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CELLS AND THE REFLECTION REPRESENTATION
OF WEYL GROUPS AND HECKE ALGEBRAS

J. MATTHEW DOUGLASS

ABSTRACT. Let # be the generic algebra of the finite crystallographic Cox-
eter group W, defined over the ring Q[u!/2, u~1/2]. First, the two-sided cell
corresponding to the reflection representation of /# is shown to consist of
the nonidentity elements of W having a unique reduced expression. Next, the
matrix entries of this representation are computed in terms of certain Kazhdan-
Lusztig polynomials. Finally, the Kazhdan-Lusztig polynomials just mentioned
are described in case W isof type A;_; orB,.

1. INTRODUCTION

Let (W,S) be a finite crystallographic Coxeter system and let /# be the
Hecke algebra of (W,S), defined over the ring 4 = Q[ul/2 , u_l/z]. Then Z
is free as an A4-module with “standard” basis, { 7, | x € W }, and if we denote
the length function on W by £(-), the multiplication in # is determined by
the formulas

T if £(sx) > £(x),
(1.1) TSsz{ X ] (sx) > £(x)

(u— DT, +uT,, if £(sx) <£(x)
(s €S, x € W). In this paper we will address the following problems con-
cerning the reflection representation of # :

(1.2) Describe the left, right, and two-sided cells of W
having the property that the corresponding ideals in
Q(ul/ 2) ®,# contain the reflection representation.

(1.3) Describe explicitly the matrix entries of the reflection
representation.

In order to state our results, we need some more notation. Let <, and <,
be the preorders defined by Kazhdan and Lusztig in [6] and let ~, and ~, , be
the corresponding equivalence relations. The ~, equivalence classes are called
left cells and the ~, , equivalence classes are called two-sided cells.

Let K = Q( u'/ 2) be the quotient field of 4. Following Lusztig [8], we obtain
decompositions of K ® ,-# corresponding to the various partitions of W into

Received by the editors March 16, 1989.
1980 Mathematics Subject Classification (1985 Revision). Primary 20GO0S.

© 1990 American Mathematical Society
0002-9947/90 $1.00 + $.25 per page

373



374 J. M. DOUGLASS

cells: Let {C_ | x € W} be the basis of # described in [6, Theorem 1.1]. For

Xx,y,z € W, define elements hx’y’_, in A by
(1.4) c.C,=> h,,.C.
zeW

It follows from [6, Theorem 1.1] that A, . is symmetric in u Y2 and Y.

Let .# be a free A-module with ba51s {c, | x € W}. Then as in [8], the
formulas

(1.5) Cec, = Z he,.c. and ¢ C = Z hy, ..C

Z~LRY Z~IRX
define a two-sided action of # on .# sothat K®,# = K®,.# as two-
sided #Z-modules. For a subset, Y, of W define .#, to be the A-submodule
of .# with basis {cy |y €Y}. From (1.5) we have .# = @.#, (sum over
all two-sided cells, X ) as two-sided /#-modules. It follows from [8, Property
(A)] that for a two-sided cell, X, we have

Ko, =PKe, 7

as left #-modules, where the sum is over all left cells, I', with ' C X .

Curtis, Iwahori, and Kilmoyer [3] construct an irreducible representation of
Z , called the reflection representation. Their construction may be summarized
as follows: Let A be a root system associated to W, and for s € S let o, be the
corresponding simple root. Let E be a free A4-module with basis {d|teS}.
Define an action of T, for s €S, on E by the formulas

—d, ifs=t,
(1.6) Td = 12 )
ud, —u'(a,a)d, ifs#t,

t s

where (a;,a;) is the Cartan integer 2((e,,c,)/(a,,c,)) . It is shown in [3] that
(1.6) defines an irreducible representation of 7 .

Since K®,# =K ®, /A astwo-sided K ® , #-modules and .Z =D .#,
(sum over all two-sided cells, X ) as two-sided #-modules, it follows that for
each two-sided cell, X, of W, K ®,.#, is isomorphic to a two-sided ideal
of K® 3, A . Thus there is a unique two-sided cell, X, with the property that
K®, E is a constituent of K® 1y . In §2 we will show that with E as above,
X is characterized by the followmg equivalent properties (see [2.5]):

(1) a(X) =1, where a(-) is the function on W, constant on two-sided
cells, defined by Lusztig in [11] (see §2),
) X = USES I, , where for s €S, T, is the left cell containing s,
(3) X is precisely the set of nonidentity elements of W having a unique

reduced expression.
It follows from the formulas for the generic degree of the reflection repre-
sentation given in [3] that the reflection representation is special, as defined by
Lusztig [10, 4.1.4]. Hence, by the results in [10, Chapter 5], we see that the
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reflection representation appears with multiplicity one in each %’ . In order
to give a complete answer to (1.2), it remains to give reduced expressmns for
the elements in X . This is done in §4.

Define the “matrix entries,” n(x,s,t), for x € W and s,t € S, of the
reflection representation by the formula

Td = Z n(x,s,t)d,.

tes

Our answer to (1.3) consists of two parts. In §2 we give a formula for the
n(x,s,t)’s in terms of certain Kazhdan-Lusztig polynomials (see [2.8]). In §5
and §6 we compute these Kazhdan-Lusztig polynomials when W is of type
A ,_, or B, and hence we obtain “explicit” formulas for the 7(x,s,7)’s in these
cases. The methods we use should easily extend to give explicit formulas for the
7(x,s,t)’s in the other cases as well. Some of the Kazhdan-Lusztig polynomials
given in §6 have been previously computed by Boe [2], using different methods.

When W is of classical type, the general form of the matrix entries has been
obtained by Tiwari [14], but no method is given to compute them.

Recall that A is a root system for W . One of the important properties of
root systems is that if w € W, and a € A, then when w(a) is expressed in
terms of a base, the coefficients are either all nonnegative or all nonpositive
integers. By combining our formula (2.8) for the n(x,s,?)’s with a positivity
result for certain differences of Kazhdan-Lusztig polynomials, we obtain a proof
of the following generalization of this property:

For x € W and s € S, the coefficients of the matrix entries n(x,s,?),
t € S, are all of the same sign as £(xs) — £(x).

The details of the proof are given in [5]. This result was conjectured by Lusztig,
and proved, using a case-by-case analysis, when W is of classical type, by Tiwari
[14]. The proof in [5] is valid for all types of Weyl groups and does not rely on
a case-by-case analysis.

This paper is organized as follows: In §2 we characterize the two-sided cell,
X, corresponding to the reflection representation, and prove (2.8). The results
concerning Weyl groups of type A,_, and B, which we will need later are col-
lected in §3. In §4, reduced expressions for all the elements of X are described
and the n,, of (2.8) are computed. In §5, the Kazhdan-Lusztig polynomials of
(2.8) are computed when W is of type A,_,, and the results of the preceding
sections are applied to give simple expressions for the 7m(x,s,?)’s in this case
(see [5.4]). We also derive a formula, due to Tiwari [14], for the diagonal entries
n(x,s,s) (see [5.8]). Finally, in §6 we compute the Kazhdan-Lusztig polyno-
mials of (2.8) when W is of type B, and we calculate the matrix entries,
n(x,s,t), in this case.

For s in S let W, denote the (maximal) parabolic subgroup of W gener-
ated by S — {s}. It is a perhaps surprising consequence of the calculations in
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§5 and §6 that for x in W and s, ¢ in S, the matrix entry, n(x,s,?), depends
on the structure of the Bruhat poset of (W(,) s W(S))-double cosets.

2. CELLS AND THE REFLECTION REPRESENTATION

In this section we characterize the cells corresponding to the reflection repre-
sentation of /7. We also show that the matrix coefficients of this representation
can be computed in terms of Kazhdan-Lusztig polynomials (this is the content
of [2.8]).

We will continue the notation of §1. In addition, < will be the Bruhat order;
<y Will be the preorder on W' defined by

x<py ifandonlyif x7'<,y7',

for x,y € W; and w, will denote the element in W with maximal length.
Given x € W, we will write u_ for u‘™). We also define Z(x) = {s€ S|
sx <x} and Z(x)=Z(x").

