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USING SUBNORMALITY TO SHOW THE SIMPLE CONNECTIVITY 
AT INFINITY OF A FINITELY PRESENTED GROUP 

JOSEPH S. PROFIO 

ABSTRACT. A CW-complex X is simply connected at infinity if for each com-
pact C in X there exists a compact D in X such that loops in X - Dare 
homotopically trivial in X - C. Let G be a finitely presented group and X 
a finite CW-complex with fundamental group G. G is said to be simply con-
nected at infinity if the universal cover of X is simply connected at infinity. 
B. Jackson and C. M. Houghton have independently shown that if G and a 
normal subgroup H are infinite finitely presented groups with G / H infinite 
and either H or G / H I-ended, then G is simply connected at infinity. In the 
case where H is I-ended, we exhibit a class of groups showing that the "finitely 
presented" hypothesis on H cannot be reduced to "finitely generated." We ad-
dress the question: if N is normal in Hand H is normal in G and these 
are infinite groups with Nand G finitely presented and either N or G / H is 
I-ended, is G simply connected at infinity? In the case that N is I-ended, the 
answer is shown to be yes. In the case that G / H is I-ended, we exhibit a class 
of such groups that are not simply connected at infinity. 

I. INTRODUCTION 

The purpose of this paper is to extend a result of Jackson [7] and Houghton 
[6] on group extensions that are simply connected at 00. In [7 and 6] we find 

Theorem. Let H <l G be infinite finitely presented groups with G / H infinite. If 
H or G / H is I-ended, then G is simply connected at 00. 

If the finitely presented hypothesis on H is reduced to finitely generated, the 
hypotheses are no longer sufficient to ensure that G will be simply connected at 
00. §V will exhibit a class of such groups. In particular, let F denote the free 
group on two generators. §V will present a finitely generated, I-ended normal 
subgroup H of F x F such that (F x F)/ H is isomorphic to the group Z of 
integers. Furthermore, F x F is not simply connected at 00. 

The question arises as to what extent the hypotheses of Jackson and Hough 
ton's theorem may be altered while still ensuring that G is simply connected at 
00. In [10], Mihalik shows the following: 
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Theorem. Let H <J G be infinite groups with G finitely presented and G / H 1-
ended. If H is abelian with an element of infinite order, then G is simply 
connected at 00. 

This paper further investigates how the hypotheses of the original theorem 
may be adjusted without affecting the conclusion that G is simply connected at 
00. In particular, we shift the finitely presented condition on H to a normal 
subgroup of H. Assume that N <J H <J G are infinite groups with G / H infinite 
and Nand G finitely presented. Jackson and Houghton's theorem suggests that 
the additional hypothesis of G / H being I-ended might ensure the conclusion. 
(This question is raised by Mihalik in [10].) However, §V will present finitely 
presented groups showing that no hypothesis on G / H (that can be satisfied by 
a finitely presented group) is sufficient to ensure that G is simply connected at 
00. (See Corollary V.1. 1.) 

With N <JH <JG as above, Jackson and Houghton's theorem also suggests that 
the additional hypothesis of N being I-ended may be sufficient for G to be 
simply connected at 00. This yields the 

Main Theorem. Let N <J H <J G be groups with Nand G finitely presented and 
N I-ended. If G / H or H / N is infinite, then G is simply connected at 00. 

§IV will exhibit a class of finitely presented groups that are simply connected 
at 00 by the Main Theorem. Further, it will be shown that the theorem of 
Jackson and Houghton does not apply to these groups. 

The simple connectivity at 00 of a finitely presented group is an important 
group invariant. In [4] Geoghegan and Mihalik show that if a finitely presented 
group G is simply connected at 00 then H2 (G ; % G) = o. The converse of 
this is false. Davis [3] presents examples of groups G that are not simply 
connected at 00 but satisfy H2 (G; % G) = o. Thus, simple connectivity at 00 

is a stronger group invariant than second cohomology. 
Simple connectivity at 00 of finitely presented groups has applications in 

many settings. To mention a couple, Hillman [5] uses simple connectivity at 
00 in his results concerning 2-knot groups. Also, simple connectivity at 00 is 
used in [8 and I] to show that universal covers of certain closed 3-manifolds 
are homeomorphic to Euclidean 3-space. 

