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CELLS AND THE REFLECTION REPRESENTATION 
OF WEYL GROUPS AND HECKE ALGEBRAS 

J. MATTHEW DOUGLASS 

ABSTRACT. Let if' be the generic algebra of the finite crystallographic Cox-
eter group W, defined over the ring Q[u l / 2, u- I / 2 ]. First, the two-sided cell 
corresponding to the reflection representation of if' is shown to consist of 
the nonidentity elements of W having a unique reduced expression. Next, the 
matrix entries of this representation are computed in terms of certain Kazhdan-
Lusztig polynomials. Finally, the Kazhdan-Lusztig polynomials just mentioned 
are described in case W is of type A I-lor B I . 

1. INTRODUCTION 

Let (W, S) be a finite crystallographic Coxeter system and let :J'if' be the 
Hecke algebra of (W, S) , defined over the ring A = Q[U I/2 ,u -1/2]. Then :J'if' 
is free as an A-module with "standard" basis, {Tx I x E W} , and if we denote 
the length function on W by £ ( . ) , the multiplication in :J'if' is determined by 
the formulas 

(1.1) T T = { Tsx if £(sx) > £(x), 
s x (u - l)Tx + uTsx if £(sx) < £(x) 

(s E S, x E W). In this paper we will address the following problems con-
cerning the reflection representation of :J'if': 

(1.2) Describe the left, right, and two-sided cells of W 
having the property that the corresponding ideals in 
Q(U I/ 2 ) 0 A:J'if' contain the reflection representation. 

(1.3) Describe explicitly the matrix entries of the reflection 
representation. 

In order to state our results, we need some more notation. Let ~ L and ~ LR 

be the preorders defined by Kazhdan and Lusztig in [6] and let ~L and ~LR be 
the corresponding equivalence relations. The ~ L equivalence classes are called 
left cells and the ~ LR equivalence classes are called two-sided cells. 

Let K = Q(U I/2) be the quotient field of A. Following Lusztig [8], we obtain 
decompositions of K 0 A:J'if' corresponding to the various partitions of W into 
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cells: Let {Cx I x E W} be the basis of % described in [6, Theorem 1.1]. For 
x ,y, Z E W, define elements h "in A by x,y,_ 

(1.4 ) CC="h C x y L x,y,z z' 
zEW 

It follows from [6, Theorem 1.1] that h is symmetric in U 1/ 2 and u -1/2 . x ,y,z 
Let L be a free A-module with basis {cx I x E W}. Then as in [8], the 

formulas 

(1.5) CXcy = L hX,y,ZcZ and CXCy = L hX,y,ZcZ 

Z""'-'LRX 

define a two-sided action of % on L so that K ® A % ~ K ® A L as two-
sided %-modules. For a subset, Y, of W define Ly to be the A-submodule 
of L with basis {cy lYE Y}. From (1.5) we have L ~ E9Lx (sum over 
all two-sided cells, X) as two-sided %-modules. It follows from [8, Property 
(A)) that for a two-sided cell, X, we have 

K ®A Lx ~ EB(K ®A Lr) 

as left % -modules, where the sum is over all left cells, 1, with I ~ X . 
Curtis, Iwahori, and Kilmoyer [3] construct an irreducible representation of 

% , called the reflection representation. Their construction may be summarized 
as follows: Let Ll be a root system associated to W, and for s E S let 0:5 be the 
corresponding simple root. Let E be a free A-module with basis {dt I t E S} . 
Define an action of Ts ' for s E S, on E by the formulas 

( 1.6) { -d 
Tsdt = S 1/2 

udl - U (O: I ,O:s)ds if s i- t, 

if s = t, 

where (O:i'O:s) istheCartaninteger 2((0:1'O:s)/(O:s'O:s))' It is shown in [3] that 
(1.6) defines an irreducible representation of % . 

Since K ® A % ~ K ® A L as two-sided K ® A % -modules and L ~ E9 Lx 
(sum over all two-sided cells, X) as two-sided %-modules, it follows that for 
each two-sided cell, X, of W, K ® A Lx is isomorphic to a two-sided ideal 
of K ® A %. Thus there is a unique two-sided cell, X, with the property that 
K ® A E is a constituent of K ® A Lx' In §2 we will show that with E as above, 
X is characterized by the following equivalent properties (see [2.5]): 

(1) a(X) = 1, where a(·) is the function on W, constant on two-sided 
cells, defined by Lusztig in [11] (see §2), 

(2) X = USES 15' where for s E S, Is is the left cell containing s, 
(3) X is precisely the set of nonidentity elements of W having a unique 

reduced expression. 
It follows from the formulas for the generic degree of the reflection repre-

sentation given in [3] that the reflection representation is special, as defined by 
Lusztig [10, 4.1.4]. Hence, by the results in [10, Chapter 5], we see that the 
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reflection representation appears with multiplicity one in each Lrs' In order 
to give a complete answer to (1.2), it remains to give reduced expressions for 
the elements in X. This is done in §4. 

Define the "matrix entries," n(x, s, t), for x E Wand s, t E S, of the 
reflection representation by the formula 

Txds = L n(x,s, t)df" 
IES 

Our answer to (1.3) consists of two parts. In §2 we give a formula for the 
n(x, s, t) 's in terms of certain Kazhdan-Lusztig polynomials (see [2.8]). In §5 
and §6 we compute these Kazhdan-Lusztig polynomials when W is of type 
A /-1 or B / ' and hence we obtain "explicit" formulas for the n(x, s, t) 's in these 
cases. The methods we use should easily extend to give explicit formulas for the 
n(x,s, t)'s in the other cases as well. Some of the Kazhdan-Lusztig polynomials 
given in §6 have been previously computed by Boe [2], using different methods. 

When W is of classical type, the general form of the matrix entries has been 
obtained by Tiwari [14], but no method is given to compute them. 

Recall that Ll is a root system for W. One of the important properties of 
root systems is that if W E W, and a Ell, then when w (a) is expressed in 
terms of a base, the coefficients are either all nonnegative or all non positive 
integers. By combining our formula (2.8) for the n(x,s,t),s with a positivity 
result for certain differences of Kazhdan-Lusztig polynomials, we obtain a proof 
of the following generalization of this property: 

For x E Wand s E S , the coefficients of the matrix entries n (x, s, t) , 
t E S, are all of the same sign as £(xs) - £(x). 

The details of the proof are given in [5]. This result was conjectured by Lusztig, 
and proved, using a case-by-case analysis, when W is of classical type, by Tiwari 
[14]. The proof in [5] is valid for all types of Weyl groups and does not rely on 
a case-by-case analysis. 

This paper is organized as follows: In §2 we characterize the two-sided cell, 
X, corresponding to the reflection representation, and prove (2.8). The results 
concerning Weyl groups of type A /-1 and B / which we will need later are col-
lected in §3. In §4, reduced expressions for all the elements of X are described 
and the nil' of (2.8) are computed. In §5, the Kazhdan-Lusztig polynomials of 
(2.8) are computed when W is of type A /-1 ' and the results of the preceding 
sections are applied to give simple expressions for the n(x, s, t) 's in this case 
(see [5.4]). We also derive a formula, due to Tiwari [14], for the diagonal entries 
n(x,s,s) (see [5.8]). Finally, in §6 we compute the Kazhdan-Lusztig polyno-
mials of (2.8) when W is of type B /' and we calculate the matrix entries, 
n(x,s, t), in this case. 

For s in S let Tt(s) denote the (maximal) parabolic subgroup of W gener-
ated by S - { s }. It is a perhaps surprising consequence of the calculations in 
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§5 and §6 that for x in Wand s, t in S, the matrix entry, n(x,s, t), depends 
on the structure of the Bruhat poset of (Jf(t) , Jf(S) )-double cosets. 

2. CELLS AND THE REFLECTION REPRESENTATION 

In this section we characterize the cells corresponding to the reflection repre-
sentation of ff". We also show that the matrix coefficients of this representation 
can be computed in terms of Kazhdan-Lusztig polynomials (this is the content 
of [2.8]). 

We will continue the notation of § 1. In addition, :::; will be the Bruhat order; 
:::; R will be the preorder on W defined by 

if and only if 

for x, yEW; and Wo will denote the element in W with maximal length. 
Given x E W, we will write u x for u£(x). We also define 2'(x) = {s E S I 
sx <x} and 9f(x) =2'(x- I ). 

We will assume that the reader is familiar with Kazhdan-Lusztig polynomials. 
Let y, W E W. Define f.L(y, w) as follows: If y < w, then f.L(y, w) is the 
coefficient of u(£(w)-f(y)-I)/2 in P . If w < y, then f.L(y, w) = f.L(w,y) 

y,w 
(which is well-defined by the above). Otherwise, define f.L(Y, w) = 0. As in [10, 
5.1.12], for s E Sand WE W, we have 

{ 
_ (U I / 2 + U- I / 2)Cx 

(2.1) CsCx = Csx + ~. f.L(y ,x)Cy 

and a similar formula for Cw Cs . 

if s E 2'(x) , 
ifs~2'(x), 

In [9], Lusztig defines a correspondence between irreducible Q W -modules 
and two-sided cells. In general, given an irreducible Q W -module, E, there is 
a unique two-sided cell, X, so that E is a constituent of Q 0 A Lx (here we 
consider Q as an A-module via the specialization U I / 2 f-+ 1 ). 

