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ANALYSIS OF A CLASS OF PROBABILITY PRESERVING
MEASURE ALGEBRAS ON COMPACT INTERVALS

WILLIAM C. CONNETT AND ALAN L. SCHWARTZ

ABSTRACT. The measure algebras of the title are those which are also hyper-
groups with some regularity conditions. Examples include the convolutions
associated with Jacobi polynomial series and Fourier Bessel series. It is shown
here that there is a one-to-one correspondence between these hypergroups and a
class of Sturm-Liouville problems which have the characters of the hypergroup
as eigenfunctions. The interplay between these two characterizations allows
a detailed analysis which includes a Hilb-type formula for the characters and
asymptotic estimates for the Plancherel measure and the eigenvalues of the as-
sociated Sturm-Liouville problem.

1. INTRODUCTION.

In the last twenty years, a number of concrete convolution measure algebras
have been studied in great detail, and new structures continually emerge (see
[2, 3, 4, 5,9, 15], and the references cited in those articles). Many of these are
probability-preserving algebras of measures on an interval; indeed, many are
examples of the type II one-dimensional hypergroups discussed in [17]. When
the interval is compact, these examples share many properties of the convolu-
tion structure associated with Jacobi polynomials described in [9] and below.
In an effort to understand the general behavior of such measure algebras, we
introduce the notion of Jacobi type hypergroups, a general class which includes
many examples. This article is devoted to the description of this class and its
properties.

1.2. Examples.

A. Jacobi and ultraspherical convolution. Let a, f > —1 then the system of
polynomials {P;“‘B )} orthogonal on H =[-1, 1] with respect to the measure
du(s) = (1 -5)%(1 +s)ﬂ ds and normalized by P,E"’/})(l) = ("1%) are called the

Jacobi polynomials of order (a, B); the ultraspherical polynomials of order 4

are obtained by setting a = ff = A— % and using a different normalization. The
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standard reference on the subject is Szegd [19]; some additional properties and
references are also found in [3].

Gasper [9] showed that if o > B and either 8 > —1 or a+ 8 > 0, then
for each s, tr € H, there is a nonnegative measure g, € M(H) such that if

R (s) = (") T PP (5) then

n n

(1.1) /H R, (u)da,, (1) = R (5)R,(1).

A Banach algebra (H, *; a, ) is obtained if for u, v € M(H), u*v is
defined by

(1.2) /Hf(r) (uxv)(r) = ///fr)d () du(s)dv(t)

for all f € C(H) (cf. [12, Lemma 3.1.C]). This example will be continued in
§§1.4 and 5.

B. Fourier-Bessel series. Let Jos Ji» Jy» ... be the positive zeros of J (x),
the Bessel function of the first kind of order «, and define

S (x) = 2"T(a+ Dx""J (x),

"]”:(x) = /i(]k-x)//a(.lox) >

and
2 2a+1

w(x) = L7, (X)) x

Markett [15] has shown that if a € {4, 3, 3} then there is a nonnegative
function K;,(¢, x, y) on H =[0, 1] such that

(1.3) /J“ EKp (&, x, W& dE =T (x) ]} (y) 0<x,y<]1).

This gives rise to a convolution on M(H) by defining

(14) [ r@dwer@r = [ [ [ @R 5. v)0@) d dutx) dviy).
C. Perturbed ultraspherical series. Consider the linear differential operator

L =y" + (2a + 1)cot 6y’ (0<f<m)

which has an eigenfunctions P,i”“/z)(cos 0) where P,E"H/z) is the ultraspherical

polynomial of order o + % and degree n. Let g be a continuous function

n (0, m) such that 0q(0) is real-analytic at zero, ¢(#) is nonincreasing in
(0,7/2), and g(n —6) = q(6). Define L)y = (L™ — q)y; C. Markett and the
authors showed in [2] that the eigenfunctions of this operator satisfy a product
formula analogous to equation (1.3) with a nonnegative kernel, so it is possible
to define a convolution by means of a formula analogous to equation (1.4).
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1.3. Hypergroups. The structures described in the preceding section are exam-
ples of hypergroups which will now be defined.

Let H be a locally compact space and let M(H) denote the bounded Borel
measures on H; if u € M(H), supp(u) is the support of x. The unit point
mass concentrated at s is indicated by J,; C(H) is the space of continuous
complex-valued functions on H; and C,(H) consists of all f in C(H) with
compact support.

If M(H) is a Banach algebra with multiplication * (called a convolution),
then (H, %) is a hypergroup if the following axioms are satisfied:

Hl1. If u and v are probability measures, then sois u*v .

H2. The mapping (u, v) — pu* v is continuous from M(H) x M(H) into
M(H) where M(H) is given the weak topology with respect to C_ (H).

H3. There is an element e € H such that 6, x u = uxJ, = u for every
ue MH).

H4. There is a homeomorphic mapping s — sV of H into itself such that
s"VW=sand e supp(d, * J,) if and only if 7= sV,

HS5. For u, ve M(H) (uxv)’ =v' +u" where u" is defined by

£is)du" (s) = / £8" ) du(s).
H H

H6. The mapping (s, t) — supp(J, *J,) is continuous from H x H into the
space of compact subsets of H as topologized in [16].

More complete discussions of hypergroups can be found in [8, 12] and the
surveys [11 and 14].

This paper continues the program begun in [17] to classify one-dimensional
hypergroups. Our interest here is limited to hypergroups (H, *) where H
is a compact interval. The inspiration for the classification is the family of
hypergroups (H, *; a, ) of Example A. Each of these is a member of the
class we will call Jacobi type (a, f) hypergroups.

The definition of this class depends on the moments M, and M, defined
below. These are intrinsic to the hypergroup and they provide for the classifica-
tion in a fairly direct way; with the aid of the moments we can show (Theorems
2.1 and 2.2) that every hypergroup defined on a compact interval which satisfies
certain regularity conditions is included in our classification.

