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WEIGHTED NORM ESTIMATES FOR THE FOURIER TRANSFORM
WITH A PAIR OF WEIGHTS

JAN-OLOV STROMBERG AND RICHARD L. WHEEDEN

ABSTRACT. We prove weighted norm inequalities of the form
1Fllzs < Clfllgp,  0<p<g<oo,

for the Fourier transform on R” . For some weight functions v, the Hardy
space HE on the right can be replaced by LJ . The proof depends on making
an atomic decomposition of f and using cancellation properties of the atoms.

1. INTRODUCTION.

As indicated by Pitt’s theorem (see Stein [St]), the following weighted in-
equality holds for the Fourier transform of a function f on R:

[iwPur=ay <c [ 1rpixax
R R

when 1 < p < 0o and max(0,p —2) <y <p—1 (and also a similar estimate
with an exponent ¢ > p on the left-hand side). Sadosky and Wheeden show
in [Sad-W] that the inequality above holds for all y > max(0,p — 2) with
y#£kp—-1, k=1,2,..., if we assume in addition that the function f has
vanishing moments up to a certain order depending on y and p; in fact they
show that if 1 < p < ¢ < oo, k 1is a positive integer and the function f has
vanishing moments of order less than or equal to k — 1 then

GO\ (1 a7 ay) ) ”
2 w(2 dy b kp
/R(|y1k“) (|y|w(y)) vl SC(/R Lf o) |x] ’w(x)dx)

for any weight w satisfying w?” € Ay gy 1P+ 1/p" = 1. (See §2 for the
definition of 4, .) In fact a slightly weaker condition on w is sufficient. Other
results of this kind are given in Benedetto, Heinig and Johnson [B-H-J] and in
Benedetto and Heinig [B-H].

We see that the origin plays a special role in the description of the weights in
the inequalities above. This may be natural on the Fourier transform side since
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356 JAN-OLOV STROMBERG AND R. L. WHEEDEN

we assume that [ (&) vanishes at the origin to a certain order. However, on the
function side the origin should not play any more role than any other point.

In this paper we consider conditions for a pair (u,v) of weights such that
the Lz norm of the Fourier transform is dominated by the weighted Hardy
space Hff norm. The application we have in mind is the case when v(x) =
|Q(x)Pw(x), where Q is a polynomial and w € A,. If a function f has
vanishing moments up to a certain order depending on Q then the H5 norm
of f is dominated by its Lﬁ norm. This will give us an estimate

175 < CIA

which is a generalization of the inequality obtained by Sadosky and Wheeden.

Note that the estimates of the Fourier transform which have been obtained
by Jurkat and Sampson [J-Sam], Muckenhoupt [M], and Heinig [H1] are quite
different, since the condition there is stated in terms of rearrangements of the
weights, and moment conditions do not enter their estimates. See also [B-H-J
and H2] for some further results.

The weighted Hardy space norm inequality in this paper is done in R” and
the proof uses Hausdorff-Young’s inequality and depends heavily on the atomic
decomposition of Hardy spaces. In §2 we give some preliminaries which are
used later. In §3 we state the main result with the condition on the weights. In
§84 and 5 we make the technical estimate of the Fourier transform for a finite
sum of atoms, and in §6 we use some rather simple limit arguments to obtain
our main result from the estimates which are proved in the previous section.

2. PRELIMINARIES

We now introduce some notation. The halfspace RZH is the set Ri“ =
{(x,f) : x € R"and ¢ > 0} and the ball B(x,?) in R" is the set B(x,t) =
{y € R" : |y — x| < t}. The Lebesgue measure of a set £ in R" is denoted
by |E|. A weight function (or a weight) w on R” is a nonnegative function
on R". By w(E) we denote the corresponding measure of the set £ in R",
ie, w(E)= [pw(x)dx. Let 1 <d < oo. The weight function w satisfies the

doubling condition D, (i.e., we D,) if

w(B(x,rt)) < Cr'w(B(x,t)) forall t>0, r>1,and x€R",

with the constant C independent of ¢, r, and x. We say that w € D if
w € D, forsome d > 1. Let y be a function in the Schwartz class ., and let
y,(x) = w(x/t)t”" . The nontangential maximal function Nv f of a tempered
distribution f is defined by N, f(x) = sup, Orly—x|<t |f *w,(y)|. For 4 >0,

we define the tangential maximal function N:; f by

Ny f(x)= sup |f*w,WI(1+]x-yl/n7",
(}’J)QRZH
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and the grand maximal function f* = /*¥ by /™™ (x) = sup, N, f(x), where
the supremum is taken over all Schwartz functions with Schwartz norm
a M
lwlly=sup  [Dw(0)[(1+|x])" <L
XER" |a|<M