In order to determine the cells corresponding to the reflection representation 
of W, we will need the function a: W -+ N defined in [11]. Specifically, for 
Z E W, define a(z) = max{deg l / 2 hX ,y,Z I X,y E W}, where deg l / 2 means 

degree in u l / 2 and hX,y,Z is as in (1.4). Since hX,y,Z is symmetric in U I / 2 and 
U- I / 2 , it follows that a(z) E N. Define J(z) to be the degree, in u, of PI,z 

and let 
9 = {z E WI a(z) = £(z) - 2J(z)}. 

Elements of 9 are called Duflo involutions. Since s E S implies PI,s = 1 , 
it follows easily using (2.1) that S ~ 9. Notice also that a(z) = ° if and 
only if z = 1 . For an irreducible Q W -module, E, let if denote the lift to an 
ff"-module as defined by Lusztig in [9, §1], and let a(E) be the highest power 
of u dividing the generic degree of if. We summarize the properties of a and 
9 that we will need in the following proposition. 
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(2.2) Proposition. 
(1) Let x ,y E Wand suppose that x '5. LR y. Then a(y) < a(x); in 

particular, x ~LR y implies a(x) = a(y). 
(2) Let f be a left cell in W. Then 1 f n 91 = 1 . 
(3) Let x ,y E W, X '5. L y and a(x) = a(y). Then x ~L y. 
( 4) Let E be an irreducible Q W -module and let X be the two-sided cell 

corresponding to E. Then a(E) = a(X), where a(X) is defined to be 
the common value oj a(x) Jor x EX. 

Proof. These are all proved by Lusztig, [11, §5 and §6], [12, § 1], and [13, Propo-
sition 3.3]. 

For the remainder of this paper, i!; will denote the 7t' -module described in 
§ 1 corresponding to the reflection representation of W. In order to determine 
the cells corresponding to i!;, we need some preliminary lemmas. 

(2.3) Lemma. For x E W, a(x) = 1 iJ and only iJ x ~ L S Jor some s E S. 
Proof. By (2.2(1)), if x ~L s, then a(x) = a(s) = 1. Conversely, suppose 
that a(x) = 1. We will prove the result using induction on fI(x). If fI(x) = 0 
or fI(x) = 1, then the result clearly holds, so suppose fI(x) > 1. Choose 
t E S so that tx < x. Then x '5. L tx, so by (2.2(1)), a(tx) '5. a(x) = 1. If 
a(tx) = 0, then x = t E S, contradicting the assumption that fI(x) > 1. Hence 
a(tx) = 1 = a(x), so by (2.2(3)), X ~L tx. By induction, tx ~L s for some 
s E S. This completes the proof of (2.3). 

(2.4) Lemma. Let s ,s' E S. Then s ~LR s'. 
Proof. If sand s' are adjacent in the Coxeter graph of (W , S) , then it follows 
from the definition of ~L and '5. R (see [8]) that s ~R ss' ~L s', so S ~LR s'. 
If sand s' are not adjacent, then they are connected by a path (recall that 
(W, S) is indecomposable), and it follows from the transitivity of ~ LR that 
s ~LR s'. This completes the proof of (2.4). 

Now let f be a left cell with a(f) = 1. Then by (2.3) and (2.2(2)) there 
is a unique s E S so that s E f. Denote f by f s . Let X be a two-sided 
cell with a(X) = 1. Then by (2.4) and (2.2), X = USES fs' and this is the 
decomposition of X into left cells. 

(2.5) Theorem. Let X be a two-sided cell oj W, then the Jollowing are equiva-
lent: 

( 1) X is the two-sided cell corresponding to the reflection representation oj 
W, 

(2) a(X) = 1 , 
(3) X = USES fs' where Jor s E S, fs is the left cell containing s, and 
( 4) X = { W E W 1 W =I 1 and W has a unique reduced expression} . 

Moreover, iJ X satisfies (1 )-( 4) and Y is another two-sided cell with X '5. LR Y, 
then either Y = X or Y = { 1 } . 
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Proof. Let X be the two-sided cell of W corresponding to the reflection rep-
resentation of W. From the formulas for the generic degree of E given in [3], 
we see that a(E) = 1, so by (2.2(4)), (1) is equivalent to (2). 

By the remarks preceding the statement of the theorem, (2) implies (3). 
Now suppose that X is the two-sided cell of (3) and that x EX. We 

will show by induction on J! (x) that x has a unique reduced expression, and 
hence that (3) implies (4). If J!(x) = I, then the result is clear. Suppose that 
/(x) > I and choose s E S so that sx < x. The argument used in the proof 
of (2.3) shows that sx E X since x =f. 1, so by induction, sx has a unique 
reduced expression. Since x EX, it follows from (3) and the fact that 2( .) is 
constant on right cells (see [6]), that 2(x) = {s} for some s E S. Therefore, 
every reduced expression for x begins with s, and so x has a unique reduced 
expression. 

Conversely, suppose x E W has a unique reduced expression and x =f. 1 . 
We will show by induction on J!(x) that x E It for some t E S. This is 
clear if J!(x) = 1. Suppose that J!(x) > 1 and choose s E S with sx < x. 
Since x has a unique reduced expression, 2(x) = {s} and sx has a unique 
reduced expression. By induction, sx E It for some t E S. Furthermore, 
2(sx)n2(x) = 0 and so it follows from the definition of ~L that x ~L sx. 
Hence x E It. 

It follows from the preceding paragraph and (2.2(1)) that if x E W has a 
unique reduced expression and x =f. 1, then a(x) = 1, so (4) implies (2). 

Finally, suppose that X satisfies the equivalent conditions (1)-(4), and that 
Y is a two-sided cell with X ~LR Y. Then by (2.2(1)), a(Y) ~ a(X), so 
a( Y) E { 0, I} and the result follows using the fact that X is the unique two-
sided cell with a(X) = 1 . This completes the proof of (2.5). 

For the rest of this paper, X will denote the two-sided cell of (2.5). 
We now turn to computing the matrix entries of jj; . For x E Wand s, t E S, 

recall that n(x,s, t) E A is defined by 

Txds = L n(x,s, t)dr 
tES 

Since Cs = -U 1/ 2Tl + U- 1/ 2Ts for s E S, it follows from (1.6) that 

(2.6) 

Define k(w,s, t) E A by 

_ (U 1/ 2 + U- 1/ 2 )ds 

- (at' as)ds 

if s = t, 
if s =f. t. 

C",ds = Lk(w,s,t)dr 
IES 

By [6, Theorem (3.1)], for x E W, 

T'( = L U,(u: 1/ 2Qw,x C", 
ll'EW 



(2.7) 
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n(x,s, t) = L uxU:1/2Qw,xk(w,s, t). 
wEW 

Fix s, t E S and recall that rs is the left cell containing s. Let Lls 1 

rs n r; I . Notice that X = US,I Lls,I' For x E W, define 

{ I if xs < x, 
c(x,s)= . o If xs > x. 

It will be shown below that when W E Lls,I' k( w, s, t) has the form 

k(w,s,t) = -nw(u1/2 + U- 1/2) 

where nlJl E N - { 0 } . 

(2.8) Theorem. For x E Wand s, t E S, 

n(x,s,t) = u ['" n U1/2uc(x,S)(Q - Q )]. x ~ w ws W,xs w,X 
wEll,,! 

379 

The proof of (2.8) requires several preparatory lemmas. The strategy is to 
express the k(y, s, t) for yEW in terms of the nw where W E Lls,I' and then 
to use the recursion relation (2.10) for the Q 's to derive (2.8) from (2.7). w,X 
(2.9) Lemma. Suppose x and W in Ware such that x < w, x =I- tw for all 
t E S, and f.l(x, w) =I- O. Then .5f(w) ~ .5f(x). 
Proof. Let s E .5f(w) andjust suppose sx > x. Then by [6, (2.3e)], f.l(x, w) =I-
o if and only if x = sw , a contradiction, so sx < x. This proves (2.9). 

For WEW with .9f(w)={s},put s¥'(w)={tESI£(wts)=£(w)+2}. 

(2.10) Lemma. Let x, w E W, and suppose that .9f(w) = {s}, then 
c(x ,s) l-c(x ,s) '" Q 

Qws,x = u Qw,xs + u Qw,x - u ~ wt,X' 
tE.w'(w) 

Proof. This is the recursion formula [6, (2.2c)] combined with (2.9). We will 
omit the details of the proof. 

(2.11) Lemma. Let x E Wand t E S with tx < x. Then k(x,s, t' ) = 0 for 
all t' E S with t' =I- t . 
Proof. This follows by comparing the coefficient of dt, in (Ct C)ds and 
Ct (CxdJ. We will omit further details of the proof. 