In §1.4 we show that the hypergroups (H, *; a, f) are indeed of Jacobi
type (a, B), but the computation, even in this concrete case, is difficult, so
that it is desirable to have a simpler means of achieving the classification. The
clue is given by the fact that each polynomial R, defines a homomorphism on
(H,*;a,pB) by u — [, R, du (cf. equations (1.1) and (1.2)), and that the
R, ’s are the eigenfunctions of a Sturm-Liouville problem. This is the viewpoint
adopted and generalized in [6 and 7]. The parameters o« and S are readily
extracted from the differential operator of the Sturm-Liouville problem.

This idea generalizes. Indeed, a unique Sturm-Liouville problem of a certain
canonical type is associated with each Jacobi type (a, f) hypergroup, the pa-
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rameters can be extracted from the differential operator, and the characters form
a complete set of eigenfunctions; this is proved in Theorem 3.6. Thus the clas-
sification can be achieved by simply examining the canonical Sturm-Liouville
operator.

Since many examples, in particular B and C, are defined by constructing a
hypergroup with characters that are known to be eigenfunctions, this theorem
becomes the more useful tool for classification.

In §4, the classification and the associated Sturm-Liouville problem are used
to obtain detailed information about some of the objects required for harmonic
analysis of Jacobi type («, f) hypergroups. In particular, asymptotic estimates
for the characters analogous to the classic Hilb-type formulas are obtained in
Theorem 4.1. An explicit formula for the Haar measure is obtained in Theorem
4.4. Theorem 4.6 contains precise estimates for the eigenvalues of the associated
problem and an asymptotic estimate of the Plancherel measure. That the linear
combinations of characters are dense in C[0, n] is shown in Theorem 4.7.

In a future paper, we will show that these properties are among those essential
for detailed analysis of the hypergroups. In particular, we shall present an
analogue of the Hardy-Littlewood Maximal Theorem.'

The hypergroup (H, ) is differentiable if whenever f € C C(Ho), the con-
tinuous functions on H with compact support in the interior of H,is p times
continuously differentiable, then u(s, t) = [, f(r)d(d, *J,)(r) is p times con-
tinuously differentiable on the interior of H x H For u=1,2 let k# be the
largest positive integer k such that for every ¢ interior to H

(1.5) Mﬂ(s,t)=/H(r—t)”d(5s*§l)(r)=0((s—e)k)
(the bound may depend upon ). If equation (1.5) is satisfied for no positive
integer k, let ku = co. Similarly define ku as the largest integer such that

~ k

u
M(s,t)= /H(r —5)'d(d,*6,)(r) = O((t —e)").
The quantities M (s,t) and /\7( t) are called moments. (H, x) is regular
if it is dlfferentlable and at least one of &, k , Ky, kz is finite.
Two one-dimensional hypergroups (H *) and (K o) are equivalent if there

is a continuous monotone 4 € C(H) such that #(H) = K and for every f €
C(K)

(1.6) /Kf(z) (6,00,) /f d(d, *6,)(r)

where s = h—l(x) and ¢ = h—'(y) . In this case it will be said that / is a domain
transformation from H to K and that K is obtained from H by a change
of variables. The two measure algebras are thus isometrically isomorphic. If

'W. C. Connett and A. L. Schwartz, 4 Hardy-Littlewood maximal inequality for Jacobi type
hypergroups, Proc. Amer. Math. Soc. 107 (1989). 137-143.
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(H, %) is differentiable and 4 is infinitely differentiable and 4’ # 0 then (K, o)
is differentiable also. Thus it will be no loss in the following to assume that ¢ = 0
unless required otherwise by context.

The following classification theorem is the main result of [17]:

Let H be an interval or a circle and suppose that (H , ) is a regular hyper-
group. Then * must be a commutative operation and (H, %) is equivalent to
one of the following:

(i) (G, x) where G is either the circle group or the group of real numbers, *
is the classical group convolution on M(G), and s’ is the group inverse.

(ii) (K, *) where K =[0, Pl or K=1[0, ), e=0, and s’ =s for every

sek.

(H, %) is said to be of type I (resp. type II) if it is equivalent to a hypergroup
which satisfies the hypotheses and conclusion (i) (resp. (ii)) of the theorem
above. A type II hypergroup (K, *) with K = [0, P] is symmetric if Jp_, *
0p_,=0,x0d, foreverypair s, ¢ in H.

Since * is a commutative operation it follows that (H, x) has a positive
measure m such that supp(m) = H and mxd, = m forevery t € H (see [18]);
m is called a Haar measure for (H, %), and m is unique up to a multiplicative
constant. If H is compact, it will usually be assumed that m is normalized
so that m(H) = 1. If f € L(dm), the norm of f is written ||f||p. The
operators T° defined by

- /H £d(6,%3,)

are called generalized translations because they satisfy the definition formulated
in [13].

A function ¢ in C(H) which satisfies ¢(s’) = ¢(s), and T'(p)(t) =
@(s)p(t) for every s, t € H is called a Hermitian character of (H, x). For
f e L'(dm), define f"(p) = [y fodm, and let H™ denote the space of
Hermitian characters. H~ is topologized so that each f~ 1is continuous on
H™ , and there exists a measure m_ on H , the so-called Plancherel measure,
which satisfies

/ A Pdm” = / fFdm  (f e L¥dm)).
H H

In particular, if H is compact then H~ constitutes a complete orthogonal
system for Lz(d m) . (See [8, pp. 339-340] and the references cited there.)

It is now possible to define a multiplicative operation so that Ll(dm) be-
comes a Banach algebra by setting

fxgl(s) / T 1(t")g(t) dm().

This has the usual properties of such operations, in particular |f * g[|, <
II£1,1gll, (see [12] for details and additional basic properties of convolution
and hypergroups).
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If ku < 00, then there is a nontrivial function A 4 on the interior of H such
that for ¢ interior to H

M(s, 1) =My (s, 1) = A, (1)s" +0(s").

It follows from commutativity and Lemma 1 of [17] that corresponding to the
two classes of regular one-dimensional hypergroups are the conditions 1 = k, <
k, for the type I hypergroups and k, < k; for the type II hypergroups.

1.4. Continuation of Example A. The characters of (H, *; a, ) are {R,} (cf.
equations (1.1) and (1.2)), e = 1, and Haar measure is a constant multiple of
v.

