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UPPER BOUNDS FOR ERGODIC SUMS
OF INFINITE MEASURE PRESERVING TRANSFORMATIONS

JON AARONSON ! AND MANFRED DENKER 2

ABSTRACT. For certain conservative, ergodic, infinite measure preserving trans-
formations 7' we identify increasing functions A, for which
n

limsupLZfoTszfdu ae.
X

n—co A(n) &=

holds for any nonnegative integrable function f . In particular the results apply
to some Markov shifts and number-theoretic transformations, and include the
other law of the iterated logarithm.

0. INTRODUCTION

We study the asymptotic behaviour of S, =>/_, f(x,) where (x,);., de-
notes the forward orbit of some point x under an ergodic measure preserving
transformation 7 of a o-finite, nonatomic measure space (X, %, u) (that is
X, = T* (x), x € X), and f denotes a nonnegative, integrable function with
positive integral on X 12

In case the measure space is finite, the asymptotic behaviour of S, is given
by the Birkhoff ergodic theorem [11], lim, | __ 1§ = Iy fdu/u(X) for u-ae.
X € X, and so we restrict attention to infinite measure spaces. We make the
additional assumption that S, — oo for u-a.e. x € X and for every such f,
i.e. that T is conservative. In this case the Hopf ergodic theorem [11] states
et i ket S5 _ [y S du

n—oo EZ=1 g(xk) fX gdu
whenever f and g are nonnegative functions on X with positive integrals
(denoted by f, g € Li(,u) ).

Owing to the infinity of the measure space, it is never possible to replace the
denominators ) ;_, g(x,) by constants [3], and, indeed if b(n) T, b(n)/ | 0
then liminfS, /b(n) =0, co a.e. We search for sequences A(n) > 0 such that

(1) limsupSn/A(n)z/fdu a.e.
n—oo X

a.c.

for some and hence all f € Li(u) .
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There are transformations for which no such sequences exist [2, §2]. In
this paper we give results identifying, for a natural class of transformations,
sequences A(n) satisfying (1). Using these, we find upper and lower class
functions for the sums of nonnegative, cf. mixing (see §5) stationary random
variables which are in the domain of attraction of a positive stable law.

This class of transformations includes all recurrent Markov shifts with regu-
larly varying return sequences (see below), and the “number theoretical” trans-
formations of [24], of which perhaps the simplest is the transformation of G.
Boole: x — x — 1/x, preserving Lebesgue measure on R (see [6 and 18]).

Next, we proceed to define our class of transformations, after introducing
some relevant notation. Let 7 be a conservative, ergodic, measure preserving
transformation (c.e.m.p.t.) of the infinite, o-finite, nonatomic measure space
(X, %#,u). The operator f — foT on L™(u) has a dual which preserves
Ll(,u) . We denote the restriction of this dual operator to L' (u) by T. Clearly,
JyfgoTdu=[,T(f)gdu for feL'(u) and g€ L™(u). Aset A€ Z,
0 < u(A) < oo is called a Darling-Kac (D-K) set for T [4, 9] if there are
constants a, such that

1k .
nlgglo E; ; T"1,=u(4) uniformly on 4.

If a c.e.m.p.t. has a D-K set, then [4, §1]
2) lim iZT"f=/ fdu ae.
X

forall fe L (u) . Hence the sequence a, depends only on 7" and not on the
D-K set 4. It is denoted by a, = a,(T) and called a return sequence for 7.
See [1] for a further discussion of return sequences.

In this paper we restrict attention to transformations, whose return sequences
are regularly varying with index 0 <a <1, thatis q,(T) = n“h(n), where, by
Karamata’s theorem [23],

h(t) = exp (n(t) + /cts(s)/s ds) ,

where ¢ > 1, n(t) = n, € R and &(f) — 0 as 1 — oo. Since (2) depends
only on the asymptotic growth rate of the return sequence for 7, there is no
loss of generality in assuming that n = 7n,, ¢ =0, &(s) =0 for 0 <s <1
and that |e(s)| <0 < a/4 for all s > 1. We shall always assume the existence
of a Darling-Kac set of which the return time process (sequence of interarrival
times) has one of the mixing properties defined in §1. These mixing properties
are satisfied, if, for example, the return time process is y-mixing.

Our class of transformations includes important examples from probability
and dynamics.
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If T is a null recurrent Markov shift with discrete state state space, and A is
the event of a visit to a fixed state at a fixed time, then the return time process to
A is independent. It also follows [9] that 4 is a D-K set for 7. In particular,
if T is the Markov shift of a centered random walk on the integers with finite
jump variance ¢? and the invariant measure is normalized, so that the events
of visits to fixed states at fixed times have unit measure, then, by the local limit
theorem,

2
an(T) ~ ;[;-571 .

b=

If T is a transformation satisfying the assumptions of M. Thaler [24] then
[4, Theorem 3] T has D-K sets, whose return time processes are mixing in
the above sense. This is shown in the proof of Theorem 3 in [4]. The return
sequence can also be calculated by this theorem. In particular, if 7 is Boole’s
transformation x — 1 — 1/x preserving Lebesgue measure on R, then

V2 1
an(T) ~ 7”5 .
Alternatively, if T': [0, 1] — [0, 1] is defined by

X
o )

where 0 < o <1 and {} denotes the fractional part, then there is an absolutely
continuous invariant measure with density x~ Ve f(x), where f is continuous
and positive on [0, 1]. The return sequence satisfies a,(7T) ~ cn®, when 0 <
a<1,and a,(T)~n/logn, when a=1.

For transformations 7 of the class defined above, we identify increasing
sequences A(n) satisfying (1) (Theorem 4), and this identification only depends
on the return sequence for 7 . In particular,

. 1 “ k
limsup oy 2= ° T =K, [ Sau ac.

for any f € Li(,u), where a,(T) ~ a(n) = n"h(n), h slowly varying, and
where K = ﬁ%‘)ﬂ% Here and throughout L(x) = L,(x) = log, x and
L, ,(x)= L(L,(x)). These results hold simultaneously for similar transforma-
tions [1] (see the example at the end of §4).

Theorem 4 seems to be the first of its kind for transformations arising in
dynamics, while the probabilistic examples have been considered before. This
theorem was proved by K. L. Chung and G. A. Hunt [8] for T being the Markov
shift of the simple random walk on the integers, by M. Lipschutz [19] and N.
Jain and W. Pruitt [14] for Markov shifts of more general random walks, the
latter using an invariance principle and the other law of the iterated logarithm
for stable processes [10, 17].
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We apply the results of §4 to obtain results (Theorem 5 and Corollary 3) on
upper and lower class functions for the sums of positive, stationary cf. mix-
ing random variables which are in the domain of attraction of a stable law of
fractional index. This is done in §5. Let (Xn);,“; , be such a sequence of such
random variables satisfying

1

Prob(X, 2 )~ Fr— o v arnn 317

where 0 < a < 1 and where & is slowly varying. Define b(n) by b(n) =
n"/“Rh(b(n))”"/* . It is known (see [4] and references therein) that Sioi X /b(n)
tends in distribution to a positive stable law of index «. We show in Theorem
5(c) that

1
hnrggoxfb /L, (n) ZX ( ) a.e.

The paper of M. Lipschutz [20] contains Corollary 3 in the independent case,
however under severe additional assumptions on the slowly varying function 4
and the paper of M. Wichura [25] contains a result implying Theorem 5(c) in
the independent case.

To conclude this introduction, we explain our plan of attack. To this end
let T be a transformation of our class, 4 be a suitable Darling-Kac set for T
and S, = ZZ=1 1,oT . To prove our results, we shall use a new Borel-Cantelli
lemma for sets of the form AN {S, >}, and an estimation of the measure of
these sets.

The Borel-Cantelli lemma is proved in §1 (Theorem 1). Its proof uses heavily
the structure of the set {S, > ¢} and needs only the mixing structure of the
return time process to A . It is different from the corresponding result of K. L.
Chung and P. Erdés [7], which is used in [20].

The estimations of u(4N{S, > t}) (Theorem 3) are carried out in §2 and
§3.

The method of proof relies on sharp estimations of [, Sﬁ du (Theorem 2)
for moderate p’s, which are obtained using the dual operator T.

1. BOREL-CANTELLI LEMMAS

Let (X, %, u,T) be a conservative, ergodic measure preserving transfor-
mation, 4 € & and u(4) =1. (If 0 < u(4) < 0o, then the measure u can be
renormalized so that u(A4) = 1, and the sequences A(n) in (1) renormalized
accordingly.) Let ¢ be the first return time function to 4 of pointsin A4:

p(x)=min{n > 1: T"(x) € 4} (x€A),
T,: A— A be the transformation induced by 7 on A4 [16]:

T,(x) = T""(x),
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¢,(x) be the time of the nth return of x to A under T:

0,00 = o(T, " (),
k=1
and .
S,(0) =3 1,(T"(x))
k=1

the number of returns to 4 up to time »n. Clearly,

S

p X)) =n and S (x)>2me g, (x)<n.

