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WEIGHTED NORM ESTIMATES FOR THE FOURIER TRANSFORM 
WITH A PAIR OF WEIGHTS 

JAN-OLOV STROMBERG AND RICHARD L. WHEEDEN 

ABSTRACT. We prove weighted norm inequalities of the form 

0< P:'S q < 00, 

for the Fourier transform on Rn. For some weight functions v, the Hardy 
space He on the right can be replaced by L~ . The proof depends on making 
an atomic decomposition of f and using cancellation properties of the atoms. 

1. INTRODUCTION. 

As indicated by Pitt's theorem (see Stein [StD, the following weighted in-
equality holds for the Fourier transform of a function f on R: 

ll!(Y)IPIYIP-2- f dy :::; c llf(X)IPIXl f dx 

when 1 < P < 00 and max( 0, P - 2) :::; I' < P - 1 (and also a similar estimate 
with an exponent q > p on the left-hand side). Sadosky and Wheeden show 
in [Sad-W] that the inequality above holds for all y 2: max(O ,p - 2) with 
y 1= kp - 1, k = 1 ,2, ... , if we assume in addition that the function f has 
vanishing moments up to a certain order depending on y and p; in fact they 
show that if 1 < p :::; q < 00, k is a positive integer and the function f has 
vanishing moments of order less than or equal to k - I then 

( ( ' )q( )q/P )I/q 1/ 
(If(y)1 ~w(!) dy :::; c ({ If(X)IPIXlkPW(X)dX) P iR ly1k-1 Iyl y Iyl iR 

for any weight W satisfying wq/p 
E AI+(q/P')' lip + lip' = I. (See §2 for the 

definition of Ap') In fact a slightly weaker condition on w is sufficient. Other 
results of this kind are given in Benedetto, Heinig and Johnson [B-H-J] and in 
Benedetto and Heinig [B-H]. 

We see that the origin plays a special role in the description of the weights in 
the inequalities above. This may be natural on the Fourier transform side since 
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we assume that j(c;,) vanishes at the origin to a certain order. However, on the 
function side the origin should not play any more role than any other point. 

In this paper we consider conditions for a pair (u, v) of weights such that 
the L~ norm of the Fourier transform is dominated by the weighted Hardy 
space H~ norm. The application we have in mind is the case when v(x) = 
IQ(x)IPw(x) , where Q is a polynomial and w E Ap' If a function I has 
vanishing moments up to a certain order depending on Q then the H;, norm 
of I is dominated by its L~ norm_ This will give us an estimate 

which is a generalization of the inequality obtained by Sadosky and Wheeden. 
Note that the estimates of the Fourier transform which have been obtained 

by Jurkat and Sampson [J-Sam], Muckenhoupt [M], and Heinig [HI] are quite 
different, since the condition there is stated in terms of rearrangements of the 
weights, and moment conditions do not enter their estimates. See also [B-H-J 
and H2] for some further results. 

The weighted Hardy space norm inequality in this paper is done in R n and 
the proof uses Hausdorff-Young's inequality and depends heavily on the atomic 
decomposition of Hardy spaces. In §2 we give some preliminaries which are 
used later. In §3 we state the main result with the condition on the weights. In 
§§4 and 5 we make the technical estimate of the Fourier transform for a finite 
sum of atoms, and in §6 we use some rather simple limit arguments to obtain 
our main result from the estimates which are proved in the previous section. 

2. PRELIMINARIES 

We now introduce some notation. The halfspace R:+ 1 is the set R:+ 1 = 
{(x, t) : x E R n and t > O} and the ball B(x, t) in R n is the set B(x, t) = 
{y E R n : Iy - xl < t}. The Lebesgue measure of a set E in R n is denoted 
by lEI. A weight function (or a weight) w on R n is a nonnegative function 
on Rn. By w(E) we denote the corresponding measure of the set E in R n , 
i.e., w(E) = IE w(x)dx. Let I :S d < 00. The weight function w satisfies the 
doubling condition Dd (i.e., WE Dd ) if 

nd n w(B(x,rt)):S Cr w(B(x,t)) for all t >0, r~ I, and xER , 

with the constant C independent of t, r, and x. We say that wED 00 if 
wED d for some d ~ I . Let IJf be a function in the Schwartz class :7 , and let 
IJft(x) = lJf(xlt)t- n . The nontangential maximal function N'f/I of a tempered 
distribution I is defined by N'f//(x) = sup(y,t):i.v-xl<t II * 1Jf{(y)l. For A > 0, 
we define the tangential maximal function N~I by 

,l -) 
N'f//(x) = sup II * 1Jf{(y)I(l + Ix - Yilt) " 

U. ,t)ER~' I 
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and the grand maximal function f* = f*M by f*M (x) = suP'll N'IIf(x) , where 
the supremum is taken over all Schwartz functions with Schwartz norm 

The weighted Hardy space H~ is defined as the space of tempered distri-
butions f with norm IlfiIHe, = IIN'IIfIIL~ < 00, where tjI is a function in 
Y with J tjI =1= 0 and II· IlL" is defined by IlgllL" = URn Ig(xWw(x)dx)l/p , 
o < p < 00. Observe by [Str.:"T] that if wED 00 this definition is independent 
of tjI with norm within a constant factor. It would also be equivalent to use the 
tangential maximal function N~f or the grand maximal function j*M instead 
of N'IIf when defining the weighted Hardy space norm provided that A or M , 
respectively, is large enough depending on the doubling exponent d and on p. 
In fact, N~f(x) ::; C N~/(X) for any two functions tjI and tjll in Y with 
nonzero integrals, with the constant C depending only on tjI, tjll' and A, and 
similarly N~f(x) ::; Cf*M(X) when A 2: M and f*M(X) ::; CN~f(x) when 
M > M(A). 