(2.12) Lemma. Let WE W. Then 
(1) k(w,s,t)=k(w,s,t),and 
(2) the degree in U1/2 of k(w,s, t) is at most 1. 
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Proof. The proof is by induction on C (w). If C (w) = 0, then w = 1 and 
k(l,s, t) = <5s ,t' so (1) and (2) are true. 

If C (w) > 0, choose t E S with tw < w ; then using (2.1) and comparing 
the coefficient of dt in (CtCI11,)ds and Ct(Ctwds) gives 

(2.13) k(w,s,t)+ L f1.(x,tw)k(x,s,t) 
x<tw tx<x 

1/2 -1/2 '" ' =-(u +u )k(tw,s,t)-L.....t(at"O')k(tw,s,t). 
t'it 

Now (1) follows easily by induction. 
If C(w) = 1, then (2) follows from (2.6). Suppose C(w) > 1 and to E S 

with totw < tw. By (2.11), if t' E Sand t' =f. to' then k(tw,s, t') = O. Since 
to =f. t, we have k(tw, s, t) = 0, and so (2) follows from (2.13). This completes 
the proof of (2.12). 

(2.14) Lemma. For x E Wand s, t E S, k(x,s, t) =f. 0 implies x E Xu {1}. 
Proof. Let ¢: K 0 A E -+ K 0 A.LX be a K 0 A Jf' -linear injection and put 
d; = ¢(dt ) for t E S. Then for x E Wand s E S, 

'''' ' Cxds = L.....tk(x,s,t)dt· 
tES 

Write d; = E EX at C with at E K . Then y ,y y ,y 

(2.15) Cxd; = L(Lk(X,s,t)a{,y)cy 
yEX tES 

and 

Cxd; = L (L as ,zhx ,z ,y) Cy' 
yEX zEX 

(2.16) 

Comparing coefficients in (2.15) and (2.16) yields that for Y EX, 

(2.17) Lk(x,s,t)at,y = Las,ZhX,Z,y' 
tES zEX 

Since the d; are K-linearly independent, it follows that the equations (2.17) 
can be solved for the k(x,s,t)'s. Therefore, each k(x,s,t) is a K-linear 
combination of the h , where y, Z EX. Hence k(x, s, t) =f. 0 implies x ,2 ,y 
hx ,z ,y =f. 0 for some y, Z EX. It follows from the definition of :'S R that 
hx ,z ,y =f. 0 implies Y:'SRX. Hence Y:'SLRx, and since Y E X it follows from 
(2.5) that x E Xu { 1 }. This completes the proof of (2.14). 

(2.18) Lemma. Let x E X and suppose that k(x,s, t) =f. 0 and ~(x) = {Sl }. 

Then 2'(x) = {t}, and either s = Sl or I SSI I > 2. Moreover, if I SSI I > 2, 
then k(x, s, t) has degree 0 in U I / 2 . 

Proof. Suppose x E X and k(x,s, t) =f. O. Then 12'(x) I = I~(x) I = 1. It 
follows from (2.11) that t E 2'(x) , so 2'(x) = {t}. 
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Suppose s -I- s I' Then comparing the coefficient of d l in (Cx Cs)ds and 
C) CSI ds ) yields 

1/2 -1/2 k k (u + u ) (x, s, t) = (0: s' 0: Sl ) (x, S l' t). 

Hence k(x,s,t) -I- 0 implies that (0: ,0: ) -I- 0, so Issll > 2. By (2.12(2)), 
S Sl 

k(x, sl' t) has degree at most 1 in U I / 2 , so k(x, s, t) has degree 0 in U I / 2 . 
This completes the proof of (2.1S). 

(2.19) Lemma. Let WErs and let tEoW(W). Then wtEX. 
Proof. We will show, using induction on C(w), that wt has a unique reduced 
expression, so by (2.5(4)), wt EX. If C(w) = 1, then the result is obvious. 
Suppose that C (w) > 1 . Because w has a unique reduced expression, it suffices 
to show that 9f(wt) = {t}. Let t' E 9f(wt) and just suppose that t' -I- t. Fix 
a reduced expression for w, w = Sl ... sr' where Si E S for 1 :::; i:::; r. By the 
Exchange Property and our assumption that t -I- t', wtt' = SI "'S;" ,srt for 
some i, where ~ means delete. There are three cases. 

First, suppose that i = 1 and put Wi = S2' "sr' Then Wi E X by (2.5(4)), 
and it is easily checked that t E oW (Wi). Hence, by induction, wit EX. Since 
5f(wt) = {SI } it follows that wt has a unique reduced expression, so wt EX. 
But this implies that t = t ' , a contradiction. Thus we may assume that i > 1 . 

Next, suppose that 1 < i < r and put Wi = Si ... sr' Then Wi E X by 
(2.5(4)), and it is easily checked that t E oW(w' ). Hence, by induction, wit E 
X. Thus t' = t, and again we obtain a contradiction. 

Finally, suppose that i = r. Then wtt' = wsrt, hence tsrt = t'. By as-
sumption, t E oW (w) , so I ts I > 2. Since S = sr ' it follows that C (tsrt) = 3, 
contradicting our previous conclusion that tsrt = t' . 

Since we have arrived at a contradiction in each of the preceding cases, we 
must have that t = t' . Hence w t EX, as desired. This completes the proof of 
(2.19). 

For s, t E S, define ,15,1 to be {wt I w E ,1s.t and t E oW(w)}. 

(2.20) Lemma. Let WE W. Then k(w,s, t) -I- 0 implies WE ,15.t U,15,l U,1S,ISU 
{ 1 } . 
Proof. Just suppose that k( w, S, t) -I- 0 and w f/. ,151 U ,1s 1 U ,15 ,S U { 1 }. By 
(2.14), wEX,andby(2.1S),if9P(w)={s'},then~ither's=/or ISS'I >2. 
If S = S' , then it follows from (2.1S) that w E ,15,l , a contradiction. Hence 
ISS'I > 2. 

If S E oW (w), then by (2.19) ws EX, so ws E ,15,l' contradicting the 
assumption that w f/. ,15/' Hence sf/. oW (w) , so WSs' < WS . 

If ws's < ws' , then C(WS') ~ 1. Put ws's = x. If x = 1, then by (2.1S), 
k(w, s, t) -I- 0 implies 5f(w) = {t}, so s = t. Since ISS'1 > 2 we must 
have that ss' E ,15,f , a contradiction. Thus x -I- 1. It follows from (2.5) that 
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x E X and so 2"(X) = {t}. Hence xs = ws' E L1s,I' Since s' E s¥(ws') , it 
follows that w = ws's' E L1s,1 ' a contradiction. We may therefore conclude that , , 
ws s > ws . 

By two applications of Property Z (Deodhar [4]) we have: 
(1) wss' < ws implies that ws' < wss' < ws and 
(2) ws' < ws's implies that ws' < ws's < ws. 

Since ws' < w < ws and the open interval (ws', ws) in W has exactly 
two elements (Bj6rner [1, Proposition 1]), we must have that either s = s' or 
I ss' I = 2. In any case, we obtain a contradiction. This completes the proof of 
(2.20). 

We next prove the converse of (2.20) in which we complete the computation 
of the k(w,s,t) for WE Wand s,t E S. Let y E L1s,I' Then y = wt' for 
some unique w E L1s I and t' E s¥ (w). Define y to be this w. Notice that 
y E (L1s,l)s implies ys E L1s,1 • 

(2.21) Proposition. 

(1) Let w E L1s I' Then k(w,s, t) = -nw(u l / 2 + U- I / 2 ), where n11l is a 
positive integer. Hence n is defined whenever w E L1 I' w ~ 

(2) Let YEL1s,I-(L1s,l)s. Then k(y,s,t)=ny ' 
(3) Let y E (L1s,l)s - L1s,I' Then k(y, s, t) = nys' 
(4) Let yE(L1S,I)snL1S,I' Then k(y,s,t)=nys+ny ' 

Proof. (1) We will prove this statement for all s, t E S simultaneously using 
induction on £(w). If £(w) = 1 and WE L1s I' then w = s = t and k(s,s,s) = 
_(U I/ 2 + U- I /2), so (1) holds. Next suppose that £(w) = 2 and WE L1s I' then 
w = ts. It follows from (2.1) that CIS = CI Cs ' so 

1/2 -1/2 k(ts,s, t) = (as' al)(u + U ), 

and so (1) holds in this case. 
Now suppose that £ (w) > 2 and that the result holds whenever s, t E Sand 

x E L1s,1 with £(x) < £(w). Let w E L1s,I' Then since £(w) > 2, it follows 
from (2.5(4)) that tw EX. 

Suppose 2" (tw) = { t I }. Then comparing the coefficient of dl in (CI CIW )ds 
and C/ ClUJ ds ) , and using (2.1) yields 

(2.22) k(w,s,t)+ L Jl(x,tw)k(x,s,t) 
x<lw 
Ix<x 

Suppose x E W with Jl(x,tw)k(x,s,t) i=- 0, x < tw and tx < x. Then 
xi=- 1 and so by (2.14), x EX. If xi=- s'tw for all s' E S, then by (2.9), 
2" (tw) <;;; 2" (x) = {t}. But then t I = t , which is impossible, since w E X 
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and tltw < tw < w. Hence x = tltW. Also, if t2 E Sand t2 f= t l , then by 
(2.18), k(tw,s,t2) = O. Therefore, we may rewrite (2.22) as 

(2.23) k(w,s, t) + k(tltw,s, t) = -(atl , at)k(tw,s, t l ). 