It will be useful to perform the domain transformation s = cos6f so that
(H, *;a, B) becomes equivalent to a hypergroup (K, o;a, ) with K =
[0, ] and e = 0. The properties of (K, o; a, B) will be developed in some
detail in order to motivate the definition of Jacobi type hypergroups and for
comparison with the general theory to follow. The normalized Haar measure
for (K,o;a, B) is

dm(0) = p*(6)d6

where

(1.7) p(6) = B(sin0/2)""*(cos 0/2)" /2
and

(1.8) g Llatp+2)

I'oa+ DI +1)
(see [19, equation (4.3.3)] with n = 0). The characters of (K, o; a, ) are

9,(60) = R, (cos ), and the Plancherel measure, obtained easily from [19, equa-
tion (4.3.3)], is

~

(1.9) m - (n)=nh (@a+1),(a+B+1), 2n+a+p+1

n = lonlla” = (B +1),n! T atf+1

where (¢),=1 and (¢),=c(c+1) - (c+n-1).

The moments for (K, o; a, f) are computed by first obtaining the moments
for (H, *; a, f) which is possible, though tedious, because the characters of
(H, *; a, B) are polynomials. The computation is only outlined here.

First, an explicit formula for Pf”ﬂ ) [19, equation (4.3.2)] is used to obtain
constants a, b, ¢, and d such that

r—l=a(l-R(r) and r’ =bRy(r)+cR (r)+d;
then, by equation (1.1)

My (s, t)—/(r—t)da (r)

-a/[R.(r (N1da,(r)
= a[R, (1) - l<s>R1<z)1
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and
My (s, 1) = /H(r - l‘)2 do,(r)
= /H{sz(r) +cR(r)+d —2ta[l = R,(r)] -2t +¢ }d a,(r)

=bR,(s)R,(t) + cR ()R, (1) +d — 2ta[l — R (s)R,(t)] — 2t + 2.
Finally, substituting expressions for R, and R,
(1.10) My (s, )=R (t)(s - 1),
1 2 2
(1.11) M,,’z(s,t)zm(l—t)(1—s)+R2(t)(1—s) ,

and since e = 1, it follows that k, = k, = 1. The moments MK , and
My , for (K,o;a, ) are obtained from (1.10) and (1.11) as follows; let

h(r) =cos '(r) soif v =h(r) and ¢ = h(t) then (cf. equation (1.6))
My (8, 9)= /(w—w)d(d 03,)(w)
= [ 1hr) = W@, + )07
= [ W@ = 0+ 30 =0+ Olr = 16, 5)(r)

= KM, (s, )+ " (OMy (s, )+ o(1 =)
and similarly
My ,(0,9)= [ (t)] w28, 1) +o(l—s).

Finally substitute s = cosf, t = cosp, h'(t) = —1/sing, and A"(¢t) =
—cosg/ sin3(p to obtain

_ _cosp] .20 2
MH"(H’(/))_sin¢ [ZRI(COS(p) ———a+1]sm 2+0(6 ),
2 .20 2
My (0, 9)= a—+lsm 5 +0(0)
SO |
. _ _cosg
k,=k,=2 A (p) = Tsing [2Rl(cosq)) s 1]
and )
Az((ﬂ):az:m-

Additional properties of (K, o; a, 8) will be discussed in §5.

2. JACOBI-TYPE HYPERGROUPS

For the balance of the paper we require all hypergroups to be differentiable in
the slightly stronger sense that if f € C(H) is p times continuously differen-
tiable, then u(s, t) = T° f(t) has bounded pth order derivatives on the interior
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of H x H. This added requirement may be replaced by the assumption that the
span of H™ is uniformly dense in C(H), or that (H, %) is a symmetric hy-
pergroup, or by more complicated (but less restrictive hypotheses). See Remark
4.9.

The Jacobi example motivates the following definition:

If (a, B) is a pair of real numbers, a hypergroup (H, %) is of Jacobi type
(a, B) if it is equivalent to a type II hypergroup in which:

JI. H=]0, n].

2. ky=k,=2.

J3. sintA,(¢) can be extended to a differentiable function on H .

J4. A,(1)=a,>0.

JS. lim, g, a; 'sintd (1) =a+} and lim,_, a; 'sintd, ()= —(B + 1).

The hypergroups (K, o; a, ) described in the example are of Jacobi type
(a, B) provided (a, B) satisfies Gasper’s conditions of o > f and either
B>-fora+p>0.

The definition is not so restrictive as it may seem at first glance. The following
theorems, based on changes of variables, indicate the generality of the class.

2.1. Theorem. Let (H, *) be a type 11 hypergroup for which
(i) H=1[0, P].
(i) k, =k, =2.
(ii1) sin(P_'nt)Al(t) and A,(t) can be extended to differentiable functions
on H with A, positive on H .
(iv)
tA(1) 1 (t—P)A,(2)

kel RS lim — 22V
Ao~y ed hm A+

N —

2
Then (H, *) is a Jacobi type (a, B) hypergroup.

Proof. Let (H, *) satisfy the hypotheses of the lemma and define a domain
transformation by letting a(t) = fot[Az(r)]_l/2 dr and y = h(t) = na(t)/a(P),
then (H, ) is equivalent to (K, o) where K = [0, #] and o is defined by
equation (1.6). Moreover, proceeding as in the example

2

My (x,y)=hOMy, (s, )+ 30" (OMy (s, 1) +o(s),

My J(x,p) =K (OF M, (s, 1) +0(s),
SO
My ((x,y)=B,()x" +o(x)
and

2

My 5(x, ) = 4,(0)x° + o(x?)

where, if ¢ = h_'(y),
a(P) 4,(0)

B, (y) = TW [Al(l) - ZAz(f)] .
2
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Finally, with a, = 4,(0),
. -1 .
lim a, sinyB,(y)=a+ 1
Y0+ 2 y l(y) 2>

. -1 .
Jlim a, " sinyB, () = —(B + 7).
The following theorem is exhaustive with regard to (k,, k,) because k, > k,
for every type II hypergroup.