If p > 1 and the weight w satisfies Muckenhoupt's Ap condition: 

1 { (1 ( I )P-l lET J B wdx lET J B W -"FT dx ::; C for all balls B , 

then the H~) norm and the L~J norm are equivalent, and the spaces H~ and 
L P can be identified in the natural way: w 

(f, tjI) = ! f(x)tjI(x)dx for tjI in Y. 

In this paper, however we mainly consider H;, spaces where the weight v 
does not satisfy the Ap condition. One type of weight we have in mind is the 
following. 

Let v be a weight on R which can be written v(x) = IQ(xWw(x) with WE 
Ap ' p> 1, and Q a polynomial of nonzero degree. Then v does not satisfy the 
Ap condition and the spaces H~ and L;, are not equal under the identification 
described above. However, H;, can still be identified with a subspace of L;, 
defined by some moment conditions (in fact, the subspace is the whole space L;, if Q has only real zeros). We refer to Stromberg-Wheeden [Str-W]. (A 
similar identification between weighted Hardy and Lebesgue spaces holds in 
higher dimensions for Q generalized in a suitable way. (See Adams [A].)) 
This identification of a function with a tempered distribution coincides with 
the natural one in the case when the function is locally integrable and has zero 
moments of order less than the degree of Q, e.g., for functions in the class Yo ,0 ' 

which is defined as the space of functions in Y whose Fourier transforms are 
compactly supported away from the origin. 
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For a function j in y we define the Fourier transform by 

J(y) = { j(x)e -2rrix·y dx, 
J Rn 

and for a tempered distribution j we define its Fourier transform J to be the 
tempered distribution defined by (J, rp) = (j, (fJ) for all rp E Y . 

3. MAIN RESULT 

First we introduce a weight condition for a pair (u, v) of weights. Let 1 ~ 
P I ~ 2, 1/ PI + 1/ q I = 1 , 0 < P ~ q < 00 and q ~ q I . Let rp be a nonnegative 
compactly supported function on R n which is not identically zero, and let 
rpt(x) = t-nrp(x/t). A pair of weights u and v, with v satisfying the doubling 
condition, is said to satisfy the P W (q ,p ; q I ,p I) condition if there is a constant 
C such that for all t> 0 

( 1 ) (1 u 0 dY) ~ ({ (rp I t * v) -~ dX) ~ ~ C 
IYI2:t J Rn I 

in the case PI < P , or 

( 1') 

in the case PI .? p. (When ql = q the left expression means (suPlyl2:t u(y))llq 

and when ql = 00 it means (~YI>t udy)llq .) 
The notation" PW" used above is an abbreviation for "pair of weights". We 

note that the condition allows the consideration of weights v which have zeros 
of large order; e.g., if v(x) = lxii, y > -n , it is easy to see that 

rplll * Ixll "'" (Ixl + l/t/ 
and for r> 0, 

( (Rn(rplll * Ixn- r dX) Ilr "'" {too/-nlr if y > n/r, 
J ~ otherwise. 

Furthermore, if v(x) = Ixlkpw(x) for w E Ap ' k = 1,2, ... , and 1 < P < 
00, then 

( { (rplll * V(X))-P~'dx)P-I "'" (1 W(X)-P~I d: ,)P-I , 
JR" Ixl>111 Ixl P 

1/ P + 1/ p' = I . If k .? n , this expression is finite and equivalent to 

t(k-n)p (1 W(X)dX)-1 
Ixl<lll 
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Weights v of this kind were considered in [Sad-W] and are naturally related to 
the PW(p, q ; 00, 1) condition, i.e., to the condition 

( f UdX)~(f ('Plft*V(X))-P~ldX)7 ::;C, 
J1x1>t JRn 

1 < P < 00. In fact, it is not difficult to see that the weights in [Sad-W] satisfy 
this condition. 

The condition PW(q,p;ql ,PI) is also of interest for values of PI other 
than 1: e.g., the classical result of Hardy that 11!(x)/lxlllv ::; CllfllHI when 
n = 1 corresponds to the case PI = ql = 2, P = q = 1, u = l/lxl, and v = 1 ; 
note that (I') is the appropriate condition to check in this case since PI > p. 