In this section, we prove Borel-Cantelli lemmas for events of the form 4N
{Sx >a,} where K, = [»"1, y > 1 and a, > 0, under certain conditions.
The probabilities of these events will be estimated in the sequel, whence the
identification of upper bound sequences.

Definition. Let %, = g{p o Tj: k>0}.
(a) The return time process of 7 on A is said to be uniformly mixing from
below (u.m.b.) if, for all C € %, with u(C) > 0 there exist § >0 and k, > 1

such that forall n>1, Beo({poT;:0<j<n}) and k > k,:

u(BNT,"C) > ou(B).

(b) The return time process of 7" on A is said to be strongly mixing from
below (s.m.b.) if for any C € %, with u(C) > 0, there exists a(n) | 0 such
that 72 a(n)/n < oo and forall n > 1,Be€o({poT}:0<j<n}), and
k>1

—(n+k
uBAT;"C) > u(B) u(C) - alk).
We prove first

Theorem 1. Fix y > 1, and let K, = [7"]. Suppose that a(n) > 0 is such that
for all M > 0 there exists m > 1 such that a(n+m) > Ma(n) forall n> 1.
Suppose also that the return time process on A is either (a) u.m.b. or (b) s.m.b.
Then:

(1) if Yoo, mA4n {Sx = Ba(n)}) <oo forall p>1 then

K
. 1 L k /

limsup — oT < d
n—»oop a(n);f - Xf ‘u

a.e. forany f € Li.
(1) if Yopo, m(AN{Sy >ra(n)})=oc forall r <1 then

h—oo

K"
limsupﬁZfoTk Z/Xfa’u
k=1

a.e forany f e LL.
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Remark 1. If there exists an m such that a(n + m) > 2a(n) for n > 1 then
a(km +t) > 2¥ a(t) and hence a(n) > &2"™"" where ¢ = min{a(s): 4 <1<
m} . Thus there exists y, > 1 such that a(n) > y{' for all large n (y, < 2'/"’).
Proof. (i) If Z:’;I/L(A N{Sy > Ba(n)}) < oo forall g > 1, then clearly
limsup Sy /a(n) < 1 a.e. on 4, whence by ergodicity limsup Sy /a(n) < 1
a.e. on X . By Hopf’s ergodic theorem for every f € Li

K"
limsup%n) > fo T < /Xfa'u a.e.
k=1

(ii) Now suppose Y oo, u(AN{Sy >ra(n)}) =oo forall r < 1. We prove
that limsup Sk /a(n) > 1, which suffices by Hopf’s ergodic theorem.

Fix ¢ > 0. Let m be an integer such that a(m + n) > 4a(n)s_1. Let

n—0o0

D, = ﬁ Aﬂ{SKV <(l—-¢)a(n)}

v=N

A, =A0{S >(1- 1e)a(n)}

n
and
B =4, nT;“"'D,.
We must show that u(D,) =0 forall N> 1.

Step 1. We show that 372 1,m(x) < N+m ae.on4 forall N>1.
In order to prove this, ix N > 1. For x € 4, let

vy =vy(x)=min{vr > N: x € BIEN)} <.

If vy(x) = oo then there is no v > N such that x € B,(,N) and Step 1 is
established.

We assume henceforth that yy(x) < oo, and that x € limsup7 "4
(D Amod u by conservativity). For v > yy(x) + m:

SK (x)=S (T¢la(vo)l(x)(x))

p ¢[a(v0)1(x)(

= [a(v)] + Sy

x)+ S
) K, = Plauon(*

[a(y)]
_¢[a(vo)](x)(TA 0 (x))

< a(vy) + S (T4 (%)

<a(yy) + (1 -¢)aw) < %a(u)+(1 —e)a(v)

= (1 - %z—:) a(v) < (1 - %) alv),

where we used that x € Biiv) implies that T/[f("")](x) € Dy, C {S¢ <
(1 —e)a(v)} for every v > N. Hence v,(x) < oo implies that x ¢
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A,(Yv > v, + m) and therefore x ¢ B(N)(Vu > v, + m). Thus

o) vo(x)—1 vo(x)+m—1
Z IBI(’N) Z IB(N) X) + Z IB(N) (X) + Z IB,(;N) (X)
v=] v=N+1 v=yy(x)

+ Z IB£~)(X)§N+m.

v=yy(x)+m
Step 2. We show finally that for every N > 1 u(D,)=0.
We prove Step 2 by showing that if u(D,) > 0 for some N > 1 then

23:1 u(Bf,N)) = 00, in contradiction to Step 1. We give different proofs of this
statement according to the assumptions made.
Under assumption (a), if u(D,) > 0 then there exist 6 > 0 and k, > 1

such that u(B N T_("+k D) > 8 u(B) whenever k > ky,n > 1 and B €
({(ooTj‘.OSJSn— 1}). Now
A,, = {SKu >(1- %)a(l/)} = {¢[(1 )a(,/)] <K }
€o({poT:0<j<[(1-5aw)]-1}).
Moreover there exists v, such that forall v > v, [a(v)]-[(1 -%)a(v)] > k,,
whence for all v > v, we obtain
u(B,") = w4, nT,*'Dy) > 5 u(4,)

and Y 7, ,u(B,(,N)) =00
Under assumption (b), writing p, = [a(v)] — [(1 — §) a(v)] we have that
u(BY) = (4, n T;°"Dy) > u(4,) w(Dy) - alp,).
Now p, ~ fa(v). By Remark 1, there exists y, € (1, y) such that a(v) > y'l’
for v large, whence for some », € (1, 7,] and some v, we have that p, 6 >
v, (Y >w)) and 307 a(p,) < 300 a(y;) < oo by condensation. Thus for

some M
oo

S uBM) > u(Dy) Y uA,) - alp,)
v=1 v=1

v=1

(Dy) Y u(4,) -
v=I

if w(Dy)>0. O

Corollary 1. Suppose that b(n) 1, b(n)/n | as n 1, and that for all M > 1

there exists an m > 1 such that b(mn) > M b(n) for all n > 1. Suppose also

that the return time process of T on A is either (a) u.m.b. or (b) s.m.b. Then
(1) if o2 Lu(An{S, > Bb(n)}) < oo forall B> 1, then

limsupz—(ln—)Zfo Tks/xfdu a.e.
k=1

n—oo

for every f e LL .
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(ii) if Y00, Lu(An{S, >rb(n)}) =00 forall r <1, then

limsup ZfoT >/fd,u a.e.

n—oo

forall feLl.
Proof. For y > 1,1let K, = K (7) = [y"]. Choose & = &(y) > O such that

e<Yirt k' <e! (Yn21). Thus

Z ;ﬂ(A N{S, > Bb(m}) 2e) uAn{Sy 2 Bb(K,,)})
n=1

n=0

ZsZu(An{SK"ZﬂK,,+1K b(K,)})
n=0

since b(n)/n | as n 1. Since lim,_, Kn+lK =y, we have that

Z% (AN{S, = Bb(n)}) <oo (VB >1)

D uAN{Sy ) 2 By (K, (1)} <oo (VB,7>1).
n=1

Similarly,

oo

2

w(AN{S, > rb(n)}) = 00 (Vr < 1)

:I—-

= me{s&(y) >ry" B(K, ()} =00 (Yr<l,7>1).
n=1
Now fix y > 1 and let a(n) = b(K, (7)) . The assumptions of Theorem 1 are
satisfied, and so
1) if 300, luan{S, > Bb(n)}) <oo (VB > 1), then
Sk

lim sup st <y ae.
n—oo a(n)

whence

. S,
n—oo b(N) T Tnooo a(K,,)
(ii) if Z::l %u(A N{S, >rb(n)}) =00 (¥r <1), then

-1
E

lim sup

n—0oo

n Zy

K
n)

whence
S

lim sup > limsup

K -1
e () mEP a(m) =7

a.c.
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Letting y | 1 the corollary follows from Hopf’s ergodic theorem. 0O

2. ESTIMATION OF MOMENTS

Suppose that (X, %, u, T) is a conservative and ergodic measure preserv-
ing transformation and a,(T) ~ n®h(n) where 0 < a < 1 and (as in the

introduction) logh(t) = n, + fo (s)/sds where

(i) e(s)=0 for 0<s<1,
(i) Jim e(s) =
(iii) le(s)| <6 < %a (Vs > 0).