This paper has been written under the auspices of M. Mihalik whose assis-
tance and guidance is hereby acknowledged and greatly appreciated. This paper 
will also serve as partial fulfillment of the requirements towards a Ph.D. at 
Vanderbilt University. 

II. PRELIMINARIES 

The purpose of this section is to introduce terminology, constructions, and 
elementary facts for the results to follow. 

ILl Ends of groups. Let X be a connected locally finite CW-complex. A con-
tinuous map f: [0, (0) --+ X is proper if C compact in X implies that f- I (C) 



A FINITELY PRESENTED GROUP 283 

is compact in [0, 00). Let A denote the set of all proper maps [0, 00) ---+ X . 
Define an equivalence relation ~ on A by r ~ s if for each compact C in X 
there exists an integer N such that r([N, 00)) and s([N, 00)) are contained in 
the same unbounded path component of X - C. (A path component of X - C 
is unbounded if it is contained in no compact subset of X.) The set of ends of 
X is AI ~. The number of ends of X is the cardinality of AI ~. Observe if 
X is I-ended and C is compact in X then X - C has exactly one unbounded 
path component. 

Given a finitely generated group G, the number of ends of G is the number 
of ends of the graph of G with respect to a finite generating set. This definition 
is independent of which finite generating set is used. 

For later use, if G contains a finitely generated, 1-ended, subnormal sub-
group, then G is I-ended. (See, for instance, Cohen [2].) 

11.2 Constructions. There are two constructions which will be important later. 
The first, a 2-complex, is the universal cover of a 2-complex with a specified 
fundamental group. The proof of the theorem will take place in such a space. 
The second construction is a subcomplex of the first which will eventually allow 
for a convenient description of the necessary compact sets. 

Let G be a group with finite presentation p = (gl ' ... , ga; r l ' •.• , rp) . Let 
* be a vertex. For each generator g/, attach a loop to *. Now attach 2-cells to 
these loops according to the relations {r/ }:= 1 • This space, Xp, is the standard 
2-complex with fundamental group G with respect to the presentation p. 

Let X denote the universal cover of Xp' The 1-skeleton of X is the graph 
of G with respect to the generating set {gl' ... , gJ. Hence the edges of X 

±I ±I . correspond to the group elements gl , ... , go and the vertIces of X cor-
respond to the elements of G. Any edge-path e l ··· ek of X corresponds to 

I I I ±I ±I} some group element e l ... ek where e/ E {gl , ... , g(1 . However, deter-
mining an edge path of X from some e; ... e~ requires the specification of an 
initial vertex since e; ... e~ at a vertex v determines a different edge-path than e; ... e~ at another vertex w (though these edge-paths differ by the covering 
transformation taking v to w). When the presentation is understood, X will 
be called the universe of G. 

X is obtained from the graph of G by attaching 2-cells, at each vertex, 
according to the relations r l , ••• , r p' Observe that the number of ends of X 
is the same as the number of ends of G. 

For the second construction, let A be a subcomplex of X. Let V(A) be the 
set of all vertices in A together with all the vertices in X that can be reached 
by a path of length I from a vertex in A. Define the Star of A, denoted 
St(A) , to be the largest subcomplex of X whose vertices lie in V(A). Clearly 
A lies in St(A). Define the Nth star of A (N = I, 2, ... ) recursively as 
StN (A) = St(StN - 1 (A)). 
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Observe that the star of a compact (i.e. finite) subcomplex in X is again a 
compact subcomplex and hence when A = {v} for some vertex v EX, the 

11[ sequence {v} C St( { v}) C ... c Sf ({ v}) C ... is an exhausting sequence of 
compact sets in X. 

