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LOCAL RIGIDITY OF SYMMETRIC SPACES

V. SCHROEDER AND W. ZILLER

ABSTRACT. We show that on a symmetric space of noncompact or compact
type the metric is locally rigid in the sense that if one changes the metric locally
but preserves the curvature bounds, then the new metric is isometric to the old
one. We also prove an analytic continuation property for symmetric spaces of
rank > 3.

The aim of this paper is to show that a symmetric space is rigid under a local
modification of the metric which preserves suitable curvature bounds. Our
results were motivated by the following theorem of Gromov [BGS, §5]:

Theorem 1 (Gromov). Let X be a simply connected symmetric space of rank > 2
and with nonpositive sectional curvature and Q the complement of a compact
setin X. If f:Q — Y is a totally geodesic isometric embedding, where Y
is a complete simply connected Riemannian manifold with nonpositive sectional
curvature, then there exists a unique extension of f to a totally geodesic isometric

embedding f: X - Y.

We will give a slightly different proof of this theorem, which will then enable
us to also prove the following dual result:

Theorem 2. Let X be a simply connected symmetric space of rank > 2 and
with sectional curvature 0 < K < 1. If Y is a complete manifold with curvature
K >0, and dimY = dim X, and if Q is the complement of a ball of radius
n/30 in X, then any isometric embedding f: Q — Y extends uniquely to an
isometry 7: X-Y.

If in the above two theorems, we choose Y = X and f = id, we obtain the
desired local rigidity of symmetric spaces. Theorem 2 applies in particular to
S? x S* and shows that the Hopf conjecture is at least locally correct.

The optimal radius for the ball in Theorem 2 would be the radius of a convex
ball (> m/2 under those assumptions). Indeed, in the case of nonpositive
curvature, Gromov [BGS, §5] proved the following local version of Theorem 1:
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146 V. SCHROEDER AND W. ZILLER

Theorem 3 (Gromov). Let X be a complete locally symmetric space of rank
> 2 and with K < 0. Let B be a compact simply connected convex region in
X and U any neighborhood of 0B . If Y is complete with K < 0, then any
totally geodesic isometric embedding f: U\B — Y extends uniquely to a totally
geodesic isometric embedding f: B — Y .

We conjecture, that the analogous result for K > 0 is also correct, but we can
prove it only under the additional assumption that rank > 3 and 9B strictly
convex:

Theorem 4. Let X be a complete locally symmetric space of rank > 3 and with
K > 0. Let B be a compact, strictly convex region in X and U any neigh-
borhood of OB . If Y is complete with K > 0, then any isometric embedding
f:U\B — Y extends uniquely to an isometric embedding f: B — Y .

The method for proving Theorem 4 is a local version of the method for
proving Theorem 2 (whereas the one in Theorem 3 is global). This local method
also enables us to prove a certain analytic continuation property for locally
symmetric spaces, which seems to be new also in the case of K < 0.

Theorem 5. Let X be a complete manifold with K > 0 (resp. K <0), B a
compact, simply connected, strictly convex region in X and U a neighborhood
of OB . If the metric in U\B is locally symmetric of rank > 3, then the metric
is also locally symmetric in B.

We emphasize that this result also holds locally in the following sense: If H
is a portion of a smooth strictly convex hypersurface, such that the metric on
the concave side of H is locally symmetric of rank > 3, then the metric on the
convex side of H is also locally symmetric, at least in a small neighborhood of
H . Theorem 5 is an easy consequence of this local continuation property.

Theorem 5 is stronger than Theorems 3 and 4 (in the case where Y = X
and f =1id) since X is not assumed to be locally symmetric. The complement
of B can be locally symmetric without being a portion of a complete locally
symmetric space X . This is illustrated by the following well-known example,
which also shows that Theorem 35 is in general false in the rank 2 case: There
are complete metrics on R’ with K >0 or K <0 and flat outside a compact
set, but not everywhere flat. A rounded off cone is such an example with K >0
and one easily constructs such an example of the form dr’ + f 2(r)a’t’)2 with
K < 0. But, if we assume that the complement of the compact set is isometric
to a portion in R’ and not just flat, then the metric must be everywhere flat as
follows from Theorem 1 and the proof of Theorem 2, or in dimension 2 just
from the Gauss-Bonnet Theorem.

We do not know any higher dimensional counterexample to a rank 2 ana-
logue of Theorem 5, although we will construct a metric on R"™!' with K >0,
which outside a compact convex region (not strictly convex) is locally isomet-
ric to the rank 2 symmetric space R x S”(1). The strict convexity of 9B in
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Theorem 5 is important, since a product of the above 2-dimensional counterex-
amples with a flat torus gives an example where 9B is only convex.

The following special consequence of Theorem 5 was proved earlier by
Greene and Wu [GW] (see also Gromov [BGS, §4]): If X is complete and
simply connected with K < 0, dimX > 3, and flat outside a compact set,
then X is isometric to R". Notice that under these assumptions on X, every
distance ball is strictly convex, and hence the result follows from Theorem 5. In
[BGS and GW] it is also shown that it is sufficient to assume that the curvature
of X goesto O faster than quadratically.