The weighted Hardy space H{; is defined as the space of tempered distri-
butions f with norm | fl|,, = [N, fll, < oo, where y is a function in

% with [y #0 and | -||,, is defined by |gll,, = (frn |g(x) w(x)dx)"",
0 < p < oo. Observe by [Str-wT] that if w e D_ this definition is independent
of w with norm within a constant factor. It would also be equivalent to use the
tangential maximal function Ni f or the grand maximal function f*¥ instead
of Nw f when defining the weighted Hardy space norm provided that A or A ,
respectively, is large enough depending on the doubling exponent d and on p.
In fact, N:,f(x) < CN;lf(x) for any two functions ¥ and y, in & with
nonzero integrals, with the constant C depending only on ¥, v, , and 4, and
similarly Nif(x) < Cf™(x) when A > M and f™(x) < CN:;f(x) when
M>M().
If p > 1 and the weight w satisfies Muckenhoupt’s Ap condition:

p—1
%/wdx <ﬁ/w—#_‘dx) < C forall balls B,
B B

then the H” norm and the L norm are equivalent, and the spaces H! and
L? can be identified in the natural way:

(f,vl)=/f(x)t//(x)a’x for v in & .

In this paper, however we mainly consider Hf spaces where the weight v
does not satisfy the A, condition. One type of weight we have in mind is the
following.

Let v be a weight on R which can be written v(x) = |Q(x)[w(x) with w €
A,,p>1,and Q a polynomial of nonzero degree. Then v does not satisfy the
A, condition and the spaces H’? and L! are not equal under the identification
described above. However, Hf; can still be identified with a subspace of Lﬁ
defined by some moment conditions (in fact, the subspace is the whole space
Lﬁ if O has only real zeros). We refer to Stromberg-Wheeden [Str-W]. (A
similar identification between weighted Hardy and Lebesgue spaces holds in
higher dimensions for Q generalized in a suitable way. (See Adams [A].))
This identification of a function with a tempered distribution coincides with
the natural one in the case when the function is locally integrable and has zero
moments of order less than the degree of Q, e.g., for functions in the class 5’60 ,
which is defined as the space of functions in ¥ whose Fourier transforms are
compactly supported away from the origin.
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For a function f in ¥ we define the Fourier transform by

foy= | foneax,

and for a tempered distribution f we define its Fourier transform 7 to be the
tempered distribution defined by (f,¢) = (f,¢) forall ¢p € 7.
3. MAIN RESULT

First we introduce a weight condition for a pair (u#,v) of weights. Let 1 <
p,<2,1/p+1/q,=1,0<p<g<ooand g <gq,. Let ¢ be a nonnegative
compactly supported function on R" which is not identically zero, and let
¢,(x)=1t"p(x/t). A pair of weights u and v, with v satisfying the doubling
condition, is said to satisfy the PW(q,p;q,,p,) condition if there is a constant
C such that forall 1> 0

44 P—p

M) (/ uﬁi‘qdy) ([ wyrorax) ™ <c
lylzt Rr

in the case p, <p, or

9 -9

1, _q-—Ld —q';q _nlpy—p) . f IlJ<C
(1) /MZ[u* y (t . xlan((pl/,*v(x))) <

in the case p, > p. (When g, = g the left expression means (sup|y|>t u(y))l/q

and when ¢, = co it means (J,., udy)'’? )

The notation “ PW > used above is an abbreviation for “pair of weights”. We
note that the condition allows the consideration of weights v which have zeros
of large order; e.g., if v(x) = |x|", y > —n, it is easy to see that

Py * |Xl7 ~ (|x| + 1/1)7

and for r >0,

1/r y—=njr .
([ e 1y 7ax) ~{’ o>,
Rn

00 otherwise.

Furthermore, if v(x) = [x|kpw(x) for w e Ap, k=1,2,..., and 1l <p <
oo, then

1 p-l L dx .
*v(x _mdx> ~ / w(x) 77 - ,
([ @yoen (M (x) |x|k”)

1/p+1/p" =1.1f k > n, this expression is finite and equivalent to

—1
PR (/ w(x)dx) .
|x|<1/t
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Weights v of this kind were considered in [Sad-W] and are naturally related to
the PW(p,q;00,1) condition, i.e., to the condition

(/.. “"XY (L torvirax) ™ <c.