11.3 Simply connected at 00. A topological space X is simply connected at 00 

if for each compact set C in X there exists a compact set D in X such 
that if y is a loop in X - D then y is homotopically trivial in X - C. This 
definition extends to finitely presented groups via the first construction in II.2. 
A finitely presented group G is simply connected at 00 if the universal cover of 
the standard 2-complex with fundamental group G with respect to some finite 
presentation is simply connected at 00. This definition is independent of the 
finite presentation chosen for G. 

When considering the simple connectivity at 00 of a finitely presented group, 
it suffices to consider only edge loops in the universal cover. This observation 
will be implicit in the proof in the next section, albeit not explicitly mentioned. 

11.4 A preliminary fact. The preliminary section closes with an elementary fact: 
If X is a connected, locally connected, locally compact Hausdorff space and C 
is compact in X, then C union the bounded path components of X - C is 
compact in X. Recall from ILl that if X is I-ended and C is compact in X, 
then X - C has exactly one unbounded path component. Later, the following 
will be used: If X is I-ended and C is compact in X, then C union the 
bounded components of X - C is compact and its complement is unbounded 
and path connected. 

III. THE THEOREM 

This section presents the main theorem. The proof begins by establishing the 
necessary notation and then follows from a short succession of claims. The idea 
of the proof is to show that a certain type of loop is trivial outside a compact 
set and that every loop is homotopic outside the compact set to a loop of the 
appropriate type. 

Main Theorem. Let N <I H <I G be groups with Nand G finitely presented and 
N I-ended. If G / H or H / N is infinite then G is simply connected at 00. 

Proof. First consider the case when G / H is finite and H / N is infinite. Then 
H is finitely presented since G is. Thus G is simply connected at 00 iff H 
is. But since N is finitely presented and I-ended, H is simply connected at 00 

by the theorem of Jackson and Houghton. 
We may now assume that G / H is infinite. 
Let (n l , ••• , nn; r l ' ••• ,rp) be a finite presentation for N. This extends 

to a finite presentation (n l , ... , n,y" gl ' ... , go; rl ' ... , rp ' Sl ' ... , se) of G 
where {gl H , ... , goH} is a generating set for G / H . 
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Let X denote the universe of G. At each vertex v in X, let v N denote 
the universe of N based at v. If w is another vertex of X, then v N = w N 
iff v = nw in G for some n in N. 

Let n: X --+ X / H be the projection map. Observe that if v is a vertex of 
X then every vertex of v N projects to n( v) . 

Let C be compact in X. Without loss of generality, there exists a vertex Vo 

in X and integer K such that C is the union of StK ({ vo}) and the bounded 
path components of X - StK ({ vo} ) . Then for each vertex v in X, v N n C 1= ¢ 
iff C contains a vertex of v N . 

Claim 1. There exists a compact set D in X such that if I' is an edge loop in 
vN - D for some vertex v in X then I' is a trivial loop in X - C. 

If v N n C = ¢ then I' is trivial in v N and hence in X - C . 
Assume v N n C 1= ¢ . 
Fix a vertex Uo in X/H - n(C). At each vertex u in n(C), let Pu be an 

edge path in X / H from u to uo . Since n (C) is compact, it contains only 
finitely many vertices. Let L denote the maximum length of the pu's. 

If x is a vertex of X such that n(x) lies in n(C), let Px denote the lift 
of Pn(x) to x. Notationally, let x denote the terminal vertex of px . Observe 
n(x) = Uo misses n(C) so edge loops in xN are trivial in X - C. 