[GW] also show that if K > 0, X is noncompact, flat outside a compact
set, and simply connected at oo, then X is isometric to R”. If one drops
the assumption that X is simply connected at oo, then one has the above two-
dimensional counterexamples or the product of such a two-dimensional example
with a compact flat torus or a manifold covered by such an example. We will
show that there are no other possibilities.

Theorem 6. Let M be complete, noncompact with K > 0 and flat outside a
compact set. Then either M is flat or the universal cover splits isometrically as
X x R"_z, where X is diffeomorphic to R? with a metric with curvature K >0
and flat outside a compact set. The fundamental group of M is a Bieberbach
group of rank (n —2) and any soul of M (in the sense of [CG])) is a compact,
(n — 2)-dimensional flat manifold.

In [BGS, p. 59] Gromov claims (without proof) that the conclusions of this
theorem remain valid under the weaker condition that the curvature decays
faster than quadratically.

For the general case of symmetric spaces, one can raise the question of clas-
sifying noncompact manifolds with K > 0 (or K < 0) such that ||[VR|| decays
sufficiently fast.

The case of noncompact, nonsimply connected manifolds with K < 0 which
are flat outside a compact set are studied in detail in [ES]. There are more
possibilities in this case than there are in Theorem 6.

The analytic continuation property in Theorem 5 is also valid for rank 1
symmetric spaces:

Theorem 7. Let X be a complete manifold with K < —1 (resp. K > 1) and of
dimension > 3. Let B be a compact, simply connected, strictly convex region
in X and U a neighborhood of 0B . If the metric in U\B is locally symmetric
of rank 1, such that the maximum of the sectional curvature in U is equal to
—1 (resp. the minimum is equal to 1), then the metric in B is locally symmetric
of rank 1.

This, of course, also implies again the local rigidity of rank 1 symmetric
spaces as in Theorems 1 and 2. In the case of S"(1), it says that one cannot
change the metric within a hemisphere and still preserve K > 1. This result
becomes false if B is not convex, since one can glue a ball of radius < 7/2 in
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S"(1) with a ball of appropriate radius in S"(r), r < 1, to obtain a smooth
manifold with K > 1 everywhere.

One also obtains an analytic continuation theorem for isometric embeddings
of rank 1 symmetric spaces as in Theorems 3 and 4.

If X has dimension 2, Theorem 7 is again false, but one can prove results
analogous to Theorems 1 and 2: A theorem of Toponogov [T] implies that if
M? has K > 1 and contains a set isometric to a hemisphere on S 2(1) , then M?
is isometric to Sz(l). We will show that if a metric on H®> has K < —1 and
agrees with the standard metric on H? outside a compact set, then K = —1.

We would like to thank the referee for suggesting some improvements and
Chris Croke and Herman Gluck for helpful discussions.

Proof of Theorems 1 and 2. We start with a proof of Theorem 1 on which the
proof of the first five theorems are modelled.

Lemma 1. Let Q be the complement of a compact set in R’ and Y a complete,
simply connected manifold with K < 0. Then any totally geodesic isometric em-
bedding f:Q — Y extends uniquely to a totally geodesic isometric embedding
RS Y.

Proof. Let A be a triangle in R’ which surrounds the complement of Q. f
maps the edges of A to minimal geodesics in Y and the angles of this triangle
in Y are the same as in the Euclidean case. Since Y has nonpositive curvature
the rigidity part of Rauchs comparison theorem implies that the geodesics in Y
are spanned by a totally geodesic, flat, embedded triangle isometric to A which
agrees with f(AN Q) in f(Q). Hence f has a unique extension f: R’ —
Y. Q.E.D.

If X is a complete, simply cennected manifold of nonpositive curvature,
then we call an embedded, totally geodesic R’ in X a 2-flat. We say that X
satisfies condition (*) if for every tangent vector of X there exists a 2-flat
containing it and for any two 2-flats F and F* through x € X there exists a
sequence of 2-flats F = F, F,, ..., F, = F”* such that F, and F, | intersect
along a geodesic through x.

Condition () is satisfied for simply connected symmetric spaces of rank
> 2 and K < 0 [BGS, Appendix 5 or the proof of Lemma 4b] and for non-
trivial products X, x X, of simply connected manifolds with K < 0 [BGS,
p. 69]. In [BGS] condition (*) is formulated equivalently as follows: for
any two geodesics ¢, ¢ through x, there exists a sequence of geodesics ¢ =
ClsCysunns G = ¢” such that ¢, and ¢, are contained in a 2-flat.

Hence Theorem 1 is a consequence of the following:

Lemma 2. Let X be a complete simply connected manifold with K < 0 and
which satisfies (x). If Y is a complete simply connected manifold with K <
0 and Q the complement of a compact set in X, then any totally geodesic
isometric embedding f: Q — Y extends uniquely to a totally geodesic isometric
embedding f: X — Y.
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Proof. If x € X\Q, let F be a 2-flat through x. By Lemma 1 f|.., has
a unique extension to f: F — Y and we define f(x) = f(x). To see that
this definition is independent of the choice of F, we observe that if two 2-
flats intersect along a geodesic through x, this clearly gives the same value for
f(x) since the image of the geodesic in f(Q) and hence in Y is the same in
both cases. Hence condition () implies that f is well-defined. f is a totally
geodesic isometric immersion since this is the case for f: F — Y and every
vector is contained in a 2-flat. Q.E.D.