2.2. Theorem. Let (H, *) be a type 11 hypergroup for which

(i) H=10, P].

(i) A,(t) can be extended to a positive differentiable function on H, and
if k, = k, then sin(P_lnt)Al(t) can be extended to a differentiable
function on H .

(ii) If k, = k, then

2t4,(t)

. 22— P)A,(1) -,
,i%lszz(z)”“kz and - lim =20 =Btk

and if k; >k, then a=f = —k; .
Then (H, %) is a Jacobi type (a, B) hypergroup.

Proof. Proceed as in Theorem 2.1 with y = h(t) = fal? , then
2 2
My ,=B,(x +o(x") (u=1,2)
with
B,(y) = Lh"()A,(0) + el ()4, (1),
By(y) = [H ()]’ 4,(0),

where ¢ = 1 if Kk, = k, and ¢ = 0 otherwise. It is easy to show that B, and
B, satisfy the hypotheses of 4, and A, in Theorem 2.1 so the result follows.

3. DIFFERENTIAL EQUATIONS

It will be assumed for the rest of the paper that (H, %) is a Jacobi type
(o, B) hypergroup. Let B(r) = 4,(t)/a, then from J5

(3.1 lim sintB(f) =a+ 4 and Mim sinzB(1) = - (B+ %)
am

t—0+
If fe C2(H) ,then u(s, t) = T’ f(t) solves the following Cauchy problem:
Uy +2B(s)u, =u, +2B(t)u, 0<s,t<m)
u0,n=r(t), u(0,1)=0 O<t<m)

(see [13, I1.6] and [17]).
Two more partial differential equations related to equation (3.2) will be re-

quired. Define
14
/ B(r) drjl
n/2

(3.2)

(3.3) p(t) = cexp
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where ¢ is chosen so that fO” pz(t)dt =1. Let W(s,t) = pz(s)pz(t) , then if
u is a solution of equation (3.2)

0 ou 0 ou
(3:4) 75 (Wa';) = a1 (WE>'
Finally, if ¢ = p”/p and if v(s, t) = p(s)p(t)u(s, t), then
8%v 8%v
3.5 — —q(s)v = —5 —q(t)v.
(3.5) Py q(s) Pye q(?)

An important consequence of equation (3.2) is that the characters of (H, *)
are eigenfunctions of a second order linear differential operator. This fact,
expressed in Theorem 3.5 below, plays a key role in understanding the properties
of characters. First, however, some information is required about the behavior
of p and ¢ near 0 and =n.

3.1 Lemma. (i) There are positive constants a, and ag such that

lim ¢ ""?p(t) = a, and lim (- 1) "' p(t) = a,.
1—0+ @ [—n—
(i1)
ol —1/4 pP-1/4
q(t) = T + 5+ Q1)
t (m—1)

where sintQ(t) is a bounded continuous function on (0, n). In the limiting
case a = —% (resp. B =-1%), Q isactually continuous at 0 (resp. 7).

Proof. (i) follows from equations (3.1) and (3.3). To prove (ii), use equation
(3.3) to obtain g = B*+ B , and then employ equation (3.1).

3.2 Lemma. If ¢ belongs to H™ then ¢ is a real-valued twice continuously
differentiable function and for some u > 0, y = ¢ is a solution of the initial
value problem

(3.6) 0’y +up’y =0, yO) =1, ¥'(0)=0.

Proof. If ¢ € H™, then, since s' =5, ¢(s) = ¢(s’) = ¢(s) so ¢ must be a
real-valued function. Also if f € CZ(H) then, as in [13, pp. 65-66],
n

o(s) /0 oA dm(o) = | T () £ty dm(t) = "o iy dm),

the last expression is twice continuously differentiable with respect to s, so
pE CZ(H) and hence u(s, t) = T (1) = ¢(s)p(t) solves (3.4). Separation of
variables shows that (3.6) holds for some real number u and y = ¢ . The first
initial condition, ¢(0) = 1, must hold since ¢ is a character and J, is the
identity element of (H , %) ; the second condition, ¢'(0) = 0, follows from the
boundary condition (0, t) = 0 specified in (3.2).

To show that x4 > 0, assume by way of contradiction that 4 < 0. Since
0(0) =1, ¢ ispositiveon N = (0, &) for some ¢ > 0,50 (p*¢") = —up’p >0
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on N . This implies that pzq)' is strictly increasing on N, hence ¢’ is positive
on N because ¢'(0) = 0. Since ¢(0) = 1, it follows that ¢ exceeds 1 on N
which is impossible since ¢ is a character, and necessarily bounded by 1. This
contradiction establishes that 4 > 0.

It will be useful to have some properties of (3.6). The following lemma is a
slight generalization of [1, Chapter 8, Theorem 2.1] which is stated for regular
differential equations, but the proof given is applicable to the present situation.

3.3 Lemma. Consider the Sturm-Liouville problem
P’y +vp’y =0,
V(0)=0,  lim [Cy(0) + C,p"(0)y' (] = 0
where at least one of C, and C, is not zero. Then the eigenvalues may be
arranged in an unbounded increasing sequence vy <v, <v, <--- and if y, is

a nontrivial eigenfunction corresponding to v, , then y, has exactly k zeros in
(0, m).

The following asymptotic estimate of eigenvalues will also be required.

3.4 Lemma. Let v, be as in Lemma 3.3, then lim,_, k_zuk =1.
Proof. 1t will suffice to show there are constants ¢ and C such that

(3.7) Ky <1+ Ck7t,
(3.8) Kv ' <14ep 2,

and the result will follow because the sequence v, is unbounded (Lemma 3.3).
To do this, we will show that if k € E = {p: v, has no more than p/2 zeros in
(0, m/2)}, the first inequality holds, and if & ¢ E, the second holds. Those
arguments with ¢ and o replaced by n — ¢ and f respectively lead to the
conclusion that the inequalities hold for every k.