We will assume that the reader is familiar with Kazhdan-Lusztig polynomials.
Let y,w € W. Define u(y,w) as follows: If y < w, then u(y,w) is the
coefficient of u!/)7*W=N/2 4p P, If w<y, then uy,w) = u(w,y)
(which is well-defined by the above).’ Otherwise, define u(y,w) =0. Asin[10,
5.1.12], for s € S and w € W, we have

{—(u1/2+u_1/2)Cx if s € Z(x),
(2.1) CC =

s X

C, + ; uy,x)C, ifs ¢ ZL(x),
and a similar formula for C,C;.

In [9], Lusztig defines a correspondence between irreducible QW -modules
and two-sided cells. In general, given an irreducible QW -module, E, there is
a unique two-sided cell, X, so that E is a constituent of Q ® , .#, (here we
consider Q as an A4-module via the specialization u'? 1 ).

In order to determine the cells corresponding to the reflection representation
of W, we will need the function a: W — N defined in [11]. Specifically, for
z € W, define a(z) = max{deg!/2 hx’y,z | x,y € W}, where deg,, means

1/2

. 1/2 . . . . ..
degree in u /2 and h, .z Isasin (1.4). Since A, y.z 18 symmetric in u and

u~'?, it follows that a(z) € N. Define d(z) to be the degree, in u, of P, ,
and let
Z ={zeW]a(z) =4(z) - 26(2) }.

Elements of & are called Duflo involutions. Since s € S implies P, =1,
it follows easily using (2.1) that S C & . Notice also that a(z) = 0 if and
only if z = 1. For an irreducible QW -module, E, let E denote the lift to an
#-module as defined by Lusztig in [9, §1], and let a(E) be the highest power
of u dividing the generic degree of E. We summarize the properties of @ and
2 that we will need in the following proposition.
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(2.2) Proposition.

(1) Let x,y € W and suppose that x <,;, v. Then a(y) < a(x); in
particular, x ~, v implies a(x) = a(y).

(2) Let T bealeftcellin W. Then |TNZ| =1.

(3) Let x,yeW, x<,y and a(x)=a(y). Then x ~, y.

(4) Let E be an irreducible QW -module and let X be the two-sided cell
corresponding to E. Then a(E) = a(X), where a(X) is defined to be
the common value of a(x) for x € X .

Proof. These are all proved by Lusztig, [11, §5 and §6], [12, §1], and [13, Propo-
sition 3.3].

For the remainder of this paper, E will denote the /#-module described in
§1 corresponding to the reflection representation of W . In order to determine
the cells corresponding to E, we need some preliminary lemmas.

(2.3) Lemma. For x e W, a(x) =1 ifand only if x ~, s for some s € S.
Proof. By (2.2(1)), if x ~, s, then a(x) = a(s) = 1. Conversely, suppose
that a(x) = 1. We will prove the result using induction on ¢(x). If £(x) =0
or ¢(x) = 1, then the result clearly holds, so suppose ¢(x) > 1. Choose
t € § sothat tx < x. Then x <, tx, so by (2.2(1)), a(tx) < a(x) = 1. If
a(tx) =0, then x =t €S, contradicting the assumption that #(x) > 1. Hence
a(tx) = 1 = a(x), so by (2.2(3)), x ~, tx. By induction, tx ~, s for some
s € §. This completes the proof of (2.3).

(2.4) Lemma. Let s,s' €S. Then s~ s .

Proof. If s and s’ are adjacent in the Coxeter graph of (W ,S), then it follows
from the definition of <, and <, (see [8]) that s ~p 55" ~, 5,50 s ~, o 5.
If s and s’ are not adjacent, then they are connected by a path (recall that
(W,S8) is indecomposable), and it follows from the transitivity of ~,, that

s~z S - This completes the proof of (2.4).

Now let T be a left cell with @(I') = 1. Then by (2.3) and (2.2(2)) there
is a unique s € § so that s € I'. Denote I' by I',. Let X be a two-sided
cell with a(X) = 1. Then by (2.4) and (2.2), X = |J, ¢TI, and this is the
decomposition of X into left cells.

(2.5) Theorem. Let X be a two-sided cell of W, then the following are equiva-
lent:

(1) X is the two-sided cell corresponding to the reflection representation of
w,

(2) a(X)=1,

(3) X =Uses Ty, where for se€ S, T, is the left cell containing s, and

(4) X={weW|w+# 1 and w has a unique reduced expression } .

Moreover, if X satisfies (1)-(4) and Y is another two-sided cell with X <, Y,
then either Y =X or Y ={1}.
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Proof. Let X be the two-sided cell of W corresponding to the reflection rep-
resentation of W . From the formulas for the generic degree of E given in [3],
we see that a(f) =1, so by (2.2(4)), (1) is equivalent to (2).

By the remarks preceding the statement of the theorem, (2) implies (3).

Now suppose that X is the two-sided cell of (3) and that x € X. We
will show by induction on ¢(x) that x has a unique reduced expression, and
hence that (3) implies (4). If £(x) = 1, then the result is clear. Suppose that
/(x) > 1 and choose s € S so that sx < x. The argument used in the proof
of (2.3) shows that sx € X since x # 1, so by induction, sx has a unique
reduced expression. Since x € X, it follows from (3) and the fact that .Z(-) is
constant on right cells (see [6]), that .Z(x) = {s} for some s € S. Therefore,
every reduced expression for x begins with s, and so x has a unique reduced
expression.

Conversely, suppose x € W has a unique reduced expression and x # 1.
We will show by induction on £(x) that x € I, for some ¢ € §. This is
clear if ¢(x) = 1. Suppose that ¢(x) > 1 and choose s € .S with sx < x.
Since x has a unique reduced expression, .Z’(x) = {s} and sx has a unique
reduced expression. By induction, sx € I', for some ¢ € §. Furthermore,
Z(sx)NZL(x) = D and so it follows from the definition of <, that x ~, sx.
Hence x €T, .

It follows from the preceding paragraph and (2.2(1)) that if x € W has a
unique reduced expression and x # 1, then a(x) =1, so (4) implies (2).

Finally, suppose that X satisfies the equivalent conditions (1)-(4), and that
Y is a two-sided cell with X <, . Y. Then by (2.2(1)), a(Y) < a(X), so
a(Y) e {0,1} and the result follows using the fact that X is the unique two-
sided cell with a(X) = 1. This completes the proof of (2.5).

For the rest of this paper, X will denote the two-sided cell of (2.5).
We now turn to computing the matrix entriesof £. For x e W and s,t€ S,
recall that n(x,s,t) € A is defined by

Td = Z n(x,s,t)d,.

(€S

Since C, = —ul/le + u_l/zTS for s € §, it follows from (1.6) that
WG ifs =t

(2.6) ca | "W ru T ifs=t,
—{a,,a,)d, if s # .

Define k(w,s,t) € A by
c,d = Zk(w,s,t)a’,.

€S
By [6, Theorem (3.1)], for x e W,
TY = Z uXu'lU / Q/IU,XCIU

wew
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where Q and Q_ (u'?)=Q_, (u"""?). Hence,

w,x wO\' wow
(2.7) n(x,s,1t) Zuu ‘0, 0, k(w,s,1).
wew
Fix s t € S and recall that l"x is the left cell containing s. Let A/, =
r'n Ft Notice that X =J For x € W, define

St St
1 ifxs<x,
c(x,s) =

0 if xs>x.

It will be shown below that when w €A,

k(w,s,t) has the form
k(w,s,t) = —nw(ul/2 + u—l/z)

where n, e N—{0}.

(2.8) Theorem. For x € W and s,t€ S,

072
n(x,s,t) [Z nu2uQ, -0, )

wWEA;,

The proof of (2.8) requires several preparatory lemmas. The strategy is to
express the k(y,s,t) for y € W in terms of the n, where w € A ,, and then

s,
to use the recursion relation (2.10) for the Q, s to derive (2.8) from (2.7).