We now indicates the changes that are necessary to prove Theorem 2.

It follows from [CE, 5.13] that a simply connected irreducible symmetric
space with 0 < K < | has injectivity radius > 7 and hence the same is true
for every simply connected symmetric space X with 0 < K < 1. A 2-flat in
X is now a totally geodesic isometric immersion g: R’ — X . Because of the
duality for symmetric spaces, condition (*) for 2-flats holds in this case also.
Hence it only remains to prove an extension analogous to Lemma 1.

Let B = X\Q the ball of radius n/30 around x;, € X. To define f at
Yy € B, choose a 2-flat g: R’ — X with g(y(')) =Y,- & 1s an embedding on
the ball B, (yé) and we try to extend f]g g(B, () 10 an isometric embedding
VE g(B, (yg)) — Y. For this purpose we surround g(B, (yé)) N B by a triangle
with minimal sides within g(B, (yé)) : Choose an equilateral triangle A in R’
with center yé and such that the vertices of A have distance %n from y(').
Hence A is contained within Bn(y(')) and the sides of A have length < 7.
Thus g(A) is a triangle in X with minimal sides. If g is a vertex of A, we
have

d(g(q), xy) >d(g(q), yy) —d ¥y, Xp) > Fn — 55

and hence d(g(q), B) > d(g(q), x,) — n/30 > n/2. The sides of g(A) are
therefore contained in Q and we claim that f maps the sides of A into
geodesics in Y which are still minimal in Y. Indeed there are no shorter
curves in f(Q) since f is an isometric embedding, and since we also have
d(fog(q), Y- f(Q)) >n/2 for every vertex g of A, the sides are minimal in
all of Y. Hence f maps the sides of g(A) into a triangle A'. The rigid part
of the Toponogov comparison theorem then implies that the sides of A’ are
spanned by a totally geodesic, embedded, flat triangle isometric to A, which
in f(Q) agrees with f(g(A) N Q). Hence leﬁg(Bﬂ(y(',)) extends uniquely to

f: g(B,(vy) — Y and we define f(y,) = f(y,). That f is well-defined and

a totally geodesic isometric embedding now follows as before from condition
(*). Q.E.D.

Remarks. (1) As before, Theorem 2 is also true if X is a nontrivial product
X, x X, of complete manifolds with K > 0 and if the complement of € is a
ball of radius inj(M, x M,)/30.
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(2) In the case of X = R", one can choose Q to be the complement of an
arbitrary compact set, since sufficiently large triangles in g(Rz) N Q will have
minimal image in Y .

(3) For compact quotients of symmetric spaces with K > O one also has
the Mostov rigidity theorem, which is unrelated to the above rigidity theorems.
It states that on a compact quotient of an irreducible symmetric space with
K < 0 and rank > 2, any metric with K < 0 must be symmetric. Such a
theorem does not hold in the case of symmetric spaces with K > 0. Indeed,
if G is a compact simple Lie group of rank > 2, the metrics defined in [DZ,
§4] obtained from the bi-invariant metric on G by multiplying it with a factor
t in the direction of a subgroup K C G and its left translates, has sectional
curvature K > 0 for ¢t < 1, but is not isometric to the bi-invariant metric if
t<1.

Proof of Theorems 4 and 5. The proof of Theorems 4 and 5 will be a local
version of the proof of Theorems 1 and 2. We start with Theorem 4.

We first observe that there exists a family B, of compact strictly convex sets
with B, = B and B, a point as follows from [CE, 8.9 and 8.10]. To construct
the extension 7: B — Y , it will be sufficient to show that for each ¢, if we have
an extension of f onto B\B, , then there exists a ' <t such that there exists
an extension onto B\B, . For this it will be sufficient to show that for each
p € OB, there exists a g > 0 such that f has an extension onto B_(p). For
simplicity we set B = B, again. To prove the extension onto B (p) we choose
2-flats near p whose intersection with the interior of B is very small, which
is possible by the strict convexity of B. We then extend f onto these 2-flats
and show that there are sufficiently many such 2-flats to define the extension
onto B_(p). The condition rank > 3 is needed to guarantee the existence of
sufficiently many 2-flats tangent to 9B at every p € dB.

We start with the analogue of Lemma 1, which we formulate for arbitrary
constant curvature, since this will be needed for the proof of Theorems 5 and 7.

Lemma 3. Let M 2(c) be a complete simply connected two-dimensional Rie-
mannian manifold with constant curvature ¢ and B (p) a ball of radius r in

M?. Let Y bea complete Riemannian manifold with sectional curvature K .
If ¢ >0 (c<0) weassume K >c¢ (K <c) and if c =0 we assume either
K>0o0r K<O0.If A isacompact set in Y let i(A) be the injectivity radius
of A. Then there exists an ¢ > 0 depending on r and i(A) such that every
totally geodesic isometric embedding g: B,(p)\B,(p) — A extends uniquely to
a totally geodesic isometric embedding g: B,(p) — Y .