If ttltw > tltw, then k(tltw,s,t) = 0 by (2.18). Since tw E Lls,tl' (1) 
follows by induction from (2.23). 

If tt I tw < t I tw, then I tt I I > 3, since w has a unique reduced expres-
sion. Repeating the preceding argument with k( w, s, t) replaced by k(tw, S, t l ) 
yields: 

(2.24) k(w,s,t) = (atl,at)k(ttltw,s,tl) + ((atl,at)(at,atl) - l)k(t l tw,s,t). 

Suppose I tt I I = 4. If w = tt It, then an easy computation shows that (1) 
holds. Otherwise, f(w) > 4, and so by (2.18) and (2.5(4)), k(ttltw,s,t l ) = 0, 
and so (1) follows by induction from (2.24). 

If Itt I I = 6, then W is of type G 2 and (1) is easily proved by explicitly 
computing the k(w, s, t) (see §4). 

(2) Suppose y E Lls,t - (Lls,t)S. Let y = wt' where w E Lls,t and t' E 

sf'(w) , so w < wt' < wt's. If wt's EX, then wt's E Lls,t' so y E (Lls,t)S, 
a contradiction. Hence wt's cf- X, so by (2.14), k(wt's,sl't l ) = 0 for all 
Sl ,t I E S. Comparing the coefficient of dt in (CUlt' Cs)ds and CUlt' (Csds) , and 
using (2.1) yields 

(2.25) k(w/s,s, t) + L f1(x, wt')k(x,s, t) = _(U I / 2 + U- I / 2)k(wt',s, t). 
x<wt' 
xs<x 

The argument used to prove (1) gives that when f1(x, wt')k(x, s, t) f= 0, x < wt' 
and xs < x, we must have that x = w . Thus (2.25) can be rewritten as 

k 1/2 -1/2)k ' (w,s,t) = -(u + u (wt ,s,t). 

This proves (2.21(2)). 

(3) Suppose that y E (Lls,t)S - Lls,t' Notice that y < ys. 
First suppose that y = 1. Then SEll t' so S = t and k(y,s,s) = 1. It s, 

follows from (2.6) that ns = 1, so (3) holds. 
Next, suppose that YES. Then ys E Lls,t implies that y = t and I st I > 2. 

It follows from (2.1) that CtCs = Cts . Thus, (3) follows from (2.6). 
Finally, suppose that f(y) > 1. Let ~(y) = {s'}, so Iss'l > 2, and 

ys' EX. If ys' E Lls,t ' then y = ys's' E Lls,t ' a contradiction. Hence ys' cf- Lls,t . 
( ) "., , h Now f Y ~ 2, so tys < ys ; so smce ys cf- Lls t ' but ys EX, we must ave , , ' 

that ys s > ys . 
Comparing the coefficient of dt in (CyCs)ds and Cy(Csds) ' using (2.1), and 

repeating the argument used in (1), yields 

(2.26) 1/2 -1/2 k k' - ( u + u ) (y, s, t) = k (y s , s, t) + (y s ,s, t). 
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Just suppose that k(ys',s,t) f:. O. Then by (2.14), ys' EX. By (2.18), if 
9t (ys') = {s"} then either s" = s or Is" s I > 2. By the preceding paragraph, 
" 1"1 . '" , 'f s f:. s, so s s > 2. Smce ys s < ys < y < ys and ys EX, It ollows that 

£ (s" s' s) = 3 and s" s' SEX. But then {s", s' , s} corresponds to a cycle in the 
Coxeter graph of W, contradicting the indecomposability of W. Therefore 
k(ys',s,t) = 0, and so by (2.26) we conclude that _(U I / 2 + U- I / 2)k(y,s,t) = 
k(ys, s, t) . 

(4) Suppose that y E (L\ I)S n ~s I' Since y E (~s I)S, y < ys, and y E ~s t' 
we must have £(y»2. L~t 9i'(y)'={s'}. Then ~SEX implies Is'sl >2. 
Write y = wt' where w E ~S,I and t' E s1'(w). Then yt' < y, so t' = s' and 
w = ys' E ~S,I' Comparing the coefficient of dt in (CyCs)ds and Cy(Csds)' 
and using (2.1) and the argument in (1), gives 

1/2 -1/2 k k k' -(u +U ) (y,s,t) = (ys,s,t)+ (ys,s,t), 

and (4) follows easily. 

We can now prove (2.8). Let XE Wand s,tES. Using (2.7) and (2.12(1)), 
we see that 

IT.(X,s,t) = Ux [2,;=U;/2Qw,xk(W,s,t)] , 

so it suffices to prove 

(2.27) ""'" 1/2 k ""'" 1/2 C(X,5)( ) ~ UW Q/lI,X (w,s, t) = ~ n/lluws U Qw,xs - Qw,x . 
wElt' wEds.! 

We start with the right-hand side (r.h.s.) of (2.27) and the observation that 

_UC(X,5) = ul-C(X,s) _ 1 - u. 

Then using (2.10), (2.20), and (2.21), we have 

_ ""'" 1/2 c(x,s) I-c(x,s) _ 1 r.h.s. - ~ nll,uws (u Qw,xs + u Qw.x (+ u)Qw ,x) 

= L nwu~/} (Qws,x + L UQwtl,x - (1 + U)Qw,x) 
wEds., t'E,v/(w) 

""'" 1/2 ""'" ""'" 1/2 = ~ nysuy Qy,X + ~ ~ nU,uWIIQWI',X 
YE(ds.,)S wEds" I' Es>" ('111) 

""'" 1/2 -1/2 1/2 - ~ nw(u + U )u lJ , Q""x 
wE~_\", 

= L U,I/2 Qw ,xk (w, s, t). 
wEll' 

This completes the proof of (2.8) 
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3. WEYL GROUPS OF TYPE A '-I AND B, 

In this section we collect the results about Weyl groups of type A '-I and 
B, that we will need in order to compute the sets L1s,(' for s, t E S, the 
positive integers n , , and the polynomials Q ,( w E L1 (' x E W), of (2.8). u; w,x s, 
In particular we will describe the minimal double coset representatives for all 
pairs of maximal parabolic subgroups. 

Given a positive integer, n, let [n] denote the set {I, ... ,n} . 
Fix an integer, I, with I 2: 2. 
Let B be the group of all signed permutations of [I]. We will identify 

elements of B with their images. Thus, we will denote the permutation 

( 1 2 . . . I) 
±iI ±i2 ... ±i, 

(where {il"'" i,} = [I]) by the row vector (±il' ... ,±i,). For 1 ::; i::; I 
define elements, Si' of B by 

SI = (2,1,3,4, ... ,I) 
S2 = (1 ,3,2,4, ... ,I) 

S'_I = (1, ... ,1-2,1,1-1) 
s, = (1 , ... , I - 2, I - 1 , - I). 

Let S = {SI ' ... ,s,}. Then (B, S) is a Coxeter system of type B, . 
For wEB, define N( w) to be {j E [l] 1 w(j) < O}. For example, if 

w = (-3 , 2, - 1) , then N (w) = { 1 , 3 }. Let A = { wEB 1 N ( w) = 0 }. Then 
(A, An S) is a Coxeter system of type A '-I' Since the ring A, of § 1 and §2, 
does not appear in this section, the notation should not cause any confusion. 

(3.1) Proposition. 
(1) Let 1 ::; i ::; 1- 1 and let wEB. Then wSi < w if and only if 

i,i+lf-,N(w) andw(i»w(i+1),or i,i+1EN(w) and Iw(i)1 < 
Iw(i + 1)1, or i E N(w) and i + 1 f-, N(w). 

(2) Let wEB. Then WS, < w if and only if w(l) < O. 

Proof. This is just a reformulation of the well-known result: Let W be a Weyl 
group with root system <1>, n a base of <1>, a En, and S the reflection 
corresponding to a. Then ws < w if and only if w(a) E <1>- , where <1>-
is the set of negative roots determined by n. We omit further details of the 
proof. 

For 1 ::; j ::; I, define B j to be the subgroup of B generated by 

{Si 1 1 ::; i ::; I , i =I j}. 
Define Aj to be An Bj . Notice that A = A, = B" and if j < I, then Aj IS 

generated by 
{Si 1 1 ::; i ::; 1- 1 , i # j }. 
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Define Xj to be {w E B 1 wSi > W 'V i i- j} . Then Xj is the set of minimal left 
coset representatives of Bj in B. Let W EA. Then WS, > w. It follows from 
(3.1) that if j < I , then Xj n A is the set of minimal left coset representatives 
of Aj in A. 