Suppose that 4 € & is a Darling-Kac set for 7" with u(4) = 1. If 0 <
u(A) < oo we can renormalize the measure u and the return sequence a,(7)

and the sequences A(n) in (1), so that u(4) =1. Let §, = EZ=1 1,0 T . In
this section we estimate the pth moments of S, from above and below.

Theorem 2. For every B > 1 there exists ny € N such that for all integers
nxng and ng<p<s Lz(n)z,

'/ I'(1+ @) o
([ span) ™ =00, ) B2 507 hing)
A a e

where 6(n, p)e (B, B).
Remark. (a) In case that

sup{|s(t)—a(s)l: 0 §s§t}=o<f31—(t—)) ast— oo,

we have y
p
(/ Ry a’u) =06(n,p) —r(le-'; 62 p ) hin)
(b) In case
h(s) }
su — -1 —0
zgsger)z(z) h(t)

we have that
1/p
+ —a) _a
(/S"du> o(n, p)_é(l_‘z))p“ "n® h(n).

Proof. The proof uses a sequence of lemmas, one of which (Lemma 2.8) is the
crucial one. When Lemmas 2.10, 2.11 and 2.12 are established, Theorem 2
follows immediately, using Stirling’s formula. O

Define a(p,n): X — Z_ (n,p €N) by s
a0,n)=1, alp+1,n)(x)= Z IA(Tk(x))a(p, n— k)(Tk(x))

and 7,(q) e N by 7,(9) =9, ,, 7,..1(q9) =4q(r,(q) +7,(g—1)).
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Lemma 2.1. For n > p > 1 we have

14
S,(x)" =Y "7,(9)alg, n)(x).
g=1
Proof. A direct computation shows
S,alp,n)=(p+)alp+1,n)+palp,n).
This is done by changing the order of summation in

p
Syap,m) =8, S [[ 10T
v=1

where > extends over 1 <k, <k, <--- <k, <n. The formula then follows
by induction. O
Let a(p,n) = [,a(p,n)du, u, = fkk_lcxs"‘_l h(s)ds.

Lemma 2.2. There exist B,(k) | 1 and B_,(k) 11 as k 1 co such that for all
n,p21

n n
Y B (Kuap,n-k)y<ap+1,n) <Y B(k)uap,n-k).
k=1 k=1
Proof. By Karamata’s theorem, a,(7T) ~ ZZ=1 u, as n — oo. Thus, there are
B(k)1l1 and B_,(k) 11 suchthatforall n>1 and x € 4:

Zuk<T(x < By(n Zuk

k=1
where T,(x) = Zk lT 1,(x). Set T(X)EO

Set I, = ;_ lﬁl(k)uk, u, =Yy_B_(k)u, and %, = u,=0. Then for
x€eA:
u, <T,(x) <%,
and
n n

ST () a@, n-k)x) = 3 (T(x) - T_,(x)alp, n— k)(x)
k=1 k=1
= Z K (Xap, n—k)(x)—a(p, n—k—1)(x)].
k=
Since a(p, n)(x) >a(p, n— l)(x) for n > 1, we have

sz[a(P, n—k)x)—al,n-k-1)(x)]

k=1

<ZT1 alp,n—k)x)

< Zﬁk[a(lh n—k)(x)—a(p,n-k-1)(x)].
k=1
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Whence

n n

B_(K)uga(p, n—k)x)
k=1 k

f‘k
1
Bi(kK)u,a(p, n—k)(x).

=1
The lemma now follows by integrating these inequalities on 4. O

IN

1,(x)a(p, n—k)(x)

IA
x
x|

Note that s~ h(s) | as s T, s >0 by assumptionon 4. Set By (s)=1 (s>
0) and extend the domains of definition of f_, and B, by setting

Bi(s)=B,([s1+1) (s>0, s¢N),

B_(s)=pB_(Is1+1) (s>0, s¢N).
Define

Ay0,2)=A4_,(0,1)=4,(0,1) =1
and

Ap+1,1)= /0: B(s)as*  h(s)A,(p, t —s)ds

t
=/ Bl.(t—s)a(t—s)a_'h(t—s)Al.(p,s)ds (i=0,xl1).
0
Lemma 2.3. Forall n,p>1
A_((p,n)<alp,n)<A/(p,n).
Proof. By Lemma 2.2 forall n,p > 1

]0" B_ (s)as* " h(s)a(p, [n —s])ds

n
<ap+1.m< [ fs)as" ho)ap, 1 -s)ds.
0
Lemma 2.3 follows by inductionon p. O
Clearly (by induction)
A_((p,t)<Ayp,t)<A(p,t) (p>20,:>0).

Moreover A,(p, ) < B,(0)” Ay(p, #) and A_,(p, 1) > B_,(0)7 4y(p., 1).
Now, let
I'(1 + ap)

Mp 0= Fi oy

It follows that M,(0, ) =1 and

1
e | M (=0 R = 00,1 = w)0) du
p

A(p.1).

Mp+1,1)=

where

_T@r(l+ap) _ [ a=1 ap , _ I'(a)
CP(""W‘/O (1—u) updu—aapa(l+0p(l)).

Clearly M_,(p, ) < My(p,t) <M (p,1).
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Our next task is to establish the asymptotic growth of M,(p, n'r

p < Lz(t)2 , in order to prove Lemma 2.8.

as t — oo,

Lemma 2.4. There exists a constant M such that for every p >0 and t >0

M, (p,t) < (Mp°h(t))’ .

Proof. Assume p > 0 and that there is some constant M(p) < oo such that
M(p,t) < M(p)h(t)? . Using h(ut) < u"sh(t) for t >0, ue (0, 1) it follows
that

BOM®P), pri ' ath((1=w)) [ oh(ut)\’
Cp(a) h(t) /(;(1 u) <u ) du

h(1) h(t)
< B(0)C, ()" M (p)h(t)"" /01(1 _ e g

C,(a—9)
Cy(@)

14

< B,(0)CM(p)h(t)*'p°,

Mp+1,0)<

= B,(0)M(p)h(2)""! 2

where the constant C is chosen to satisfy C,(a— 0)/ C,la) < Cp‘s for every
p=>1.
Since M|(0, t) = 1, it follows by induction that

M(p. 1) < (B,(0)CA1) (p)) < (B,(0)Ch(1)"p” . O

Lemma 2.5. Suppose that for some constant a > 0 and some 7 > 0 1nft>1 B_, (1)
> a. Then there exist constants M >0 and K > 2 such that for every p > 0
and t > K1

M_(p,t)> (Mp°)Ph(t) .

Proof. Assume p > 0 and that there is some constant M(p) > 0 such that
M_,(p,t) > M(p)h(t)’ for t > K"z, where K > 2 will be specified in the

sequel, so that the following estimations work. Using h(ut) > u‘jh(t) for t >0,
ue(0,1),

M—l(p +1,1) aM(p) b=/t O‘M p N h((1 = u)t)
WP Gyl /Kw, (” h(t)) e

-1/t
5 aM(p) WPy gy,

= Cy (o) Jxrop
aM(p) [ 1 (a+8)p a+d—1

= Cla+d S u 1—u du| .
C,(a) plato) Cla+38) Jio, k7 e/nqupi—/e. 1) ( )
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Now, if 1> K”*'z,
/l (a+§ ( _ a+6 ldu / (1 (a+6 p a+d— ldu
1—-1/t

<(a+8) " 1/ < (a+ o) (KTPTIyH
S (a+5) K —(p+1) a+(5)(p+ 1)a+6ACp(a+5),

-1

where the constant A is chosen so that (p + 1)_(”“5) < ACp(a +0) for every
p > 0. Similarly, for 1 > K**'z,
KPt/t
(a+8)p a+d—1 P, atd—1 1 p (a+8)p+1
— < — e
/0 u (1 —u) du< (1 —-K"1/t) (a+5)p+1(K T/t)
1 —(a+d)p—1
(a+d)p+1

K_(a+6)(p+l)ACp(a +6),

< (- 1K)
L
“a+d
where A4 is as before. Consequently, for ¢ > K? e
M p+1.0)_ aMP)Cyla+d)f 4 (L)Y D 4
h(2)P*! - C,(a) a+d \K (7 + F1)]-
Finally, choose K so large that for all p >0
4 1\ e+d)e+D) a+5 1
5 (%) b+ D™+ 1) <3

whence M_,(p+1,1) > f’z-M(p)Cp_‘sh(t)p+l where the constant C satisfies
C(a+ o) > Cp_‘st(a) for every p > 1. Note that

Mp)= inf M_(p,s)B_(t—s)h(s)""

KP1<s<t—1

and hence, by induction,for p >0 and ¢ > Kt
aC\? _sp, w»
M_ .25 )P h(Y. O

The last two lemmas are crude bounds of M,(p, 1), which are needed for
the finer estimations in the proofs of the following two lemmas.