1 < p <oo. In fact, it is not difficult to see that the weights in [Sad-W] satisfy
this condition.

The condition PW(q,p;q,,p,) is also of interest for values of p, other
than 1: e.g., the classical result of Hardy that ||f(x)/|x|||L, < C|fll: when

n =1 corresponds to the case p, =¢, =2, p=gq=1, u=1/|x[,and v =1;
note that (1') is the appropriate condition to check in this case since p,>D.

Remark. The integral expression

P=p

</R ((pl/t * v)‘ﬂ_flﬂdx) " (when p, < p)

may also be interpreted as a sum

UQk)—”—fl"_'. n
(%;'Qk' 10| ) :

where the sum is taken over all cubes Q, with side 1/¢ in a dyadic decomposi-
tion of R". Similarly, inf .. (9, /I*U(X)) in the case p, > p can be interpreted

as infyeR,,v(Bl/,(y))/ 1Bl/,(y)|. In the case p, <p the PW(q,p;q,,p,) con-

dition can be written

-9
. Qd
(/ uan-d dy) <C
ly|=>t

where the sum is taken over all cubes Q, in the dyadic decomposition of R"
into cubes Q, with side s(Q,) = 1/¢. In the case p, > p the PW(q,p;q,,p,)
condition can be written

o\ "
v(@)\ 7
> |le< lekl ) ) forall >0,

s(Q)=1/1t

4 -4 1

(/ u#“L"dy> <C (t_"‘lﬂfﬁi' inf(v(Bl/,(y))/|Bl/,(y)l)> " forallz>0.
R yekr

Our main result is the following weighted estimate for the Fourier transform.

Theorem 1. Let 0 < p < g < oo and let (u,v) be a pair of weights with v satis-
fying the doubling condition and the pair (u,v) satisfying the PW(q,p;p,,q,)
condition for some 1 <p, <q, <o, 1/p, +1/q =1, with q<gq,. Then

171s < CllA N e

for all tempered distributions f in H” .

v
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Remark 1. The doubling property of the weight v is used to get an intrinsic
definition of the Hg space norm and then mainly used to obtain the left-hand
side inequality in Lemma 1 below, namely,

1 /s

6<?)n(d—l)r/n((ps *v(x))"dx < /R,.((p’ xv(x)) 'dx fors<t.

If we only assume that this holds for some d instead of the somewhat stronger
condition that v is doubling, then we obtain, for any A > 0, the inequality

1/p

(/R |f(y)|qu(y)dy)l/q <C (/R IN,f,f(x);"v(x)dx) for f € % .

Remark 2. In the condition on the pair of weights (u#,v) given in the theorem it
is a problem to choose the exponents p, and g, in an optimal way. By splitting
u into parts u = u, + u, and using different pairs of exponents (g, ,p,) for u,
and u,, we get a weaker condition on the weights u and v. We will not go
further into this problem.

Remark 3. If we want to consider the limiting case ¢ = oo we should first
replace the weight «# by u?, both in the PW condition and in the weighted
norms before we let ¢ go to infinity. Then we get

sup | f(y)u(y) < ClIA M e
YER"

when 0 < p < oo with the PW condition

1 -EE_I
(/ ((pl/,*v(x))_'ﬁdx> forp>1,
sup u(y) < C R

Ivl>t —n(l=p) . e
<t Xléllgn((ol/t *v(x)) forO0<p<1.

If we also replace the weight v by v’ and consider the limiting case when
p =00 we get

sup | /(»)|u(y) < C sup N, f(x)v(x)
YER" XER"

-1
supu(y) < C (/ ( sup v(z)) dx)
ly|>t Rn \ |z—x|<c/t

We leave the details to the reader.

provided
-1

Let p > 1 and assume that the weight ¥ on R can be written v(x) =
|Q(x)|’w(x) where Q is a polynomial and w € A, . Then |f]l, < CliANl e
forall fe 5”6’0 (see [Str-W]) and we get the following corollary.

Corollary. Let 1 < p < q < oo and let v = |Qf°w where Q is a polynomial
on R and w is a weight on R satisfying the A, condition. Assume also that
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the pair of weights (u,v) satisfies the PW(q,p, ;q,,p,) condition for some p,
and q,, 1/p,+1/q, =1 with 1 <p <2 and q, > q. Then

17y < CllSly forall £ e,

4. TECHNICAL PROOF

We are going to use the atomic decomposition of f & Hf}’ . The space ‘%,o
is dense in Hg and a function in 5”0’0 can be approximated by finite sums of
atoms. In this section we state and prove an estimate for the Fourier transform
of a finite sum of atoms. In a later section this estimate will be extended to
53,0 and Hff by rather simple limiting arguments.