Proof. Consider a geodesic triangle A in B, (p) such that the length of the sides
are < i(A) and such that p is in its interior. Then there exists an ¢ > 0 such
that B, (p) is in the interior of A. By assumption f maps the sides of A into
minimal geodesics in 4 C Y and hence A into a triangle A in Y whose angles
are the same as the anglesin A. If ¢ >0 orif c=0 and K > 0, we can use
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the rigid part of Toponogov to conclude that A is spanned by an embedded
totally geodesic surface isometric to the interior of A which then enables us to
define the extension g uniquely. If ¢ <0 or ¢ =0 and K < 0, we choose
the triangle A such that the sides have length < i(A4)/2. Then A is contained
within a normal ball of Y around one of its vertices and we can use the Rauch
comparison theorem to conclude that A is spanned by an embedded totally
geodesic surface isometric to A. Q.E.D.

Next we need something analogous to condition (x):

Lemma 4. Let X be a symmetric space of rank >3 and g€ X .

(a) For every 6 > 0, for every unit vector N € TqY, and for every unit vector
v E TqY with (v, N) < &, there exists a 2-flat F through q with v € T,F
and (w, N) <6 for all unit vectors w € T F .

(b) Given a 2-flat F through q, there exists a neighborhood V of F within
the set of all 2-flats through q, such that for any F' € V there exists a sequence
of 2flats F,, ..., F, €V with F,=F, F,=F and F,nF, | isa geodesic
through q for each i. V can be made arbitrarily small.

Proof. (a) Since the rank of X is > 3, there exists a 3-flat Q containing
v E qu. Let w e TqQ be normal to v and N. v and w are tangent to a
2-flat F C Q which has the desired properties.

(b) It is sufficient to look at the tangent space of the 2-flats at ¢ and hence we
only work in TqY. Let X = G/K, g2=4#+,,and « C » a maximal abelian
subalgebra. K actsn ,»~ and any maximal abelian subalgebra is equivalent to
2 under an element of K. Hence, if K is the normalizer of z in K, then
the set of maximal abelian subalgebras in , is diffeomorphic to K/K . Let
A be the set of nonzero roots of the symmetric space for the given maximal
abelian subalgebra =, counted with multiplicity, and A, the set of positive
roots in some ordering. Then there exist root vectors X € £, Y € » with
£ = ,{¢+ZueA+ RX , p=ac+) o RY and [X , A]=a(4)Y, for A€a.
Hence Ad(exptX,) € K rotates « by+leaving the singular hyperplane a = 0 in
= fixed, and rotating the vector perpendicular to it into Y, . Hence for any 2-
plane F* C 2, F* and Ad(exptX )F" have a vector in common. A, and X,
depend on the choice of z, but we can choose them, at least locally, such that
X, become smooth vector fieldson K/K  near =. They then form a basis of the
tangent space of K/K  at each point and we obtain maps [ (@', a,t)e K such
that F and f(a', a, t)F have a vector in common for each 2-plane F C a .
It now easily follows that for each maximal abelian subalgebra 2 near «, there
exists t,,...,t,, k =dimK/K , with 2| = 2, 2, = f(e;, q;, t,)2;, and
@y = 2 and hence ' = ]'[f=l f(z;, a;,t)z. Now let F be the given 2-flat
and choose = with F C 2. Let W(F) be a neighborhood of F within the set
of 2-planes in z. We can choose W such that for any Q € W, there exists a
F* e W with dimFNF* =dimF*NnQ = 1. Given a small ¢ > 0, consider the
set V' of 2-planes of the form ]"[f.':l fle;, a;,1,)Q with Qe W(F), |t|<e¢,

i?
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and «, , = f(2;, a;, ;)z;, 2, = 2. Then V is a neighborhood of F within
the set of 2-flats in ,~ since any F " near F is contained in an 2’ near <. By
construction, the set V' satisfies the properties in Lemma 4(b). By choosing ¢
and W(F) small enough, ' can be made as small as desired. Q.E.D.

Remark. The proof of Lemma 4(b) does not use rank > 3 and hence also gives
a proof of the previous condition * since the set of all 2-flats through g is
connected.

We now start with the proof of Theorem 4. As explained earlier, it is sufficient
to show that for each p € 9B, there exists an extension of f onto B (p) for
some g > 0. Let N be the outside unit normal to 9B at p, or, if 9B is
not smooth at p, a unit normal to any supporting hyperplane of B at p. We
can define 2-flats in X at least locally: A neighborhood of p is isometric to
a neighborhood in a globally symmetric space X and a 2-flat in X near p is
defined to be the image of a connected portion of a 2-flat in X .

By Lemma 4(a), for each J > 0 we can choose a compact set S of 2-flats in
X through p such that for each unit vector v € T,X with (v, N) <6 there
exists a 2-flat in S containing v and such that for every 2-flat F € S and
for every unit vector w € TpF we have (w, N) < J. One easily shows that
this set S can also be chosen to be connected. By Lemma 4(b), we can choose
a neighborhood V' of S within the set of all 2-flats through p such that F,
F* € V are connected by a sequence of 2-flats in ¥ with two consecutive ones
intersecting along a geodesic through p.

If G is the set of isometries of X, then a neighborhood W of e € G acts
as local isometries near p € X and for g € W we will use the 2-flats g - F,
FeV, near g-p.