Let y, be a nontrivial eigenfunction corresponding to v, . Let j,, Jj,,
J;» - denote the positive zeros of J (¢) arranged in ascending order, let m, =
27z_ljp,and let I, = (mo/mp, n/2). Then J (m,t) has exactly p zeros in 1,
and from [21, 15.53] (or more simply (4.8) below)

(3.9) m, =2p+ O(1).
Let k belong to E, and let n be the greatest integer not exceeding k/2. Then
there cannot be a zero of y, between every pair of zeros of J (m,_ ) in I _,.

Now recall that y(t) = 12 (m,_,t) satisfies

o3

2
2 a —1/4
y"+(mn+z——tz—/)y=0»

so the Sturm Comparison Theorem [1, p. 208] implies that there exists { € [, _,
such that
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or more simply, m n+2 > v, —Q, (&) where Q () =q(&)—(a ——)5_2. Further,
£Q, (&) is bounded in I , (cf. Lemma 3.1), so there is a constant C,; such
that |Q ()] < C\m, +2/m0. Equation (3.9) implies there is a constant C,
independent of n such that m,_, < k + C,. The last three inequalities yield

(k +C,)* > v, — C,(k + C,)/m, . Division by k* shows there is a constant C
such that (3.7) holds.

Let 4 > 0 and assume that y is the solution of the initial value problem
(3.6). Let z(t) = z(4;t) = y(t/A) where A= u. Then z satisfies the initial
value problem

2"+ 27 () + 2 =0,

z(0)=1 and Z'(0)=0
where b(t) = tp'(t)/p(t) has a limit as t — O+ (see equations (3.1) and (3.3)).
It follows that there is a constant C; > 0 such that
(3.10) z(A; ) >0 O<r< Q).

Now for sufficiently large k, v, > 0 so there exists 4, > 0 such that v, =
/1,2(. Thus (3.10) implies y, (1) = z(4,;1) # 0 if 1 € I = (C3/4, m/2).
If Kk ¢ E and n is as above y, has more than n zeros in I* because of
Lemma 3.3. Thus the zeros of J (m t) cannot interlace those of y, in / k.
Proceeding as above, there exists & € I¥ such that mf,_l <v, -0, and

there is a constant C, such that m, | >k - C, so (k — C4)2 Sy +CiA /G
hence (3.8) holds for some constant c.

n—1

3.5 Theorem. There is an enumeration ¢, =1, ¢,, ¢,,... of H and an
unbounded increasing sequence of real numbers 0 = A, < A, < A, < --- such
that y = ¢, and u = Ai solves the initial value problem (3.6). The Plancherel
measure for H™ is given by h, = |¢, |, ® in the sense that

/ P dm =31 ()l
0 k=0

Proof. H™ is a countable orthogonal basis for Lz(dm) because H is compact
[8, Theorem 3.5]. H™ is topologized so that f~ is continuous for every f €
Ll(a’m). In particular, if ¢ € H~ and f(¢) = ¢(t), it follows that {¢} is an
open subset of H ™, so that H~ has the discrete topology.

Thus M = {u: (3.6) holds for some y € H"} is a countable set with no
accumulation points. Lemma 3.2 implies M C [0, o), so by Lemma 3.3 M
can be enumerated as an unbounded increasing sequence 0 < u, < u; < 4,
< el
Let ¢(t)=1 (1€ H). Since J, *J, is a probability measure,

/Hmu)d((ss £8) W) =1=p(s)p()
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so ¢ 1is a character and the corresponding eigenvalue from (3.6) is 0. Thus
9,=1 and p;=0.

Frequently, as in Examples B and C, a hypergroup is obtained because the
eigenfunctions of a Sturm-Liouville problem satisfy a product formula analo-
gous to (1.1) with nonnegative measures o, . The characters of the resulting
hypergroup are normalized eigenfunctions.

The following theorem shows that the hypergroup may be classified by di-
rect reference to the differential operator without resorting to the calculation of
moments. Its proof will be deferred to the end of the next section.

3.6 Theorem. Suppose (H, *) is a type 11 hypergroup with H = [0, n] and
suppose the characters are also eigenfunctions of a Sturm-Liouville problem on
H:

(3.11) (wy") + 2wy =0,
(3.12) y'(0)=0 and lim [C (1) + Cw(t)y' ()] =0

where w is a positive continuously differentiable function on (0, ) such that
lim,_ . t_za_’w(t) and lim,_, (7 — t)—zﬂ_lw(t) exist and are positive, then
(H, *) is a hypergroup of Jacobi type (a, B), w(t) = cpz(t) where p is defined
by (3.3) and ¢ is a constant, and the characters of (H, *) form a complete set
of eigenfunctions for the problem (3.11)-(3.12). The same result holds if (3.11)
is replaced by y" + 2by' + A’y = 0 and the assumption that (3.1) holds with b
in place of B.

4. PROPERTIES OF THE CHARACTERS AND THE PLANCHEREL MEASURE

In this section, the fact that the characters satisfy a differential equation
related to Bessel’s equation is exploited to obtain asymptotic estimates of the
characters and the Plancherel measure. For the sake of simplicity in exposition
it will be assumed in this section that « and S are nonnegative. With some
small modifications, all of the results are true if -3 <a <0 or =3 < <0
with nearly the same arguments. The necessary changes are given in §4.8.

Let J, be the Bessel function of the first kind of order v and let 7 (z) =
2’T(v+ 1)z7"J (z) so that Z, is an entire function with £ (0) = 1.

In the arguments of this section C will denote a positive constant which
need not be the same at every occurrence. The following Hilb-type estimate is
inspired by [19, Theorem 8.21.12].

4.1 Theorem. Let a, and ag be as in Lemma 3.1 and let € > 0. Then there
is a constant C depending only on o, B, and & such that:

(i)

(4.1) 9,(s) = [a,s"""?

/P($)LE, (As) + I (s)
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With

(4.2) ()] <CA ' 0<s<i),

(4.3) I1(5) <CA (As) ™ Pna, (' <s<m—e),
(i1)

(44)  9u9) = o(milag(m =972 p(s)L7 (A (m = 9)} + M (s)
with
M ()| <CA, ' (O<n-
M (s)] <CA; ' A (=) "2, (e<s

IA
IA

-1
j'k

-1

k

)
).