Remark. The integral expression 

(In ('Plft * v)-~ dx ) ~ (when PI < p) 

may also be interpreted as a sum 

( " v(Qk) -~) ~ 
~ IQkl~ , 
Qk k 

where the sum is taken over all cubes Qk with side 1 I t in a dyadic decomposi-
tion of R n • Similarly, infxERn('Plft*v(x)) in the case PI 2: P can be interpreted 
as infYERn v(B 1ft (y)) I IB 1ft (y) I· In the case P, < P the PW( q ,p ; q, ,PI) con-
dition can be written 

for all t > 0, 

where the sum is taken over all cubes Qk in the dyadic decomposition of R n 

into cubes Qk with side s(Qk) = lit. In the case PI 2: P the PW(q ,p ;ql ,PI) 
condition can be written 

Our main result is the following weighted estimate for the Fourier transform. 

Theorem 1. Let 0 < P ::; q < 00 and let (u, v) be a pair of weights with v satis-
fying the doubling condition and the pair (u, v) satisfying the PW(q ,p ;P I ' q,) 
condition for some 1 ::; P, ::; ql ::; 00, lip, + l/q, = 1, with q::; ql. Then 

II!IIL~ ::; Cllfll Hf 

for all tempered distributions f in H;'. 
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Remark I. The doubling property of the weight v is used to get an intrinsic 
definition of the H~ space norm and then mainly used to obtain the left-hand 
side inequality in Lemma I below, namely, 

~ (ff(d-I)r £n ((jJs * v(x))-r dx::; £n ((jJt * v(x))-r dx for s::; t. 

If we only assume that this holds for some d instead of the somewhat stronger 
condition that v is doubling, then we obtain, for any Ie > 0, the inequality 

Remark 2. In the condition on the pair of weights (u, v) given in the theorem it 
is a problem to choose the exponents PI and ql in an optimal way. By splitting 
u into parts u = u l + u2 and using different pairs of exponents (ql ,PI) for u l 
and u2 ' we get a weaker condition on the weights u and v. We will not go 
further into this problem. 
Remark 3. If we want to consider the limiting case q = 00 we should first 
replace the weight u by uq , both in the PW condition and in the weighted 
norms before we let q go to infinity. Then we get 

sup 1/(y)lu(y) ::; Cllfllw 
yERn v 

when 0 < P < 00 with the PW condition 

supu(y)::;c Rn ( (1 ((jJljt * v(x))- P~I dx ) -~ for p > I, 

Ivl>t (I ) Ijp . t- n ( -p) }~tn((jJljt * v(x)) for 0 < p ::; 1. 

If we also replace the weight v by vP and consider the limiting case when 
p = 00 we get 

A ) 

sup If(y)lu(y) ::; c sup N~f(x)v(x) 
yERn xERn 

provided 

sup u(y) ::; c ({ ( sup V(Z)) -I dX)-1 
IYI>t J Rn Iz-xl::ocjt 

We leave the details to the reader. 

Let p > I and assume that the weight v on R can be written v(x) = 
IQ(x)IPw(x) where Q is a polynomial and w E Ap . Then IlfllHe ::; CllfttLf, 
for all f E Yo.o (see [Str-W]) and we get the following corollary. 

Corollary. Let I < p ::; q < 00 and let v = IQIPw where Q is a polynomial 
on Rand w is a weight on R satisfying the Ap condition. Assume also that 
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sup 1/(y)lu(y) ::; Cllfllw 
yERn v 

when 0 < P < 00 with the PW condition 

supu(y)::;c Rn ( (1 ((jJljt * v(x))- P~I dx ) -~ for p > I, 

Ivl>t (I ) Ijp . t- n ( -p) }~tn((jJljt * v(x)) for 0 < p ::; 1. 

If we also replace the weight v by vP and consider the limiting case when 
p = 00 we get 

A ) 

sup If(y)lu(y) ::; c sup N~f(x)v(x) 
yERn xERn 

provided 

sup u(y) ::; c ({ ( sup V(Z)) -I dX)-1 
IYI>t J Rn Iz-xl::ocjt 

We leave the details to the reader. 

Let p > I and assume that the weight v on R can be written v(x) = 
IQ(x)IPw(x) where Q is a polynomial and w E Ap . Then IlfllHe ::; CllfttLf, 
for all f E Yo.o (see [Str-W]) and we get the following corollary. 

Corollary. Let I < p ::; q < 00 and let v = IQIPw where Q is a polynomial 
on Rand w is a weight on R satisfying the Ap condition. Assume also that 
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the pair of weights (u, v) satisfies the PW(q,p, ; ql ,PI) condition for some PI 
and ql' l/pi + l/ql = I with I ::; PI ::; 2 and ql ~ q. Then 

II/IIL~ ::; CllfllLf for all f E Yo,o' 
4. TECHNICAL PROOF 

We are going to use the atomic decomposition of f E H~ . The space Yo 0 

is dense in H~ and a function in Yo,o can be approximated by finite sums ~f 
atoms. In this section we state and prove an estimate for the Fourier transform 
of a finite sum of atoms. In a later section this estimate will be extended to 
Yo,o and H~ by rather simple limiting arguments. 