We now consider the neighborhood U of 0B, assume that the isometric
embedding f: U\B — Y is defined and try to extend it to B (p)NU. By
choosing W sufficiently small, we can find r > 0 such that every 2-flat g -
F, ge W, F €V is defined on a ball of radius at least » and such that
B (g-p)Nng-F Cc U. We can assume, by the strict convexity of 0B and by
making r smaller if necessary, that B,(p) N F intersects OB only at p for
any 2-flat F which is perpendicular to N . Since any F € .S is almost normal
to N, B (p)NF interests B only in a small set and the same is true for any
F eV if we choose V' sufficiently small. Hence we can choose W, §,and V
sufficiently small such that B (g-p)Ng-F NB is contained in B,(g-p) for
any ge W, F €V, where ¢ is the constant in Lemma 3. Then the restriction
of f to (B,(gp)\B,(gp))NgF extends uniquely to a totally geodesic isometric
embedding f": B (¢gp)NgF — Y by Lemma 3.

If g, €W with gp=g'p,then g =g -k for some k € K. We choose
V' c vV and W sufficiently small such that S c V' and forany g, g € W
and F € V' we have ((g)"'-g)-F € V. Nowlet ¢ > 0 be such that
B_(p) C {gpr|lg € W}. For q € B (p), choose g € W with gp = q and
for any F € V' define f(q) = f"(q) where f*: B,(gp) N gF — Y is the
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above extension. f(q) is independent of the choice of F € V', since for F,
F*eV' g-F and g-F* can be connected by a sequence of 2-flats g- F',
F' € V', with two consecutive ones intersecting along a geodesic through gp .
f(g) is also independent of the choice of g, since gp = g'p implies g = g'k
and hence gF = g'kF = g'F* with F* € V by assumption, and as before
g'F and g'F" give rise to the same extension at ¢.

To show that f is also a totally geodesic isometric embedding we first observe
that f and f* agree on all of B (gp)NgF . Indeed, if g € B,(gp)NgF then
the transvection along the geodesic from ¢ to p is an isometry that takes
the tangent space of the 2-flat at g to the tangent space of the 2-flat at gp,
since the derivative of a transvection is given by parallel translation along the
geodesic. Hence we can assume that there exists a g € W with g'p = ¢
and g'F agrees with gF near g which shows that f(q) = f*(¢q). Hence f
preserves the length of every vector tangent to gF at gp. Next observe that
f is differentiable. Indeed, we can describe each ¢ € B_(p) in a differentiable
fashion as the midpoint of a geodesic y: [0, 1] — X with y(0), y(1) € U\B
and 7(;}(%)) is then the midpoint of the unique geodesic connecting f(y(0))
and f(y(1)). We now want to show that L = d7q is a linear isometry. For
every unit vector y € TpX with (N, y) < J there exists a 2-flat F € S C

V' containing y. Hence ||Ly|| = |ly|| for every unit vector y € T, X with
(§N,y) < 6. If we choose a basis e, of T, X with (gN,e;) < /2, then
ILe,|| = |le;| and [[L(e; +e;)|| = |le; + ¢,|| and hence (Le;, Le;) = (¢;, e;) or

L is an isometry. Similarly one shows that f is totally geodesic. This finishes
the proof of Theorem 4.

We now indicate the changes needed to prove Theorem 5. As before it suffices
to show that if the metric is locally symmetric in U\B, then for each p € 9B,
the metric is locally symmetric in B_(p) for some ¢ > 0. (In the case of
K <0, the existence of the family B, with B, = point follows since B lifts
isometrically to the universal cover X because B is simply connected. In X
all balls are strictly convex and hence a family of balls whose radius shrinks to
0 intersected with B will be such a family in X .)

Let N be an outside unit normal of 8B at p and y(¢) =exptN. Let ¢ >0
be such that B, (y(¢)) C U. If & is sufficiently small, then every minimal
geodesic from y(¢) to dB N B, (y(¢)) does not intersect the interior of B.
In a neighborhood of y(e), X is isometric to a neighborhood in a globally
symmetric space X . This isometry can be extended along every geodesic in
U\B starting at y(¢). Hence there exists an isometry g: B, (7(¢))\B — X
whose image is of the form BZE(q)\F where B has strictly convex boundary in
B,,(9) C X . Now we can apply the same methods as in the proof of Theorem 4,

to extend the isometry g_l to a neighborhood of g(p) and hence X is locally
symmetric in a neighborhood of p.

Remark. All rank 2 symmetric spaces, except for the product of a rank 1
symmetric space with a real line, still have the property that orthogonal to every
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vector there is a 2-flat. This follows, e.g., from Kostant’s convexity theorem [K].
But, to show that the extension is an isometry, we need the stronger condition
in Lemma 4(a) which is never satisfied for a rank 2 symmetric space.

Example. We now indicate the example on R"™ with K > 0 which is locally
isometric to R x S” outside a compact set.

It is a warped product metric on R* x S” of the form di* + f 2(t)g where
g is a metricon S” with K = 1. If X is a vector tangentto R and U, V
vectors tangent to S” , one easily shows that the sectional curvatures are given
by K(X,U)=—f"/f and K(U, V)= (1- f?)/f*. See, e.g. [B, p. 265]. If
only one of the four vectors in the full curvature tensor is tangent to R, then
it vanishes and hence K >0 if f’/ <0 and f < 1. We can make the metric
near ¢ = 0 smooth (and flat) by letting f(¢) = ¢t for ¢ small. For ¢ large we
can make f(f) = constant = | and still preserve f' < 0 and f < 1 for all
t. Notice that the balls ¢ < a are convex for any a but not strictly convex for
any a with f(a)=1.