Let F denote the free group on {nl' ... , na , gl ' ... , gb}. Let 2? be the 
subset of F consisting of all words of the form pe;lp-Ie2peIP-1 where p is a 
word in F of length at most Land {e l , e2} is contained in {nl' ... , na , n;l, 
... , n;: I}. Observe 2? is a finite set. Further if g is in 2? then the image of 
g in G lies in N. Choose w(g) in F to be a word in {nl' ... n,,} such that 
gw (g) -I lies in the kernel of the presentation for G. If x is a vertex of X then 
gW(g)-1 determines an edge loop at x oflength at most 4L+3+w where w == 
maxgEJ (length of w(g)). 

Let M be an integer such that if x is a vertex of X then every edge loop 
at x of length at most 4L + 3 + w is trivial in StM ({ x}) . 

If x is a vertex of X ,let C, denote srl1 (C) intersected with x N union the 
bounded path components of x N - StM (C). Then C, is compact. Further, 
only finitely many such Cx are nonempty since St M (C) is compact. Let C 
denote the compact set consisting of the union of StM (C) with the bounded 

11 L -components of X - sr (C) and all the Cx's. Define D to be St (C). Since 
C is compact so is D. Observe that if x is a vertex of X - D such that n(x) 
lies in n( C) then x (= terminus of p) lies in the unbounded path component 
of xN - Sf~I(C). 

Subclaim 1.1. Let x be a vertex in X - D such that n(x) lies in n(C). Let 
r be an edge path in xN - D from x to a vertex y. Let ql be an edge 
path in x N - StM (C) from x to a vertex x. If both occurrences of r in 
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FIGURE 1 

the edge path p;lr-IpxqIP;lrpy (from y to a vertex y) lie in X - D, then 
there exists an edge path q2 in y N - StM (C) from y to y. Moreover, for any 
such q2 the edge path r at x is homotopic (reI endpoints) to the edge path 
pxqlP;1 rpyq;lp;1 . Further, the homotopy takes place in X - C. (See Figure 
l.) 

Observe that Px and Py are both lifts of Pn(x) = Pn(y) and thus correspond 
to the same element of G. Hence p;1 r-1px corresponds to an element of H 

(H <l G) and p;lr-IpxqIP;lrpy corresponds to an element of N (N <l H). 
This yields that y is a vertex of y N. By hypothesis, y and y both lie in the 
unbounded path component of y N - StM (C). Hence there exists an edge path 
q2 in yN - StM(C) from y to y. 

It suffices to verify the case when r consists of a single edge as Subclaim l.1 
then follows by a straightforward induction on the edge length of r. 

Suppose r corresponds to an element of {nl' ... , net' n~l, ... , n:I}. We 
can write ql as an edge sequence el , ... ,ek where each ei corresponds to 
an element of {nl' ... , n", n~1 , ... , n:I}. For each i, the element 1; == 
p-Ir-IpxeiPXrp isin 2'. Thus the edge path py-lr-IpxqIP;lrpv is homotopic y y . 

to w(1;)w(J;)·· ·w(fk) in StM(ql) ' hence missing C. (See Figure 2.) 
So, the edge path r at x is homotopic in X - C to PxqlP;1 rpyw(fk)-I ... 

W(fI)-lp;l. Since q2w(fk)-1 ... W(1;)-1 is an edge loop in yN and yNnC = 

¢, q; 1 is homotopic missing C to w (h) -I ... w (1; ) - 1 and Subclaim 1.1 
follows. 

Observe in Subclaim 1.1 that if r is an edge loop then x = y, .x = y , and 
x = y. Also, when r is an edge loop q2 can be chosen to be q 1 • 

Let y be an edge loop in vN - D based at the vertex x. Let ql be an 
edge path in .x N - StM (C) from .x to a vertex x chosen so that the edge loop 
p;lypx at x lies in X - D and is a trivial loop in X - C. 

By Subclaim 1.1 (taking r = y), y is homotopic in X - C to the edge loop at 
x given by PxqIP;IYPxq~lp;1 . Since p;lypx in this loop is trivial in X - C 
we conclude that pxqIP;lypxq~lp;1 (and hence y itself) is a trivial loop in 
X-C. 
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Claim 1 is now shown. 
Let Dl denote StM (D) union the bounded path components of xN _StM (D) 

for all vertices x in X. 