Let f be a finite sum ) A, a, where 4, are nonnegative numbers and {q, }
are atoms satisfying

lay(x) < 1,

Jrea,(x)x“dx =0, for all |a] <m,

a, is supported in a cube Q, .

Set [ = > 24X, and, more generally, for 0 < r < oo, set = AeXg,)
We are going to show

1
T

Proposition 1. Let 0 < p < g < co. Let u and v be weights on R" with
v € D, and suppose that u and v satisfy the PW(q,p;q,,p,) condition for
some p,,q,, 1 <p, <2, q,>q,and 1/p,+1/q,=1.

If ¢ > 1 then we have

</R" lf(y)lqu(y)dy>l/q <C (/R lf”(x)lpv(x)dx> " ,

and more generally, if 0 <r <1 and q > r then we have

Foumay) - <c ([ 17 P v
R R

for finite sums f of atoms with vanishing moments of order less than or equal
to m, provided m > —1+ n[d —min(1,p/p,)1/p.

1/p

The proof of Theorem 1 is based on Hausdorff-Young’s inequality:

(2) 18l e < C, 18N
for 1<p <2and 1/p, +1/q, =1.
First we are going to break the sum f of atoms into pieces fj according to

the sizes of the corresponding cubes. We need
n

Lemma 1. Let v(x) be a weight in D, and let ¢ (x) = ¢(x/t)t" " where ¢ is
a nonnegative compactly supported C* function with [ ¢ = 1. Then for r >0
there is a constant C depending only on ¢ and r such that

é(%)n(d—”r/n(ws*U(x))_rdxS/R"(%*U(X))—rdx

<C [ (p,*v(x) "dx
Rn
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forall t >s > 0;and in the limit case r = co we have

Ct"(d_l)'f > inf >1'f (
—_ —_ *
ORI DRUES: TAUES S TS

forall t>s>0.

Proof of Lemma 1. Using the doubling property of the weight v we get ¢, *
v(x) ~v(B(x,t))/|B(x,t)| and from this and the D, condition we see that

1 ¢ n(d—1)
E¢s*¢,*U(X)S¢t*’U(X)SC(E> (ps*’U(X) fOI'SSl.

From this we get the limit case r = co and the left inequality of the lemma in
the case r < co. For the right inequality in the case r < co we use Jensen’s
r

inequality to obtain ¢, * ((p, *v)" )(x) > (@, * @ * v(x))”" and by integration
| ey Tdx<c [ (00,500

< C/ 9, *((p, * v) (x)dx = C/ (o, * v(x)) "dx. O

R7 R
By Lemma 1, we see that if p > p, and fRn(¢l/s*v(x))-”‘/("_"‘)dx is infinite
for one value of s then it is infinite for all values of s. In this case, if the pair
(u,v) satisfies the PW(q,p;q,,p,) condition for any weight u then u must
be identically zero on R", and consequently, Theorem 1 is trivially true. If
p > p, and the integral is finite, we can, by Lemma 1, partition (0, 00) into
intervals with endpoints s; such that s; <s,,, and

pp

A pl’l i
</Rn(¢[/S*U(X)) 7=h dx) ~p’ fors; <s<s,,,

where f > 1 is a constant depending on the constant C in Lemma 1. The
sequence {s ,-} might be finite, infinite to the left or to the right, or infinite at
both ends. The equivalence above holds for the endpoints s = S and s =
S provided 0 < s < co. Furthermore it follows from Lemma 1 that 5 >
Cﬂ(j_k)/"(d_l)sk for j > k.
To be more precise, if we set

P—p|

F(s) = (/Rn(gpm *v(x))‘v‘f‘ﬂdx> " 0<s<oo,
then by Lemma 1

CT'F(s) < F() < C(t/s)" " VF(s), 0<s<t<oo.
Let B =2C? and define {0}, by

ajzsup{s:s>O,F(s) <Bj},
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with the convention that 0, = 0if {s:s>0,F(s) < ﬁj } is empty. Then it is
not difficult to see that

(@ 0,<0;,,
(b) 0,<0,,, unless g, =00 Or 0, =0,
() CTPB <F()<Cp* if o <s<a,,,
(d) C'B/<F(o,)<CP if 0,#0,00.