Let f be a finite sum L:Akak where Ak are nonnegative numbers and {ak} 
are atoms satisfying 

lak(x)1 ::; I, 
JRn ak(x)x"dx = 0, for all 10:1::; m, 
ak is supported in a cube Qk' 

S f ** "" 1 ~ f*r* "" r 1 et = L..- /\'kXQk and, more generally, lor 0 < r < 00 , set = (L..- AkXQk) r • 

We are going to show 
Proposition 1. Let 0 < p ::; q < 00. Let u and v be weights on Rn with 
v E D d and suppose that u and v satisfy the P W (q , p ; q I ' PI) condition for 
some PI' q I' I::; PI::; 2, q I ~ q , and lip I + 1 I q I = 1 . 

If q ~ I then we have 

(In 1/(Y)lqU(Y)dY) I/q ::; C (In If**(X)IPV(X)dX) liP, 

and more generally, if 0 < r ::; 1 and q ~ r then we have 

(In 1/(Y)lqU(Y)dY) I/q ::; C (In If*r*(X)IPV(X)dX) lip 

for finite sums f of atoms with vanishing moments of order less than or equal 
to m,provided m>-I+n[d-min(l,plpl)]lp. 

The proof of Theorem 1 is based on Hausdorff-Young's inequality: 
(2) 

for I ::; PI ::; 2 and l/pi + l/ql = I. 
First we are going to break the sum f of atoms into pieces fj according to 

the sizes of the corresponding cubes. We need 

Lemma 1. Let v(x) be a weight in Dd and let IPt(x) = IP(xlt)t-n where IP is 
a nonnegative compactly supported COO function with J IP = I. Then for r > 0 
there is a constant C depending only on IP and r such that 

~ (7)n(d-l)r In (IPs * v(x))-r dx::; In (IP t * v(x))-r dx 

::; C [ (IPs * v(x))-r dx JRn 
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for all t ~ S > 0 ; and in the limit case r = 00 we have 

( t)n(d-I) 1 
C - inf 'Ps * v(x) ~ inf 'PI * v(x) ~ C inf 'Ps * v(x) 

S xERn xERn xERn 

for all t ~ S > O. 
Proof of Lemma 1. Using the doubling property of the weight v we get 'P t * 
v(x) ~ v(B(x, t))/IB(x, t)1 and from this and the Dd condition we see that 

1 (t)n(d-I) 
C'Ps * 'P t * v(x) ~ 'PI * v(x) ~ C S 'Ps * v(x) for S ~ t. 

From this we get the limit case r = 00 and the left inequality of the lemma in 
the case r < 00. For the right inequality in the case r < 00 we use Jensen's 
inequality to obtain 'P t * (('Ps * v)-r)(x) ~ ('P t * 'Ps * v(x))-r and by integration 

[ ('P t * v(x))-r dx ~ C [ ('P t * 'Ps * v(x))-r dx 
JRn JRn 

~ C [ 'P t * (('Ps * v)-r)(x)dx = C [ ('Ps * v(x))-r dx. 0 
JRn JRn 

By Lemma 1, we see that if P > PI and fRn(¢I/s*V(x))-Pl/(P-Plldx is infinite 
for one value of S then it is infinite for all values of s. In this case, if the pair 
(u,v) satisfies the PW(q,p;qI'P1) condition for any weight u then u must 
be identically zero on Rn , and consequently, Theorem 1 is trivially true. If 
P > PI and the integral is finite, we can, by Lemma 1, partition (0,00) into 
intervals with endpoints Sj such that Sj < Sj+1 and 

(in (¢I/S * v(x))-p% dX) Sf- ~ pj for Sj < S < Sj+1 ' 

where p > 1 is a constant depending on the constant C in Lemma 1. The 
sequence {s) might be finite, infinite to the left or to the right, or infinite at 
both ends. The equivalence above holds for the endpoints S = Sj and S = 
Sj+1 provided 0 < S < 00. Furthermore it follows from Lemma 1 that Sj ~ 

Cp(J-k)/n(d-l) l' . k 
Sk lOr} > . 

To be more precise, if we set 

F(s) = (in ('P I / s * v(x))-p% dX) Sf- , 
then by Lemma 1 

C- I F(s) ~ F(t) ~ C(t/s)n(d-I) F(s), 

Let p = 2C2 and define {Gj}:'oo by 

O<S<OO, 

0< S ~ t < 00. 

Gj = sup{s: S > O,F(s) < pj}, 
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with the convention that (Jj = 0 if {s: S > O,F(s) < pj} is empty. Then it is 
not difficult to see that 

(a) (Jj:::; (Jj+1 ' 
(b) (Jj < (Jj+1 unless (Jj = 00 or (Jj+1 = 0, 

2 . 2 . I 
(c) c- pJ :::; F(s) :::; c pJ+ if (Jj < S < (Jj+1 ' 

I . . 
(d) c- pJ:::; F((J):::; CpJ if (Jj f:. 0,00. 

Thus we take {s} to be the distinct (J., 0 < s· < 00. Also note that J J - J-

when P > PI ' since by Fatou's Lemma and Jensen's inequality 

{v-'dx:::;liminf{ (¢I/s*v)-'dx 
) Rn s---+oo } Rn 

:::;limsup { (¢I/s*v)-'dx:::; { v-'dx 
5-+00 J Rn J Rn 

for r > O. Thus if Sj+1 = 00 then 

(In V-~dX) ~ ~ pj+l. 