Lemma 2.6. There exist constants K and m, and for every m > mg,there
exists a constant p, > 2m such that for any p > p, and t >0 we have

p K p 2
M 05 8 (5)] [omes@m)™ s =5 P niernf (o),
where M is defined in Lemma 2.4 and where d,(1) = SUD > /1 le(s)] -

Proof. Define K = ﬂl(O)e(s(a - 5)_1A + 2 where A is chosen so that p~* <
ACp(a) for every p > 1, and let m, be so large, that for m > m; and p > 2m

x— m ap/z x
Z,Bl(O)mz l<1_m> <ap C(a).
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Let m be given and choose p, so large that for p > p,

B0 ((mexp2m))’ + Km ™ (p+ 1’ (0 + )77 < (a+8)m™*C (o).

We shall now prove the lemma by induction over p > p,. Since h(t)/h(t/p) <
p‘s, the lemma holds for p = p, by Lemma 2.4. Assume now it holds for
p2p, and let t > 0. Then, writing

M (p,1)
M(p,t)= 1
-1 h(t/pY (M(2py)* )
we have
1 p
Mp+1,1)= Cp(a)—l/0 u™® <___h(iz/((u;/-f)l))> (1— u)a_]

Ha—wy
h(t/(p +1))

The integral on the right-hand side will be split into the sum of five integrals:

- ap( _hut/p) NP . -t B((1—u)t) ~
I’"/A,“ (h(z/<p+1)>> (=) iy A (- W) Mp, ut) du

B, (1—u))M(p, ut)du.

(1<1<5),

where 4, =[0,1/(p+1)], 4,=(1—-1/(mp+1)),1], 4,=(1/(p+1), 1 -
m/(p+1)], Ay,=(1-m/(p+1),1-1/(p+1)] and A;=(1-1/(p+1),1-
1/(m(p + 1))].

Each of them will be estimated separately using

R D B R T R
h((1 —u)t) ~8,,,(0) —8,u(0 1 1
o e B
(p+1) (l—u) ) lfl—Tl_*l—)<uS1,
(1+ 1/p)%n 0o if 1 - 25 <u,
h(ut/p) —5,,(1). =6, (1) e 1 i
R+ < | P W i Sus g
—_— p— . 1
(I+1/p) "u ", fO<u< 5

for the given m. It is important for the estimations of M(p, ut) and
B,((1 — u)t) to note that for u > 1/(p + 1) we have that J (ur) < d,,,(?)
and that g, (ut/(p!)) < B,(t/((p+ 1))).
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Using the induction hypothesis for small values of # we first note that
K p
< B0 (mexo2m) + =)

< [T (1= 1) d
A

1 ) 5
< 8,(0)""! ((mexp(zm»‘f . ml‘fﬂ) (p+1)

(a+3)(p+ 1P

<m™C (a).

For the remaining integrals we apply the induction hypothesis to values of u
such that J,(ut) <d,,,(1). We denote

T, =1,B,(t/(p + D) P (mexp(2m))’r” + Km™*/?) 77

and obtain for the second integral

L<BO [ W) (- )

4,

b

a—0— 1(p+1)

1/m(p+1)

(1 _ u)(a+6)pua—5—-l du

= 8,0+ 1)1+ 1/p)” 0
< B, 0@+ D1+ 1/p) P (mp + 1) Va-8"

’ C,(@)
<4 B0 s

= (K - 2)m*"*C (a),

where p~* < AC, () as before.
Since J < a/4, we have for u<1-—-m/(p + 1)

w30 P (1 — u)5p+1(’) <(1—m/(p+ l))(% 9pii (D) (m/(p + 1))(5,,+.(t) )

Therefore

(1)

(p+1) Opi1 (a=6,., ()P ot (0)—

3’_ﬂl<p"'1')( 1+ 1/p)° p+.(t)p/ (1—u) "du
p+| (-1 5 "

)<p+1> (p + 1)

(§—=0,.,(D)p
> ’ / u™* du
A

3

x
-
|

S
+ E

<p ! n a+6p+l(t)_l( + 1)%.(:)(1 —m/(p + 1))@
=P\ G+ ) \p+1 b 1+ ap/2
< (020" ' m¥* T (1 — my(p + 1))

—af2
Cp(a) .

<m
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Now

J ()
t (p+ 1)+ (=3, (0D atd,, (1)—1
J4Sﬂ1((p+l)!)(l l/p)5p+|(t)p/ U p+1 (l—u) p+l du

p+1 )
<5 ( t )<@+UnUW+1U ttuw“_ufqdu

P+ DY\ (1 =m/(p+ 1) .
1-1/p+1
2mé, (1) 8,.(1) ap a—1
< e T et / u (1 —-u du,
since for p >2m, (1—-m/(p +1))™" < e*”

Finally,
t (1+ l/p)a”“(t)p (@40, (D, q  a=6,. ()=1
58 (i) FEaTa = a
! (1+1/pY(1 = 1/(m(p + 1))’ m(p + 1)\ "
Sﬂl((wl)!)( Pl )

x/ u™(1—u) " du
A

S

¢ 1—-1/m(p+1) o
< B, (—'> e‘s"“(t)m‘;"“(’)/ w1 -w) " du.
(p+ 1) 1-1/p+1

Since
L+ 1, < B(t/((p + DY) (mexp(2m))’»1 + Km™2)P ™10 a0

1—1/m(p+1) ap a1
x/ u (1—u)y du
1

—m/p+1

p+1
<h (i) (mexn@m)’s + Km =y e a),

p+1)!
it follows that
M(p+1,1) L+ L+ L+ I+
Wt/ (p + 1)) (M(2)*) Cple)

<m™ 4 B (/0 + 1YY (mexpm) "+ Km™*")’
x [(K — 2ym~ 4 m_a/z]
£ B/ + 00 ((mexp@m)) s 4 Km ™) 2o,

proving the induction step, since S,(¢/((p+1)!))((m exp(2m))5"“(’)+Km—a/2) >
1. O

Lemma 2.7. There exists constants K and M > 0 such that for every m > K te

there is a t such that for every p >2m and t > 1°

1 p
My 1) 2 (4m) ) ome™) 0 (1= 2N B 4/ m) o)

where 5;(1) = SUD Sy le(s)].
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Proof. Define K = D+ 1 where D is chosen so that 1 < Da(p +1)*C,(a) for
every p > 0. We shall prove the lemma by induction over p > 2m for every
fixed m > K'/* . Since h(t)’ > p~°’h(t/p)’, by Lemma 2.5, there exist t, and
M > 0 such that the statement holds for p = 2m and ¢ > ¢,. Set 7 = 2¢,.
Now suppose that the statement holds for p (> 2m).

Wi
rite oo M (.0
T ey (am®)
Then
Mp+1,1)
Lt (RGN amth(( = w)h) _
_Cp(a)/o u <h(p—h)) (1 —u) —-——h(ﬁ) B_ (1 —u)t)M(p, ut)du
1 1—1/m(p+1) op h(ut/p) p el
2C,,<a->/1_,,,/,,+. ‘ (h(,#)) (1=
h((l—_tu)t)ﬂ_l((l—u)t)M(p,ut)du.
h(547)

We estimate this latter integral by splitting it into the sum of two integrals

= [ (B - M0 - M. )

h(E) h(E)

(I=1,2), where
A =[1-m/(p+1),1-1/(p+1)]

and
A, =(1-1/(p+1), 1 =1/(m(p + 1))].
We use
1 1
h((1-wn ) P+ 1% O (1 = )o@, if1-spmzu2l-5y,
h(t/(p+ 1)) - (p+ 1)— 1:“(”(1 _ u)—J,:H(f), if1— F-%-'T >u,
1 1
hutfp) | (1 1/p) Ol if 1 >u>1- 22,
h(t/(p + 1)) - (1 + l/p)_é;:q.l([)u“tsgﬂ(f) , lf u 2 1 _ ﬁ .