Thus we take {s j} to be the distinct g, 0<s ;S oo. Also note that

. p;lp p p;lp
Shm F(S)= Iim (/ (¢l/5*'v)_”"’l dx) = </ v A dx)
- S—oo Rn n

when p > p, , since by Fatou’s Lemma and Jensen’s inequality

/v"dxgliminf (60 +v)"dx

s—00 [ pn
< limsup/ (), «v) 'dx 5/ v dx
§—00 Rn R

for r > 0. Thus if $i =00 then

P

p=py
(fprrax) "~
Similarly, when p < p, , if inf

XER,,((/)]/S * 'u(x))_l = oo for one value of s,
then the same is true for every s, and Theorem 1 is trivial. Thus, as above, we
may assume when p < p, that (0,00) is partioned into intervals with endpoints
) such that $; <S8, and

(py—p)

-1
(T J
F(s) = (s Pl Xlglgn((pl/s *v(x))) ~ B for §; <8< .

This equivalence also holds for the endpoints s = s ; and s =5, , provided
0 < s < 00. In particular, by Lemma 1, we get

iﬂu—kw(d—;%)) < Lo cpihimi=n

C s
if j >k, s, <5 <5, and sj_<_t§sjerl provided 0 < s <t < co. We
may replace ¢/s in the inequality above by s i /s, whenever 0 <s, <s ;< o0o.
However, when p < p, weget 0 <s ;<o for all j as a consequence of the
inequality above. When p = p, we may have 5, | = cc. If this is the case we
conclude in a similar way as when p > p, that

lim F(s) = <Xi€nlgnv(x)>_ ~ [)’jH.

§—00

We define the index sets [ ; by
Ij ={k: I/SJ.Jrl <s5(Q,) < l/sj},
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where s(Q,) denotes the side of the supporting cube Q, of the atom q, . With

[0 =" 4ay,

kel

we can write f asasum f =3 i j; , and we have for the sum of characteristic
functions /7 = Yver, M X, the identity VANED DI

We also split the space R" into parts Q, ={y:s,_, <|yl <s;}. From the
definition of {s;} and the condition on the welghts u and v we get

lull o < CB”.
- i)

We want to show that
- —0li—j ok K
(3) 1F sy < CB™ N e

with § = min{l/p ,(m + 1)/(n[d — min(1,p/p,)]) — 1/p}.
By Holder’s inequality we have

. . . ilp a
(4) 1/l o, < “fj”u,(Q,)(||u||Lal_q_Lq(Q_)) h<cp l/p||fj||ul(g,)-
For j < i we use (2) and the pointwise inequality |f;(x)| < f]"(x) to obtain

(5) ' Il < €15y,

For j > i we will make use of the fact that fj is a sum of atoms satisfying
moment conditions. When » = 1 this can be done by finding the antiderivative
of order m+1 of fj . In general, when n > 1 we proceed as follows. For each
atom a = a, we use the following lemma.

Lemma 2. Let a be an atom with vanishing moments of order less than or equal
to m and with support in a cube Q with side s. Then we have

a(x) = Z CQW o(X)s

lal=m+1

—m—

where s lA”, la| = m + 1, are atoms supported in Q, without vanishing

. __ Am+ln
moments in general, and ¢, =2"""().

We apply Lemma 2 to the atoms a, , k € I and get the atoms s'"“Ak o

|| = m + 1. These atoms do not have vamshmg moments in general. Observe
that when j >/ we may assume that 0 <s; < §; <00 since otherwise 7 i is
empty and consequently fj =0, or Q, is the empty set. If we write F/ .=

ZAGI —m 1/1 ) m+lAk“ then

= Y Caa aF NESR

jal=m+1
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l
and with f}" =s]"" = Yker, MiXg, We get
m+1 %% ke ok k ok * ok
Zs,- Flo= 2 < ) f=1
J,0<sj<00 J,0<s;<00 J,0<s;<00

Lemma 2 is obtained by repeated use of the following lemma.

Lemma 3. Let a be an atom with vanishing moments of order less than or equal
to m and with support in a cube Q with side s. Then there are atoms S_IAI,
[=1,...,n, supported in Q with vanishing moments of order less than or equal

to m—1 such that
Z 2 l(x)

Proof of Lemma 3. By translation and dllatlon we may assume that s = 1 and
={x:0<x,<1,i=1,...,n}. Define b)(x) = a(x) andfor /=1, ... ,n,
define

/Rla(yl,... VX s X,)dy, ---dy, forxeQ,
0 for x ¢ Q.