Similarly, when P :::; PI ,if infxERn(IPI/s * V(X))-I = 00 for one value of s, 
then the same is true for every s, and Theorem 1 is trivial. Thus, as above, we 
may assume when P :::; PI that (0,00) is partioned into intervals with endpoints 
Sj such that Sj < Sj+1 and 

F(s) = (s-n(p~,-p) JfE(IP I/s * V(X))) -I ~ pj for Sj < S < Sj+I' 

This equivalence also holds for the endpoints S = Sj and S = Sj+1 provided 
o < S < 00. In particular, by Lemma 1, we get 

~p(j-k)/(n(d-1J)) < ~ < Cp(J-k)/(n(I-1J)) 
C -S-

if j > k, sk :::; S :::; Sk+1 ' and Sj :::; t :::; Sj+1 provided 0 < S :::; t < 00. We 
may replace tis in the inequality above by sjlsk whenever 0 < sk < Sj < 00. 

However, when P < PI we get 0 < Sj < 00 for all j as a consequence of the 
inequality above. When P = PI we may have Sj+1 = 00. If this is the case we 
conclude in a similar way as when P > PI that 

lim F(s) = ( inf V(X)) -I ~ pj+l. 
5---+00 xERn 

We define the index sets I. by 
J 

I j = {k: 1/Sj+1 < s(Qk) :::; 1/Sj}' 
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where s( Qk) denotes the side of the supporting cube Qk of the atom ak . With 

fj(x) = L Akak , 
kEf) 

we can write f as a sum f = L j fj , and we have for the sum of characteristic 
functions fj** = LkEfj AkXQk the identity f** = Lj fj** . 

We also split the space R n into parts ni = {y : Si-l :S Iyl < Si}' From the 
definition of {s) and the condition on the weights u and v we get 

IIUII....'!.L :SCp-qi/p • 
Lql-q (n j ) 

We want to show that 

(3) 

with 0 = min{llp ,(m + 1)/(n[d - min(1 ,plpl)]) - lip}. 
By Holder's inequality we have 

- - l/q -i/p-
(4) Ilf;llu(n):S Ilf;lIu,(n)(llull....'!.L ) :S Cp Ilf;llu,(n)' 

u I I Lql-q(n j ) I 

For j:S i we use (2) and the pointwise inequality Ifj(x)1 :S fj**(x) to obtain 

(5) 

For j > i we will make use of the fact that fj is a sum of atoms satisfying 
moment conditions. When n = I this can be done by finding the antiderivative 
of order m + I of fj. In general, when n ~ I we proceed as follows. For each 
atom a = ak we use the following lemma. 

Lemma 2. Let a be an atom with vanishing moments of order less than or equal 
to m and with support in a cube Q with side s. Then we have 

a" a(x)= ~ c -a "A (x), 
L....., "x " 

lal=m+l 

where s -m-l A", lal = m + I, are atoms supported in Q, without vanishing 
moments in general, and c = 2m+l(n). 

" n 

We apply Lemma 2 to the atoms ak , k E I, and get the atoms sm+l Ak ' ; ; ,,, 
lal = m + I. These atoms do not have vanishing moments in general. Observe 
that when j > i we may assume that 0 < Si < Sj < 00 since otherwise I j is 
empty and consequently f == 0, or n. is the empty set. If we write F 

; I ;,n 
" (-m-l 1 ) m+l h WkEIJ Sj Ak Sj Ak,o t en 
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. f** m+ I ** "'" 1 and wIth . = S· F = L.JkE!' !\kXQ we get J J J ,n J k 

sm+1F** = 
J J,a 

f ** < 
J - f ** = f** J • 

Lemma 2 is obtained by repeated use of the following lemma. 

365 

Lemma 3. Let a be an atom with vanishing moments of order less than or equal 
to m and with support in a cube Q with side s. Then there are atoms s -I AI' 
I = I , .. , ,n, supported in Q with vanishing moments of order less than or equal 
to m - 1 such that 

n a 
a(x) = L 2 ax AI(x). 

1=1 I 
Proof of Lemma 3. By translation and dilation we may assume that s = 1 and 
Q = {x : 0 :5: Xi :5: 1, i = 1, ... ,n} . Define bo(x) = a(x) and for 1= 1, ... ,n, 
define 

bl(Xl, ... ,xn)- iRI _ { r a(y l , ... ,Y"XI+l '''' ,xn)dy l .. ·dYI for x E Q, 

o for x tt Q. 
Observe that bn is identically zero by the moment condition of a. Set al = 
~(bl_l - bl )· Then, of course, a = 22:;=1 al and we claim that each function a, is also an atom supported in Q whose moments of order less than or equal 
to m all vanish, and furthermore that 