The sets Xj and Xj n A can be described as follows: Let 0: and p be 
disjoint subsets of [l); say 0: = {PI < ... < Pa}, fJ = {ql < ... < qb}' and 
[l) - (0: U fJ) = {rl < ... < r }. Define W p by 

C G, 

(3.2) w",p = (PI' ... 'Pa ' - qb' ... , - ql ,rl ' .•. ,rJ. 
(3.3) Proposition. 

( 1) Xj = { wn ,p 1 0:, P ~ [I), 0: n p = 0, and 1 0: U P 1 = j } . 
(2) XjnA={wa,010:~[l)andI0:1=j}. 

Proof. Clearly, (1) implies (2), and (1) follows directly from the definition of 
Xj , (3.1), and the observation that 

/ B : Bj / = 2j G) = / {(o:, P) 10:, fJ ~ [I], 0: n fJ = 0 and 10: U P 1 = j}/. 

This completes the proof of (3.3) 

Now suppose 1 ::; j ,k ::; I, and define Xj ,k to be X j- I n Xk . Then Xj,k is 
the set of minimal (Bj' Bk)-double coset representatives, and if j, k < I, then 
X k n A is the set of minimal (A. ,Ak)-double coset representatives. Our goal j, j 
is to describe X k and X k n A. We will need the following characterization 

j, j, 

of the subgroups A j and B j . 

(3.4) Proposition. 

( 1) Suppose 1 ::; j ::; I. Then 

Bj = stabB([J)) = stabB({ -1, ... , - j}). 

(2) Suppose 1 ::; j ::; 1- 1. Then 

Aj = stabA([J)). 

Proof. Both (1) and (2) follow directly from the definitions. We will omit the 
details of the proof. 

For I ::; j ,k ::; I, define Vj ,k: B ~ N x N by 

v j ,k (x) = ( 1 [j) n x ([ k )) 1 , 1- [j) n x ([ k )) 1 ) , 
where -[J) = { -1 , ... , - j} . 

For the rest of this section we will fix j and k and write v for v. k • Notice 
j, 

that if xEA,then v(x)=(I[J)nx([k))I,O). 
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(3.5) Proposition. 
(1) Let x ,y E B. Then BjxBk = BjyBk ifand only if v(x) = v(y). 
(2) Let x ,y E A and j ,k < I. Then AjxAk = AjyAk if and only if 

v(x) = v(y). 

Proof. Suppose first that (1) has been proved. Then (2) is proved as follows: 
If x ,y E A with AjxAk = AjyAk then by (1), v(x) = v(y). Conversely, if 
v(x) = v(y), then by (1), BjxBk = BjyBk . Since each Bj (1 :::; j :::; 1- 1 ) 
can be factored as A j times a normal elementary abelian 2-group, it is easily 
shown that AjxAk = AjyAk . 

We now prove (1). Since BxBk = Bkx-IB and v k(x) = vk .(x- I), we 
) J), ,J 

will assume, without loss of generality, that j :::; k . 
Let x ,y E B and suppose that BjxBk = BjyBk . Let Wj E Bj and wk E Bk 

with WjXWk = y. Then, using (3.4(1)), we have 

[j]ny([kJ) = [j]nwjxwk([k]) 

= W;I([j]) nX([k]) 

= [j] n x ([ k J). 
Similarly, 

{ -1 , ... , - j} n y ([ k]) = { -1 , ... , - j} n x ([ k J) , 
so v(x) = v(y) . 

Finally, suppose that x ,y E Band v(x) = v(y). By the preceding para-
graph, we may assume that x ,y E X k • Let x = wa,p' where the labeling is as 
in (3.2), and suppose v(x) = (m, n). Then, since we have assumed that j :::; k, 
it follows that m + n :::; k . An easy computation now gives 

x -I ([j J) = { 1, ... ,m} U {k + 1, ... ,k + j - m - n}. 

In particular, x - I ([ j ]) depends only on m and n, and not on a and p, 
so X-I([}]) = y-I([jJ). Therefore, by (3.4), Bjx = Bjy, and so BjxBk = 
BjyBk . This completes the proof of (3.5). 

For the remainder of this section we will assume that j :::; k . For nonnegative 
integers a and b with j + k -I:::; a + b :::; j, define x~'~ , in B by 

(3.6) x~:~ = (1, ... ,a,j+ 1, ... ,j+k-a-b, -j, ... , 
-j+b-l,a+ 1, ... ,j-b,j+k-a-b+ 1, ... ,I). 

(3.7) Corollary. 
( 1) Let j and k be such that 1 :::; j :::; k :::; I. Then 

Xj,k = {x~:~ I j + k - I :::; a + b :::; j}. 
(2) Let j and k be such that 1 :::; j :::; k :::; 1- 1. Then 

Xj ,k n A = {x~:~ I j + k - I :::; a :::; j }. 
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Proof. This follows directly from (3.1) and (3.5). Once again we omit the' 
details. 

4. DETERMINATION OF X 

Recall that X is the two-sided cell corresponding to the reflection represen-
tation of W. In this section we will describe reduced expressions for all the 
elements in X and compute the nw of §2 for each type of irreducible Weyl 
group. If the Coxeter graph of W has no multiple bonds, this is accomplished 
in (4.2) and (4.3). The remaining cases (W of type B I [I ~ 2], F 4 or G 2 ) 

are dealt with individually. For W of type F 4 or G 2 ' we merely state the 
results and omit the proofs (the proofs in the case in which W is of type F 4 

are similar to the proofs we will give for the case in which W is of type B I)' 
Hence most of this section is devoted to describing X and computing the nw 
when W is of type B I . 

Recall our assumption that W is finite and indecomposable, so its Coxeter 
graph is a tree. Thus, given s, t E S (not necessarily distinct) there is a unique 
path in the Coxeter graph of W from the node corresponding to s to the node 
corresponding to t. Let s, ' ... ,sr be the elements of S corresponding to this 
path, where the labeling is ,>uch that s, = S, sr = t, Si and Si+' are adjacent in 
the Coxeter graph if 1 ~ i ~ r - 1 , and Si' Sj are not adjacent if I i - j I > 1 . 
Define x / to be s, ... S., Notice that x = S , and if 1st I > 2 then x t = st. s, 1 S,S 5, 

Let X' = {XS,l Is, t E S} . 
Suppose that xS,l = S, ... sr E X'. It is easily shown that 2(xs ,1) = {s} 

and that 9P' (xs) = {t}, so Xs,t E L1s,l' Applying this result to each Si'" sr 
( 1 ~ i < r ), and using the definition of ~L [8] we have 

Therefore X' s;:; X . 

(4.1) Lemma. Let {s" ... ,sr} be a subset of S and put w = S, ",sr' Then 
in 7C' we have CIi' = CS1 ••• CSr • 

Proof. This follows easily using induction and (2.1). We omit the details. 

(4.2) Proposition. Let s, t E S and put w = X / = S, ... S , where the notation 
5, r 

is as above. Then if a i is the simple root corresponding to Si we have. 

r-1 

nw = (-1 )r+' II (ai+l' aJ 

i=' 

The empty product is interpreted to be 1. In particular, if the Coxeter graph 
determined by {s" ... ,sr} has no multiple bonds, then n", = 1 . 

Proof. This follows easily by recursion using (4.1), (1.6), and the definition of 
nil" We omit further details. 
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(4.3) Proposition. X = X' if and only if the Coxeter graph of W has no multiple 
bonds. 
Proof. Suppose first that the Coxeter graph of W has a multiple bond. Then 
there exists sand t in S with I st I > 3. By (2.5( 4)), sts E X\X' . Conversely, 
suppose that the Coxeter graph of W has no multiple bonds, and just suppose 
that x E X \ X'. Since x ~ X' and x EX, there is an s E S that appears 
at least twice in the reduced expression for x. By (2.5(4)), if t E S, tx < x, 
and tx -=J 1, then tx has a unique reduced expression, so tx EX. Hence, 
by multiplying x on the left and right by elements of S , we may assume that 
x has the form sws, where s E S, W E X with no element of S appearing 
more than once in the reduced expression for w, I(x) = I(w) + 2, and s 1:. w . 
Since w has a unique reduced expression, and the elements of S appearing in 
this expression are distinct, it must be that adjacent elements in this expression 
do not commute. Thus WE X'. If /(w) = 1, say w = t E S; then sts EX, 
so s t has order at least 4, a contradiction. Hence we must have that I (w) > 
1. Let W= x = Sl ... s with the notation of the paragraph preceding 

51,S, r 
(4.1). Now, since sws EX, sand Sl do not commute and sand sr do not 
commute. Hence {s, S I ' ••. ,sr} determines a cycle in the Coxeter graph of 
W , a contradiction. Therefore we may conclude that X = X' . 

Now suppose that W is of type G 2' Let S = {s I ,S2 }, and write 0: i for 
0:. (i = 1,2). Assume that 0: 1 is a short root. It is easily shown that X = 

SI 

W \ { 1 , Wo }. In what follows we will denote the simple reflection, Si' simply 
by i (i = 1, 2 ). Thus, 121 represents the element s I S2S 1 of W. Then we 
have 

x \ X' = { 121 , 1212 , 12121 , 212 , 2121 , 21212 } 

and 
n l21 = 2, nl2121 = 1, n 2121 = 1, 
n l212 = 3, n 212 = 2, n21212 = 1. 