Observe that b, is identically zero by the moment condition of a. Set a, =
%(b,_l —b,). Then, of course, a = 227=1 a, and we claim that each function
a, is also an atom supported in Q whose moments of order less than or equal
to m all vanish, and furthermore that

(6) /a,(xl,...,x,_l,y,,xM,...,xn)dy,=0

for each (x,,...,x,_,,x,,,...,x,). It is obvious that a, is supported in
Q and that g, < 1. We also get (6) directly by performing the multiple
integration. The moment conditions can be shown by induction as follows.
Since b, = a we have b, satisfying all moment conditions of order less than
or equal to m by assumption. Let us assume that we have shown all moment
conditions of order less than or equal to m for b, ...,b,_,. We will then
show that b, satisfies all these moment conditions. Fix a monomial x” with
|a| < m, and split it into parts x* = h (x) + h,(x) where h1 is a monomial

: . _r! a (n. Qg u,,
independent of x,: h (x) = [j x"dx, = <.+1x1 X X ,and h,(x)

b(x,,....,x,) =

is a polynomial of degree less than or equal to m satisfying fo ,(x)dx; =0.
Since b ,(x) as a function of x;, is a multiple of the characterlstlc function

X0 for each fixed (xl s s X2 Xy e e 5 X,) WE get fol b, (x)hy(x)dx, = 0.
By (6) we have fol(b b;_(x))h,(x)dx, = 0, and since by our assumption
[b,_(x)h (x)dx =0, wegetfb(xh(x)dx—Oforz—l?. Thus b, and

hence also a, satisfies the moment conditions.
Finally we set

X/
A,(x) =/ Xy s oo X5V Xy s 5 X))

o0
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It is readily verified that A, is supported in Q with |[4,]| < | and, by
integrating by parts, that 4, satisfies all moment conditions of order less than
or equal to m — 1, and that a(x) = Z:’ 2a/(x) = >1204,(x)/0x,. O
In order to estimate the L ql(Qi)-norm of ]; for j > i, we use Hausdorff-

Young’s inequality (2) on the functions F, , together with the pointwise esti-
mate |F, (x)| < F (x) = sj_’"‘lfj**(x) and get

2 m+1 S m+1 *
(7) 1£ill, @) < Cs;i > 155 oMz, < Clsi/s)) I/ Iz, -

|a|=m+1

Recall that we are assuming 0 < s, < §; < 00 in this case. By Lemma 1 we
have s,/s; < cpl—/tnld=min(L.p/p)D) g1 i 5 Combining the inequalities (5)
and (7) we get

> . 1)(i—j)/(n[d—min(1 o
(8) “f;-”qu Q) S len(] ’ﬂ(m+ )(i—=j)/(n[d—min( P/Pl)]))”f-'i “Lpl'

In order to estimate the right-hand side of (8) by the L}-norm of f;~ we
will use a lemma which concerns weighted norms of sums }_ 4, Xo, of char-
acteristic functions of cubes.

Lemmad. Let ¢ be a nonnegative compactly supported function in the Schwartz
class with ¢,(x) = ¢(x/ Ht™" and let v be a weight on R" satisfying the dou-
bling condition. Then for 0 < p < p, < oo and for each constant ¢ > 1 there is
a constant C depending only on ¢, p and p,, and a constant C, depending
onlyon ¢, p and c such that forall t >0

(t“" /R" |f o) dx>1/p1 <c (t_" /R” If(x)lpd_X)l/p

[ e, svwdx <€, [ 17Gor v
Jorall f=3%, Mg, with 4, >0 and side of Q, > t/c for all k.

The assumption that ¢ has compact support is not really necessary but is
just for simplicity of the proof.

and

Proof of Lemma 4. The lemma is a direct consequence of the following inequal-
ity [Str-T, Chapter 8, Lemma 4]:

q
/Rn ;Akxcl@_(x) v(x)dx < C/Rn ‘;lkak(X)

for any constant ¢, > 1 with C depending only on ¢, , p and v. To see why,
we first split R” into a union of cubes Q, = {x € R" : ¢/, < x, < t(l,+1),i =
1,...,n}, leZ".