(6) 

for each (Xl"" ,XI_ l ,X'+l"" ,xn ). It is obvious that al is supported in 
Q and that Ila,ll oo :5: 1. We also get (6) directly by performing the multiple 
integration. The moment conditions can be shown by induction as follows. 
Since bo = a we have bo satisfying all moment conditions of order less than 
or equal to m by assumption. Let us assume that we have shown all moment 
conditions of order less than or equal to m for bo' ... ,b'_l' We will then 
show that bl satisfies all these moment conditions. Fix a monomial x" with 
lal :5: m, and split it into parts XC; = hi (x) + h2(x) where hi is a monomial 
. d d f h () r I "d I" I "1- I "1+ I Q n d h ( ) III epen ento x,: I x =)0 X x, = "1+1Xl "'X'_l X'+l ",xn ,an 2 x 
is a polynomial of degree less than or equal to m satisfying fOI h2(x)dxI = O. 
Since b,(x) as a function of x, is a multiple of the characteristic function 
X[O.I] for each fixed (Xl"" ,X'_l ,X'+l'''' ,Xn) we get fd bl (x)h 2(x)dXI = O. 
By (6) we have fd(b,(x) - b'_I(X))hl(x)dx, = 0, and since by our assumption 
f b'_l (x)h l (x)dx = 0, we get f b,(x)hi(x)dx = 0 for i = 1,2. Thus bl and 
hence also a, satisfies the moment conditions. 

Finally we set 
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Finally we set 
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It is readily verified that A, is supported in Q with IIA,lloo ::; 1 and, by 
integrating by parts, that A, satisfies all moment conditions of order less than 
or equal to m - I, and that a(x) = L.7 2a,(x) = L.7 28A,(x)18x, . 0 

In order to estimate the L (D)-norm of J for j > i, we use Hausdorff-
ql I J 

Young's inequality (2) on the functions F together with the pointwise esti-J ,n 

mate IF (x)l::; p** (x) = s-m-I f**(x) and get 
J ,n J ,ct J J 

(7) 11111L (A)::; Cs m +1 " IIF IlL ::; C(sjs .)m+lllf**IIL . J ql ><, I ~ J ,n ql I J J PI 

1"I=m+1 
Recall that we are assuming 0 < Si < Sj < 00 in this case. By Lemma I we 
have s)Sj::; C pU-J)/(n[d-mio(1 ,p/pIll) for j> i. Combining the inequalities (5) 
and (7) we get 

(8) IIJII L (0)::; Cmin(1 ,p(m+l)(i-J)/(n[d-mio(l,p/PIll))llf**IIL . 
J ql ' J PI 

In order to estimate the right-hand side of (8) by the L~-norm of ~** we 
will use a lemma which concerns weighted norms of sums L.k AkXQk of char-
acteristic functions of cubes. 

Lemma 4. Let rp be a nonnegative compactly supported function in the Schwartz 
class with rp/(x) = rp(xlt)t- n and let v be a weight on Rn satisfying the dou-
bling condition. Then for 0 < p ::; PI < 00 and for each constant c > 1 there is 
a constant C depending only on c, p and PI' and a constant C I depending 
only on rp, p and c such that for all t > 0 

(t- n in If(x)I PI dX) I/PI ::; C (t-n in If(x)IP dx ) I/p 

and 
[ If(x)IP rpl * v(x)dx ::; C I [ If(x)IP v(x)dx J Rn JRn 

for all f = L.k AkXQk with Ak > 0 and side of Qk > tic for all k. 

The assumption that rp has compact support is not really necessary but is 
just for simplicity of the proof. 

Proof of Lemma 4. The lemma is a direct consequence of the following inequal-
ity [Str-T, Chapter 8, Lemma 4]: 

L I~AkX"Q'(X{ v(x)dx" C L I~AkXQ'(X{ v(x)dx 

for any constant c i > I with C depending only on ci ' p and v. To see why, 
we first split Rn into a union of cubes Q, = {x E Rn : tli ::; Xi < t(li + 1) , i = 
1 , ... ,n}, IE Zn . 

Since all cubes Qk have sides larger than tic, then 

If(x)1 = LAkXQk(X)::; LAkXCIQk(tl) when x E Q, 
k k 
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and also 
I:)"kxc,Qk(tI):::; LAkXC2 Qk(X) when x E Ql. 

k k 

(These inequalities hold if we choose c i ~ 1 + 2c and c2 ~ c i + 2c.) 
From these two inequalities we get 

(,-' L IJ(X)IP'dX) I/p, ,-; (~. (~A'X"Q' (tI)),,) l/p, 

:::; (L (LAkXC,Qk(tI))P) I/p 

lE2n k 

,-; (, -, /.. (p,X"Q, (x) r dx r 
:::; C (t- n Ln If(x)IP dx ) I/p , 

where we have used the result of [Str-T] to obtain the last inequality. Since 

r If(x)IP rpt * v(x)dx = r rpt(Y) (r If(x + y)IP V(X)dX) dy JRn JRn JRn 
and 

If(x + y)1 :::; LAk XC3Q)x) 
k 
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if rpt(y) =1= 0 and we choose c3 such that c3 ~ 1 + 2c4c where supp rp C {Iyl :::; 
c4 } , we also get 

L IJ(x)IP~, • v(x)dx ,-; (f ~,dY) (/.. (p'X"Q, (x) r V(X)dX) 

:::; C I r If(x)IPv(x)dx. J Rn 
This completes the proof of Lemma 4. D 

Remark. We do not need the last part of the lemma, which uses the doubling 
condition of v , if we replace the inequalities in Proposition 1 by 

IIJllLq :::; Cllf***llu and IIJIILq:::; Cllf"**llu resp. , 
u v u v 

where f*** = Lk AkXCJQk and f*r** = (Lk A~XCJQ) I/r As we shall see in §6, 
these somewhat weaker inequalities will be sufficient to prove Theorem 1. 