Again, it is important for the estimations of M(p, ut) and f_,((1—u)t) in the
integrals to note that for 1 -2y <u < 1- m we have that Jg(ut) < (5;”(1)
and that B_,((1—u)t/(mp)) > B_,(¢t/(m(p+1))), and also ¢ > P s ur >

Now we set

= 1o/ mtp + ) e (1= K
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and, by the induction hypothesis,

1

1/p)? \ %0 ! s

J > B, (m(pt+1)> <(1;+/f)) ) /A LB (| _ a1 g,
1

t (L=m/(p+ 1) \%® [, -l
2”’—'<m<p+1>>((m/(p+1>)(p+1)) /A“ (1—u)” "du

1

> B ('t—> (me™™) ™ / T e,
-t m(p+1) 1—-m/p+1

since p > 2m.
Similarly,

8,1 (D)
t p+1 P! (@=d),,(1)p atd,, (1)-1
hzh (m(p+1)> ((1+1/p)"> /A wh A du

2

t p+l 61:+l([)
2 hy <m(1’ + 1)) <(1 +1/p)’(1 = 1/(m(p + 1)))’m(p + 1)>
x/ U (1—u)* ' du
4

2
1-1/m(p+1
/ (p )

t —38,,1(1) el

Consequently,

I+ 1,2 By (t/(m(p + D) (""’zm>_6;ﬂmp (‘ B W)p

gy sl sl I=1/m(p+1) _
x e~ 2"y 6"*'(’)/ u”?(1—u)*" " du.
l—-m/p+1

In order to compare the estimation with C, (a) observe that

1—-m/p+1 N o 1 1 N o
/ u™” (1 - u) 1dug‘li/u”(l—u) du
0 mJo

_ (p+ 1Da
" m(l+a(p+1))

C,(a)

and

1 1/m(p+1)
/ uap(l—u)a_ldu=/ (1-w”u" " du
! 0

—1/m(p+1)
<a 'm(p+ 1) <DmCyla),
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where the constant D is chosen so that 1 < Da(p + l)an(a) . It follows that

I+ 1y > B () (m(p + 1)) (me®™) o7 (1 _ g)”

1 1
X e—zmé"*‘(')m-a"*'me(a) (1 e 2)

a

. +1
> 1/ 0mp + D) e 00 (1= KV )
and

M_(p+1,1) > (MCm)*) " B_ (t/(m(p + 1))

1 p+1
x (me™™) % WP+ (1 - Tf“) h(t/(p+ 1)
This finishes the induction step. O

Lemma 2.8. For all f > 1 there exists 1y such that for every t > 1y and
1y <p< Lz(t)2 there exist 0, =6,(p,t, B)e[-1,1] (i=0, £1) such that

1
I'll+ap)’
Proof. Let 8 > 1 be given. The upper estimation follows from Lemma 2.6 and

the definition of M, (p, ¢): First choose m large enough and then ty SO large
that for ¢t > ¢ 5

Ap, 1) = B (T(1 + ) " h(t/p))’

B/ (L0 (e + K (om0 < .

The proof for the lower estimation is similar using Lemma 2.7. O

Lenima 2.9. For all B > 1 there exists 1y such that for all n > lg and ty <
2
p < Lyn)",

1

alp, n) = B” (T(1 + a) n* h(n/p))" T ap)

where 0 = 0(p, n) e [-1, 1].
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Proof. This follows immediately by Lemmas 2.3 and 2.8. O
Lemma 2.10. For all B > 1 there exists t, such that for all n > 1y and tg <
p< Lz(n)2

B

P a p
/S du>p"" —I"(1+ ) (1 +a)n” h(n/p))".
Proof. This follows from Lemmas 2.1 and 2.9 using the fact that p! = Yy (p). O

Let
p—q

L X
X) = ;yp(q) FiTaq)"

Lemma 2.11. For all B > 1 there exists t
p < Lyn)

J
» D a p €
/Agndﬂg/z (T(1 + a) n® h(n/p)) fp(ﬁr(Ha)nah(n/p))'

such that for all n > t, and iy <

B B

Proof. By Lemma 2.1
p
/AS,’; du=>Y v,(9)alg,n)
g=1

We shall use Lemma 2.9 for all 1 < p < Lz(n)2 multiplying by a suitable
constant M to compensate for low values of p. There is lg such that for

n>t, and 1 <p < Ly(n)

/Spd,u < MZ;) l+ i+ ad) (BT(1+a)n” h(n/q))*

_ o) n° pm 7p(9) 1 " hinfq)
= M(BT(1+a)n"h(n/p)) ;rmaq) (ﬂr<1+a)n"> hin/p)""

Now h((n/q)" < (p/a)’h(n/p)? < e’P P h(n/p)?, whence

J
» @ p €
/ASndusM(ﬂF(Ha)" h(n/p))" 1, <ﬂnar(1+a)h(n/p)> '

Lemma 2.12. There exists a constant M such that for all p and y

p'M Mp°y
< 27
) S T s ap)
Proof. By definition of 7,(q) it follows that
p+1 p+1 q

p+l Zypﬂ(q) _+_aq)

P p+l q p p—q
_ ) (g+ 1y
=2 Firag * 259 Mita@e 1)
= A + B.
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Note that A < py ];(y). To estimate B, we note that there exists p, such that
forevery p>p, and 1 <g<p

(g+ D1 +aq) < (p+ 1T +ap)

I'l+alg+1) — Tl+a(p+1))°

(because the left-hand side is eventually increasing in ¢ ). Thus for p > p, we
have

I'(1+ap)

R T E TP

L)

Hence for p > P,

7 1(y)<(p+1)1"(1+ozp) ( 'l +ap+1))
P+ =

I'l+a(@p+1)) I'(1+ap)
(p+ 1T +ap)
-~ I'(l14+a(p+1))

where M, > 1. Thus for p > p, and y > 0 and for some constant M, >0

y) 5,)

(1+Myp"y) £,0),

p' P a
5, s M, T +ap) kl;[l(l + Mok'y) £, ()
p! MopaHy
s M, I'(1 + ap)

Since fq (1 < g < p,) are polynomials of degree < p, and fq(O) =1 for all
M,y

Jo, )

g, there is a constant M, such that ﬁ](y) <e
whence for all y >0 and p > 1

forall y >0 and g < p,,

+

L) <M, rp—!) exp(Mpp™™' + My)y). O

(I 4+ap

3. ESTIMATION OF PROBABILITIES
Let T be a conservative ergodic measure preserving transformation, 4 a
Darling-Kac set for T of measure 1 and assume that a,(7) ~ n®h(n) where
h satisfies the assumptions of Theorem 2 and 0 < a < 1 (as before). In this
section we estimate the probabilities u(4 N {S, > F—(L—iﬁlna h(n/t)'*}) from
above, and below, using Markov’s inequality and Theorem 2. We prove
Theorem 3. For every > 1 there exists a constant n 5 such that for all n s <

t< Ly(n)

exp(—(1 —a)Bt) < u (A n {Sn > I:“Tjglnah(’l/l)tl_a})
<exp(—(1 —a)t/B).

Remark. In case T is a Markov shift, and A4 is the event of being in a fixed
state at a fixed time, the interarrival times to A4 are i.i.d. random variables.
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This can be used to give a direct proof of theorem 3 by the method of Chernoff.
See Lemma 3.1 of [25].
We first note that Theorem 2 is true for real p, by monotonicity of

( ;87 du)""” in p for fixed n. In this section we make use of the follow-
ing notatlons.

An,t)=An {S > w °t‘““h(n/z)},

B(n,t)=An {S < w “z““h(n/z)} ,

C(n,s,t)=A(n,s)NB(n, 1)

=AN {_____F( la_: @) ns' ™

h(n/s) < S, < E%natl_a

h(n /t)} .
By the properties of %, the function tl_ah(n/t) increases as ! increases, SO
that the interval defining C(n, s, t) is not empty for s < ¢.

Lemma 3.1. For every B > 1 there exist n, such that for all ny <t < Lz(n)z,

0<p<t.
p
/ SPdu < (_F(l ja)nah(n/z)zl““) ol ~(1=aN/h)
A(n, 1) «

Remark. Lemma 3.1 provides, in case p = 0, the upper estimation in Theorem
3.

Proof. Let n, be as in Theorem 2 for '™ | where B=(1- é)_l . Using
Markov’s inequality and Theorem 2, we obtain

p—t
/ SPdu< (f-(—li"—) n® h(nj) £ ) /S du
A(n, 1) «a

S(# hin/t) e )p t(Mé: h(n/t)r"“)t

a e

< <F( a+a) " h(njt) a)pe—(l—a)(l—é)t' -

Lemma 3.2. For every 0 <& <r <1 and n > 0 there exists N such that for
all N<t< Lz(n)2 and é&t<p<rt

/ Sfdugn/Sﬁdu
A(n,t) A

Proof. For 0 <r <1 wehave 1 —1 +1logl < 0. Choose B, > 1 such that
1——+log < 0, and then choose Bl > 1 such that 1— +log +logﬂl <0.