Since all cubes Q, have sides larger than ¢/c, then

1= D0 At () S D Ayt o, (8) when x € Q,
k k

q
v(x)dx
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and also
ZikXCle(tl) < Zikxcsz(x) when x € Q,.
k k

(These inequalities hold if we choose ¢, > 1 +2¢ and ¢, > ¢, +2c.)
From these two inequalities we get

B 1/p piy U
(l "/Rn lf(x)I”‘dX) < (Z (;lkxc,gk(tl)) )

lezn
o\ Up
< (T (Zaram) |
lezZn k

p /p
< (t-n /R n (zk: AkaZQk(x)> dx)

sc( [ rorax)”

where we have used the result of [Str-T] to obtain the last inequality. Since

/Rn lf(X)|p(0, *V(x)dx = /Rn o,(y) (/Rn |f(x +y)|pv(x)dx> dy

and

1+ <D Ao, (%)
k

if ¢,(y) # 0 and we choose c¢; such that ¢; > 1+ 2¢,c where supp ¢ C {|y| <
c,}, we also get

/R" £ o, xv(x)dx < </ w,dy) (/R (Zlkxqgk(x))pv(x)dx)
k

<c [ 1P,
Rn
This completes the proof of Lemma 4. O

Remark. We do not need the last part of the lemma, which uses the doubling
condition of v, if we replace the inequalities in Proposition 1 by

17l < IS ™l and [Fly < CIS™ Ny resp.,

where /™" = ¥, Lt and 7 = (S, 4x.,0,)" As we shall see in §6,
these somewhat weaker inequalities will be sufficient to prove Theorem 1.

The function f;* * is the finite sum of characteristic functions of cubes o,
kel IE We may assume that / ; is not the empty set. Let

5= 1/1]31€i1rjls(Qk).
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Thus 5, <5, <s,,, and 0 <3, < oo. The function fj** is a sum of character-
istic functions of cubes with sides larger than 1/3 ;- In the case p < p, we get
by the definition of s ; the inequality

1/p
$"(/p=1/p1) /3 P < C(mf 293 *v(x)) .

J

By this inequality and the first inequality in Lemma 4 we get in the case p < p,

1

1571, < €6 L, < 8 ([ 1570 g w i)

Similary, in the case when p > p, we get by Holder’s inequality

p=p 1
*k AL By ok »
175 ([ (o =0) #7ax) ™ ([ 1570y, vax)

1

. " »
<cp’” </R VANCII v(x)a’x) .
By the second inequality in Lemma 4, we conclude in both cases that
* ok Jjlp * ok

9) 170, < CBP1E .
By (4), (8), and (9) we have

A = . j— ] d—mi N * ok

”_f:]”Lz(Ql) S CB(] l)/P mln(l ,B(m"'l)(l ])/("[ mm(l p/ﬁl)]))”f; ”Lg-
From this we get (3) for any
0<é <min{l/p, (m+1)/(n[d —min(1,p/p,)]) - 1/p}

provided m + 1 > n[d —min(1,p/p,)]l/p.

5. SUMMATION OF ALL PIECES

In order to prove Proposition 1 it remains only to put the pieces together
again using estimate (3), which was

; ~8li=jly pox
“fj”LZ(QI) < B ”fj ”Lﬁ

for some 6 > 0. Let g, = min(qg, 1). By Minkowski’s inequality or the triangle
inequality we have

71190 £ 1190
1Mo, < Z I/ e
J

and since the sets Q.,i=..., —1,0,1, ..., are disjoint we also have

/g
170 < (Z ||f‘u‘15(g,)> .
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Thus by combining inequalities, we get
1/q

i .

J

q/40
(10) ”J}”Lg <C Z (Z 'B—qO(SIi—j[”f;*”iOg)

Let 0<r<1. Then

S =Y (}: Lk, (x)) < M 0= (")
J k

J \KE€l;

Let p, = max(p,r). We use the pointwise inequality

p/r
YT < (Z(ff*(x))’)

J

J

when p > r and the concavity of the Lﬁ/ "‘norm’ for positive functions (i.e.,
the inequality opposite to the usual Minkowski inequality) when 0 < p <r to
obtain the inequality

J

J

1/po 1/r
. (Zﬂ'ﬁ*"w)”“) - (z<;*>’) <17l

Ly

To complete the proof of Proposition 1 we need only to show that the right side
of (10) is less than the left side of (11) . To do this, we will apply the following
discrete version of Hardy’s inequality with the exponents r, = ¢, r, = g, and

r,=D,.
Lemma 5. Let 0 <r <oo, 0<r,<o00, ry>r,, B>1,and 6 >0. Then

1/ro

ro/n 1/r
Z (Z ﬂ—‘slf—ﬂaj’)) <C (Z ajr:)
1 J J

(e o] .
for any sequence {a j}_oo of nonnegative numbers.