(2.9) Lemma. Suppose x and w in W are such that x <w, x # tw for all
tesS,and u(x,w)#0. Then £ (w) C L (x).
Proof. Let s € Z(w) and just suppose sx > x . Then by [6, (2.3e)], u(x,w) #
0 if and only if x = sw, a contradiction, so sx < x. This proves (2.9).

For w e W with Z(w)={s},put & (w)={teS|L{(wts)=L(w)+2}.

(2.10) Lemma. Let x,w € W, and suppose that Z(w) = {s}, then
Qws,x = uC(X ,S)Qw,xs + ul_C(X ’S)Qw,x —u Z Qurt,x'
e/ (w)

Proof. This is the recursion formula [6, (2.2¢)] combined with (2.9). We will
omit the details of the proof.
(2.11) Lemma. Let x € W and t € S with tx < x. Then k(x,s,t') =0 for
all f' €S with t #1.
Proof. This follows by comparing the coefficient of &, in (C,C,)d, and
C,(C.d,). We will omit further details of the proof.
(2.12) Lemma. Let w € W . Then

(1) k(w,s,t)=k(w,s,t), and

(2) the degree in u'l? of k(w,s,t) is at most 1.
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Proof. The proof is by induction on 4(w). If {(w) = 0, then w = 1 and
k(l,s,t) =0 ,,s0 (1) and (2) are true.

If ¢(w) > 0, choose ¢t € S with tw < w; then using (2.1) and comparing
the coefficient of d, in (C,C,,)d, and C,(C gives

(2.13) k(w,s,0)+ Y p(x,tw)k(x,s,1)

x<tw
tx<x

tw S)

=~ +u” Pk (tw,5,0) = Y {a,,a)k(tw,s,1).
t#t
Now (1) follows easily by induction.

If £(w) =1, then (2) follows from (2.6). Suppose £(w) > 1 and 7, € S
with f,tw < tw. By (2.11), if €S and ¢ # t,, then k(tw,s, ') = 0. Since
ty #t, we have k(tw,s,1) =0, and so (2) follows from (2.13). This completes
the proof of (2.12).

(2.14) Lemma. For x e W and s,te€ S, k(x,s,t) #0 implies xe XU{1}.
Proof. Let ¢:K ®  E — K ®,.#, be a K ®, #-linear injection and put
d;, = ¢(d) for t€S. Then for x € W and s€ S,
C.d, =Y k(x,s,1)d,
€s
Write d, =Y _, o, ¢, with q, , € K. Then

yEX Tt,yTy
(2.15) de; = Z (Zk(xa S’ l)at’y)cy
yEX MteS
and
(2.16) de;=z<zasz xzy)
YEX ‘zeX

Comparing coefficients in (2.15) and (2.16) yields that for y € X,

(217) kast Ly Zasz X,z,y°

tes zeX

Since the d,' are K-linearly independent, it follows that the equations (2.17)
can be solved for the k(x,s,t)’s. Therefore, each k(x,s,t) is a K-linear
combination of the 4 -y Where y,z € X. Hence k(x,s,t) # 0 implies

=y #0 for some y,z € X. It follows from the definition of <, that
hx -y ;é 0 implies y< x. Hence y<, x, and since y € X it follows from
(2. 5) that x € XU {1}. This completes the proof of (2.14).

(2.18) Lemma. Let x € X and suppose that k(x,s,t) # 0 and #(x) = {s, }.
Then Z(x) = {t}, and either s = s, or |ss | > 2. Moreover, if |ss, | > 2,
then k(x,s,t) has degree 0 in u'?.

Proof. Suppose x € X and k(x,s,t) # 0. Then | £ (x)| = |Z(x)| =1. It
follows from (2.11) that 1 € £ (x), so L (x) ={t}.
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Suppose s # s,. Then comparing the coefficient of d, in (CxCSl)ds and
CX(CSIdS) yields

(u‘/2 + u_l/z)k(x,s,t) = (as,asl)k(X,Sl,l)-

Hence k(x,s,t) # 0 implies that (aga.) #0,s0 [ss;| > 2. By (2.12(2)),

/2 /2

k(x,s,,t) has degree at most 1 in u' , 50 k(x,s,t) has degree 0 in h

This completes the proof of (2.18).
(2.19) Lemma. Let w e andlet t € &/ (w). Then wt€ X .

N

Proof. We will show, using induction on ¢(w), that wt has a unique reduced
expression, so by (2.5(4)), wt € X. If £(w) = 1, then the result is obvious.
Suppose that /(w) > 1. Because w has a unique reduced expression, it suffices
to show that Z(wt) = {t}. Let { € #(wt) and just suppose that ¢ # ¢. Fix
a reduced expression for w, w =s,---s,, where 5, € § for 1 <i<r. By the
Exchange Property and our assumption that ¢ # ¢, wt! = s, §l s, for
some I, where =~ means delete. There are three cases.

First, suppose that i = 1 and put w' = s,--+S,. Then w' € X by (2.5(4)),
and it is easily checked that ¢ €.9/ (w’). Hence, by induction, w't € X . Since
Z(wt) = {s,} it follows that wt has a unique reduced expression, so wt € X .
But this implies that ¢ = ¢', a contradiction. Thus we may assume that i > 1.

Next, suppose that 1 < i < r and put w’ = 5,---s,. Then w' € X by
(2.5(4)), and it is easily checked that ¢ € .o/ (w'). Hence, by induction, w't €
X. Thus ¢ =1, and again we obtain a contradiction.

Finally, suppose that i = r. Then wtt' = ws,t, hence fs,t = {'. By as-
sumption, ¢ € &/ (w), so |ts| > 2. Since s = s,, it follows that £(¢s5,7) = 3,
contradicting our previous conclusion that st = ‘.

Since we have arrived at a contradiction in each of the preceding cases, we
must have that ¢ = ¢’ . Hence w? € X, as desired. This completes the proof of
(2.19).

For 5,1€ S, define A, tobe {wt|w €A and € (w)}.

(2.20) Lemma. Let w € W. Then k(w,s,t) # 0 implies w € A“U_A—;:UAMSU
{1}.
Proof. Just suppose that k(w,s,t) # 0 and w ¢ A, UA_SJU A ,su{l}. By
(2.14), w € X, and by (2.18), if #(w) = {5’ }, theneither s =s" or |ss'| > 2.
If s =5, then it follows from (2.18) that w € A, a contradiction. Hence
|ss'] >2.

If s €& (w), then by (2.19) ws € X, so ws € A,
assumption that w ¢ A  ;s. Hence s € &/ (w), so wss' < ws.

If ws's <ws', then ¢(ws’) > 1. Put ws's =x. If x =1, then by (2.18),
k(w,s,t) # 0 implies .Z(w) = {t}, so s = t. Since |ss'| > 2 we must
have that ss’ € A_, a contradiction. Thus x # 1. It follows from (2.5) that

contradicting the

s,
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x € X and so Z(x) = {r}. Hence xs = ws' € A_,. Since s’ € & (ws'), it
follows that w = ws's’ € _A: , a contradiction. We may therefore conclude that
ws's > ws' .

By two applications of Property Z (Deodhar [4]) we have:

(1) wss' < ws implies that ws' < wss' < ws and
(2) ws' < ws's implies that ws' < ws's < ws.

Since ws' < w < ws and the open interval (ws',ws) in W has exactly
two elements (Bjorner [1, Proposition 1]), we must have that either s = s’ or
|ss'| = 2. In any case, we obtain a contradiction. This completes the proof of
(2.20).

We next prove the converse of (2.20) in which we complete the computation
of the k(w,s,t) for w € W and s,t€S. Let y GK_ Then y = wt' for
some unique w € A, and ! € & (w). Define 7 to be this w. Notice that
y €(4;,)s implies ys €A,

(2.21) Proposition.
(1) Let w € A,. Then k(w,s,t) = —n, (u u' +u l/) where n, Is a
positive integer. Hence n, is defined whenever w € A,
(2) Let ye A, — (A, )s Then k(y,s,t) = n.
(3) Let y € (A“)s . Then k(y,s,t) = ng
(4) Let y € (A, ))s nAU Then k(y,s,t) = nys +n;.