This means that a = (,Ble/r)(l re==mby By Theorem 2 and Lemma
3.1, there exists N, such that forall Ny<p <1< L2(n)2 , we have

P
/ SPdu < (nl—i_OOnah(n/t)tl—a> e = ih
A(n, 1) «
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p
[ stan> (R ninimy' ™)
A (6]
whence

o (I—a)p h(n/?)
S’ du<e ! a)t/ﬂ(,(M) ( ) /Spd
/A(n,t) nGh=e p h(n/p) #

Since 4 is slowly varying, there exists N, > N, such thatif p, > N, and
&1 <p<t<Ly(n)? then

and

h(n/t) 1-a
mnfp) <Pt
Thus for p > N, étSpStst(n)

2 (1—a)p
—(l-a et
/ Sﬁd/,tSe (1 )Uﬂo(ﬁ_l__) /Sﬁd,u.
A(n, 1) p A

It is not hard to check that the function f(p) = ( ,Blzetp_l )(1_“)" increases with
p when p € (0, 1), whence for p> N, {t<p<rt< Lz(n)2

2 N\ (1—a)rt
/ SPdu < e~ Ime)lhy ('B—lg) / SPdu
An, 1) r A

=at/Sfd/1.
A

By the choice of B, and B,, a <1 and hence there exists N > N, such that
a' <nforall t>N. O

Lemma 3.3. Forevery r<1, a<r/e and n> 0 there exists N such that

/ S'du < n/ S'du
B(n,at) A

forall N<t< Lz(n)z.
Proof. First note that

rt
/ S"du < (—Illl_—a)na(at)l_ah(n/at)) .
B(n,at) «a

Choose S > 1 such that a < re_lﬂ-z. By Theorem 2, there exists N, such
that for every Ny <t <L (n)2 ,

/S”d ( l(alt",)an“(rz)‘""h(n/rz)>",

whence, for N, <t < Lz(n)2 ,

(1—a)rt rt
rt & h(n/at) / rt
L(n,al)sn d‘u = ( r ) (h(n/rt)> Asn d‘u
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Since 4 is slowly varying, there exists N, > N such that for N, <7 < Lz(n)2 ,

2 (1—a)rt
/ S dp < (@) /s;’ du = b’/ S du,
B(n,at) A A

where b < 1 by the choice of f. Thus there exists N > N, such that

/ S,’,’duSU/S,’fdu,
B(n,at) 4

whenever N <t < Lz(n)z. O

Lemma 3.4. For every r < 1, x <r, x < z <rexp((x/r)—1)) and n >0
there exists N such that forall N <t < Lz(n)2

/ S;'dugn/S;tdu.
C(n,xt, zt) A
Proof. There exists f > 1 such that

z < rﬂ—z exp(x,B_lr—1 -1).

Then a = exp(xtf~")(Bezr™") < 1.
By Theorem 2 and Lemma 3.1 there exists N, such that for every N, <t <

Lz(rz)2 we have u(A(n, xt)) <exp(—(l1 —a)xt/f) and
rt
/S”d > ( . (a t"j) an"(rz)"ah(n/rz)) .
Since
rt
[ spdus (P! =0 ) wcain, x),
C(n,xt,zt) a
we have that for Ny <1 < L,(n )2

/ S”d/z<e (1—- a)xt/ﬂ(ﬂez)(l @) ( Lt ) /S”d
C(n,xt, zt) " - r

Since 4 is slowly varying, there exists N, > N, such that for N, <¢ < Lz(n)2 ,
h(n/(zt)) < Bh(n/(rt)), whence

2 (I=a)rt
—(1— e —
[ stauset (BT [ stau—at [ s7lan.
C(n,xt,zt) r A A

By the choice of #, a < 1, whence there exists N > N, such that for every

N <t< Lyn)
/ S;ta’,ugn/S;'d,u. a
C(n,xt,zt) A

Lemma 3.5. Forevery r <1, z <r and n> 0 there exists N such that for all

N<t<Ly(n)’
/ S;’duz(l—n)/s,',’du.
C(n,zt,t) A
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Proof. Let ¢(x) = rexp(xr ' — 1) for x € (0,r], and let ¢' = ¢ and
¢"+l(x) = ¢(¢"(x)). Since ¢(x) < x and ¢(x) = x if and only if x = r,
it follows that ¢"(x) Tr as n1oo.

Choose g, < r/e, and m > 1 such that (,sz(aO) > z. By monotonicity
and continuity of ¢ there are a; < a, < --- < a,, such that aq, > z and
a. <¢la) (0<k<m).

By Lemmas 3.2, 3.3 and 3.4 there exists N such that for every N <t <

LZ(n)za
/ Srtd,tt> /Srld
B(n,t)
Srtd < /Srta, ’
~/B(n,a01) ‘u 2( 1) #
S'd 5———/S”d 0<k<m),
/é'(n,akt,akﬂt) " # 2(m+l) A " # (
whence
/ S;’dus/ S;’a’,u
(n,z1) B(n,a,t)
5/ S”du+2/ d/z
B(n,ayt) C(n.at,a; 1)
n rt
< E/AS” du
and

/ S;tduz/ S;td,u—/ S;td,u
C(n,zt,t) B(n,t) B(n,z1)
2(1—;7)/8,’1’@. O
4

Proof of Theorem 3. As remarked before, the upper estimation is proved in
Lemma 3.1. We complete the proof by showing the lower estimation.

Suppose z <1 andlet z<r <1< f. By Theorem 2 and Lemma 3.5 there
exists N such that for N <t < Lz(n)2

rt
[ stz (SRS oo o)
C(n,zt,1) B a’e
and h(n/(rt)) > B~" " h(n/1). Since
rt
[ stns (B kg0 ) atdn, z0)

Cln,zt,1) a

we obtain that for N <7< Lz(n)2 ,

P (1—a)rt (1 j1zp
A(n, zt 2(————) =e YR
H(A( ) e
where f, = £(1+log(£)). O
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4. ASYMPTOTIC BEHAVIOUR OF ERGODIC SUMS

In this section we suppose 7 has a Darling-Kac set (as mentioned before,
there is no loss of generality in assuming that it has measure 1), whose return
time process is uniformly—or strongly mixing from below, and a,(T) ~ n®h(n)

where h(t) = Cexp [ [, &(s)/sds] where

(i) e(s)=0 V0<s<1,
(i) Jim e(s) =0,
(iii) le(s)] <6 < %a Vs >0

(as in the introduction).
Theorem 4. If ¢(n) 1 and ¢(n)/n | as n1 oo, then:
(@) If Yoo, Lexp[—-Bo(n)] < oo forall B> 1 then
1

P SR oo “Zf TS, [ S

a.e. for every f € L e
b) If 307, Lexp[-r¢(n)] = oo forall r <1 then
. 1 u k
P e r e 2 T 2 K [ Sax
a.e. for every f € Ll.
(c)

. 1
P S h I L)L (m) a,;f” =K /fd”

a.e. for every f € Li.

The proof of this theorem will be given at the end of the section.
Proposition 1. Suppose in addition to the above that

sup {le() ~ e(0)1: O th = o)
If p(n) 1 and ¢(n)/n| as n1 oo, then

() If 52, #exp[- (ﬂf,?5(7l))(1 aem)” ]<oof0r all B>1 then
li’rgsol:p “h( ZfoT <K/fd/1

a.e. for every f € Ll
b) If 5o, 4 exp[— (r¢(n))“""e(”))_l] =oo0 forall r<1 then

1 - k

1) ast—oo.

a.e. for every f € Li.
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(c)

. 1 “ k
lim sup oT =K/ d
n—oo nah(n)Lz(n)l_a_e(n)gf * Xf g

a.e. for every f € Li.

Remark. For every f>1, M < oo, thereisan N3VN <t < ML,(n),
h(n/t) = B2t " h(n)

for some 6 €[-1, 1].