The function fj** is the finite sum of characteristic functions of cubes Qk' 
k E Ij • We may assume that I j is not the empty set. Let 

S = 1/ mins(Qk). 
} kEf] 
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Thus Sj ::; Sj ::; Sj+1 and 0 < Sj < 00. The function fj** is a sum of character-
istic functions of cubes with sides larger than l/sj' In the case P ::; PI we get 
by the definition of Sj the inequality 

sn(l/p-l/pil p-j/p ::; C inf cp _ * v(x) ( ) I~ 

J xERn I/s] 

By this inequality and the first inequality in Lemma 4 we get in the case P ::; PI 

I 

Ilfj**IIPI::; C(Sj)n(t-*)llfj**ll p ::; cpi (in Ifj**(x)IPCPlr5j *v(x)dX)P. 

Similary, in the case when P > PI we get by Holder's inequality 

~ 1 

Ilfj**IIPI::; (in (cp,/s]*VrP%dX) PIP (in Ifj**IPcp'/Sj *VdX)" 
I 

::; C pj/p (in Ifj** (x)I P cp'/s] * V(X)dX) P . 

By the second inequality in Lemma 4, we conclude in both cases that 

(9) 

By (4), (8), and (9) we have 

IllIILq(n.) ::; c pU-i)/P min( I , p(m+' )(i- j)/(n[d-min(' ,P/PI m) Ilf** IILP' 
J u ~1.1 J v 

From this we get (3) for any 

0< a ::; min{llp, (m + 1)/(n[d - min(l ,pip,)]) - lip} 

provided m + I > n[d - min(1 ,plp,))/p. 

5. SUMMATION OF ALL PIECES 

In order to prove Proposition I it remains only to put the pieces together 
again using estimate (3), which was 

, -c5li-jl ** IlfjIILZ(Qi) ::; P IIfj IIL~ 

for some a > O. Let % = min( q , I). By Minkowski's inequality or the triangle 
inequality we have 

j 

and since the sets Qi' i = ... , - I ,0, I , ... , are disjoint we also have 

368 JAN-OLOV STROMBERG AND R. L. WHEEDEN 

Thus Sj ::; Sj ::; Sj+1 and 0 < Sj < 00. The function fj** is a sum of character-
istic functions of cubes with sides larger than l/sj' In the case P ::; PI we get 
by the definition of Sj the inequality 

sn(l/p-l/pil p-j/p ::; C inf cp _ * v(x) ( ) I~ 

J xERn I/s] 

By this inequality and the first inequality in Lemma 4 we get in the case P ::; PI 

I 

Ilfj**IIPI::; C(Sj)n(t-*)llfj**ll p ::; cpi (in Ifj**(x)IPCPlr5j *v(x)dX)P. 

Similary, in the case when P > PI we get by Holder's inequality 

~ 1 

Ilfj**IIPI::; (in (cp,/s]*VrP%dX) PIP (in Ifj**IPcp'/Sj *VdX)" 
I 

::; C pj/p (in Ifj** (x)I P cp'/s] * V(X)dX) P . 

By the second inequality in Lemma 4, we conclude in both cases that 

(9) 

By (4), (8), and (9) we have 

IllIILq(n.) ::; c pU-i)/P min( I , p(m+' )(i- j)/(n[d-min(' ,P/PI m) Ilf** IILP' 
J u ~1.1 J v 

From this we get (3) for any 

0< a ::; min{llp, (m + 1)/(n[d - min(l ,pip,)]) - lip} 

provided m + I > n[d - min(1 ,plp,))/p. 

5. SUMMATION OF ALL PIECES 

In order to prove Proposition I it remains only to put the pieces together 
again using estimate (3), which was 

, -c5li-jl ** IlfjIILZ(Qi) ::; P IIfj IIL~ 

for some a > O. Let % = min( q , I). By Minkowski's inequality or the triangle 
inequality we have 

j 

and since the sets Qi' i = ... , - I ,0, I , ... , are disjoint we also have 



WEIGHTED NORM ESTIMATES FOR THE FOURIER TRANSFORM 369 

Thus by combining inequalities, we get 

(10) IIlI1L: <; c ( ~ ( 2( p-,"JI'-illlf;'II:': f'") ,/, 
Let 0 < r :::: I . Then 

2)f;**(x))' = L (LAkXQk(X)) , :::: L A:XQk (x) = (f*'*(x)),. 
j j kEf] k 

Let Po = max(p ,r). We use the pointwise inequality 

when p 2: r and the concavity of the L~/' -'norm' for positive functions (i.e., 
the inequality opposite to the usual Minkowski inequality) when 0 < p :::: r to 
obtain the inequality 