Next suppose that W is of type F 4' Let S = {S1 ,S2' S3' S4} and assume 
that the labeling is such that SlS2 and S3S4 have order 3, and S2S3 has order 4. 
As in the preceding paragraph we will identify Si with i (i = 1 ,2,3,4). Then 

X \ X' = {2321, 12321,232,323,4323,3234,43234}, 

and it follows from (4.7) that nw = 1 whenever w E Lls,I n (X \ X') . 
For the rest of this section we will assume that W is of type B, and the 

labeling is as follows: {O: I "'" o:,} is a base of a root system of type B, ; for 
1 ::; i ::; /, Si is the reflection corresponding to 0: i ; and 

{ 
- 2 if (i ,j) = (l - 1 , I) , 

(O:i' 0:) = -1 ifli-jl =land(i,j)-=J(l-I,l), 
o otherwise. 

Notice that this notation is consistent with that of §3. 
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Let j and k be such that 1 :::; j :::; k :::; /. Define xj,k = SjSj+I ... sk (here 
x j ' , = Sj' ), and define x k ' = X ~~ • Then 

.j ,j j, 

X' = {xj,k 11 :::; j ,k :::; /}. 

Let j and k be such that 1 :::; j ,k :::; / - 1 . Define 

Yj,k = SjSj+I .. 's," 'Sk' 

and define z, = S,S'_IS" Notice that Y~~ = Yk '. We can now state j, ,j 

(4.4) Proposition. X \ X' = {Yj,k 11 :::; j, k :::; / - I} u {z, }. 

The proof of (4.4) depends on the following lemma. 

(4.5) Lemma. Let 1:::; j,k:::; /- 1. Then 9l(Yj ,k) = {sk}' and £(Yj,k) 
2/- j - k + 1. 
Proof. In the notation of §3, y. k is the signed permutation 

j, 

(1, ... ,j - 1, j + 1 , ... ,k, - j ,k + 1 , ... ,/) 

of { 1 , ... ,/}. It follows easily from (3.1) that 9l(Yj ,k) = {sk }. The fact that 
£(Yj,k) = 2/- j - k + 1 now follows by induction on /- k. This proves (4.5). 

We now prove the containment :2 in (4.4). Clearly z, has a unique reduced 
expression and z, tI. X', so by (2.5(4)), z, E X - X'. Let j and k be such 
that 1 :::; j ,k :::; /- 1 . Then it follows from (4.5), and the definition of :::;R (see 
[8]), that 

Sj" 'S'~RSj" 'S,S'_I~R" '~RSj" ·s,·· ,sk' 

Hence Y' k E X \ X' . j, 

To prove the opposite containment in (4.4), it clearly suffices to prove 

(4.6) If Y = {xj,k I 1 :::; j, k :::; /} U {Yj,k I 1 :::; j, k :::; 
/ - 1 } U { z, } , then X <;:;: Y . 

Let WE X; we will show by induction on £(w) that W E Y. If £(w) = 1, 
then w = S = x ' for some j, so w E Y. Suppose £(w) > 1 and 9l(w) = 

j j,j 

{s,} (recall that w EX). By induction, WS, E Y because WS, EX. There are 
several cases. 

First, suppose that WS, = z,. Then w = z,s, = S,S'_IS,S" and so no matter 
what i is, w does not have a unique reduced expression. Therefore by (2.5( 4)), 
w tI. X, a contradiction. Hence WS, =1= z, . 

Next, suppose that WS, = xj,k ' where j :::; k. Then w = Xj,kS, EX. By 
(2.5(4)), w has a unique reduced expression, so we may conclude that either 
k < / and i = k + 1 , in which case w = x k+ 1 ' or k = / and i = / - 1 , in 

j, 

which case w = Yj,l-l . In either case, WE Y. 
If WS, = x j .k with k :::; j, then an argument similar to the preceding shows 

that WE Y. 
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Finally, suppose that WS. = Y'k for some j, k. Then W = Y 'ks, EX, and I j, j, I 

it follows from (2.5(4)) that k> 1 and i = k - 1, so W = Yj,k-I E Y. 
Since the preceding cases are exhaustive, it follows that (4.6) holds and hence 

that (4.4) is proved. 

We conclude this section by showing that nw = 1 whenever sand t are in 
Sand W is in f1s,t n (X \ X') . 

(4.7) Proposition. Let s, t E Sand W E f1s,t n (X - X') 0 Then nw = 1 0 

To prove (4.7) we need to express the basis elements Cy ' for Y E {y j,k I 1 ::; 
j ,k ::; / - 1 } , in terms of the generators {Cs I S E S} of jf' . 

(4.8) Lemma. Fix j, k with 1 ::; j ::; /- 1 and 2 ::; k ::; /- 1 , and put Y = Yj,k 0 

Let Z < Yo Then either zSk > Z or ZSk_1 > Z 0 

Proofo If j ~ k then zSk_1 > z, and the result holds. Hence we may assume 
that j < k. Suppose that zSk_1 < z, we will show that ZSk > z. By the 
Subword Property, Z is obtained by deletion from Y = Sj. o. s, 0 0 0 Sk. Thus 
ZSk_l < Z implies Sk_l is not deleted. There are several cases. 

First, suppose that both sk 's are deleted. Then clearly zSk > z. 
Next, suppose that the first Sk is deleted. In this case, move Sk_l as far to 

the right as possible in z. Then Z = WSk_1Sk ' where Sk_l 1:. W, Sk 1:. w, and 
£(z) = £(w) + 2. Since ZSk_l < z, we have WSk_lSkSk_l < WSk_1sk . By the 
Exchange Property, either 

(1) wSk_lSkSk_l = WSk_1Sk (where W < wand £(w) = £(w) - 1 ), 
(2) wSk_lSksk_l = wSk ' or 
(3) WSk_lSkSk_l = WSk_1 . 

The last two possibilities cannot occur because I Sk_lSk I > 2. Therefore 

wSk_lSksk_l = WSk_1Sk ' 

so wSk = W < W 0 But this contradicts our assumption that sk 1:. W , hence this 
case cannot occur. 

Next, suppose that the second Sk is deleted. Then 

z::; Sj 0 0 °Sk_lSk 0 0 oSlo 0 oSk+l. 

In this case, considering Z as a permutation, we have z(k-l) = k and z(k) = 
k+ 1. Then by (3.1), ZSk_l > z, a contradiction. Hence this case cannot occur. 

Finally, suppose that no Sk 's are deleted. Then 

z::; Sj 0 0 °Sk_lSk 0 0 oSlo 0 °Sk. 

Again, considering Z as a permutation, we have z(k-l) = k. Since zSk_l < z, 
it follows from (3.1) that k <I. N(z). Hence z(k) < z(k-l). It is easily checked 
that z(k + 1) = k + 1, so z(k) < z(k + 1) 0 Using (3.1) one more time, we see 
that ZSk > z. 

Because the previous cases are exhaustive, it follows that (408) is proved. 
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In order to simplify the notation, we will write Ci for Cs when S = Si • 

Also, given j, k with 1 ~ j ~ k ~ I, define Dj,k to be CjCj +1··· Ck , and 
define Dk,j to be CkCk_1 ... Cj . Notice that Dj,j = Cj for 1 ~ j ~ I. 

(4.9) Lemma. 
(1) Let j be such that 1 ~ j ~ 1- 1 and let Y = Yj,l-l' Then 

Cy = Dj,l-l C,D'-l,l-l - Dj,l-l' 

(2) Let j and k be such that 1 ~ j ~ 1- 1 and 1 ~ k ~ 1- 2, and let 
Y = Yk' Then j, 

Proof· 
(2.1 ), 

(4.10) 

Cy = Dj,l_l C,D'_I,k - Dj ,l_ID,_2,k 

(here we have assumed that I> 2). 

(1) Let Y = Y'-l' and put x = x,. Then by (4.1), j, j, 

CXC'_1 = Cy + L J1.(z ,x)Cz ' 
z<x 
zs<s 

where we have written S for S'_l . 

C = D" and by x j, 

We claim that when Z < x, ZS'_1 < z, and J1.(z,x) =I- 0, we must have 
that Z = XS,. If so, then by (4.1), Cz = Dj,l_l ' and (1) follows from (4.10). 
Just suppose that Z =I- XS,. Then by (2.9), ..9i'"(x) <;;:: ..9i'"(Z) , so ZS, < z. Since 
ZS'_1 < Z and x = Sj'" s,' it follows from the Subword Property that Z = 
WS'_IS, , where W ~ Sj"'S'_2' But then ZS'_1 > z, a contradiction. Hence 
Z = XS, ' and (a) is proved. 

(2) We will prove (2) using induction on 1- k . Suppose that k = 1- 2, and 
let Y = Yj,l-l . By (2.1), we have 

( 4.11 ) CyC'_2 = CyS + L J1.(z ,y)Cz ' 

where we have written S for S'_2 . 

z<y 
zs<z 

We claim that there are no Z E W with Z < y, ZS'_2 < z, and J1.(z ,y) =I- O. 
Hence the result follows from (4.11) and (1). 