Claim 2. Let P be an edge path in X of length one (so P corresponds to 
a generator or the inverse of a generator of G). Let r, ql' q2 be edge 
paths with edges corresponding to elements of {n 1 ' ..• , nn ' n ~ 1 , ••. , n:: I} • 

If pr-lp-lqlprp-lq2 is an edge loop in X - D1, with both occurrences of r 
lying in X - St(D1) , then the loop is trivial in X - C. 

The proof of Claim 2 is omitted as it follows from Claim 1 and an induction 
argument on the edge length of r that parallels the proof of Subclaim 1.1. The 
hypotheses on r allow for the construction of a homotopy between the original 
loop and a loop in X - D that is seen to be trivial by Claim 1. 

Let D2 denote St(D1) union the bounded path components of x N - St(D1) 

for all vertices x in X. Observe that if x is a vertex of X then x N - D2 
consists of the unbounded path component of xN - St(D1). Thus, any two 
vertices in xN - D2 can be joined by an edge-path in xN - D2 . 

Claim 3. Let p be an edge path in X. Let r, Ql' Q2 be edge paths with edges 
corresponding to elements of 

If pr-lp-lql·prp-lq2 is an edge loop in X-D2 with both occurrences of r 
lying in X - St(D2) , then the loop is trivial in X - C. 

The proof proceeds by induction on the edge length of p. 
If p has length zero then r -1 ql rq2 is an edge loop in xN - D for some 

vertex x in X . By Claim 1 this is trivial in X - C . 
If p has length one then Claim 3 follows by Claim 2. 
Assume p has length at least two. Let e denote the first edge of p and let 

p - e denote the rest of p. To avoid notational confusion define PI = P and 
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P2 = P so the loop can be written 
-I -I -I -I -I 

e(PI-e)r (PI-e) e qle(P2- e)r(P2- e) e q2. 

At the vertex connecting e with PI - e, let PI be an edge path with edges 
corresponding to elements of {n I ' ... , no:, n ~ I , ... , n (~I} that misses D2 and 
terminates at a vertex chosen such that the edge loop 

-I -I -I -I -I 
(PI - e)r (PI - e) e qle(P2 - e)r(p2 - e) e q2e 

at this vertex lies in X - St(D2 ) and is trivial in X - C (see Figure 3). 
The vertex in the original loop connecting (p I - e) - I and e -I and the cor-

responding vertex in the loop at the end of PI both lie in the unbounded path 
component of v N - D2 for some vertex v in X. Let P2 be an edge path in 
vN - D2 connecting these vertices (see Figure 3). 

Similarly, there exists an edge path P3 in some v N - D2 from the vertex 
connecting e with P2 - e in the original loop and the corresponding vertex 
in the loop at the end of PI. Likewise, there exists an edge path P4 in some 
vN - D2 from the vertex connecting (P2 - e)-I and e- I in the original loop 
and the corresponding vertex in the loop at the end of PI (see Figure 3). 

The edge loops e-Iq~lep-;le-IqleP3 and e-Iq2ep~le-Iq-;lep4 are trivial 
in X - C by Claim 2 (e.g., for the former loop take in Claim 2: P = e -I , 

r = ql' ql = p-;I , and q2 = P3)· 
The edge loop (PI - e)r-I(PI - e)-l p2 (P I - e)r(pi - e)-lp~1 is trivial in 

X - C by the induction hypothesis. 
Thus the original loop is homotopic in X - C to the edge loop 

-I -I -I -I 
(P2 - e)r (P2 - e) P3(P2 - e)r(p2 - e) P4· 

e P2 - e r P2 - e 
ql q2 

e PI - e r PI - e 

P2 PI P4 

e PI - e r PI - e 
ql q2 

e P2 - e r P2 - e 

FIGURE 3 
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Claim 3 now follows by realising that the edge loop 

is trivial in X - C , again using the induction hypothesis. 
To complete the Theorem, let D3 denote St(D2 ) union the bounded path 

components of xN - St(D2 ) for all vertices x in X. 
Let y be an edge loop in X - D3 based at the vertex x. Let r be an edge 

path in xN - St(D2 ) from x to a vertex x where x is chosen so that y at x 
misses D3 and is trivial in X - C . 