Proof. It will be assumed in this proof that « is not an integer. When « is an
integer, J__ can be replaced at each appearance by Y _, the Bessel function of
the second kind of order o, and the analysis is quite similar.

§
T —

IA

From Theorem 3.5 and Lemma 3.1(ii) y = aa_1 Py, solves
2
2 a —1/4
Jﬂ+<&—"—;fL)Y=QJ

where sQ (s) is bounded on [0, 7 —¢] for every ¢ > 0.
By the method of variation of parameters [10 or 19, §8.63]

v(s) = A,s'2T (A,.8) + Bs'PI_ (A5)

-

/ “(50)K, (5. 1Q, (1)(1) d

2sinan J

(4.5)

where
K (s, 1) =J (A8)J_ (At) = J (A1) JT_ (4;9).

Since « is nonnegative, the contribution of the second term in (4.5) to ¢,
would be unbounded for a nonzero B, (it will be shown below that the con-
tribution of the third term to ¢, is bounded), thus B, = 0 and (4.1) holds
with

(4.6) I(s) =/0 H, (s, 1)p,(1)dt

where

_m sy
Hk(S, 1) = S sinan (;) W)“Kk(sa t)tQ(,(t)~

The standard estimates J (x) = O(x") (0<x<1)and J (x)= 0(x_l/2)
(x > 1), the bound ¢Q (f) = O(1), and Lemma 3.1(i) can be used to obtain

C 0<r<s<ih,
(4.7) |H (s, )] <{ C(a,s) """ O0<t<a'<s),
C(tfs)" P (o< <t<s).
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Equation (4.2) is now obtained since ||¢, |, =
To obtain (4.3) use (4.1) and (4.6) to write I, (s) = S,(s) + S,(s) + S5(5)
where
1/4,
S,(s) = A H (s, )o,(t)dt
a+1/2

S, = [ s, 01, poLs, e de,

Sy(s) = /w H, (s, )L, (t)dt

and define F, = sup |2y

obtain

I.(t)] (At>1). Nowuse |l¢.]|,, =1 and (4.7) to

+172 —a—3)2
seY a=3/2,

1S,()] < CA

To estimate S,(s) use |7 (4,2)] < K(4,)"*""/? and find

a+1/2|S (s)) < CA"™ 32 Ini,,

and finally
a+l/2|S (s) |<CF/1 ni,
so if 4,5 > 1
]sa+1/21k(s)| _ ,sa+1/le (s) +Sa+l/2S2(s) +s“+1/233(s)|

therefore,

F, < Clna A+ 4 'F]
whence

F, < ClnA /Act?

since A, — 0o as k — oo, and (4.3) is proved.
The proof of part (ii) is similar to the above but with s and « replaced by
n—s and f.

4.2 Corollary. ¢;((O) = (p;(n) =0.
Proof. This is a simple consequence of the fact that B, =0 in (4.5) and in the
corresponding equation with s and a replaced by 7 —s and f.

Let E, =2T(a+ l)a,, E;=2"T( +1)a;,and E =E,/E,.

4.3 Theorem. (i) lim, ;"¢ ()| = E.
(i) a> 8.
(iti) lim, A" [T or(t)p (1) dt = E2.
(iv) There is a constant K >0 such that ¢, (t) > 3 if At <K.
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Proof. Suppose |5 —s| < %, then Theorem 4.1 yields

sa+1/2

—a—1/2
0, ) + ol
_ \ft1/2 e
= g (m) [aﬂ(" ps(l) 5y (1 =)+ 0(3” ‘/Z)J

whence, using the definition of 2 , if ¢,(s) #0
_EpO] (1) P () +0(1)
ko 9(m) = 1 12 :
()] [A(m = )] T4 (m —5)) + 0(1)
The asymptotic estimate [21, 7.21(1)]

P

(4.8) J(z) = (_ﬂz_z)l/z o (Z ~ 1,2_7, _ % . 0(2_3/2))

can be used to obtain

_cos(A s, —an/2—m/4) + p(s)o(1)

"~ cos[A(m—s,) — /B2 — /4] + p(s)o(1)’
Now let ¢ > 0 and choose s, , k=1, 2, ..., so that

cos [/lk(n—sk) ~ ﬂTH - %] =1

—1.a—
ET'3 7 g (n)

and it follows that |E —1/1:—/3 9, ()| < 1+e¢ if k is sufficiently large. Similarly
if s, are chosen so that
an w

T3~
then {E—llz_ﬂ(pk(n)l > 1—¢ if k is sufficiently large. Thus |/1‘,:_ﬂ(pk(n)| —E
as k — o0.

To obtain (ii) observe that each ¢, is a character hence |¢, ()| < 1 for all
k ; this will be violated unless a > .

For part (iii) let

cos [/lksk -

n/2
S.00 =1 [ i) ds,
0
1/,
T =4 [ hi0p’s)ds.
n/Z
T, (k) = 22" / (a5 p(s)LE, (A 9) Y02 (5) ds,
1/4,

T, (k) =/1ia+1/

1/,

where I, has the same meaning as in Theorem 4.1.

n/2
L. (5)p"(s)ds
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Now, since [|g, || = 1 and p(s) = O(s*""/?), T,(k) = 0(;") and Ty(k) =
O((A; ' In2,)%), so
Jlim T, (k) = lim 7,(k) =0.

Also

n/2 >
T,(k) = /l//l (E J (A S)] A, sds
k
A,n)2
:Ej(;tk)“‘/k T (uyudu,
1

thus (cf. [21, 5.11(11)]) lim, _, _ T,(k) = E§/2 > 0. Thus

lim S, (k)= lim T,(k) = E/2.

k— o0 k—o0 «
If .

2 2 2
Syt =4 [ 104(5) /a9 (5)ds
then the same argument as above using Theorem 4.1(ii) shows that
. 2
ler&Sﬂ(k) =E;/2

so, by part (i) of this lemma

lim 2 [ P97 ds = Jim " gy (18,0 = 012

and part (iii) follows since

s /O 0r(5)p(s)ds = S, (k) + [ 9, (m)]'S 4 (k).

Finally part (iv) is a consequence of (4.1) and (4.2) and the fact that Z (0) =
1.