Remark. Theorem 3 follows as in Theorem 1 from the following extension
lemma [BGS]: Let B be a compact, simply connected, convex region in R’ , U
a neighborhood of 9B and Y a complete manifold with K < 0. Then every
totally geodesic isometric embedding f: U — Y extends uniquely to a totally
geodesic isometric embedding f: B — Y . It is conceivable that this extension
lemma is still correct for K > 0, which would prove the analogue of Theorem 3
for K > 0. It would also be interesting to know if the corresponding extension
lemmas for K > 1 and K < —1 are valid.

Proof of Theorem 7. The proof of Theorem 7 is similar to the one of Theorem 5.
For a rank 1 symmetric space with maxK = —1 (resp. minK = 1) the 2-
flats are replaced by totally real 2-planes, i.e., totally geodesic immersed 2-
dimensional submanifolds of curvature —1 (resp. 1). In the noncompact case
they are embedded and isometric to H? , in the compact case they are isometric
to an embedded S 2(l) if X =S" and isometric to an embedded RP’ for the
projective spaces. We claim that there are again sufficiently many of these totally
real 2-planes in order to prove the analogue of Lemma 4: By the duality for
symmetric spaces it is sufficient to do this for the hyperbolic spaces Hl"( , K=R,
C, H, Q. If K=R, Lemma 4 is obvious. In the other cases we can hence
assume n > 1. Let v be a tangent vector at ¢. Then v istangenttoa 2, 4,
or 8-dimensional totally geodesic submanifold of constant curvature —4. We
denote the tangent space of this submanifold at ¢ by Kv and let K" v be the
hyperplane in Kv perpendicular to v. v and w span a totally real subspace
(and hence are tangent to a totally real 2-plane) iff w is orthogonal to K'v.
Now let N, v be given with (N, v) =0 and choose w perpendicular to K'v
and N, but not proportional to v, which is possible for dimension reasons.
Then v and w span a totally real subspace orthogonal to N and containing
v . This proves Lemma 4(a).
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To prove Lemma 4(b), we first assume K = C or H. If we identify T,X
with K", then K v is spanned by i-v if K=C,and by i-v, j-v, k-v
if K = H. (This uses the associativity of K and is false for K = Q.) Let
now F be a totally real 2-plane in K" and e, , e, an orthonormal basis of
F. Then (Ke,,e,) = 0 and hence (¢, Ke,) = 0. Every 2-plane L near F
can be uniquely written as the graph of a linear map 4 from F to F + , 1.e.
e, +A(e), e,+ A(e,) is a basis of L. Since KleI and KLe2 are contained in
F* and are perpendicular to each other, we can write A(e;,) = a,e, + b,e, + u,
where a;, b, € K™ = Im(K) and u; is perpendicular to the span of Ke, and
Ke, .

We first observe that for any a, b € K" and uce (Ke, + Ke,)™, the 2-plane
spanned by e, + ae, + be, + u and e, + be, + ae, is totally real. Indeed, a
calculation shows that k- (e, + be, +ae,) is perpendicular to e, +ae, +be, +u
for any k € K*:

)_L

(k(ey + be, + ae,), e, + ae, + be, + u)
= (ke,, be,) + (kbe,, e,) + (kbe,, ae|) + (kae,, be,)
=(k,b)+ (kb, 1)+ (kb, a) + (ka, b) =0.

Here we have used the fact that (ae, be) = (a, b) if a,b €K, e € K with
le| =1 and that (ab, ¢) = (b, ac) if a, b, ceK.

Hence we define 2-planes F,, F,, F; where F, is spanned by e,
+ 3(a, + b)e, + $(a, + b))e, and e, + i(a, + b))e, + 5(a, + b))e,, F, is
spanned by e, +ae, + be, and e, + be, + a,e,, and F; is spanned by
e, +ae +be,+u and e, + be +ae,. The above comment shows that
F,, F,, F; are totally real. F and F, have ¢, — e, in common, F, and F,
have (1+a,+b,)e,+(1+a,+b,)e, incommon, F, and F; have e,+b e, +ae,
in common, and F; and L have e +a,e, + ble2 + u, in common. Hence we
have connected F to L. L is near F iff all entries of 4 are small. But then
F,, F,, and F; are also near F' by construction. This proves Lemma 4(b) in
the case of K=C or H.

