a
set of i mtegers nk = (n .. ) to be such that nk e I" Here we remark
that the only reason we went through this dyadmzmg process is to get the fact
that whenever n # nk‘ then j, # jl , a fact we will need.

Next we smooth out our operator in the same manner as [1]. We briefly state

it here. We take ¢ € C™(R") such that (&) = 1 for |€] < 2.5 and @(&) =
when |&| > 3. Then if

#1(x) = [[ 202" x,) exp(2miny 2 x,) = ]‘[ o1 (x,)
i=1 i=1

we have )
1 if & €4R),

(&) = .
k 0 if & is outside 2(4R)).
Then the weighted inequality problem turns into (by extrapolation of weights)
the weighted problem for the operator

, 12
G(f) = ( ) |<I>’k(f>|2)
(k. HEW

where d)i is the operator with kernel

k,{(x,y) ]‘[2 ‘P27 (x, —y))exp(2mnk2 v

We have trivially the boundedness on L, of G(f) by the well-distributed prop-
erty of W.

4.2. Proof of the main estimate. The theorem follows if we prove the main
estimate for G (we are abusing our notation here, actually we treat G as taking
f into the I* vector-space valued function {d)J (NH

(+) / S Q@)W dx—<C/M(f>dx

(k,j)ew

We shall need the following lemma, the proof of which will be delayed to
§4.3.

Lemma6. If R=1 x---x1I_isarectanglein R" and I, ... I areintervals
containing I, ... .1, respectively, then for any ¢ >0

/Z|Q¢’(fo4, ool T I () g,

L]
Notice that the sum is over all (k,j) and not just those in W .

We start again with

f = fXQnH + fXQ:«r—} = ﬁ + f(‘) ’
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The term corresponding to f, is treated via Plancherel’s equality and the L’
boundedness of G, that is,

/ ) IQd)(f,(XIdx—</ZIQ<D’f, ) dx %!

(k,j)ew

<c / Fx)dx<C / M(f)(x) dx
Qn+3 Q

We decompose the f, term as in §3.2. In short, for each (x,7) in Q, we can
decompose f; in Q@ ( fo)(x) into

k+1
(**) Z f6 Z)( 1) i X(41 'X(4’[:k)c’
ses”
where S” is a collection of all nonempty subsets of {1,...,n}, and S =
{sy,...,8) with 1 <5, <--- <5, < n. To prove the estimate, we only need

to show the following for one of those terms above:

, k

k (ﬁ) H Xai, )‘) (x)
v=1

We decompose Q in (1) in the same manner as in (3) of §3.2, so that the
left-hand side of (1) is less than

(1)

x—<C/M

oo M+l 4o

2
dt
Y LY (1Tt oo
m=1i=1 j=—00 (k J) GW v=1
If welet o, =3 -1 --Z' in the above, then the above term is dominated
by
ZA‘_I ])./] sl g
2 ! dt
Sy dt |
[Q <I) (fOXW ))Hlu ] ,x') dxlexsl ts ’
N

(k" .j")

where x = (x, .x'), 1= (1, .0}, k=(k .K), j=(j, /). Let

£ ()= 0, 0 (it ) -
We see that the term
2 dr

dXIT

Q<1>f (F Hx“))

44
sy m) k' ) I v=2

is the n—1 version. Now if the term ]"[7,=2 Xai ¢ =1 (thatis, k = 1), then we
can apply the same kind of decomposition as in the beginning of this section,
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that is,

+F, Xaa c =F +F .