4.4 Theorem. Haar measure on (H, %) is absolutely continuous with respect
to Lebesgue measure and the normalized Haar measure is given by dm(t) =
pi(1)dt.

Proof. Let f € C™(H), then u(s, t) = T f(t) satisfies (3.4) so that if U(s) =
fon u(s, t) pz(t) dt, then (3.4) together with the Fundamental Theorem of Cal-
culus yield

PV =50 [ 5 [P omts, 0] ar
t—n— t—0+

= p’(s) [ lim p*(t)u,(s, ) — lim p*(t)u (s, 1)] .

Lemma 3.1 guarantees the limits to be zero because f € C*°(H) implies that
u,(s, t) is bounded.
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Thus pz(s)U'(s) = lim_, ., pz(s)U'(s) = 0. Hence U is constant, so for
feCP(H)

(4.9) /O T £ (1) di = /O " f0pd di

which yields the theorem since C°°(H) is uniformly dense in C(H).

4.5 Theorem. (i) H™ is a complete set of eigenfunctions for the problem

(4.10) (0™ +up’y =0, Y (0)=y'(m)=0.
(ii) ¢, has exactly k zeros interior to H .

Proof. This follows from Corollary 4.2, Lemma 3.3, and Theorem 4.4 since
H™ is a complete orthogonal family for Lz(dm) = Lz(pz(t) dt).

It is now possible to obtain some precise estimates for 4,, ¢, , and 4, .

4.6 Theorem. (i)lim, , k '2, =1.
(ii) @p(n) = (=) K’ °[E + o(1)].
(iii) A = |loell, = k™7 E, + o(1)].
(iv) There exists K >0 such that ¢, (1) >} if kt <K.

Proof. Part (i) is a consequence of Theorem 4.5(i) and Lemma 3.4. Parts (ii)-
(iv) (except for the alternating sign in part (ii)) are obtained by applying part
(i) to parts (i), (iii), and (iv) of Theorem 4.3. The alternating sign in (ii) is due
to the fact that, ¢,(0) = 1, ¢, has k zeros interior to H and ¢, changes
sign at each zero since it is a nontrivial solution of a second order differential
equation which is normal in the interior of H .

The following result is a desirable property that is not known to hold in
all compact commutative hypergroups; indeed Dunkl [8] is forced to include a
rather strong hypothesis to obtain a similar result [8, p. 340].2

4.7 Theorem. The span of H™ is uniformly dense in C(H).

Proof. First note that equation (3.2) and the differentiability of (H, %) imply
that B € C™(0, n) so that p € C™(0, n) also.

Let Cfo(O, n) be the space of functions with compact support in (0, 7),
and let f € CC°°(0, 7). Then (3.4) and two partial integrations yield

= /O f(p20)dt = i /0 F(p 0Ly di

2 o~

= =40 | et dr==a0F,

where F = p_z(pzf')' € C°(0, m) so we can show inductively that f~ =
0(1,:2’)), (p =1,2,...). Thus Theorem 4.6(iii) implies Z;":O S h,o, con-
verges uniformly to f, so f is in the uniform closure of the span of H ™ .

2See also K. Ross, Centers of hypergroups, Trans. Amer. Math. Soc. 243 (1978), 251-269.
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If f e C(H) it is possible to choose @ and b so that g = f + ap, + by,
satisfies g(0) = g(n) = 0, so g can be uniformly approximated by functions
in C°(0, ), and hence so can f.

Proof of Theorem 3.6. Let p be obtained from (H, *) as in (3.3), then from
Theorem 4.5 it follows that H~ constitutes a complete set of eigenfunctions
for the Sturm-Liouville problem consisting of (p°y’)' +4y = 0 and a boundary
condition of the form given by (3.12). On the other hand, (3.11) and (3.12)
imply that H™ is an orthogonal family for Lz(w(t) dt) . Thus, since ¢, =1,

/0 9. (1)p (1) dt :/O 9 (Ow(t)dt=0 (k=1,2,..)
so (H, *) is of Jacobi type (a, f) by Theorem 4.7.

4.8 The case a < 0 or § < 0. The problems that arise in this case are due
to the fact that if @ < 0 (resp. f < 0) then equation (4.10) has two linearly
independent solutions which are bounded in (0, 7/2) (resp. (n/2, n)). This is
easily resolved at 0 because the boundary condition in (3.2) implies qo;((O) =0
When f < 0 the difficulties at n are eliminated by the following boundary
condition:

(4.11) Co,(n)+ D, =0,

where D, =lim _ p2(5)¢;<(s) . Equation (4.11) ensures the orthogonality of
{p,} in L?(p°(¢)d?). This would certainly be the case if ¢, (n) = 0 which
would be the result if the boundary condition u (7, t) = 0 is added to (3.2).
The same condition would hold if (H, *) is symmetric in the sense that
T"°f(n —t) = T’ f(t). Nevertheless, the results in the previous section still
apply with the modifications discussed below.

Theorem 4.1(i) is valid for all «, g > —% because the condition q);((O) =0
forces B, = 0 in equation (4.5). When —1 <a <0 (4.7) can be replaced by
the bounds:

C(t)s)* 0<r<s<ah,
H(s, 0l < § C)™ 7 P(0™ (0<i<i’ <),
Ct/s)* a7 (<A <<y

The rest of the analysis in the proof of part (i ) remains valid. For part (ii)
a similar, but necessarily more complicated result holds with (4.4) replaced by

0,(5) = pp(mlay(m = )" p()L7 (A (m — 5)
— Dy (m = 5)2Bay(n — )" p(9)]7 (A (1 = ) + M (s).
Finally if a = —% it follows from [20, Lemma 1.7(ii)] that

(s) = Loip cos(4,s) + 1, (s)
P = 000)
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with [[,(s)] < Ci;', and if g =1

(s) = (n)f:-lﬁ cos(A, (1 — s)) + M, (s)
¢k = ¢k p(S) k k

with | M, (s)| < Ca; .
These changes have negligible effect on the behavior of ¢, (x), 0 < x <
7, for large values of k because if 8 < 0, /ﬁg(lk(n —s)) oscillates with an

amplitude O(},,:ﬂ - 2) while #_ ﬂ(lk(n —5)) has an amplitude which is at least

a constant times Af ~Y2  Thus Theorem 4.3 stands unchanged. Theorem 4.4
remains valid since its proof does not depend on boundary conditions at all.