If K=Q and n = 2, the above calculation needs to be modified. We still
describe T X as Qz, but now Kuv is of the form H_l(H(v)), where H is
the Hopf map: Q> —» QU oo, H(a,b)=a"'b if a# 0 and H(0, b) = cc.
Hence K(a, b) = {(v, v(a_lb))|v € Q} and one easily checks that K'(a, b) =
{(v, v(a_lb))lv €Q, (v, a) =0}. For a description of the Hopf fibration and
some of its properties, as well as some rules for computing with Q we refer to
[GWZ]. To simplify the calculation, we first bring F into standard form. The
group of symmetries of the Hopf fibration, i.e. the group of linear isometries
preserving the fibres of H, clearly takes totally real 2-planes to totally real 2-
planes. This group is equal to Spin(9), see [GWZ], and one easily shows that
it acts transitively on the set of totally real 2-planes. Hence we can assume
that F is spanned by e, = (1,0) and e, = (0, 1). A 2-plane L near F is
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described as the graph of a linear map 4 from F to F*: A(e;) = (a;, b)),
a,, b, e Ql . In analogy with the previous case, we claim that L is totally real
if b, =a, and a, = b, or in other words, we claim that the 2-plane spanned
by (b, 1 +a) and (1 +a, b) is totally real for any a, b € Ql . To prove this
we have to show that

Q (b, 1+a),(1+a,b)=0 or ((w,v[b '(1+a)),(1+a,b)=0

for all v € Q with (v, b) =0. But

((v,v[b_l(1+a)]),(l+a b))
=(v, l+a)+ (v[b "(1+a)], b)
=, l+a)+ (b~ ‘( +a), Ub)
={v,l1+a)— (b (1+a) bv)
=@w,l+a)-(1+a,v)=0.
Here we used the fact that (ab, ¢) = (b, ac) still holds for Q and that (a, b) =
0 implies @b = —ba. We can now proceed as before, by defining F,, F,, F;.

This finishes the proof of Lemma 4(b) for K=Q.
The rest of the proof of Theorem 7 is now as before. Q.E.D.

Remark. There also exists a partial local rigidity for the lower curvature bound
of H" and the upper curvature bound of S”:

Let Q be the complement of a sufficiently small compact set in H” and let Y
be a complete simply connected manifold with —1 < K < 0. Then every totally
geodesic isometric embedding f: Q — Y extends to a totally geodesic isometric
embedding f: H" — Y. The complement of Q must be small enough such
that its intersection with every totally geodesic H? in H" lies in the interior of
some geodesic triangle.

Similarly, if Q is the complement of a ball of radius r < /4 in S" and
Y a complete simply connected n-dimensional manifold with 1/4 < K <1 or
0 < K <1 and n even, then every isometric embedding f: Q — Y extends to
an isometry f:S”" — Y . Without such additional lower curvature bounds, this
becomes false since one easily constructs surfaces of revolution with K <1 and
containing an arbitrarily large portion of S? . We do not know if such examples
also exist in higher dimension.

The proof of both statements is similar to the proof of Theorems 1 and 2.

Dimension 2. We finally make some comments about the 2-dimensional case.
We already remarked that there exist metrics on R’ which are flat outside a
compact set with K > 0 or K <0 but which are not flat. But if we make the
stronger assumption that outside the compact set the metric is globally isometric
to the complement of a compact set in R’ , then the metric must be everywhere
flat. This follows from Theorem 1 and the proof of Theorem 2, or even simpler
directly from Gauss and Bonnet. The situation is similar for S? and H:
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A theorem of Toponogov states [T] that a metric on M 2 with K > 1 which
has a closed geodesic of length 27 and without self-intersections must be iso-
metric to a round sphere. This implies that if we change the metric on s?
within a strictly convex set and preserve K > 1, then the new metric is iso-
metric to the old one. Although this result is also true in higher dimensions
by Theorem 5, Toponogov’s proof does not carry over to higher dimensions
and our proof does not work in dimension 2. Of course, Theorem 7 is also
stronger since we only need to assume that K = 1 outside the strictly convex
set. Theorem 7 is false in dimension 2 since one can round off a surface of
revolution with K = 1 at their singularities such that K > 1.

We claim that there also exists such a theorem for H’: If a metric on H’
has K < —1 and agrees with the standard metric outside a compact set 4, then
K = —1 everywhere. We only indicate a proof. Since A is arbitrarily large, we
may not be able to surround A4 by a geodesic triangle, but we can surround A
by a geodesic polygon. We claim that there exists a geodesic polygon P, which
we can make as large as necessary, such that any geodesic polygon P* whose
sides have the same length as the corresponding sides in P and whose angles
are greater or equal to the corresponding angles in P, must be isometric to P.
Once we have such a P, we surround 4 with P, subdivide P into triangles
and construct comparison triangles in H’ (with K = —1) which then form a
polygon P* whose sides have lengths the same as in P and whose angles are
greater or equal to the ones in P. Hence P” is isometric to P and hence
K = -1 inside P.

Although it does not seem to be true that every convex polygon P has this
property ( P* does not need to be convex!) one can show that for every n the
convex polygon in H? given by vertices ¢, q,, ..., g, with d(q,, q;,) = n for
i=1,...,nand d(q,,¢q,,)=1 for i=1,...,n—1 has this property. The
proof we have is a somewhat tedious calculation using induction on #, and we
leave it as an exercise to the reader.

Proof of Theorem 6. Let M" be a complete noncompact Riemannian manifold
with K > 0 and K = 0 outside a compact set and assume that M is not flat
everywhere. [CG, Theorem 6.2] states that if K > 0 then one can decompose
the universal cover M isometrically as X x R , such that the isometry group
of X is compact. Since M is noncompact and flat outside a compact set, X
1s noncompact also. Let x: M — M be the canonical projection. Since the
isometry group of X is compact, n: X x {0} — M is proper, and hence the
metric on X is flat outside a compact set. Let S be a soul of X in the sense
of [CG]. We will show that dim X = 2 and that S is a point.