Proof. The proof of the proposition is a minor modification of the proof of
Theorem 4, in view of the above remark. O

Corollary 2. Suppose that

his) _ ‘ﬁ -
tssssut]L)Z(’) 0] 0 ast— .
If ¢(n) 7 and o(n)/n| as nt oo, then:

(@) If Y| Lexp[-Bo(n)] < oo forall B> 1 then

1
li _ OT K
s’ nh(m)$(n) ";f <K,

a.e. for every fe L1
b)If Y 4 exp[ rg(n)] = oo forall r <1 then

hﬂngZfoT >K/fa'u

a.e. for every f € Li.
(c)

lim sup hin )L 1aZf°T —K/fd,u

n—oo n

a.e. for every f € L+.
Proof. This follows from Proposition 1, as for every f > 1 and M < oo there
is an N such that for every N <t < MLz(n)z, h(n/t) = Beh(n) for some
fe[-1,1]. D

For the proof of the theorem we need two lemmas which we show first. Let
A be a Darling-Kac set for T such that u(4)=1.
Lemma 4.1. If ¢(n) > 0 then

a)If Y02 Lexp[—Bo(n)] < oo forall B> 1 then

3 Lu(AN S, > BK, A h(n/g(m)é(n) ")) < oo

forall g>1.
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() If 00 Lexp[—r¢(n)] = oo forall r <1 then

n=1n
oo

> Tu(AN{S, = K" h(n/6(n)3(n) ")) = oo

n=1
forall r<1.
Proof. (a) Suppose f > 1 and

oo

Z % exp[—B(n)] < oo.

n=1

By Theorem 3, there exist N, and M such that
mAN{S, = BK n"h(n/é(n)p(n)' ~"}) < Mexp[—(v/Bé(n))]
for n > N,, ¢(n) <2L,(n) and

w(AN{S, > BK n"h(n/d(n)d(n) ~*}) < M(L,(n))
for n > Ny, ¢(n) > 2L,(n). Thus

=2

S Lu(AN{S, > BK, 1" h(n/o(m)o(m' ™} < oo.

n=1

(b) Suppose r < 1 and Y o iexp[-r¢(n)] =oco. By Theorem 3 there exist
N, and M such that

wANLS, > rk n"h(n/dp(n)d(n)' ~"}) > M~ exp[—vré(n)]

for n > N,, ¢(n) < 2r *L,(n). Since
Z % exp[—ré(n)] < oo

where the sum ) extends over all » such that ¢(n) > 2r_%L2(n) we have
that

S u(AN{S, > rK n"h(n/¢(n)d(n) "} > M"Y exp[-vré(n)] = oo
n=1

where the sum ) extends over all n such that ¢(n) < 2r_%L2(n). |

Lemma 4.2. Suppose that ¢(n) 1, ¢(n)/n| as ntoo. Let y > 1 and K, =
[v"1. Then
(a)

oo

> Tu(AN(S, 2 BK " h(n/o(m)e(n)' ™)) < oo
n=1
forall B> 1 implies
SouAn{Sg > By K K h(K, /$(K,)H(K,)' ) < oo
n=1

forall g>1.
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(b)

oo

2

forall r<1 zmplzes

WANLS, > rK nh(n/d(n))p(n)' ~*}) = 00

:I'—-

SouAan{S, >y UK K h(K,/$(K,)$(K,) ")) = oo

n=1
forall r<1.

Proof. From the assumptions on /4, we have that n*A(n) 1 as n T, and, setting
A(n) = n®h(n/$(n))p(n)' ~*, we have that
(i) A(n) 1, A(n)/n| as nft,
(ii) VA > 1 3n, such that Vn > ny A(K, ) <Ay "A(K,).
The lemma follows now from these two statements via a condensation argu-

ment. O

Proof of Theorem 4. Set A(n) = Kan“h(n/¢(n))¢(n)'7°‘ . By the assumptions
on h and ¢, n’h(n/d(n))$(n)' "1 as n 1, whence
A(mn) = K, m*~°n®7° ((mn)’ h(mn/¢(mn))p(mn)' )
> K,m" " n" " (n’ h(n/¢(n))d(n) )
=m*°A(n).

Thusforall y > 1 and M > 1 there exists m such that forevery n A(K,,, ) >
M A(K,) and theorem 1 is applicable, where we set K, = K, (7) = " (n>1).

(a) Suppose that

[-Bé(n)] <oo forall B>1.

Slo—‘

oo
2 e
n=1
an

By Lemmas 4.1(a) 4.2(a)
S uAn{Sy > By TAK,)N <oo (VB>1,7>1),

n=1

1+a

whence by Theorem 1 limsup, , Sk @) /A(K (7)) < a.e. on A for all

y > 1. Thus

AK,, )
. l+a 1 2(1+a)+d
limsup —2£2 <
msup 7y S MK =

n

a.e.on A forevery y > 1 since h(n) is slowly varying and ¢(n)/n | as n 1.
By ergodicity and the Hopf ergodic theorem

ll’rlegpA( )ZfoT </fdu

a.e. forevery f € Li
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(b) Suppose that

Z% [-r¢(n)] =coforallr< 1.

n=1

By Lemmas 4.1(b) and 4.2(b)

SuAan{S, > AK ) D=0 (<1, y>1),
n=1

whence by Theorem 1 limsup, _, Sy (,,/A(K, (7)) > ~U+®) a6 0n A for all
y > 1. Thus

—(1+a)

Sk
lim sup 2
n—oo A( ) T h—eo A(K)

n

2y

a.e.on A forevery y > 1 and, by ergodicity and the Hopf ergodic theorem

hmsupA )ZfoT >/fd,u

n—oo

a.e. forevery f ¢ L1

(c) Let ¢(n) = ( Then

).
> e

n=1

[-yé(n)] <oo iffy>1.

RI'—

For y > 1, by condensation,
> exp[-y(K,)] <oo iff y>1.
and by Theorem 3

S u(AN{Sg > K Kyh(K,/$(K,)$(K,)' ™"} < oo

n=1

if and only if y > 1.

Hence by Theorem 1 limsup, | S, /A( ,) =1 ae.on 4 forevery y > 1.

This implies limsup, | n/(n“h(n/cb(n))(ﬁ(n)l “) =K, ae. on A4 and, as
before, by ergodicity and the Hopf ergodic theorem

lim sup

n—oo n*h(n/L, (n))Lz(n)‘ “Zf °T =

K/fdu

a.e. forevery f € LL. O
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Example. (See [2, §1, Example 2] for more details.) Let 7 be the one-sided
shift of a conservative, ergodic, measure preserving Markov operator, which is
recurrent in the sense of T. E. Harris. By a theorem of N. Jain [13] there are
constants a, >0, n > 1 such that

although it is not known whether 7" has a D-K set. However, by a theorem
of E. Nummelin [22] T is similar (see [1]) to the shift of a Markov chain
with discrete state space, necessarily with asymptotically proportional return
sequences, say S. It follows that if A(n) >0,

n—oo

hmsupA( Zf T* —/fduT a.e., erL(,uT)

if and only if:

1
11msupA( )ZgoS _c/gdﬂs ae VgelL (ug),

n—oo

where ¢ =1lim,___a,(S)/a,(T). Thus, if a,(7T) is regularly varying with index
a€(0,1),then T satlsﬁes the conclusion of Theorem 4.

5. THE OTHER LAW OF THE ITERATED LOGARITHM

In this section we prove the other law of the iterated logarithm for non-
negative continued fraction mixing processes in the domain of attraction of
positive stable laws of fractional index. This includes the independent case.
Other examples can be found in [5].

Definition. Let (X k),fil be a stationary process defined on the probability space
(A4, &/, m). The process is called continued fraction mixing, if

tends to zero, and (1) < oo, where the supremum is taken over all k > 1,
and over all sets B€a(X,: i<k) and Cea(X;:i>k+n).

Given a continued fraction mixing processes taking values in the natural num-
bers we construct a conservative, ergodic, measure preserving transformation,
which has the given process as a return time process on a Darling-Kac set.

We may assume that 4 is a sequence space equipped with the m-preserving

[e o)

transformation S(v )7, = (V4. )re; SO that X (y) = y,, whence X,(y) =
X, (" 'y) = y,, where y = (y);-, . It is well known that S is ergodic.
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Now we let
X={x=(y,n):ISnSXl(y),yeA},

# =\] & n{X, 2 n}x{n},
n=1
w(B x{n})=m(B) (BeL n{X 2n}),
y,n+1l), ifX(y)>n+1,
T(y,n)= { :
Sy, 1), if X,(y)=n.

By Kakutani’s theorem [16] T is a conservative, ergodic, measure preserving
transformation of the o-finite measure space (X, %, u). By Kac’s formula
[15] u(X) = EX, . Moreover, identifying 4 with Ax{1}, X, is the first return
time function ¢ to 4, and S is the transformation 7, induced by 7 on 4,
as defined in section 1. So, if x = (y, 1) € 4 then S(y) = T,(x) = T*(x),
where ¢(x) = X,(y).

It is shown in [4, pp. 1043-1044] that 4 is a D-K set for T.