Proof. (1) We will prove this statement for all s,¢# € S simultaneously using
induction on 4(w). If £(w)=1 and w € A_,,then w =5 =1t and k(s,s,s) =

s,
( 24 u_l/z) so (1) holds. Next suppose that €(w) =2 and w €A_,, then

st
= ts. It follows from (2.1) that C,, = C,C, s

1/2 —1/2)

k(ts,s,t) = {a_,a,)(u

s>t

+u

b

and so (1) holds in this case.

Now suppose that #(w) > 2 and that the result holds whenever 5,7 €.S and
x € A, with £(x) < ¢(w). Let w € A ,. Then since ¢(w) > 2, it follows
from (2.5(4)) that rw € X .

Suppose -Z’(tw) = { ¢, } . Then comparing the coefficient of d, in (C,C, )d,

and C,/(C,,d,), and using (2.1) yields .
(2.22) k(w,s,t)+ Y ulx,tw)k(x,s,1)
x<tw
Ix<x

=~ + u” P k(tw,5,0) = S (o, @ k(tw, s, 1,).
1y #t )
Suppose x € W with u(x,tw)k(x,s,t) # 0, x < tw and tx < x. Then
x#1 and soby (2.14), x € X. If x # s'tw for all s’ € S, then by (2.9),
Z(tw) € Z(x) = {t}. But then ¢, = ¢, which is impossible, since w € X
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and ftw < tw < w. Hence x =t ;tw. Also, if t, €S and ¢, # ¢, then by
(2.18), k(tw,s,t,) = 0. Therefore, we may rewrite (2.22) as

(2.23) k(w,s, 1)+ k(tj1w,s,t) = —(a, ,a)k(tw,s, 1)).

If wtw > 11w, then k(f1w,s,t) = 0 by (2.18). Since 1w € A, (1)
follows by induction from (2.23).

If ¢ttw < t;tw, then |t | > 3, since w has a unique reduced expres-
sion. Repeating the preceding argument with k(w,s,?) replaced by k(fw,s, 1))
yields:

(2.24)  k(w,s,0) = (o, a)k(tt,tw,s,1,) + (o, , @) e, o, ) = D(t 1w, s, 1).

n>t [ 22 £}

Suppose |t,| = 4. If w = t,t, then an easy computation shows that (1)
holds. Otherwise, £(w) > 4, and so by (2.18) and (2.5(4)), k(tt,tw,s,t,)=0,
and so (1) follows by induction from (2.24).

If |tt,] = 6, then W is of type G, and (1) is easily proved by explicitly
computing the k(w,s,t) (see §4).

(2) Suppose y € A, — (A, )s. Let y = wi’ where w € A, and [ €
Z(w),so w < wt <wt's. If wt's e X, then wt's € A, 50 y € (Ag)s,
a contradiction. Hence wi's ¢ X, so by (2.14), k(wf's,s,,t,) = 0 for all

s,,t, €S . Comparing the coefficient of 4, in (C,,C,)d and th,(Csds) , and
using (2.1) yields

(225 k(wi's,s,0)+ > ule,wi)k(x,s,0) = @' +u”k(wt,s,0).

x<wt’
xX5<X

The argument used to prove (1) gives that when u(x,wt)k(x,s,t) #0, x < wt’
and xs < x, we must have that x = w . Thus (2.25) can be rewritten as

k(w,s,t) = —(ul/2 + u‘l/z)k(wt',s, t).
This proves (2.21(2)).

(3) Suppose that y € (A, )s — . Notice that y < ys.

First suppose that y = 1. Then s€A,,s0 s=1 and k(y,s,s) = 1. It
follows from (2.6) that n_ =1, so (3) holds.

Next, suppose that y € S Then ys €A, implies that y =¢ and |st| > 2.
It follows from (2.1) that C,C, = C, Thus (3) follows from (2.6).

Finally, suppose that Z(y) > 1 Let Z(y) = {s'}, so |ss'| > 2 and
ys' eX.If ys' €4, ,, then y ys s eA , a contradiction. Hence ys’ ¢ A,
Now £(y) > 2, s0 tys < ys'; so since ys ZA_,, but ys' € X, we must have
that ys's > ys’.

Comparing the coefficient of d, in (CyCS)dS and Cy(CSdS) , using (2.1), and
repeating the argument used in (1), yields

s,

(2.26) —(u”2 + u—l/z)k(y,s, 1) = k(ys,s, 1)+ k(ys', s, 1).
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Just suppose that k(ys’,s,t) # 0. Then by (2.14), ys' € X. By (2.18), if
9? (vs') = {s"} then either s” = s or |s"s| > 2. By the preceding paragraph,
s" #£5,50 |s"s| >2. Since ys's” < ys’ <y < ys and ys € X, it follows that
£(s"s's) =3 and s”s's € X. But then {s”,s",s} corresponds to a cycle in the
Coxeter graph of W, contradicting the indecomposability of W . Therefore
k(ys',s,t) = 0, and so by (2.26) we conclude that —(u'/* + u~"*)k(p,s,1) =
k(ys,s,t).

(4) Suppose that y € (A )sNA_,. Since y € (A )5, y <ys,and y €A,
we must have £(y) > 2. Let #Z(y) = {s'}. Then ys € X implies |s's| > 2.
Write y= wi where w €A, and ' € &/ (w). Then y' <y,so ' =5 and
w=ys € A, ,. Comparing the coefficient of 4, in (C,C)d, and C (e d),
and using (2. 1) and the argument in (1), gives

~!? +um Pk s, 0) = k(ps,s,0) + k(ys',1)
and (4) follows easily.

We can now prove (2.8). Let x € W and s,t € .S. Using (2.7) and (2.12(1)),
we see that

n(x,s,t) =u, Zul/zQ K(w,s, 1)
so it suffices to prove

(227) Z ulln/zQuz \'k w,S$, t Z nwullv/sz o (Qw,xs - Qw,x)'

wew WEA;,

We start with the right-hand side (r.h.s.) of (2.27) and the observation that

_uc(x,s) _ ul—c(x ,5) “1—u
Then using (2.10), (2.20), and (2.21), we have

1/7 c ,5) l—c(x,s)
rhs. =Y n,u,( Qs T Q,.—1+u)Q, )

WEA;,
=Y null?( Q.+ Y 40, —(1+u)Q
- w*ws ws,x wt' x w,x
weEANs, e/ (w)
_ 1/2 1/2
- Z nvs ¥ er+ Z Z Uy urt’,x
VE(Ass)s WEA; ' EH (W)
—1/2, 1/2
- Z nlﬂ(u )u'IH Q'U!,.\/
wWEA,
1/2
Z u, Q, K(w,s,1).
meW

This completes the proof of (2.8)
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3. WEYL GROUPS OF TYPE A ,_, AND B,

In this section we collect the results about Weyl groups of type A, , and
B, that we will need in order to compute the sets As’t , for s,t € §, the
positive integers 7, , and the polynomials @, ., (w € A, X€ W), of (2.8).
In particular we will describe the minimal double coset representatives for all
pairs of maximal parabolic subgroups.

Given a positive integer, #, let [n] denote theset {1,...,n}.

Fix an integer, /, with / > 2.

Let B be the group of all signed permutations of [/]. We will identify
elements of B with their images. Thus, we will denote the permutation

<l 2 ... 1)
£l *l, ... £
(where {i,,...,i} =[l]) by the row vector (+i,...,+i). For 1 <i </
define elements, s, of B by
s, =(2,1,3,4,...,1)
5,=(1,3,2,4,...,1)

Sy =(1, ..., 1=2,1,1-1)
s;=(1,...,0=2,1-1,-1).
Let $={s,,...,s}. Then (B,S) is a Coxeter system of type B .

For w € B, define N(w) tobe {j € [/]]| w(j) < 0}. For example, if
w=(-3,2,-1),then Nw)={1,3}. Let A={we B|Nw)=J}. Then
(4,4NnS) is a Coxeter system of type A,_, . Since the ring A4, of §1 and §2,
does not appear in this section, the notation should not cause any confusion.

(3.1) Proposition.