First we claim that the codimension of S is equal to 2. Indeed, if the codi-
mension is 1, Theorem 4.2 in [CG] implies that X is isometric to the normal
bundle of S with its natural flat bundle metric. But since X is flat outside a
compact set, this would imply that S and hence X is flat. Now assume that
codim S > 3. Since X is simply connected, and diffeomorphic to the normal
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bundle of S by [CG], S is also simply connected and hence codimS > 3 im-
plies that X is simply connected at infinity. Choose a compact set K C X such
that X\K is simply connected and flat. Then one gets an isometric immersion
f: X\K — R". Since f(8(X\K)) is compact, we can choose a compact set
K' ¢ R" such that f(8(X\K)) c K’ and R"\K' is simply connected. One
checks easily that f~'(R"\K') = X\K for some compact set K D K and
that f: X\K — R"\K’ is a covering map. Since R"\K' is simply connected,
f: M\K — R"\K' is a global isometry and Remark (2) after Theorem 1 applied
to f ~! shows that f ~! can be extended to an isometry of R” onto M .

Hence we can assume codim S = 2, and we want to show that S consists of
a point. We first make the following general comments.

Let h:[0, c0) — X be a ray parametrized by arc length with A4(0) € §S.
Then [CE, 8.22(3)] implies that 4'(0) is perpendicular to S. Furthermore let
c: R— S beageodesicin S with ¢(0) = #(0) and V' (¢) the parallel vector field
along ¢ with V(0) = A'(0). Then [CE, 8.22(4)] implies that ¢: R x [0, co) —
X, o(t,s) = €XPypy S * V(t), is a totally geodesic isometric immersion and the
geodesics h,(s) = ¢(t, s) are rays for all s. Let p € § and & a ray with
h(0) = p and hence h'(O) = v perpendicular to S. We look at the orbit of v
under parallel translation along piecewise geodesics in the soul. If w is in its
orbit, then by the above remark, the geodesic s — expw is a ray for s > 0.
Since codim S =2 and S is simply connected there are only two possibilities:

(A) The orbit of v is a globally defined normal parallel vector field along
S.
(B) The orbit of v is the whole unit normal bundle N,(S) of § in X .

In case (A) we obtain a totally geodesic isometric immersion y: Sx[0, co) —
X and hence we have totally geodesic copies Sx{t} of S in X . Since X is flat
outside a compact set, S is also flat. Since S is simply connected and compact,
S must be a point. It remains to consider case (B). In this case it follows that
all geodesics normal to S are rays and hence the normal exponential map is
a diffecomorphism of N,(S) onto X. Thus H, = {x € X|d(x,s) =t} isa
smooth embedded submanifold of X for all £ > 0. Choose ¢ large enough
such that H, lies in the set where X is flat. Let W be a local unit normal
vector field along H,. We claim that W is parallel in X and hence H, is totally
geodesic. Let p € H, and choose a normal neighborhood U of p such that
K =0 on U. Let W be the parallel vector field on U with W*(p) = W(p).
We want to show that W = W" on Un H,. First we claim that for any
q € UN H,, there exists a piecewise geodesic ¢ in H, with P.W(p) = W(q).
Indeed, if p = exptv, , ¢ = exp 1w, with v, w, € N,(S), then there exists
a piecewise geodesic a(s) on the soul with a(0) = x «(l) = y and a parallel
vector field v(s) along a(s) with v(0) =v, , v(l) =w,. Let c: [0, 1] - H
be defined by c(s) = exptv(s). Since ¢, s — exptv(s) is totally geodesic, we
see that P W(p) = W(q). Since ¢ will in general not be contained in U N H,
and since H, is not necessarily simply connected, it does not follow yet that
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W is parallel, but we can conclude that (W, W) can take on only countably
many values in UNH,. Indeed (P.W(p), W) only depends on the homotopy
class of ¢, where ¢ is ¢ followed by a curve in UNH, from ¢(1) to p, since
X is flat in a neighborhood of H,. Thus (W, W™ is constant on U NH, and
W = W* . Hence H, is totally geodesic and flat. The homotopy sequence for
the S' bundle S' — H, — S implies 7 (H) =0 or Z, or Z. Since H, isa
compact flat manifold, it must be a circle. Thus dim X =2 and S is a point.

We now claim that all isometries of X have a common fixed point p, € X .
Indeed, X contains a unique minimal, totally convex subset C which contains
the set where the curvature is positive. C 1is invariant under all isometries of
X and hence the unique soul p, of C in the sense of [CG] is fixed under all
isometries. We construct a soul of X in the sense of [CG] using all rays starting
from p,. Since the isometries of X permute these rays, the soul of X is a
possibly different fixed point for the isometries of X, which we denote again
by p, .

Let now M = M /T" where I is the group of deck transformations. Every
y € I' operatesas (7, 7,) on M = X xR"™? and leaves the submanifold {py}x
R"? invariant. Thus T operates on R"™? and this operation has compact
quotient, since M is flat outside a compact set. Thus I' is a Bieberbach group
of rank n —2 and {p,} x R"*/T isasoul of M. Q.ED.

Remark. Some of the above arguments in the codimS = 2 case can also be
found in G. Walschap [W], where the codim S = 2 case in the soul theorem is
considered in detail.
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