From x, let q be an edge path in xN - St(D2 ) to a vertex x chosen so that 
yr-1y-l at x lies in X - D3 and both occurrences of yare trivial in X - C 
(see Figure 4). 

Clearly y at x is homotopic in X - C to the edge loop at x given by 
yry-lqyr-1y-l(rq-1r- 1). But the latter is an edge loop in X - St(D2) and 
thus trivial in X - C by Claim 3. Hence y is also trivial in X - C and the 
proposition follows. 

As a corollary to the Main Theorem we generalize a special case of Mihalik's 
theorem. 

Corollary. Let N <l H <l G be infinite groups with Nand G finitely presented. H 
abelian. G / H infinite. and H / N not locally finite. Then G is simply connected 
at 00. 

Since N is infinite, abelian, and finitely generated, N contains a copy of 
Y. Since H / N is abelian and not locally finite, H / N also contains a copy of 
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.Y distinct from the .Y in N. Thus H contains a copy of .Y EB.Y which is 
normal in H since H is abelian. 

IV. AN EXAMPLE 

The purpose of this section is to exhibit a class of groups applicable to the 
Main Theorem but not to Jackson and Houghton's theorem. 

Notationally, for an integer p > 1 let .Y[ ~] denote the group of rationals 
with denominators a power of p. 

Let G = (x,y,t;[x,y],t-1xt = xP,t-1yt = yq) where p and q are 
integers greater than 1. Let N denote the subgroup of G generated by x and 
y , and let H be the normal subgroup of G generated by x and y. 

A straightforward application of the Reidemeister-Schreier method (see for 
instance [9]) verifies that H ~ .Y[ ~] EB .Y[ ~] where N corresponds to the 
subgroup generated by 0 EB 1 and 1 EB 0, and in G we have tJ.,t- 1 = -,h and 

P P 
1 -I 1 tit = --;=T • q q 
We can now observe that N <J H <J G with N(~.Y EB.Y) finitely presented 

and I-ended, G finitely presented and G / H ~.Y is infinite. Thus by the Main 
Theorem G is simply connected at 00. 

Further observe that no finitely generated subgroup of H can be normal in 
G. The following claim then assures that Jackson's and Houghton's theorem 
does not apply. 

Claim. If K <J G and K does not lie in H, then G / K is finite. 
To see this, observe that every element of G can be written in the form htm 

for some h in H and integer m. If K does not lie in H, there exists h in 
H and nonzero integer m such that htm lies in K. Thus tm K = h -I K in the 
image of H in G/K. Since H is abelian and t-Imlxtlml is a power of x, the 
image of x in G / K has finite order. Likewise the image of y in G / K has 
finite order. Thus the image of H in G / K is an abelian torsion group. Hence 
the subgroup jj of G / K generated by the images of h, x, and y is finite. 
The claim now follows by realizing that every element of G / K can be written 
in the form t"gtP K where g E jj and lal < m and IPI < m. 

V. COUNTEREXAMPLES 

The purpose of this section is to present the examples alluded to in the in-
troduction. The first example will show (take G1 =.Y x.Y in Corollary V.I.I 
for instance) that if N <J H <J G are infinite groups with Nand G finitely pre-
sented and G / H is I-ended, then G need not be simply connected at 00. In 
fact, no condition on G / H that can be achieved by a finitely presented group 
is sufficient for G to be simply connected at 00. 