( 11 ) 

To complete the proof of Proposition 1 we need only to show that the right side 
of (10) is less than the left side of (11) . To do this, we will apply the following 
discrete version of Hardy's inequality with the exponents ro = q, r, = qo and 
r2 = Po' 

Lemma 5. Let 0 < r, < CXJ, 0 < r2 < CXJ, ro 2: r2 , fJ > 1 , and <5 > O. Then 

for any sequence {a) ~CXl of nonnegative numbers. 
Proof of Lemma 5. Using Holder's inequality on the inner sum in the case 
r, < r2 we get 
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For 'I 2:: '2' Holder's inequality is replaced by the inequality 

~brl < 
~ } -

j 

for bj 2:: O. Using the inequality 

for bi 2:: 0, we see that there is a 61 > 0 such that the left-hand side of the 
inequality in Lemma 5 is bounded by 

'5 C (~~r"I'-jlajO) 'h '5 C (~a/') 'I', 
This completes the proof of Lemma 5. 0 

Combining Lemma 5 with (10) and (11) we get 

IIJIIL" ::; ClI/*r*llu ' 
u v 

This completes the proof of Proposition 1. 0 

6. LIMITING ARGUMENTS 

In this section we are going to use the estimate for the Fourier transform of 
a finite sum of atoms to obtain a similar estimate for functions in Yo 0 ' and 
then we will extend that estimate to all tempered distributions in H~ . 

If I is a function in Yo 0 then it can be written as an infinite sum of atoms, 
i.e., 1= Z:::;::I Akak (with ~k > 0) such that the partial sums IN = Z:::~=I Akak 
converge pointwise to I almost everywhere. Furthermore, for any m 2:: 0, 
M > 0 and , > 0, the decomposition can be done such that 

J"(x)~ (~A;XB,(X))'/' '5CM,m,fM(x) [or all x, 

where Bk is a supporting ball for the atom ak and with the atoms ak satisfying 
all moment conditions of order less than or equal to m (see [Str-T]). (In fact, by 
careful use of the Whitney decomposition of the sets {/*M > i} when doing 
the atomic decomposition we may replace XB by X B for any fixed c > 0 in 

k C k 

the inequality above.) For any A> 0 and any IfI in .9 with nonzero integral, 
the right-hand side is dominated by C N~/(x) provided M is large enough 
depending on A. 

For all A > 0 and all I E Yo 0 we have 
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If A. > n the finite sums of atoms IN are dominated by C.l.,f,'II(1 + Ixl)-.l. ELI, 

and hence the IN converge to I in L I norm by the dominated convergence 
theorem. Thus the Fourier transforms iN(y) converge to i(y) uniformly for 
all y E Rn . Since 

, *,* A 
IIINIIL~ ~ ClIIN IlL;' ~ ClIN'IIIIILf,' 

by Proposition 1, provided 0 < r ~ min( q , 1) , we conclude that 

IlilIL~ ~ ClIN~/IILf, for IE 9a,o' 
Next assume that I is a tempered distribution in H; . Since 9a ,0 is dense 

in H;" we get a sequence of functions IN E 9a ,0 which converges to I in 
H;, norm and hence also in the distributional sense. We may assume that 
IIIN - IN-I II Hi, ~ TN. We may assume that f IIPI/s * vl-P1/(P-pddx < 00 if 
P > PI (resp., infxERn IIP I/s * vi 2: c > 0 when P ~ PI ), since otherwise the 
PW(q,p;ql ,PI) condition would imply that U is identically zero. If ul(x) = 
(1 + Ixl)-l, then it follows from Lemma 1 that the pair of weights (ul,v) 
satisfies the PW(q,p ;ql ,PI) condition provided I is chosen large enough. By 
the estimate above of the Fourier transform of a function in 9a 0 it follows that 
{IN} is a Cauchy sequence in L q and hence converges in norm to a function 

Ul 

g in L~l . Since the weight u l 2: C > 0 on compact sets, iN converges to g in 
measure on compact sets. The sequence {iN} is also a Cauchy sequence in L~ 
and since iN converges in measure to g on compact sets we conclude that iN 
converges to g in L~ norm and that 

IIgllu = lim Ili"IILq ~ C lim IllNllw = Cll/liw' u /v--;.oo J u N-+oo v v 

It remains to show that the tempered distribution i is obtained from the func-
tion g, i.e., to show that 

(i, c/J) = r g(x)c/J(x)dx for all c/J E Y. J Rn 

Since IN converges to I in the distributional sense we have 

(i,c/J) = (/,¢) = lim (fN'¢) = lim (iN'c/J), 
N--->oo N--->oo 

and since c/J E Y, which is contained in the dual space of L~l ' and also iN 
converges to g in L q , we conclude that 

Ul 

lim (iN' c/J) = r g(x)c/J(x)dx, 
N--->oo J Rn 

Thus we have shown that 

(i, c/J) = 1"g(X)c/J(X)dX 
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with 

This completes the proof of Theorem 1. D 
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with 

This completes the proof of Theorem 1. D 
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