Just suppose that Z E W with Z < y, ZS'_2 < z, and J1.(z,Y) =I- O. By 
(4.8), ZS'_1 > z. Since zs'_2 < z, it follows that Z =I- YS'_1 = Sj ... s,. Then 
by (2.9), ..9i'"(y) <;;:: ..9i'"(z). Therefore ZS'_1 < z, a contradiction, so no such Z 
can exist. 

Next, suppose that k < I - 2, and let Y = y. k+ I . By (2.1) we have 
j, 

(4.12) CyCk = Cys + L J1.(z ,y)Cz ' 
z<y 
zs<z 

where we have written S for Sk' The argument used in the preceding paragraph 
shows that the sum in (4.12) is empty, so (2) follows easily by induction. This 
completes the proof of (4.9). 
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We can now prove (4.7). It follows from (4.9) and (2.6), that if 1 :::; j ,k :::; 
1 1/2 -1/2 - 1 , Y = Yj,k' S = Sk ' and t = Sj ,then Cydk = -(u + u )dj . Therefore 
ny = 1. Hence, to prove (4.7) it remains to show that if z = z/ and S = s/, 
then nz = 1. This last statement is an easy consequence of the fact that Cz = 
C/C1_ I C1 - C1 ' which is proved using (2.1). This completes the proof of (4.7). 

5. ApPLICATION TO TYPE A /_ I 

In this section we apply the results of the previous sections to give explicit 
formulas for the n(x,s,t) when W is of type A'_I' In order to do this, we 
first compute the Kazhdan-Lusztig polynomials Qx,w' for x E X and W E 
W. These polynomials have also been computed using a different method by 
Lascoux and Schutzenberger [7]. We conclude the section by deriving an elegant 
formula for the diagonal entries, n(x,s,s), due to Tiwari [14]. In §6, we will 
consider the case in which W is of type B,. This latter case is complicated by 
the fact that the Bruhat posets arising from the double coset spaces of pairs of 
maximal parabolic subgroups are not linearly ordered, as they are when W is 
of type A /_ I . 

Throughout this section we will assume W is of type A /-1 and use the 
results and notation of §3 and §4. In particular, we will consider elements of 
W as permutations of the set {I, ... ,I} . 

Recall that for 1 :::; j, k :::; 1 - 1, A j is the maximal parabolic subgroup 
generated by {Si I 1 :::; i :::; 1 - 1 and i =I- j}. Also, when j :::; k, the minimal 
( A j ,Ak ) double coset representatives are {x~:~ I j + k - 1 :::; a :::; j}, where 
x~:~ is defined as in (3.6). When j and k are fixed, we will write Ya for x~:~ . 
Since W E W implies that v k(w) = (a, 0) for some a, we will write just 

j, 

vj,k(w) = a throughout this section. Notice that Yj = 1, Yj _ 1 = Sj' 0 oSk' and 
if j = k, then Yj _1 = Sj' 

By the results in §4, X = {Xj,k I 1 :::; j ,k :::; 1 - 1 } , where in the notation of 
the preceding paragraph, xj,k = Yj _ 1 = Sj 0 0 0 sk . 

(5.1) Proposition. Suppose that 1 :::; j :::; k :::; 1- 1, W E W, vi ,k(W) = a with 
a < j - 1 and x = X· k 0 Then Q = 1 + u + 000 + uJ- a - 1 

0 

- j, x,w 

Proof. By [6, (2.3g)], the function Qx _ from W to Q[u] is constant on 
(Ai' Ak ) double cosets, so we may assume that W = Ya is a minimal (Ai' Ak ) 
double coset representative. We will prove the result using induction on j . 

First, suppose that j = 1; then a = O. Hence x = W , so Qx w = 1 as 
desired. ' 

Next, suppose that j = 2, and write S for SI . If a = 1, then x = wand 
Qx III = 1 , so the result holds. If a = 0, then from (2.10) we have 

(5.2) 
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Notice that sx = XI k' It follows from the definitions (and our assumption 
that W = Yo) that VI' k(sw) = vI k(W) = O. Thus, by the preceding paragraph, 
Qsx sw = Qsx w = 1. Therefore fix w = 1 + u, and so (5.1) holds. 

Finally, s~ppose that j > 2. if a = j - 1 , then X = W, so Qx w = 1. 
Assume that a < j - 1 , and put s = Sj_1 and t = Sj_2' Then by (2.10), 

(5.3) 

Notice that sx = X_I k and tsx = X_2 k' Thus, we can compute Qsx sw' } , } , , 
Q , and Qt once we determine V_I k(sw), v_I k(w), and v}'_2 k(w), sX,w sX,w },} , , 
It follows from the definitions that 

vj_l,k(sw) = vj_l,k(w) = vj_2,k(W) = a. 

If a = j - 2, then tsx 1:. w; so by (5.3) and induction, Qx,w = 1 + u. If 
a < j - 2, then by (5.3) and induction, 

j-a-2 j-a-2 j-a-3 Qx,w=(I+ .. ·+u )+u(I+ .. ·+u )-u(I+ .. ·+u ) 

=1+···+uj- a- l . 

This completes the proof of (5.1). 

We can now compute the matrix entries n(y,s,t) for yE W. Let y be in 
Wand S be in S. It follows from (1.6) that n(y,s,t)=-n(ys,s,t),sowe 
may assume that ys > y. In order to simplify the notation somewhat, we will 
write n(y,k,j) for n(y,s,t) when S=Sk and I=Sj' 

(5.4) Theorem. Suppose 1 ::; j ,k ::; 1- 1 and YEW with YSk > y and 
V k(y) = a. Then 

}, 

. 
{ 

U'(y)+a-(1/2)(}+k) if () 1 i V k YSk = a - , n (y , k, }) = } , o otherwise. 
Proof. We first remark that YSk > Y implies that either vj,k(YSk) = a, or 
Vj ,k (y S k) = a-I. 

Let S = sk' t = Sj' and X = xj,k' It follows from the results in §4 that 
.1S,1 = {x} and that nx = 1 . Hence we may rewrite (2.8) as 

n(y, k,j) = U)U 1j- k 1/2(Qx,yS - Qx,y)]' 

If vj,k(Ys) = vj,k(y) , then Qx,ys = Qx,y' so n(y,k,j) = O. 
Let vj,k (ys) = a-I. To complete the proof it suffices to prove 

( 5.5) 

where m = min{j ,k}. 
Suppose first that m = j ::; k and a = j. Then Qx,y = Qx.l = 0 and 

Qx,yS = Qx.x = 1, so (5.5) holds. If m = j and a < j, then (5.5) follows from 
(5.1) . 
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Next suppose that m = k < j , then 

(5.6) 

Since vk .(w-1) = v k(w) for all W E W, it follows from the preceding 
,j j, 

paragraph that the right-hand side of (5.6) is uk - a = urn-a. Hence (5.5) is 
proved. 

We conclude this section, as mentioned above, by deriving from the pre-
ceding discussion a formula due to Tiwari for the diagonal entries, n(y, i, i). 
Unfortunately (?) this formula does not seem to generalize to other types of 
Weyl groups. 

Let j and k be such that I ::; i ::; / - 1 and let x E W. Define £i(X) 
to be the minimal number of Si 's appearing in a reduced expression for x. 
For example, £i(SIS2S1) = 1, since S1S2S1 = S2S1S2' We will say that a reduced 
expression for x is i-reduced if the number of Si 's it contains is exactly £/x) . 

For the rest of this section, fix i with 1 ::; i ::; I - 1 , and write v for vi,i' 
Thus 

v(x) = 1 {1 , ... ,i} n x( {1 , ... ,i}) I· 

(5.7) Proposition. Let 1 ::; i::; /- 1, and let x E W. Then £i(X) = i - v(x). 

Proof. We first show that £i(X) is constant on (Ai' AJ double cosets. Suppose 
that there is a k with k =1= i and skX < x. Let x = S ... S be an i-reduced PI Pr 
expression for x. Then by the Exchange Property, skx = SPI ... S;; ... spr ' for 
some j, where - means delete. Because k =1= i, it follows that Pj =1= i, so 
skspi ... S;;'" spr is i-reduced. Hence £i(X) ::; £i(SkX), Also, £i(sk x ) ::; £i(X) 
because k =1= i, so £i(X) = £/skx), It follows that £i(X) depends only on the 
(Ai' A) double coset containing x. 

Recall that the minimal (Ai ,Ai) double coset representatives are {Ya 12i-
I ::; a ::; i} , and that v(ya ) = a. We will show, using induction on i-a, that 
£JYa) = i-a. 

If a = i, then Y i = 1, and there is nothing to prove. Assume that a < i 
and £i(Ya+1) = i-a - 1. It follows from the definitions that v(siYa+l) = a, so 
it suffices to show that £/(siYa+l) = £i(Ya+1) - 1. This follows from 

(1) ..2"(ya+ 1) = {Si}' and 
(2) if WE W with SiW < w, then £i(W) - 1 ::; £i(SiW) ::; £i(W), 

(1) follows from the fact that Ya+1 E Xi,i' and (2) is proved using the Ex-
change Property, as in the preceding paragraph. This completes the proof of 
(5.7). 