The second example will show that if G is finitely presented, H is finitely 
generated and I-ended, and H <J G with G / H infinite, then G need not be 
simply connected at 00. The examples will be corollaries to the following result. 
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Theorem V.l. Let G[ and G2 be finitely presented groups. If F[ = % * G[, and 
F2 = % * G2, then F[ x F2 is not simply connected at 00. 

Proof. For i = 1 or 2, choose a finite presentation for Gi . This enlarges to a 
finite presentation of Fi by adding a new generator ai . 

Let Xi denote the universe of Fi . Within Xi' let Zi denote the graph of 
the subgroup (a i) of Fi generated by ai and based at the identity vertex of 
Xi· 

Using the induced presentation for F[ x F2 , let X denote the universe of 
F[ x F2 . (Observe that X is the 2-skeleton of X[ x X2 .) We may identify 
Z[ x Z2 with the graph (and appropriate 2-cells) of the subgroup of F[ x F2 
generated by a[ and a2 and based at the identity vertex of X. 

Let C be the compact set in Z [ x Z2 consisting of a single point in the interior 
of the 2-cell at the identify vertex determined by the relation a~ [a~ [a, a2 . 

By construction, the canonical homomorphisms F[ -+ % and F2 -+ % 
induce a retraction of X onto Z[ x Z2 such that X - (ZI x Z2) maps onto the 
I-skeleton of ZI x Z2. In particular, X - (Z[ x Z2) maps into (Z[ x Z2) - C . 

Thus, if D is compact in X then an edge loop in (Z[ x Z2) - D is trivial 
in X - C iff it is trivial in (Z[ x Z2) - C. Since for any compact set D in X 
there exists an edge loop in (ZI x Z2) - D that is not trivial in (ZI x Z2) - C , 
it follows that X is not simply connected at 00 and the theorem is shown. 

Corollary V.l.l. Let G[ be a finitely presented group. Then there exist groups 
N <l H <l G with Nand G finitely presented and G / H := G [ such that G is not 
simply connected at 00. 

Proof. Let (g 1 ' ••• , g" ; r 1 ' ••• , r p) be a finite presentation for G [. Choose 
G = (x, gl ' ... , go:, a; rl ' ... , rp ' [x, a], [g[ , a], ... , [go:, a]). Let H be 
the normal subgroup of G generated by x and a so that G / H := G [. Let 
N be the subgroup of H generated by a. Then N <l H (since N <l G) and 
N:=%. 

The corollary now follows by observing that G:= (% * G [) x % which is not 
simply connected at 00 by Theorem V.I. 

Corollary V.1.2. For each infinite finitely presented group G[, there exists a 1-
ended finitely generated group H containing Gland a finitely presented group 
G such that H <l G of infinite index and G is not simply connected at 00. 

Proof. Let (g[, ... , go:; r[ , ... , rp) be a finite presentation for G[ . Let H = 

(y, z, g[, ... , ga; r[, ... , rp ' [g], yizy-i] (1 ~ J ~ a, i in %)). Observe 
that H contains G 1 • 

Let N be the subgroup of H generated by {/ zy-i}:1 . Then N <l Hand 
N lies in the subgroup of H generated by y and z. This latter group has 
infinite index in H so H is I-ended by Proposition 2.5 of [2]. 

Define an isomorphism ¢: H -+ H by ¢(y) = y, ¢(z) = yzy-[ , and 
¢(g]) = g] for 1 ~ J ~ a. 
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Let G = (y, Z, gl' ... , g,,; r l , ••. , rp ' [gJ' yizy-i], t-iht = ¢(h)) where 
I ~ J ~ a, i is in % , and h is in H. (Observe that H <J G of infinite index 
as claimed.) This reduces to the finite presentation G = (y, Z, gl ' ... , ga' t; 
r l , ••• , rp ' [gJ' z], [gJ' t], [y, t], t- I zt = yzy-I). The Tietze move adding 
the generator a = ty (so y = t-1a) yields that G ~ (% * G1) x (% *%) which 
completes the corollary. 
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