Let (Zn)f:il be a continued fraction mixing process. If for some sequence

(b,)re, , the distribution of b, ! EZ=1 Z, converges, then its limit must be sta-

ble and the sequence (bn);,“;1 is regularly varying (see [12]). Moreover, if the
index o of the stable distribution belongs to (0, 1), then b, ! EZ=1([Z/<] +1)
converges to the same limit distribution, since Y°;_ ([Z,]1+ 1) - > /_,Z, =
O(n) = o(b,) because (b,)o, is regularly varying of order 1/a. Clearly, the
process X, =[Z,]+ 1 is again a continued fraction mixing process, and, mak-
ing the above construction to obtain the conservative, ergodic, measure pre-
serving transformation, the distribution of a(n)—lSn converges, where S, =
Sio 1,0 T* , considered as random variables on A, and where a denotes the
inverse function to b, the extension of (bn)°° to the real line. Recall that

n=1
a,(T), n>1 denotes the return sequence for 7 . It is not hard to show that

S 2
1 du < oo,
i‘;‘?/A(a,xT)) oo

whence [1] a,(T)™'S, — 1 weakly in L*(m), and (see [2]), a,(T)"'S,1. It
now follows from [2, Proposition 3] that a,(T) ~ ca(n) for some constant c.
Thus a,(T) is regularly varying with index «.

By the asymptotic renewal equation [4], u({¢ > t}) ~c/a(t) as t — co. This
shows, together with [4, Theorem 1], that for the continued fraction mixing
process (Z,)%,, b-'S_, Z, converges to a stable distribution with index
a € (0,1) if and only if m({Z, > t}) ~ c/a(t) as t — oo, where a is
regularly varying with index o and b, ~ ca_l(n). Indeed, more precisely,
u({p > 1}) ~ (Tl + )T(1 — a)a(t))”" as t — oo, where a(n) =a,(T).

We now state the result of this section.

Theorem 5. Suppose that (Xn);'f:l is a nonnegative continued fraction mixing

stationary process, and that m({X, > t}) = (I'(1 — a)I'(1 + a)a(l))_l, where
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a(t) is regularly varying with index a € (0, 1). Let b be the inverse of a.
Then for ¢(n) 1 and ¢(n)/n | as n 1 oo, we have:

a)If Yoo, %exp[—ﬂd)(n)] < oo forall B> 1 then

—1/a
hr?lg}fb( ZX > K, a.e.

() If Y02, Lexp[—r¢(n)] = oo forall r <1 then

1 —1/a
hmmf— X, <K, a.e.
ne. b(n/$(m)d(n) kz,
(c)
1 % ~1/a
lim inf X, =K a.e.
i S Lo L 2= e = Ko

Corollary 3. Suppose that
h(s)

t<s<tLy(1) h(t)
If ¢(n) 1 and é(n)/n | as n 1 oo, then:
a)If Y02, Lexp[-B¢(n)] < oo forall B> 1 then

. . 1 —l/a
hmlnf—-l—m ZXk >K, a.e.

n=ce b(n)é(n) k=1
() If 302, Lexp[—r¢(n)] = oo forall r< 1 then

—1]—0 ast— oo.

—1/a
llgg}fb(n)d) =y ZXk <K, a.e.

lim inf —K_l/a ae.
n—oco b(n)Lz(n)l ‘/“Z k

Remark. Theorem 5(c) shows that the results in the corollary are only valid, if
h(nL,(n)) ~ h(n). In the case of independent, identically distributed random
variables, and for certain slowly varying functions the corollary follows from a
result obtained by M. Lipschutz [20]. However, it does not follow from [20],
e.g. in case h(t) = exp((log?)’) for y € (0, 1).

As mentioned above, there is no loss of generality in assuming that A4 is a
Darling-Kac set for the c.e.m.p.t. 7 on the o-finite measure space (X, #, u)
and that the return time process to A is given by (X,);>, = (po T:_l),‘:‘;l , and
that a,(T) = a(n).
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Lemma 5.1. Suppose that B(n)/n 1 oo, and limsup
(x > 1), where p(x)— 1 as x| 1. Then

B(nx)/B(n) < p(x)

n—o0

limsup —

>1 aeonA
n—co B~'(n)

if and only if

P,
lim inf 525

<1 aeondAd,

where B™' denotes the inverse function to B .

Proof. Suppose that limsup, Sn/B_l(n) > 1 ae. on A. Then for any
r<l §,> rB_l(n) infinitely often a.e. implies Pty SN infinitely often
ae Set m, = [rB"(n)] > B"l(n) for n large enough. Then for n large

B(m(n)/rz) >n and

Pm

-2
<limsup 2V ) < 507

lim inf
m—co B(Mm) = m—co B(m) T
as r— 1.
Now, suppose liminf,  __¢,/B(n) <1 ae. Thenforall §>1 ¢, < BB(n)

infinitely often a.e. implies that S[ﬁ By 2 M infinitely often a.e. Set m(n) =
[BB(n)], then B™'(m(n)/B) < n and

-1
S, > B! (ﬂ) > B (m) infinitely often a.e. O
B B
Proof of Theorem 5. We write a,(T) = a(n) = n®h(n), where h is slowly
varying and satisfies the assumptions stated in the introduction. Then a(¢)
increases and a(t)/t decreases as ¢ increases. We denote by b the inverse
function of a. Then b(t)/t increases as ¢ increases and b is regularly varying
with index 1/a.
Let ¢ be as in the statement of the theorem. Define

B(n) = K, "b(n/¢(n)¢(n).
Clearly, B(n) increases with n and we denote by A4 the inverse of B.
We first show that B satisfies the assumptions of Lemma 5.1, thatis B(n)/n
increases with n and limsup B(nx)/B(n) — 1 as x| 1.
We have
B(n) _ g-1/ab(n/é(n)
n “ n/¢(n)

Also, for x > 1,

B(nx) _ b(nx/¢(nx)p(nx) _ b(nx/@(m) _ isie
B(n) ~ b(n/e(m)e(m) " b(n/é(m)

Thus B satisfies the assumptions of Lemma 5.1.

n—oo

1 asnt since ¢(n)/n) asn?t .

as n — oo .
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Next, we set ¥ = ¢oA. Observe that w(n) increases and y(n)/n decreases
as n increases, since A(¢) 1 and A(¢)/t] as ¢ 1.
Now we prove

P’J8
|-
a

(n)]<oo VB>1e xp[-Bw(n)] <o VB >1

:l—-

e

n=1

X
Il
—

and

=00 Vr<le

M8
S|

exp[—ry(n)] =co Vr<1.

BI'—‘

> fex

h=

—

3
Il

—

We prove the first statement, using a condensation argument. The second one
has a similar proof.

Set k, = B(2"). Since B satisfies the condition of Lemma 5.1, k,., > 2k,
and for n large k, , < 22+1/akn. Thus

k, <k, —k <Mk, for M=2"""_1,

n — "n+l

and, clearly &, T.
We have for fixed g > 1

n=1 n=1
=Y Y S exp[-AoA)
v=1k, <n<k,,,

< (by the properties of {k,})

8

> exp[-B(A(k,)) =Z [-B4(2")]
v=1

v

@ 3 el-poin] <o

We are now in a position to prove the statements. Since (c) follows imme-
diately from (a) and (b), which themselves have similar proofs, we only prove

(a).
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Assume Y 2 Lexp[—B¢(n)] < oo for every B > 1. Then, by the above,

oo

>~ exp[-Ay(n)] < oo

n=1

for every f§ > 1 and by Theorem 4(a)

1
RSP K i v “Z LeT' <1,
Since
n = B(A(n)) = K *b(A(n)/$(A(n)))$(A(n))
we have
b(A(n)/$(A(n))) = K./ n/d(A(n)),
whence

A(n) = a(K. " n/d(A(n))d(A(n)) = a(K. *n/w(n))y(n)
~ K nh(n/y(n)p(n) ",
since A is slowly varying.
By Lemma 5.1,

liminf ———————

St b(n/¢(n) o) 2 ZX

= liminf >K 'V ae. DO

oo b(n/¢(n>>¢<n>“’" =%a

Proof of Corollary 3. Let ¢(n) be as in the corollary. Let w(n) = ¢(n)AL2(n)2 .
By Theorem 5,

b(n/L( )Lz(nsz — 00 a.e.

Hence, we have that

1 - —1/a
llmngZstKa a.c. <

liminf X, <KV ae.
n—oo  b(n/y( n) W(n)z k="a

We now claim that
1-1/a

b(n/y(n))w(n) ~ b(n)y(n)
This is because, under the conditions imposed on 4, forany f > 1 and n large
enough and Lz(n)_2 <t< Lz(n)2 , a(tl/-"n) = ﬂota(n) forsome -1 <6<1,
whence a(¢'*b(n)) = B%tn and so

/%b(n) = b(Btn) = B° °b(1n)
for some 0’ € (-2, 2). Putting ¢ = 1/w(n) establishes our claim.
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Noting that, in addition to the above, w(n) T and w(n)/n | as n 1, and

that

> - exp[-Ao(n)] < o0 =+ Y —exp[-y(n)] < oo,

n=1 n=1

Corollary 3 follows easily from Theorem 5. O
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