Proof of Lemma 5. Using Holder’s inequality on the inner sum in the case
r, <r, weget

ry/rs L—ry/r;
Zﬁ—éli—ﬂajn < (Z B—élr—jla;:) (Z 'B—éli—jl)
J J J

rifr
S C (Z ﬂ_(sli_fla;z) .
J
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For r, > r,, Holder’s inequality is replaced by the inequality
n r
PRI DI}
J J
for b 2 0. Using the inequality

1/rg 1/r;
(Z b:o/rz) < (Z b[) ,

for b, > 0, we see that there is a J, > 0 such that the left-hand side of the
inequality in Lemma 5 is bounded by

rn/r

1/r 1/r;
S C ZZB_JI“_”aer S C Zajrz
i J

This completes the proof of Lemma 5. O

Combining Lemma 5 with (10) and (11) we get
17s < CUS ™ -

This completes the proof of Proposition 1. 0O

6. LIMITING ARGUMENTS

In this section we are going to use the estimate for the Fourier transform of
a finite sum of atoms to obtain a similar estimate for functions in 5’5,0 , and
then we will extend that estimate to all tempered distributions in Hf)’ .

If f isa function in 5’60 then it can be written as an infinite sum of atoms,
Le, f=3 72,44, (with 4, >0) such that the partial sums f, = Z:’:l A,
converge pointwise to f almost everywhere . Furthermore, for any m > 0,
M >0 and r > 0, the decomposition can be done such that

1/r
[(x) = (Z l;(ka(x)> < CM’m’rf*M(x) for all x,
k

where B, is a supporting ball for the atom a, and with the atoms a, satisfying
all moment conditions of order less than or equal to m (see [Str-T]). (In fact, by
careful use of the Whitney decomposition of the sets {f M 21} when doing
the atomic decomposition we may replace x B, by x. B, for any fixed ¢ > 0 in
the inequality above.) For any A > 0 and any  in . with nonzero integral,
the right-hand side is dominated by CN:, f(x) provided M is large enough
depending on 4.
Forall A>0 and all f €., we have

n

A —A
N, f(x)<C, o (I+x)",  xeR".
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If 4> n the finite sums of atoms f,, are dominated by C; . (1+ le)_'1 elL',

and hence the f, converge to f in L' norm by the dominated convergence
theorem. Thus the Fourier transforms fN(y) converge to f(y) uniformly for
all ye R". Since

~ KTk A
Willgs < CIA e < CINA Sl

by Proposition 1, provided 0 < r < min(g, 1), we conclude that
7 b
[Alle < CIN, ANl for feF .

Next assume that f is a tempered distribution in H5 . Since .7  is dense
in H?, we get a sequence of functions fy € &, which converges to f in

o b
H,f norm and hence also in the distributional sense. We may assume that
Ify = Syl < 27" We may assume that [lpy ), * o[ TP < 0o if
p > p, (resp., inf _p, |¢l/s *v| > ¢ >0 when p < p, ), since otherwise the
PWi(q,p; ql ,p,) condition would imply that u is identically zero. If u,(x) =

(1+ {x[)—' , then it follows from Lemma 1 that the pair of weights (u,,v)
satisfies the PW(q,p;q,,p,) condition provided / is chosen large enough. By
the estimate above of the Fourier transform of a function in 4 0 it follows that

{ fN} is a Cauchy sequence in LZl and hence converges in norm to a function
g in LZ. . Since the weight u, > ¢ > 0 on compact sets, fN converges to g in
measure on compact sets. The sequence { f w1 1s also a Cauchy sequence in LZ

and since f, converges in measure to g on compact sets we conclude that fy
converges to g in L! norm and that

&l = Jim ylls < € Bim [ fylge = CUS N

It remains to show that the tempered distribution f is obtained from the func-
tion g, i.e., to show that

(7. ) = / g(xX)¢(x)dx forall ¢ €.7.
R"
Since f, converges to f in the distributional sense we have
(f.6)=(f,d) = lim (fy. ) = lim (fy,¢),

and since ¢ € %, which is contained in the dual space of LZl , and also fN
converges to g in LZ. , we conclude that

Jim (y ) = [ gtgndx
— 00 Rn
Thus we have shown that

(700 = [ asdx
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with
lglly < ClLA e
This completes the proof of Theorem 1. 0O
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