For 8 > —1/2 the added boundary condition (4.11) ensures that the orthog-
onality of {¢,} in Lz(pz(t)a't), so the conclusions of Theorems 4.5 and 4.6
are still true if the boundary condition at 7 is included in the hypotheses.

When «a > f = —1/2, the proof of Theorem 4.4 is still valid with the added
hypothesis that lim,_ _ dT'f(s)/0t = 0 whenever f belongs to some dense
subset of C(H). The same is true for Theorems 3.6 and 4.5-4.7.

4.9 Remarks. The boundedness condition which was added to differentiability
at the beginning of §2 is used only in the proof of Theorem 4.4; consequently,
it is possible to replace this with any of the following conditions:

Cl1. The span of H™ is uniformly dense in C(H).

C2. (H, %) is a symmetric hypergroup.

C3. For all f belonging to a uniformly dense subset of C(H), T° f(t) has
bounded second order derivatives on the interior of H x H .

C4. The following three relations hold for all f belonging to a uniformly
dense subset of C(H):

@) Ll /0 T f(t)dt = /O 0 P62t

;9—3.0
. 2 8 r S
(4.13) lim p ‘”%/0 T’ f(t)dt =0
(4.14) lim p2(s) T f(1) = 0.
s—n— as

Condition C4 is an obvious minimal condition for the proof of Theorem 4.4
to be valid as given.

Condition C3 can be used to establish equations (4.12)-(4.14) so C3 is
stronger than C4.

To see that C2 suffices, assume that (H, ) is a symmetric hypergroup and
that /€ C°(0,m). Let u(s,t) = T°f(t). Then for each fixed s which is
sufficiently small u(s, t) € CC°°(0, m). Also lim,_ . u (s, t)=Lf(t) where L
is a differential operator, thus as s approaches 0, u (s, ¢) converges uniformly
to a continuous function. Condition C2 implies u(m —s, n —t) = u(s, t) =
u(t,s) forevery s, te H. Thus C3 holds.
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Since ¢, = 1, it is clear that equation (4.9) holds when [ = ¢,, k =
0,1,2,...,thus (4.9) holds for f belonging to the span of H™ . If C1 holds,
this yields (4.9) for all fe€ C(H).

5. EXAMPLES (continued)

A. (K,o;a, B) is a hypergroup of Jacobi type (a, f) so the results of
the previous sections generalize properties of the hypergroup (K, o; a, ) the
notations of that example will coniinue in this section.

Condition C1 holds by the Weierstrass Polynomial Approximation Theorem
since for each k, R, is a polynomial of degree k.

An explicit formula for R, (cos #) can be obtained from [19, equation (4.3.2)]
so that

. -1 _.
¢1£{)1+a2 sinpd,(p) =a+ 3,
. -1 _.
Jim a, singd,(9) =~ (+1).

which is equivalent to (3.1), and it is easily derived from equations (1.7) and
(1.8) that the parameters in Lemma 3.1(i) are a, = 27°"'2B and a, =

27F-12p
Let ¢,(0) = R, (cos@). If y(6) = p(6)¢,(6) then y is a solution of
V'+ (e —a)y =0
where 4, =k + (a+ f+1)/2 [19, equation (4.24.2)] and

2 2
~1/4 —~1/4
go)= 24 F L
4sin“6/2 4cos°6/2

which is in agreement with Lemma 3.2 and Theorem 4.6(i). Also
of—1/4 pr-1/4
7t 2

0 (m—0)

with Q belonging to C(K) which is actually stronger than Lemma 3.1(ii).
It is a simple exercise to show that y = ¢, solves (3.11) with

w(6) = (sin %)ZQH (cos %)zlm

q(0) =

+Q(0)

which shows that Theorem 3.6 provides a much simpler way of determining that
(K,o;a, B) is a hypergroup of Jacobi type (a, ) than the direct calculation
of My | and M ,.

The Hilb-type estimate [19, Theorem 8.21.12] yields (4.1) with the smaller
error terms:

00 %) 0<6<ily,
o (4,0~ (A, <f8<m—-¢),
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in place of those in equations (4.2) and (4.3). These better estimates are smaller
because in this example Q(f) is bounded, whereas in a general Jacobi type
hypergroup it is only assumed that sin 6Q(6) is bounded.

From [19, 4.1.4] it follows that

0, (1) = (_l)k(k-ik-a)_l(k"ki'ﬂ>

and Stirling’s formula yields
k (T(a+1 -a
0,(m) = (0" (5 + o)) ¥
which agrees with Theorem 4.7(ii).
Equation (1.9) yields

2 (k+a\ ' (k+ B\ (k+a+B\T' a+p+1
di= () (20 (TE) T
which is seen to agree with Theorem 4.6(iii) by means of Stirling’s formula.

B. The Fourier-Bessel basis functions of Example B are eigenfunctions of the
operator Ly = y” + 2By’ where B(x) = (@ + 1)/x. The characters of the
associated hypergroup are ¢, (x) = J;(x) and they satisfy ¢, (0) = ¢;(n) =0.
This last equality can be established with the help of the recurrence relations for
Bessel functions in [21, §3.2]. Condition C1 obtains since the span of H™ is
uniformly dense in C,(0, 1), and hence in C(H) (see [21, §18.53]). It follows
from Theorem 3.6 that the resulting hypergroups are of Jacobi type (a—%) when
ae{}, 3, 3}. (In this example the interval is [0, 1] instead of [0, n]).

C. A similar examination of the perturbed ultraspherical case with a suf-
ficiently smooth perturbation ¢ satisfying the conditions previously specified
shows the resulting hypergroup to be symmetric (condition C1) and of Jacobi
type (a, o) with the normalized eigenfunctions as characters. The characters
satisfy the boundary condition (p;((O) = q);((n) = 0 because of symmetry.
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