(1) Let 1 <i<[~1 andlet w e B. Then ws; < w if and only if:
i,i+1¢ Nw) and w(i)>w(i+1),0r i,i+1€e€ N(w) and |w(i)| <
|lw(i+1)|, or i€ N(w) and i +1 ¢ N(w).

(2) Let we B. Then ws, <w ifand only if w(l)<0.

Proof. This is just a reformulation of the well-known result: Let W be a Weyl
group with root system @, IT a base of ®, o € II, and s the reflection
corresponding to «. Then ws < w if and only if w(a) € &, where O
is the set of negative roots determined by II. We omit further details of the
proof.

For 1 < j </, define Bj to be the subgroup of B generated by
{s11<i<l i#j}.
Define A/. to be AmBj. Notice that 4 = 4, = B,, and if j </, then A; is

generated by
(s, ]1<i<l—1,i#j}
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Define X, tobe {weB|ws,>wVi#j}. Then X; is the set of minimal left
coset representatives of B j in B. Let w € A. Then ws; > w. It follows from
(3.1) that if j </, then X N4 is the set of minimal left coset representatives
of A ; in 4.

The sets X i and X ;N A can be described as follows: Let o and S be
disjoint subsets of [/];say a={p, <---<p,}, B={q, <~ <¢q,},and
[/1-(aupB)={r, <---<r.}. Define w, 4 by

(3‘2) wa,ﬂz(pla"',pa, _qb,"" _ql’r19""rc)'

(3.3) Proposition.
(1) ij{wa,ﬂla,ﬂg[l],an/i’:@, and |[aUB| =j}.
(2) XjﬂA:{wa’g]aC_I[l]and|a|=j}.

Proof. Clearly, (1) implies (2), and (1) follows directly from the definition of
X, (3.1), and the observation that

8:8,1=2(}) = [{@.plap el anp =G and aup] = )]
This completes the proof of (3.3)

Now suppose 1 < j,k </, and define X, , tobe X nX Then Xk is
the set of minimal (B, , B, )-double coset representatlves and 1f Jjr k<, then
X N4 is the set of mimmal (4;, 4,)-double coset representatives. Our goal
is to describe X & and X xN4. We will need the following characterization
of the subgroups A; and B

(3.4) Proposition.
(1) Suppose 1 < j<I. Then

Bj. =staby([j]) =staby({ -1, ..., = Jj}).
(2) Suppose 1 < j<Il—1. Then
A= stab ,([J ])-
Proof. Both (1) and (2) follow directly from the definitions. We will omit the
details of the proof.
For 1 <j,k <, define l/j’kZB—>NXN by
v ) =(LInx([kD ], [=1/1nx([kD]),

where —[j]={-1,...,-j}.
For the rest of this section we will fix j and k& and write v for Vig- Notice
that if x € 4, then v(x) = (|[j]Nnx([k])],0).
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(3.5) Proposition.
(1) Let x,y € B. Then B xB, = B;yB, if and only if v(x) =v(y).
(2) Let x,y € A and j,k <. Then AxA, = AyA, if and only if
v(x)=v(y).
Proof. Suppose first that (1) has been proved. Then (2) is proved as follows:
If x,ye€d with 4,x4, = A;yA4, then by (1), v(x) = v(y). Conversely, if
v(x) = v(y), then by (1), B;xB, = B,yB, . Since each B; (1<) < I-1)
can be factored as 4 ; times a normal elementary abelian 2-group, it is easily
shown that ijAk = Aijk .
We now prove (1). Since B;xB, = ka_lBj and v, ,(x) = Vk’j(x“l), we
will assume, without loss of generality, that j < k.
Let x,y € B and suppose that Bijk = Bijk . Let w; € Bj and w, € B,
with wxXw, =y . Then, using (3.4(1)), we have

[i1ny(lk]) = [ji1nwxw, ([k])
=w, ' ([j]) nx([k])
=[j1nx([k]).
Similarly,
{_la"' ) —J}ny([k]) ={—1,'“ ) —]}nx([k])s
so v(x)=v(y).
Finally, suppose that x,y € B and v(x) = v(y). By the preceding para-
graph, we may assume that x,y € X, . Let x = w, It where the labeling is as

in (3.2), and suppose v(x) = (m,n). Then, since we have assumed that j<k,
it follows that m + n < k. An easy computation now gives

x_l([j])={l,...,m}U{k+1,...,k+j—m—n}.
In particular, x—l([ j1) depends only on m and n, and not on a and S,

0O x_l([j]) = y—l([j]). Therefore, by (3.4), B;x = B;y, and so B xB, =
ByB, . This completes the proof of (3.5).

For the remainder of this section we will assume that j < k. For nonnegative
integers a and b with j+k—-/<a+b < j, define x;:];,in B by
(3.6) XN =(1,....a,j+1,....j+k—a—b,—j,...,
—j+b-1l,a+1,...,j=-b,j+k—a-b+1,...,0]).
(3.7) Corollary.
(1) Let j and k be such that 1 < j <k <. Then
X ={xlylj+k—I<a+b<j}
(2) Let j and k besuchthat 1 <j<k<Il-1. Then

X nA={xlglj+k-I<a<j}.
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Proof. This follows directly from (3.1) and (3.5). Once again we omit the-
details.

4. DETERMINATION OF X

Recall that X is the two-sided cell corresponding to the reflection represen-
tation of W . In this section we will describe reduced expressions for all the
elements in X and compute the n, of §2 for each type of irreducible Weyl
group. If the Coxeter graph of W has no multiple bonds, this is accomplished
in (4.2) and (4.3). The remaining cases (W of type B, [/ > 2], F, or G,)
are dealt with individually. For W of type F, or G,, we merely state the
results and omit the proofs (the proofs in the case in which W is of type F,
are similar to the proofs we will give for the case in which W is of type B ).
Hence most of this section is devoted to describing X and computing the n,,
when W is of type B, .

Recall our assumption that W is finite and indecomposable, so its Coxeter
graph is a tree. Thus, given s,t € S (not necessarily distinct) there is a unique
path in the Coxeter graph of W from the node corresponding to s to the node
corresponding to 7. Let s, ...,s, be the elements of S corresponding to this
path, where the labeling is such that s, =5, s, =1, s, and s, , are adjacent in
the Coxeter graph if 1 </i<r—1,and s, ,§,; are not adjacent if |i—j| > 1.
Define x , tobe s, ---s,. Notice that x =5, and if [st|>2 then x  =st.
Let X' = {x;, |s,1eS}.

Suppose that x, , = 5,5, € X'. It is easily shown that ,‘Z(xu) = {s}
and that Z(x, ) = {t}, so x,, € A;,. Applying this result to each s;---s
(1 <i<r), and using the definition of <, [8] we have

r

sl"'erLsz"'erL“'NLSr'

Therefore X' C X .

(4.1) Lemma. Let {s,,...,s,} be a subset of S and put w = s, ---s,. Then
in # we have C,, =C, - C

s

Proof. This follows easily using induction and (2.1). We omit the details.

(4.2) Proposition. Let s,t €S and put w = x,, = s,---S,, where the notation
is as above. Then if «, is the simple root corresponding to s, we have,

r—1
1
h, = G H<ai+l’ai>'

i=1
The empty product is interpreted to be 1. In particular, if the Coxeter graph
determined by {s,, ... ,s, } has no multiple bonds, then n, = 1.
Proof. This follows easily by recursion using (4.1), (1.6), and the definition of
n, . We omit further details.

¢
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(4.3) Proposition. X = X' ifand only if the Coxeter graph of W has no multiple
bonds.