Let YEW. Define ry to be the coefficient of the simple root cx i in y(cx) , 
Then rr E { -1,0,1 }. Also, define m(y) to be £(y) - £i(Y)' 

(5.8) Proposition. Let YEW. Then n(y, i, i) = ryum(y) . 
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Proof· Write S for Si and suppose that y(i) = jl and y(i + 1) = j2 (here we 
consider y as a permutation). Then 

{ 
1 if j I ::; i ::; j 2 - 1 , 

ry = - 1 if j2 ::; i ::; jl - 1, 
o otherwise, 

and ys > y if and only if jl < j2 . 
First, suppose that ys > y. Then ry E {O, 1 } . If ry = 0 then either i < jl ' 

or j2 ::; i. Hence 

{ . '} {1 '} = { {j I ' j 2} if j 2 ::; i , J1,h n , ... ,1 - . o otherwIse. 

In either case, v(ys) = v(y), so by (5.4), n(y, i, i) = O. Therefore, (5.8) is 
proved in this case. If ry = 1, then v(ys) = v(y) - 1; so by (5.4), n(y, i, i) = 

u£(y)+a-i where a = v(y) . By (5.7), v(y) = i - £i(y), so (5.8) holds in this case 
also. 

Next, suppose that ys < y. Then ry E {-1 ,O} and j2 < jl' If ry = 0, 
then eitheri < j2 or jl ::; i. In either case, v(ys) = v(y); so by (5.4), 
n(y, i, i) = -n(ys, i, i) = O. Finally, if ry = -1, then v(ys) = v(y) + 1, so 
m(y) = m(ys). Because ry = -rys' it follows from the preceding paragraph 
that n(y, i, i) = -n(ys, i, i) = ryum(y) . This completes the proof of (5.8). 

6. ApPLICATION TO TYPE B I 

Throughout this section, W will be a Weyl group of type B I ' and we will 
use the notation of §3 and §4. In particular, 

X = {xj,k I 1 ::; j , k ::; I } u {y j,k I 1 ::; j , k ::; l - 1 } u { Z I }. 

We will also write n(y,k,j) for n(y,s,t),and ~k' for ~ /,when s=Sk and ,J s, 
t = Sj' In this section we compute the Kazhdan-Lusztig polynomials, Qx,w' 
for x E X and W E W, and the matrix entries, n(y,k,j), for yEw and 
1 ::; j,k::; l. As in §5, n(y,k,j) depends only on vj,k(Y) and vj,k(YSk); but 
if vj,k(Y) = (a,b), and YSk > y, there are four possibilities for vj,k(YSk)' In 
each of these cases we obtain a different formula for n(y,k,j). 

(6.1) Proposition. Let j and k be such that 1 ::; j , k ::; l. 
let WE W with v k(w) = (a,b). j, 

(1) Suppose 1 ::; j < l, x = Xj'! and a::; j - 1. Then 

j-a-I Q =1+u+ .. ·+u . x,w 

Let x E ~. k' and j, 

(2) Suppose 1 ::; j ::; k ::; l - 1, x = Xj,k and a ::; j - 1. Then 

j-a-I Q =1+u+· .. +u . x,w 
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(3) Suppose x = Z, (so j = k = I) and a::; I - 2. Then 

Q = 1 + u2 + u4 + ... + u2[(1-a-2)/2] 
x,w 

where [.] is the greatest integer function. 
(4) Suppose x=s, (so j=k=l)and a::;l-l. Then 

Q = 1 + 2 + ... + 2[(1-a-l)/2] 
x,w U U . 

(5) Suppose 1 ::; j ::; k ::; 1- 1, x = Yj,k and b ~ 1. Then 

b-l Qx w = 1 + u + ... + u . 

397 

Proof. The proof of (6.1) is long, but straightforward, and the arguments are 
the same as those used in the proof of (5.1). For example, (1) is proved using 
induction on j. If j = 1 then there is nothing to prove. Let j ~ 2, YEW, 
and suppose I = S - x(y) and J = S - 9P(y). Then Qy,_ is constant on 
(~ , WJ ) double cosets. This fact, and the recursion formula in (2.10) are used 
to express Q. in terms of Kazhdan-Lusztig polynomials, Q I I, where the 

X,llJ x ,w 
" j " for x' is" j - 1 ." We omit further details of the proof. 

Suppose for a moment that 1 ::; j ::; k ::; I - 1, YEW with YSk > y, and 
vj,k (y) = (a, b). Considering Y as a signed permutation, and using (3.1), there 
are three possibilities for y(k) and y(k + 1): 

(1) k ,k + 1 f/- N(y) and y(k) < y(k + 1), 
(2) k, k + 1 E N(y) and y(k + 1) < y(k), or 
(3) k f/- N(y) and k + 1 E N(y) . 

Suppose (1) holds. Then either y(k) ::; j ::; y(k + 1) or not. If so, then 
Vj ,k(ysk) = (a - 1, b), and if not, then Vj ,k(YSk) = (a, b). 

Suppose (2) holds. Then either y(k + 1) ::; j ::; y(k) or not. If so, then 
vj,k(ysk) = (a,b + 1), and if not, then vj,k(ysk) = (a,b). 

Suppose (3) holds. Then there are four cases: 
(i) If y(k) > j and y(k + 1) > j, then vj,k(YSk) = (a,b). 

(ii) If y(k) ::; j and y(k + 1) > j, then Vj ,k(YSk) = (a - 1, b). 
(iii) If y(k»j and y(k+1)::;j,then vj,k(ysk)=(a,b+1). 
(iv) If y(k) ::; j and y(k + 1) ::; j, then vj,k(YSk) = (a - 1 ,b + 1). 
We may conclude that, in any case, 

v j ,k (y S k) E { (a , b) , (a - 1 , b) , (a , b + 1), (a - 1 , b + 1) }, 

and all four possibilities can occur. 

Let j be such that 1 ::; j ::; I, and let yEW with ys, > y. Suppose 
Vj ,I(ys,) = (a, b) . Then a similar argument shows 

v ,(ys,) E {(a, b), (a - 1, b + I)}. J, 
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(6.2) Proposition. Suppose 1 :::; j, k :::; I, yEW with YSk > y, and v k(Y) = 
j, 

(a, b). 
( 1) Let j and k be such that 1 :::; j ,k :::; 1 - 1. Then 

o 
i(y)+a-( 1/2)(J+k) 

n(y,k,j) = uf (y)+j+k-21-b 

uf (Y)(Ua-(1/2)(J+k) + uj+k-21-b) 

ijvj,k(ysk) = (a,b), 

ijvj,k(ysk) = (a - 1, b), 

ijvk(YSk) = (a,b + 1), j, 

if v k (y S k) = (a - 1 , b + 1). j, 

(2) Let j be such that 1 :::; j :::; I. Then 

n I' = { 0 ifvj,l(ysI) = (a, b), 
(y, ,J) uf (y)+a-(1/2)(J+I) ifvj,l(ysI) = (a - 1 ,b + 1), 

(3) Let k be such that 1 :::; k :::; I. Then 

{ 
0 if VI k (y S k) = (a, b) , 

n(y, k, I) = 2uf(y)+a-( 1/2)(k+1) if VI:k (ysk) = (a _ 1 , b + 1). 

Proof. Let j and k be such that j :::; k. Then (6.2) is a straightforward 
application of (2.8), the computation of the nw (w EX) in §4, (6.1), and the 
preceding remarks concerning vj,k(ysk)' 

Let j and k be such that j > k. Then (6.2) is proved as in the previous case, 
using the additional results: Qx,w = QX-1,W- 1 , for x, W E W; and vj,k(Y) = 
Vk(y- I ), for YEW. 

,j 

As an example, we will prove (2) when j = k = 1 (this is the most compli-
cated case). Let S = sl and Z = zi' Then, by the results in §4, !J.l,l = {s, z} 
and ns = nz = 1. Hence, by (2.8), it suffices to prove 

(6.3) If vl/(ysl) = (a - 1 ,b + 1) , then n(y, I, I) = uf(y)+a-l . 

Using (2.8) again, we have 

(6.4 ) 

If a = I, then Qs,yS = 1 and Qs,y = Qz,ys = Qz,y = 0; so (6.4) implies (6.3). 
If a = 1- 1 ,then Q = Q = Q7 = 1 and Q = 0; so (6.4) implies (6.3) s,ys s,y 7,YS z,y 
in this case also. If a :::; 1 - 2 and 1 - a is even, then by (6.1) and (6.4), 

n(y,I,/) = uy[ul- a + 0] = i(y)+a-'. 

If a:::; 1- 2 and 1- a is odd, then by (6.1) and (6.4), 

( 1 I) - [0 (l-a-I)] _ f(y)+a-I n y" - uy + u u - u . 

Hence (6.3) holds, and so (6.2(2)) is proved. 
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