)n+2 51 I-‘I my )n+2 Xsl ’ 53

’
Fx ('x)zFXSIX(“ASl

S1 my

Then use L? boundedness of the operator G (n — 1 version) for F, ,, and
decompose ijl o asin (xx) foreach (x',¢) e 4A Iy " If ]'['1;2 x(‘,i%)c is not
equal to 1 (kK > 1), then we continue to reduce to a lower dimensional case.
Thus we will need to check only the following two cases:

ey T T L[5 ol (1Tn o] ax

n(k,j)EW

e oS L L,

b

| e s,
1" n
5 X" mdt dt
X Y QD (f)(x” )W ds
kS k:
1 14
jSl“.jSp
where {s,,...,s,} is some subset of {1, ...,n}, x" = (X 5 X, )y X =
p

n

(x",x"), etc. The case (2.1) is handled by Lemma 6, that is, (2.1) becomes

> S [ ot (4T oo

(k.J)

<€) ZH( >|RI nf M(f*)(2).

n v=l1

dx—

which, by Journé’s covering lemma, is domlnated by
C/Mgwmm.
Q
(2.2) is equal to

1 ’ 2 " dt 1
ZZLA /ﬁ Z |Qt,,(I);(”(f0)(x’ ,x”/)l dx Td '
1 p I.m kg, ks,

where R = Is, X ---x I . Then the inner integral is dominated by (as a conse-
quence of Lemma 6)

CZ Z:I-[(ll |) o' Jaa ,,elil)lf'_leM(f )(

p v=l I.m Sy

n I/I "

X )dx

Then applying Journé’s covering lemma p times, we get the above dominated
by

2
C/QM(f )(x)dx.
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4.3. Proof of Lemma 6. So we are left with

Lemma 6. If R=1,x---xI, inarectanglein R" and I; Y s ,I,', are intervals
containing I, ..., 1, respectively, then for any ¢ >0

LZle /é(f’_lfllma;f)(x)\ C<cTT () wisgpoe).

The sum is over all (k,j) and not just those in W .

Proof. We shall prove it for n = 2. The general case is obvious from this
proof. We first claim that for » = 1 we have (we denote |x — z|~21|1'| as
AN <x -zl <2-241)

—le)2 2
ZIQ‘D L)) < CENI gz 11!2’/:x RO

We linearize the expression. Let H = {4, ;} with norm Ok 1Ak jlz 12 For
each fixed (x,t) we pick {Ak) (x,1)} W1th norm 1 such that

2\ 172 ‘
(% ) =Sk, 00 )
k.j

k.j

[eX AVZIRIIE:

- 0,( S, 0f1)) ().
k.j
The latter expression becomes, using [y =0,
[ =) [{ b, 02 = 020 6. 0}fdzay
k.j

which is dominated by (let K,(y,z)—K,(x, z) be the expression inside {---})

K.(yv,z)-K,(x, d
/lx—yl<1 g ~/|x—zlw2'|l'| Ky, 2) (xS ()l dz=7

which is dominated by

o) 1/2
[ K 2) = Kyx ) d)
lx=yl<t =3 \ S jx=z~ 200 | 1x=y) |51

g (/Ix_,-rz’url 1f(2)° dz) l/szy .

Now we use a lemma from Rublo de Francia [1, pp. 8-12], which says whenever
we have j # j' then nk # nA Then

—(1+4¢)

2 4
IK,(y,z) - K,(x,2)]"dx < Ct——.
/I\ eyl * Ix =
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Applying this fact we get

(Z|Q<I> (f sy )0 )1/2

€ 1 —e —le 1 2 1/2
Y2 ’/2<—/ ()] dz)
Z 240 Jix=zr2 1)

I

Ct£/2|11|—e/2(zz—le/2 1 If(z)|2d2>]/2.
!

7 2’|I | Jx—z~2'1)
Now then for the proof of Lemma 6,

/1 Z Z [o q)h(Qtz(D]zfX(u e Xary) (X )|2 dx%

xJ ky by kyody
< C/7 7<t§|1’|‘£z;|J’rEZz“’£/2 !
JTx

7 |1 |21 Ix,—z,|~ 2|
—l'g)2
X 2

|
< C/dxl/l £ /de/ &7 dn(11) 7 inf M(F)(2)

<o) () magonreo

And this yields the lemma.

dt
/|- ' |J||f(21,22)|2d22dzl>dx_
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