Proof. Suppose first that the Coxeter graph of W has a multiple bond. Then
there exists s and ¢ in S with |st| > 3. By (2.5(4)), sts € X\ X' . Conversely,
suppose that the Coxeter graph of W has no multiple bonds, and just suppose
that x € X\ X'. Since x ¢ X' and x € X, there is an s € S that appears
at least twice in the reduced expression for x. By (2.5(4)), if t € S, tx < x,
and tx # 1, then tx has a unique reduced expression, so tx € X. Hence,
by multiplying x on the left and right by elements of S, we may assume that
x has the form sws, where s €. S, w € X with no element of S appearing
more than once in the reduced expression for w, /(x) =/(w)+2,and s € w.
Since w has a unique reduced expression, and the elements of .S appearing in
this expression are distinct, it must be that adjacent elements in this expression
do not commute. Thus w € X'. If [(w)=1,say w =t € §; then sts€ X,
so st has order at least 4, a contradiction. Hence we must have that /(w) >

1. Let w = X, =88, with the notation of the paragraph preceding
(4.1). Now, since sws € X, s and s; do not commute and s and s, do not
commute. Hence {s,s,,...,s } determines a cycle in the Coxeter graph of

W, a contradiction. Therefore we may conclude that X = X'

Now suppose that W is of type G,. Let S = {sl »$, }» and write «, for
a (i =1,2). Assume that o, is a short root. It is easily shown that X =
W\ {1,w,}. In what follows we will denote the simple reflection, s,, simply
by i (i =1,2). Thus, 121 represents the element s,s,5, of W . Then we
have

X\ X' ={121,1212,12121,212,2121,21212}
and
Ny =2, Py = 1 Ny =1,

Nipnp =3, Nyp =2, Myppp = L
Next suppose that W is of type F,. Let S = {s,,s,,s;,5,} and assume

that the labeling is such that s;s, and s;5, have order 3, and s,s, has order 4.
As in the preceding paragraph we will identify s, with i (i=1,2,3,4). Then

X\ X' ={2321,12321,232,323,4323,3234,43234},

and it follows from (4.7) that n, =1 whenever w € A, N (X\X).

For the rest of this section we will assume that W is of type B, and the
labeling is as follows: {a,, ..., } is a base of a root system of type B ; for
1<i<l, s, is the reflection corresponding to «,; and

-2 if(i,))=-1,D),
(ai,aj)= —1 if|i—j|=1and (i,j)#({-1,]),
0  otherwise.

Notice that this notation is consistent with that of §3.
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Let j and k be such that 1 < j <k </. Define x;; = 8818 (here

—1
X, =5 ), and define Xy =X - Then

X' ={x, |1<j,k<l}.
Let j and k be such that 1 < j, k </- 1. Define
Vik =8Siu1 S S
and define z, = s;s5,_,s,. Notice that yj_k1 =V, We can now state
(4.4) Proposition. X\ X' ={y, |1<j,k<l-1}uU{z}.
The proof of (4.4) depends on the following lemma.

(4.5) Lemma. Let 1 < j,k <[l—-1. Then %(yj’k) = {s.}, and é(yjyk) =
20-j—-k+1.
Proof. In the notation of §3, y ik is the signed permutation

(1, j=1,j+1, ...k, —j,k+1,....,])

of {1,...,1}. It follows easily from (3.1) that E (Vi) = {s, }. The fact that
by )= 2] — j — k + 1 now follows by induction on / — k. This proves (4.5).

We now prove the containment 2 in (4.4). Clearly z, has a unique reduced
expression and z, ¢ X', so by (2.5(4)), z, € X — X'. Let j and k be such
that 1 < j,k </—1. Then it follows from (4.5), and the definition of <, (see
[8]), that

Sj...SINRSj.'.S[SI_INR.‘.~st'.'sl...sk‘

Hence y;, € X\ X'.
To prove the opposite containment in (4.4), it clearly suffices to prove

(4.6) If Y ={x,|1<jk<Yuiy,|1<jks
[-1}u{z},then XCY.

Let w € X ; we will show by induction on ¢(w) that we Y. If {(w) =1,
then w =5, = x,, for some j, so w €Y. Suppose £(w) > 1 and F(w) =
{s,} (recall that w € X ). By induction, ws, € Y because ws, € X . There are
several cases.

First, suppose that ws; = z;. Then w = z;5, = 5;5,_,5,5,, and so no matter
what i is, w does not have a unique reduced expression. Therefore by (2.5(4)),
w ¢ X, a contradiction. Hence ws; # z, .

Next, suppose that ws; = Xk where j < k. Then w = X8, € X. By
(2.5(4)), w has a unique reduced expression, so we may conclude that either
k <! and i = k + 1, in which case W=X;;.,0r k=/and i=[-1,in
which case w =y (IR In either case, w e Y .

If ws, = Xk with k < j, then an argument similar to the preceding shows
that weY.
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Finally, suppose that ws; =y ik for some j,k. Then w=y xS € X, and
it follows from (2.5(4)) that k >1 and i=k—-1,s0 w = Yk €Y.

Since the preceding cases are exhaustive, it follows that (4.6) holds and hence
that (4.4) is proved.

We conclude this section by showing that n, = 1 whenever s and ¢ are in
S and w isin A, N(X\X').

(4.7) Proposition. Let s,t€S and weA N (X —X'). Then n, =1.

To prove (4.7) we need to express the basis elements G, for ye{y ik [1<
J,k <I—1},in terms of the generators {C | s€ S} of 7.

(4.8) Lemma. Fix j,k with 1<j<[-1 and25k§l—l,andputy=yj,k.
Let z <y. Then either zs, >z or zs,_, > z.

Proof. If j > k then zs, |, > z, and the result holds. Hence we may assume
that j < k. Suppose that zs, _, < z, we will show that zs, > z. By the
Subword Property, z is obtained by deletion from y = s eSS Thus
zs,_, < z implies s, _, is not deleted. There are several cases.

First, suppose that both s, ’s are deleted. Then clearly zs, > z.

Next, suppose that the first 5, is deleted. In this case, move s, _, as far to
the right as possible in z. Then z = ws, s, , where 5, | £ w, 5, £ w, and
£(z) = ¢(w)+ 2. Since zs, _, < z, we have ws,_,s,5, | < ws,_,s, . By the
Exchange Property, either

(1) ws,_,s,5,_, =ws,_,s, (where & <w and {(W) ={(w)—1),
(2) ws,_,8,8,_, =ws,,or
(3) ws,_,8,.8,_, =ws,_,.

The last two possibilities cannot occur because |s, s, | > 2. Therefore
WSy SgSg—y = WSSy >

so ws, = < w . But this contradicts our assumption that 5, £ w, hence this
case cannot occur.
Next, suppose that the second s, is deleted. Then

ZSSj.“sk—lsknlslu.sk+l'

In this case, considering z as a permutation, we have z(k—1) =k and z(k) =
k+1. Thenby (3.1), zs,_, > z, a contradiction. Hence this case cannot occur.
Finally, suppose that no s, ’s are deleted. Then

ZSS/"'Sk—lsk"'Sl"'Sk'

Again, considering z asa permutation, we have z(k—1) = k. Since zs,_, < z,
it follows from (3.1) that k € N(z). Hence z(k) < z(k—1). Itis easily checked
that z(k+1)=k+1,s0 z(k) < z(k +1). Using (3.1) one more time, we see
that zs, > z. '

Because the previous cases are exhaustive, it follows that (4.8) is proved.
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In order to simplify the notation, we will write C, for C, when s = s,.
Also, given j,k with 1 < j < k </, define D, to be CJ.CJ.Jrl --C,, and
define D, ; to be C,C,_, ~-Cj. Notice that DJ.J. = Cj for 1 <j</I.

(4.9) Lemma.
(1) Let j besuchthat 1 <j<!-—1 andlet y =Y;;_1- Then

J
¢,=D;,, CD,_,,_,—Dj, ;.

(2) Let j and k be such that 1 < j<I-1and 1<k <I1-2, and let
Y=Y Then

Cy = Dj,[—ICIDl—l,k - Dj,l—lDI—Z,k

(here we have assumed that | > 2).

Proof. (1) Let y = Yjs—1»and put x = X Then by (4.1), C, =D,,, and by
(2.1),

(4.10) C.C,=C,+ Y u(z,x)C,,

z<X
FARA)

where we have written s for s,_, .

We claim that when z < x, zs,_; < z, and u(z,x) # 0, we must have
that z = xs,. If so, then by (4.1), C, = D, and (1) follows from (4.10).
Just suppose that z # xs,. Then by (2.9), #Z(x) C %#(z), so zs; < z. Since
zs;_ ;<zand x =3 S it follows from the Subword Property that z =
ws;_,s;, where w < Si S, But then zs,_, > z, a contradiction. Hence
z = xs;, and (a) is proved.

(2) We will prove (2) using induction on /—k . Suppose that k = /-2, and
let y = Yir-1- By (2.1), we have

(4.11) C,C_y=Cy+ > u(z,)C,,
z<y
zs<z

where we have written s for s,_, .

We claim that there areno z € W with z <y, zs,_, <z,and u(z,y) #0.
Hence the result follows from (4.11) and (1).

Just suppose that z € W with z <y, z5,_, < z, and u(z,y) # 0. By
(4.8), zs,_, > z. Since zs,_, < z, it follows that z # ys,_, = Si Sy Then
by (2.9), #Z(y) € #(z). Therefore zs,_, < z, a contradiction, so no such z
can exist.

Next, suppose that k </ —2,and let y = Yikst -

(4.12) C,Co=Cp+ > u(z,y)C,,
z<y
z5<z

where we have written s for s, . The argument used in the preceding paragraph
shows that the sum in (4.12) is empty, so (2) follows easily by induction. This
completes the proof of (4.9).

By (2.1) we have
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We can now prove (4.7). It follows from (4.9) and (2.6), that if 1 < j, k<
-1,y =Yjx> S=8,and =5, then Cydk = —(u'/:Z +u_1/2)dj. Therefore
n, = 1. Hence, to prove (4.7) it remains to show that if z =z, and 5 =5,
then n_ = 1. This last statement is an easy consequence of the fact that C, =

C,C,_,C, - C,, which is proved using (2.1). This completes the proof of (4.7).

5. APPLICATION TO TYPE A |_,

In this section we apply the results of the previous sections to give explicit
formulas for the #(x,s,t) when W is of type A, ;. In order to do this, we
first compute the Kazhdan-Lusztig polynomials Q> for x € X and w €
W . These polynomials have also been computed using a different method by
Lascoux and Schutzenberger [7]. We conclude the section by deriving an elegant
formula for the diagonal entries, n(x,s,s), due to Tiwari [14]. In §6, we will
consider the case in which W is of type B, . This latter case is complicated by
the fact that the Bruhat posets arising from the double coset spaces of pairs of
maximal parabolic subgroups are not linearly ordered, as they are when W is
of type A,_,.

Throughout this section we will assume W is of type A, |, and use the
results and notation of §3 and §4. In particular, we will consider elements of
W as permutations of the set {1,...,/}.

Recall that for 1 < j,k </-1, Aj is the maximal parabolic subgroup
generated by {s,| 1 <i</—1landi# j}. Also, when j < k, the minimal
(4;,4, ) double coset representatives are {x] :g | j+k—-1<a<j}, where
x;:g is defined as in (3.6). When j and k are fixed, we will write y, for x"z :g .
Since w € W implies that v (w) = (a,0) for some a, we will write just
l/j)k(’I.U) = a throughout this section. Notice that y;= 1, y, ,=s;-5,and
if j =k, then Vi1 =5

By the results in §4, X ={x,, |1<j,k </-1}, where in the notation of

the preceding paragraph, Xk =V =85

(5.1) Proposition. Suppose that 1 < j<k<Il-1, weW, v y(w)=a with

j—a—1

a<j-land x=x;,,.Then Q , =1+u+ - +u

Proof. By [6, (2.3g)], the function o,_ from W to Q[u] is constant on
(4 i A, ) double cosets, so we may assume that w = y, is a minimal ( 4 In A,)
double coset representative. We will prove the result using induction on ;.
First, suppose that j = 1; then a = 0. Hence x = w, so Qx’w =1 as
desired.
Next, suppose that j = 2, and write s for s,. If a=1, then x = w and
Q, ., =1, so the result holds. If a =0, then from (2.10) we have

(52) Qx,w = $X,SW + ust,w'
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Notice that sx = x , . It follows from the definitions (and our assumption
that w =y, ) that v, , (sw) = v, ,(w) = 0. Thus, by the preceding paragraph,
Qsrsw = Qixp = 1. Therefore @, =1+ u, and so (5. 1) holds.

Finally, suppose that j > 2. If a = j—1, then x = w,s0 Q, = 1.
Assume that a < j — 1, and put s = s;_, and t =5;_,. Then by (2. 10)
(53) Qx w = st Sw + ust,w - thsx,w'
Notice that sx = X1k and tsx = e Thus, we can compute st o

Qrw-and Q. once we determine uj_l,k(sw), uj_l,k(w) and v;_, k(w)
It follows from the definitions that

uj_l’k(sw) = j_l,k(w) = Vj_zyk(w) =a.
If a=j—-2,then tsx £ w; so by (5.3) and induction, Q = 1+u. If
a < j—2, then by (5.3) and induction,

Q=04+ rul 4+ —u(t 4+

=14 4u

This completes the proof of (5.1).

We can now compute the matrix entries n(y,s,t) for y € W. Let y be in
W and s bein S. It follows from (1.6) that n(y,s,t) = —n(ys,s,t), sO we
may assume that ys > y. In order to simplify the notation somewhat, we will
write n(y,k,j) for n(y,s,t) when s =5, and t=s;.

(5.4) Theorem. Suppose 1 < j,k <1 —1 and y € W with ys, >y and
v, (y)=a. Then

{(y)+a—(1/2)(j+k)

u ifv, (ys,)=a-1,
"0k ) = IY40050

0 otherwise.
Proof. We first remark that ys, > y implies that either v, «s) =a, or
Vj,k(ysk) =a-1.

Let s =5, t=35,and x = X It follows from the results in §4 that

A;,={x} and that n = 1. Hence we may rewrite (2.8) as

7t(y, k,]) = uy[ulj—k l/z(Qx,ys - QY,V)]

If Vj‘k(ys) = Vj,k(y) > then Qx’ys = X,y SO n(y,k,j) = 0
Let v, «(¥s) =a—1. To complete the proof it suffices to prove

(5.5) Qs =0, =u"""
where m = min{j,k}.
Suppose first that m = j < k and a = j. Then @ =0, , =0 and

Qxys =Q,,=1,50(55) holds. If m=j and a </, then (5 5) follows from
(5.1).
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Next suppose that m = k < j, then
(5.6) Qx,ys - Qx’y = Qx—l,_gy—l - Qx—l’y—l'

Since kaj(w_l) = v, (w) for all w € W, it follows from the preceding

paragraph that the right-hand side of (5.6) is «*™* = «™ %. Hence (5.5) is
proved.

We conclude this section, as mentioned above, by deriving from the pre-
ceding discussion a formula due to Tiwari for the diagonal entries, 7n(y,i,i).
Unfortunately (?) this formula does not seem to generalize to other types of
Weyl groups.

Let j and k be such that 1 </ < /-1 and let x € W. Define £,(x)
to be the minimal number of s,’s appearing in a reduced expression for x.
For example, ¢,(s,s,s,) = 1, since s,5,5, = 5,5,5,. We will say that a reduced
expression for x is i-reduced if the number of s,’s it contains is exactly ¢,(x).

For the rest of this section, fix / with 1 <i < /-1, and write v for V-
Thus

vx)=1{1,...,i}nx({1,...,i})|
(5.7) Proposition. Let 1 <i</—1,andlet xe W . Then {(x)=1-v(x).

Proof. We first show that ¢,(x) is constant on (4;,4,) double cosets. Suppose
that there isa k with k #/ and 5, x < x. Let x = S, Sy, be an i-reduced

P
expression for x. Then by the Exchange Property, s,x = S, S5 for

o e
some j, where ~  means delete. Because k # i, it follows thatj p; # 1,80
55, ~--§p\j-~~sp’ is i-reduced. Hence ¢;(x) < £,(s,x). Also, £,(s,x) < £,(x)
because k # i, so £,(x) = £,(s,x). It follows that £,(x) depends only on the
(A,,A;) double coset containing x .

Recall that the minimal (4;, 4;) double coset representatives are {y, | 2i —
[ <a<i},and that v(y,) = a. We will show, using induction on i —a, that
Ly)=i-a.

If a=1i,then y, = 1, and there is nothing to prove. Assume that a < |

and ¢,(y,,,) = i—a~ 1. It follows from the definitions that v(s;y,,,) = a, so
it suffices to show that £,(s;y,,,) = £,(y,,,) — 1. This follows from
(1) 3(ya+|) = {S,'}s and

(2) if we W with s;w <w, then £, (w)—-1< £(s;w) <4 (w).
(1) follows from the fact that y, , € X, ;, and (2) is proved using the Ex-
change Property, as in the preceding paragraph. This completes the proof of

(5.7).

Let y € W. Define r, to be the coefficient of the simple root «; in y(o;),
Then r, € {-1,0,1}. Also, define m(y) tobe £(y) —£,(y).

(5.8) Proposition. Let y € W . Then n(y,i,i) = ryu”'“’),
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Proof. Write s for s, and suppose that y(i) = j, and y(i +1) = j, (here we
consider y as a permutation). Then

1 lfJISlSJZ‘l,
r,=9 -1 ifj,<i<j -1,
0 otherwise,

and ys >y if and only if j, < j,.
First, suppose that ys > y. Then r, € {0,1}.If r,= 0 then either i < j,,
or j, <i. Hence

{jlyjz} lszsl’
1%} otherwise.

{f,,jz}ﬂ{l,...,i}z{

In either case, v(ys) = v(y), so by (5.4), n(y,i,i) = 0. Therefore, (5.8) is
proved in this case. If r, =1, then v(ys) =v(y) - 1; so by (5.4), n(y,i,i) =

ui(y)+a—i

also.

Next, suppose that ys < y. Then r, € {-1,0} and j, < j,. If r, = 0,
then either ./ < j, or j, < i. In either case, v(ys) = v(y); so by (5.4),
n(y,i,i) = —n(ys,i,i) = 0. Finally, if r, = —1, then v(ys) = v(y) + 1, so
m(y) = m(ys). Because r = — it follows from the preceding paragraph

where a =v(y). By (5.7), v(y) = i—£,(y), so (5.8) holds in this case

p
ys?
that n(y,i,i) = —n(ys,i,i) = ryum(y) . This completes the proof of (5.8).

6. APPLICATION TO TYPE B,

Throughout this section, W will be a Weyl group of type B, and we will
use the notation of §3 and §4. In particular,

X={x, [1<j,k<I}U{y, | 1<jk<i-1}u{z}.

We will also write n(y,k, j) for n(y,s,t), and A, ¥ for As’t , when s =5, and
t=s;. In this section we compute the Kazhdan-Lusztig polynomials, Qx’w ,
for x € X and w € W, and the matrix entries, n(y,k,j), for y € w and
1<j,k<!. Asin§5, n(y,k,j) depends only on Vj,k(y) and v; ,(ys,); but
if v, ()= (a,b), and ys, >y, there are four possibilities for uj,k(ysk). In
each of these cases we obtain a different formula for #n(y, k%, j).

(6.1) Proposition. Let j and k be such that 1 < j,k<I[. Let x € Ao and
let weW with v, (w)=(a,b).

(1) Suppose 1 < j<l, X=X and a<j-1. Then

j—a—1

Qp=l+u+ - +u
(2) Suppose 1 < j<k<I-1, X=X, and a< j—1. Then

—a—1
Qu,=l+u+ - +u™
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(3) Suppose x =z, (so j=k=1)and a<l-2. Then
Q=1+ +u'+ -+ TR
where [-] is the greatest integer function.
(4) Suppose x =5, (so j=k=1)and a<!—1. Then

2 2A(l~a—1))2
Q.,=1+u 4o gL

(5) Suppose 1 < j<k<l-1, X=Y and b>1. Then

Qp=l+ut +u"",

Proof. The proof of (6.1) is long, but straightforward, and the arguments are
the same as those used in the proof of (5.1). For example, (1) is proved using
induction on j. If j =1 then there is nothing to prove. Let j > 2, ye W,
and suppose I =S —Z(y) and J =S - Z(y). Then Q _ is constant on
(W,,W,) double cosets. This fact, and the recursion formula in (2.10) are used
to express Q -~ in terms of Kazhdan-Lusztig polynomials, Q where the

“j”for x' is “j—1.” We omit further details of the proof.

x'w!

Suppose for a moment that 1 < j <k </-1, y e W with ys, >y, and
v; x(¥) = (a,b). Considering y as a signed permutation, and using (3.1), there
are three possibilities for y(k) and y(k +1):

(1) k,k+1¢N(y) and y(k) <y(k +1),
(2) k,k+1eN() and y(k+1)<y(k), or
(3) k¢ N(y) and k+ 1€ N(y).

Suppose (1) holds. Then either y(k) < j < y(k + 1) or not. If so, then
uj’k(ys,\,) =(a—1,b), and if not, then uj,k(ysk) =(a,b).

Suppose (2) holds. Then either y(k + 1) < j < y(k) or not. If so, then
v (s) = (a,b+ 1), and if not, then v (r8) = (a,b).

Suppose (3) holds. Then there are four cases:

(i) If y(k)>j and y(k+1)>j,then v, , (ys,) = (a,b).
(ii) If y(k)<j and y(k +1)>j, then v, ,(ys,) = (a — 1,b).

(iii) If y(k) > j and y(k+1) < j, then v, ,(ys,) = (a,b+1).

(iv) If y(k)<j and y(k+ 1)< j, then I/ij(ySk) =(a-1,b+1).

We may conclude that, in any case,

v, (vs) € {(a,b),(a-1,b),(a,b+1),(a—1,b+1)},

and all four possibilities can occur.

Let j be such that 1 < j </, and let y € W with ys, > y. Suppose
v, (ys) = (a, b). Then a similar argument shows

uj‘,(ys,)e{(a,b),(a— 1,6+ 1)}.
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(6.2) Proposition. Suppose 1 < j,k <1, y € W with ys, >y, and Vi () =
(a,b).

(1) Let j and k be such that 1 < j,k<Il—-1. Then

0 v, (ys)=(a,b),
L)+a=(1/2)(+k) iV, (v50) = (a—1,b),
ifuj,k(ysk) =(a,b+1),
ifv,(vs) =(a-1,b+1)

u
n(y.k,j)= ue(y)+j+k—21—b

uf(y>(ua—(l/2)(j+k) + uj+k—-21—b)
(2) Let j be such that 1 < j <. Then
l:fyj’[(ys[) = (aab),

(v, 1)) = —2
{ WU ey (vs) = (a~1,b+1),
(3) Let k be such that 1 <k <. Then

lfV/yk(ySk) = (a,b),

0
n(y,k,l) = _
2, W+a=(1/2)(k+D) v, (vs)=(@-1,b+1).

Proof. Let j and k be such that j < k. Then (6.2) is a straightforward
application of (2.8), the computation of the n, (w € X ) in §4, (6.1), and the
preceding remarks concerning v ik (rs;) -

Let j and k besuch that j > k. Then (6.2) is proved as in the previous case,
using the additional results: Q@ = 0, -1, for x,w € W, and Vj,k(y) =
uk’j(ynl), for ye W.

As an example, we will prove (2) when j = k =/ (this is the most compli-
cated case). Let s =5, and z = z,. Then, by the results in §4, A, , = {s, z}
and n, = n, = 1. Hence, by (2.8), it suffices to prove

(6.3) If v, ,(ys)=(a—1,b+1), then n(y,l,]) = utwra=t
Using (2.8) again, we have
(6.4) n(y, L) =u,[(Q,,, - Q,,) +uQ,, —0.)]

If a=1, then QO s=land Q =0, =0  =0;s0 (6.4) implies (6.3).
If a=1[-1, then Qs =0,=0,,,=1 and Qz’y = 0; so (6.4) implies (6.3)
in this case also. If a </ -2 and / — a is even, then by (6.1) and (6.4),

n(y, 10 =u,[u'~*+0] = S ora=l
If a</-2 and /- a is odd, then by (6.1) and (6.4),
n(y, L) =u, [m] _ et

Hence (6.3) holds, and so (6.2(2)) is proved.
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